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Abstract 

This article is focused on the widely spread theory of straight and curved beams rested on 

elastic (Winkler's) foundation. For solution of these problems of mechanics, the Finite Difference 

Method (i.e. Central Difference Method) can be applied. The basic information about finite 

differences and their application are explained. This article also mentioned a new research in 

nonlinear behaviour of elastic foundation. Practical examples (i.e. beams with constant or variable 

stiffness of foundation or nonlinear foundation) are explained and solved (Matlab software). 

Abstrakt 

Tento článek je zaměřen na široce rozšířenou teorii přímých a křivých nosníků ležících na 

pružném (Winklerově) podkladu. Pro řešení těchto úloh mechaniky, může být použita metoda 

konečných diferencí (tj. metoda centrálních diferencí). Základní informace o konečných diferencích a 

jejich aplikacích jsou vysvětleny. Tento článek také zmiňuje nový výzkum v oblasti nelineárního 

chování pružného podloží. Praktické příklady (tj. nosníky s konstantní nebo proměnlivou tuhostí 

podloží nebo nelineárním podložím) jsou vysvětleny a řešeny (program Matlab). 

Keywords 

elastic foundation, straight beams, curved beams, Central Difference Method, applications, 

linearity, nonlinearity, Matlab 

 1 INTRODUCTION (THEORY OF BEAMS ON ELASTIC FOUNDATION) 

The basic analysis of bending of beams on an elastic foundation, see references [1] to [5] and 

[7], is developed on the assumption that the strains are small. 

In this context, an elastic foundation is defined as a support which is continuously or 

discontinuously distributed along the length of the beam. The reaction force   //Nmqq 1

RR

 x  

distributed in a foundation is directly proportional to the deflection /m/)(xvv   of a straight beam, 

see Fig. 1, or proportional to the radial displacement /m/)(RR uu   of a curved beam, see Fig. 2. 
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This article is focused on the solution of the straight and curved beams on elastic foundation, 

see Fig. 1 and 2, which leads to the solution of linear or nonlinear differential equations via Finite 

Difference Method (i.e. Central Difference Method). 

This article also mentioned a new research in nonlinear behaviour of elastic foundation. 

 

Fig. 1 Element of a straight beam on elastic foundation 

 

         

Fig. 2 Example of a curved beam on elastic foundation and its element 

 2 DIFFERENTIAL EQUATION FOR STRAIGHT BEAMS RESTED ON 

ELASTIC FOUNDATION 

The bending of straight beams on elastic foundations, see Fig. 1, can be described by ordinary 

linear differential equation 
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where E /Pa/ is modulus of elasticity of the beam, 
ZTJ  /m

4
/ is the major principal second moment of 

area A /m
2
/ of the beam cross-section, /1/  is shear deflection constant of the beam, G /Pa/ is shear 

modulus of the beam, N /N/ is normal force,   //Nmqq 1 x  is distributed load (intensity of force), 

m /N/ is distributed couple (intensity of moment), /deg/ 1

t

  is coefficient of thermal expansion of 

the beam, h /m/ is depth of the beam and /deg/tt 12   is transversal temperature increasing in the 

beam. Equation (1) is derived for the situations when input parameters E, 
ZTJ , N,  , G, A, 

t  and h 

are constant. For more information about the derivation of eq. (1), see references [1] to [7]. 

From the Winkler's (linear) theory, see references [1] to [5] and [7], is evident that 

 Kvkv bqR          (2) 

where functions:   /Pa/xkk   is stiffness of the foundation and   //Nm 3 xKK  is modulus of 

the foundation which can be expressed as functions of variable x /m/ (i.e. longitudinal changes in the 

foundation) and b /m/ is width of the beam, see Fig. 1 and 3. 

