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RESUME

Ce projet de recherche porte sur deux problématiques différentes, cependant, elles partagent les
mémes phénomeénes physiques. Il s’agit de la prédiction inverse de 1’évolution temporelle du front
de solidification : (1) dans les réacteurs métallurgiques a haute température et (2) dans les tissus
vivants pendant la cryochirurgie.

Problématique #1 : Afin de réduire 1’érosion et I’agression chimique des parois internes
de briques réfractaires par la matiére en fusion au sein des réacteurs métallurgiques, on
laisse croitre par changement de phase solide/liquide une couche protectrice sur leur
surface interne (Figure 1.1). Cette couche joue un rdle extrémement important, car elle
assure l’intégrité de I’installation et prolonge sa durée de vie. Toutefois, une couche
protectrice trop épaisse réduit le volume utile de réacteur et diminue ainsi la production
industrielle. Le défi, pour I’industriel, consiste alors a exploiter ces réacteurs tout en
maintenant une couche dont I’épaisseur est optimale. L’environnement hostile qui régne au
cceur du réacteur interdit toutefois les mesures directes. Les sondes qu’on y plonge sont
détruites. Pour remédier a ce probléme, 1’industriel recourt a la simulation numérique et,

plus récemment, a une approche par transfert inverse.

Cette theése présente une procédure inverse de transfert de chaleur qui permet, a partir des
mesures de température non invasives provenant d’un thermocouple situé dans les parois
extérieures de briques, de prédire simultanément les parametres thermiques inconnus ainsi
que I’épaisseur de la couche protectrice au sein des réacteurs métallurgiques. La technique
inverse repose sur la méthode de Levenberg-Marquardt (LMM) combinée avec la méthode

de Broyden (BM).

La Problématique #2 aborde quant a elle la cryochirurgie. C’est une technique récente,
peu invasive, qui utilise le froid extréme pour détruire les tissus indésirables tels que les
tumeurs (Figure 1.8). Elle s’adresse donc a des tumeurs internes et externes. L objectif de
la cryochirurgie est de détruire les tumeurs tout en minimisant les dommages des tissus
sains adjacents. La fiabilité de cette technique dépend d'un certain nombre de parametres
thermiques tels que la température de la cryosonde, les propriétés thermiques des tissus, la
durée de congglation, etc. Pour y parvenir, des méthodes expérimentales et numériques ont
été développées. Cependant, chaque méthode a ses propres limites. En effet, le probléme
majeur est associ¢ a la méconnaissance de certains paramétres thermiques, ce qui rend
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I’analyse de la transmission dans les tissus biologiques difficile. Pour pallier ces limites et
améliorer la technique de cryochirurgie, une approche novatrice est retenue : il s’agit du
transfert de chaleur inverse. A partir de mesures thermiques de températures provenant
d’un thermocouple implant¢ dans la tumeur, cette approche permet de prédire les
paramétres inconnus tels que la perfusion sanguine et, ensuite, de déterminer I’évolution

temporelle de I’interface de congélation et la distribution de la température dans le tissu.
Mots-clés : Transfert de chaleur inverse, Méthode de Levenberg-Marquardt, Méthode de

Broyden, Changement de phase, Réacteur métallurgique, Couche protectrice,

Cryochirurgie, Interface de congélation.
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1.INTRODUCTION

1.1. Problématique #1 : Les réacteurs métallurgiques

1.1.1. Mise en contexte

Les réacteurs métallurgiques, tels que les fours a arc électrique et les cuves d'électrolyse,
sont des fours de transformation qui nécessitent des puissances électriques élevées [1, 2].
La Figure 1.1 présente un schéma typique d’un four a arc électrique qui consiste a fondre
et affiner les métaux tels que le minerai, la ferraille, la fonte brute et le verre. Les
¢lectrodes de haute tension (une seule électrode est présentée dans la Figure 1.1)
déchargent leur courant électrique dans un bain de scories. La chaleur dissipée par effet
Joule est nécessaire pour le processus de fusion. Apres la réaction de fusion, le métal plus
dense s'enfonce et s'accumule au fond du bain. Le chargement de minerai continu est
réalisé par des ouvertures dans la voite [3]. Le taraudage de laitier et de métal s'effectue a

des intervalles réguliers a travers des perforations dans les parois latérales.

Electrode

Chargement

Volume de controle a
modéliser

(Voir Figure 1.4)
Couche
protectrice

Figure 1.1 Représentation schématique d’un four a arc électrique.
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Figure 1.2 illustre une cuve d'électrolyse utilisée dans la production de I’aluminium a partir
de I’alumine (Al>O3). L'alumine est dissoute dans le bain é€lectrolytique qui est constitué
principalement de cryolite’ a haute température (entre 950 °C et 1 000) [4]. A I’aide de
courant €lectrique de grande intensité qui circule entre I’anode et la cathode, 1’aluminium
est produit par la réduction de I’alumine dissoute [5]. Enfin, I’aluminium liquide qui
s’accumule sur la cathode est extrait périodiquement par siphonage. Ce procédé est connu

sous le nom de ‘procédé de Hall-Héroult’ [2].

Alumine

Volume de contrdle a

modéliser ) q_:}m Tiges d'anode
(Voir Figure 1.4) 4/'%\
~':p(,q§. Capot

Couche
- protectrice

Bain d’électrolyse | Réfractaire

Aluminium liquide

Barre
collectrice

Bloc cathodique

Figure 1.2 Représentation schématique d’une cuve d'électrolyse.

A T’heure actuelle, ’industrie métallurgique représente 1’'un des consommateurs les plus
gourmands en ¢lectricité. Par exemple en utilisant le procédé d'¢lectrolyse Figure 1.2, il

faut environ 13,5 a 14 MWh d'énergie ¢électrique pour produire une tonne d'aluminium, ce

! Cryolite : Espéce minérale composée de fluorure double de sodium et d'aluminium, dont la formule
chimique est NasAlFe.
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qui génere 2 a 3 tonnes de CO [2]. En réalité, 40% a 50% de 1’énergie électrique
consommeée par ces réacteurs est éventuellement perdue sous forme de chaleur i.e. la
moitié de cette énergie sert réellement a la production [6]. A ce stade, I’innovation des
réacteurs métallurgiques est primordiale notamment avec le probléme de réchauffement

climatique et ’augmentation des cofits énergétiques [7, 8].

Un phénomene fascinant de changement de phase solide/liquide qui se manifeste dans ces
réacteurs métallurgiques est la formation d’une couche solide sur la surface intérieure des
parois de briques réfractaires. Cette couche, appelée également revétement protecteur ou
encore gelée protectrice, se forme quand la matiere en fusion entre en contact avec les
parois internes du réacteur. Elle joue un rdle extrémement important, car elle assure
I’intégrité de I’installation et prolonge sa durée de vie [9, 10]. En effet, I'absence de cette
couche laisse la mati¢re en fusion en contact direct avec les parois internes de briques
réfractaires, ce qui provoque le phénoméne d’érosion-corrosion de ces parois [11]. Cette

situation conduit a un vieillissement prématuré des réacteurs [9, 12].

La couche protectrice contribue également a 1’efficacité énergétique des réacteurs en
réduisant les pertes de chaleur au profit du milieu extérieur. En effet, I’absence de cette
couche entraine, dans les cellules d’électrolyse, des courants électriques horizontaux

indésirables, et par conséquent, 1’efficacité énergétique de I’installation diminue [2, 13].

Toutefois, une couche trop épaisse réduit le volume utile du réacteur et diminue ainsi la
production industrielle. Le défi, pour I’industriel, consiste alors a exploiter ces réacteurs en
maintenant une couche dont I’épaisseur est optimale, ¢’est-a-dire une épaisseur qui proteége
les parois internes de briques réfractaires sans nuire a la production industrielle. Il est donc

incontournable d’évaluer et de contrdler 1’épaisseur de cette couche.

Cependant, il est tres difficile, voire impossible, de mesurer en temps réel 1’épaisseur de la
couche protectrice. Actuellement, la méthode utilisée pour mesurer I’épaisseur de cette
couche consiste @ mesurer manuellement la variation de 1’épaisseur en submergeant une

sonde mécanique dans la matiére en fusion (voir Figure 1.3) [14, 15].
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Matiére en
fusion
\ Sonde
mécanique
Couche
protectrice

Figure 1.3 Mesure de I’épaisseur du revétement par une sonde mécanique.

Malheureusement, I’environnement hostile qui régne au cceur du réacteur interdit les
mesures directes. Les sondes qu’on y plonge sont détruites. Les mesures faites sont
souvent imprécises. De surcroit, cette méthode exige 1’ouverture du capot du réacteur, ce

qui augmente les pertes de chaleur et de masse au profit du milieu extérieur [16].

L’objectif principal de la présente problématique est de répondre a la question suivante :
Comment serait-il possible de mesurer et prédire autrement 1’épaisseur de cette couche

protectrice au sein des réacteurs métallurgiques a haute température ?
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1.1.2. Définition du projet de recherche

La premicre partie de la thése vise a développer une méthode de mesure non-invasive
(indirecte) pour prédire I’évolution temporelle du front de solidification de la couche
protectrice au sein des réacteurs métallurgiques. La Figure 1.4 illustre le mod¢le direct du
réacteur. La couche protectrice représente la phase solide du matériau a changement de
phase (MCP). Dans ce mod¢le direct, toutes les propriétés thermo-physiques, la géométrie
du domaine, les conditions initiales et aux limites sont bien connues. Le flux de chaleur
g (1) imposé a la frontiére droite représente la puissance thermique injectée au réacteur.
L’autre frontiere (la frontiére gauche) représente le refroidissement par convection des
parois externes du réacteur, dont la température du fluide de refroidissement est 7w et le
coefficient de transfert de chaleur /..

L’objectif de ce modele consiste alors a calculer le champ transitoire de température 7'(x,?)

ainsi que 1’évolution temporelle du front de solidification de la couche protectrice E(z).

L __: Volume de controle

Solide | Zome | Yiquide
pateuse 4

R RN

—X : Lyer

Figure 1.4 Probleme direct du réacteur. Tous les parametres sont connus ; E(?) est prédit
en discrétisant 1'équation de conservation de 1'énergie par la méthode des volumes finis.
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Dans le modéele inverse certains parametres thermiques tels que le flux de chaleur au centre
du réacteur ¢ (1), les conductivités thermiques du matériau a changement de phase (MCP)
et le coefficient de transfert de chaleur /. sont inconnus (Figure 1.5). Pour prédire ces
parametres, on utilise de mesures thermiques Y(x,?) provenant d’un capteur situ¢ dans les
parois extérieures de briques réfractaires. A partir de ces mesures minimalement invasives
et de la méthode inverse basée sur 1’algorithme de Levenberg-Marquardt (LM), les
parametres thermiques inconnus du réacteur peuvent étre identifiés, et par conséquent,

I’épaisseur de la couche de gelée peut étre prédite en utilisant le modele direct.

z e
<
.
Solide | Zome | = Liquide <«
pateuse| ; <+
<«
4__.
T, : .
h, =7 Keoia =7 k:‘iquid e <« q"(t):r?
<«
-
‘__
4,__
Thermocouple <«
<«

LBrick E(Z) =7

X, 5 Licp

Figure 1.5 Probléme inverse du réacteur. g (2), h« et k sont inconnus. Ils sont prédits a
partir de mesures de température Y(x,#) provenant de capteur situé dans la paroi de briques.
Apres avoir estimé ces parametres inconnus, £(2) est calculé en utilisant le modele direct.
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1.1.3.

Objectifs du projet de recherche

Les objectifs principaux concernant cette problématique sont les suivants :

v

Développer une méthode inverse pour prédire 1'épaisseur de la couche protectrice a
partir de mesures non-invasives de température provenant de capteurs situés dans
les parois externes de réacteur ;

Développer un modele basé¢ sur le transfert de chaleur inverse pour détecter le
phénomeéne d’érosion au niveau des parois internes de briques réfractaires ;

Prédire les propriétés thermo-physiques du matériau a changement de phase (MCP)
et de brique réfractaire ;

Prédire la résistance thermique de contact (R.) entre le MCP et la brique
réfractaire ;

Prédire les parametres polynomiaux de la conductivité¢ thermique du MCP en

fonction de la température.

Afin de concrétiser les objectifs principaux cités ci-dessus, des objectifs secondaires sont a

déterminer

v
v

<\

Modéliser le réacteur métallurgique avec un modele mathématique direct ;
Modéliser le phénomene de changement de phase non-isotherme de la formation
transitoire de la couche protectrice au sein des réacteurs métallurgiques ;

Valider le modéle mathématique a ’aide de résultats issus de la littérature ;
Minimiser le temps de calcul de la procédure inverse ;

Etudier la performance, la robustesse et la stabilité de la méthode inverse.

1.1.4. Contributions originales

La procédure inverse de transfert de chaleur permettant d'estimer l'épaisseur de la couche

protectrice au sein des réacteurs métallurgiques, a ét¢ abordée par plusieurs chercheurs a

I’Université de Sherbrooke [17-20]. Dans tous ces travaux, les seules préoccupations

soulevées étaient la prédiction du flux thermique au centre du réacteur et 1’évolution

temporelle de I’épaisseur de la couche protectrice.
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Pour le présent projet de recherche, les contributions originales dans le domaine du
transfert de chaleur inverse dans les réacteurs métallurgiques sont multiples et

complémentaires :

v" Développer une méthode inverse qui permet de détecter et de calculer 1’épaisseur
érodée de parois internes de briques réfractaires sans recourir aux modeles
complexes de 1’érosion ;

v Appliquer une procédure inverse qui combine la méthode de Levenberg-Marquardt
et la méthode de Broyden afin de prédire I’épaisseur de couche protectrice dans les
réacteurs métallurgiques ;

v’ Prédire la résistance thermique de contact R. entre le MCP et la brique réfractaire ;

v" Prédire la conductivité thermique dans la phase solide et liquide de MCP, et dans la
brique réfractaire ;

v' Prédire les paramétres polynomiaux de la conductivité thermique de MCP qui

dépendent de la température.

La Figure 1.6 montre les différents domaines impliqués dans la premiére problématique.

Changement
de phase non-
isotherme

Erosion de la
brique
réfractaire

Transfert de Modélisation

chaleur, des réacteurs
conduction

Mesures

. Transfert inverse
thermiques

(Méthodes de
L.M, Broyden)

Figure 1.6 Combinaison des domaines impliqués dans la problématique #1 (Réacteurs).
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1.2. Problématique #2 : La cryochirurgie

1.2.1. Mise en contexte

Selon Statistique Canada, en 2016, environ deux Canadiens sur cinq développeront un
cancer au cours de leur vie, et environ un Canadien sur quatre en décédera (Figure 1.7). En
effet, on estime que 202 400 Canadiens développeront un cancer et que 78 800 en
décéderont [21].

D’autre part, d’autres statistiques canadiennes en 2012, ont révélé que le cancer est la
principale cause de déces chez les enfants de moins de 15 ans. De plus, d’apres les années
potentielles de vie perdues (APVP)? le cancer représente la principale cause de décés

prématuré [22].

810 045
Canadiens vivaient, au
début de 2009, avec un 2 Canadiens
cancer diagnostiqué au sur 5

cours des 10 années

précédentes développeront un

cancer au cours
de leur vie.

202 400

Canadiens
recevront un
diagnostic

60 % de cancer en 2016. 78 800

La probabilité que des

Canadiens atteints d’un
cancer survivent
pendant 5 ans.

Canadiens
mourront du
cancer en 2016.

1 Canadien

sur 4
mourra du
cancer.

Figure 1.7 Statistiques canadiennes sur le cancer (2016) [21].

2 Les Années Potentielles de Vie Perdues (APVP) correspondent au nombre d'années de vie « perdues »
lorsqu'une personne meurt « prématurément » de n'importe quelle cause avant 1'age de 75 ans.
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Dans un contexte ou le cancer continue de gagner du terrain au Canada, les chercheurs se
retrouvent face a des défis de taille. Pour y faire face, souvent les médecins utilisent la
chirurgie classique ou la chimiothérapie. Mais, ces méthodes présentent parfois des
complications comme l'infection, 1'hémorragie et les douleurs, etc. Pour pallier a ces
complications, une alternative prometteuse moins invasive et moins agressive a été

développée. 1l s’agit de la cryochirurgie.

La cryochirurgie appelée aussi cryothérapie, est une technique destinée a la destruction des
tissus indésirables (tumeurs et cancers) par le froid extréme. Elle est connue depuis les
années 1970 [23]. Elle peut s’appliquer dans le traitement des tumeurs internes comme
celles des os, du rein et de la prostate ou des tumeurs externes comme celles de la peau.
Cette technique est privilégiée par rapport a la chirurgie traditionnelle. Elle minimise les

douleurs et les cicatrices.

L’intervention chirurgicale se déroule sous anesthésie locale et sous le contrdle de scanner.
La premiére étape consiste, a I’aide de I’imagerie médicale, a introduire une cryosonde’
pour atteindre la tumeur. La cryosonde est alimentée par un fluide cryogénique (1’azote
liquide ou l'argon) qui s’y décompresse en créant de trés basses températures. Par
conséquent, une boule de glace se forme autour de la cryosonde qui va englober la tumeur

et la détruire (Figure 1.8).

Cryosonde

Figure 1.8 Traitement de tumeur du rein par la cryochirurgie.

3 Cryosonde : Petit appareil cylindrique creux dans lequel un fluide cryogénique s’écoule avec un débit
controlé.
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La destruction cellulaire se fait par plusieurs processus biologiques tels que la
cristallisation de 1’eau cellulaire, I’éclatement des cellules par le phénoméne d’osmose*, et
d’ischémie’ par le biais de thromboses vasculaires [24]. Les cellules détruites sont ensuite

attaquées et ¢liminées par le systéme immunitaire [25].

Afin d’appliquer la cryochirurgie d’une facon siire et efficace i.e. assurer la destruction
complete des tissus indésirables et réduire les dommages des tissus sains, il est

indispensable d’évaluer la température dans ces tissus.

Le controle de la cryochirurgie s’effectue habituellement avec des techniques
expérimentales telles que 1’imagerie médicale [26] et ’implantation des thermocouples
dans le tissu [27]. Malheureusement, toutes ces techniques sont incapables de fournir la
distribution entiére de la température dans le tissu. De ce fait, les spécialistes de la
cryothérapie doivent recourir a la modélisation numérique [28, 29]. Toutefois, cette
derniére souffre de problémes associés a la méconnaissance des parameétres thermiques des
tissus indésirables (tumeur) comme, entre autres, la perfusion sanguine et la conductivité
thermique. En effet, ces paramétres peuvent varier d'un patient a I'autre selon différents

facteurs tels que 1’état d’avancement de la tumeur, 1’age et la masse corporelle.

Il est possible de déterminer expérimentalement ces parameétres thermiques. Des
techniques expérimentales ont été considérées, telles que les sondes a cuivre dans la
mesure de la conductivité thermique de tissu [30] et la technique Laser Doppler Imaging
(LDI)® dans la détermination de la perfusion sanguine [31]. Cependant, hélas, ces
techniques présentent des complications. Elles nécessitent des équipements sophistiqués, et

ne peuvent pas étre utilisées pendant la chirurgie [32, 33].

L’objectif principal de la présente étude est de répondre a la question suivante : Comment

serait-il possible de modé¢liser la cryothérapie avec des paramétres inconnus ?

4 Osmose : Phénoméne de diffusion de la matiére entre deux milieux de concentrations différentes séparés
par une paroi semi-imperméable.
5 Ischémie : Insuffisance de la circulation sanguine dans un organe du corps entrainant une baisse de
l'oxygénation, voire l'arrét de sa fonction.
8 LDI : Technique non invasive utilisée pour mesurer la perfusion sanguine en appliquant le
principe du Doppler.

11


https://fr.wikipedia.org/wiki/Diffusion_de_la_mati%C3%A8re

CHAPITRE 1

1.2.2. Définition du projet de recherche

L’objectif de la deuxiéme partie de la these est de développer une méthode basée sur le
transfert de chaleur inverse pour prédire les parametres thermiques inconnus des tissus
(perfusion sanguine et conductivité thermique) et, par la suite, évaluer 1’évolution
temporelle de I’interface de congélation et le champ de température dans les tissus. Tel que
mentionné a la premiére problématique, dans le modele direct (Figure 1.9), toutes les
propriétés thermo-physiques, la géométriec du domaine, les conditions initiales et aux
limites sont connues. Le champ de température 7(x,?) ainsi que I’évolution temporelle de
I’interface de congélation s(z), sont calculés en résolvant numériquement 1’équation de

Pennes avec changement de phase.

Interface de
congélation

Cryosonde
4 T'soi Tliq

e e e e e e —
|
Tissu congelé Tissu non congelé :
o) I

5
Wb=0 :0_,; I
I. (=9 |
On=0 g |

Q
N |
|
|
|
4

L;

s(®)=? I___:Volume de controle

Figure 1.9 Probléme direct de cryothérapie : tous les parametres sont connus ; 7(x,?) et s(t)
sont prédits en discrétisant 1’équation de Pennes par la méthode des volumes finis.

Dans le probléme inverse (Figure 1.10) certains parametres comme le taux de perfusion

sanguine et la conductivité thermique des tissus sont inconnus. A partir de mesures des
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températures Y(x,#) provenant d’un thermocouple implanté dans le tissu indésirable
(tumeur), 1’algorithme de la méthode inverse peut prédire ces parameétres inconnus et, par
la suite calculer le champ de température 7(x,?) et I’évolution temporelle de I’interface de

conggélation s(?).

Cryosonde Tool Tiig
____________________ |
|
Tissu congelé Tissu non congelé :
Whp =() Q |
3 k,=? |
L. On=0 = l
2 wp=2? I
=9 =
k=1 S I
=4 Interface de I
Thermocouple congélation :
___________________ d
L; o
sW=? | _iVolume de contrle
x

Figure 1.10 Probléme inverse : k ef wp sont inconnus. Ils sont prédits a partir de mesures
de température Y(x,t) provenant de thermocouple. Apres avoir estimé ces parametres
inconnus, 7(x,t) et s(t) prouvent étre calculés en utilisant le modele direct.

1.2.3. Objectifs du projet de recherche

Les objectifs principaux de la présente problématique sont les suivants :

v Développer une nouvelle technique basée sur le transfert de chaleur inverse pour
procurer une meilleure application de la cryochirurgie ;
v Prédire les paramétres thermiques (la conductivité thermique et la perfusion

sanguine) d’un tissu lors du processus de congélation ;

13



CHAPITRE 1

v' Déterminer le champ de température T(x,?) et I’évolution temporelle de I’interface

de congélation s(?) dans un tissu vivant.
Pour y parvenir, les objectifs secondaires sont les suivants :

v' Modéliser le transfert de chaleur dans les tissus biologiques (modéle de Pennes) ;
v' Modéliser le phénoméne de changement de phase non-isotherme pendant la
cryochirurgie ;

v Valider le modéle mathématique avec les résultats disponibles dans la littérature ;

\

Minimiser le temps de calcul de la procédure inverse ;
v' Vérifier la performance, la robustesse et la stabilité de la méthode inverse pour les

différents scénarios envisageés.

1.2.4. Contributions originales

La présente problématique porte sur le transfert de chaleur inverse en cryochirurgie.
L’originalité est que cette méthode sera appliquée au contrdle et a 1’amélioration de la

cryochirurgie.
Les contributions originales spécifiques de la présente problématique sont multiples :

v" Développer une méthode inverse qui permet de prédire les paramétres thermiques
inconnus d’un tissu biologique durant la cryochirurgie ;

v' Appliquer un algorithme inverse qui combine la méthode de Levenberg-Marquardt
et la méthode de Broyden en cryochirurgie ;

v Développer une méthode inverse comme alternative a l'imagerie médicale afin de

suivre le mouvement de 1’interface de congélation pendant la cryochirurgie.

La Figure 1.11 montre les différents domaines impliqués afin de répondre a cette

problématique
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Transfert de
chaleur (conduction
thermique)

Phénomeénes
biologiques
(perfusion sanguine,
chaleur métabolique)

Phénomeénes mystérieux
des tumeurs (augmentation
du métabolisme de base et
la perfusion sanguine)

Changement de
phase non-
isotherme

Modélisation des
tissus (modele de
Pennes)

Transfert inverse
(mesure de
température,
méthode de L.M)

Figure 1.11 Combinaison des domaines découlant de la problématique #2 (cryothérapie).

1.3. Plan du document

Ce document est divisé systématiquement en deux parties. La premicre partie est consacrée

au transfert inverse dans les réacteurs métallurgiques. La deuxiéme partie présente, quant a

elle, le transfert inverse en cryothérapie.

A la suite de I’introduction (chapitre#1), une revue de la littérature du probléme de

revétement protecteur dans les réacteurs métallurgiques et du probléme de traitement des

tumeurs par cryothérapie est effectuée. Elle est dédiée a la syntheése des travaux antérieurs

afin de justifier les objectifs du projet.

Le troisieme chapitre inclut le premier article publié¢ dans le journal Applied Thermal

Engineering, dans lequel un procédé de transfert thermique inverse est présenté pour

prédire les caractéristiques thermiques (le flux de chaleur et les conductivités thermiques
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de (1) la paroi de briques, (2) la couche protectrice et (3) la matiére en fusion) et

I’épaisseur de la couche protectrice d'un réacteur métallurgique [34].

Le quatriéme chapitre expose le deuxieme article publi¢ dans le journal Applied Thermal
Engineering. Cet article aborde le probléme d’érosion de la paroi interne de la brique
réfractaire d’un four de fusion. En outre, I’influence de plusieurs paramétres thermiques
tels que la résistance thermique de contact entre le MCP et la brique réfractaire, la

conductivité thermique et le nombre de Biot sur les prédiction inverse est examinée [35].

Le chapitre 5 comprend un troisieme article soumis au journal Applied Thermal
Engineering. Cet article met en lumiére la prédiction des parameétres polynomiaux de la

conductivité thermique de MCP qui dépendent de la température [36].

Le chapitre 6, quant a lui, ¢élucide une application a la cryothérapie. Un quatrieme article
soumis au Journal of Thermal Biology dévoile une nouvelle technique basée sur le

transfert de chaleur inverse pour controler et améliorer la cryochirurgie [37].
Enfin, le dernier chapitre présente les conclusions de cette these et les travaux futurs.

Deux autres articles qui expliquent davantage la premiere problématique sont présentés en
annexe. Le premier article en annexe consiste a prédire en premier lieu les caractéristiques
thermiques (flux de chaleur et conductivités thermiques de briques réfractaires et de MCP)
puis I’évolution temporelle de la couche protectrice dans un réacteur métallurgique a haute
température [38] (Annexe A). Le deuxiéme article en annexe développe quant a lui le
phénomeéne d’érosion dans les fours de fusion [39] (Annexe B).

Enfin, un autre article sur le transfert inverse en cryothérapie est présenté dans I’annexe C.

Cet article prédit la chaleur métabolique et la perfusion sanguine dans les tumeurs [40].

Ce premier chapitre est clos avec un schéma de la relation entre les deux problématiques

abordées dans la these (Figure 1.12).
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Réacteurs métallurgiques

Cryochirurgie

Méconnaissance des parametres thermiques et des conditions aux
limites, difficultés d’effectuer des mesures expérimentales etc.

¥

e ——
Transfert de chaleur inverse

U

U

Modéle

Mathématique oT _ 0

(T _Af )
ot ox\  Ox
Chaleur

c_ -2 k@_T _
ot Ox ox

+w,p,C (T.-T)+ 6Hg
%/_/

Changement de phase

Ot
——
Changement
de phase

Chaleur apportée par
la perfusion du sang

métabolique

U

-Prédire les paramétres thermiques inconnus
(flux de chaleur, conductivité thermique et
résistance thermique de contact, etc.),

-Déterminer 1’épaisseur de la couche
protectrice. Détecter 1’érosion.

- Prédire les parameétres thermiques inconnus
(chaleur métabolique, perfusion sanguine et
conductivité thermique de tissu, etc.)

- Evaluer la distribution de la température et
le déplacement de I’interface de congélation
dans le tissu.

Figure 1.12 Apercu du projet de recherche.
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2.ETAT DE L’ART

2.1. Problématique #1 : Les réacteurs métallurgiques

Comme nous avons vu dans I’introduction, la couche protectrice dans les réacteurs
métallurgiques a haute température joue un réle extrémement important. De nombreux
travaux numériques et expérimentaux ont été faits afin d’évaluer I’épaisseur de cette

couche.

2.1.1.Mesure directe de I’épaisseur de la couche protectrice

Dans le secteur métallurgique, la mesure de I’épaisseur de la couche protectrice au sein
d’un réacteur métallurgique se fait habituellement a 1’aide d’une sonde mécanique plongée
dans le réacteur [10, 41-44]. Plus récemment, J. Floquet et al. ont effectué une mesure
ultrasonore de 1'épaisseur du front de solidification dans les réacteurs métallurgiques [45]
et [46]. Dans le méme contexte, C. Bertrand et al. ont pu déceler la formation d’un gel au

sein d’un réacteur métallurgique cylindrique a 1’aide d’une caméra thermique [47, 20].

