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We study the properties of a D6-brane probe in the Aharony-Bergman-Jafferis-Maldacena (ABJM)
background with smeared massless dynamical quarks in the Veneziano limit. Working at zero temperature
and nonvanishing charge density, we show that the system undergoes a quantum phase transition in which the
topology of the brane embedding changes from a black hole to a Minkowski embedding. In the unflavored
background the phase transition is of second order and takes place when the charge density vanishes. We
determine the corresponding critical exponents and show that the scaling behavior near the quantum critical
point has multiplicative logarithmic corrections. In the background with dynamical quarks the phase
transition is of first order and occurs at nonzero charge density. In this case we compute the discontinuity of
several physical quantities as functions of the number N of unquenched quarks of the background.
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I. INTRODUCTION

Quantum phase transitions are transitions that happen at
zero temperature and that are induced by quantum fluctua-
tions. They occur when some control parameters are varied
and tuned to critical values, at which the ground state of the
system undergoes a macroscopic rearrangement and the
energy levels develop a nonanalytic behavior on these
parameters. Although the quantum phase transitions occur
at zero temperature, they determine the behavior of the
system at low temperature in the so-called quantum critical
regime, which is a region of the phase diagram surrounding
the quantum critical point (see, e.g., [1,2] for reviews).

Strong coupling is a natal environment, where one
expects quantum phase transitions. Therefore, a natural
question is whether holography could be useful to search
and characterize new types of quantum critical matter.
Indeed, it is extremely important to develop new theoretical
models which could shed light on the nature of quantum
criticality and could serve to establish new paradigms to
describe these phenomena.

In recent years different holographic models displaying
quantum phase transitions have been studied in the liter-
ature (see, for example, [3—10]). We are especially inter-
ested in top-down models, for which the field theory dual is
clearly identified. In particular, we will deal with probe
flavor D-branes in a gravitational background that corre-
sponds, in the field theory side, to adding fields on the
fundamental representation of the gauge group which act as
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charge carriers. When N, flavor D-branes are added to a
geometry generated by N color branes with Ny < N, we
can use the probe approximation and neglect the back-
reaction of the flavor branes on the geometry. This
precludes the fundamentals being dynamical, and they
are treated as quenched in the field theory.

The world volume dynamics of the flavor branes is
governed by an action which has two pieces. The first one
is the standard Dirac-Born-Infeld (DBI) action, which
contains a gauge field. The other one is the Wess-
Zumino (WZ) action which couples the brane to the
Ramond-Ramond potentials of the background. The effects
from the latter typically lead to far reaching consequences.
In this probe brane setup it is rather simple to generate a
configuration dual to a compressible state with nonzero
charge density [11-15]. Indeed, the charge density is dual
to a radial electric field on the world volume. When the
density is nonvanishing all consistent embeddings reach the
horizon, i.e., are black hole embeddings, whereas at zero
density there could also be Minkowski embeddings which
always stay outside the horizon." It was shown in [3] for the
D3-D7 and D3-D5 systems that a quantum phase tran-
sition takes place at zero temperature at the point where the
charge density vanishes, which corresponds to the chemical
potential being equal to the quark mass. This phase
transition is of second order and is realized in the holo-
graphic dual as a topology change of the embedding (from
the black hole to Minkowski). In [18] the critical exponents
of the transition were found, corresponding to a non-
relativistic scale invariant field theory with hyperscaling

'Suitable WZ terms would allow regular Minkowski embed-
dings even at nonzero charge density [16,17].
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violation. These results were generalized in [19] to generic
Dp —D(p +4) and Dp — D(p + 2) intersections.

Our aim is to study the quantum phase transitions of
brane probes in the gravity dual of the ABJM Chern-
Simons matter theory, especially in the Veneziano limit.
This is an U(N) x U(N) Chern-Simons gauge theory in
2 + 1 dimensions with levels (k, —k) and bifundamental
fields transforming in the (N, N) and (N, N) representations
of the gauge group. This theory was proposed in [20] as the
low energy theory of N coincident M2-branes at a C*/Z,
singularity. When N and k are large, the theory admits a
supergravity description in the ten-dimensional type IIA
theory. The corresponding geometry is of the form
AdS, x CP? with fluxes (see [21-24] for reviews of several
aspects of the ABJM model).

The flavors in the ABJM theory are fields transforming
in the fundamental representations (N, 1) and (1, N) of
the gauge group. In the holographic dual these flavors are
introduced by means of D6-branes extended in AdS, and
wrapping an RP? cycle inside the CP? internal manifold
[25,26]. In the probe approximation these holographic
quarks have been studied in [27-31]. Moreover, by using
the smearing technique when N/ is large, one can obtain
simple analytic geometries encoding the effects of dynami-
cal quarks in holography (see [32] for a review of this
general method).

In general, in order to obtain the gravity dual of a field
theory with unquenched flavor, one has to solve the
equations of motion of supergravity with brane sources.
If the flavor branes are localized, the sources have Dirac
o-functions and the problem of solving the equations of
motion is extremely difficult. In the smearing approach this
difficulty is overcome by considering a continuous distri-
bution of flavor branes in the internal space. In many cases
this simplification allows one to find simple solutions of
the equations of motion of the gravity-plus-branes system.
The price one has to pay for this simplification is the
modification of the field theory dual. First of all, the
amount of supersymmetry preserved by the smearing
background is less than the one preserved by the localized
setup. Moreover, the smeared flavor branes are not coinci-
dent, and, therefore, the flavor symmetry for N, flavors
is U(1)"s rather than U(N,). Finally, the fact that we are
superimposing branes with different orientations implies
that we are modifying the R-symmetry of the theory.

The geometry generated by the backreaction of massless
flavors in ABJM has been obtained in [33] at zero
temperature and generalized in [34] to nonvanishing
temperature. The backreaction affects the ABJM geometry
rather mildly since the metric differs from the unflavored
one by constant squashing factors which depend on N . For
massive quarks this construction was carried out in [35]
(see also [36]), leading to bigger modifications of the
background geometry. In the case of the ABJM model with
massless flavors, the backreacted geometry is of the form
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AdS, x Mg, where Mg is a squashed deformation of CP?.
Since the massless flavored metric continues to have an
anti—de Sitter factor, it is straightforward to find its finite
temperature deformation by simply including a blackening
factor in the anti—de Sitter part, without modifying the
internal metric. This is a particular simplification of the
ABIJIM model which does not occur in other theories (see
[37] for the analysis of the D3—D7 black hole background).
In [34] it was checked that the nonzero temperature
flavored ABJM background gives rise to a consistent
thermodynamics and passes some highly nontrivial con-
sistency tests.

In this paper we probe the ABJM background (with and
without massless dynamical quarks included) with a flavor
D6-brane corresponding to a massive quark. We study the
dynamics of this probe at zero temperature and nonvanish-
ing charge density. This dynamics is governed by the
DBI action, with the WZ term playing a fundamental role.
We are interested in the phase structure of the system as the
charge density is varied and, in particular, in analyzing
the phase transition that occurs when the charge density
is small.

