
INFORMATION AND COMMUNICATION TECHNOLOGIES AND SERVICES VOLUME: 14 | NUMBER: 3 | 2016 | SEPTEMBER

Two-Way Multiple Relays Channel: Achievable
Rate Region and Optimal Resources

Zouhair AL-QUDAH 1, Wael Abu SHEHAB 2

1Department of Communication Engineering, College of Engineering,
Al-Hussein Bin Talal University, Ma’an 71111, Jordan

2Department of Electrical Engineering, College of Engineering,
Al-Hussein Bin Talal University, Ma’an 71111, Jordan

qudahz@ahu.edu.jo, waelabushehab@ahu.edu.jo

DOI: 10.15598/aeee.v14i3.1646

Abstract. This paper considers a communication
model containing two users that exchange their infor-
mation with the help of multiple parallel relay nodes.
To avoid interference at these common nodes, two
users are required to transmit over the different fre-
quency bands. Based on this scenario, the achievable
rate region is initially derived. Next, an optimization
scheme is described to choose the best relays that can
be used by each user. Then, two power allocation opti-
mization schemes are investigated to allocate the proper
average power value to each node. Finally, compar-
isons between these two optimization schemes are car-
ried out through some numerical examples.
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1. Introduction

Relaying has a major role in extending and/or improv-
ing the performance of wireless networks. In its sim-
plest form, the relay channel, which is mainly com-
posed of a source transmitting to its destination with
assistance of a relay node, was initially proposed by
van der Meulen in his seminal work [1]. Since then,
this channel model has been received an extensive in-
vestigation in both theory and practice. From an infor-
mation theory perspective, the achievable rate of the
physically degraded relay channel was studied in [2].
Further, based on the channel’s gain from the source
and the relay to the destination, various encoding tech-

niques have been studied. These encoding schemes
include Decode-and-Forward (DF) [2] and [3], Partial
Decode-and-Forward (PDF) [4] and Amplify-and For-
ward (AF) scheme [5] and [6]. For practical purposes, a
relay channel with orthogonal channel components was
studied in [7], [8] and [9]. The motivation beyond this
scheme is that a relay cannot simultaneously receive
and transmit over the same frequency band.

Recent studies show that a bidirectional relay node
may be used to increase the spectrum efficiency. In this
channel model, a relay node can be used to help two
users in exchanging their information. This Two-Way
Relay Channel (TWRC) was extensively addressed
in many different scenarios [10], [11], [12], [13], [14],
and [15]. For instance, the achievable rate region was
considered in [10], [11] and [12], an efficient compute
and forward scheme was investigated in [15], and an
AF encoding scheme was examined in [5]. Further,
performance of this TWRC was studied in [13] and [16]
for the case that Orthogonal Frequency Division Mul-
tiplexing (OFDM) is employed by both of the users.
In addition, TWRC with multiple parallel relays has
been investigated from various aspects like beamform-
ing [17], and diversity analysis [18] and [19].

This paper considers the TWRC with multiple par-
allel relays and orthogonal channel components, as
shown in Fig. 1. This channel model consists of two
users want to exchange their information via the help
of multiple parallel relays. This communication sce-
nario may model two users want to communicate with
the help of common node(s) such as access point(s).
In order to avoid interference between the two users’
signals at each relay, the users are required to transmit
over channels with different frequency bands. First,
the achievable rate region is derived using full DF at
all relays. Next, an optimization scheme is described to
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select the best two relays to forward the two users’ sig-
nals to their destination. Then, based on whether these
relays can cooperate to form a Multiple Input Single
Output (MISO) channel with each destination or not,
two power allocation schemes are distinguished and in-
vestigated. These power allocation schemes are used to
allocate the optimal power values at both source nodes
and the selected relays such as the sum rate is maxi-
mized under the fairness constraint. Afterwards, some
numerical examples are discussed to show the impor-
tance of our theoretical work.

Fig. 1: TWRC with multiple relays. Different link formats
are given to represent channels with different frequency
bands.

The rest of this paper is organized as follows. The
communication model that we study in this paper is
introduced in Section 2. Next, the achievable rate
region of the TWRC with multiple relays and orthog-
onal channel components is characterized in Section
3. Then, for a given user, the best relay to use and
the optimum power allocation that maximize the sum
rate are investigated in Section 4. Numerical results
are presented in Section 5. Finally, we conclude the
paper in Section 6.