Bien que cette technique (méthode de mesure invasive) soit capable de mesurer 1’épaisseur
de la couche protectrice, elle est rarement utilisée par D’industriel. En effet, les
constatations de ces travaux expérimentaux révelent que cette technique de mesure compte
beaucoup d’inconvénients, entre autres, (1) ¢’est une méthode cotliteuse. Etant donné que le
bain de matiéres en fusion est un milieu trés hostile, il endommage et parfois détruit les
instruments de mesure (sonde mécanique, thermocouple, etc.); (2) Elle nécessite
I’ouverture du réacteur, ce qui augmente les pertes de chaleur et les émissions de gaz
nocifs ; (3) Elle demande aussi du personnel qualifié. Par conséquent, cette technique
s’avere ni pratique, ni idéale pour mesurer I’épaisseur de la couche protectrice. De ce fait,

I’industrie préconise la modélisation numérique.

2.1.2. Modélisation du front de solidification

Le tableau suivant montre quelques études numériques concernant la modélisation du front

de solidification dans les réacteurs métallurgique :
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Tableau 2.1 Mod¢lisation numérique de la couche protectrice (gelée).

M. Dupuis, et al., 2004 [48], M. Dupuis &

o 3D, régime stationnaire.
V. Bojarevics, 2005 [49]

M. Dupuis & V. Bojarevics, 2006 [50] 1D et 3D, régime stationnaire.

W. E. Haupin, 1971 [51], 1D, régime stationnaire (résistances
J. Thonstad & S. Rolseth, 1983 [52] thermiques).

V. Gusberti, et al., 2012 [53], 3D, régime stationnaire (résistances
E. Haugland, et al., 2003 [54]. thermiques).

M. P. Taylor, et al., 1983 [9] 1D, régime instationnaire.

J. N. Bruggeman & D. J. Danka, 1990 [55] 2D, régime stationnaire.
M. V. Romerio, et al., 2005 [56] 3D, régime instationnaire.

Dans le Tableau 2.1, la plupart des études portent sur des simulations numériques en
régime stationnaire. Les auteurs n’ont pas pris en considération 1’effet transitoire dans
I’équation de la chaleur. De ce fait, ils n’ont pas pu prédire la variation temporelle de
I’épaisseur de la couche protectrice. Pour ceux qui ont mené des simulations en régime
transitoire, le modé¢le incluant le changement de phase donne de meilleures prédictions [9],
[56]. Récemment, S. Kalaiselvam et al. ont réalis¢ une étude comparative pour prédire
¢également le front de solidification dans un réacteur cylindrique. Ils ont affirmé que la
modélisation du changement de phase est primordiale [57].

Pour pouvoir simuler le transfert de chaleur dans un réacteur métallurgique, il est
nécessaire de connaitre la géométrie du domaine, les conditions initiales et les conditions
aux limites (Probléme direct). Or, dans I’industrie métallurgique, ou les milieux sont
extrémement hostiles, ces conditions sont délicates a déterminer, voire inconnues. En effet,
le flux de chaleur a l'intérieur du réacteur est inconnu. Sa valeur est influencée par
plusieurs paramétres tels que 1’état d’anode, la distance entre 1’anode et la cathode, la
quantité¢ de minerai ajoutée, etc. [2]. De ce fait, il est trés difficile de prédire I’évolution
temporelle de I’épaisseur de la couche protectrice E(f) qui protége les parois internes de
briques. Pour répondre a ce probleme, quelques auteurs ont suggéré de recourir au transfert

inverse [17, 58-66].
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2.1.3. Modélisation de la couche protectrice par le transfert inverse

Le tableau suivant montre quelques études sur la prédiction du flux de chaleur et

I’épaisseur de la couche protectrice au sein des réacteurs a haute température, en utilisant

des techniques inverses :

Tableau 2.2 Prédiction de I’épaisseur de la couche protectrice par le transfert inverse.

O. Tadrari et M. Lacroix 2006
[17]

M. LeBreux, et al.

[58, 59, 61-63]

M. LeBreux, et al. [60]

Thermocouple

Capteur de flux
de chaleur

Capteur de flux

Gradient conjugué

Filtre de Kalman

Filtre de Kalman

1D, transitoire

1D, transitoire

2D, transitoire

de chaleur
M. A. Marois, et al. 2012 [64]  Thermocouple  Gradient conjugué 1D, transitoire
M. A. Marois, et al., 2011 [65] Thermocouple  Gradient conjugué 1D, transitoire
_ Levenberg- o
M. A. Marois, et al., 2011 [66]  Thermocouple 2D, transitoire
Marquardt
Caméra ) ) o
C. Bertrand, et al. 2013 [47] . Gradient conjugué¢ 2D, transitoire
infrarouge
C. K. Chen & C. R. Su, 2008 . . .
(671 Thermocouple  Surfaces virtuelles 2D, stationnaire
C.R. Su & C. K. Chen, 2007 _ ) .
(68] Thermocouple  Surfaces virtuelles 2D, stationnaire
S. Wang, et al., 2015 [69] Thermocouple  Gradient conjugué 2D, stationnaire
C. R. Su, et al., 2009 [70] Thermocouple  Surfaces virtuelles 2D, stationnaire

H. Farzan, et al., 2016 [71]

Capteur de flux

de chaleur

Gradient conjugué

2D, transitoire

I1 convient de noter que la majorité des travaux listés au Tableau 2.2 ont été développés
avec I’'unique objectif de prédire le flux de chaleur dans le réacteur ¢ (¢) et 1’évolution
temporelle du front de solidification de la couche protectrice E(¢). En 2006, Tadrari et
Lacroix ont développé une méthode inverse pour prédire I'évolution temporelle de
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I’épaisseur de la couche protectrice dans un four a arc électrique [17]. Le modele
numérique est basé sur 1’équation de la chaleur en régime transitoire. Le changement de
phase du front de solidification de la couche protectrice est trait¢ par la méthode
enthalpique. La procédure inverse repose quant a elle sur la méthode du gradient conjugué
avec 1'équation adjointe. Cette étude révele deux issues importantes. La premicre issue est
que la prédiction de 1'épaisseur de la couche protectrice demeure précise, méme avec un
signal bruité. La seconde issue concerne I’effet de la position du thermocouple. Les auteurs
ont déduit que la position de thermocouple n’a pas d’influence significative sur la

prédiction de I’épaisseur de la couche protectrice.

Une série d’études réalisée par LeBreux et al. aborde la méme configuration [58-63]. Cette
série d’études s’intéresse, dans une cellule d’¢lectrolyse d’alumine, a I'évolution temporelle
de 1'épaisseur de gelée (couche protectrice). Mais, dans celle-ci, un filtre de Kalman a été
développé pour réduire le temps de calcul nécessaire a la mise en oeuvre de la méthode
inverse, et par conséquent, prédire I’épaisseur de gelée en temps réel. Les auteurs ont
montré que le capteur de flux de chaleur donne de meilleures prédictions, et améliore la
stabilit¢ de la méthode inverse. Bien évidemment, un capteur de flux est composé d’une

série de thermocouples.

Dans le méme contexte, Marois et al. ont adopté la méthode du gradient conjugué avec un
probléme adjoint pour prédire I’épaisseur de gelée [64, 65]. Dans une autre étude effectuée
sur une configuration 2D [66], les auteurs ont utilisé une approche pseudo 2D basée sur la
technique de Levenberg-Marquardt pour résoudre le probléme inverse. Ils ont constaté que
cette approche permet de réduire le temps de calcul associé a la mise en oeuvre de la

méthode inverse.

D’autre part, Bertrand et al. ont étudié¢ le changement de phase de la cryolite dans un
dispositif expérimental (réacteur a petite échelle) en utilisant un nouveau capteur de
mesure [47]. Celui-ci est composé d’une caméra infrarouge couplée a un modele inverse

basé sur la méthode du gradient conjugué avec un probleme adjoint.

D’autres études ont considéré la méthode des surfaces virtuelles pour prédire les
géométries internes du four [67, 68, 70]. Néanmoins, cette méthode est en régime
stationnaire. Elle ne permet pas de prédire la variation temporelle de I’épaisseur de la
couche protectrice. Concernant le type de capteur utilisé dans la plupart des travaux listés

dans le Tableau 2.2, les mesures thermiques ont ¢té effectuées a 1’aide des capteurs de
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température. Bien entendu, 'utilisation d’un capteur de température est simple, facile et

bon marché [72, 73].

2.1.4. Effet de la température sur les propriétés thermiques

Dans les réacteurs métallurgiques a haute température, les propriétés physiques des
matériaux sont affectées par la température. Wikstrom et al. ont mené une étude
expérimentale et numérique pour déterminer le flux de chaleur au sein d’un four [74]. Ils
ont conclu qu’il est primordial de prendre en compte I’effet de la température sur les
propriétés thermiques (conductivité thermique et chaleur spécifique). Une autre étude

similaire réalisée par Bideau et al. a confirmé cette conclusion [75].

Plusieurs méthodes inverses ont été développées pour estimer les propriétés thermiques qui
dépendent de la température [76-79]. Généralement, la solution aux problémes inverses en
régime transitoire est complexe, en particulier si le probléme implique le processus de
changement de phase. Elle se complique davantage lorsque les mesures sont affectées en
présence du bruit’ [80]. En effet, I'estimation des propriétés thermiques qui dépendent de la

température par des méthodes inverses est un défi.

2.1.5.Erosion dans les réacteurs

Un autre probléme qui se manifeste dans les réacteurs métallurgiques a haute température
est I'érosion de la paroi interne de la brique réfractaire. Ce phénomeéne se produit lorsque la
couche protectrice de gelée est perdue et, par conséquent, la paroi interne de la brique
devient soudainement exposée aux matieres en fusion [81]. L'érosion du mur de brique est
un processus lent et insidieux qui peut éventuellement conduire a la destruction de

l'installation [82]. Le Tableau 2.3 montre quelques travaux associés a ce phénomene :

Tableau 2.3 Etudes sur I’érosion dans les réacteurs.

Wu, et al. [83] Boundary Element Method (BEM)
Zhang, et al. [84], Chang, et al. [85] 3D (CFD)
Guzman, et al. [86], Li, et al. [87], Crudu, et al.

Etudes expérimentales
[88], Kaur, et al. [89]

7 Bruit : Ensemble de perturbations de toute origine et de toute nature venant se superposer a un signal.
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L’évaluation expérimentale et numérique s’avere donc trés difficile pour détecter 1’érosion
a cause des hautes températures et de la variété des phénomenes physiques qui
interviennent (transfert de chaleur et de masse, réactions chimiques, etc.). En effet,
I’érosion de surfaces de briques dépend de plusieurs paramétres : la nature du matériau de
la brique réfractaire, I'intensité du courant (température), la pression de fonctionnement, la
nature des liquides et des gaz engagés dans les procédés mécaniques (contact, frottement,
usure) etc. [90-92]. Cela, hélas, ne permet pas une description des phénomenes a partir de
lois ¢lémentaires, et c’est la raison pour laquelle on dénombre peu d’études a ce sujet dans

la littérature technique.
2.2. Problématique #2 : La cryochirurgie

Tel qu’il a été discerné dans I’introduction, le suivi de I’interface de congélation est
extrémement important, afin d’appliquer la cryothérapie d’une maniere efficace.
Récemment, avec les progrés des techniques d'imagerie médicale, telles I'IRM (Imagerie
par Résonance magnétique), 1'échographie, les rayons X (Tableau 2.4), le recours a la

cryothérapie est devenu abordable.

Tableau 2.4 Techniques pour suivre I’interface de congélation au cours de la cryothérapie.

G. Onik, et al. 1984 [93] Sonde a ultrason
J. C. Saliken, et al., 1996 [94]

X-ray, CT® (Computed Tomography)
G. A. Sandison, et al., 1998 [95]

I ' : St IRM
B. L. Daniel, et al., 1999 [26] magerle par resonance magne 1que ( )

Le probleme majeur de ces techniques d'imagerie médicale (Tableau 2.4) est qu’elles sont
incapables de prédire l'emplacement exact des isothermes. Elles aident seulement a
visualiser l'interface de la boule de glace englobant la tumeur (Figure 1.8). En effet, la
limite de l'interface de la boule de glace est observable pour une température allant de -1 a
-3 (°C). Alors que la température de destruction de certaines cellules comme les cellules

épidermiques, peut descendre en dessous de -30 (°C). Effectivement, la cryosensibilité

8 CT : Technique d'imagerie médicale basée sur I'absorption des rayons X par les tissus. Elle permet de
visualiser des images transversales des tissus.
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varie d’une cellule a une autre. De ce fait, I’évaluation de la température dans le tissu sain
et tumoral est importante dans le processus de la cryochirurgie.

Pour s'attaquer au probléme, et assurer un suivi en ligne de la température tissulaire
pendant la congélation, des thermocouples sont utilisés. Ces derniers sont introduits dans le

tissu sain et tumoral [27, 96-98].

Malheureusement, ces techniques comportent aussi des inconvénients, entre autres, (1) il
est risqué d’implanter des thermocouples dans certains types de tissus tels que les tissus
oculaires, osseux et nerveux, [99, 100]; (2) il est difficile de connaitre I'emplacement exact
et le positionnement de ces thermocouples [98] ; (3) I’infection et ’hémorragie interne sont
des complications possibles lors de 1I’implantation des thermocouples au niveau des tissus
sains [100].

Pour éviter ces complications, on recourt a la modélisation numérique. Celle-ci est devenue

un outil intéressant.

2.2.1. Modélisation de I’interface de congélation dans les tissus

biologiques

Le transfert de chaleur dans les tissus biologiques est un processus complexe, car il
implique une combinaison de plusieurs phénomenes thermiques tels que la conduction
thermique, la convection, la perfusion du sang, et la production de chaleur métabolique. Au
fil des années, plusieurs modeles mathématiques ont été développés pour décrire le
transfert de chaleur a l'intérieur des tissus biologiques vivants. Ces modeles ont été
largement utilisés dans I'analyse de la cryochirurgie et I'hyperthermie dans le traitement du
cancer, la chirurgie au laser, la cryoconservation, le confort thermique et de nombreuses
autres applications. Parmi ces mode¢les, on peut citer les modéles de : Wulff (1974), Klinger

(1974), Chen-Holmes (1980), Weinbaum-Jiji-Lemons (1984) et Pennes (1948). [101] .

Le modele de Pennes est le modele le plus simple. Il a été introduit en 1948 par Harry
Pennes pour la prédiction du transfert de chaleur dans 'avant-bras humain. Ce mode¢le a été
largement utilisé par de nombreux chercheurs pour I'analyse des phénoménes de transfert
de chaleur dans les tissus biologiques. Il décrit l'effet de la perfusion sanguine (débit
sanguin) ainsi que la production de chaleur métabolique sur le transfert de chaleur dans les

tissus vivants [101-103].
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L’équation de Pennes pour un tissu vivant en une dimension est donnée par I’expression

suivante
or of(,oT
—=—|k— |+q,+ wpC (T -T
ot 8x( 8xj 9 &gb—) (21)
Chaleur apportée par la perfusion du sang
Ou

T : Température locale de tissu (°C)
T, : Température du sang artériel (°C)
w, : Taux de perfusion (ml /s ml)

N

q, : Chaleur métabolique (W/ m’ )

p, : Densité du sang (kg/ m’ )

Le Tableau 2.5 montre quelques travaux portant sur la modélisation de I’interface de

congélation, en utilisant le mode¢le de Pennes.

Tableau 2.5 Mod¢lisation de I’interface de congélation.

J. Bastacky & B. Rubinsky, 1992 [104] Tumeur du poumon

K. J. Chua, et al., 2007 [29] Tumeur du foie
J. Zhang, et al., 2005 [105] Cancer de la prostate
S. Kumar & V. K. Katiyar, 2007 [106] Cancer du poumon

J. Bastacky & B. Rubinsky ont déterminé les profils de température et 1’évolution
temporelle de l'interface de congélation dans un tissu pulmonaire sain qui contient une
tumeur. Ils ont constaté que le déplacement de l'interface de congélation s’accélere
brusquement a la transition entre la tumeur et le poumon sain (a cause de la grande
différence de densité du tissu pulmonaire sain et du tissu tumoral) [104].

Un autre modele numérique a été développé par K. J. Chua et al. pour étudier la vitesse de
destruction cellulaire dans une tumeur du foie soumise a la cryochirurgie gel-dégel.

L’équation de Pennes en régime transitoire a été¢ discrétisée a 1’aide de la méthode des
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volumes finis. Cette étude montre que I'utilisation de cycles de gel-dégel a le potentiel pour
améliorer la destruction cellulaire dans les tissus cancéreux [29].

D’autre part, dans un processus de congélation de cancer de la prostate, J. Zhang et al. ont
constaté que la circulation sanguine et la chaleur métabolique jouent un role important

dans I’¢tude de la cryothérapie [105].

2.2.2. Influence de la perfusion sanguine et de la chaleur métabolique sur

la cryothérapie

Dans les problémes thermiques avec changement de phase, la génération de chaleur joue
un réle capital. En effet, la cryochirurgie est I'un des exemples qui implique la congélation
des tissus biologique ou la chaleur est produite par le métabolisme et la perfusion sanguine.

Celles-ci ont fait I’objet de plusieurs travaux.

Tableau 2.6 Etudes de I’influence de la perfusion sanguine et de la chaleur métabolique
sur la cryothérapie.

R. Magleby, et al., 2008 [107] Perfusion sanguine CFD, 2D axisymétrique
. Perfusion sanguine et . .
Y. Rabin & A. Shitzer, 1998 [108] . Différences finies, 3D
chaleur métabolique
Perfusion sanguine et Eléments finis, 2D
G. Zhao, et al., 2007 [109]
chaleur métabolique axisymeétrique
' _ 1D, analytique (Quasi
S. Singh & S. Kumar, 2013 [110] Chaleur métabolique
steady approximation)
Perfusion sanguine et

R. I. Andrushkiw, 1990 [111] Différences finies
Chaleur métabolique

R. Magleby et al. ont montré I’effet de la perfusion sanguine sur la cryothérapie au sein
d’un tissu tumoral de poumon et de foie. Ils ont trouvé que le temps nécessaire pour geler
ces tissus est variable en fonction de la nature du tissu ainsi que le taux de perfusion
sanguine adopté [107].

Quant a l'influence de la chaleur métabolique, S. Singh & S. Kumar ont déterminé les

profils de température et la position de I’interface de congélation durant la congélation
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d’un tissu biologique. Ils ont montré que la vitesse de I’interface de congélation ralentit
avec l'augmentation de la production de chaleur métabolique [110].

(G. Zhao et al.) et (Y. Rabin & A. Shitzer) ont démontré que les deux parameétres qui
dominent le comportement des tissus sont la perfusion sanguine et la chaleur métabolique.

Ils augmentent la difficulté de congélation du tissu pendant la cryochirurgie [108, 109].

Dans le cadre du traitement thermique par rayonnement €électromagnétique, P. K. Gupta et
al. ont utilisé trois modeles numériques (symétrie cartésienne, axisymétrique, et
coordonnées sphériques) pour évaluer les champs de température dans un tissu biologique.
Ils ont constaté que la température de la peau, la conductivité thermique et la perfusion
sanguine ont une influence considérable sur le champ de température [112]. Une autre
¢tude menée par P. K. Gupta et al. a permis de constater que les conditions aux limites et la
chaleur interne du tissu (perfusion sanguine et chaleur métabolique) doivent étre bien

connues [113].

Le flux sanguin (perfusion sanguine) est une partie tres décisive dans les fonctions vitales.
I1 joue un role capital dans la régulation de la température corporelle. En effet, 50 a 80 %
de flux de chaleur dans le tissu est transporté dans le tissu par le flux sanguin [114]. Par
conséquent, la connaissance de ce paramétre thermique est indispensable. Plusieurs
techniques expérimentales ont été utilisées pour déterminer ce paramétre. A titre
d’exemple, le Tableau 2.7 montre quelques techniques expérimentales pour mesurer la

perfusion sanguine.

Tableau 2.7 Techniques expérimentales pour mesurer la perfusion sanguine.

G. Delhomme, et al., 1992 [115] Thermal Diffusion Probe (TDP)
C. Svedman, et al., 1998 [116] Laser Doppler Flowmetry (LDF)
H. R. Schelbert, 2000 [33] Positron Emission Tomography (PET)

Toutes ces techniques expérimentales ont fait leurs preuves. Néanmoins, elles présentent
des difficultés, entre autres, elles nécessitent des équipements sophistiqués et elles ne
peuvent pas étre utilisées pendant I’intervention chirurgicale. Par conséquent, on doit
recourir, une autre fois, a la modélisation numérique. Mais, cette fois-ci, on utilisera une

nouvelle approche basée sur le transfert de chaleur inverse.
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2.2.3.Méthode inverse appliquée aux tissus biologiques

La méthode inverse a été également appliquée dans la détermination des propriétés

thermiques de tissus biologiques :

Tableau 2.8 Etudes sur le transfert de chaleur inverse.

J. lljaz & L. Skerget, 2014 [117] La perfusion du sang Levenberg-Marquardt
Alt ting Directi
P. L. Ricketts, et al., 2008 [118] La perfusion du sang Im;ll;r(l: ?tl(nfDI;rec on
DRBEM (the dual
Z.S. Deng & J. Liu, 2000 [119] La perfusion du sang reciprocity boundary

element method)
K. Das & S. C. Mishra, 2014 [120]

K. Das, et al., 2013 [121] La taille et la position de la Aleorithme eénétique
P. W. Partridge & L. C. Wrobel, tumeur 8 8 q
2007 [122]

La taille et la position de la

K. Das & S. C. Mishra, 2015 [123] Curve fitting method

tumeur
C. H. Huang & C. Y. Huang, 2007  Conductivité thermique et I bera-M, "
[124] chaleur spécifique evenberg-iiarquar

Source de chaleur externe
O(t) :( hyperthermie) et le
coefficient de transfert de
chaleur 4(?)

A. Jalali, et al., 2014 [125] Gradient conjugué

En utilisant la méthode de Levenberg-Marquardt, et a 1’aide des mesures thermiques
(températures), (J. Iljaz & L. Skerget) ont trouvé la clé pour la détermination de la

perfusion artérielle d’un tissu biologique [117].

Une autre étude d’optimisation a été réalisée par P. L. Ricketts et al.. Dans cette étude, une
combinaison est effectuée entre une étude expérimentale et numérique afin de développer

un systeme de mesure de la perfusion sanguine au foie du rat [118].

Dans une série de travaux, toujours en utilisant le transfert de chaleur inverse, K. Das et al.
ont pu estimer la taille et la position d’une tumeur a 1’aide de mesures de température
prises a la surface de la peau [120, 121, 123]. En effet, les paramétres thermiques des tissus
biologiques comme la perfusion sanguine sont variables d’une personne a une autre. Ils

varient en fonction de I’age, du sexe, de la corpulence, du poids, de la taille et de 1’¢état
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d’avancement de la tumeur, ainsi que du fonctionnement de la thyroide’. La détermination
de ces paramétres est davantage compliquée par la présence de tumeurs dont la croissance
demeure énigmatique : division cellulaire aléatoire, déréglement hormonal, dyspnée!®, etc.
De surcroit, les parameétres thermiques des tumeurs différent fréquemment de ceux des

tissus sains [106].

Bref, il est difficile, voire impossible, d’énoncer une régle générale pour le calcul de ces
parametres thermiques chez les étres humains. De ce fait, une grande incertitude s’installe

dans le choix de ces parametres.

Revenons sur la problématique de la cryothérapie. Afin d’appliquer celle-ci d’une fagon
convenable et efficace, il faut connaitre ces parameétres thermiques (perfusion sanguine,
conductivité thermique, etc.). Or, dans toutes les études citées précédemment, aucune
tentative n’a été faite pour estimer les parametres thermiques au cours de la cryothérapie.

Le but de la présente étude est de remédier a cette situation en recourant au transfert de

chaleur inverse.

9 Thyroide : Petite glande située dans le cou, en arriére de la pomme d'Adam.
10 La dyspnée est une difficulté respiratoire.
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Titre francais

Méthode inverse de transfert thermique pour prédire les caractéristiques thermiques d'un

réacteur métallurgique.

Résumé francais

Une procédure inverse de transfert thermique pour prédire la variation temporelle de
I'épaisseur du revétement protecteur qui recouvre les parois internes de briques réfractaires
d'un réacteur métallurgique est présentée. La méthode inverse prédit simultanément la
conductivité thermique de la paroi de la brique réfractaire, la conductivité thermique du
revétement protecteur, la conductivité¢ thermique de la matiére en fusion et le flux
thermique a Dlintérieur du réacteur. La méthode inverse repose sur la méthode de
Levenberg-Marquardt (LMM) combinée a la méthode de Broyden (BM). L'effet (1) de
I’initialisation des parameétres polynomiaux inconnus, (2) du bruit sur les données de
températures enregistrées, (3) de 1'emplacement de capteurs de température dans le mur de
briques et (4) du nombre des températures enregistrées sur les prédictions inverse est
étudié. Des recommandations concernant l'installation et le fonctionnement des capteurs de

température sont énoncees.

Mots clés

Transfert de chaleur inverse, Matériau a changement de phase, Méthode enthalpique,
Méthode de Levenberg-Marquardt, Méthode de Broyden, Réacteur, Epaisseur du

revétement protecteur.
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Title

An Inverse Heat Transfer Method for Predicting the Thermal Characteristics of a Molten

Material Reactor.

Abstract

An inverse heat transfer procedure is presented for predicting the time-varying thickness of
the protective bank that covers the lining of the refractory brick walls of a molten material
reactor. The inverse method predicts simultaneously influential thermo-physical properties
of the reactor such as the thermal conductivity of the refractory brick wall, the thermal
conductivity of the solid and of the liquid layers of the phase change material, and the
time-varying reactor heat load. The inverse method rests on the Levenberg-Marquardt
Method (LMM) combined with the Broyden method (BM). The effect (1) of the initial
guesses for the unknown LMM polynomial parameters, (2) of the noise on the recorded
temperature data, (3) of the location of the temperature sensors embedded into the brick
wall and (4) of the number of recorded temperature data on the inverse predictions is
investigated. Recommendations are then made concerning the installation and the

operation of the temperature sensors.

Keywords

Inverse heat transfer, phase change material, enthalpy method, Levenberg—Marquardt

method, Broyden method, reactor, bank thickness.
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Nomenclature
C, specific heat [J/kgK] Y sum of squares norm
dt time step [s] & small number3
f liquid fraction oH enthalpy [J/m’]
h, heat transfer coefficient [W/m?K] ?2 . d%fference '
1 total number of measurements diagonal matnx
J Jacobian matrix A heat of fusion [J/kg]
k thermal conductivity [W/mK] @ random number
Ly .k W?dth of the brick wall [m] Subscripts
Locws width of the PCM layer [m] 0 initial value
N number of unknown parameters o0 ambiant
6]" ( l‘) heat flux [W/m?] Brick brick wall ‘
R exact exact solution
P vector of unknown parameter E (t) bank thickness
PCM phase change material ‘ ’
RRMSE relative root-mean-square F f.ree.zmg point
errors [%)] lig liquidus
Error estimation errors [%] PCM, liquid  liquid (PCM)
max maximum
E (f ) bank thickness [m]
y time [s] P parameter
T estimated temperature [K] PCM phase change material
W weighting matrix sol solidus
x Cartesian spatial coordinate [m] ~ PCM, solid  solid (PCM)
Y measured temperature [K]
Superscripts
Greek symbols k time iteration number
& small number 1 transposed matrix
H damping parameter estimated parameter
P density [kg/m?] - vector
o standard deviation of the - matrix
measurement error
o, standard deviation of the
estimated parameter
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3.1. Introduction

Molten material reactors, such as melting furnaces [17, 58, 71, 126] and aluminum-
electrolysis-cells [59-61] (Figure 3.1) are used for material processing that requires high
powers and elevated temperature. Their applications are in the production of aluminum and

the smelting of materials such as copper, steel, and nickel calcine.

A common feature of these reactors is the formation of a bank that covers the lining of
their brick walls. This bank is essential for protecting the inside surface of the brick wall
from the highly corrosive molten material [17, 58, 64]. The bank is formed when the
molten material comes into contact with the cooled wall and solidifies. Maintaining this
bank and controlling its thickness while the furnace is operated, is a challenging task. The
hostile environment that prevails inside the reactor forbids direct measurements of the bank
with submerged probes. The problem is further complicated by the fact that the bank
thickness is time-varying. It depends on the boundary conditions at the walls, the power
load delivered to the furnace, and the thermo-physical properties of the refractory brick

wall and of the molten material.

The alternative approach for handling this problem rests on inverse heat transfer
techniques. In this approach, the protective bank is predicted by means of temperatures
and/or heat fluxes recorded by sensors embedded into the refractory brick walls. The data
gathered by the sensors are fed to an inverse heat transfer algorithm that deducts the
thermal conditions that exist inside the furnace. From there, the thickness of the protective

bank may be estimated.

Over the last decade, few investigations have been conducted with inverse heat transfer
methods for predicting the time-varying bank inside molten material reactors. These
inverse methods are based on various algorithms such as the conjugate gradient method
with the adjoint equation [17, 47, 64, 65], the Kalman Filter method (KF) [58-62, 127] and
the Levenberg—Marquardt method [66]. All these methods proceed in the same manner.
They focus on the inverse prediction of the power load, i.e., the time-varying heat flux at
(x=Lprick + Lpcu) (Figure 3.2). Once the heat flux is established, the protective bank

thickness E(?) is calculated using a direct method.