We first study the probe in the unflavored ABJM
background. Working at zero temperature, we find a
continuous quantum phase transition at the point where
the charge density vanishes. This transition is similar to the
one that happens in the Dp — Dg systems in [18,19] and
corresponds to passing from a black hole to a Minkowski
embedding. However, the scaling behavior of the probe
near the critical point differs from the ones found in [18,19].
Indeed, we find that the corresponding critical exponents
are different and, in addition, our system displays multi-
plicative logarithmic corrections to the scaling behavior.

We also study the effects due to the presence of
unquenched dynamical quarks in the background. In
general, the inclusion of the flavor backreaction in holog-
raphy is quite challenging. However, in the ABJM model
the deformation of the geometry due to massless flavors
seems quite mild, and this gives us a unique opportunity to
explore the different flavor effects. What we found below is
that the influence on the phase transition of the unquenched
case is not so moderate as their effects of the geometry
could suggest. Indeed, we show below that the flavored
black hole to Minkowski phase transition occurs at nonzero
density and, moreover, it is of first order. The phase
diagram at zero temperature is summarized in Fig. 1.
We have been able to compute several quantities character-
izing this discontinuous transition, such as its latent heat
and the speed of sound close to the transition point.

The rest of this paper is organized as follows. In Sec. 1I
we review the ABJM background with unquenched flavor.
In Sec. III we study the embeddings of flavor D6-branes, at
both zero and nonzero temperature. Section IV is devoted to
the analysis of the zero temperature thermodynamics and
to the exploration of the quantum phase transitions in the
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FIG. 1. The phase diagram of the unquenched ABJM model at
zero temperature separates two different domains. At high
enough chemical potential to quark mass ratios, the system is
in the so-called black hole phase, which corresponds to a metallic
behavior. The lower domain stands for the Minkowski phase,
where the system is gapped to charged excitations and resembles
an insulating phase. The two domains are separated by a curve of
first order phase transitions, whose location depends on the
amount of flavor in the background € o« N [see (2.5)] for a given
chemical potential. The curve ends at the second order critical
point in the quenched limit N; — 0. Interestingly, the corre-
sponding critical exponents characterizing the continuous phase
transition exhibit multiplicative logarithmic corrections.

unflavored and flavored cases. In Sec. V we determine the
charge susceptibility and diffusion constants at nonzero
temperature. In Sec. VI we analyze the fluctuations of the
probe and, in particular, we calculate the speed of its zero
sound mode. In Sec. VII we summarize our results and
discuss possible future research directions. The paper is
completed with two appendixes. In Appendix A we give
further details of the flavored background and of the
embeddings of the probes. Finally, in Appendix B we
carry out in detail the analysis of the fluctuations of the
D6-brane.

II. THE FLAVORED ABJM BACKGROUND

Let us review the geometry of the ABJM model with
smeared massless flavors at nonzero temperature [33,34].
Further details are provided in Appendix A. The
ten-dimensional metric, in string frame, has the form

ds* = L*dsgy, + dsg, (2.1)
where L is constant (the radius of curvature), ds% , 18 the
metric of a black hole in four-dimensional anti—de Sitter,
given by

dr?

ds%m = —r?h(r)dt* + 2h(r)

+[dx* + dy?], (2.2)
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and dsé is the metric of the compact six-dimensional
manifold. In (2.2) the function A(r) is the blackening factor,

(2.3)

where r), is the horizon radius, which is proportional to the
temperature as T = 3r;,/4x. The six-dimensional internal
metric ds? in (2.1) can be written as an S?>-bundle over S*.
If dsé4 is the standard metric of the unit round S* and 7’
(i=1,2,3), with }_,(z/)> = 1, are the components of a
unit three-vector which parametrize a unit two-sphere, then
the line element ds? is

dsg = — [qdsz. + (dz' + €7FATZ4)?). (2.4)
Here A’ are the components of the non-Abelian one-form
connection corresponding to an SU(2) instanton in $*, and
b and g are constant squashing factors which depend on the
numbers of flavors and colors (N, and N) and on the
Chern-Simons level k through the combination,

3N, 3N
A 2.
k 4N (23)

€

The factor 3/4 is introduced for convenience. In the last
step we have introduced the "t Hooft coupling A = N/k. In
terms of the deformation parameter &, the squashing factors
q and b are

3
= —A—2

q=3+3¢ 16
_ 2q

= (2.6)

Notice that in the unflavored ABJM background é = 0 and
b = g = 1. In this case the internal metric (2.4) becomes
the canonical Fubini-Study metric of CP? with radius 2L in
the so-called twistor representation, and (2.1) is the line
element of the ABJM model at a nonzero temperature
without flavors. The backreaction of the delocalized
D6-brane sources deforms the internal metric by squashing
the CP3 relative to the AdS,, and deforms internally the
CP3, preserving the S* — S? split. These flavor deforma-
tions are encoded in the g and b parameters. As functions of
€, g, and b are monotonically increasing functions, which
approach the values ¢ — 5/3 and b — 5/4 as &€ - oo.
Moreover, the AdS, radius L also depends on ¢ as

(4 —3b)(2 - b)b®
ol ”m\/z(b “D(1+6)+b

(2.7)

Notice that > = z1/24 in the unflavored geometry, which
means that the flavor effects on L are contained in the
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second square root in (2.7). The complete solution of
type IIA supergravity with sources is endowed with
Ramond-Ramond (RR) two- and four-forms F, and Fy,
as well as with a constant dilaton ¢ (whose value depends
on N, Ny, and k). Their explicit expressions are given in
Appendix A.

III. PROBES ON THE FLAVORED ABJM

We are interested in analyzing the behavior of a flavor
D6-brane probe in the background described in Sec. II. This
flavor brane is extended along the AdS, coordinates (x*, r)
and wraps a compact three-dimensional submanifold of the
internal space. The precise embedding of this submanifold
in the flavored squashed CP? can be found in Appendix A.
The induced metric on the world volume of the flavor
D6-brane is

ds% 5 ) ) ) 1 1 r2g? )
= r*[=h(r)dt* + dx* + dy? +r2 h(r)+ x dr

1
+ [gda? + gsin? a df? + sin? O(dy + cos adp)?],
(3.1)

where a, 5, and y are angles taking values in the ranges
0<a<mn0<p,w<2randf = 0(r) is an angle which
determines the profile of the probe brane. We want to deal
with a system with nonzero baryonic charge density.
Therefore, we should have a nonzero value of the tr
component of the world volume gauge field strength
F = dA. Accordingly, we will adopt the following ansatz:

0=09(r), A= L?A,(r)dt. (3.2)
The D6-brane probe is governed by the standard
DBI + WZ action,

S — SDBI + SWZ’ (33)
where Sppy and Sy are given by
SDBI = _TD6/ d7Z:e_‘/’ - det(g + F)
My
~ ~ 1.
SWZ_TDG/ (C7+C5/\F+—C3/\F/\F
M, 2
1.
+6C1/\F/\F/\F>. (3.4)

In (3.4) g is the induced metric on the world volume, and
the C »’s are the pullbacks of the different RR potentials
of the background. In the flavored ABJM background
dF, # 0, and, therefore, the RR potential C; is not well
defined. In this unquenched case one should work directly
with the equations of motion of the probe derived from S,
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which contain the RR field strengths ¥, (and do not contain
the potentials) (see [36]). Nevertheless, to determine the
embedding corresponding to the ansatz (3.2), only the term
with C; in (3.4) is relevant (the explicit expression of C;
can be found in [33,34]).