2. TWRC: Channel Model

In this Section, the communication model, as shown
in Fig. 1. is presented. This model consists of
two users, which want to exchange their information,
and multiple parallel relay nodes. In order to avoid
interference between the two user’s signals at each re-
lay, the relays are assumed to operate over multiple
frequency bands with multi-standards. These relays
can decode and then forward the two users’ signals to
their destinations. Also, in this case, the relays are
assumed to forward the signals over channels with dif-
ferent frequency bands. This selection can simplify the
transmissions and also optimize the available power be-
tween the two users. In addition, data transferring is
performed over 2n of the channel uses, In particular,
n uses of the channel are consumed in the broadcast
phase, and another n uses of the channel are employed
in the multiple access phase. In the first step, each user
broadcasts (BC) its signal Xi, i ∈ {1, 2}, over channels

with different frequency bands, to all the relays. Thus,
for a given relay, the received signal, YiRj

, is given by

YiRj
=

L∑
j=1

hiRj
Xi + ZiRj

, (1)

where hiRj
is the channel gain from user Ui, i ∈ {1, 2},

to relay Rj , j ∈ [1, L], and L is the number of used
relays. Further, the noise signal ZiRj is assumed to be
Gaussian noise with 0 mean and variance normalized
to 1. Indeed, the average transmit power, Pi, at each
source is limited by

1

n

n∑
k=1

X2
i,k ≤ Pi. (2)

In the second step, each relay forward the two users’
signals to their destinations. Since multiple relays can
forward each user’s signal, thus, a multiple access chan-
nel (MAC) is formed. Therefore, the received signal Yi,
i ∈ {1, 2}, at each destination is expressed as

Yi =

L∑
j=1

hRjiXRji + Zi, (3)

where hRji is the channel gain from a relay Rj to des-
tination Ui. In addition, for instance, XRj2, j ∈ [1, L],
is the signal forwarded to the destination U2 and it is
a function of X1, i.e. XRj2 = f(X1), and with average
power PRj2 given by

1

n

n∑
k=1

X2
Rj2,k ≤ PRj2. (4)

Moreover, the noise signal Zi is assumed to be Gaus-
sian noise with 0 mean and variance normalized to 1.
Since the BC term is performed over n uses of the chan-
nel, and the MAC term is also performed over another
n uses of the channel, the transmission from a given
source to its destination is performed over 2n uses of
the channel.

3. Achievable Rate Region

In this Section, the achievable rate region of the
TWRC, which is augmented by multiple parallel re-
lays, is derived. The transmission is composed of two
phases. In the first phase, the users broadcast to the re-
lays. Then, in the second phase, the relays forward the
decoded messages to their destinations. The achievable
rates and the transmission phase are introduced in the
following Thm. 1.
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Theorem 1. The achievable rate region of the TWRC
with multiple parallel relay nodes is given by

R1 =
1

2
maxmin

 L∑
j=1

C
(
|h1Rj

|2P1

)
, C (A1)

 , (5)

R2 =
1

2
maxmin

 L∑
j=1

C
(
|h2Rj

|2P2

)
, C (A2)

 , (6)

where

A1 =

 L∑
j=1

|hRj2|
√
PRj2

2

=

L∑
j=1

|hRj2|2PRj2 (7)

+

L∑
j=1

L∑
v=j+1

2ρjv|hRj2||hRv2|
√
PRj2PRv2,

A2 =

 L∑
j=1

|hRj1|
√
PRj1

2

=

L∑
j=1

|hRj1|2PRj1 (8)

+

L∑
j=1

L∑
v=j+1

2ρjv|hRj1||hRv1|
√
PRj1PRv1,

E
[
XRjiXRvi

]
= ρjv|hRji||hRvi|

√
PRjiPRvi, (9)

C(x) =
1

2
log2 (1 + x) , (10)

and ρjv is the cross-correlation between the signals for-
warded by the relays j and v, respectively. In addition,
E[.] denotes the expectation.