In all the aforementioned studies however, the thermal conductivities of the brick wall and

of the PCM were fixed. In real situations, these conductivities are poorly known. For
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instance, the thermal conductivity of the brick wall may change as the bricks age. And the
thermal conductivity of the phase change material (PCM) is often process dependent. As a
result, the predicted time-varying bank thickness may be inaccurate when the wall and the

PCM thermal conductivities are set in advance.

The present paper remedies this shortcoming. It pursues the previous studies by predicting
simultaneously (1) the heat flux ¢"(z), (2) the thermal conductivity of the refractory brick
wall; and (3) the thermal conductivity of the liquid and of the solid phase of the PCM
(Figure 3.2). Note that inverse heat transfer approaches have already been employed in the
estimation of thermo-physical properties such as the heat transfer coefficient [128-131], the
thermal conductivity [77, 131-135] and the heat flux [75, 136-139]. But none of these
investigations has attempted to predict simultaneously the time-varying bank on the lining

of a molten material reactor.

The paper is organized as follows. First, a one-dimensional phase change model based on
the enthalpy method is presented and validated with data available in the open literature
[140, 141]. The direct model is then implemented for the molten material reactor
investigated in reference [61]. Second, an inverse heat transfer algorithm based on the
Levenberg-Marquardt Method (LMM) is developed. The algorithm is combined to the
Broyden method in order to reduce the computational time. Third, the overall inverse
method is employed for the prediction of the thermo-physical properties of a reactor.
Numerical simulations are then conducted for different operating scenarios. The effect (1)
of the guessed initial Levenberg-Marquardt parameters, (2) of the position of the
embedded temperature sensor into the wall, (3) of the number of collected temperature data

and (4) of the noise on the inverse predictions is investigated.
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Figure 3.1 Cross view of a typical molten material reactor. The thermal load is provided
by the anodes.

3.2. Problem statement and assumptions

The one-dimensional phase-change problem for the protective bank of the molten material
reactor is depicted in Figure 3.2. Here, the phase change phenomenon is non-isothermal,
i.e., the melting process is delineated by three distinct zones: a solid phase layer, a
solid/liquid phase layer or a mushy zone and a liquid phase layer. The lining of the
refractory brick wall (x=Lgick) is coated with a protective bank whose thickness is E(z).
E(t) is the distance that separates the inner surface of the brick wall to the solidus of the

Phase Change Material.

At the left boundary (x=0), the surface of the brick wall is cooled with an air stream. The
outside air temperature is 7w and the convective heat transfer coefficient /4. At the right
boundary (x= Lgrick + Lpcm), a time-varying heat flux ¢"(¢) is imposed over the time
interval te[0,400000 (s)]. A sensor, embedded into the refractory brick wall, captures and

records the transient temperature Y(#;) (Figure 3.2).
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Figure 3.2 Schematic of the 1D phase-change inverse problem. Here, kgick, krcysolia,
kpcmiiquia and q"'(2) are unknown. They are determined from temperatures recorded by a

sensor embedded into the refractory brick wall.

The mathematical model for the phase change rests on the following assumptions [17, 58,

59, 61, 62, 64, 65]:

The thickness (x direction) of the PCM layer and of the brick wall (Lpick+Lpcum) is
small in comparison to the height (y direction, i.e., the vertical direction) and the
depth (z direction, i.e., the direction perpendicular to schematic in Figure 3.2) of the
reactor. Furthermore, the temperature gradients in the x direction are orders of
magnitude larger than those in the y and z directions. As a result, a one-dimensional
x direction model is adopted in the present study (Figure 3.2).

The heat transfer inside the liquid phase of the PCM is conduction dominated [17,
142].

The phase change problem is non-isothermal. The melting phenomenon is
delineated by three zones: a solid phase, a mushy zone and a liquid phase.

The thermal properties of the PCM are temperature independent.

The brick wall and the PCM are strongly pressed against each other. As result, the

thermal contact resistance between both materials is neglected.
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3.3. The direct model

In the direct one-dimensional phase-change problem, the geometric and the thermo-
physical properties as well as the initial and the boundary conditions are completely

specified. As a result, the governing heat diffusion equation, i.e

or o, er o
c L _90 ) _sud 31
P 8x( ﬁxj o @D

may be solved for the temperature field 7(x,z) and for the exact time varying thickness of

the protective bank E(z). The enthalpy 0H is defined as

O0H = p(C, pers siguia = Cppersoia )T + P A (3.2)

The liquid fraction f'varies linearly between the solidus temperature Ty, and the liquidus

temperature 77, in the following manner:

0 T<T,  (Solid region)
f=F(T)= ;__T“” T,, <T <T, (Mushy region) (3.3)
iq sol
1 T>T, (Liquid region)

At each time-step, the liquid fraction f'is updated iteratively [141]:
dF
k+1 _ ok k+l -l k
[ f +(—de (T F(f )) (3.4)

F is a function of the temperature 7. F~'is the inverse function of F.

The boundary conditions at the left and the right sides of Figure 3.2 are given by:
oT
k— =h (T(0,¢)-T,
( ax j)c—() ’ ( ( ) )

aT | (3.5)
k 5_ =q (t )
X ) Lk Loy
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Equations (3.1)-(3.5) are solved numerically using a Finite-Volume Method (FVM) [143].
The scheme adopted for the time discretization is implicit. The phase change process is

handled with the enthalpy method reported in reference [141].

The above one-dimensional phase-change model was validated with the 1-D test case for
the solidification of the binary Al-4.5% Cu alloy reported in references [140, 141]. In this
test case, the width of the PCM layer is set equal to Lpcy=0.5 (m). A Dirichlet boundary
condition of 7=573 (K) is assumed at the boundary x=Lgicx (Figure 3.2) and the initial
temperature of PCM is fixed at 7;,= 969 (K).

Figure 3.3 illustrates the predicted solidus and liquidus fronts. It is seen that the time-
varying phase fronts predicted from the direct model are in excellent agreement with the
results generated from the semi-analytical heat balance integral method [140] and the

source-based numerical method [141].

Semianalytical heat balance integral method

0.16 L L L L L L L L L
0.14}F
0.12F
~
< 0
{ ' Liquidus ,4?’1
N 4/
&Ji zf‘f
&Q\ 0.08 |- //
e
S o e
= 0.06F
3 T
) /
0.04F &
/ /
Present study
0.02 Z Source-based numerical method
74 [—

0 20 40 60 80 100 120 140 160 180
Time [s]

Figure 3.3 Solidification of the binary Al-4.5% Cu alloy.

Next, the direct model was implemented for the molten material reactor illustrated in

Figure 3.2. The operating thermal conditions for the reactor are reported in reference [61].

The width of the brick wall is set equal to Lgick=0.1(m) and the PCM layer is set equal to
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Lpcy=0.1(m) (Figure 3.2). The outside temperature is set equal to 7..=300 (K) and the

outside convective heat transfer coefficient is fixed at ho=15 (W/m* K).

Several numerical simulations were performed to ensure that the predictions are grid space
and time step independent. It was found that a mesh size dx = 0.001 (m) and a time step dt

=100 (s) is a good compromise for accuracy and CPU time requirements.

The thermo-physical properties of the brick wall and the PCM are summarized in Table 3.1
[61].

Table 3.1 Thermo-physical properties for the reactor [61].

K srick 16.8 W/m K
S — 875 Jkg K
P rick 2600 kg/m?
K pert sotia 1 W/m K
K pert tiquia 10 W/m K
O —— 1800 J/kg K
C o pert iguia 1800 J/kg K
Prcu 2100 kg/m?
Apcu 51x10° J/kg
T, 1213 K
Ty, 1233 K

The time-varying heat flux ¢"(z) imposed at (x=Lgrick+Lprcu) 1s given by

q9"t)=0,+0 *sin’ [?j (3.6)

max

3.4. The inverse problem

In the inverse problem, the thermal conductivity of the brick wall kgicx, the thermal
conductivities of the solid and of the liquid PCM layers, i.e., kpcmsolia and kpcaiiquia

respectively, and the heat flux ¢"(z) are unknown. They are estimated from the inverse heat
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transfer procedure and fed to the direct model that calculates the time varying bank

thickness E(?).

The inverse model determines the unknown polynomial parameters for the heat flux and

for the thermal conductivities ﬁ:[QO; O ks k 3K oens o ] Once the

PCM ,solid > " PCM ,liquid
polynomial parameters have been estimated, the bank thickness E(z) is determined with the

direct model presented above.

The objective of the inverse algorithm is to minimize the following objective function:
¥(P)=| ¥ -1, (ﬁ)f w|Y,-17,(P)] 3.7)

:[QO; O ks kPCM"whd;kPCM,thd] is the set of the unknown polynomial parameters.

Y; are the temperatures recorded by a sensor embedded into the brick wall. Temperature
sensors i.e., thermocouples, are simple and inexpensive devices that are easy to install and
to use. In the present study, these temperatures are ‘generated’ from the solution of the

direct model for which all the properties and the boundary conditions of the problem have

been specified. T (ti,f’) are the estimated temperatures from the inverse model. They are
determined from the solution of the direct problem by using the estimated values for the

-1
polynomial parameters. W is the weighting matrix. Its elements equal to diag(o;z) , where

o; 1s the variance of the measurement error.

The method adopted for minimizing the objective function is the Levenberg—Marquardt
Method (LMM). This method has been successfully applied to inverse heat transfer
problems in the past [76, 144-149]. In the iterative scheme, the incremental value of the

unknown parameters AP, is defined as:
B T\ o ( 7k P A e 1.
AP =[(J ) W (%) + 6 } (7*) W(Y,-—T,-(P )) (3.8)
" is a positive scalar called the damping parameter. The damping parameter is employed
- \T -
for convergence purposes. It ensures that the matrix [(J , ) W(J k )}, in equation (3.8), is

nonsingular. More details about the damping parameter are provided in [150]. QFis the
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diagonal matrix of [(j k )T W(j k )} J* is the Jacobian matrix, also called the sensitivity

matrix. It is written as

oT oI, oT or, oT,
00, 00, Ok akPCM,so/id akPCM,liquid
oT, oI, T, oT, oT,

j (]3 ) = 6Qo an akbrick akPCM,.s-olid akPCM,liquid (3.9)
oT, oI, ofT, oT, oT,
00, 00, Ok, akPCM,sozid akPCM,liquid

1 1s the total number of temperature recordings.

The Jacobian matrix, equation (3.9), plays a very important role in the estimation of the
polynomial parameters. It carries important information about the behavior of the
estimated temperatures with respect to the unknown parameter P;. In fact, a successful
estimation of these parameters depends on the magnitude of sensitivity coefficient 07:/0P;.
For example, the larger the sensitivity coefficients, the easier it is to estimate the

polynomial parameters.

There are several approaches for computing the sensitivity coefficients 07;/0P; [151]. In

this study, the sensitivity coefficients are approximated with a finite difference:

(4 3Byes P+ (6P, ), Py ) =T (6 3 B P, —(6P)),. B )
2(5P)

J

o))
N

(3.10)

~
|
I

j=

S

~

The parameter perturbation (5Pj.)is set to& (1+‘f} ), where & is a small number. The

subscripts i and j indicate the time and the parameter, respectively.

In order to diminish the computational time devoted to the calculation of the sensitivity

matrix, the Jacobian matrix is updated using the Broyden method [152]. Hence, for the first

iteration, for every (2x N )iterations and for iterations that satisfy W (P+AP)>¥(P), the
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sensitivity coefficients 07;/0P; of the Jacobian matrix are estimated with equation (3.10).

For every other iteration, the Jacobian matrix is updated using the Broyden expression:

((7;( - Y;H ) - Jk—lAPk—l )APkT—1
Jo=J_+ -
AP AL

(3.11)

J,, and J, are the Jacobian matrices at the previous and at the current iteration,
respectively. AP, ,is the incremental value of the unknown parameters defined in equation

(3.8).

Convergence is declared when one of the following criteria is satisfied
JT

Pk+l _Pk
[Tj < 82 (312)

lI’(P"“) <&

Y(ti)—f<tl.,13)H<gl

{8] &, 83}211"6 small numbers. In the present study, these parameters were fixed at
{6 =&, =& =0.001}.
The overall computational algorithm for the inverse problem is summarized as follows:

Step 1: Solve the direct problem (3.1)-(3.5) in order ‘to generate’ the temperature field

Texact-

Step 2: Choose an initial set of polynomial parameters and solve the inverse problem in

order to obtain the estimated temperature field 7' (tl., 15) .

Step 3: Compute the objective function ¥ (P) from equation (3.7).

Step 4: Check for the convergence with equation (3.12).

Step 5: Compute the sensitivity coefficients according to equation (3.10) or the Broyden

update expression given by equation (3.11).

Step 6: Compute the increment AP for the estimated parameters from equation (3.8).

43


http://www.sciencedirect.com.ezproxy.usherbrooke.ca/science/article/pii/S1359431115004500#fd8
http://www.sciencedirect.com.ezproxy.usherbrooke.ca/science/article/pii/S1359431115004500#fd8
http://www.sciencedirect.com.ezproxy.usherbrooke.ca/science/article/pii/S1359431115004500#fd11

CHAPITRE 3

Step 7: Solve the direct problem with the new estimates P**/ in order to find T(P**/).

Compute ‘{’(Pk”) as defined in step 3.

Step 8: Check for convergence with equation (3.12). If convergence is not satisfied, go

back to Step 5. Update the sensitivity coefficients and ¥ (P).

Step 9: If convergence is achieved, the bank E(?) is determined from the direct model using

the estimated polynomial parameters.

3.5. Statistical analysis

Once the objective function equation (3.7) is satisfied, a statistical analysis for the
polynomial parameter estimation may be performed in order (1) to assess the accuracy and
the uniqueness of the solution and (2) to obtain the confidence intervals. Moreover, the
temperatures recorded by the sensor may be contaminated with measurement errors. For
distributed measurement errors with zero mean and a constant variance o, the standard

deviation of the estimated parameters can be expressed as [151, 153]

o, —a\/diag{(a;:j(aa; j} (3.13)

Assuming a normal distribution for the errors on the temperatures recorded and 99%

confidence, the intervals for the computed quantities P; are given as

Probability:
R A .14
{(P, ~2576 o, ) <P < (P,- +2.576 o, )} ~99% (3-14)
Pj are the estimated values of the unknown polynomial parameters, P et > for (j=1...5),

and o, are the standard deviations obtained from equation (3.13).

J
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3.6. Results and discussion

The inverse algorithm illustrated in Figure 3.4 was implemented in order to predict
simultaneously the thermal conductivities (krick, kpcumsoia and kpcmiiquid) and the
polynomial parameters of the heat flux ¢"(z) that prevail inside the reactor (Figure 3.2).
Once these properties and parameters are estimated, the time-varying bank thickness E(?) is

retrieved from the direct model presented in section 3.3.

\l/no

Broyden update of J, eq. (3.11)

Initial guesses P Eq(G0) o Imememodel
VY |
— |
Noisy data |
Physical I
: ! Y (tl.) |
—— Direct | \l/ Sensor - Objective function\{f( 13)
properties .| Model . :
E r (f,-’P ) ! Minimization?
I
|
|
D . . . . 1
P fit = {Qoa Qp kbrick’ kPCMA,so/id’kPCM,quuid} : yes Convergence
! criteria ?
: OT/oP;
Bank i .
thickness E(?) : Full computational
|
1
1
I
|
|

Figure 3.4 Overall inverse heat transfer algorithm.

Note that the uniqueness and the accuracy of the inverse procedure have been thoroughly
tested with noisy data and for different positions of the embedded sensor (x=/0.025, 0.05;
0.075 (m)]). It has been observed that the inverse predictions are, in all cases, in very good
agreement with the exact solution. Due to the space restrictions, these results are not

reported here.

The measured temperatures were collected with a sensor embedded into the refractory

brick wall at two different locations: The first location, called ‘Sensor#1’, is close to the
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outer surface of the brick wall. The second position, ‘Sensor#2’, is close to the PCM
(Figure 3.2). The total number of temperature data recorded during the time interval te[O0,

400000 (s)] is I = 2000.

For the sake of comparing the inverse predictions (the inverse model) to the exact solution

(the direct model), three different estimation errors were adopted:

exact inverse

Error, % =100x (3.15)
2
1 E(n),  —E(1)
RRMSE % =100 - i ) exact i Jinverse 3.16
o 3] e o
E(¢t, -E(t,).
Error, ) % =100x LIRS Cy e (3.17)

E (tl )exact

First, the effect of the initial guesses for the polynomial parameters

pP= [Qo; Ois ks Kpens sonas Kpcns siguia ] was examined. The magnitude of the initial guesses

was set at 1/3, 1/7 and 1/10 of that of the exact polynomial parameters
B,.... =[6000; 5000; 16.8; 1;10 ]. The results of the investigation are summarized in
Figure 3.5 and in Table 3.2. It is seen that convergence is achieved in all cases. Of course,
convergence is slightly faster as the initial guesses are closer to the exact polynomial
parameters (7est 1). Simulations were performed with the Matlab software running on an

Intel ® Core(TM) 15-2520M CPU @ 2.50GHz.

Table 3.2 Number of iterations and CPU time for the three test cases.

Test 1 (f)], exacl)/:; 21 2284.7
Test 2 (1)}) exact)/7 22 2364.8
Test 3 (])j,exact)/lo 24 2392.1
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Figure 3.5 Convergence of the parameters (Sensor#1, no noise).

Second, in the Levenberg-Marquardt Method (LMM), the finite-difference approximation
of the sensitivity coefficients, equation (3.10), requires the solution of the direct problem
ten times (2 times for each unknown parameter) per iteration. As a result, the
computational effort may become prohibitive. To alleviate this problem, the sensitivity
matrix was updated with the Broyden Method (BM) [154, 155]. In this study, the
combination of the LMM to the BM (LMM/BM), calls the direct model 53 times while the
LMM requires 70 calls. Consequently, the CPU time for the LMM/BM is 2285 (s)
compared to 3536 (s) for the LMM. It is also observed that the LMM/BM requires more
iteration than LMM [155].
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The corresponding temperature distribution, estimated from the inverse model, is

indistinguishable from the temperature distribution generated by the direct model (Figure
3.6).

1400 -, Direct |— )
" model
2 1200
%{ - -
§ 1000 —
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S 800
Q
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600
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; 0
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Inverse model
1200. Wit Sensor#} 7
< — L 1200
2 1000 \
g 1000
S -
S 800
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0.2
x 10°
; 0
Time (s) 0 o

Figure 3.6 Temperature distributions.

For the remainder of this paper, the initial parameter guesses for ‘fest 1’ and the LMM/BM

will be retained in all simulations.
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Next, the effect of the sensor location (Sensor#1 and Sensor#2) on the estimation of the
unknown polynomial parameters was examined. The results are summarized Table 3.3. It

is seen that the maximum error on the parameter estimation is less than 0.2%.

Table 3.3 Polynomial parameters.

PExact Prnverse Errorp % Praverse Errorp %
Qo (Wim?) 6000 6000.70 0.01 6001.09 0.02
Q1 (Wim?) 5000 4998.63 0.03 4999.94 0.00
kbrick (W/m K) 16.8 16.82 0.12 16.83 0.18
kpcum sotia (W/m K) 1 1.00 0.00 1.00 0.00
kpcmliguia (W/m K) 10 10.00 0.00 10.00 0.00

Once the polynomial parameters are identified (Table 3.3), the time-varying bank thickness

E(t) is calculated from the direct model presented in section 3.3.

The exact and the estimated (from the inverse model) time-varying bank thicknesses are
plotted in Figure 3.7. The inverse predictions are in perfect agreement with the direct
model exact solution. In this case, the calculated relative root-mean-square error for the
bank thickness (RRMSEEq) is than 0.03%. The number of recorded temperature data was
set to /= 2000.

The effect of the location of the temperature-sensor on the accuracy of the predicted bank
thickness E(?) is depicted in Figure 3.8. As expected, sensor#2, located closer to the PCM,
provides a slightly better estimation of the bank thickness [156]. But for both sensors, the
Erroreq) on the bank thickness remains less than 0.05%. Therefore, for practical reasons,
sensor#1 1s recommended over sensor#2. It is indeed easier and safer to install the sensor
near the outer surface of the refractory brick wall. This observation should be of interest to

the process industry.
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Figure 3.7 Predicted time-varying bank thickness (sensor#1, no noise).
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Figure 3.8 Effect of the sensor position on the predicted bank thickness E(?).
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Table 3.4 and Figure 3.9 show the effect of the number of recorded temperature data / on
the inverse predictions. As expected, the accuracy of the predictions is improved when 7 is
raised from 250 to 2000. The larger the number of recorded temperature data, the better. It

is also noted that convergence cannot be achieved for / smaller than 200.

Table 3.4 Effect of the number of recorded temperature data / on the predictions.

ERRORp % CPU
O kbrick kpcmsolia  kpcMliguid |
1=2000 0.01 0.03 0.12 0.00 0.00 0.03 2284.71
1=500 0.03 0.08 0.38 0.08 331 0.29 1795.45
1=250 7.44 17.88 54.03 30.43 18.54 10.92 4241.76
0.7 LY LY LY LY
1=2000
------- 1=800 }
oer (1=250)/30 ; -
;N 27, 5
1 \ M ’™
05k ] \‘ / \ e AN E i
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Figure 3.9 Effect of the number of recorded temperature on the Errorgp).

51



CHAPITRE 3

In order to mimic the measurement errors on the recorded temperatures, a random error

noise @ was added to the exact temperature T, :

exact

T(t)=T,,,(t)+00, (3.18)

o is the standard deviation of the measurement errors. In the present study, the maximum
value for o is set equal to 102 where Ty 1s the maximum temperature measured by

the sensor.

Figure 3.10 compares the noisy temperatures generated from the direct model to the

estimated temperatures predicted by the inverse model using sensor#1. The confidence

intervals £2.576 o, are also shown. As expected, the confidence bounds widen when the

noise level increases. It is seen also that the confidence bounds are narrow compared to the

measurement noise. In fact, the standard deviation of the estimated parameters o,

calculated with equation (3.13) is small when compared to the standard deviation of the

measurement errors on the recorded temperatures c.
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Figure 3.10 Measured and predicted inverse temperatures using sensor#1.
Figure 3.11 illustrates the effect of the noise level on the predicted bank thickness E(z)
using sensor #1. As the noise level rises from 2%7nax to 10%Tpax, the relative root-mean-

square error for the bank thickness RRMSEEy increases from 2.61% to 7.80%.

Nonetheless, in all cases, the inverse model remains stable and relatively accurate.

Table 3.5 summarizes the effect of the noise level on the polynomial parameters using
sensor #1. As expected, when the noise level is increased, the predictions worsen

(particularly for the thermal conductivities).
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Figure 3.11 Effect of noise on the predicted bank thickness with sensor #1.
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Table 3.5 Effect of noise on the prediction of polynomial parameters with sensor #1.

Pruct Pierse
Qo (W/m’) 6000 6019.95
Q1 (W/m’) 5000 4964.51
kbrick (W/m K) 16.8 18.92

kpcm, sotia (W/m K) 1 0.97
kpcaiiquia (W/m K) 10 8.29

3.7. Conclusion

Errorp %
0.33
0.71
12.62
3.00
17.10

P Inverse

6084.62
4874.03
30.59
0.91
7.33

Errorp %
1.41
2.52
82.08
9.00
26.70

P Inverse

5770.42
5438.88
7.72
1.19
9.63

Errorp %
3.83
8.78
54.05
19.00
3.70

A simple and yet accurate inverse heat transfer procedure was presented for predicting the

time-varying thickness of the protective bank that covers the lining of the brick walls of a

molten material reactor. The inverse method predicts simultaneously influential thermo-
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physical properties of the reactor such as the thermal conductivity of the refractory brick
wall kgick, the thermal conductivity of the solid and of the liquid layers of the phase change
material kpcusolia and kpcuiiguia Tespectively, and the time-varying reactor heat load ¢"(z).
The inverse method rests on the Levenberg-Marquardt Method (LMM) combined to the
Broyden method (BM). The effect (1) of the initial guesses for the unknown LMM
polynomial parameters, (2) of the noise on the recorded temperature data, (3) of the
location of the temperature sensors embedded into the brick wall and (4) of the number of
recorded temperature data on the inverse predictions was investigated. Analysis of the
results yielded recommendations concerning the installation and the operation of the

temperature sensors.
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Titre francais

Prédiction par transfert inverse de 1'état de la paroi de brique d'un four de fusion

Résumé francais

Une méthode de transfert de chaleur inverse pour prédire 1'état de la paroi interne de
briques réfractaires d'un four de fusion est présentée. A 1’aide de mesures de température
provenant d’un thermocouple implanté dans la paroi de brique, le procédé inverse est
capable de prédire (1) I’évolution temporelle de I'épaisseur du banc qui recouvre I’intérieur
de la paroi du four ; (2) la résistance thermique de contact entre le banc solidifié et la paroi
de briques réfractaires et (3) 1'érosion de la paroi interne de briques réfractaires. La
procédure inverse repose sur l'algorithme de Levenberg-Marquardt combiné a la méthode
de Broyden. L'effet (1) du bruit sur les mesures de température ; (2) de la diffusivité
thermique de la paroi de briques réfractaires ; (3) de l'emplacement du capteur de
température ; et (4) du nombre de Biot sur les prédictions inverses est étudié. Des

recommandations pour la position optimale du capteur et son fonctionnement sont tirées.

Mots clés

Méthode inverse, Changement de phase, Méthode de Levenberg-Marquardt, Méthode de

Broyden, Four de fusion.
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Title

Inverse heat transfer prediction of the state of the brick wall of a melting furnace.

Abstract

An inverse heat transfer method for predicting the state of the lateral refractory brick wall
of a melting furnace is presented. By collecting temperature data with a thermocouple
embedded into the brick wall, the inverse method is able to predict (1) the time-varying
thickness of the protective bank that covers the inner lining of the furnace wall; (2) the
thermal contact resistance between the inner lining and the protective bank; and (3) the
possible erosion of the refractory brick wall. The inverse procedure rests on the Levenberg
Marquardt algorithm combined with the Broyden method. The effect (1) of the noise on
the collected temperature data; (2) of the thermal diffusivity of the brick wall; (3) of the
location of the embedded temperature sensor; and (4) of the Biot number on the inverse
predictions is investigated. Recommendations are made for the optimum position of the

embedded sensor and its operation.

Keywords

Inverse method; solid-liquid phase change; Levenberg—Marquardt Method; Broyden
method; Melting furnace.
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Nomenclature
C, specific heat [J/kgK]
dt time step [s] & small number
f liquid fraction . 2 SH enthalpy [J/m’]
h heat transfer coefficient [W/m°K] A difference
1 total number of measurements k . .
: . Q diagonal matrix
J Jacobian matrix A heat of fusion [J/kg]
k thermal conductivity [W/mK] g
. . random number
Ly in width of the brick wall [m]
Lyyosion width of the erosion [m] Subscripts
Lycy, width of the PCM layer [m] 0 initial value
N number of unknown parameters ?)n'lbliant "
" Brick rick wa
2

q (t) heat flux [W/m’] exact exact solution
P vector of unknown parameter E eutectic
PCM phase change material E (t ) bank thickness
R, thermal contact resistance F freezing point

[K m¥W] lig liquidus
RRMSE relative root-mean-square liquid liquid (PCM)

errors [%] max maximum
Error estimation errors [%] N N -
E ( t) bank thickness [m] PCM phase change materia

. P parameter
tA time [s] q“ (t) heat flux
T estimated temperature [K] ]
X Cartesian spatial coordinate [m] R, thermal contact resistance
Y measured temperature [K] sol solidus
solid solid (PCM)
a thermal diffusivity .
& small number Superscripts
U damping parameter k time iteration ngmber
. 3 7 transposed matrix

Yo, density [kg/m’] R ]
o standard deviation of the - estimated parameter

measurement error ) vector
v sum of squares norm martrix
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4.1. Introduction

Melting furnaces such as electric arc furnaces (EAFs) are used for material processing that
requires high power density and elevated temperatures. Some of their applications concern
the smelting of copper, of nickel calcine, of steel and of pre-reduced iron ore and the
melting/recycling of scrap metals. A schematic of a typical EAF is provided in Figure 4.1.
High voltage electrodes (only one electrode is shown here) discharge their electric current
into a bath of conducting slag. The current dissipates the heat (Joule effect) needed for the
smelting process. The smelting reaction takes place in the slag layer and the denser metal
sinks and accumulates at the bottom of the bath. Continuous loading of ore material is
achieved though openings in the vault. Tapping of slag and metal is carried out at regular
time intervals through perforated holes in the lateral walls. The furnace suffers heat losses
though the vault via the freeboard gas above the slag layer. Heat is also lost by conduction
through the refractory brick walls. Thermocouples are usually embedded into the vault and
into the brick walls to monitor their temperature and, as it will be seen shortly, to provide

information on the thermal conditions that prevail inside the furnace [17, 34, 58, 64].

An interesting solid/liquid phase change process that arises in these furnaces is the
formation of a solid layer, called ledge or bank, on the inner surface of the refractory brick
walls (Figure 4.1). The presence of this phase change material bank (PCM) is of the utmost
importance [1, 71]. It protects the inner lining of the walls from the chemical attack of the
molten material, thereby maintaining the integrity of the facility and prolonging its active
life. On the other hand, too thick a bank is detrimental to the furnace output. It diminishes
the bath volume available for smelting. Therefore, from an industrial point of view, the
challenge is to operate the furnace by keeping a bank of optimum thickness that is a bank

that protects the inner wall without hampering the furnace production.