We will use the following system of world volume
coordinates {* = (x*, r, a, 5, ). After integrating over the
internal coordinates, we can write the action in the form

S = /d3xdr£, (3.5)

where L is the Lagrangian density of the probe, given by

L=-NP sine[\/zﬂ(l _A) + 2h6?

— bsing — rcos 99'] (3.6)

Here and in the following the prime denotes differentiation
with respect to r. In (3.6) A is a constant given by

872 LT pee™?
— 3 4

N = x

(3.7)

In the Lagrangian (3.6) the variable A, is cyclic, and its
equation of motion can be integrated once as

A .y
V1 - AP+ 5 he?

where d is a constant, which is proportional to the charge
density. This equation can be inverted to give

r2sin@

(3.8)

A=

d Vb* + r*h6” (39)
i .

V& + risin?0’

According to the standard AdS/CFT dictionary the chemi-
cal potential y is identified with the value of A, at the UV,

u=A,(r—- ). (3.10)
For a black hole embedding one can write an expression for
A, as an integral over the radial variable r. Indeed, in this
case we integrate (3.9) with the condition A,(r = r;,) =0,
namely,

oA /b2 ~2h0/2
Ay = [T TR0 (3.11)
b Jr, Vd* + #sin?0

Then, it follows that the chemical potential u for a black
hole embedding is
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FIG. 2. We sketch the three possible embeddings available in
the model at nonzero chemical potentials at nonvanishing mass
parameter at zero temperature. The leftmost profile corresponds
to Minkowski embeddings, where the D6-brane does not enter
the Poincaré horizon, displayed as the black dot. The middle
profile corresponds to that of a black hole embedding penetrating
the horizon, while the rightmost profile stands for D6-anti-D6-
brane embeddings. This figure is adapted from the one in [3], in
the context of a D3-D7 model, where a clean flat space
interpretation can be given.

d [ \Vb*+ r*hd? d
= _——dr.
=0 r Vd* + r*sin®6

Let us now write the equation of motion for 8(r),

5, [ rhsin@ 6’]

V1 —A? + 5 ho?

—brtcosf

(3.12)

(3-2b)sinf+ b =

=0. (3.13)

2
1-A2 42 WZ]

Using (3.9) to eliminate A}, we can rewrite (3.13) as

5 [r2h\/ >+ r4sin299,]
"L VBt e

— r%os@sin@[i& —2b+

AV T PR
Vd? + r*sin®6
(3.14)

Equation (3.14) must be solved numerically, except in
the case of vanishing temperature and density, where an
analytic supersymmetric solution is available [33]. All
solutions of (3.14) reach the UV with an angle which
approaches asymptotically the value 6 = z/2. Actually, for
large r the deviation of # with respect to this asymptotic
value can be represented as

b m c
5_6<r)Nr_b+E+.”’ (315)
where b is the constant (depending on the flavor deforma-
tion parameter €) defined in (2.6) and m and ¢ are constants
related to the quark mass and the condensate, respectively.
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The precise holographic dictionary for our probes has been
worked out in [34]. For our purposes it is sufficient to recall
that the physical quark mass m, is proportional to m.
This nontrivial exponent is related to the anomalous mass
dimension y,, = b — 1, which enters in the (holographic)
Callan-Zymanzik equation [38].

The different solutions of (3.14) are obtained by impos-
ing suitable boundary conditions at the IR. We will study
them in the next two subsections, starting with the
embeddings at zero temperature. There are three different
kinds of embeddings, sketched in Fig. 2. They are intro-
duced one by one in the following subsection.

A. Embeddings at zero temperature

Let us now consider Eq. (3.14) for T =0 (i.e., for
h = 1). One can verify by numerical integration that (3.14)
admits a family of solutions in which the embeddings reach
the origin » =0 at any given value of 6, = 6(r =0),
quantities which we shall denote as initial angles. These
solutions are called black hole embeddings as they are
continuously connected with their 7 # 0 counterparts.
Actually, one can solve (3.14) for ~ = 1 in a power series
expansion near r = 0 as

sinf cos b ,

0(r) =60y + b(3 —2b) 6d

(3.16)
These solutions can be found numerically by imposing the
initial conditions O(r =0) =6, and €& (r=0)=0.
The mass parameter m of the embedding (determined by
the value of 7” cos @ at r — co) is related to the initial angle
0y. Given the embedding, the chemical potential can be
obtained by evaluating the integral (3.12). When 6, — /2,
the mass approaches zero. In fact, the whole embedding
becomes trivial with constant angle. When 6, — 0, on the
other hand, the embedding becomes increasingly spiky and
the corresponding chemical potential approaches the value

limy = mb, 3.17
Jimgu = mo (3.17)
where the mass parameter is kept fixed.

We have verified the limit in (3.17) numerically. This
result can also be easily demonstrated analytically as
follows. Let us first introduce the Cartesian-like coordi-
nates (p, R), related to (@, r) as

R = rb cos 0, p =rbsing. (3.18)
In these coordinates the black hole embeddings start in the
IR at the origin R = p = 0 with a certain angle 6, with
respect to the R axis, and they end at the UV at R = m with
p — oo (see Fig. 4). If the initial angle 6, is very small, the
embeddings are very spiky and approach the maximal value
R = m very fast for very small values of the coordinate p.
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FIG. 3. We plot the chemical potential u as a function of the
density d for fixed quark mass. The continuous black curve
corresponds to the unflavored case (b = 1), the dashed curve is
for b = 1.1, while the dotted curve is for b = 1.25 (correspond-
ing to € — o). All curves are for m = 1. The continuous red
curve corresponds to the conformal D3-D5 system with massless

quarks, for which y = ydz, with y = aRl(1/4)

Instead of parametrizing the embedding as @ = 0(r), it is
more convenient in this situation to represent it as
p =p(R). It is then straightforward to demonstrate that
u is given by the integral

1+ (%2 o

d [m
/4:; 1 1
0 \/d2(p2—|—R2>1_5 +p2<p2 —|—R2)Z

(3.19)

For 6, — 0 the coordinate p is very close to zero except
when R =~ m, and we can approximate the integral (3.19) by
taking p ~ 0 in the integrand. We get

