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Abstract. Dynamic system with nonlinearities has
been considered. This system has been divided into a
set of linear subsystems. A fuzzy controller of the con-
sidered system has been synthesized. It takes into ac-
count nonlinearities of the system and provides smooth
switching between controllers of the linear subsystems.
An unstable subsystem has been utilized, which provides
better dynamic characteristics of the considered system.
Comparison with traditional controller has been con-
ducted. Corresponding qualitative and quantitative es-
timates have been provided. They testify the expediency
of the proposed approach.
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1. Introduction

The vast majority of systems that exist in a nature are
nonlinear. In the design of controllers of such systems,
they use, in particular, the approaches of classic lin-
ear control theory. Namely, the existing nonlinearities
in the system are, at one point, rejected or linearized,
and the control inputs are designed for the resulting
linear system. Then these control inputs are used in
the studied nonlinear system. Unfortunately, this ap-
proach may not always ensure the desired transients in
the system.Moreover, the controllers designed this way
generally do not consider the design constraints on the
values of the system’s intermediate coordinates.

Today there are many up-to-date methods of de-
sign of nonlinear system controllers. Among these ap-
proaches, one can distinguish, in particular, feedback
linearization, geometric methods, LMI-based methods,
etc. The methods applying the fuzzy sets apparatus
have become widely used (see for instance [1]). In
particular, in the case of discrete nonlinear systems
with constant coefficients, some interesting results are
obtained in [2]. In [3] it is suggested to use polyno-
mial fuzzy model based system for approximation of
the nonlinear system. It has been proved that this ap-
proach allows maintaining the system’s stability. How-
ever, the possibility of improving the dynamic charac-
teristics of nonlinear systems with application of fuzzy
controller has not been investigated in the paper men-
tioned above. Observer-based approach was used for
robust control synthesis of nonlinear system in [4]. In
[5] Takagi-Sugeno fuzzy controller has been used for
synthesis of dual-mode fuzzy predictive control scheme
for discrete system. In the case of induction motor, in-
verse fuzzy model based torque control has been stud-
ied in [6]. But the linearization technique, which is
proposed there, does not fully take into account pecu-
liarities of the nonlinear components that are present
in the investigated system.

This article first describes the general approach to
the design of nonlinear system controllers. These the-
oretical manipulation scan be applied to the design
of linear systems controllers. In this case, the object
model is the same in all subsystems of the family. In
case of nonlinear systems, we have suggested an ap-
proach to the synthesis of controllers that ensure the
desired behavior of the system. The paper considers
the case when a controller synthesized for one of the
subsystems ensures its unstable behavior.

c© 2016 ADVANCES IN ELECTRICAL AND ELECTRONIC ENGINEERING 543



POWER ENGINEERING AND ELECTRICAL ENGINEERING VOLUME: 14 | NUMBER: 5 | 2016 | DECEMBER

2. Description of Systems
Using the Family of
Dynamic Systems

Let us consider a nonlinear system, which is generally
described by the nth order differential equation. It can
be reduced to the system of the first order differential
equations

x̄′ (t) = f (x̄ (t) , θ (t)) + g (x̄ (t)) ū (t) + ξ (t) , (1)

where x̄ (t) = [x1 (t) , x2 (t) , . . . xn (t)]
T , x1 (t) =

x (t) , x2 (t) = x′ (t) , ū (t) ∈ Rn - is the vector of con-
trol inputs, ξ̄ (t) - are the external disturbance inputs,
f (x̄ (t) , θ (t)) and g (x̄ (t)) - are the nonlinear functions
described in the field of the system’s operating points,
θ (t) - is the vector of variable parameters that do not
depend on x(t). This system, ignoring external dis-
turbances and using the first term of Taylor expansion
by of the right-hand side, can be linearized in several
points. As a result, we get a linear model with variable
parameters. The working domain has been divided into
subdomains according to the number of linearization
points. Therefore, the model of the i-th system will
look like Eq. (2).

˙̄x (t) = Ai + Biu (t) . (2)

Thus, in fact, we received a family of linear dynamic
systems Eq. (2).

The general nonlinear system model has been cre-
ated with a set of fuzzy rules of the form:

Ri : IF x1 ∈Mi
1 i x2 ∈Mi

2 i . . . xn ∈Mi
n THEN

˙̄x (t) = Aix̄ (t) + Biū (t) , i = 1, n ,

(3)
where Ri – i-th rule, Mi

j ,N
i
j , i = 1, k, j = 1, n -

regions of partition, Ai,Bi ∈ Rx×x - matrices that
form a system’s model around some operating point
(local model).

The case of feedback control for each of the subsys-
tems has been studied in the paper. The controller of
the general system has been obtained by using fuzzy
logic apparatus.