Predicting the thermal behavior of banks inside EAFs is however a challenging problem.
Their time-evolution depends on the complex heat transfer processes that prevail inside the
molten bath as well as on the way the furnace is designed and operated. Measuring banks
with probes plunged into the molten bath is impractical no to say dangerous. Simulating
the heat transfer and the flow circulation inside the slag and the metal is feasible with
modern CFD tools [157-163]. But this computational approach is time and resources

consuming and it may not be the most suitable method to be implemented on line for the
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control system of an industrial facility. The most promising alternative appears to be the

inverse heat transfer approach.

The prediction of phase change banks inside high temperature melting furnaces with
inverse heat transfer methods has received increasing attention over the last decade [17, 34,
58-62, 64-66]. Sensors imbedded inside the refractory brick walls provide temperatures
and/or heat fluxes to an inverse heat transfer algorithm that calculates the time-varying

thickness of the bank.

In all the aforementioned studies however, the prediction of the thermal contact resistance
between the brick wall and the bank was ignored. The erosion of the brick wall was also

neglected.

The thermal contact resistance reflects the imperfect contact between two materials [164-
167], in the present case these materials are the brick wall and the bank. The contact
resistance attenuates the temperature and/or the heat flux signal captured by the sensor and
fed to the inverse algorithm. As a result, the accuracy of the predictions of the bank made
with the inverse algorithm is affected. In some cases, the predictions may even be

worthless.

Another problem that arises in high temperature EAFs is the erosion of the inner lining of
the refractory brick wall [83, 84, 88, 90, 92]. This phenomenon occurs when the bank is
lost and the inside lining of the wall suddenly becomes exposed to the hostile molten
material. Erosion of the brick wall is a slow and insidious process that may eventually lead

to the destruction of the facility [86, 87, 89, 91].

These problems are addressed in the present study. An inverse heat transfer procedure is
proposed for predicting simultaneously: (1) the time-varying lateral heat flux (and
therefore the protective bank thickness) and the thermal contact resistance; and (2) the
time-varying lateral heat flux and the erosion of the refractory brick wall. The numerical
simulation of the solid/liquid phase change of the bank rests on the enthalpy method [168,
141]. The inverse algorithm employs the Levenberg-Marquardt Method (LMM) in
conjunction with the Broyden method [152]. The numerical procedure is first validated.
Next, it is employed to investigate the effect (1) of the noise on the collected temperature
data; (2) of the thermal diffusivity of the brick wall; (3) of the location of the embedded

temperature sensor; and (4) of the Biot number on the inverse predictions.
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Electrode

Charge Feed

Bank
Thickness

#=:4 Erosion of brick

Figure 4.1 Cross view of a typical electric arc melting furnace.

4.2. The direct problem

This section describes what is called the direct problem. In the direct problem, all the

physical and the geometrical properties are known. The objective of the direct model is to

determine the transient temperature field 7’ (x,t) and, from there, to calculate the time-

varying thickness of the protective phase change material bank £ (t) .
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Thermal contact
resistance R.

Mushy
zone

Refractory
br1ck

Solid Liquid

sof I;fq

g3 &

Llfﬂc‘f( E(Z) = ?

Cx > Ly

Figure 4.2 Schematic of the direct problem. q”(t) and R. are known. E(?) is unknown. It

is predicted numerically with the direct model.

The direct model of Figure 4.2 rests on the following assumptions [17, 34, 58, 61, 62, 64]:

e The thickness (Lprick+Lpcy) of the brick wall and of the PCM layer (x direction) is

small in comparison to the height (vertical direction) and the depth (direction

perpendicular to the picture) of the furnace. Furthermore, the temperature gradients

across the wall (x direction) are much larger than the temperature gradients in the

other directions. Consequently, a one-dimensional model can be applied.

e The phase change problem is non-isothermal. The melting and the solidification

processes occur over a temperature range.

e The thermal properties of the phase change material (PCM) are temperature

independent. They may, however, be different for the solid and liquid phases.
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e The heat transfer inside the liquid phase of the PCM (slag) is conduction dominated
[17, 142].
e The thermal contact resistance R between the refractory brick wall and the PCM is

constant [62].

The outer surface of the refractory brick wall (x=0) is cooled by convection heat transfer.

The convective heat transfer coefficient is 4, and the constant outside temperature is 7 . At
the right boundary, i.e., x=L, ., +L,.,, a time-varying heat flux ¢"(t) is imposed over the
time interval #=[0; .. |. The inner surface of the brick wall is covered by a protective

bank whose time-varying thickness is E(?). E(t?) represents the position of the solidification
front of the PCM. The PCM is composed of a solid layer, a mushy zone and liquid layer
(Figure 4.2).

The governing heat diffusion equation for the refractory brick wall and for the PCM is

stated as

or (. ér o
c L _90 ) _spd 41
Por oy Gx( ij o @D

fand O6H are the liquid fraction and the enthalpy, respectively. The enthalpy 6H is defined

as 6H = p(C, C, i) T+pA.

Jigquid -

The liquid fraction f, wvaries linearly between the solidus 7, , and the

sol

liquidus 7, according to the following relationship:

0 T<T,  (Solid)
T — T . . .
f=F(T)=\7—p T,, <T <T,, (Solid - liquid 4.2)
lig Lol
1 T>T, (Liquid )
The boundary conditions are:
oT
k— | =h (T(0,t)-T .
( Ox jx_o 00( ( ) oo) 4.3)
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oT
k— =q"(t
( ax )x—Lka“'LPCM q ( ) (4.4)

ric

A thermal contact resistance R. is applied at x=L,, ,, that is the gap between the

refractory brick wall and the PCM:

Brick PCM

TB ick _TPCM
= Brick __PCM. 4.5
2 (45)

X=Lpick c

Brick 0 X=Lg,. ek o ‘

Egs. (4.1)-(4.5) are solved numerically using a time-implicit finite-volume method [143].
At each time-step, the liquid fraction f is updated iteratively according to the enthalpy
method [141].

FH o fh +(Z_];j (Tk+1 _F! (fk )) (4.6)

F is a function of the temperature T (see Eq. (4.2)). F'is the inverse function of F.

The above numerical model was first validated with the one-dimensional solidification of a
binary aluminium-copper alloy. This problem is reported in Voller V. R. [140, 141]. The

thermophysical properties of the alloy are summarized in Table 4.1.

Table 4.1 Thermophysical properties of the binary aluminum-Copper alloy [140, 141].

R 900  J/kgK
k. 200 W/mK
P 2800  kg/m’
Co. iguia 1100  JkgK
Kiiguia 90 W/m K
A 39x10°  J/kg
T, 821 K
T, 933 K

P 919 K

=

A Dirichlet boundary condition of 7=573K is imposed at the boundary x=L, ., (Figure
4.2). The initial temperature is set equal to 7, =969 K and the PCM layer thickness is set
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equal to L,.,=0.5 m. The predicted solidus and liquidus fronts are depicted in Figure 4.3.

It is seen that the predictions of the direct model are in excellent agreement with those of

Voller.

016. L U U U U L U L L

0.14

1

1

0.12

0.1

0.08

1

0.06 Solidus

1

Position of fronts [m]

0.04

7

FVM (Present study)

0.02 O Source-based numerical method

Semianalytical heat balance integral method
r r r r r r r r

0 20 40 60 80 100 120 140 160 180 200
Time [s]

Figure 4.3 Solidification of a binary Al-4.5%-Cu alloy: Comparison with the results
reported by Voller [140, 141].

Next, the direct model was tested for a typical high-temperature melting furnace [34, 58].

In this case, the refractory brick wall is set equal to L, , = 0.1m and the entire PCM layer

rick
(solid, mushy, and liquid) is set equal to L,., = 0.1m (Figure 4.2). At (x = 0) , 1.e., the
left boundary, the average heat transfer coefficient takes a value of 4, =15 W /m*>.K and
the outside temperature is fixed at 7, =300 K. At (x=LB,ick+LPCM) , 1e., the right
boundary, the heat flux ¢"(¢)is given by

. o 27,
q'(t)=P+h *sin’ (tit) at: X =Ly, +Lpey (4.7)

max

66



CHAPITRE 4

Also, the thermal contact resistance is set to

R =P, at: x=1L,. . (4.8)

The magnitude of the parameters P;, P> and P3 in Egs. (4.7) and (4.8) are provided in Table
4.2.

Table 4.2 Parameters for the simulation of a high-temperature melting furnace (direct

problem).
P 7000 W/m?
P 3000 W/m?
P3 0.02 m? K /W

At the time # =0 s. The initial bank thickness is £ (t = 0) =0.023 m. The thermophysical

properties of the refractory brick wall and of the PCM are summarized in Table 4.3 [58].

Table 4.3 Thermophysical properties of the refractory brick wall and of the PCM [34, 58].

K srick 16.8 W/m K
Sy~ 875 Jkg K
Prick 2600 kg/m’
K pca sotia 1 W/m K
K pert iguia 10 W/m K
O 1800 Jkg K
Co. pest tiguia 1800 J/kg K
Lren 2100 kg/m?
Avens 5.1x 10° J/kg
T, 1213 K
Ty 1233 K
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All numerical simulations were conducted with a grid size of 200 uniformly distributed
control volumes inside the brick wall and the PCM layer. A time step of 100 s was

employed to advance the solution from =0 toz_ _ =400000s. Additional numerical

simulations were performed in order to make sure that the predictions are space and time-

step independent.

Figure 4.4 reveals that the predicted time-varying bank thickness for R, ~( (no contact

resistance) is similar to the predictions of Lebreux et al. [58-61], Marois et al. [64-66] and
Bertrand et al. [47]. Indeed, in all these studies, the effect of the thermal contact resistance
between the refractory brick wall and the PCM was ignored. Figure 4.4 clearly shows
however that the effect of R. on the predicted bank thickness must be accounted for. For
instance, for R. = 0.02 m?>.K /W, a difference of almost 2 cm in the predicted bank
thickness is observed with the case for R, ~( . This 2 cm solid layer may seem thin but in
the industrial context of high-temperature melting furnaces, it is all it takes to maintain the
structural integrity of the refractory brick wall. As a result, the thermal contact resistance

will henceforth be retained.

007 £ L L L L L L L

Without R

C
0.06 |- R =0.0001 [K.m’/W] i
2
R =0.005 [K.m’/W]
C

0.05 i

R =0.02 [K.m’/W] & /\\ /

0.04

0.03-/

Bank thickness [m]

0.02 ’f-

0.01]

Time [s] X 105

Figure 4.4 Effect of the thermal contact resistance on the bank thickness.
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4.3. Inverse problem

In the inverse problem, the heat flux ¢"(t)(at x=L,,, +L,.,) and the thermal contact

resistance R. (at x=L,.,) are unknown, i.e. (P;, P2, P3) in Egs. (4.7) and (4.8) are

Brick
unknown. The objective of the inverse method is to determine the unknown parameters for
q"(t)and Rc by using temperature measurements taken from a sensor embedded into the
refractory brick wall (Figure 4.5). Once the heat flux ¢"(t) and the thermal contact
resistance R. are estimated, the bank thickness E(7) is determined from the Finite-Volume

Model (FVM) presented in section 4.2.

Thermal contact resistance
unknown (R.=?)

Refractory Solid Mushy
zone

Liquid

: <— Heat flux
“— unknown

1< ¢'(1)=?
Sensor #2

Sensor #1

LBrfck E (t) = ?

x Lpcm

Figure 4.5 The inverse problem: ¢"(t) and R. are unknown. They are determined from

temperature measurements.
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The solution for the inverse problem consists of minimizing the least square norm‘{’(ﬁ) ,

where P = (P;, P>, P3) is the set of the unknown parameters:

7 (1)-7(1.P)] (4.9)

- 1 2
‘P(P) =2

Here Y (ti)are the temperatures measured with the sensor (Direct temperatures). In the
present study, these temperatures are ‘generated’ from the solution of direct problem
wherein the parameters vector P = (P;, P2, P3) are known (Table 4.2). T (ti,ﬁ) are the

estimated temperatures from the inverse method. / is the total number of measurements.

The solution of the inverse problem is obtained when the least square norm ‘I’(;’) is
minimized.

The present inverse problem is solved with the Levenberg-Marquardt parameter estimation
method (LMM) [76, 144-148, 156]. This method is recommended when the unknown
function can be parametrized. In this method, the incremental value of the unknown

parameter AP, is given by:

AB=[(7) Jt st | (1) (F-T(P)) (4.10)

Here ,uk is a positive damping parameter. The choice and the update of this parameter is
discussed in [150]. Q° = diag [(j ¢ )T J k}is a diagonal matrix. The superscripts "~ " and

""" refer to the matrix and vector notation, respectively. The superscript "T" denotes the

transpose of the matrix. J* is the Jacobian matrix and it is defined as:

oT oT  oT,
or op, " op,
o1, o1, oI,
J(P)=| o oB, " 0P, 4.11)

o1, 0T, aT,
OP 0P, ~ 0P,
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The Jacobian matrix, also called the sensitivity matrix, plays a crucial role in the inverse

problem of parameter estimation. There are several approaches for computing the Jacobian

[151]. In the present study, the Jacobian (j € R™ where: I=800 and N=3) is approximated

with a finite difference approximation. For example, the sensitivity coefficient is given by:

(4 3Bys B +(6P,), By ) =T (4 s B P, =(SP)),. B )

)

(4.12)

j =

A

<
|
SN Ne))
‘\.hc LH)
[

2(5P

J

The subscripts i and j represent the time and the parameter, respectively. The parameter

perturbation (5P/ ) is set to ;‘(1 + ‘P}

), where ¢ is a small number (£ =0.001).

At each iteration, the approximation of the sensitivity coefficients of the Jacobian matrix
requires the solution of the direct problem 2*N times (N=3). As a result, the finite

difference approximation may become computationally prohibitive.

In order to reduce the computational effort, the Jacobian matrix is updated using the
Broyden method [152]. This method has already been applied successfully in the field of
inverse heat transfer [34, 154, 155]. In principle this method can be combined with the

LMM to eliminate the need to compute the sensitivity coefficients at every iteration.

For the first iteration, for every 2*N iterations and for iterations where ‘¥ (P + AP) >Y (P)

, the sensitivity coefficients of the Jacobian matrix are estimated with Eq. (4.12). For every

other iteration, the Jacobian matrix is updated with the expression proposed by Broyden:

A

k _Tk 1)_Jk—1APk—1)APkT—1

J.o=J+ ((
APLAF,,

(4.13)

J,and J, | are the Jacobian matrices at the current and previous iteration, respectively.

AP, , is the incremental value of the unknown parameters given by Eq. (4.10).

In order to obtain confidence intervals and confidence bounds for the estimated

parameters, a statistical analysis is performed [151, 153]. It is assumed that the recorded
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temperatures are contaminated with measurement errors. For distributed measurement

errors with zero mean and a constant variance o, the standard deviation of the estimated

o, = G\/diag {[ 66]; J(;}i j} (4.14)

Assuming a Gaussian distribution for temperature measurement errors and 99%

parameters is given by

confidence, the bounds for the computed quantities P, are determined as

Probabﬂity{(é ~2576 0, ) <R <(B+2576 5, )} ~ 99% “.15)

131. are the values estimated for the unknown parameters (i=1, 2; 3), ando, are the standard
deviations obtained from Eq. (4.14).

The overall computational procedure using the Levenberg-Marquardt Method combined

with the Broyden method is summarized as follows (Figure 4.6) :

Convergence of the LMM is declared when

JT

Pk+1 _Pk
(T) <& (4.16)

‘P(P"+l ) <é&

Y(t[)—f(ti,ﬁ)“<gl

{€; &; &} are a small numbers.
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Initial guesses P, ., Physical properties P

exact

T "
A g"(t) Bank
thickness
Rc or LEmsmn
E®
Noisy data

Minimization

Finite Difference Approximation

Figure 4.6 Overall inverse calculation procedure.

4.4. Results and discussion

The above algorithm (Figure 4.6) for the inverse procedure was thoroughly applied to two

different test cases.

The first test case is concerned with the simultaneous prediction of the unknown time-

+L

rcy ) and the unknown thermal contact resistance Rc

varying heat flux ¢"(t)(at x=1L,

rick

between the refractory brick wall and the PCM (atx =L, , ) (Figure 4.5).
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In the second test case, the inverse procedure is employed to predict simultaneously the

unknown time-varying heat flux and the unknown thickness of the eroded wall L

Erosion

(Figure 4.7).
Erosion of the
brick wall
Refractory ~ Mushy Liquid
Solid .o q
R
|
| —
1 44—
h, | —
T | «—
) L g"(t)=?
4
,
Sensor #1 ,
1 4
I
____________________ 1

1 Lpcu
LEmsion = ?

Figure 4.7 The inverse problem of erosion. ¢"(t)and L,

rosion

are unknown. They are

determined from the temperature measurements made with sensor#1.

Once (1) the heat flux ¢"(t) and (2) the thermal contact resistance R. or the thickness of the

eroded wall L are estimated, the bank thickness E(7) is easily determined from the

Erosion
Finite-Volume Model (FVM) presented in section 4.2.
The transient temperatures measurements Y (tl.) are taken with a sensor that may be placed

at two different locations: The position called ‘Sensor#1’ is found at a depth

of x, =0.5x10” m inside the refractory brick wall. This location is close to the outside

surface of the refractory brick wall (Figure 4.5). The position called ‘Sensor#2’ is found at
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a depth of x, =98.5x10” m inside the refractory brick wall. This location is close to the

inner lining of the refractory brick wall (Figure 4.5).

The total number of temperature recordings during an experiment (also called temperature
measurements) is /=800 (the time-step is set equal to 500 s for a total time interval t=0,

400000 s).

The unknown time-varying heat flux ¢"(t) and the unknown thermal contact resistance R.

are parameterized with Egs. (4.7) and (4.8), respectively.

Note that the accuracy and the uniqueness of the solution for the inverse problem have
been thoroughly checked with noisy ‘experimental measurements’ and for
different positions of the sensor embedded into the refractory brick wall. The extensive set
of numerical experiments that were performed did not reveal the existence of multiple

solutions.

For the sake of comparing the ‘exact solution’ provided by the direct model of section 4.2
and the ‘estimated solution’ obtained with the inverse model of section 4.3, the relative
root-mean-square error (RRMSE) for the heat flux and the bank thickness are employed.
These RRMSEs are defined as follows:

2
1 1 q"(l‘.) ' —q"(t.)
RRMSE , (y — 100 _ U ) estimated i Jexact
q (t) (v X ] ;L q”(ti )exact (4.17)
2
U E(4) maea —E ()
RRMSE % =100 _ i ) estimated i Jexact
£() 7° 7 Z( (1) (4.18)

The error on the prediction of unknown parameters is also used. It is defined as:

(4.19)

estimated ~ * exact

Error,% =100x

exact

Figure 4.8 compares the direct temperatures ‘obtained with the direct model’ to the inverse
temperatures ‘estimated by the inverse model’. The coincidence between both predictions

is undisputable.
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Figure 4.8 Furnace temperature distributions, sensor#1, no noise.

4.4.1. Effect of temperature sensor location

Table 4.4 shows the effect of the sensor position (sensor#1 and sensor#2) and of the
thermal diffusivity of the refractory brick wall on the accuracy of the predicted bank
thickness E(?), heat flux ¢"(t) and thermal contact resistance R.. It is seen that the effect of
the sensor position on the accuracy of the predictions is insignificant [17, 34, 77]. As a
result, sensor #1 is recommended over sensor#2. Not only does it provide equally accurate

information but it is also much easier and safer to install a sensor near the outer surface of

the brick wall.

On the other hand, as expected, the RRMSE, |, the RRMSEq"( N and the ErrorRr slightly

(1)

diminish as the thermal diffusivity of the brick wall increases.
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Table 4.4 Effect of the sensor position and of the thermal diffusivity of refractory brick on

RRMSE £()? RRMSEq"(,) and Error, ;nonoise (o =0).
Position (mm)
Thermal Diffusivity
(m?/s) 0.5 98.5
(Sensor#1)  (Sensor#2)

a, i, =44%10" 16.3 15.7

RRMSEgrqy % A o5 =T14%107° 5.3 5.2
P =8.8*10"° 3.1 3.0

a, L, =44%107 0.1 0.1

RRMSE;q % & o5 =T14%107 0.1 0.1
&, =8.8%107 0.0 0.0

o, i, =44%10" 4.1 3.9

Errorgre % Pigpyios = 1471 2 35 33
&, =8.8%107° 2.2 2.1

4.4.2. Effect of measurement noise

Noisy experimental data7'(t;), i.e., measurements contaminated with errors, were also

simulated. An error is added to T’ (t,) (the temperature predicted by the direct model) in

exact

the following manner:

]_:'(ti) = Tex

act

(t.)+ 00, (4.20)

ois the standard deviation of the measurement errors. Its magnitude is set equal to

2% T . T 1isthe maximum temperature measured by the sensor. @.is a random number.
max m 1

This number is provided by a random number generator (for example, the randn function

of Matlab).
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Figure 4.9 compares the noisy temperature data generated with the direct model to the
estimated temperatures predicted by the inverse model using sensor #1. The confidence

bounds +2.576 o, are also shown.

950 |~ -l

900

850 |

Temperature [K]

800 ¥

750 - Temperature measurements (Direct) o

Temperature estimated (Inverse)

------ Confidence bounds
700 ] : r r r r r k
0 0.5 1 1.5 2 2.5 3 3.5 4
Time [s] x 10°

Figure 4.9 Measured (direct model) and predicted temperatures (inverse model) obtained
with sensor #1; 0 =2% T

max *

Figures 4.10 and 4.11 show the effect of the noise level on the predicted time-varying bank

thickness E(t) and heat flux ¢"(t) using sensor #1. As expected, when the noise level rises

to 2% T

max

the RRMSEq”(t , the RRMSE _ and the ErrorR[ increase from (0.1 %, 5.3 %,

) E(r)
3.5 %) to (0.2 %, 14.8 %, 9.5 %), respectively. Nevertheless, the inverse method remains

stable and accurate in spite of the noisy signals.
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Figure 4.10 Effect of the noise on the predicted bank thickness from sensor #1.
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Figure 4.11 Effect of the noise on the predicted heat flux ¢"(t) from sensor #1.
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4.4.3. Effect of the Biot number

The effect of the Biot number Bi = Do Liioe on the predicted bank thickness is depicted in

Brick
Figure 4.12. When the Biot number is small ( Bi ~0.09 ), the inverse predictions from
sensor #1 are excellent. A small Biot number represents the case of an air-cooled brick

wall (h, =15 W /m> K ). On the other hand, when the Biot number becomes large (

Bi = 9), the inverse predictions made with sensor #1 deteriorate. This is the case, for

instance, with a water-cooled brick wall (4, =1500 W /m’.K ). The temperature signal

captured by sensor #1, which is located close the outer surface of the brick wall, is
contaminated by the high cooling rate of water. In this case, the use of sensor #2
(embedded deeper into the brick wall) is recommended. Note that as the Biot number
increases, the heat losses through the lateral brick wall augment and, consequently, the

bank becomes thicker.
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Figure 4.12 Effect of the Biot number on the predicted bank thickness; o =2% T

max
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4.4.4. Erosion of the refractory brick wall

When the protective bank is lost, the inner lining of the refractory brick wall suddenly
comes into direct contact with the molten material. As a result, the exposed wall becomes

vulnerable to erosion.

Let us assume that the inner side of the refractory brick wall is eroded with Lzsion=0.01 m.
The space that used to be filled with brick material is now filled with molten PCM. This
situation may be simulated numerically by letting the ‘protective bank’ move to the left, in
the negative x values. Moreover, since erosion of the refractory brick wall is a slow process
[86], [89], the eroded portion of the wall may be considered time-independent within the
time-intervals simulated here (t=400000 s).

A test case for which the inverse model was used to predict simultaneously the heat flux

q"(t) and the eroded portion of the brick wall Lgrosion is presented next.

The direct model is first employed to generate the temperature data with sensor#1. The

data are contaminated with noise levels of 6=2%7 and c=4%T For this

max max *

simulation, the eroded portion of the wall Lzosion 1s fixed and the following heat flux ¢"(t) is

imposed at (x = Ly + Lpcyy ) :

4"(£) = 7000+ 4000 * sin {EJ 421
R P, tmax
LEmsion = 001 m= P3 (422)

Furthermore, it 1s assumed that the thermal contact resistance between the brick wall and
the PCM is known. It is set equal to R. = 0.02 m?>.K /W, a typical value. The physical
proprieties of the eroded region are similar to that of the PCM. They are reported in Table
4.3.

In the inverse solution method, the heat flux ¢"(t) and the eroded portion of the wall Lzrosion

are predicted by determining the unknown parameters (P;, P>, P3) in Eqs (4.21) and (4.22).
Once these parameters are obtained, the time-varying bank thickness E(?) is calculated

from the direct model described in section 4.2.
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Table 4.5 summarizes the effect of the noise on the prediction of heat flux (P; and P;) and
of the eroded portion of the wall (P3). The overall discrepancy between the inverse
predictions and the exact solution is recorded for the prediction of the brick wall erosion,

ErrorEros[on =14%

The inverse prediction of the bank thickness is compared to the exact solution in Figure
4.13. The erosion of the wall is depicted by the negative bank thickness (negative x
direction, Figure 4.7).

This example exemplifies how the present inverse model can be used for preventive
maintenance. It predicts the onset of wall erosion so that corrective actions may be taken to

prevent further damages to the wall.

Table 4.5 Parameters of the heat flux and the erosion.

PEract Pinverse Errorp % Pinverse Errorp %
P; Wim? 7000 7037.6 0.5 7028.7 0.4
P> Wim? 4000 39534 1.2 3887.0 2.8
Ps: m 10*%1073 10.8*1073 8.0 8.6%¥107 14.0
0.025 LY L9 L3 LY LY L9 L3

0.02

0.015 Fvact

Inverse 0=2%T
max

0.01

Inverse 0=4% T
max

0.005

Erosion ;
thickness j

Bank thickness [m]

0
-0.005
-0.01
_0'015 L L L L L L L
0 0.5 1 1.5 2 2.5 3 3.5 4
Time [s]

Figure 4.13. Predicted bank thickness with erosion.
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4.5. Conclusion

An inverse heat transfer method for predicting the state of the lateral refractory brick wall
of a melting furnace was presented. By collecting temperature data with a thermocouple
embedded into the brick wall, the inverse method may predict (1) the time-varying
thickness of the protective bank that covers the inner lining of the furnace wall; (2) the
thermal contact resistance between the inner lining and the protective bank; and (3) the
erosion of the refractory brick wall. The inverse procedure rests on the Levenberg-
Marquardt algorithm combined with the Broyden method. The effect (1) of the noise on
the collected temperature data; (2) of the thermal diffusivity of the brick wall; (3) of the
location of the embedded temperature sensor; and (4) of the Biot number on the inverse
predictions was investigated. Recommendations were made for the optimum position of

the embedded sensor and its operation.
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Titre francais

Prédiction des parameétres polynomiaux d’un four de fusion par le transfert de chaleur

inverse.

Résumé francais

Une procédure de transfert thermique inverse permettant de prédire simultanément les
parametres thermiques d'un four de fusion est présentée. Ces parametres sont (1) le
coefficient de transfert thermique externe, (2) les paramétres polynomiaux de la
conductivité thermique de MCP qui dépendent de la température et (3) le flux de chaleur
du four. Une fois ces parameétres estimés, 1’évolution temporelle de revétement protecteur
qui recouvre la surface interne de la paroi du four est prédite. Le changement de phase
solide/liquide du MCP est modélisé par la méthode enthalpique. Le probléme inverse
repose sur la méthode de Levenberg-Marquardt (LMM) combinée a la méthode de
Broyden (BM). L’effet de la position de capteur dans le mur de brique, de la fréquence
d’acquisition des données et du bruit sur les mesures de température est étudié. Une
analyse statistique pour I'estimation des parametres est également effectuée. Des
recommandations concernant I'emplacement du capteur et la fréquence d’acquisition des

données sont faites.

Mots clés

Transfert de chaleur inverse, Four de fusion, Changement de phase, Méthode de

Levenberg-Marquardt, Méthode de Broyden, Revétement protecteur.
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Title

Multi-Parameter Estimation of a Melting Furnace by Inverse Heat Transfer

Abstract

An inverse heat transfer procedure is presented for predicting simultaneously operating and
thermal parameters of a melting furnace. These parameters are the external heat transfer
coefficient, the thermal conductivity of the phase change material (PCM) and the time-
varying heat load of the furnace. Once these parameters are estimated, the time-varying
protective PCM bank that coats the internal surface of the furnace wall can be predicted.
The melting and solidification of the PCM is modeled with the enthalpy method. The
inverse problem is handled with the Levenberg-Marquardt Method (LMM) combined to
the Broyden method (BM). The models are validated and the effect of the position of the
temperature sensor embedded in the furnace wall, of the data capture frequency and of the
measurement noise, is investigated. A statistical analysis for the parameter estimation is
also carried out. Recommendations are made concerning the location of the embedded

sensor and the data capture frequency.