1 m 1 1
qu— Rh dR = mb,
b Jo

(3.20)

in agreement with (3.17). For a fixed value of the mass
parameter m, the limiting value (3.17) corresponds to
sending d — 0. Actually, the dependence of y on d for
fixed m can be obtained numerically by performing the
integral (3.12). The result is shown in Fig. 3, where we
notice an important difference between the unflavored and
flavored cases. Indeed, when N, = 0 the chemical potential
w1 grows monotonically with d, starting from its minimal
value y =m at d =0. When d is large, the chemical

potential grows as p d2, which is the behavior expected in
a conformal theory in 2 4+ 1 dimensions. On the contrary,
when the backreaction of the flavors is added, u decreases
for small values of d until it reaches a minimum at a
nonzero value of d, and then it grows and converges
eventually to the unflavored case. The presence of the
minimum in the g = u(d) curve means that the charge
susceptibility y = dd/0u diverges at d # 0, signaling a
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FIG. 4. We depict the profiles of the three possible types of
embeddings in the (p, R) coordinates defined in (3.18) at zero
temperature. The topmost curve corresponds to the Minkowski
embedding, while the middle curve entering in the Poincaré
horizon corresponds to the black hole embedding. The bottom
curve stands for one of the branches of the brane-antibrane
embeddings.

discontinuous phase transition at a nonzero density. We will
confirm this fact below.

The black hole embeddings considered above are not
the only possible ones. Indeed, there are also two other
configurations in which the brane does not reach the
r =0 origin. The so-called brane-antibrane embeddings
are characterized by the initial boundary conditions

T

0(ry) =

2 Ol =, (3.21)

where r( is the minimal value of r. In terms of the (p, R)
variables the brane is orthogonal to the p axis in the IR (at
p=py= rg , R = 0) and becomes parallel to the p axis as p
becomes large (see Fig. 4). Notice that dR/dp diverges at
p = po, which indicates that the brane has a turnaround
point where the brane jumps to a second branch.

A third class of configurations is the so-called
Minkowski embeddings, in which the brane reaches the
R axis at some nonzero value of R, as shown in Fig. 4.
Because of charge conservation these embeddings are
consistent only if the density d is zero. When this is the
case there are analytic solutions which preserve some
amount of supersymmetry [33]. In terms of the (r, 0)
variables, these embedding are

m

cosf(r) = oE (d=0). (3.22)

Equivalently R = m. Notice that in this case the minimal

value of r is rg = . Moreover, when d vanishes, it
follows from (3.9) that A} = 0 and, therefore, the gauge
field A, is an arbitrary constant, which equals the chemical
potential . Thus, the SUSY embeddings (3.22) correspond
to d = 0, with u being a free parameter.

Notice that, in this zero temperature case, the mass
parameter m can be scaled out by a suitable change of the
radial variable followed by some redefinitions. Indeed,
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from (3.15) we conclude that m can be taken to be one if

one changes variables from r to ¥ = r/m#. Then, it follows
from (3.12) that m can be eliminated from this last equation
if d and p are written in terms of the rescaled quantities d
and fi, defined as d = d/m% and g = ﬂ/mi.

In Sec. IV we will determine which of these three types
of embeddings at zero temperature is thermodynamically
favored. We will carry out this analysis by comparing
their thermodynamic potentials € in the grand canonical
ensemble.

B. Embeddings at finite temperature

As will become clear later, we need to extend some of
our analysis to small and nonzero temperatures. All three
types of embeddings, as discussed in the preceding section,
extend continuously to 7 # 0. However, as our main
motivation in this work are the quantum critical phenom-
ena, we will restrict our attention in the black hole phase.
Let us thus only consider the black hole embeddings at
nonzero temperature. These embeddings reach the horizon
r = r;, with some angle @ = 6,. Near r = r;, we can solve
(3.14) in powers of r —ry,. The first two terms in this
expansion are

O(r) =0y +0,(r—ry) + ... (3.23)

where the constant 6, is given by

cos Oy sin Op[br? + (3 — 2b)+\/d* + rysin’6,

0, =b
! 3(d? + rtsin6,)

(3.24)

To get the full 6(r) function we need to integrate numeri-
cally (3.14) with the initial condition at r = r,, given by
(3.24). Notice that (3.14) depends explicitly on r;, through
the blackening factor A. It turns out that the horizon radius
ry, can be scaled out by an appropriate change of variables
followed by a redefinition of the density d. Indeed, let us

define the reduced variable # and density d as
(3.25)

Then, it is readily verified that the embedding equation in
terms of 7 1is just (3.14) with r;, = 1 and d substituted by d.
Other quantities can be similarly rescaled. Indeed, let us
define i and m as

A M
o=

, =
I'n

(3.26)

b‘@' 3

It is straightforward to find an expression of j in terms of
the rescaled quantities
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;;.2
/ bR G dr. (3.27)

d2+r sin%6

Notice also that the ratio A /i does not depend on ry,

=
=

== (3.28)

1‘>| >

IV. ZERO TEMPERATURE THERMODYNAMICS
The zero-temperature grand canonical potential Q is
given by minus the on-shell action of the probe brane,

Q= (4.1)

_Son—sheH'
Notice that, as pointed out in [34], the on-shell action of our
ABJM system is finite and does not need to be regulated.
Indeed, the WZ term of the action serves as a regulator of
the DBI term, giving rise to consistent thermodynamics.
The explicit expression of Q at zero temperature is given by

o— N/ 2in {r sin 0v'b? + 120>
7o Vd* + r*sin®6

—bsinf — rcos 00’} dr. (4.2)

Other thermodynamic properties at 7 = 0 can be obtained
from (4.2). For example, the pressure P is just

P=-Q. (4.3)
Moreover, we can evaluate Q for the different embeddings
and determine the one that is favored at different values of
the chemical potential. One can verify by plugging (3.22) in
(4.2) that Q = 0 for the SUSY embeddings (3.22) which
have zero density d and arbitrary pu. In the case of the black
hole embeddings the situation varies greatly when the
backreaction is included. Indeed, for the unflavored back-
ground with » =1 the grand canonical potential of the
black hole embeddings is always negative and grows
monotonically as u decreases toward its minimal value
uN\um, where Q =0 and d = 0 (see Fig. 5, left). On the
contrary, in the flavored backgrounds with b > 1, the grand
canonical potential is negative for large values of u and
vanishes for some y = p,. which corresponds to a nonzero
density d = d,. (see Fig. 5, right). From this point on,
Q > 0, reaching a maximum positive value, which corre-
sponds to the minimum value of the chemical potential u.
It is at this point where the black hole embedding ceases to
exist as it annihilates with another (unstable) black hole
embedding. This latter black hole branch is the one which
connects with the Minkowski embeddings at larger u,
i.e., until the grand potential reaches the value Q = 0 when
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We plot the grand canonical potential Q as a function of the chemical potential u for the unflavored (left) and flavored (right)

models. The black (red) curve corresponds to the black hole (brane-antibrane) embedding. The supersymmetric Minkowski embeddings
Q(u) = 0 we have represented with a blue curve on the horizontal axis. The curves for the flavored model on the right have been

obtained for b = 1.25. All curves are with m = 1.

u= mb and d = 0. The grand canonical potential for the
brane-antibrane embeddings is always non-negative and

decreases monotonically as u grows (u < mb for these
embeddings). This structure in the (u, £2) plane is the well-
known swallowtail shape, typical of first-order phase
transitions.