Ri : IF x1 ∈ Ni
1 i x2 ∈ Ni

2 i . . . xn ∈ Ni
n THEN

ū (t) = Kix̄ (t) j = 1, n ,

(4)
where Ki ∈ Rx×x - matrices determining the settings
of the i-th system controller to a particular standard
linear form.

The general system’s model can be obtained using,
for instance, the gravity defuzzification method.

The theorem has been proved to investigate the sta-
bility of such systems, see [7].

Theorem 1. If we select matrices Ki, i = 1, k so that
the systems Eq. (2) are Lyapunov stable and

k−1∑
j=1

k∑
i=j+1

{
[(Ki −Kj) (νjµiBj − νiµjBi)]

T×

× P + P (Kj −Ki) (νjµiBj − νiµjBi)}

> −
k∑

i=1

Q̄i,

(5)

where Q̄i > 0, i = 1 . . . k, P matrix is connected with
all the systems, P =

∏k
i=1 Pi, the system Eq. (1) is

also Lyapunov stable.

The following paragraphs consider the issues of the
controllers synthesis for the obtained subsystems.

3. Synthesis of the System
Controller with the Account
of Nonlinearities

Most actual systems are nonlinear. Therefore, the
accuracy of the model, and consequently, the accu-
racy of the synthesized controller increases with the in-
creasing number of nonlinearities, which are simultane-
ously considered in the system. In the electrotechnical
systems for approximation of nonlinearities, the func-
tion is traditionally approximated with a line f(u) ≈
f1(u) = K1

tpu, by expansion this nonlinear function in
a Taylor series at the origin and ignoring the add ends
above the second-order. However, this approximation
is valid only in a small region of input voltage variation.

To approximate the function, it has been proposed
in [8] and [9] to apply the fuzzy logic apparatus. De-
pending on the input signal value, nonlinearity is ap-
proximated as follows:

f (u) ≈
n∑

i=1

µi (u)Ki
tpu, i = 1..n, Ki

tp > Ki+1
tp , (6)

where µ(u) - is the membership function that is de-
fined below. Application of the fuzzy logic apparatus
ensures smooth switching between the functions that
approximate the nonlinear function at different points.

Takagi-Sugeno fuzzy controller was applied to im-
plement the proposed approach [10]. For the linguistic
variable "argument" and its terms Ui, i = 1 . . . n it has
been suggested in [11] to apply a triangular member-
ship function. Defuzzification will be conducted with
a center of gravity method. Then:

u (t̄) =

n∑
i=1

µi (t) gi (x̄). (7)

The rule base has the following form:

IF (u in Ui) THEN ū (t) = gi (x̄) , (8)
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where gi (x̄) are corresponding functions ofthe state
vector of the system, Ui - are fields of division. The
corresponding controller was synthesized for each of
the functions gi(x̄) by the full state vector, which is as
follows:

gi (x̄) = Kix̄ (t) , i = 1..n, (9)

where Ki defines the tunings for a particular standard
linear form. With this approach used, only one vari-
able is fuzzified, so the number of rules is equal to the
number of divided regions. The increasing number of
rules results in the increased accuracy on the one hand,
while making the controller more complex on the other,
as more rules need to be designed. On the contrary,
there is an option of using fewer rules to simplify the
controller, for instance, only for boundary and several
interior points. The system’s dynamics will get some
what worse at that.

x(t)

+Unstable

Stable

FLC
Plant

model1
model2
model3

-+

linp(s)

l(s)

Fig. 1: Block diagram of the studied system.

Figure 1 shows the general scheme of the controller
of the studied system. FLC component is responsible
for fuzzification of the input signal in nonlinear object
and contains the appropriate rules base.

4. Unstable Subsystem

It is possible to use control that makes subsystem un-
stable. To improve characteristics of the system, au-
thors propose to form the control output of the linear
system in such a way that one of its root be situated
in the right hand side, i.e. subsystem is unstable. This
approach is used in the domain of big deviations. The
corresponding block that will form such a signal is dot-
ted.

In addition, the studies conducted in papers [12],
[13], [14] and [15] demonstrated the efficiency of unsta-
ble subsystem use, which allows for a significant im-
provement of the overall performance. The state vari-
ables remain within the acceptable limits at this.

In other domains, the controller that provides tuning
to standard binomial form is used.

Another option is to use the controller that is tuned
for a standard linear Bessel form [16] in the domain
of big deviation. On one hand, the subsystem is stable
but on the other, the transient improvement is smaller.

The system controller with the proposed subsystem
has the following form

u (t) = ξ1 (t)ufirst (t) + ξ2 (t)ufuz (t) , (10)

where ufirst(t) - is the controller, which corresponds to
the subsystem with greater speed, ξi(t) - corresponding
triangular membership functions.