Keywords

Inverse heat transfer; Melting furnace; phase change; Levenberg—Marquardt Method;

Broyden Method; bank.
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Nomenclature
C, specific heat [J/kgK] oH enthalpy [J/m?]
dt time step [s] A ) difference
f liquid fraction Q diagonal matrix
h, heat transfer coefficient [W/m?K] A heat of fusion [J/kg]
I random number
1 total number of measurements
J Jacobian matrix Subscripts
k thermal conductivity [W/mK] 0 initial value
L.\ width of the brick wall [m] - ambiant
Lpcys width of the PCM layer [m] Brick brick wall
N number of unknown parameters exact exact solution
q (?) heat flux [W/m’] E(t) bank thickness
P vector of unknown parameter lig liquidus
PCM phase change material liquid liquid (PCM)
RRMSE relative root-mean-square max maximum
errors [%]
Error estimation errors [%] P parameter
E ( t) bank thickness [m] PCM phgse change material
) sol solidus
P time [s] solid solid (PCM)
T estimated temperature [K]
x Cartesian spatial coordinate [m] Superscripts
Y measured temperature [K] k time iteration number
T transposed matrix
Greek symbols estimated parameter
& small number -
. vector
7 damping parameter - .
o) density [kg/m?] matrix
o standard deviation of the
measurement error
74 sum of squares norm
& small number
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5.1. Introduction

Melting furnaces, such as electric arc furnaces, are used for material processing that
requires high powers and elevated temperatures (Figure 5.1). Their main applications are
the smelting of materials such as steel, copper and nickel calcine. High voltage electrodes
discharge their electric load into the bath of electrically conducting slag (or phase change
material PCM). The current is carried between the electrode tip and the slag to generate the

heat required for the smelting process.

An interesting solid/liquid phase change phenomenon that arises in these furnaces is the
formation of solid layer, called a bank, that covers the internal surface of the refractory
brick walls. This bank plays a crucial role. It protects the brick walls from the highly
corrosive molten material, thereby prolonging the life of the facility. Too thick a bank is
however detrimental to the furnace throughput as the volume available for smelting is
reduced. Keeping a bank of optimal size is therefore crucial for the safe and profitable

operation of the smelting furnace.

It is extremely difficult to measure the bank thickness using probes submerged into the
molten bath. The hostile conditions that prevail in the melt damage and destroy the probes.
This method is time consuming, risky and often inaccurate. Moreover, the transient
formation of the bank is a most complex process that depends on the power input, the

boundary conditions and the thermophysical properties of the slag.

In recent years, the problem of bank formation inside high temperature melting furnaces
has been tackled with various inverse heat transfer methods [17, 34, 35, 47, 58-66, 75].
The inverse heat transfer methods rest on the conjugate gradient method with the adjoint
equation [17, 47, 64, 65, 71], the Kalman-filter method [58-63] and the Levenberg-
Marquardt method [34, 35, 66, 75]. In these studies, the thermophysical properties of the
materials and the operating conditions of the furnace are fixed. The focus is on the inverse

prediction of the time-varying heat load of the furnace (the heat flux ¢"(t)at

(x=L,. +Lyey ) (Figure 5.2). Once the heat load is determined, the time-varying bank

thickness E(?) is predicted.

Recently, [34] have predicted the heat flux and thermal conductivity inside the molten

material reactor. They assumed that the external heat transfer coefficient is known and
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thermal conductivity of bank is temperature independent. Indeed, inside high temperature

reactors, it is important to consider the effect of temperature on the thermal conductivity.

The objective of the present investigation is to go one step further. It develops a
Levenberg-Marquardt method (LMM) for the simultaneous inverse heat transfer prediction
of several key parameters of the melting furnace: (1) the time-varying heat flux ¢"(t) ; (2)
the external heat transfer coefficient/s, ; (3) the temperature-dependent thermal
conductivity of the solid phase of the PCM and (4) thermal conductivity of the liquid phase
of the PCM (Figure 5.4). Moreover, the LMM is combined with the Broyden method (BM)

in order to reduce the computational time [152].

Electrode

Bank

Figure 5.1 Cross view of a melting furnace.
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This paper is organized as follows. A mathematical model based on the enthalpy method
is first presented for dealing with the melting-solidification problem [168]. The phase
change model is validated with results available in the open literature [140, 141]. Next, the
Levenberg-Marquardt Method (LMM) combined with the Broyden Method (BM) is
deployed. The overall inverse method is then used to estimate the unknown parameters for
typical operating conditions of a melting furnace. Finally, the effect of the location of the
embedded temperature sensors, of the measurement noise and of the data-capture-

frequency is investigated.
5.2. Direct problem

For the direct model, the geometry and the thermophysical properties of the furnace are
known. The objective here is to compute the transient temperature field 7(x,?) inside the
furnace (the PCM and the lateral wall) and the time varying thickness of the protective
bank E(?).

1
:___' Control volume

Solid |Mushy| ~ Liquid
zone I

EEEEREEEEEERERR

Figure 5.2 Schematic of the 1-D direct problem.
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Figure 5.2 shows a schematic of the 1-D direct problem. The left boundary condition (the
external surface of the refractory brick wall, x=0) is cooled by convection heat transfer.

The external convective heat transfer coefficient is /, and the external temperature is T .

At the right boundary (x=L,_, +L,., ), a time-varying heat flux ¢"(t) is imposed over the

rick
time interval ¢ = [0 ;¢ f.]. The internal surface of the refractory brick wall is covered with

a protective bank whose thickness E(?) is unknown and time-dependent. E(?) corresponds

to the position of the solidification front of the PCM.
The mathematical model for the phase change problem rests on the following assumptions:

e The temperature gradients in the x direction of the furnace are much larger than
those in the other directions. As a result, a one-dimensional analysis can be applied
(Figure 5.2) [34, 35].

e The phase change problem is non-isothermal. The melting/solidification process of
the bank takes place over a temperature range. The melting process is depicted by
three zones: a solid phase, a solid/liquid phase or a mushy zone and a liquid phase.

e The thermal properties of the phase change material (PCM) are temperature
independent except for the thermal conductivity in the solid state which is
temperature-dependent.

e The heat transfer inside the liquid phase of the PCM (the slag) is conduction
dominated [17, 142].

e The thermal contact resistance between the refractory brick wall and the PCM is

neglected [34, 58, 65].

Based on the above assumptions, the governing heat diffusion equation is

or o(. or o
c Lk snL 5.1
Pe ot Gx[ ﬁxj ot SR

oH and fare the enthalpy and the liquid fraction of the PCM respectively. The same

equation governs the conduction heat transfer through the refractory brick wall. In this case
however, there is no phase change and, as a result, % =0. The enthalpy 6H of the PCM is

defined asoH = p(C,, 10 = C,ona)T + P A. The liquid fraction f is a function of
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temperature. It varies linearly between the solidus 7, and the liquidus 7, in the following

manner:

0 T<T,  (Solid region)
f=F(T)= TT —_Y;sz T,, <T <T,, (Mushy region) (5.2)
lig sol
1 T>T, (Liquid region)

At each time-step, f is updated iteratively according to the enthalpy method using the

following expression [141].

Fe +(Z’l_§) (Tk+1 _F! (fk)) (5.3)

F is a function of the temperature 7. F~'is the inverse function of F.

The boundary conditions are:

oT
(kal:o =h, (T(0,t)-T,) (5.4)

oT
k— =q"(¢
( Ox jx—LBrick"'LP(‘M ! ( ) (55)

Egs. (5.1)-(5.5) are solved numerically using a time-implicit Finite-Volume Method
(FVM) [143].

The accuracy of the FVM and enthalpy method was validated with results available in the
open literature. For the sake of validation, the one-dimensional solidification problem of a
binary alloy reported by Voller [140, 141] was simulated. The predicted solidus and
liquidus fronts are shown in Figure 5.3. It is seen that the predictions of the 1-D direct
model are in excellent agreement with those of Voller. More information about the

validation is available in [35].
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Figure 5.3 Solidification of a binary 4/—4.5%-Cu alloy: Comparison of the 1-D direct
model (FVM) with the results reported by Voller.

Next, the 1-D direct model was implemented for the entire melting furnace (PCM and

brick wall). The operating thermal conditions of the furnace are similar to those reported in

[34, 35, 58]. The brick wall is set equal to L,

rick

= 0.1 m and the thickness of the slag layer
(solid, mushy, and liquid) is set equal to Ly, =0.1 m (Figure 5.2). At (x=0), the
external temperature is set equal to 7, =300 K and the external average heat transfer

coefficient is fixed at A4 =15 W /m’.K . At the right boundary(X=LBn.ck -I-LPCM), the

time-varying heat flux ¢"(¢)is given by

(27t
q"(t) =g, +q, *sin’ (tij (5.6)

max

It is also assumed that the PCM thermal conductivity in the solid phase is temperature-
dependent, whereas the thermal conductivity in liquid phase remains constant (in order to

mimic the effect of the flow circulation).
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ksolid :ks +ks (ij
» (800 5.7)

k, . =k

liquid
The parameters for the heat flux and the thermal conductivity in Egs. (5.6) and (5.7) are
taken as [ gy; ¢;; k,; k, 3 k | =[5000; 4000; 1; 0.1; 10] respectively. The remaining

thermo-physical properties for the refractory brick wall and for the PCM are summarized

in Table 5.1 [34, 35, 58].

The initial bank thickness is £ (t = 0) =0.0678 m, and the initial temperature for the brick

wall and for the PCM (0 <x<Lp.,+ LPCM) are set equal to:

X

]})(x):T(x,O): "

(1400-T,)+T, (5.8)

PCM

(L

Brick

Table 5.1 Thermo-physical properties of the refractory brick wall and of the PCM.

K srick 16.8 W/m K
C ek 875 J/kg K
Prmcs 2600 kg/m?
K pcar soina 1 W/m K
K pert tiquia 10 W/m K
C o ot soia 1800 J/kg K
C o pert iquia 1800 J/kg K
Lrem 2100 kg/m?
Arens 5.1x 10° J/kg
T, 1213 K
T 1233 K

To ensure grid-space and time-step independence, all numerical simulations were
conducted with a grid size of 200 control volumes distributed uniformly inside the

refractory brick wall and inside the PCM layer. The time step was set equal to 100 s.
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5.3. Inverse problem

It is assumed, in the inverse problem, that the heat flux ¢"(t), the external heat transfer

coefficient /1, and the thermal conductivity of the solid k_,, and of liquid phases %, of

iquid 0

the PCM are unknown (the coefficients [qo; g h ks ks ksl] in Egs. (5.6) and (5.7) are

unknown).

P N
4__
- L 4—
Solid |[Mushy| . Liquid <«
zone { <+
4,__

. <_ "

“ k.mﬁa' = ? * kfiqui;i — ? - q (t) =?
h, =? ; <«
4,__
e <+
Sensor #2 -
4__
= 4
Pl = -
Sensor #] e e : : ]
Ly E@ =2
x Lpcyu

Figure 5.4 The inverse problem: ¢"(¢), k,;;, k and h  are unknown. They are

liquid >

determined from temperatures measurements taken internal the refractory brick wall.

The objective of the inverse method is to determine the unknown coefficients

f’z[qo; 9 hs ks ks kslj by using temperature measurements taken from a sensor

embedded into the brick wall (Figure 5.4). Once the time-varying heat flux ¢"(t), the

external heat transfer coefficient /_and the thermal conductivities (&

solid > kliquid) are

determined, the time-varying thickness E(¢) of the protective bank may be estimated from
the 1-D direct model (FVM) presented above. The inverse procedure consists of

transforming the problem into an optimum control problem which aims at minimizing the
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sum of the least square norm ¥(P) where P— [Clo; @ hos ks ks kﬁ] is the vector of the

unknown parameters:
¥(P)=[y-7()] w[x-7(P)] (5.9)

Y are the temperatures measured with the sensor embedded into the brick wall. For the
sake of the present study, these temperatures are ‘generated’ from the solution of the direct

problem (section 5.2). f: (13) are the estimated temperatures from the inverse problem. W

is the weighting matrix. It is often taken as a diagonal matrix with its elements equal to
-1

(0'2) , where o is the variance of the measurement error. The superscript"T" denotes the

transpose of the matrix. The solution of the inverse problem is obtained by minimizing

W(P). The inverse problem is solved with the Levenberg—Marquardt Method (LMM).

This method has been successfully applied to inverse problems in the past [76, 144, 145,
147-149, 169, 170-173]. In this iterative method, the incremental value of the unknown

parameters AP, is written as:
NB=[() w (7 ) s | (74 w (3T (B)) (5.10)

1" is a positive damping parameter. Its magnitude and update are discussed in [150].

QF =diag |:(j" )T jk]is a diagonal matrix. The superscript & denotes the iteration

number. The superscripts """ and" ™" refer to the vector and matrix notation, respectively.

J*is the Jacobian matrix and it is defined as

oT  oT, or,
oR P, " 0B,
oT, oT, o7,
J(P)=|oR op, " 0B, (5.11)
oT, oT, oT,
oR op, " o,
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I is the total number of measurements. N is the number of unknown parameters. Here,

(N=6) and P :[%; g5 h,s ks ko; ksl]-

There are several approaches for calculating the coefficients of the Jacobian matrix [151].

In the present work, the Jacobian (j eR"™) is constructed with central finite difference

approximations:

(4 3By B, +(6P,), By ) =T (4, 3 Bovnrs P, =(SP)),. B )

)

The subscripts i and j indicate the time and the parameter, respectively. The parameter

(5.12)

i

<
Il
O N Ne))
\'.‘U LH)
N

2(513

J

perturbation (5P] ) is set to cf(l + ‘Pj

), where ¢ is a small number.

The approximation of the sensitivity coefficients of the Jacobian matrix, Eq. (5.12),
requires the solution of the direct problem 12 times per iteration. As a result, the finite

difference approximation may become computationally prohibitive.

In order to diminish the computational time, the Jacobian matrix is updated using the
Broyden Method (BM) [152]. The BM can be combined with the LMM to eliminate the
need to compute the sensitivity coefficients at every iteration. This strategy has already
been applied successfully in the field of inverse heat transfer problem (IHTP) [34, 35, 154,
155]. The sensitivity coefficients of the Jacobian matrix are estimated with a central

difference approximation, Eq. (5.12), for the first iteration, for every 2*N iterations and for
iterations in which‘P(P +AP ) > ‘P(P ) For every other iteration, the Jacobian matrix is

updated by the expression proposed by Broyden:

((fk - f;c—l ) - Jk—lA])k—l )APkT—I

h (5.13)
AP_AF,_

Jo=J_ +

J,and J, | are the Jacobian matrices at the current and previous iteration, respectively.

AP, 1s the incremental value of the unknown parameters.
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Convergence is declared when one of the following three criteria is satisfied:

JT

Y(z‘l.)—TA(t,.,13)H<g1

Pk+] _Pk
(Tj < &, (514)

w(PH)<e,

{€, €, &} are a small number, i.c., (& =&, = & =0.001).

5.3.1. Statistical analysis for parameter estimation

In order to assess the accuracy and the uniqueness of the inverse solution, a statistical
analysis for parameter estimation is performed. It is assumed that the recorded

temperatures are contaminated with measurement errors. For distributed measurement

errors with zero mean and a constant variance o°, the standard deviation of the estimated

0, =0 diag{[a;:J(;;j} (5.15)

Assuming a normal (or Gaussian) distribution for temperature measurement errors and

parameters is given by

99% confidence, the bounds for the computed quantities P, are determined as

Probability{(l-:’. -2.576 o, ) <P

i,exact

<(B+2576 o, )} = 99% (5.16)

131. are the values estimated for the unknown parameters. P,

i,exact °

for (i=1,..., 6), ando, are
the standard deviations obtained from Eq. (5.15).

The overall computational algorithm for the inverse problem is summarized in Figure 5.5
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Initial guesses P Physical properties E

initial exact

;I;l (405 4,

% P, R
TQ.‘ i > ‘—Y ———————————————— ; Pﬂt — So Sl-
Direct Model Noisy data k,
hoo
N <
r (tf’P ) Y (1)
Least square norm‘P( }3)

\l/ Minimization

Levenberg—Marquardt

l

Finite Difference Approximation

Convergence
criteria ?

Full computational of

Broyden update of J

Figure 5.5 Overall algorithm for the inverse method.
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5.4. Results and discussion

The above inverse calculation algorithm (Figure 5.5) was thoroughly tested for estimating

simultaneously the following unknown parameters:

v’ The heat flux (q,; ¢,)at x=L,,, +L

Brick PCM >

v’ The external heat transfer coefficient (A, );
v The temperature-dependent thermal conductivity(k%; k, ) in the solid PCM;

v" The constant thermal conductivity (k, ) in liquid PCM.

Once the unknown parameters [qo; 9 bk ks ksl} have been obtained from the

inverse method, the time-varying bank thickness E(?) is calculated from the 1-D direct

model (FVM) presented in section 5.2.

The unknown heat flux and thermal conductivities are parameterized with Egs. (5.6) and

(5.7), respectively.

The temperatures measurements Y, were taken with a sensor embedded in the wall at two

different locations: The first position, called ‘Sensor#1°, is near the external surface of the
refractory brick wall. The second position, called ‘Sensor#2’, is close to the internal

surface of the refractory brick wall (near the brick wall-PCM interface) (Figure 5.4)

All inverse heat transfer simulations were launched with the following initial arbitrary

guesses for the unknown parameters P, ., =[2000; 2000; 5; 0.33; 0.33; 3.33].

The simulations were executed with the Matlab software running on an Intel ® Core(TM)

15-2520M CPU @ 2.50GHz.

For the sake of comparing the ‘estimated solution’ obtained with the inverse model to the
‘exact solution’ generated by the 1-D direct model (FVM), the Relative Root-Mean-Square

Error (RRMSE) and the estimation error of the parameters ( Error,) were employed.

These errors are defined as follows:

2
RR \/[SE =100x l ] E (tl )estimated B E(tl )exact (5 17)
E(t) 1 i=1 E (tl )exaCt
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exact  * estimated

Error, % =100x (5.18)

exact

exact inverse

Error, %=100x (5.19)

exact

1 is the number of measurements. £(?) is the bank thickness.

The evolution of the least square norm Eq. (5.9) for the Levenberg-Marquardt Method
(LMM) and for the Levenberg-Marquardt Method combined with Broyden method
(LMM/BM) is shown in Figure 5.6. It is seen that the solution is achieved more efficiently
with the LMM/BM. The LMM/BM calls the FVM 93 times while the LMM requires 512
calls. As a result, the CPU time for the LMM/BM is only 1612.6 s while that for the LMM
is 8750.5 s.

4
x 10
wodt |- LMM/BM | |
LMM
8-J -
~
&
S
§ oH -
s |4
<
> i
.
g 4= T
2 |
i
3 d
2H .
1
\
1
1
of S------ -

0 50 100 150 200 250 300 350 400 450 500 550
Direct model calls

Figure 5.6 Evolution of least square norm.
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The convergence of the unknown parameters P=[q0; g h ks ks ksl]is depicted in

Figure 5.7.
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Parameter values
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100
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Figure 5.7 Evolution of the parameter values.

100

The inverse predictions for the temperature distribution ‘estimated from the inverse model’

and for the corresponding Errorr ‘defined by Eq. (5.19)” are depicted in Figure 5.8. It is

observed that Errorr remains smaller than 0.1% for the entire furnace.
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Figure 5.8 Inverse predictions of the temperature distribution (a) and Errorr (b).
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Table 5.2 summarises the effect of the sensor location and of the data-capture-frequency on
the estimation of the unknown parameters. The results are relatively accurate. The relative

errors vary from 0.0 to 20.0 %. The largest discrepancy occurs in the prediction of k, (80

%). This is due to its small value with respect to the other conductivities [34, 76]. It is also
seen that the use of sensor#2 with data-capture-frequency of 4000 measurements provides

the best parameter estimation (case 4) [156].

Table 5.2 Effect of the sensor location and of the data-capture-frequency.

2000 measurements

4000 measurements

Case 1 Case 2
49 4977.86 0.4 4992.29 0.2
g, 3976.12 0.6 3995.24 0.1
k, 11.99 19.9 10.36 3.6
Sensor#1
% 1.07 7.0 1.01 1.0
k,, 0.02 80.0 0.09 10.0
h, 14.93 0.5 14.98 0.1
Case 3 Case 4
9 5015.86 0.3 5000.44 0.0
q, 4016.64 0.4 4001.84 0.0
Sensor#2 k, 9.11 8.9 9.75 2.5
50 0.98 12.0 0.99 1.0
ki, 0.12 20.0 0.11 10.0
h 15.06 0.4 15.00 0.0
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Figure 5.9 shows that the effect of the location of the temperature sensor (sensor#1 and
sensor#2) on the accuracy of the predicted bank thickness E(?) is insignificant [17, 34].
This result is of interest to the process industry. Indeed, it is much easier and safer to
embed a sensor near the external surface of the lateral brick wall. Sensor#1 is therefore

recommended over sensor#2. For the remainder of the discussion, sensor#1 will be

retained.
0.5 LY L3 L3 LY LY L3 L3
----- Sensor #1
0.45F - Sensor #2 |
04F -
0.35F ” -
0.3 r -
§ [
5 0.25p %
3 I
LQ 1

N ~————
-
i P

= =
o~

e
W

Figure 5.9 Effect of the sensor position, (no noise).

Noisy experimental measurements were also simulated by adding an error to the exact

temperature fem, generated by the 1-D direct model:

T(t,)=T,,(t)+0d, (5.20)

act

o 1s the standard deviation of the measurement errors, which may take the value of 0.0 (no

noise) and2% 7, . T, is the maximum temperature measured by the sensor. o, is a

max *

random number. This number is generated with the ‘randn’ function (standard normal

distribution) from Matlab.
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Figure 5.10 compares the measured temperatures generated with the 1-D direct model with

noise (2% T,

ax

) to the estimated temperatures calculated by the inverse model. The

confidence bounds £2.576 o, are also shown.

J
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780
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Temperature measurements (Direct)

660 Temperature estimated (Inverse)
""" Confidence bounds

640 I I r 1 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 3.5 4

Time [s]

5
x 10

Figure 5.10 Measured temperatures, inverse temperature and confidence bounds
(Sensor#l, c0=2%T_, ).

Figure 5.11 illustrates the effect of the noise level on the predicted time-varying thickness

of the protective bank E(?). As expected, a slight discrepancy appears when the noise level

rises to 2% 7,,,,. For example, the RRMSE ;  value increases form (0.05 %, no noise) to

max

(142 %, 0=2%T,,.). It is also noted that the noise increases the CPU time. Nevertheless,

the inverse method remains stable and accurate.

The effect of the data-capture-frequency (the total number of measurements) on the
predicted RRMSE of the bank thickness is illustrated in Figure 5.12. As expected, the
accuracy improves when the data-capture-frequency increases. On the other hand, when

the noise level rises t02% T

max

the predictions worsen. In any cases, the higher the data-

capture-frequency, the better.
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Figure 5.11 Effect of noise on the predicted Bank thickness.
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Figure 5.12 Effect of data-capture-frequency on the predicted of the RRMSE
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5.5. Conclusion

An inverse heat transfer procedure was presented for predicting simultaneously the
operating and thermal parameters of a melting furnace. These parameters are the external
heat transfer coefficient, the thermal conductivity of the phase change material (PCM) and
the time-varying heat load of the furnace. Once these parameters are estimated, the time-
varying thickness of the protective PCM bank that coats the internal surface of the furnace
wall may be predicted. The melting and solidification of the PCM is modeled with the
enthalpy method. The inverse problem is handled with the Levenberg-Marquardt Method
(LMM) combined to the Broyden method (BM). The models were validated and the effect
of the position of the temperature sensor embedded in the furnace wall, of the data capture
frequency and of the measurement noise was investigated. A statistical analysis for the
parameter estimation was also carried out. Recommendations were made concerning the

preferred location of the embedded sensor and the required data capture frequency.
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Titre francais

Prédiction par transfert inverse de 1’évolution temporelle de I’interface de congélation

pendant la cryochirurgie.

Résumé francais

Cet article présente une procédure inverse de transfert de chaleur pour surveiller le
mouvement du front de congélation a partir d'une cryosonde. A l'aide d'un thermocouple
implanté dans la partie de tissu indésirable, la méthode inverse prédit simultanément le
taux de perfusion sanguine, la conductivité thermique du tissu congelé et celle du tissu
non-congelé. Une fois que ces parametres sont prédits, la distribution de température dans
le tissu et I’évolution temporelle du front de congélation sont calculées a 1’aide du modele
direct. L'effet des actions et des parameétres suivants sur les prédictions inverses est étudié:
(1) I'initialisation des paramétres polynomiaux inconnus dans la méthode de Levenberg-
Marquardt ; (2) la température de la cryosonde ; (3) le coefficient de transfert de chaleur
extérieur ; et (4) le bruit sur les mesures de température. Dans tous les scénarios de
cryothérapie simulés, la méthode inverse a permis de restituer fidélement le mouvement du
front de congélation. Comparée aux techniques d’imagerie par ultrasons ou par résonance
magnétique (IRM), la méthode inverse proposée est une alternative prometteuse et bon

marché.

Mots clés

Cryochirurgie, Transfert de chaleur inverse, Interface de changement de phase, Méthode de

Levenberg-Marquardt, Propriétés thermiques, Equation de Pennes, Méthode enthalpique.
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Title
Fast inverse prediction of the freezing front in cryosurgery.
Abstract

This article presents an inverse heat transfer method for monitoring the motion of the
freezing front from a cryoprobe. With the help of a thermocouple pressed against the layer
of diseased tissue, the inverse heat transfer method estimates simultaneously the blood
perfusion rate and the thermal conductivities of both frozen and unfrozen tissues. This
information is then fed to the Pennes bioheat equation that (1) calculates the time-varying
temperature distribution inside the layer of tissue and (2) predicts the motion of the
freezing front. The effect of the most influential parameters on the inverse predictions is
investigated. These parameters are (1) the initial guesses for the unknown Levenberg-
Marquardt polynomial parameters of the thermo-physical properties; (2) the temperature
of the cryoprobe; (3) the heat transfer coefficient of the impinging jet of liquid nitrogen;
and (4) the noise on the temperature data recorded by the thermocouple probe. Results
show that the proposed inverse method is a viable alternative to ultrasound and Magnetic
Resonance Imaging (MRI) for monitoring the motion of the freezing front during
cryosurgery. For all the cryogenic scenarios simulated, the predictions of the inverse model

remain accurate and stable.

Keywords

Inverse heat transfer; Phase change interface; Levenberg-Marquardt Method; Thermal

properties; Bioheat transfer; Pennes equation; Cryosurgery; Enthalpy method.
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Nomenclature
c specific heat [J/kg°C] o, standard deviation of the
di tlm.e step [_S] estimated parameter
f. solid fraction
h heat transfer coefficient [W/m?°C] ¥ sum of squares norm
& small number

1 total number of measurements 3
J Jacobian matrix ZH ep;;lalpy [J/m]
k thermal conductivity [W/m °C] . d% erence .
L latent heat of freezing [J/kg] Q diagonal matrix
L thickness of tissue [m] A Neumann’s parameter
N number of unknown parameters @ random number
P vector of unknown par.ameter ) Subscripts
0, metabolic heat generation| W/m’] o ambient
RRMSE relative root-mean-square b blood

errors [%] exact exact solution
Error estimation errors [%] / frozen region
S (f ) freezing front position [m] lig liquidus
/ time [s] max maximum
T estimated temperature [°C] u unfrozen region
T, arterial blood temperature [°C] P parameter
T, cryogenic probe temperature [°C] sol solidus
x Cartesian spatial coordinate [m] T temperature
Y measured temperature [°C]
W, blood perfusion rate [ml/s ml] Superscripts

k time iteration number

Greek symbols 1 transposed matrix
a thermal diffusivity estimated parameter
& Zmall _number vector
Y7, am;nng pa.rameter matrix
Yo density of tissue [kg/m’]
o standard deviation of the

measurement error
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6.1. Introduction

Cryosurgery is the use of extreme cold in surgery to destroy abnormal or diseased tissue.
Warts, moles, skin tags and small skin cancers are candidates for cryosurgical treatment.

Internal disorders, including cancers, are also treated with cryosurgery.

Cryosurgery is a minimally invasive procedure. It is often preferred to more traditional
kinds of surgery because it minimizes pain and scarring, and its costs are relatively low

[174, 175].

Cryosurgery works by taking advantage of the destructive effect of freezing temperatures
on cells. When their temperature sinks beyond a certain level, ice crystals begin forming
inside the cells. Due to their lower density, the ice crystals tear apart the cells. They also

harm the blood vessels that supply the malignant tissue.

A common method of freezing lesions is using liquid nitrogen as the cooling solution. This
very cold liquid, its temperature is -196 °C, may be sprayed on the diseased tissue or
circulated through a cryoprobe [176, 177]. The cryoprobe is a tube placed in contact with
the tumor. Ultrasound or magnetic resonance imaging (MRI) is used to guide the
cryoprobe and monitor the freezing of the cells [178, 179]. This helps in limiting damage

to adjacent healthy tissues and, more of a concern, avoiding damage to nerve tissue.

But ultrasound and MRI monitoring techniques are not always readily available. The
alternative then is to resort to the mathematical modeling and the numerical simulation of
the heat transfer and freezing processes that take place inside the biological tissues [180-
183]. This computational monitoring technique is convenient and relatively inexpensive.
Its predictions are reliable provided, however, that the thermal properties of the tissues,
such as the blood perfusion and the thermal conductivities, are well defined. Unfortunately,
the thermal properties of the biological tissues are often poorly known. Moreover, they

change as the tissues freeze up [184, 185].