Proof. The transmission from a given source to its des-
tination consists of two phases, the BC phase, and the
MAC phase. In the BC phase, as seen in Fig. 2, a
source broadcasts its signal into multiple parallel re-
lays. This transmission is equivalent to that over par-
allel Gaussian channel [20]. Thus, the achievable rate,
for user U1, in the BC phase, can be expressed by:

RBC,1 = I (X1;Y1R1 , · · · , Y1RL)

= h (Y1R1 , · · · , Y1RL)− h (Y1R1 , · · · , Y1RL |X1)

= h (Y1R1 , · · · , Y1RL)− h (Z1R1 , · · · , Z1RL)

= h (Y1R1 , · · · , Y1RL)−
L∑

j=1

h(Z1Rj ) (11)

≤
L∑

j=1

h(Y1Rj )− h(Z1Rj )

≤
L∑

j=1

1

2
log2

(
1 + |h1Rj |

2P1

)
,

where I(.) is the mutual information, and h(.) is the
differential entropy. Remember that the noise variance
over all channels is normalized to 1. Also the second
user’s signal is received by all the relays. We remind
that the relays can receive signals over different fre-
quency bands. Thus, in the BC phase, the achievable
rate for user U2 can be expressed by

RBC,2 ≤
L∑

j=1

1

2
log2

(
1 + |h2Rj

|2P2

)
. (12)

Fig. 2: Broadcast Phase. Different frequency bands are used to
transmit to the relays.

At the end of this phase, the relays can decode the
users’ signals. Then, in the second phase, the relays can
forward each signal to its destination. Thus, the trans-
mission from all relays to a given destination forms a
MAC channel, as depicted in Fig. 3. For instance, the
achievable rate of DF X1 to its destination U2, in the
MAC phase, can be expressed as:

RMAC,1 = I
(
Y2;XR12, · · · , XRj2

)
= h (Y2)− h

(
Y2|XR12, · · · , XRj2

)
= h (Y2)− h (Z2) (13)

=
1

2
log2 (1 +A1) ,

where A1 is the total signal-to-noise ratio from all re-
lays to the destination U2, in the MAC phase, and is
already defined in the previous theorem. Moreover,
similar results can be obtained from decode and then
forward X2 to its destination U1.

Fig. 3: Multiple Access Phase. Different frequency bands are
used to transmit to the destinations.
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4. Optimal Power Allocation

In this Section, power allocation techniques, which are
used to distribute the available total power among the
two sources and the relays, are studied. In particular,
the power is allocated such that the two users have
the same data rate. To understand how this power
should be distributed, the transmission phases should
be analyzed. For a given user, in the MAC term, the
authors in [21] showed that the total available power is
given to the node that has the best channel gain with
the destination. This means that in decoding and for-
warding X1 to its destination, U2, the relay which has
the highest channel gain with U2 is selected. This sce-
nario is also used to select the relay to contact with U1

in DF X2. Generally, the selected relay to extend the
transmission to U1, may not be the same one that has
to contact with U2. For instance, in the MAC phase,
assume Rg and Rh are the selected relays to forward
the signals to U1 and U2, respectively. Since the BC
phase and the MAC phase are done over orthogonal
time periods, we can easily assume that the channel
gain for a given link does not change over 2n uses of
the channel i.e., |h1Rg

| = |hRg1|. Then, for instance,
the selected relay to forward to U1 can be chosen to
receive from U1 in the BC phase. Since each user can
be in touch with only the selected relay over a given
frequency band, the two relays may be used to receive
from the two sources in the BC phase and then to DF
the signals in the MAC phase, as depicted in Fig. 4.

Fig. 4: TWRC in which the relays that have the best channel
gains to the destinations are selected. Rg has the best
channel gain with U1, Rh has the best channel with U2.
The two sources use different frequencies to communi-
cate with the relays.

Thus, the power allocation among the two users and
the selected two relays has an important role of maxi-
mizing each user’s rate and also the sum rate. There-
fore, the problem of maximizing the sum rate under
the fairness constraint is considered. Hence, this opti-
mization problem can be formulated as:

maximize RT = R1 +R2

s.t. R1 = R2

PT = P1 + P2 + PRh
+ PRg

0 < P1, P2, PRh
, PRg

< PT .