5. Application of the Proposed
Approach

Many technological systems use two-mass model for
description, where the first mass is responsible for the
integral inertia of the engine, and the second mass - for
the load inertia. Detailed description of the two-mass
systems is given in [17] and [18]. The model is quite
well-known, it is used, in particular, in [19] and [20].

General view of the structural scheme of the studied
two-mass system a long with the electric component of
the engine is shown in Fig. 2.

The mathematical model of the system’s electric
component is described the following way

va (t) = Raia (t) + La

(
dia(t)
dt

)
+ ea (t) ,

ea (t) = Kωm (t) ,

Tm (t) = Kia (t) ,

va (t) = f (vm (t)) ,

(11)

where va (t) ia (t) (A) is a motor armature voltage,
Ra(t) (Ω) - is an armature resistance, La (H) - is an
armature inductance, ia(t) (A) - is armature current,
ea(t) (V) - is a back electromotive force,Km (Vc·rad−1)
- is a motor constant, Tm(t) (Nm) - is a torque caused
by motor, ωm(t) (rad·s−1) - is an angular motor rota-
tional velocity, f(vm) - is a nonlinear function, which
corresponds to the voltage thyristor converter model,
and vm - is a thyristor converter input voltage.

We also disregard the nonlinearities in the mathe-
matical model of mechanical portion, such as backlash
in the gear. The linear model of the system’s mechan-
ical portion is described as follows:
Jm

(
dωm(t)
dt

)
= (N)2Tm (t)− 1

N
Ts (t)− 1

N
Bmωm (t) ,

JL

(
dωL(t)
dt

)
= Ts (t)−BLωL (t)− Td,

Ts (t) = ks
(

1
N
θm (t)− θL (t)

)
+Bs

(
1
N
ωm (t)− ωL (t)

)
,

dθL(t)
dt

= ωL (t) ,

dθm(t)
dt

= 1
N
ωm (t) ,

dθL(t)
dt

= ωL (t) ,

lout (t) = rθL (t) ,

(12)
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ThyristorController
Electrical 

part of motor
Mechanical 

part of motor Load

k1 k2 k3

Fig. 2: Structural scheme of the two-mass system with the engine’s electric component.

where kS (Nm·rad−1) is an elastic stiffness, Bm

and BL (Nm·(rad·s)−1) are the coefficient of inter-
nal viscous motor friction and load respectively, BS

(Nm·(rad·s)−1) is internal damping coefficient of the
shaft, Jm and JL (kg·m2) are the moments of inertia
of the motor and the working gear (load), ωm and ωL

(rad·s−1) are the angular rotational velocities of the
motor and the end-effect or respectively, Tm and Td
(Nm) are the torques of the motor and the load (end-
effector), Ts (Nm) is the passed torque of the shaft,
1/N is the reduction ratio.

Actual system’s model contains many nonlinear com-
ponents. Consideration of all of them leads to signif-
icant complications of the simulation process. There-
fore, we disregard a part of nonlinearities in this pa-
per, in particular, Coulomb frictions, see [9]. We also
disregard nonlinearities in the mathematical model of
mechanical portion, such as backlash in gears. To in-
vestigate stability we use results from [7].

In current research the parameters of the investi-
gated model where taken from the electrode motion
control system of electric arc furnace [19].

The methodology that helps to obtain the corre-
sponding coefficient is a Taylor series expansion of the
nonlinearities present in the system. By means of lin-
earization of model Eq. (11), we can get linear mod-
els with different coefficients. In the last equation
from Eq. (11) nonlinear function can be presented as,
f(vm(t)) = kivm where ki are constant coefficients, the
value of which depends on the point of linearization
(thyristor converter input voltage in this case). Using
several points of expansion, we get a set of such co-
efficients. By means of fuzzy logic we can provide a
smooth transition from one coefficient to another de-
pending on the state of the system. I.e. using Eq. (7),
Eq. (9) we can utilize membership functions presented
in Fig. 3.

Based on the model of the system and approaches
described in Sections 2. and Section 3. , we get
different forms of fuzzy controller. Coefficients from

vm
0

vm
1

vm
N-1

vm
N

vm (t)

0

1
μ (vm)

Fig. 3: Triangle membership function.

Eq. (9) can be obtained as in [20], [21], [22], [23] and
[24]. These coefficients for the case of controller tuned
to standard binomial form are given below. Coefficients
for other forms used in this research were also obtained.
This means that using the coefficients Eq. (12) we can
obtain smooth control signal, which will take into ac-
count both shape and value of the corresponding signal.
When using unstable subsystem we can take into ac-
count an error signal and use a triangle membership
function to obtain necessary transient gain. This is
done in the similar way.