It is possible to determine experimentally the thermal properties of biological tissues [32,
115]. But the measurement techniques are not without complications and they require

sophisticated equipment that can hardly be employed during cryosurgery.

A promising approach for handling this problem rests on inverse heat transfer techniques

[151, 186]. Investigations based on inverse methods have been carried out in the past for
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estimating the thermal parameters of living tissues. [187] estimated the blood perfusion
coefficient for the one-dimension Pennes equation using the Tikhonov regularization
method. [188] determined the unknown time-dependent surface heat flux in a living skin
tissue using the conjugate gradient method. [121] predicted the size and the location of the
tumor in a one-dimensional tissue by inverse analysis. Similar studies were also conducted
by [120, 122, 123, 189]. Other investigations focused on the simultaneous estimation of

various thermo-physical properties of tissues using inverse methods [125, 153, 190-192].

The Pennes model of bioheat transfer equation, which describes the heat transfer in living

biological tissues, is widely adopted in variety of biological researches [193-195].

Another mathematical problem that arises during the cryosurgery is the phase change
phenomena of the tissue. Indeed, the prediction of thermo-physical properties during the

phase change process by inverse method is also a challenging task [166, 196-198].

In all the aforementioned studies however, the prediction of the thermo-physical properties
of the biological tissues was not carried out during cryosurgery. The present paper
remedies this shortcoming. Its objective is to pursue the previous studies by developing an
inverse method capable of estimating the unknown thermo-physical properties during
cryosurgery. Once the unknown properties are determined, the isotherms and the moving
freezing front are predicted and, as a result, the cryosurgical procedure may be monitored

and controlled.

This paper is organized as follows. First, a Finite-Volume Method (FVM) based on the
Pennes bioheat equation and the phase change enthalpy method is developed. The FVM is
then validated with an analytical solution available in the open literature. Next, an inverse
technique based on the Levenberg-Marquardt Method (LMM) is presented. The (LMM) is
combined to the Broyden Method (BM) in order to speed the computations. Finally, the
inverse method is thoroughly tested for several freezing scenarios. The effect of the most
influential parameters on the inverse predictions and on the course of the cryosurgery is
investigated. These parameters are (1) the initial guesses for the unknown Levenberg-
Marquardt polynomial parameters; (2) the temperature of the cryoprobe; (3) the heat
transfer coefficient of the impinging jet of liquid nitrogen; and (4) the noise on the

temperature data recorded by the thermocouple probe.
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6.2. Problem statement and assumptions

Figure 6.1 illustrates a schematic of the system under study. The thickness of the diseased
tissue layer is L;. A cryoprobe is pressed against the layer of tissue (the left boundary at x
= (). At time =0, the cryogenic probe temperature is suddenly set equal to the sub-
freezing temperature 7.. As a result, heat is transferred from the diseased tissue to the
cryoprobe. The temperature of the tissue decreases rapidly and starts freezing on the
surface of the cryoprobe. As time passes, the thickness of the frozen layer s(#) increases.
The freezing procedure continues until the entire layer of diseased tissue has been deeply

frozen and its tumor cells destroyed.

Cryoprobe Tsor Tiiq
Frozen tissue Unfrozen tissue
(e
.8
_ en
T, wp=0 o Surrounding
>\‘ .
Qm =0 'E—E tissue
s

L
s(t)=? '

Figure 6.1 Schematic of the system. The time-varying position of the freezing front is s(?).

The prediction of the heat transfer and of the freezing processes that take place inside the
layer of tissue is carried out with a mathematical model that rests on the following

assumptions:

v" Heat is predominantly transferred from the tissue to the cryoprobe. As a result, a
one-dimensional heat transfer model is retained [199].

v The heat transfer inside the tissue is conduction-dominated [29, 200].
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v' The phase change process is non-isothermal. It is characterized by three zones: a
frozen solid zone, a mushy zone and an unfrozen zone (Figure 6.1).

v The blood perfusion and the metabolic heat generation are uniform through time
and space. These phenomena vanish, however, in the frozen and in the mushy
regions.

v" The blood temperature is set equal to 7,=37 °C.

v The heat transfer between the tissue and the blood takes place in the capillaries.
The effect of large blood vessels is neglected [201, 202].

v' The liquidus temperature T, (the upper limit) and the solidus temperature T, (the
lower limit) of the biological tissue are set equal to (-1 °C) and (-8 °C), respectively

[203, 204].
6.3. The direct problem

In the direct problem, the thermo-physical properties, the initial and the boundary
conditions are all known. The mathematical model for the heat transfer in the tissue layer

rests on the following Pennes bio-heat equation [103]:

or o(,oT of.
—=—k— |+ ,-T)+Q, +06H = 6.1
pc o ax( ﬁxj pbcbwb( b ) 0, o (6.1)

p, ¢ and k are the density, the specific heat and the thermal conductivity of the tissue,
respectively. The subscript ‘b’ refers to the blood characteristics. wy and O, represent the
blood perfusion rate and the metabolic heat generation in the tissue, respectively. T is the

tissue temperature and 75 is the arterial blood temperature.

The last term on the right-hand side of Eq. (6.1) represents the solid/liquid phase change of
the biological tissue during cryosurgery. 0H and fs are the enthalpy and the solid fraction

during phase change, respectively. The enthalpy JH is defined as oH =p(c,;, ~Chuid )T-pL.

The solid fraction may be expressed as

0 T>T,  (Unfrozen zone)
T-T,
f.=F(T)= - _;’j’ T,, <T <T,, (Mushy zone) (6.2)
sol lig
1 T<T,, (Frozen solid zone)
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At each time-step, the solid fraction f; is updated iteratively as follows

fsk+1 zka +(;{_§j (Tk+1 _F! (ﬁk))

F'is the inverse function of F.
The boundary conditions in Figure 6.1 are set to

T (x=L, t)
ox

=0

T(x=0,t)=T

The initial condition is given by

T(x, =0)=37"C

(6.3)

(6.4)

(6.5)

(6.6)

Eq. (6.1) is solved with a finite-volume method. An implicit time-discretization scheme is

adopted. The resulting set of algebraic equations is solved with a Tri-Diagonal-Matrix-

Algorithm (TDMA) [143].

6.3.1. Validation of the direct model

The accuracy of the above mathematical model was first checked with Neumann’s solution

for the semi-infinite freezing problem [205]. The Neumann’s problem was simulated

numerically by setting the heat generation and the blood perfusion rate equal to zero in Eq.

6.1 (On=wp=0). The initial temperature was set equal to 79p=37 °C. The temperature of the

freezing point 7y was set equal to the solidus temperature 7y, (the lower limit). At the left

boundary (x=0 m), the temperature of the cryoprobe was imposed 7.. The analytical

solution for the time-varying freezing front s(?), provided by Neumann, is:

s(t)=22\(a, )t

(6.7)

The parameter 4 is obtained from the solution of the following transcendental equation

I 2] -
exp(ﬁz)xerf(ﬂ) k, \T,-T, erfc(vA) c/.(ff.—n) '

118



CHAPITRE 6

o,
where v=_|-L . « y and ¢, are the thermal diffusivities in the frozen and unfrozen
a

u

regions, respectively. L is the latent heat of fusion. erf and erfc are the error functions.

The length of semi-infinite region(OSxSLt)was set equal to L,=0.05 m. The numerical

simulation was carried out with a grid made of uniform space increments Ax=3.125*%10"* m
and for a constant time-step At = 10 s . Simulations conducted with finer grid sizes and

smaller time-steps yielded the exact same results.

As an example, Figure 6.2 depicts the time-varying freezing front for different
temperatures of the cryoprobe 7¢. It is seen that the agreement between the numerical
predictions achieved with the direct model and the analytical solution remains, for all

cases, excellent.

0.03 L L L L L LY LY LY LY
(o] Numerical solution
Analytical solution
0.025F
~
& 0.02f
N
S
"5 O
3 0.015F \
Q =
$ Te=-120 (°C)
§ 0.01F Tc=-160 (OC) -
Tc=-196 (°C)
Tc=-240 (°C)
0.005 .
O L L I L L

0 50 100 150 200 250 300 350 400 450 500
Time (s)

Figure 6.2 Time-varying freezing front position for different temperatures of the
cryoprobe.

6.4. Inverse model

In the inverse model, the blood perfusion rate wp, and the thermal conductivities of the
frozen and of the unfrozen layers of tissue ks and k&, are all unknown. These properties are

estimated with the inverse model. Once they have been obtained, they are fed to the direct
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model (section 6.3 above) that calculates the time-varying temperature distribution 7(x,?)

and predicts the motion of the freezing front s(z).

/ Cryoprobe Tsol Tiig
—>
—
> . .
Frozen tissue Unfrozen tissue
_’ g
_» RS k,=?
. k=? )
Te S Wp=?
— £
e
_ = I~4
Thermocouple
_ probe
—
R

A
v

. ) L,
¥ s()=2?
>

Figure 6.3 The inverse problem. ws, k, and krare unknown. They are estimated from the

temperatures recorded by thermocouple probe.

So the objective of the inverse model is to determine the unknown thermal properties of
the biological tissue, i.e., wp, kr and k,. To achieve this task, a thermocouple probe is

pressed against the diseased tissue (Figure 6.3). It records the time-varying temperatures

Y (ti). This information is fed to the inverse model that minimizes the least square norm

w(P):
¥ (P) :i[Y(ti)—f(ti,f’)} (6.9)

T (tl.,f’) is the vector of the estimated temperatures obtained with the inverse model. P =

(wn, ki, ky) 1s the set of the unknown thermal parameters. / is the total number of recorded
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temperatures. The temperatures recorded by the thermocouple probe, Y (t,- ) , are called the

‘direct temperatures’. For the sake of the present study, these temperatures are ‘generated’
from the solution of the direct problem for which the parameters P = (ws, ky; k) are
completely specified. Later, these temperatures will be ‘contaminated’ with random noise

so as to mimic the effect of measurement errors (see section 6.5.4).

The Levenberg—Marquardt method is adopted for the solution of the present inverse
problem [117, 124]. In this iterative method, the incremental value of the unknown thermal

parameters AP, is expressed as

1

AP=| () Tt it | (7) (V-7 (P)) (6.10)

The superscripts " " and " " refer to the matrix and the vector notation, respectively. The
superscript "T" denotes the transpose of the matrix. u'is a positive scalar, named

‘Damping parameter’. The choice and the update of this parameter are discussed in [150].

QF =diag|:(j g )T jk}is a diagonal matrix. J*is the Jacobian matrix, also called the

‘sensitivity matrix’ . It is written as

oL on of
ow, ok, ok,
or, oI, oT,
J(P)=| ow, ok, ok, (6.11)
or, o, of
ow, ok, ok,

The Jacobian matrix plays a crucial role in the estimation of the thermal parameters. There
are several approaches for computing the Jacobian [151]. In the present study, the Jacobian

matrix is expressed with a finite difference approximation

(6.12)




CHAPITRE 6

The subscripts i and j represent the time and the parameter, respectively. The parameter

perturbation (5P/ ) is set to ;‘(1 + ‘P}

), where £ is a small number.

At each iteration, the approximation of the sensitivity coefficients of the Jacobian matrix (

J € R™ where: =50 and N=3) requires the solution of the direct problem six times. As a
result, the computation of the Jacobian matrix using a finite difference approximation may

become time-consuming.

In order to reduce the computational effort, the Jacobian matrix is updated using the

Broyden method [152]:

((f;c o 7/:;6*1 ) B Jk—lA})k—l )AP/L

Jo=J,_ + . (6.13)
API{—IAPk—l

J,and J, , are the Jacobian matrices at the current and at the previous iteration,
respectively. AP, | is the incremental value of the unknown parameters. Further details on

this calculation method are provided in [34, 35].

The algorithms for the direct model and for the inverse model are summarized in Figure

6.4
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Figure 6.4 Direct and inverse heat transfer algorithms.
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6.5. Results and discussion

In order to monitor the motion of the freezing front during cryosurgery, the blood
perfusion rate w, and the thermal conductivities in the frozen and the unfrozen tissues, kr
and k,, are first estimated with the inverse model of section 6.4. This information is then
passed to the direct model (section 6.3) that calculates the temperature distribution 7(x,?)

and predicts the time-varying position of the freezing front s(z).

The following numerical simulations were all conducted for a 0.05 m thick biological
tissue. The temperature of the cryoprobe was fixed at 7.= -196 °C, and the duration of
cryosurgery was limited to 500 s. The physical properties of the biological tissue retained

for the simulations are summarized in Table 6.1 [108, 206].

Numerical simulations were carried out for a grid space of Ax=2.5%10*m and a time step
of d=10 s. Additional simulations were also conducted to ensure that the predictions are

grid space and time step independent.

All simulations were performed with the Matlab software running on an Intel ® Core(TM)

15-2520M CPU @ 2.50GHz.

Table 6.1 Properties of the biological tissue.

Thermal conductivity of unfrozen tissue ku 0.5 W/m °C
Thermal conductivity of frozen tissue kr 2 W/m °C
Specific heat of unfrozen tissue Cu 3600 J/kg °C
Specific heat of frozen tissue cr 1800 J/kg °C
Density of unfrozen tissue Pu 1000 kg/m?
Density of frozen tissue pr 1000 kg/m?
Latent heat of freezing /L 250 kJ/kg
Lower phase transition temperature Tso1 -8 °C
Upper phase transition temperature Tiiq -1 °C
Blood perfusion rate Wh 0.0005 ml/s ml
Metabolic heat generation Om 4200 W/m?
Specific heat of blood Ch 3640 J/kg °C
Density of blood Pb 1000 kg/m?
Blood temperature T 37 °C
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To characterize the accuracy of the proposed inverse method, three errors are defined and

computed:

|P exact Pinverse
Error, % =100x ———— (6.14)

exact

exact inverse

Error, % =100x (6.15)

exact

2
1 —
RRMSE, ;) % =100 lZ[S(ti)e"“c’ S(ti)i”ve"‘*e] (6.16)
‘ '3

S (tl )exact

P and T stand for the unknown thermal parameter and temperature, respectively. The
subscript ‘exact’ refers to the solution obtained from the direct model. The subscript
‘inverse’ refers to the solution estimated with the inverse model. 7 is the total number of
temperature data recorded by the thermocouple probe during cryosurgery. In the present

study, this number was set equal to 7 = 50.

6.5.1. Effect of the initial guesses

This section examines the effect of the initial guesses for the thermal properties

ém = I:Wb; k. k, ] on the convergence and the accuracy of the inverse predictions. The

initial guesses were taken as 1/3, 1/5 and 1/7 of that of the exact parameter value (i.e.,
case#l, case#2 and case#3, respectively). The results of the calculations are shown in
Figure 6.5 and are summarized in Table 6.2. It is seen that the inverse estimations are good
for all cases. The largest discrepancy occurs in the estimation of the blood perfusion rate
wp (4.8%). This is due to its small value with respect to the other thermal properties (krand
k.) considered here [76].

For the remainder of this paper, the initial parameter guesses of case#2 will be retained in

all simulations.
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Figure 6.5 Convergence of the unknown thermal parameters.
Table 6.2 Effect of the initial guesses on the predictions of the thermal parameters.

Casetl Caset#2 Case#3
Pinitia = P, exact/ 3 Pinitiar = P, exact/ 5 Pinitiai = P, exact/ 7

Pecat Piwerse  Error% — Piwerse  Errore% — Piwese  Errorp
wy (miml*s)  S¥10¢ 492%10% 16 496¥10% 0.8 476*10% 48
kr (W/m °C) 2 1.9998 0.01 1.9999 0.005 1.9992 0.04
ku (W/m °C) 0.5 0.5 0 0.4999 0.02 0.4997 0.06

The inverse predictions for the temperature distribution and for the corresponding Errorr
are illustrated in Figure 6.6. It is observed that Errorr remains smaller than /.5% during
the entire duration of the cryosurgical procedure. The maximum value of Errorr occurs in

the mushy zone, that is, in the region where Eq. (6.1) is nonlinear.
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Figure 6.6 Inverse predictions of the temperature distribution (a) and Errorr (b).
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The freezing fronts predicted from the direct model and estimated with the inverse model
are compared in Figure 6.7. Examination of this figure reveals that both solutions are in
perfect agreement. The corresponding temperature contours calculated with the inverse

model are depicted in Figure 6.8.
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Figure 6.7 Predicted freezing front without noise.
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Figure 6.8 Temperature contours predicted with the inverse model.

6.5.2. Effect of the freezing temperature

The effect of the freezing temperature 7. on the inverse predictions was also checked.
Table 6.3 and Figure 6.9 show that the inverse method remains stable and accurate in all
cases. The temperature contours predicted with the inverse model for 7.= -140 and -230 °C
are also illustrated in Figure 6.10. As expected, the size of the frozen region increases as

the freezing temperature 7. drops.

Table 6.3 Effect of the freezing temperature on the parameter estimation.

PExact Pruverse Error% Prnverse Error% Prnverse Error%
Wh 5%10%  4.93*%10* 1.4 4.96%10™ 0.8 4.97%10* 0.6
kr 2.00 1.9998 0.01 1.9999 0.005 2 0

ke 0.50 0.4999 0.02 0.4999 0.02 0.4999 0.02
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Figure 6.10 Isotherms predicted with the inverse model.
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6.5.3. Effect of heat transfer coefficient # on the inverse estimations

For external tumors such as ear and skin tumors, and for cysts, the cryogenic probe is not
in direct contact with the surface of the tissue. The surface of the tissue is maintained at a
constant sub-freezing temperature 7. by resorting to an impinging jet of liquid nitrogen. In
such cases, the temperature field across the layer of tissue and the time-varying location of

the freezing front depend on the heat transfer coefficient of the impinging jet [207].

The effect of the external heat transfer coefficient on the predictions of the inverse model

was examined by imposing the following boundary condition at x = 0 (Figure 6.1):

oT (x=0, t
—k(xT)z—h(T(O,t)—Tw) 6.17)

T, 1s the temperature of liquid nitrogen. It is fixed at T..=-796 °C [176].

Figure 6.11 illustrates the time evolution of the freezing front, predicted with both the
direct and the inverse models, for different values of the heat transfer coefficient 4. Once
again, the agreement between both models is excellent. The relative root-mean-square
error for the freezing front RRMSE,y remains, in all cases, below /%. It is also seen, as
expected, that the size of the frozen region increases as the heat transfer coefficient
augments. The corresponding temperature contours predicted with the inverse model for

h=250 and h=3000 W/m? °C are depicted in Figure 6.12.
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Figure 6.11 Effect of the heat transfer coefficient.
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Figure 6.12 Temperature contours predicted with the inverse model.
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6.5.4. Effect of noise on the inverse predictions

In order to assess the accuracy of the inverse solution and to obtain the confidence bounds,
a statistical analysis for the unknown parameters was performed. Moreover, the

temperatures recorded by the thermocouple probe may be contaminated with measurement
errors. For distributed measurement errors with zero mean and a constant variance o, the

standard deviation of the estimated parameters can be expressed as

o, =0,|diag {[ 687; J(;IZ; j} (6.18)

Assuming a normal distribution for the errors on the temperatures recorded and 99%

confidence, the intervals for the computed parameters P, are given as

Probability:
R A 6.19
{(P, ~2576 o, ) <P < (P,. +2.576 o, )} ~99% (6.19)
f’j are the estimated values of the unknown polynomial thermal parameters, P, uer > for

(=1, 2, 3), and o, are the standard deviations given by Eq. (6.18).

Let us examine the case with noisy experimental data. The temperatures recorded by the
thermocouple probe were contaminated with ‘measurement errors’ (or noise) using the

random number generator (randn) .. This measurement error is added to the recorded

temperature, which, in the present study, is the temperature provided by the direct model

exact *

T(tl)zfa

act

(t,)+00, (6.20)

o is the standard deviation of the measurement errors. The value for o is arbitrarily set
equal to 1%Tmax and to 2%7Tmax. Tmax 1S the maximum temperature measured by the

thermocouple probe.

Figure 6.13 compares the measured noisy temperatures (the temperatures generated with

the direct model that are contaminated with noise of 2%7,.4x) to the estimated temperatures
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(the temperatures predicted from the inverse model). The confidence bounds of +2.576 o

J

are also shown. Once again, and in spite of the noisy data, the predictions of the inverse

model remain accurate and reliable.

The effect of noise on the predictions of the freezing front is depicted in Figure 6.14. As
expected, when the noise level rises from /%7 max to 2%7Tnax, the relative root-mean-square
error for the phase change interface RRMSEj slightly increases (from 0.25% to 0.32%).
The computational time for noisy data also augments. Nonetheless, the inverse method

remains stable and relatively accurate in all cases.
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Figure 6.13 Measured and predicted inverse temperatures.
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Figure 6.14 Predicted position of the freezing front with noise.

6.6. Conclusion

This article presented an inverse heat transfer method for monitoring the motion of the
freezing front from a cryoprobe. With the help of a thermocouple pressed against the layer
of diseased tissue, the inverse heat transfer method is able to estimate simultaneously the
blood perfusion rate and the thermal conductivities of both frozen and unfrozen tissues.
This information is then fed to the Pennes bioheat equation that (1) calculates the time-
varying temperature distribution inside the layer of tissue and (2) predicts the motion of the
freezing front. The effect of the most influential parameters on the inverse predictions was
investigated. These parameters are (1) the initial guesses for the unknown Levenberg-
Marquardt polynomial parameters of the thermo-physical properties; (2) the temperature
of the cryoprobe; (3) the heat transfer coefficient of the impinging jet of liquid nitrogen;
and (4) the noise on the temperature data recorded by the thermocouple probe. Results
have shown that the proposed inverse method is a viable alternative to ultrasound and MRI
for monitoring the motion of the freezing front during cryosurgery. For all cryogenic

scenarios investigated, the predictions of the inverse remained accurate and stable.
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7. CONCLUSION

7.1. Sommaire

Ce projet de recherche a permis de développer de nouveaux modeles numériques basés sur
le transfert de chaleur inverse pour (1) prédire I’évolution temporelle de la couche
protectrice qui recouvre les parois internes de briques réfractaires dans les réacteurs
métallurgiques a haute température ; (2) prédire I’évolution temporelle de I’interface de
congélation dans les tissus biologiques et évaluer la distribution de la température pendant
la cryochirurgie. Si les problématiques abordées proviennent de domaines d’application

différents, elles partagent, en revanche, des phénomenes thermiques semblables.
7.1.1. Les réacteurs métallurgiques

La premiere problématique a poursuivi des travaux entamés a I’université de Sherbrooke
dont I’objectif est de développer des méthodes inverses afin de prédire 1’épaisseur de la
couche protectrice dans les réacteurs métallurgiques. Tout d'abord, un modele
monodimensionnel de changement de phase non-isotherme basé sur I'équation de
conservation de I'énergie et la méthode enthalpique a été développé. Le systéme
d'équations a été discrétisé a I'aide de la méthode des volumes finis. Ensuite, une validation

numérique du modele a été effectuée a I’aide des résultats disponibles dans la littérature.

Par la suite, le probleme inverse a ¢€té¢ posé. Il repose sur la méthode de Levenberg-
Marquardt (LM). Pour réduire le temps de calcul associé a la mise en ceuvre du probléme
inverse, la méthode de Levenberg-Marquardt a été combinée a la méthode de Broyden.

Les articles qui ont été publiés ont permis de répondre a la premiere problématique. Les

objectifs qui ont été fixés pour cette problématique ont €té atteints, soit :

(1) Une méthode inverse a été développée afin de prédire I'épaisseur de la couche
protectrice a partir de mesures non-invasives de température provenant d’un seul
capteur situé¢ dans les parois extérieures du réacteur.

(2) Le phénomene d’érosion des parois internes de briques réfractaires a été détecté
sans recourir aux modeles complexes de I’érosion. Le modele inverse développé a
permis de prévoir la profondeur d’érosion de la paroi intérieure en utilisant un seul

thermocouple intégré dans la paroi extérieure de briques.
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(3) La méthode inverse développée permet aussi de prédire simultanément les
propriétés physiques et thermiques du réacteur telles que la conductivité thermique
de la paroi de la brique réfractaire, la conductivité thermique de la couche
protectrice, la conductivité thermique de la matiére en fusion et le flux de chaleur
dans le réacteur.

(4) La résistance thermique de contact entre la brique réfractaire et la couche
protectrice et le flux de chaleur au centre du réacteur ont ¢été estimées
simultanément.

(5) Les paramétres polynomiaux de la conductivité thermique de MCP ont été
déterminés en fonction de la température, du coefficient de transfert thermique

extérieur et du flux de chaleur a 1’intérieur du réacteur.

Les travaux de recherche effectués ont conduit également a des conclusions intéressantes,
dont I’intérét consiste a développer des techniques non-invasives au sein de I’industrie
métallurgique. Par exemple, la position de thermocouple dans la paroi de briques a peu
d’influence sur les prédictions inverses. Par conséquent, il est recommandé d’installer le
thermocouple prés de la paroi extérieure de brique réfractaire. En pratique, sa mise en
place est plus facile et moins risquée. Toutefois, si le coefficient de convection extérieur
est ¢leve, il est plutdot recommandé d’enfoncer le capteur dans le mur de brique. Par
ailleurs, il a été conclu que I’augmentation de la fréquence d’acquisition du capteur

ameliore les prédictions inverses.
7.1.2. La cryochirurgie

Les objectifs relatifs a la deuxiéme problématique ont également été atteints.

(1) Premierement, un modele monodimensionnel basé sur I'équation de Pennes et la
méthode enthalpique a ¢té développée, puis validé par la solution analytique de
Neumann.

(2) La méthode inverse, basée sur 1’algorithme de Levenberg-Marquardt combinée a la
méthode de Broyden, a été adaptée afin d’évaluer 1’évolution temporelle du front
de congélation ainsi que la distribution de température dans les tissus biologiques.

(3) La méthode inverse développée permet de prédire simultanément les propriétés
thermo-physiques d’un tissu biologique telles que le taux de perfusion sanguine, la

conductivité thermique de tissu congel¢ et celle de tissu non-congelé.
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(4) La chaleur métabolique et le taux de perfusion sanguine d’un tissu malade ont été
¢galement estimés simultanément. La méthode inverse a été appliquée sur deux
types de tumeurs (tumeur du poumon et tumeur du sein).

(5) L'effet des actions et des parameétres qui pourraient influencer les prédictions
inverses telles que I’initialisation des parameétres polynomiaux inconnus dans la
méthode de Levenberg-Marquardt, la température de la cryosonde, le bruit sur les
mesures de température, le coefficient de transfert de chaleur extérieur, et le type
de tumeur a été également examiné. Pour tous les scénarios cryogéniques simulés,
il a été constaté que les prédictions du modele inverse demeurent précises et

stables.

Finalement, les résultats montrent que la méthode inverse proposée pourrait étre une
alternative viable aux ultrasons et a l'imagerie par résonance magnétique (IRM) pour

assister la cryochirurgie.

7.2. Limites du projet de recherche et travaux futurs

Lors des travaux de recherche effectués dans le cadre de ce projet de thése, des nouvelles

problématiques ont été soulevées. Elles pourraient faire I’objet de travaux futurs.
7.2.1. La méthode inverse

Malgré le succes de la méthode inverse de Levenberg-Marquardt dans la prédiction des
parametres inconnus, elle est relativement gourmande en temps de calcul. Par conséquent,
elle ne permet pas de controler en temps réel (1) I’épaisseur de la couche protectrice au
sein des réacteurs métallurgiques et (2) I’interface de congélation pendant la cryochirurgie.
Pour pallier a ce probléme, des travaux futurs porteront sur l'utilisation des méthodes

inverses d’estimation en temps réel telles que les réseaux de neurones artificiels [208].

Dans le contexte des méthodes inverses, la position de capteur de température et/ou de flux
de chaleur doit étre connue avec précision [151]. Toutefois, si celle-ci est erronée, quelles
seraient les répercussions sur les prédictions inverses ? Des travaux futurs pourraient
mettre ’accent sur ce probléme ayant recours aux méthodes basées sur 1’analyse

statistique.
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7.2.2. Les réacteurs métallurgiques

Toutes les études réalisées dans le cadre de la premiére problématique ont considéré un
mod¢le monodimensionnel basé sur I'hypothése des gradients de températures plus €levés
dans la direction x (Figure 1.2). En effet, ce modéle compte beaucoup de limitation, a
savoir les pertes thermiques qui demeurent ignorées au niveau de la croiite et de la cathode
(voir Figure 1.2). Par conséquent, le développement des modeles 2D et 3D est nécessaire

pour prédire le profile réel de la couche protectrice.

En outre, le modele développé est purement thermique. Il ignore, entre autres, les
phénomenes électromagnétiques et mécaniques qui surgissent dans les réacteurs
métallurgiques. Des travaux futurs porteront sur des modeles plus réalistes qui tiennent en
compte les effets mécaniques et €électromagnétiques en utilisant des codes commerciaux
(CFX et ANSYS) couplés a la méthode inverse.

Le dernier point dans cette partie consistera en la validation expérimentale de la méthode

inverse pour 1’industriel.