 

Fig. 3 Solved straight beam is divided into nodes "i" 

Hence, from eq. (1) and (2) follows 

    
2

12

2

t

2

2

2

2

2

2

4

4 tt

h

q
q

1

dx

d

dx

d

GAdx

dm

EJEJ

kv

dx

kvd

GAdx

vd

EJ

N

dx

vd

ZTZTZT













     (3) 

In the most situations, the influences of shearing force, temperature and intensity of moment 

can be neglected (or the beam is not exposed to them). Hence, from eq. (3) follows simple form 
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 3 DIFFERENTIAL EQUATION FOR CURVED BEAMS ON ELASTIC 

FOUNDATION 

The bending of curved beams on elastic foundations, see chapter 1 and Fig. 2, can be 

described by ordinary linear differential equation 
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Where: R /m/ is radius of the beam,  /rad/ is angle variable and parameter  /1/ is given by equation 

 

ZT

4

1
JE

Rk
  .       (6) 

From the Winkler's theory, see references [1] to [5], is evident that 

 
RR Kuku bqR  .        (7) 

 4 FINITE DIFFERENCES 

Let us divide beam (for example straight beam) into nodes "i" equally spaced (with step 

/m/Δ ) along its length, see Fig. 3 (unloaded beam) and Fig. 4 (loaded beam). 

 

Fig. 4 Solved straight beam is divided into nodes "i" 

Deflection curve v = v(x) of a straight beam is approximated by polygon curve, see Fig. 5. 

 
Fig. 5 Approximation of the deflections by polygon curve and approximation of first derivative 

Finite differences can be defined as an approximation of derivatives. Hence, for the value of 

first derivative, three types of differences can be defined according to Fig. 5: 

 Backward difference at the point "i" 
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 Central difference at the point "i" 
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In some references (for example [7] and [11]) are symbols "i-", "i+" noted as "i-½" and "i+½". 

Central differences (CD) are more accurate, therefore they will be applied in the following 

text. Similarly, the higher derivatives (at the point "i") can be approximated by the central derivatives 

as 
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Similarly, for a curved beams (i.e. approximations for derivatives of function )(RR uu  ), 

can be derived CD formulas by substitution of variables (for example 
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 5 CENTRAL DIFFERENCE METHOD (CDM) FOR STRAIGHT BEAMS 

(EXAMPLE 1) 

According the Central Difference Method (CDM), the differential equations (4) for straight 

beams can be approximated at the general point "i" (see eq. (11) and (13)) as 
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.       (16) 

where 
ik  and 

iq  are stiffness of the foundation and distributed load at the point "i". 

Equation (16) can be written for all nodes n,,2,1,0i   (i.e. set of n+1 linear equations 

following from the discretization of eq. (4)). This set of equations, together with four discretized 

boundary conditons, lead to the solution of system of n+5 linear equations. Hence, values of 
iv  at 

each node "i" (i.e. values of n+5 deflections) can be received, see also reference [3] and [9]. 

Note: if step 0Δ  (i.e. n ) then numerical solution converge to exact solution. 

Some solved examples are presented in reference [3], see Fig. 5 to 8, and reference [8] (The 

beam of length L /m/ is rested on elastic foundation with constant stiffness of foundation k. The beam 

is loaded by a couple M /Nm/. This beam is not loaded by distributed load, i.e. q =0 Nm
-1

). 
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Fig. 5 Example solved in reference [3] (straight beam on elastic foundation loaded by couple M) 

According to the theory, two boundary conditions can be written at the point x = 0 m 
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and two boundary conditions at the point x = L 
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where Mo /Nm/ is bending moment and T /N/ is shearing force. 

Let the length L of the beam is divided into n parts with equal steps 
n

LΔ , see Fig. 5, 

where node "0" is at the distance x = 0 m and node "n" is at the distance x = L. 

Because q =0 Nm
-1

, the eq. (16) can be written in the form 
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According to eq. (11) and (12) and Fig. 5, the boundary conditions (17) to (18) can be 

approximated via central differences as: 

 

 

 
































0220
2

220

020
20

21123

2112

3

3

1012

101

2

2

vvvv
Δ

vvvv

dx

xvd

vvv
Δ

vvv

dx

xvd

,         (20) 

 

 

 
































0220
2

22L

M
2

M2L

2n1n1n2n3

2n1n1n2n

3

3

2

1nn1n2

1nn1n

2

2

vvvv
Δ

vvvv

dx

xvd

EJ

Δ
vvv

EJΔ

vvv

dx

xvd

ZTZT  .   (21) 

Expressions (19), (20) and (21) lead to a set of n+5 linear equations with sparse matrix, see 

Fig. 6 (i.e. solution for n = 5 elements) and Fig. 7 (i.e. solution for n = 50 elements). Hence, the 
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values of deflection 
iv  at each node can be calculated (i.e. 