(14)

Now based on the ability of the relays to cooperate,
two transmission schemes are developed. In the case
of cooperation, these relays can form a sender with
two transmit antennas. Hence, Multiple Input Single
Output (MISO) channel with two transmit antennas
and one receive antenna is formed. When there is no
cooperation, the relays are considered as two separate
users transmitting to a given receiver to form a MAC
channel. Based on these two cases, the achievable sum
rate is studied in the next two Subsections.

4.1. Power Optimization in MISO
Channel

In this Subsection, the achievable sum rate is maxi-
mized in the case that the two relays and their destina-
tion forms a MISO channel. We start solving this opti-
mization problem by noting that the maximum achiev-
able rate, over a relay channel, is obtained in the case
of RBC = RMISO. Thus, for the user, U1, we may
write

RBC1
= RMISO1

, (15)

where

RBC1
= C

(
|h1Rg

|2P1

)
+ C

(
|h1Rh

|2P1

)
= (16)

= C
(
|h1Rg |2P1 + |h1Rh

|2P1 + |h1Rg |2|h1Rh
|2P 2

1

)
,

RMISO1
= C

(
P3(|hRg2|2 + |hRh2|2)

2

)
, (17)

where P3 is the part of each relay’s power allocated
to transmit XRg2 and XRh2. Noting that, in the case
of cooperative relays, the transmission from the two
relays to any destination forms a MISO channel. For
example, the capacity of the MISO channel, with two
transmit antennas and one receive antenna, from the
relays to U2, is given by [22]:

CMISO1
= C

(
P3(|hRg2|2 + |hRh2|2)

2

)
. (18)

Hence, in Multiple Input Multiple Output (MIMO)
channel, equal allocated power to all transmit anten-
nas is commonly used. Further, similar result can be
obtained for U2. In this case, we may start by choosing

RBC2
= RMISO2

, (19)

where

RBC2 =
= C

(
|h2Rg

|2P2 + |h2Rh
|2P2 + |h2Rg

|2|h2Rh
|2P2

) (20)

RMISO2
= C

(
P4(|hRg1|2 + |hRh1|2)

2

)
, (21)

where P3 + P4 = PRg
= PRh

, P4 is the part of each
relay’s power allocated to transmit XRg1 and XRh1 to
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their destination U1. From Eq. (15) and Eq. (19), it is
clear that four unknowns P1, P2, P3, and P4 are avail-
able. Thus, two more equations should be obtained
to solve this problem. The key to our solution is that
R1 = R2, RBC1 = RMISO1 and RBC2 = RMISO2 .
Thus, we may have

RBC1 = RBC2 , (22)

and
RMISO1 = RMISO2 , (23)

Now by solving Eq. (23), the following is obtained,

P3 =
|hRg1|2 + |hRh1|2

|hRg2|2 + |hRh2|2
P4. (24)

Then, by substituting the result from Eq. (24) in
Eq. (15) and in Eq. (19), we get

P1 =
|hRg2|2 + |hRh2|2

2
P4, (25)

and

P2 =
|hRg2|2 + |hRh2|2

2
P4, (26)

respectively.

Finally, by replacing the results from Eq. (24),
Eg. (25), and Eq. (26) in PT = P1 + P2 + PRh

+ PRg
,

the total available power can be optimally distributed
as

P4 =
2b

2ab+ 4a+ 4b
PT , (27)

P3 =
2a

2ab+ 4a+ 4b
PT , (28)

P2 =
ab

2ab+ 4a+ 4b
PT , (29)

P1 =
ab

2ab+ 4a+ 4b
PT , (30)

and

PRh
= PRg

= P3 + P4 (31)

=
a+ b

ab+ 2a+ 2b
PT ,

where a =
(
|hRg1|2 + |hRh1|2

)
, and b =(

|hRg2|2 + |hRh2|2
)
. In forwarding the signals to

their destinations, this solution confirms that more
power is allocated to the direction which has the
lower channel gain. However, this is a subopti-
mal solution since more solutions can be obtained
by solving RBC1 = RBC2 , RBC1 = RMISO2 , and
RBC2

= RMISO1
.

In the next Subsection, instead of solving a set of
equations again, an iterative algorithm is designed to
solve the power allocation problem among all nodes.