From the numerical results displayed in Fig. 5 it is clear
that the black hole embeddings are thermodynamically
preferred for values of y such that their grand canonical
potential Q,, is negative. Moreover, when yu is such that
Q,;, > 0, the Minkowski embeddings (with d = Q = 0) are
preferred. Notice also that the brane-antibrane configura-
tions are always thermodynamically disfavored. Therefore,
at g = p. such that Q,,(u.) = 0 there is a black hole—
Minkowski embedding phase transition. In Fig. 5 we see
that the nature of this quantum phase transition for the
unflavored model is very different from that of the back-
reacted background. Indeed, in the quenched unflavored
case we have a continuous second order phase transition in
which the density d vanishes in both phases at the transition
point u. = m. In Sec. IVA we will study in detail this
quantum critical point, and we will characterize the scaling
of the different physical quantities near the transition.

In the unquenched flavored model the phase transition at
1 = p, is discontinuous since d jumps from a nonzero
value in the black hole phase to d = 0 in the Minkowski
phase. Therefore, we have a first-order phase transition, for
which we will determine the latent heat and other quantities
in Sec. IV B.

Once the grand canonical potential € is known, we can
determine other thermodynamic functions. Indeed, the
charge density p,;, is given by

0Q

== 4.4

By computing numerically the derivative in (4.4) at fixed
mass m, we have checked that p,;, is related to d as

pen =Nbd, (4.5)
where N is the normalization constant (3.7). Equation (4.5)
confirms our identification of the constant d. The energy
density € can be obtained as

More explicitly, after using (4.2), (3.12), and (4.5), we have
the following integral expression for e:

€= ./\//oo [\/b2 1+ 202/ + rsin’0
)

— brsin%0 — 1 sin 6 cos 99/} dr, (4.7)
where ry is the minimal value of r for the embedding.

In Fig. 6 we plot € for black hole embeddings as a function
of p, for both the quenched and the unquenched models.

1.00 1.05

FIG. 6. We depict the internal energy e as a function of the
chemical potential i for the unflavored model (continuous curve)
and for the flavored model with » = 1.1 (dashed curve) and b =
1.25 (dotted curve). In all the cases we have used m = 1.
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FIG. 7.
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-01F H

Left: We plot 12 as a function of m/u for the unflavored background (blue curve). We compare with the same quantity for the

D3-D5 model (black curve). Right: We plot u? for different numbers of flavors: b = 1 (blue line), b = 1.1 (red line), and b = 1.25
(purple line). In both plots the points are the values of the square of the speed of zero sound obtained by integrating the fluctuation
equations of Sec. VI; we conclude that the speeds of first and zero sounds agree in this model.

We notice that the energy density in the quenched theory
grows monotonically with the chemical potential, starting
from the value ¢ =0 at the transition point at y = m.
On the contrary, when dynamical quarks are added to
the background, the function €, is not monotonic and
becomes double-valued, with a point where OJe/Ou =
udp.,/Ou blows up. This is, of course, consistent with
the results plotted in Fig. 3.
The speed of the first sound is defined as

, OP

= 4.

We evaluated numerically the derivative in (4.8) for black
hole embeddings by using (4.3) and (4.2). The results are
represented in Fig. 7, for both the quenched and the
unquenched cases. Again, they are very different in these
two cases. In the quenched model u? is always non-
negative and decreases monotonically when m/u varies
in the physical interval [0, 1]. In Fig. 7 (left) we compare 1>
for our quenched system with the corresponding values for
the D3-D5 model [18,19]. In the unquenched case u% 1S not
monotonic and becomes negative for small ¢, which again

signals a discontinuous phase transition.

A. The unflavored transition

We have shown above that the unflavored system
experiences a continuous phase transition at ¢ = m and
T = 0. In this section we look in more detail at the behavior
of the system near this quantum critical point. Accordingly,
let us define  as

0= p—m. (4.9)
Clearly g =0 is the location of the phase transition.
Therefore, we expect that the grand canonical potential
Q behaves in a nonanalytic form near z = 0. We assume

that the system displays a scaling behavior near the critical
point. The goal of this section is to characterize this
behavior in terms of a set of critical exponents.

Let us consider a system with hyperscaling violation
exponent € and dynamical exponent z in n spatial dimen-
sions (n = 2 in our case). Recall that in such a system n — 0
is the effective number of spatial dimensions near the
critical point and z is the effective dimension of the energy.
Therefore [] = z and the energy densities (such as our
grand canonical potential Q) should have a dimension
equal to n — € + z. These dimension assignments allow us
to write Q near 7 = 0 as

logﬁ’) g’
m

where C > 0 is a constant. Equation (4.10) is a generali-
zation of the expression written in [18] by including a
logarithmic multiplicative term with some new exponent (.
We show below that { cannot be zero in our ABJM case.
This is to be compared with the Dp — Dg systems studied
in [18,19], where ¢ = 0. Similar multiplicative logarithmic
corrections to the scaling has been studied in general in [39]
for thermal phase transitions.

The charge density p., = Nd is obtained by computing
the derivative of Q with respect to . We get

N ¢ _p
logﬂD [1+n + C_
m Z |log £

Qz—Cﬁ(

(4.10)

Ndzcﬁ“( (4.11)

Let us next consider, following [18], the nonrelativistic
energy density e, defined as
€ =€— P = Q+pchﬁ (412)

Near the critical point, e behaves as
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On the left we plot the numerical values of the ratio ¢/ P as a function of fi. The continuous line is a fit to the expression written

in (4.15). The value of ¢ obtained in this fit is ¢ = 0.65575. On the right we plot the values of u2, together with the scaling expression

(4.17) for ¢ = 0.74689.

N Cn— 0
10gﬁ‘> [” L& } (4.13)
m z |log £

and it is very convenient to consider the ratio e/ P, which is
given by

e M/Hrzzfe (

eNn—H 4

PNZ

. (4.14)
|log £ |

If 0 # n, the ratio e¢/P reaches a constant nonvanishing
value as g — 0. This is clearly not the case for our system,
as illustrated in Fig. 8. Therefore, our system should have
6 = 2. Moreover, the logarithmic exponent { should be
nonzero and positive.2 Therefore we get the following
leading behavior for our system:

C
p‘h:Ndziﬁé’, Ez é’ﬁ .
(|Tog£|) P |logl|

We can also compute the speed of sound u, near the critical
point by using (4.8), with the result

(4.15)

17| log £ 1
u%N_M| gml[l_

~ —1, 4.16
{m+pu 1+C+|logfn—‘|] (4.16)

which, at leading order for 7 — 0, becomes simply

(4.17)

To determine the value of the exponent { we can fit the
numerical values of e/P and u? near fi = 0 to our scaling

*Indeed, if we had @ =2 and ¢ = 0 the charge density d in
(4.11) would be nonzero at the critical point, which is not the case
for our ABJM system.

expressions (4.15) and (4.17). Because of the logarithmic
behavior of these quantities, we must explore very small
values of zz. The results of these fits are shown in Fig. 8. The
values of { obtained are in the range { = 0.65 — 0.75.