2v , 
1v , 

0v , 
1v , 

2v , 
3v , ... , 

3nv , 
2nv , 

nv , 

1nv , 
2nv ). 

 

Fig. 6 Example solved in reference [3] and Fig. 5 (sparsity patterns of matrices in CDM, number of 

elements n = 5) 

 

Fig. 7 Example solved in reference [3] and Fig. 5 (sparsity patterns of matrices in CDM, number of 

elements n = 50) 
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Deflections at fictitious nodes -2, -1, n+1, and n+2 (i.e. 
2v , 

1v , 
1nv  and 

2nv ) are defined out 

of the range of the beam (see Fig. 5), therefore they do not have physical meaning. However, these 

nodes are important for the solution. 

Numerical solutions were performed by Matlab software (function BEAM_MOMENT), see 

Fig. 8 and Tab. 1. 

 

Fig. 8 Example solved in reference [3] and Fig. 5 (deflection of the beam, numerical and analytical 

approaches) 

Analytical solution (i.e. exact solution) is compared with solutions acquired via CDM in 

Fig. 8 (example: calculated for inputs L = 5 m, E = 2×10
11

 Pa, 
ZTJ  = 2×10

−3
 m

4
, k = 2×10

7
 Pa, 

M = 10
5
 Nm, Matlab software). 
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Tab. 1 Example solved in reference [3] and Fig. 5 (programming, Matlab software) 

function BEAM_MOMENT(n,L,E,Jzt,k,M) 

% n ... Number of divisions (i.e. number of elements) of the beam 

/1/ 

% L   ..Length of the beam /m/ 

% E   ..Modulus of elasticity /Pa/ 

% Jzt ..Major principal second moment of area /m4/ 

% k   ..Stiffness of the foundation /Pa/ 

% M   ..External moment /Nm/ 

% EXACT SOLUTION v /m/ (see ref. [1] and [3]): 

omg=(0.25*k/(E*Jzt))^0.25; 

B=(M*omg^2*exp(-omg*L))/(k*(cosh(2*omg*L)+cos(2*omg*L)-2)); 

A1=B*(exp(2*omg*L)*(cos(omg*L)-sin(omg*L))+3*sin(omg*L)-cos(omg*L)); 

A2=B*(exp(2*omg*L)*(cos(omg*L)+sin(omg*L))+sin(omg*L)-cos(omg*L)); 

A3=B*(-exp(2*omg*L)*(cos(omg*L)+3*sin(omg*L))+sin(omg*L)+cos(omg*L)); 

x=0:0.01:L; 

v=(A1*exp(omg*x)+A3*exp(-

omg*x)).*cos(omg*x)+2*A2*cosh(omg*x).*sin(omg*x); 

% CENTRAL DIFFERENCE METHOD (CDM)): 

h=L/n; % Length of step (distance between nodes) /m/ 

xn=(-2*h):h:(L+2*h); % coordinates (for numerical solution) 

for i=1:n+5 

    for j=1:n+5 

        V(i,j)=0; 

    end 

end 

for i=1:n+1 

    V(i,i)=1;     V(i,i+1)=-4;  V(i,i+2)=6+(k*h^4)/(E*Jzt); 

    V(i,i+3)=-4;  V(i,i+4)=1;   RightSide(i)=0; 

end 

% CDM (boundary conditions): 

V(n+2,2)=1;    V(n+2,3)=-2;   V(n+2,4)=1; 

V(n+3,1)=-1;   V(n+3,2)=2;    V(n+3,4)=-2;   V(n+3,5)=1; 

V(n+4,n+2)=1;  V(n+4,n+3)=-2; V(n+4,n+4)=1; 

V(n+5,n+1)=-1; V(n+5,n+2)=2;  V(n+5,n+4)=-2; V(n+5,n+5)=1; 