7.2.3. La cryochirurgie

Les travaux réalisés ici constituent un point de départ pour le transfert de chaleur inverse
en cryothérapie. L’intégration de cette approche de modélisation dans certaines
applications médicales (lutte contre le cancer) pourrait servir au développement
thérapeutique dédié a la cryochirurgie. Pour sa mise en ceuvre, plusieurs points devraient

étre considérés, notamment :

v Le recours aux modéles 2D et 3D qui est également incontournable surtout pour
des organes vitaux présentant des géométries complexes.

v" La localisation de point d’intervention au sein de la tumeur lors de ’insertion de la
cryosonde est a la fois une tache délicate et cruciale. La taille de la tumeur doit étre
identifiée avec précision. Pour ce faire, une méthode inverse sera développée pour
prédire en premier temps la position de la cryosonde par rapport aux dimensions de
la tumeur, et par la suite évaluer I’interface de congélation.

v Malgré que le modéle de Pennes ait connu un grand succés dans la modélisation
des tissus biologique, il compte beaucoup de limitations, entre autres, (1) il ne tient
pas compte I’effet de la géométrie vasculaire des vaisseaux (la ramification et le

rétrécissement de diameétre des vaisseaux) et (2) il ne considére pas ’effet de la
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direction de la perfusion sanguine dans le tissu. Pour franchir ces limites,
I’utilisation des mode¢les plus développés, a savoir le modele de Wulff (1974) et le
modele de Kreith (2000) [209], [101], fera I’objet d’une étude ultérieure.

Dans toutes les études réalisées ici, un seul cycle de congélation a été considére.
Or, plusieurs études antérieures ont montré que l'utilisation de cycles ‘gel-dégel’
permet d’améliorer la cryothérapie [29, 204, 210]. Dans ce contexte, des travaux
futurs porteront sur la prédiction des parametres inconnus pendant la cryochirurgie
gel-dégel.

Finalement, tous ces mod¢les numériques devraient étre validés expérimentalement
afin de s’assurer de la crédibilité de 1’approche inverse en cryochirurgie. Faute de
temps et de moyens, on n’a pas pu poursuivre davantage les travaux de recherche

sur le transfert inverse en cryochirurgie.

7.3. Contributions scientifiques du projet de recherche

7.3.1. Articles publiés dans les journaux avec comité de lecture

1.

Hafid M. et Lacroix M., " Inverse heat transfer prediction of the state of the
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Title

Prediction of the Thermal Parameters of a High-Temperature Metallurgical Reactor Using

Inverse Heat Transfer.

Abstract

This study presents an inverse analysis for predicting the thermal conductivities and the
heat flux of a high-temperature metallurgical reactor simultaneously. Once these thermal
parameters are predicted, the time-varying thickness of the protective phase-change bank
that covers the inside surface of the brick walls of a metallurgical reactor can be calculated.
The enthalpy method is used to solve the melting/solidification process of the protective
bank. The inverse model rests on the Levenberg-Marquardt Method (LMM) combined
with the Broyden method (BM). A statistical analysis for the thermal parameter estimation
is carried out. The effect of the position of the temperature sensors, total number of
measurements and measurement noise on the accuracy of inverse predictions is

investigated. Recommendations are made concerning the location of temperature sensors.

Keywords

Inverse heat transfer, phase change, metallurgical reactor, Levenberg—Marquardt method,

Broyden method, bank thickness.
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A.l1. Introduction

High-temperature metallurgical reactor such aluminum-electrolysis-cells (Figure A.1) are
used for material processing that requires high powers and elevated temperature. Their
applications are in the production of aluminum and the smelting of materials such as steel,

copper and nickel calcine.

A fascinating solid/liquid phase change phenomenon that arises in these metallurgical
reactors is the formation of a bank that covers the inside surface of the refractory brick
wall. The presence of this bank is extremely important. It protects the inner lining of the
refractory brick wall from the highly corrosive slag. On the other hand, too thick a bank is
detrimental to the industrial production as the volume available for smelting is reduced.
Therefore, keeping a bank of optimal thickness is crucial for the safe and profitable

operation of the metallurgical reactor.

Due to the hostile conditions that prevail inside these reactors, it is however very difficult
and risky to measure the bank thickness using probes submerged into the corrosive slag
(The standard method). Additionally, the transient formation of the bank depends on the
boundary conditions, the power input, and the thermos physical properties of the slag.
Consequently, predicting the transient formation of the protective bank inside high-
temperature metallurgical reactor is a challenging problem. To address this problem, an
inverse heat transfer procedure is proposed. The prediction of the bank formation with
inverse heat transfer methods has been the subject of few investigations in the past. These
methods rest on the conjugate gradient method [17, 47, 64, 65], the Kalman filter method
[58-62] and the LMM [66]. In all of these studies, the focus was on the inverse prediction
of the time-varying heat flux at (x=Laicc + Lpcm) using the transient temperature
measurements, or heat flux measurements, taken at a specified location inside the
refractory brick wall (Figure A.2). Once the heat flux had been predicted, the time-varying

bank thickness E(?) was calculated using the direct model.

The objective of the present study is to extend these previous studies by predicting
simultaneously several unknown quantities of interest that is the time-varying heat flux
q"(t), the thermal conductivity in liquid PCM, the thermal conductivity in solid PCM and
the thermal conductivity of refractory brick wall (Figure A.4).
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Figure A.1 Cross view of a typical high-temperature metallurgical reactor.

A.2. Problem Statement and Mathematical Model

The one-dimensional phase-change problem for a High-temperature Metallurgical Reactor

is depicted in Figure A.2.

:___: Control volume

P
-
Solid |Mushy| = Liquid “—
Zone : . —
.
“
. 2
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P
“
“
‘-
“
“

Figure A.2 Schematic of a one-dimensional phase-change problem for a high-temperature
metallurgical reactor.
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The inner lining of the brick wall (x=Lgict) is coated with a protective bank whose
thickness is E(?). E(t) represents the position of the solidification front for the Phase
Change Material (PCM). The outer surface of the brick wall (x=0) is cooled with an air
stream. The outside temperature is 7., and the convective heat transfer coefficient /... At
(x= Lprick + Lpcym), a time-varying heat flux ¢”"(z) is imposed over the time interval

te[0,400000 (s)].
The proposed mathematical model rests on the following assumptions [17, 58-61]:

v’ The temperature gradients in the x direction are much larger than those in the other
directions. As a result, a one-dimensional analysis can be applied.

v The heat transfer inside the liquid phase of the PCM is conduction dominated
[142].

v' The thermal properties of the phase change material (PCM) are temperature
independent.

v The phase change problem is non-isothermal. The melting process is depicted by
three zones: a solid phase, a mushy zone and a liquid phase.

v" The thermal contact resistance between the refractory brick wall and the PCM is

neglected.

Based on these assumptions, the governing heat diffusion equation is expressed as:

or o, or of
c L_9f ) _spd Al
Por o 6x( Gx] ot (A

where 0H and fare the enthalpy and the liquid fraction, respectively. The enthalpy JH is
defined as

5H = p(Cp,ll’quid - Cp,solid )T + pﬂ' (A2)

The liquid fraction f'varies linearly between the solidus 75 and the liquidus 7jq4 in the

following manner:

0 T<T,,  (Solid region)
f=F(T) % T,, <T <T, (Mushy region) (A.3)
lig sol
1 T>T, (Liquid region)
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At each time-step, the liquid fraction fis updated iteratively in the following manner [141]:
dr'
k+1  rk k+l -l k
s {de (7= (1)) (&4

F1 is the inverse function of F. The boundary conditions at the left and right sides of
Figure A.2 are:

(—ka—Tl_o =h(T(0,¢)-T,)

ox ) _

oT
B il =a"(1
( Ox j)‘=L3n‘ck+LPCM ! ( )

Equations (A.1)-(A.5) are solved numerically using a Finite-Volume Method (FVM). The

(A.5)

scheme adopted for the time discretization is implicit. The resulting set of algebraic

equations is solved using the Tri-Diagonal-Matrix-Algorithm (TDMA) [143].

The mathematical model was first validated using the one-dimensional test case for the
solidification of the binary Al-4.5% Cu alloy reported in [140, 168]. In this example, a
Dirichlet boundary condition of 7=573 (K) is assumed at the boundary x=Lgick (Figure
A.2). The width of the PCM layer is set equal to Lpciy=0.5 (m) and the initial temperature
1s fixed at 7;,= 969 (K). Figure A.3 shows the predicted time-varying phase front are in
excellent agreement with the source-based numerical method [141] and the semi-analytical

heat balance integral method [140].

Next, the direct model was implemented for the entire metallurgical reactor i.e. the
refractory brick wall and the PCM (Figure A.2). The operating thermal conditions of the
metallurgical reactor are similar to those reported in [58, 60]. The brick wall is set equal to
Lrick=0.1(m) and the PCM layer (solid, mushy, and liquid) is set equal to Lpcy=0.1(m)
(Figure A.2). The surrounding temperature is set equal to 7.=300 (K) and the outside
average heat transfer coefficient is fixed at ho=15 (W/m’ K).

The time-varying heat flux ¢"(?) at (x=Lgrick+Lpcm) 1s given by

max

q9"t)=0,+0 *sin’ (?j (A.6)
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It is also assumed that the PCM thermal conductivity in the solid and liquid phases is

temperature independent. The thermo-physical properties of the metallurgical reactor

(brick wall and PCM) are provided in Table A.1 [58, 60].

Position of fronts [m]

0.16
0.14 -
012

0.1F
0.08 -
0.06 -
0.04 -

& Present study
0.02 O  Source-based numerical method i
Semianalytical heat balance integral method
0 r r r r r r r r r
0 20 40 60 80 100 120 140 160 180 200
Time [s]

Figure A.3 Solidification of a binary Al-4.5%-Cu alloy.

Table A.1 Thermo-physical Properties of the Brick Wall and PCM.

kBRICK

Ps BRICK
PBrick
kPCM ,solid

kPCM,liquid

C

P> PCM ,solid
P> PCM liquid
Prcu

ﬂ’PCM

T

sol

T,

lig

16.8

875
2600

1
10
1800
1800
2100
51x10°

1213
1233
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Figure A.4 The inverse problem: kgyick, kpcm,solid, kpcm liguia and q"(t) are unknown. They
are determined from temperatures taken by probes (sensor #1 or sensor #2) embedded into
the brick wall.

A.3. The Inverse Model

In the direct model presented above, all the physical and the geometrical properties are
known. For the inverse model, it is assumed that the parameters of: the heat flux ¢"(?), the
thermal conductivity of the brick wall kgick, the thermal conductivity in the solid PCM
kpcum sotia and 1n the liquid PCM kpcw iiguia are unknown (Figure A.4).

The objective of the inverse model is to determine the unknown thermal parameters for

q"(t) and thermal conductivities, i.e. 13=[Q0; O kyns k ],The

PCM ,solid >

k

PCM liquid
additional information required for the estimation of these thermal parameters, is the time-
varying temperature recorded by a sensor (thermocouple) embedded into the refractory
brick wall Figure A.4. Once the thermal parameters are estimated, the bank thickness E(?)

is determined from the direct model presented above.

The estimation of the thermal parameters from measured can be constructed as a problem

of minimization of the least square norm ¥ (7’) :
— ! A —
¥(P)= | ¥(t)-T (s, P)] (A7)
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P = (P, P,,...Ps) is the set of the unknown thermal parameters. / is the total number of
measurements. Y(z;) are the temperatures measured by the sensor. In the present study,

these temperatures are ‘generated’ from the solution of the direct model. f(t,., 13) are the

estimated temperatures from the inverse model.

The Levenberg—Marquardt Method was adopted for minimizing the least square norm,

(A.7). The incremental value of the unknown parameter 4P, is expressed as:
5 s\ 5k x| (N (v B
AP=[(J ) T+ } (7*) (Y—T(P )) (A.8)

,uk is a positive damping parameter. More details on the choice and the update of this
parameter are provided in [150]. (*is the diagonal matrix of (j" )T J*. The superscript ‘T’

denotes the transpose of the matrix. The superscripts """ and" " refer to the matrix and

vector notation, respectively. Jj*is the Jacobian matrix. It is given by:

oT oI, oT oI oT,
OB 0P, 0P, OF, OP
oT, oI, oI, oT, oT,
J(P)=|or o, oP, oP, oP (A9)

oP 0P, OP, 0P, OP,

The Jacobian matrix (the sensitivity matrix) plays a very important role in the estimation of
the parameters. There are several approaches for computing the sensitivity coefficients
O0Ty/0P; [151]. In this study, the sensitivity coefficients are approximated with a finite

difference:

o7 T(t;Bes P+(8P),..By ) =T (t3 By P, =(5P,),.. R

J

7 opP, 2(5P4)

J

(A.10)

The parameter perturbation (sP) is set to§(1+| P |) £is a small number. The subscripts i

and j represent the time and the parameter respectively.
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In order to diminish the computational effort, the Jacobian matrix is updated using the

Broyden update expression [152].
For the first iteration, for every 2*N iterations and for iterations that satisfy
Y (P+AP)>W¥(P), the sensitivity coefficients 07/0P; of the Jacobian matrix are

estimated with (A.10). For every other iteration, the Jacobian matrix is updated using the

Broyden expression:

(7, ~70) =8P ) AR
AR AP,

Jo=J,_ + (A.11)

APF,_,is the incremental value of the unknown parameters. Jix and Ji.; are the Jacobian

matrices at the current and previous iteration, respectively.

Convergence of the LMM is declared when one of the following criteria is satisfied

JT

Y(ti)—f(ti,P)H<81

Pk+| _Pk
[T] <é&, (A12)

‘I’(P"+1 ) <&

(&; &; & )are small numbers.

The Levenberg—Marquardt computational procedure for the inverse problem is

summarized as:
Step 1: Solve the direct problem (A.1)-(A.5) in order to obtain the temperature field Texacr.
Step 2: Compute the least square norm ¥ (P) from (A.7).

Step 3: Compute the sensitivity coefficients according to (A.10) or the Broyden update
expression (A.11).

Step 4: Compute the increment AP of the estimated parameters from (A.8).

Step 5: Solve the direct problem with the new estimate P**/ in order to find T(P**/). Then

compute ¥ (Pk”) as defined in step 2.

Step 6: Check for convergence as defined in (A.12). If convergence is not achieved, go

back to Step 3, update the sensitivity coefficients and ¥ ( P) .
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Once the vector of the thermal parameters has been estimated, the bank E(?) is easily

determined from the direct model.

A.4. Statistical Analysis for Parameters Estimation

In order to assess the accuracy and the uniqueness of the solution and to obtain confidence
intervals, a statistical analysis for parameter estimation was performed. Moreover, it was
assumed that the signal temperature is contaminated with measurement errors. For
distributed measurement errors with zero mean and constant variance o2, the standard

deviation of the estimated parameters can be defined as [151]

o, =0 diag{[aaij(aa; j} (A.13)

Assuming a normal (or Gaussian) distribution for temperature measurement errors and

99% confidence, the bounds for the computed quantities p, are determined as

Probability:
(A.14)

{(Pj ~2576 5, ) <P < (Pj +2576 5, )} = 99%

~

Pj are the estimated values of the unknown parameters, P> for (j=1...5), and o, are

the standard deviations obtained from (A.13).

A.5. Results and Discussion

The above inverse heat transfer computational procedure was employed to predict
simultaneously the heat flux ¢"(#) and the thermal conductivities (ksrick, kpcumsoiia and
kpcmiiquia) 1nside a high-temperature metallurgical reactor (Figure A.4). Once these
parameters are estimated, the time-varying bank thickness E(?) is calculated from the direct

model presented in section A.2.

The measured temperatures were collected with a sensor embedded into the refractory
brick wall at two different locations: The first location, called ‘Sensor#1’, is near the outer

surface of the brick wall. The second position, ‘Sensor#2’, is close to the molten material
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PCM (Figure A.4). The total number of temperature measurements / during the interval

te[0,400000 (s)] is 2000.

Note that the uniqueness and the accuracy of the inverse procedure have been thoroughly
tested with noisy data and for different positions of the sensor. These results are not

reported here.

For the sake of comparing the inverse predictions ‘Inverse model’ to the exact solution

‘Direct model’, three different estimation errors are defined in the following manner:

‘E (tl )exact B E (tl )inverse

ErrorE(ti) =100x z (l‘,- )mw (A.15)
2
1 . E(tl )exac B E(tl )inverse
RRMSE ;, % =100x ?Z‘( Et(ti = (A.16)
EVI"OT"P % — 100 x exact  * inverse (A17)

exact

The effect of the sensor location (Sensor#1 and Sensor#2) on the estimation of the
unknown parameters is summarized in Table A.2. It is seen that the error on the parameters
estimation is less than 0.7%. It is also observed that sensor#2 (embedded deeper into the

brick wall) provides the best parameter estimation.

k

The convergence for the unknown thermal parameters P = [QO; O ks k PCM diguid ]

PCM ,solid >

is plotted in Figure A.5.

Table A.2 Effect of the sensor position.

Pexact  Piwverse  Errorr% — Pverse  Errorp%
Qo (W/m?) 6000 5998.29 0.03 6001.84 0.03
Q1 (W/m?) 5000 5003.46 0.07 5001.17 0.02
kvrick (W/m k) 16.8 16.88 0.48 16.85 0.30
ksotia (W/m k) 1 1.00 0.00 1.00 0.00
kiiquia (W/m k) 10 9.93 0.70 9.99 0.10
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Figure A.5 Convergence of the parameter values (Sensor#1, no noise).

The finite-difference approximation of the sensitivity coefficients, (A.9), requires the
solution of the direct problem five times (number of unknown parameters) per iteration. As
a result, the computations may quickly become prohibitive. To alleviate the computational
effort, the sensitivity matrix was updated with the BM [152]. This strategy has already
been applied successfully in the field of inverse heat transfer (IHTP) [154, 155]. Table A.3
shows that the solution using the LMM combined with BM (LMM/BM) is achieved more
efficiently than that with the LMM.

Table A.3 The convergence of LMM and LMM/BM.

LMM 90 4468.92
LMM/BM 79 3502.98

All simulations were conducted with the Matlab software running on an Intel ® Core(TM)
15-2520M CPU @ 2.50 GHz. The effect of the temperature-sensor location on the accuracy
of the predicted bank thickness E(?) is depicted in Figure A.6. For both sensors, i.e.,

sensor#l and sensor#2, the Errorgq on the predicted bank thickness remains less than
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0.1%. The effect of the sensor location appears to be insignificant [17]. Therefore, for
practical reasons, sensor#1 is recommended over sensor#2. It is indeed much safer and
easier to embed a sensor near the outer surface of the refractory brick wall. This result

should be of interest to the process industry.
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0.06 F Sensor #2 ﬁ
0.05

S
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~
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0.01
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Figure A.6 Effect of the sensor position on the predicted bank thickness E(z).
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Figure A.7 Effect of the total number of measurements on the Errorgg.
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Figure A.7 shows the effect of the total number of measurements / on the accuracy of the
predictions for the bank thickness. Accuracy improves when the total number of
measurements is raised from /=800 to [=2000. The higher the total number of

measurements, the better.

In order to mimic temperature measurement errors, a random error noise @,is added to the

exact temperature imct generated by the direct model in the following manner:
7_:'(tl) = 7_:;xact (tz) + GJ); (A 1 8)

o is the standard deviation of the measurement errors, which may take the value of 2%

Tmax and 4% Timax. Tmax 18 the maximum temperature measured by the sensor.
p y
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950 -
,g 900 |
<
L 850F
2
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53 Uy v /
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Figure A.8 Measured and inverse temperature (Sensor#1 and Sensor#2, 6=2% Tpax).
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Figure A.9 Effect of the noise on the predicted bank thickness from sensor #1.

Figure A.8 compares the measured temperatures provided by the direct model with

0=2%Tmax to the estimated temperatures predicted by the inverse model with both sensors.

The confidence intervals +2.576 o, are also shown.

Figure A.9 illustrates the effect of the noise level on the predicted bank thickness E(?)
using sensor #1. As expected, when the noise level rises to 2% 7T max, the relative root-mean-
square error for the bank thickness RRMSEEq increases form 0.03% to 1.43%.

Nevertheless, the inverse model remains stable and accurate with experimental noise.

A.6. Conclusion

An inverse heat transfer method was presented for predicting the time-varying thickness of
the protective bank inside a high-temperature metallurgical reactor. It was shown that the
inverse method may predict simultaneously the heat flux ¢"(z), the thermal conductivity of
the brick wall kz.ick and the thermal conductivity of the solid and liquid phases of the PCM
(kpcysolia and kpculiquia). The proposed inverse method rests on the LMM/BM. It was
shown that LMM/BM is computationally more efficiently than the LMM. The effect of the
measurement noise, of the location of the temperature sensors and of the total number of
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measurements on the inverse predictions was investigated. Recommendations were made

concerning the location of the sensor embedded into the refractory brick wall.
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Title

Inverse Heat Transfer Analysis of a Melting Furnace Using Levenberg-Marquardt Method.

Abstract

This study presents a simple inverse heat transfer procedure for predicting the wall erosion
and the time-varying thickness of the protective bank that covers the inside surface of the
refractory brick wall of a melting furnace. The direct problem is solved by using the Finite-
Volume model. The melting/solidification process is modeled using the enthalpy method.
The inverse procedure rests on the Levenberg-Marquardt method combined with the
Broyden method. The effect of the location of the temperature sensors and of the
measurement noise on the inverse predictions is investigated. Recommendations are made

concerning the location of the temperature sensor.

Keywords

Melting furnace, inverse heat transfer, enthalpy method, Levenberg—Marquardt Method.
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B.1. Introduction

Melting furnaces, such as electric arc furnaces (Figure B.1), are used for material
processing that requires high powers and elevated temperatures. Their main applications
are the smelting of materials such as copper, steel and nickel calcine. An interesting
solid/liquid phase change phenomenon that arises in these melting furnaces is the
formation of solid layer, called a bank, that covers the inside surface of the refractory brick
wall. This bank plays a crucial role in these furnaces. It protects the brick walls from the
highly corrosive molten bath. Keeping a bank of optimal size is therefore crucial for the
safe and profitable operation of the smelting furnace. It is very difficult to measure the
bank thickness using probes submerged into the molten bath. The hostile conditions that
prevail in the melt damage the probes and may even destroy them. This method is time
consuming, risky and often inaccurate. Moreover, formation of the bank is the most

complex process that depends on the boundary conditions.

In recent years, the problem of bank formation inside high-temperature melting furnaces
has been tackled with various inverse heat transfer methods such as the Levenberg-
Marquardt method [66], the Kalman-filter method [58-62] and the conjugate gradient
method with the adjoint equation [17, 47, 64, 65]. In all the aforementioned studies, the
focus is on the inverse prediction of the time-varying heat load of the furnace i.e. the heat
flux ¢"(t) at (x=Lgrick + Lrcm) (Figure B.2). Once the heat load is determined, the time-
varying bank thickness E(?) that covers the inside surface of the refractory brick wall can

be calculated.

Another problem that arises inside these furnaces is the erosion-corrosion of the inner
surface of the refractory brick wall. This problem occurs when the bank is lost and the
inside lining of the wall suddenly becomes exposed to the hostile molten material.
Predicting the erosion-corrosion wear is a crucial factor for determining the active life of
the furnace. But, this task is very challenging due to the physical and chemical conditions

that prevail inside the furnace [84, 85].

In the present study, an inverse heat transfer procedure is proposed for predicting
simultaneously the erosion-corrosion thickness L£rosion With the unknown time-varying heat

flux ¢"(¢). Once these parameters are estimated, the time-varying protective PCM bank that
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coats the internal surface of the furnace wall can be predicted. The solid/liquid phase

change problem is modeled with the enthalpy method. The inverse problem is handled with
the Levenberg-Marquardt Method (LMM) combined to the Broyden method (BM).

Electrode

Charge Feed

(58]

Erosion of brick

Refractory
Brick wall

Figure B.1 Cross view of a typical melting furnace.

Refractory Erosion of brick PCM
brick |
|
Mushy Liquid
zone
Lpey,

A A A A A A A A A A A A AL
| | I N | (I

Figure B.2 Schematic of the direct problem. £(z) is unknown. It is predicted numerically

with the FVM.
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B.2. Finite-Volume Model (FVM) of The Melting Furnaces

Figure B.2 shows a schematic of the 1-D non-isothermal phase change problem. Here, the
PCM is composed of a solid layer, a mushy zone and liquid layer. The inner surface of the
refractory brick wall is covered by a protective bank whose time-varying thickness is E(?).

E(t) shows the position of the solidification front of the PCM.

The mathematical model for the melting furnace rests on the following assumptions [17,

58, 59, 61-64]

v The temperature gradients in the x direction are much larger than those in the other
directions. Consequently, a one-dimensional analysis can be applied (Figure B.2).

v The thermal contact resistance between the refractory brick wall and the PCM is
neglected.

v" The heat transfer inside the liquid phase of the PCM is conduction dominated [17,
142].

v The thermal properties of the phase change material (PCM) are temperature
independent.

v" The phase change problem is non-isothermal. The PCM is depicted by three zones:
a solid phase, a mushy zone and a liquid phase (Figure B.2).

The governing heat diffusion equation for the refractory brick wall and the PCM is

expressed as

or o, er o
c L _90 ) _sud B.1
P 8x( axj o 8.1

Where 0H and f are the enthalpy and the liquid fraction, respectively. The enthalpy oH is

defined as

5H = p(Cp,liquid - Cp,solid )T+ pﬂ’ (BZ)
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The liquid fraction fis given by

0 T<T,  (Solid region)
f=F(T)= TT __Tm’ T,, <T <T,, (Mushy region) (B.3)
iq sol
1 T>T, (Liquid region)

The liquid fraction f'is updated iteratively at each time-step in the following manner [141]

dF '
kel ok | G kel -l pk
s f +(de (T F(f )) (B.4)
F!is the inverse function of F. The boundary conditions at the left and at the right (Figure
B.2) are:

(B.5)

Equations (B.1)-(B.5) are solved numerically by using a time-implicit finite-volume
method. The resulting set of algebraic equations is then solved by using the Tri-Diagonal-

Matrix-Algorithm (TDMA).

The accuracy of the FVM was first validated by using the one-dimensional solidification of
the binary Al4.5% Cu alloy with properties reported in [140, 141]. A Dirichlet boundary
condition of T=573 K 1s assumed at the boundary x=Lg,icx (Figure B.2). The width of the
PCM layer is set equal to Lpcy=0.5 m and the initial temperature is set equal to Tix= 969

K.

The predicted liquidus and solidus fronts are presented in Figure B.3. It is seen that the
predictions of the present model (FVM) are in excellent agreement with the semianalytical

heat balance integral method [140] and the source-based numerical method [141].

166


http://www.sciencedirect.com/science/article/pii/S0735193314001195#fo0005
http://www.sciencedirect.com/science/article/pii/S0017931010004126#f0010

ANNEXE B
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Figure B.3 Solidification of a binary Al-4.5%-Cu alloy: Comparison with the results
reported in [ 140, 141].

B.3. The Direct Model

For the direct problem, all the physical and the geometrical properties are known. The
objective of the direct model is to determine the temperature field 7(x,z) and the time-
varying thickness of the protective bank E(?) using the FVM presented above.
The direct model was implemented for the entire melting furnace i.e. the refractory brick
wall and the PCM. The operating thermal conditions of the furnace are similar to those
reported in [58, 61]. The refractory brick wall is set equal to Lgricx=0.1 m and the PCM
layer (solid, mushy, and liquid) is set equal to Lpcyy=0.1 m (Figure B.2). The external
temperature is set equal to T»=300 K and the outside average heat transfer coefficient is
fixed at h=15 W/m?. K. At x=Lgick + Lpcu, the time-varying heat flux ¢"(t) is given by
q"(t) = P + P, *sin’ [@] (B.6)

max

When the protective bank is lost, the inside surface of the refractory brick wall suddenly
comes into direct contact with the molten material. Consequently, the exposed brick wall is

attacked and becomes vulnerable to erosion-corrosion.
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Indeed, erosion of refractory brick walls is a slow process [86, 89]. Therefore, the eroded
portion of the wall may be considered time-independent within the time-intervals
simulated here, te[0,400000 (s)]. The eroded portion of the refractory wall Lgrosion 1S set

to

Lo =0.01 (m)=P, (B.7)

Erosion

The coefficients are given by
B=9000 (W/m’)
P,=8000 (W/m®) (B.8)
B =0.01 (m)

The thermophysical properties of the melting furnace (brick wall and PCM) are
summarized in Table B.1 [58, 61].

All numerical simulations were conducted with a grid size of 200 uniformly distributed
control volumes inside the PCM layer and the refractory brick wall. The time step was set

equal to 100 s.

Table B.1 Thermo Physical Properties of the Refractory Brick Wall and of the PCM [58,

61].

K srack 16.8 W/m K
C ek 875 J/kg K
P srick 2600 kg/m?
K pca soiia 1 W/m K
K pca siguid 100 W/m K
C o pert soia 1800 J/kg K
C o, pest tiguia 1800 J/kg K
Prcu 2100 kg/m?
Apcu 51x10° J/kg
T, 1213 K
T 1233 K
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B.4. The Inverse Model

For the inverse problem, it is assumed that the time-varying heat flux (at x=Lgsick + Lrcum)
and the thickness of the eroded wall (Lgrosion) are unknown; i.e., P;, P2 and P;3 are
unknown. The objective of the inverse analysis is to determine the unknown thermal
parameters by using temperature measurements taken from a sensor located inside brick
wall (Figure B.4). Once the time-varying heat flux ¢"(t) and the thickness of the eroded
wall Lgosion are determined, the time-varying thickness E(?) of the protective bank may be
estimated from the direct model (FVM) presented above.