Let us determine, following the reasoning in [18], the
dynamical critical exponent z by dimensional analysis of
the dispersion relation of the sound mode, which is of the
form w = u,k, where u, is given by (4.17) near the critical
point 7 = 0. Actually, we will see that the speed of the zero
sound, obtained by numerical integration of the fluctuation
equations of the probe brane, is exactly the same as the one
determined by (4.8). Near 7 = 0 Eq. (4.17) tells us that
us ~ \/u (times a logarithmic correction) and, since [w] =
[#] = z and [k] = 1, the dimensional consistency of the
dispersion relation @ = uyk implies that z = 2. Therefore,
the values of 8 and z for our system are

(4.18)

Notice that the value of @ just found differs from the value
0 = 1 obtained in [18] for the conformal systems D3-D7
and D3-D5.

Let us now consider the system at small nonzero temper-
ature T < fi. We can evaluate the free energy f at first order
in T by using the results of [40]. Notice thatat 7 = 0, f = e.
Indeed, according to the analysis of [40], when T is small, the
free energy density can be approximated as

flum,T) = f(u,m,T =0) +ap, T+ O(T?).  (4.19)

Then, the nonrelativistic free energy density is given by

fnon—rel (M? m, T) = f(/l, m, T) — pPepin

= e+ ap,T + O(T?). (4.20)

Evaluating the right-hand side of (4.20) for our system, we
get the following expression of f,,,_re for small zz and T'/p:
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FIG.9. Left: We plot the function Zic (&) introduced in (4.24) at m = 1. Right: We depict the latent heat Ae for m = 1 as a function of é.

T

(JTogZ )7 [“”

fnon—rel (/’t’ m, T) =C

u|T
logﬁ‘:+...].

mip
(4.21)

On general grounds, near a quantum phase transition the free
energy density should behave as a homogeneous function
when the control parameter i and the temperature 7 are

scaledasui — Afﬁ, T — A*T,wherev is the critical exponent
that characterizes the divergence of the correlation length
&~ (T —0)7 [2]. Equation (4.21) is the first order term of a
Taylor expansion of the scaling function of f,,_.. If we
disregard the logarithmic terms in (4.21) (which give rise to
subleading terms when z — 0), it follows that 7 and iz should
be scaled by the same power of the scale factor A. Since z = 2
for our system, we must have v = 1/2. Equation (4.21) also
determines the value of the exponent a which characterizes
the scaling of the heat capacity ¢y ~ (T —0)~% Indeed,
according to the analysis of [18] the global power of z in
Soonrel (4, m, T) should be 2 — a. If we ignore again the
logarithmic correction, this prescription gives a = 1.
Therefore, we have obtained that the critical exponents o
and v are given by

a=1, v= (4.22)

1
5
Notice that the values of 6, z, a, and v listed in (4.18)
and (4.22) satisfy the hyperscaling relation

(n+z-0)v=2-aq, (4.23)

with n = 2.

B. The flavored transition

We already pointed out above that the black hole—
Minkowski phase transition with dynamical quarks in
the background is of first order. At the transition point
the density jumps from being d = d,. # 0 in the black hole
phase to d =0 in the Minkowski phase. We have

investigated numerically the dependence of d. on € and
m, and we found that, with big accuracy, this dependence
can be written as

SRS

d.(e.m) = d (&)mi = d (&)m2, (4.24)
where m, = mb is proportional to the physical mass of the
quarks. Notice that the dependence on m written in (4.24) is
the one expected by the rescaling argument given at the end
of Sec. Il A.

The flavor dependent coefficient of the quadratic law
(4.24) grows monotonically with €, as shown in Fig. 9
(left). For small € this growth is very fast and saturates very
quickly for larger values of the deformation parameter.

The phase transition occurs at a critical chemical
potential p, < mb = m,. Actually, the ratio u./m, is a
decreasing function of ¢ which approaches the value
He/my ~ 0.9 when € — co. It is also interesting to point
out that the value of u where the speed of sound vanishes
(see Fig. 7) corresponds to the turning point of Q as a
function of u for a black hole embedding, i.e., to the
minimum value of yx for such embeddings. The phase
transition occurs for a value of u close to its lowest value

where u? is still positive. Moreover, it follows from the

above discussion that p,. ~ d%c.

We also studied the latent heat of the phase transition,
i.e., the difference Ae of the internal energy of the two
phases. Notice that, as Q=0 in both phases at the
transition point and p., = 0 in the Minkowski phase, Ae
is simply obtained by evaluating up,,, at the black hole side
of the transition,

Ae = (Upen)pi- (4.25)
The behavior of this quantity with the number of flavors
when m =1 is displayed in Fig. 9 (right). We notice that
the latent heat resembles the behavior of the critical density.
We have also verified that Ae grows with the quark mass

3
as Ae ~m; = mp.
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Most of the figures that we have presented above have
been produced using m = 1. It is, however, simple to obtain
the results for any value of m by using the rescaling
argument presented above. Indeed, one can readily show

that the different quantities scale with m, = mb as

3

q’ d ~ mz. (4.26)

e~Q~m g 7

po~m

We have checked that this behavior is confirmed by our
numerical results.

V. CHARGE SUSCEPTIBILITY
AND DIFFUSION CONSTANT

Let us now consider the system at nonzero temperature
and compute the charge susceptibility, which is defined as

8ﬂ ch
Op

. (5.1)

Taking into account that the charge density p,,, is related to
d as p., = N'bd (4.5), we can rewrite this last expression as

1 Ou
= 52
Nbod 5-2)
We now evaluate explicitly the derivative in (5.2) as
ou © DA
— = —dr. 53
od~ ), 0d"" 5:3)

h

The derivative inside the integral in (5.3) can be computed
directly. We get

J
=3

PHYSICAL REVIEW D 94, 026003 (2016)

0A, A r*sin@ 00  r’*hd o0
=————F -5, |1—-d|cotld —~———— ||,
b d”+ r*sin0

od od A 0d
(5.4)
where A is defined as
4o; 29 b2 2h9/2
A= p(1 = AP) + 2> = TSOB” £ PhOT) g

d*> + r*sin?0
Thus, the charge susceptibility can be written in the form

1 o VA Psing
= —_— V—
LN " b* d? + risin’0

00 r*hé o0’

The charge diffusion constant D can be related to the
charge susceptibility and to the direct current (DC) con-
ductivity o by the Einstein relation,

D =ocy " (5.7)
The value of o can be obtained from the two-point
correlators of the transverse currents. This calculation is
performed in detail in Appendix B. Alternatively, ¢ can be
computed by employing the Karch-O’Bannon method [41],
as was done for the ABJM model in [36]. The results
obtained by these two methods agree and are given by

b
o6 =N —1\/d* + rjsin’0,.
r

h

(5.8)