RightSide(n+2)=0;               RightSide(n+3)=0; 

RightSide(n+4)=(M*h^2)/(E*Jzt); RightSide(n+5)=0; 

% CDM (displacement calculation vn /m/): 

vn=inv(V)*RightSide'; 

% CMD (deleting of fictitious nodes): 

xn=xn(3:n+3);  vn=v(3:n+3); vn=vn(3:n+3); 

% FIGURE (exact and CDM displacement): 

clf, hold on, 

plot(x,v,'r'), plot(xn,vn) 

hold off 
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 6 CENTRAL DIFFERENCE METHOD (CDM) FOR CURVED BEAMS 

According the CDM, the differential equations (5) for curved beams can be approximated at 

the general point "i" (see modified eq. (12) and (14)) as 
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  are stiffness of the foundation, parameter and 

first derivative of distributed load at the point "i". 

Equation (22) can be written for all nodes n,,2,1,0i   (i.e. set of n+1 linear equations 

following from the discretization of eq. (5)). This set of equations, together with four discretized 

beam boundary conditons and two boundary conditions for normal forces , lead to the solution of 

system of n+7 linear equations. Hence, values of 
iRu  at each node "i" (i.e. values of n+7 deflections) 

can be received, see also reference [3]. 

Note: if step 0Δ  (i.e. n ) then numerical solution converge to exact solution. 

 7 BEAM ON ELASTIC FOUNDATION WITH VARIABLE STIFFNESS OF 

FOUNDATION (EXAMPLE 2) 

Beam of length L /m/ is rested on elastic foundation with a variable stiffness of foundation 

     





 bx
kkk

xkk sin
2

k  

2

  MINMAXMINMAX .        (23) 

where 
MAXk  and /Pa/MINk  are maximum and minimum values of stiffness of foundation, //m 1b  

and /rad/  are parameters of variability of the stiffness. The beam is exposed to force F /N/ and 

constant distributed load 
0qq  , see Fig. 9 and some results in Fig. 10. 

 

Fig. 9 Example 2 (beam on elastic foundation loaded by force F and distributed loading q) 
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Fig. 10 Example 2 (deflection of the beam, numerical approach) 

 For more information, see reference [8]. 

 8 BEAM ON NONLINEAR ELASTIC FOUNDATION (EXAMPLE 3) 

Beam of length L /m/ with rectangular cross-section hb  is resting on elastic foundation. 

The beam is loaded by force F = 10
5
 N, see Fig. 11. Material and cross-sectional properties are 

E = 2×10
11

 Pa, 43
33

m101.066667
12

0.40.2
12

hb 


ZTJ  and linear/nonlinear properties 

of foundation properties (i.e. 1k  and 
3k ) are described in Fig. 12 and Tab. 2. 

 

 

Fig. 11 Example 3 - Beam of length 2L is resting on elastic linear/nonlinear foundation and loaded by 

force F. 

 

Hence, general form of governing equation is given by nonlinear differential equation 
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Fig. 12 Dependence of reaction force in foundation (experiment and its linear and nonlinear 

approximations) 

 

Tab. 2 Experiments and its linear and nonlinear approximations for reaction forces in foundation. 

Description: Expression, see Fig. 12: 

Experiments 
E

Rq , measurements – average values 
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Finally, set of nonlinear equations was solved via Newton-Raphson Method, see some results 

in Fig. 13 and 14. 

 

 
Fig. 13 Dependence of maximal values of displacement on length L of the beam 

 

 
Fig. 14 Dependence of maximal bending moments on length L of the beam 

 

For more information see reference [12]. 

  CONCLUSIONS 

This article shows derivations and way of application of the Central Difference Method 

(CDM) as a numerical method suitable for the solution of the straight or curved beams on elastic 

foundation. For more information about applications of CDM, see [3], [7], [8], [9], [11] and [12]. 

CDM seems to be a good alternative to widely spread Finite Element Method. 

Three examples of beams on elastic linear and nonlinear elastic foundation was solved and 

presented. 

Another ways of the solutions and applications of structures on elastic foundation are 

presented in [1] to [10] and [12]. 
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