Refractory Erosion of brick
brick

Liguid | «—

Sensor #2

Sensor #1

Figure B.4 The inverse problem. ¢"(t) and Lz osion are unknown. They are determined from

sensor#1 or sensor#2.

The solution for the inverse problem consists of minimizing the least square norm\y(ﬁ) :
— I A —
¥(P)= | ¥(1)-T (1. P)] (B.9)

where P= (P;, P>, P3) is the set of the unknown parameters. Here Y(#;) are the temperatures
measured i.e. temperatures generated from the solution of the direct problem wherein the

parameters vector P= (P;, P>, P3) are known. TA(Q: 15) are the estimated temperatures from

the inverse model. / is the total number of measurements.
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The inverse problem is solved with the Levenberg—Marquardt Method (LMM). The

incremental value of the unknown parameters AP, is given by:

-1

AP=| (7)) J w0t | () (F-7(P) (B.10)

Here ;/*1s a positive damping parameter. The choice and the update of this parameter is

discussed in [150]. OF = diag [(jk )T ijis a diagonal matrix. The superscript "T"denotes

the transpose of the matrix. Jj* is the Jacobian matrix and it is defined as

oT or oI,
oR 0P, oP,
oT, o1, oI,
J(P)=|or 0P, oP (B.11)
oT, or, oT,
oR 0P, oP,

The Jacobian Jj*is approximated with a finite difference approximation [151]. For
example, the sensitivity coefficient is given by:
ot _T(t3BesP,+(0P),B))  T(t 3B P, ~(5P),..P)
7 op, 2(oP) 2(oP)

(B.12)

The parameter perturbation(sp.) is set tog(1+|p.
p p ) 4 )

), where ¢£is a small number. The

subscripts i and j represent the time and the parameter respectively.

In order to reduce the computational effort, the Jacobian matrix is updated using BM [152].

For the first iteration, for every 2*N iterations and for iterations where W (P+AP)>Y(P),

the sensitivity coefficients of the Jacobian matrix are estimated with (B.12). For every

other iteration, the Jacobian matrix is updated with the expression proposed by Broyden

[152]:

(7, ~7) =718 )AL,
ARLAF,

Jo=J_ + (B.13)

AP, , is the incremental value of the unknown parameters given by (B.10).
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Convergence of the LMM is declared when

(& & &,)arc small number.

JT

Y(ti)—f(ti,ﬁ)“<gl

Pk+1 _ Pk
(e

‘P(P"“) <&

The overall computational procedure using LMM and BM is as follows:

Initial guesses F,

Finite Difference Approximation

Ves

VEs

J

— C  yba

il Physical properties P

o x|

Direct Model

e

l Minimization

Levenberg—Marquardt

y

Convergence
criteria?

d, no

Full computational of

J7?

‘l/ no

Brovden update of J

g

|L
P Nosy data
I(t.P) ¥it)

Least square norm 'V (}_5]

Bank
E@)

L

Figure B.5 Overall algorithm for the inverse method.
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B.5. Results and Discussion

The inverse procedure proposed in Figure B.5 was employed for predicting simultaneously
the unknown time-varying heat flux ¢"(t) and the unknown thickness of the eroded wall
LErosion (Figure B.4).

Once the heat flux ¢"(t) and the thickness of the eroded refractory wall Lgrosion are
estimated, the bank E(?) is easily determined from the FVM presented in Section B.2
above.

The temperatures measurements Y; were taken with a sensor located inside the brick wall at
two different locations: The first position, called ‘Sensor#l’, is near the outside surface of
the brick wall. The second position, ‘Sensor#2’, is in the middle of the brick wall (Figure
B.4).

The data-capture-frequency (the total number of temperature recordings during an

experiment, t=0 to 400000 s) is /=800.

In order to assess the accuracy and the uniqueness of the inverse analysis, the inverse
procedure has been thoroughly tested with noisy measurements and for different positions
of the embedded sensor.

In order to mimic measurement errors, a random error noise «, is added to the exact

temperature T

exact

generated by the direct model:
T(t) =T (t,) + 05 (B.15)

O is the standard deviation of the measurement errors, which may take the value of 2%

Tmax and 4% Tnax. Trax 1s the maximum temperature measured by the sensor.

To demonstrate the accuracy of the present inverse method for predicting the bank

thickness, two cases (different heat flux ¢"(t)) were examined:

Case#l q"(t) = P + P, *sin’ (ﬂj

max

¢
Case#2 q"(t)=F+P, *(1 —exp (—_D

max
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The exact values for the direct model, are P

exact

={R=9000 w/m® ; P, =8000 w/m’ }

For the sake of comparing the inverse solution (inverse model) to the exact solution (direct

model), two estimation errors are defined:

E)

inverse ( i )exact

ErrorE( )

Error, % =100x

E (tl )&mct

inverse

exact

exact

(B.16)

(B.17)

Table B.2 illustrates the effect of the sensor location on the estimation of the unknown

parameters. It is seen that the relative errors vary from 0 to 10.5%. The largest discrepancy,

i.e., 10.5%, occurs in the prediction of P; (the erosion thickness). P; is the smallest and

therefore the most sensitive parameter [76]. It is observed that sensor#2 provides the best

parameter estimation.

Figures B.6 and B.7 compare the measured noisy temperatures (generated with the 1-D

direct model with noise of 2% Tiux) to the estimated temperatures predicted by the inverse

model using sensor#1.

Table B.2 Effect of the Sensor Location.

P (W/im?)
Casel P> (W/m?)
P3 (mm)
P (Wim?)
Case2 P> (W/m?)
P3 (mm)

P Exact

9000
8000
10
9000
8000
10

P Inverse

9065.7
7896.7
9.27
8999.5
8035.5
8.95

Errorp
0.7
1.3
7.3
0.0
0.4

10.5

P Inverse

9065.4
7898.2
9.31
8983.1
8018.6
9.14

Errorp
0.7
1.3
6.9
0.2
0.2
8.6

Figures B.8 and B.9 show the effect of the noise level on the predicted time-varying

thickness of the protective bank E(z) for both cases. The erosion of the refractory brick wall

is depicted by the negative bank thickness. As expected, a slight discrepancy appears when
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the noise level increase from 2% Tnux to 4% Tmax. Nevertheless, it is seen that the

predictions remain stable and accurate even for noisy signals.

1400

1300

1200

1100

1000

900

Temperature [K]

800

700 )

Temperature measurements (Direct)

Temperature estimated (Inverse)

600 L L L L L L L
0 0.5 1 1.5 2 2.5 3 3.5 4

Time [s]

5
x 10

Figure B.6 Measurements and inverse predictions (Case#1).
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1100
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800
700
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600 ) L L L L L L L
0 0.5 1 1.5 2 2.5 3 3.5 4

Time [s] < 10°

Figure B.7 Measurements and inverse predictions (Case#2).
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Figure B.8 Predicted bank thickness with erosion (Case#1).
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Figure B.9 Predicted bank thickness with erosion (Case#2).

Figures B.10 and B.11 show the effect of the temperature sensor position (sensor#1 and

sensor#2) on the accuracy of the predicted bank thickness E(?). It is seen that the effect of
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the sensor position is insignificant [17]. Therefore, sensor#1 is recommended over
sensor#2. This result is of interest to the process industry. Indeed, it is much safer and

easier to embed a sensor near the external surface of the refractory brick wall.

2 LY LY LY LY LY L L
----- Sensor #1
1.8F - - Sensor #2 |7

1.6 :

1.2F -

ErrorE(t)

0.8F :

0.4} 1

0.2F :

e T S

0 0.5 1 1.5 2 2.5 3 3.5 4

2 L3 L3 L3 L L L L3
------ Sensor #1
Sensor #2

1.4F b

ErrorEm

0.8F b

0.6 b

5
x 10

Figure B.11 Effect of the sensor position on the predicted bank thickness E(?), case 2.
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It is noted that the approximation of the sensitivity coefficients of the Jacobian matrix,
(B.12), requires the solution of the direct problem six times per iteration (2 times for each
unknown parameter). As a result, the finite difference approximation is computationally
expensive. In order to reduce the computation time, the sensitivity matrix was updated
using BM [152]. This strategy has been applied successfully in the field of inverse heat
transfer problems (IHTP) [38, 154, 155]. LMM combined with BM (LMM/BM) calls the
direct model 20 times while LMM requires 35 calls. Consequently, the CPU time for the
LMM/BM is only 715.5 s while that for the LMM is 1311.9 s.

The simulations were executed with the MATLAB software running on an Intel ®

Core(TM) 15-2520M CPU @ 2.50GHz.
B.6. Conclusion

An inverse heat transfer analysis was presented for predicting the wall erosion and the
time-varying thickness of the protective bank inside a melting furnace. It was shown that
the inverse analysis may also predict simultaneously the time-varying heat flux and the
eroded portion of the refractory brick wall. The proposed inverse method rests on the
LMM/BM. Using this combination of methods, the computation time was halved. The
effect of the measurement noise and of the location of the temperature sensors on the
inverse predictions was investigated. Recommendations were made concerning the
location of the sensor embedded in the brick wall. Finally, this study illustrates how the
inverse heat transfer can be used successfully for preventive maintenance of an industrial

facility.
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Title

An inverse heat transfer algorithm for predicting the thermal properties of tumors during

cryosurgery.

Abstract

This paper presents an inverse heat transfer approach for predicting the time-varying
freezing front and the temperature distribution of tumors during cryosurgery. Using a
temperature probe pressed against the layer of tumor, the inverse approach is able to
predict simultaneously the metabolic heat generation and the blood perfusion rate of the
tumor. Once these thermal properties are determined, the temperature-field and time-
varying freezing front are predicted with the direct model. The direct problem is handled
with the Pennes bioheat equation and the enthalpy method. The inverse model rests on the
Levenberg-Marquardt Method (LMM) combined to the Broyden Method (BM). The effect
(1) of the initial guesses for the unknown thermal properties; (2) of the thermal properties
of the diseased tissues; (3) of the data capture frequency; and (4) of the noise on the
recorded temperatures is investigated. It is shown that the proposed inverse method

remains accurate and stable for all the cases investigated.

Keywords

Cryosurgery, Inverse heat transfer, Levenberg-Marquardt Method, Thermal properties,

Pennes model, Enthalpy method.
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C.1. Introduction

Cryosurgery has become a well-established technique for the ablation of undesirable
tissues such as tumors and cancers. It is an effective treatment for external tumors such as
ear tumors and skin tumors, and for internal tumors such as lung tumors and breast tumors.
Cryosurgery is often preferred to the traditional surgery due to the fact that it is minimally

invasive and that the hospitalization time is reduced.

Cryosurgery resorts to extreme cold for destroying diseased tissues. It works by taking
advantage of the destructive effect of freezing temperatures on living cells. The instrument
used to freeze the tissues is a cryoprobe. The low temperatures are obtained by circulating

liquid nitrogen through the cryoprobe.

As illustrated in Figure C.1, the cryoprobe is inserted in such a way as to optimize the
freezing of the tumor. When the rate of cooling is very high, ice crystals form inside the
cells. These ice crystals damage the cell membrane and leads to the destruction of the
tumor. Furthermore, the formation of ice crystals harm the blood vessels that supply the

tumor tissue.

TUMOR

CRYOPROBE

l

ICE BALL

Figure C.1 Cryosurgery of lung tumor.

Destroying the diseased tissues while minimizing the damages to the surrounding healthy
tissues is however a challenging task. Sophisticated imaging techniques such as Magnetic
Resonance Imaging (MRI) or ultrasounds must be used to guide the cryoprobe and monitor
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the freezing of the cells [178, 179]. But these imaging techniques are often unavailable.
Moreover, they cannot reproduce the time-varying temperature distribution inside the layer
of tissue. An alternative to MRI or ultrasounds is the mathematical modeling of the heat
transfer and the freezing processes that take place inside the tissues [180-183]. But in order
to perform the mathematical analysis, the thermal properties of the tissues, such as the
metabolic heat generation and the blood perfusion, must be known. Measuring these
properties with experimental techniques is however a complicated task [32, 115]. They
require sophisticated equipment that can hardly be employed during cryosurgery. This is
where inverse heat transfer methods come to the rescue [151]. In these methods, the
unknown thermal properties may be determined by means of temperatures recorded by a

temperature probe pressed against the layer of tissue.

Many studies based on inverse methods have been carried out in the past for predicting the
blood perfusion coefficient [187], the unknown time-dependent surface heat flux in a
living skin tissue [188], and the size and the location of the tumor [120-123, 189]. Studies
also focused on the simultaneous estimation of various other thermo-physical properties

using inverse approach [125, 190-192].

In all the aforementioned investigations however, the prediction of the thermal properties

of the biological tissues during cryosurgery was not carried out.

The main purpose of the present paper is to pursue the aforementioned studies by
developing an inverse method capable of estimating the unknown metabolic heat
generation rate and the blood perfusion rate during cryosurgery. Once these unknown
parameters are determined, the temperature-field and the moving freezing front are
predicted. Overall, the proposed method may become, one day, a viable alternative to more

expensive imaging techniques that are used in cryosurgery.

This paper is organized as follows. First, a one-dimensional finite-volume model based on
the Pennes bioheat equation and the non-isothermal phase change enthalpy method is
developed. The model is then validated with an analytical solution available in the open
literature. Second, an inverse procedure based on the Levenberg-Marquardt Method
(LMM) combined to the Broyden Method (BM) is presented. Finally, the proposed inverse

procedure is thoroughly tested for several freezing scenarios.
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C.2. Problem Statement and Assumptions

Figure C.2 illustrates the one-dimensional phase change problem for cryosurgery. Three
regions are considered: (1) the frozen zone whose time-varying interface position is s(z),
(2) the mushy zone and (3) the intact (unfrozen) zone. The lower and upper phase change
interfaces are defined as the distance that separates the cryoprobe from the solidus
temperature T, and the liquidus temperature 77, respectively. A freezing temperature 7.,
which represents the temperature of the cryoprobe, is imposed on the left boundary
condition (at x = (). At the right boundary (x=L;), the temperature gradient is set equal to
zero. No heat is transferred as this boundary is far removed from the cryoprobe. The
thickness of the tissue is set equal to L;=0.05 m.

Cryoprobe Tl Tig

i E f 3
Frozen tissue Unfrozen tissue

—» Wy=0
— szo

oT

Ox |oop,

T.=-196 (°C)
|
Mushy region

A J

L:
s(0)=2?

& A
"
v

Figure C.2 One-dimensional problem of cryosurgery.

The mathematical model of cryosurgery rests on the following assumptions:

v" Heat is predominantly transferred from the tissue to the cryoprobe. Thus, a one-
dimensional heat transfer model can be applied [199].

v" The blood perfusion rate and the metabolic heat generation are assumed to be
uniform through time and space.

v" The blood perfusion rate and the metabolic heat generation are set equal to zero in

the frozen and in the mushy regions.
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v The blood temperature is set equal to 7,=37 °C.

v' The phase change of the diseased tissue is non-isothermal. The freezing process is
characterized by three zones: a frozen solid zone, a mushy zone and an unfrozen
zone (Figure C.2).

v" The liquidus temperature 77, (the upper limit) and the solidus temperature T (the
lower limit) of the biological tissue are set equal to (-1 °C) and (-8 °C) respectively
[203, 204].

v’ The heat transfer inside the diseased tissue is conduction dominated [29, 200].

v' The effect of large blood vessels is neglected [201, 202].

C.3. The Direct Problem

For the direct problem, all the thermo-physical properties, the initial and the boundary
conditions are known. The mathematical model for the heat transfer inside the biological

tissue is given by the fundamental Pennes bio-heat equation [103]:

or of(,or of.
— = k= |+ T -T)+Q +06H——= C.1
pc o ax( axj pbcbwb( b ) 0, o (C.1)

p, ¢ and k are the density, the specific heat and the thermal conductivity of the tissue,
respectively. The subscript ‘b’ refers to the blood characteristics. wy and O, represent the

blood perfusion rate and the metabolic heat generation in the tissue, respectively. 7T is the

tissue temperature and 7 is the arterial blood temperature.

The last term on the right-hand side of Eq. (C.1) represents the liquid/solid phase change of
the tissue during cryosurgery. 0H and f; are the enthalpy and the solid fraction during the

phase change, respectively. The enthalpy 0H is defined as s = p(c,,, —¢,,.,)T—p4 and the

solid fraction may be expressed as

0 T>T,  (Liquid)
T-T,
f.=F(T)= - _;’j’ T,, <T <T, (Mushy regions) (C.2)
sol lig
1 T<T, (Solid)
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At each time-step, the solid fraction f; is updated iteratively according the following

approximation

fsk+1 zfsk +(Cdl_ij (Tk+1 _F! (ﬁk))

F is a function of the temperature 7. F/ is the inverse function of F.

The boundary conditions at the right and left sides of Figure C.2 are defined by:

oT(x=1L, t)
ox
T(x=0,t)=7,  (Leftboundary)

=0 (Right boundary)

The initial condition is given by:

T(x, =0)=37"C

(C.3)

(C4)

(C.5)

The one-dimensional Pennes bio-heat equation (Eq. (C.1)) is solved by using a finite-

volume method. The scheme adopted for the time discretization is implicit. The resulting

set of algebraic equations is then solved by using the Tri-Diagonal-Matrix-Algorithm

(TDMA) [143].

The mathematical model accuracy was validated by comparing it to the Neumann’s

solution. The freezing temperature was set equal to T.=-196 °C. The metabolic heat

generation and blood perfusion rate were set equal to zero. Figure C.3 compares the upper

phase change interface position (liquidus temperature 77, ) predicted by the present model

to the Neumann’s solution. The agreement between both solutions is excellent.
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Figure C.3 Comparison of the FVM with Neumann’s solution.

C.4. The Inverse Problem

In the inverse model, it is assumed that (1) the blood perfusion rate w, and (2) the

metabolic heat generation O, are unknown. They are estimated from the inverse method

and then fed to the direct model that calculates the temperature distributions 7(x,?) and the

phase change interface position s(z).

_-Cryoprobe Tsol

—p
— s . :
. Frozen tissue Unfrozen tissue
~ | — > o
S _ 2 wp=7?
o &
—
[ — Q i
~ e = {f R
Iy =
B~ i =
» = 2 Thermocouple
e probe

s(t)=?

L;

Figure C.4 Inverse problem of cryosurgery. wy and O, are unknown. They are estimated

from temperature measurements provided by a temperature probe.
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Therefore, the objective of the inverse method is to determine the unknown coefficients

P={w,, Q,} by using temperature measurements taken from a temperature probe pressed

against the diseased tissue (Figure C.4).

The estimation of these thermal properties can be constructed as a problem of

minimization of the least square normqj(ﬁ)

¥(P)= | ¥(1)-T (1. P)] (C.6)

I 2
i=1

where P = (wp, Onm) is the set of unknown thermal parameters. / is the total number of
measurements. Y(#;) are the temperatures (also called the direct temperatures) measured
with the temperature probe. In the present study, these temperatures are ‘generated’ from

the solution of the direct problem wherein the parameters P = (ws, On) are specified.

T (tl., 13) are the estimated temperatures from the inverse problem. Thus, the solution of the

inverse problem is obtained when the least square norm (C.6) is minimized.

The Levenberg—Marquardt method is used for the solution of the present inverse problem.
This method has been successfully applied to inverse problems in the past [117, 124]. In

this iterative method, the incremental value of the unknown parameters AP, is written as:
D i\ Gk vk (Y (v 7 B
AP=[(J ) T } (7) (Y—T(P )) (C.7)

4" is a positive scalar, called the ‘damping parameter’. The choice and the update of this
parameter are discussed in [150]. OF :diag(j * )T J* is a diagonal matrix. J*is the

‘sensitivity matrix’, also called the ‘Jacobian matrix’

or  oT,
ow, 00,
or, o,

J=| ow, 00, (C.8)
or,  oT,
ow, 00,
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The Jacobian matrix plays a crucial role in the estimation of the thermal parameters. In
fact, there are several approximations for computing the Jacobian matrix [151]. In the

current study, the Jacobian matrix is approximated with a finite difference approximation

(4 3B, P +(5P),.P ) =T (¢, s B, P —(SP,),. Py )
2(sP)

J

(C.9)

j=

<

|
Q|
J,’U |~H>

N

The subscripts i and j represent the time and the parameter, respectively. The parameter

perturbation (5P] ) issetto& (1 + ‘Pj

) , where & is an arbitrary small number.

In order to reduce the computational effort, the Jacobian matrix is updated using the

Broyden method [152].

((fk - f;c—l ) - Jk—lAPk—l )Apkr—l

) (C.10)
AR AB

J.o=J, _,+

(AF_,) is the incremental value of the unknown parameters. (f ) are the estimated

temperatures. Further details about this inverse method are provided in [34, 35, 38, 39].

The main steps involved in the computational procedure for the direct and the inverse

problems are summarized in Figures C.5 and C.6 respectively.

Thermo-physical properties }_:lxm = {wb_; 0, }

Setup initial temperature Tand
solid fraction f;

. Store old values: T and f
1=t+dt

Solve bio-heat equation

Figure C.5 The direct problem.
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F(t)
A
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Figure C.6 The inverse problem.

C.5. Results and Discussion

In order to evaluate the temperature distribution 7(x,z) and the time-varying phase change
interface position s(?), the unknown thermal properties of the biological tissue must first be
determined. To achieve this task, the above inverse procedure (Figure C.6) was
implemented. It predicts simultaneously the metabolic heat generation O» and the blood
perfusion rate wy. Once these thermal parameters are obtained, the temperature distribution
T(x,t) and the time-varying phase change interface position s(¢) are calculated with the

direct model described in section C.3.

The freezing temperature was fixed at 7.=-196 °C and the thickness of tissue was set equal
to 0.05 m. The duration of cryosurgery was set equal to = 500 s. The total number of
measurements (temperatures recorded by the temperature probe during cryosurgery) is set

equal to /=50.

All simulations presented here were conducted with a grid space of dx=2.5*10"* m and a

time step of dr=10 s. Additional simulations were conducted to make sure that the
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predictions are grid space and time step independent. All simulations were performed

using the Matlab software running on an Intel@ Core(TM) 15-2520M CPU@ 2.50 GHz.

In order to demonstrate the ability of the inverse method for determining the blood
perfusion rate and the metabolic heat generation, two different diseased tissues (lung tumor
and breast tumor) were considered. The thermal-physical properties of these diseased

tissues are summarized in Table C.1 [106, 211, 212].

Table C.1 Thermo-physical Properties of Tumors.

Specific heat of unfrozen tumor tissue Cu 4200 3600 J/kg °C
Specific heat of frozen tumor tissue cr 1230 1800 J/kg °C
Thermal conductivity of unfrozen tumor tissue ku 0.552 0.51 W/m °C
Thermal conductivity of frozen tumor tissue kr 2.23 2 W/m °C
Density of unfrozen tumor tissue Pu 1000 1000 kg/m?
Density of frozen tumor tissue pf 1000 1000 kg/m?
Lower phase transition temperature Tsor -8 -8 °C
Upper phase transition temperature Tliq -1 -1 °C
Latent heat of freezing L 333 335 kJ/kg
Blood temperature Ty 37 37 °C
Blood specific heat capacity Cb 3640 3640 J/kg °C
Blood density Pob 1000 1000 kg /m’
Blood perfusion rate Wp 0.002 0.009 ml/s ml
Metabolic heat generation Om 42000 29000 W/m?
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To characterize the accuracy of the proposed inverse method, two relative errors ‘for the

blood perfusion rate and the metabolic heat generation’ are used. These errors are defined

as
Wexact _ winverse
Error,, (%) =100x|—-—F7H (C.11)
b
Error, (%)leOx M (C.12)
n Q;lxac

The superscripts ‘exact’ and ‘inverse’ refer to the exact solution obtained with the direct

model and the inverse solution predicted by the inverse model, respectively.

The effect of the initial guess values of the blood perfusion rate and of the metabolic heat
generation on the convergence of the inverse model is shown in Figures C.7 and C.8§,
respectively. The initial guesses for test#1, test#2, test#3 and test#4 were set equal to 1/3,
1/5, 1/7 and 1/9 of that of the exact value respectively. It is seen that the convergence of

the inverse method is excellent in all cases.

3
x 10
3 L3 L3 L3 L3 L3 L3 L3
_____ -4\\ -
N\
\\
Q. \\\
¢ N~ ~
S
=
~
£ |
&
=
=
—O— Test#l
Test#2 |
- Tesit3
Test#4
L L L L
4 5 6 7 8
Iteration

Figure C.7 Convergence of blood perfusion rate (Lung tumor).

190



ANNEXE C

1¢ /' —O— Test#l |1
JS" Test#2
0.5% -~ Tes#3 |4
Test#4
0 L L L L L L L
0 1 2 3 4 5 6 7 8
Iteration

Figure C.8 Convergence of metabolic heat generation (Lung tumor).

The results of the inverse predictions are summarized in Table C.2. Examination of this
table reveals that the prediction of the blood perfusion rate and of the metabolic heat

generation are good for the both tumors. The maximum recorded error is less than 0.7%.

Table C.2 Inverse prediction of blood perfusion and metabolic heat generation.

Lung Wh 2%10°  2.0*107 0
tumor On 42%10* 4.18*10*  0.48
Breast Wb 9*10°3 9*1073 0
tumor Om 2.9%10* 2.88*10*  0.69

Figure C.9 compares the exact and the estimated motion of the lower phase change
interface s(¢) during the freezing process for the both tumors. It is seen that the inverse
solution (the solution obtained from the inverse model) and the exact solution (the solution
provided by the direct model) are in perfect agreement. One may observe that the phase
change interface position in the lung tumor gets ahead of the breast tumor. This is due the
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smaller blood perfusion rate of the lung tumor (0.002 ml/s.ml) compared with the breast
tumor (0.009 ml/s.ml). The temperature contours predicted with the inverse model for both

tumors are also presented in Figure C.10.

0.025 T T T T T T T T

Exact solution

o inverse solution

0.02F

0.015

Breast tumor

0.01

Lower phase change interface position (m)

0 L L L L L L L L L

0 50 100 150 200 250 300 350 400 450 500
Time (s)

Figure C.9 Lower phase change interface for both tumors.
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Figure C.10 Temperature distribution for both tumors.
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Table C.3 presents the effect of cryosurgery duration on the inverse predictions (Lung
tumor). The duration of cryosurgery was set equal to 200, 500 and 800 (s). It is seen that
the inverse predictions of the metabolic heat generation and of the blood perfusion rate are
good for all cases. The relative error recorded is less than 0.5%. The corresponding
temperature contours are depicted in Figure C.11. As expected, the freezing region

expands with increasing duration of cryosurgery.

Table C.3 Effect of cryosurgery duration on inverse predictions.

Wb 2.0%107 0
200
Qm 4.198*104 0.2
Wh 2.0%1073 0
500
Om 4.18%10° >
we 2.0%10° .
800
Qm 4.19%* 104 0.2
0.045F \\4%
0.04 -
0.035F -
0.03F -
£ 207
& o.025F —
R e
—
20 PP
60
- .
" 400 |
A 120 ]
| — 140
3% - ,11%%1 -
'/-/r‘“ﬁﬂ gﬂ_._._.._,—_._.a———-——«« T e

50 100 150 200 250 300 350 400 450 500
Time (s)

=500s
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Figure C.11 Effect of cryosurgery duration on temperatures distribution.
C.5.1. Effect of noise on the inverse predictions

In this section, the temperatures recorded by the temperature probe were contaminated

with measurement errors (or noise) using a random number generator (randn)a These

measurement errors are added to the recorded temperatures (the exact temperatures 7

exact

provided by the direct model):

7?rvloise (tz) = T

exact

t)+o & (C.13)

o is the standard deviation of the measurement errors. The value for ¢ is arbitrarily set
equal to 2%7Tmax and to 4%7Tmax. Tmax 1S the maximum temperature measured by the

temperature probe.

Table C.4 summarizes the effect of the noise and of the total number of measurements / on
the inverse predictions (Lung tumor). As expected, when the noise level rises from 2% 7 ax
to 4%7Tmax, the relative errors on the predicted blood perfusion rate and metabolic heat
generation increase. Nevertheless, the inverse method remains stable and accurate. On the
other hand, when the total number of measurements is increased from /=50 to /=100, the

relative errors drop.
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Table C.4 Effect of noise and of / on the inverse predictions.

o=0% Errorw 0 0
(no noise) Errorgm 0.48 0.23
Errorw 7.11 5.10
o=2%
Errorgm 18.05 7.04
Errorys 31.56 5.41
o=4%
Errorgm 36.55 18.39

C.6. Conclusion

This paper presented an inverse heat transfer approach for predicting the time-varying
phase change interface and the temperature distribution of diseased tissue during
cryosurgery. Using a temperature probe pressed against the layer of diseased tissue, the
inverse approach is able to determine simultaneously the metabolic heat generation and the
blood perfusion rate. Once these thermal properties are obtained, the temperature
distribution and the time-varying phase change interface may be predicted with the direct
model. The direct problem is handled with the Pennes bioheat equation and the enthalpy
method. The inverse model rests on the Levenberg-Marquardt Method (LMM) combined
to the Broyden Method (BM). The effect (1) of the initial guesses for the unknown thermal
properties; (2) of the thermal properties of the diseased tissues; (3) of the data capture
frequency; and (4) of the noise on the recorded temperature was investigated. It was shown

that the proposed inverse method remains accurate and stable for all the cases investigated.
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