We can now plug (5.6) and (5.8) into the right-hand side of
(5.7) to get the diffusion constant D. The final result is

(A)D>

FIG. 10. We plot the rescaled diffusion constant D = r,D as a function of the ratio of the mass and the chemical potential. Left: We
plot the values of D for the unflavored theory for different values of the rescaled density d = d/ r7. The values of din this plotare d = 1,

10, 100, 1000 (bottom up). Right: We plot the values of D for d = 10 and for different numbers of flavors: b = 1 (blue line), b = 1.1
(red line), and b = 1.25 (purple line), inside-out. The continuous curves are obtained by the Einstein relation, and the points correspond

to the diffusive fluctuation modes of the probe.
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D d* + r}sin®9, /00 i r2sin 0v/A
T'n

brs d* + r*sin’0

2 / /
x {1 —d(cot&ae— rho 89)].

od A 0d (59)

In the case of massless quarks, the embedding is just
6 = const = /2 and the integral (5.9) can be evaluated in
analytic form. We get

V& +rh (315 &
D,_o= 7 F(2,2,4, r;t). (5.10)
In the general case of massive quarks we have evaluated
(5.9) numerically for the unflavored and flavored back-
grounds as a function of the chemical potential. The results
of these calculations are displayed in Fig. 10. In the
unflavored background D is always non-negative and
vanishes when p = m (see Fig. 10, left). In contrast, when
Ny #0, the diffusion constant is maximal for a large
chemical potential [and given by the massless value
(5.10)] and becomes negative after y reaches its minimal
value, which means that the system becomes unstable and
that the first-order phase transition at 7 = 0 survives at a
nonzero temperature. In the next section we obtain the
diffusion constant by looking at the fluctuation modes of
the probe in the hydrodynamical regime. The correspond-
ing values of D are also plotted in Fig. 10, where we notice
that they agree perfectly with the values found above by
using the Einstein relation.

VI. FLUCTUATIONS

We now want to carry out a dynamic (i.e., time-dependent)
study of our system, to complement the static analysis
performed so far. Accordingly, let us consider the generic
T # 0 background and let us allow the probe brane to
fluctuate around the black hole embeddings described in
Sec. III. In general, the equations of motion of these
fluctuations are very complicated since the different fluc-
tuation modes are coupled. However, there are certain modes
that can be decoupled from the rest, and, therefore, they
constitute a consistent truncation of the general system of
equations. In this section we will study one of these restricted
sets of fluctuations, which involves the gauge field A and the
transverse scalar 6. These fields take the form

A = L?[A,(r)dt + a,(t,x, r)dt
+a(t,x,r)dx + a,(t,x, r)dr],
0=0(r)+ Alt,x,r), (6.1)

where a;, a,, a,, and 1 are the first-order perturbations. One
can check that the ansatz (6.1) is indeed a consistent
truncation of the equations of motion. These truncated
equations can be derived from a second order Lagrangian
density £, which is derived in detail in Appendix B.
The expression for £2) is

PHYSICAL REVIEW D 94, 026003 (2016)

L(Z) = —Nr2 sin 9\/K |:% gnmgqumqfnp

L2 2 /2
il (1 _r hAe )g"mamwnz

2b%
3\ sin@ r*ho?-A
+{ (-5 + .
2) /A  2sin’0A
d?0? dae
ATy |
(9:4) br?sinOvA

mna l
2b2r*sin26A G O

bd cotl
L2 sin v A

where G is the open string metric defined in (B3), f,,, is the
field strength for a,, (f = L’>da), and A is given by (5.5). Let
us now write the different equations of motion which can be
derived from the total Lagrangian (6.2). The nonzero values
of G"" are written in (B5). First of all, we write the equation of
motion for a, (in the a, = 0 gauge),

Aftr] , (6.2)

b2 + r2ho”
A 0,a;
A
- 8)5(1; - m (9’8,1/ - ﬁcot 98;/1) =0.

(6.3)

The equation of motion for q, is

b2 2 i 0 2/’19/
9,17 2 4 2pe2) gl v db (cotm - r—ﬂ’)]
A2 A
sin @(b* + r*h0'?) ae _,
1’2]’1\/Z ax(axat - atax) - Wax/l =0,
(6.4)
while the equation of motion for a, becomes
5 (b2r2h sin @ ,) sin @(b* + r*hd'?)
r\ — = aX
VA PhyA
de’
x 0,(0ca, — 0,a,) — ﬁaﬁxl =0. (6.5)

Finally, the equation of motion for the scalar 1 is

9, [’,2 sin 6h |:r2 (1 3 r2h9’2>/1, + .bde/ a;:|:|
VA A sinOvVA

/

deo
+ bd cotfa, + 2 9:(0.a, — d,a,) + r*sinvV A
T

sind A — r2ho*
3-2b
x {( N T }
N sin@ [(b*+ r?h0?)(r*h0? — A)  d*0”
b2/A hA r2sin%6
sinv/A r2ho*?
x 0%) + e <1 - )aﬁz =0. (6.6)
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Let us next Fourier transform the gauge field and the scalar to
momentum space as

dwdk S
a,(r.t,x) = /(;)2 a,(r, w, k)e i@rtik
n

dodk —
ﬂ(r’ t, X) — /w—ﬂ(r’ , k)e_le_lkX,

Gy (6.7)

and define the electric field £ as the following gauge-
invariant combination:

E = ka, + wa,. (6.8)

Then, the equation of motion for a, in momentum space is

b sin OV A r’h
=0. (6.9)

2 21,02
b+h+h‘9wa; ke —— 24 <991’ _ A ot 9&)

We now combine this last equation with the definition of E.
We get a, and d, as functions of E and 4,

khA

G A= (5 + PR
w*hdv/A
 b[ARK: — (D* 4 r2hO%)w?] sin 6
X (9’/1’ —écot 9&),
r°h
y —(B* + Phow

T AWK = (B + Pho?)a?
N wkhd/A
b[ARK® = (b* + r2h6”?)w*] sin 0

A
X <9’/1’ —2—h00t9/1>.
r

(6.10)

After using these equations, it is easy to check that (6.4)
and (6.5) become equivalent and equal to the following
differential equation for the electric field E:

b%r2h
! (b2 + r2h9’2)a)2 — AhK?
sin @ kdh A
X (—\/Z (b2 + rth/Z)E/ — 7 (9//1/ — ﬁcot 9)«) ):|
in@ b2 2h9/2 6/
sin0(b” + r'h0) ;49 15— o, (6.11)
r2hv/A br

Let us now write the equation of motion for the scalar field 4
in momentum space as
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r2 sin Oh r2h? bdo'
0=20, r2<1— )A’—i— a’”
{ VA [ A sin VA

do/
+ bdcotfd; — ko E + r?sin OV A
r

sind A — r2ho*

3-2b
% {( N TS }

 sin0 [(b2+ Pho%)(Pho” ) d0” ],
_w —

b2V/A hA r2sin%0

in6v A 2ho'?
_kzs‘“b;r <1—r X >z, (6.12)

where it should be understood that a} is given by the first
equation in (6.10). The fluctuation equations (6.11)
and (6.12) depend explicitly on the horizon radius r;, through
the blackening factor /. This dependence can be eliminated
by performing the familiar rescaling of the radial variable and
of the different quantities appearing in the equations. Indeed,
let us rescale the radial variable r and the density d as in
(3.25). Moreover, we also define the rescaled frequency and
momentum as

0=2 =k (6.13)
Tn T'n

Then, one can easily verify that the resulting equations of
motion are independent of 7, if the fields E and A are rescaled
appropriately. Actually, since only the relative power of r;, in
these two fields matters, we can decide not to rescale the
electric field E. The rescaling of the scalar A that allows us to
eliminate 7y, is

A=r (6.14)
The resulting equations of motion are just (6.11) and (6.12)
with r, = 1 and with all quantities replaced by their hatted
counterparts.