In the Eq. (17) Ki
p - are coefficients that are ob-

tained after Tailor serial expansion of the initial nonlin-
ear model and are different for each i-th linear model;
they correspond to regions with centers at vim.

In the case of backlash, using the proposed controller
in Section 4. we can improve the transients and
obtain smooth acceleration.

For this research, a Matlab model of the investigated
system has been used.
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k1 = − (−5JLJmLaN
2ω +BLJmLaN

2 +BmJLLaN
2 +BsJmLaN

2 + JLJmRaN
2 +BsJLLa)

(JLJmKi
pN

2)
, (13)

k2 =


10J2

L
J2
mLaN

4ω2 − 5BLJLJ
2
mLaN

4ω − 5BmJ
2
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2
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2
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, (14)

k3 = La
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, (15)

k4 = −La
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4
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k5 = ω5JmNLaJL/(K
i
pksKm). (17)

6. Results

To compare the system performance with synthesized
controllers the value of the integral performance index
and penalty function has been calculated.

I∗ = I + Fpenalty =

=

(
γ1

T∫
0

t |e (t)| dt

)
+

+

(
γ2

(
ωM (t)
ωM,max

)2
H
(

ωM (t)
ωM,max

)
+

+γ3

(
vout(t)
vout,max

)2
H
(

vout(t)
vout,max

))
,

(18)

where I is classical integral performance index (see [21]
and [22] for instance), H(·) is a Heaviside function,
ωM,max, vout,max are specified maximum permissible
overshoots and in the present case they make up 10 %
and 5 % respectively. Coefficients γi, i = 1 . . . 5 have
been chosen for reasons of proportionality of the stud-
ied variables with each other.

It should be noted that the value of the integral
performance index was calculated for each segment
of changes in the input signal separately: Ii given
t ∈ [ti, ti+1].

The case of a system with two stable subsystems
with different speed has been investigated in paper
[23]. It suggested an approach to the formation of con-
trol inputs that would provide for the improvement of
dynamic characteristics of mechatronic systems. The
investigation for the cases of nonlinear systems with
JL = const and the linear system with variable mo-
ment of inertia has been conducted in paper [8]. The
obtained results show that the proposed approaches
can ensure the desired behavior of the system and con-
sider distinctive features of their models.

The quoted testify the feasibility of application of
fuzzy logics for the design of nonlinear systems con-
troller, since in this case the dynamic system character-
istics are improved compared to the classic approach.
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(a) System’s output signal. (b) Current in the motor armature.

(c) Angular velocity of the engine shaft rotation. (d) Angular velocity of the second mass rotation.

Fig. 4: Results of the studied system simulation 1 - with traditional controller; 2 - system with subsystem that utilizes a stan-
dardBesselform 3 - system with unstable subsystem.

As evidenced by the results, the use of fuzzy con-
troller allows for gains in the system speed in the
absence of unacceptable overshooting. However, to
achieve further gains in the speed, one can use an un-
stable subsystem in the domains of big deviations of
the system’s output coordinate. The investigation of
these systems has been performed, in particular, in pa-
pers [13], [14], [15], [23] and [24].

In this case, an other fuzzy controller is added (high-
lighted with dotted line in Fig. 1). The output signal
of this controller ensures smooth switching between the
controller, which provides for an unstable behavior of
the system, and the controller described in the above
paragraphs.

State and output signals of the studied system are
shown in Fig. 4. Corresponding performance indexes
are given in Tab. 1. The given results state that the
application of this approach does not result in inadmis-
sible modes in the operation of the dynamic system,
and increases the speed of transients.

Tab. 1: Performance indexes for systems with unstable subsys-
tem.

Type
of

controller
I1 I2 I3 I4 I

Linear
binominal 215.8 212.1 10.05 0.5578 438.5

Fuzzy
Unstable
Binominal

8.1 1.044 9.638 0.8694 19.65

Fuzzy
Bessel

Binominal
7.8 1.318 9.638 0.9398 19.7

7. Conclusion

For synthesis of fuzzy controller of nonlinear system, it
has been suggested to use the approach based on the
dynamic systems family that takes into account non-
linearity of the plant. The conducted studies test if
the applicability of this approach, which is based on
the application of fuzzy set theory to the synthesis of
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nonlinear controllers. It has been also shown that the
use of unstable subsystem allows improving the char-
acteristics of the dynamic system without disrupting
its stability.
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Appendix A - System Parameters

• Ra = 0.5 Ω,

• La = 0.021·0.5 H,

• Jm = 0.8325 kg·m2,

• JL = 77400.2 kg·m2,

• ks = 24·107.

• N = 5375.

• BL = BM = 0.
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