4.2. Power Optimization in MAC
Channel

In this Subsection, we consider the case that the se-
lected relays do not cooperate to forward each user’s
signal into its destination. Thus, the channel from the
relays to each destination form a MAC one. Thus, for-
warding U ′1s signal to its destination, by the two relays,
is given by:

RMAC1 = C
(
|hRg2|2PRg2 + |hRh2|2PRh2

+2ρ2|hRg2||hRh2|
√
PRg2PRh2

)
.

(32)

Similarly, forwarding U ′2s signal to its destination is
expressed as:

RMAC2
= C

(
|hRg1|2PRg1 + |hRh1|2PRh1

+2ρ1|hRg1||hRh1|
√
PRg1PRh1

)
.

(33)

Further, we remind that the rates during the BC phase,
as derived in the previous Subsection, do not change.

In this case, an iterative power allocation algorithm
is characterized instead of solving a set of equations
to get a suboptimal solution, as in the previous Sub-
section. Here, an algorithm is characterized to allocate
the total power among all nodes such that the sum rate
RT is maximized under fairness constraint.

Algorithm 1 Iterative Power Optimizations.
1: Initializations: Based on the channel gains,

select P1 and P2 such that RBC1 = RBC2 .
2: Select PRg2 and PRh2 such that RBC1

= RMAC1
.

3: Can we find PRg1 and PRh1 such that
RBC2

= RMAC2
, PRg

= PRg1 + PRg2,
and PRh

= PRh1 + PRh2,
3.1: If yes, then go to step 4.
3.2: If no, then go to step 1.

4: Save this solution as R∗T .
Can we find another set of values to get
higher than R∗T

4.1: If yes, then go to step 1.
4.2: If no, then go to step 5.

5: Save R∗T
6: Stop

Remark 1. The following points should be considered
when Alg. 1 is implemented.

• In allocating P1 and P2, the user which has less
channel gains with the relays is given more power
such that RBC1

= RBC2
is obtained.

• In allocating PRg2 and PRh2, the relay which has
higher channel gain with the desired destination is
given more power than the other relay.

c© 2016 ADVANCES IN ELECTRICAL AND ELECTRONIC ENGINEERING 283



INFORMATION AND COMMUNICATION TECHNOLOGIES AND SERVICES VOLUME: 14 | NUMBER: 3 | 2016 | SEPTEMBER

5. Numerical Results

This Section presents some numerical examples to show
the importance of our theoretical part. Basically, two
examples are presented (i) to show the relation between
the achievable rate of a given user and number of relays,
(ii) to compare between the two developed encoding
schemes, and (iii) to compare between the two studied
power allocation techniques.

Figure 5 shows the achievable rate of U1 as a func-
tion of the number of used relays. In this numerical
example, the following parameters h1Ri

= 2, P1 = 100,
and PRi

= 100
L , where i ∈ [1, L] are used. It clearly

shows that the achievable rate increases as the num-
ber of relays is so increased. In addition, as number of
relays increases beyond a given value such as L = 10,
the achievable rate marginally increases. Further, as
the channel gain hRi2 increases so does the achievable
rate.

Fig. 5: Achievable rate of U1 vs. number of used relays for
different values of hRi2.

Figure 6 shows the achievable rate region of the
TWRC in three different cases. This is to compare be-
tween the considered (i) two optimization algorithms,
and (ii) two forwarding encoding mechanisms. In these
examples, h1Rh

= hRh1 = 2, h1Rg
= hRg1 = 1.2,

h2Rh
= hRh2 = 1.5, h2Rg

= hRg2 = 1.8, and PT = 200
are set. First, In MISO channel, this figure clearly
demonstrates that the iterative algorithm has achiev-
able rate higher than that obtained by employing the
non-optimal analytical solution. This is mainly be-
cause the iterative solution gives more chance to select
the right power for each node. Secondly, this figure also
shows that when the two relays form a MAC channel
has achievable region higher than that the MISO case.

Fig. 6: Comparison between the two encoding schemes.

6. Concluding Remarks

In this paper, the TWRC with multiple parallel re-
lays has been considered. The achievable rate region
has been derived in the case that the transmission is
carried over channels with different frequency bands.
In addition, the best relays, that can be used to for-
ward the signals, have been selected. To allocate the
right amount of power to every node, two optimiza-
tion problems were considered. Finally, some numer-
ical examples were drawn to show the importance of
our theoretical work.
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