The collective excitations of the brane system are dual to
the quasinormal modes of the probe. The latter can be
obtained by solving (6.11) and (6.12) for low @ and k by
imposing infalling boundary conditions at the horizon and
the vanishing of the source terms at the UV. At low
temperature, in the so-called collisionless quantum regime,
the dominant excitation is the holographic zero sound
[42,43] (see also [44-49]), whose dispersion relation has
the form

& = ek — iC(k,d). (6.15)
In (6.15) ¢, is the speed of zero sound and T is the
attenuation. We have integrated numerically the fluctuation
equations when d is large (i.e., at low temperature), and we
have found the value of ¢, both for the unflavored and the
flavored backgrounds. The main conclusion from this
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calculation is that ¢, is equal to the speed of the first sound
u, [given by (4.8)]. As shown in Fig. 7, c, reaches its
maximal value (¢, = 1/v/2) when m/u =0, where the
system is conformally invariant. In the unflavored case c; is
always positive and vanishes at the quantum critical point at
u=m (see Fig. 7, left). When dynamical quarks are
included ¢, becomes imaginary when y reaches its minimal
value, which occurs when the Minkowski embeddings are
thermodynamically favored.

At higher temperature (i.e., with small d) the system
enters into the hydrodynamic diffusive regime. The dom-
inant mode in this case has purely imaginary frequency and
a spectrum of the form

& = —iDI?, (6.16)
where D is the rescaled diffusion constant,
D =r,D. (6.17)

As in the zero sound case, this dynamic calculation of the
diffusion constant yields the same result as the static one.
Indeed, the results obtained by numerical integration of
(6.11) and (6.12) coincide with the ones obtained from the
Einstein relation (5.9), as shown in Fig. 10.

Let us finish this section with the following observation.
A careful reader would have expected some discussion on
the possible instability as the WZ action has a term
Ci ANF ANF A F which is the source of striping via a
generic mechanism introduced in [50]. Indeed, the occur-
rence of tachyonic fluctuations have been confirmed in
similar brane models [43,49], with the subsequent con-
struction of the striped ground state [51]. In the current
work, we analyzed the fluctuations of the transverse gauge
field, where such an instability is expected. In this sector,
one needs to analyze the coupled fluctuations of the internal
gauge field a and the transverse Minkowski gauge field a,
at nonvanishing momentum. The corresponding equations
of motion are presented in Appendix B. 1. While we did see
the precursor of the instability, a purely imaginary mode
first ascending toward the upper half of the complex w
plane and then descending as a function of k, we were
unsuccessful in finding parameter values for which case the
mode would have actually become unstable. We expect that
in the case in which an internal flux is turned on at the
unperturbed level, where the contribution of the pullback of
C, at the background level is nonvanishing, the relevant
WZ term can become sizable and thus imply striping in
some range of parameters.

VII. SUMMARY AND OUTLOOK

In this paper we studied the phase diagram of a D6-brane
probe with nonvanishing charge density in a background dual
to the ABJM Chern-Simons matter theory with dynamical
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massless flavors at zero temperature. We analyzed the phase
transition between black hole and Minkowski embeddings at
zero temperature and nonvanishing chemical potential. This
transition is a holographic model of a conductor-insulator
phase transition between a gapless (black hole) phase and a
gapped (Minkowski) phase.

In the unflavored background we found that this tran-
sition occurs when the charge density vanishes and is of
second order. Moreover, we were able to characterize the
scaling behavior of the probe near the critical point.
Interestingly, we found logarithmic multiplicative correc-
tions. In the background with dynamical quarks the
transition of the probe is of first order and takes place
when the density is nonzero. Therefore, we have shown
that, even if the change of the metric due to the back-
reaction to the flavor is seemingly mild, the physical effects
are very important.

It is interesting to compare our results with the one
corresponding to the (2 + 1)-dimensional D3-D5 intersec-
tion [3,18]. When the mass m of the quarks is zero, the
gravitational descriptions of both systems are equivalent
and have the same thermodynamic quantities. However, for
nonconformal embeddings with m # 0, the ABJM probe
action gets a nontrivial contribution from the Wess-Zumino
term. This term is responsible for the different critical
behaviors of the systems even in the absence of backreaction.

Let us now discuss some possible extensions of our
work. First of all, it would be interesting to extend our study
of the Minkowski—black hole embedding phase transition
to nonzero temperature, in order to completely determine
the phase diagram of the model. In the absence of the
chemical potential x4 = 0, this analysis was performed in
[34]. Another possible generalization would be to consider
the case of massive dynamical quarks. The supergravity
solution of ABJM with massive unquenched quarks at zero
temperature was constructed in [35]. This solution contains
a scale (the mass of the sea quarks), and it would be very
interesting to explore how it affects the results found here.

Turning on a suitable Neveu-Schwarz (NSNS) flat B
field in the ABJM supergravity solution, we get the so-
called ABJ background, which is dual to a Chern-Simons
matter theory with gauge group U(N + M) x U(N) [52].
The B field breaks parity in 24 1 dimensions. The
embedding of flavor brane probes in the ABJ background
has been analyzed in [36], and the relation to the quantum
Hall effect was doped out. It would be interesting to
analyze possible quantum phase transitions in this ABJ
system.

One of the main motivations of our work was the
analysis of the effects of the dynamical quarks in the phase
diagram of holographic compressible matter. We achieved
this objective only partially since our backreacted back-
ground did not include the effect of the charge density on
the flavor brane. It is tempting to speculate that the smeared
background at nonzero charge density would undergo a
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quantum phase transition similar to the one we found here.
On general grounds, one would expect having a Lifshitz
geometry in the IR of such a background. Indeed, this is
precisely what happens in the geometry recently found in
[53], corresponding to an intersection of color D2-branes
and flavor D6-branes. The study of the quantum phase
transitions, as well as the collective excitations of the flavor
brane, in this background is of great interest.
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APPENDIX A: MORE ON THE BACKGROUND

In this appendix we write in detail, following [33,34],
the solution of type IIA supergravity with sources that
corresponds to the ABJM theory with smeared flavor
branes. Let us begin by introducing three SU(2) left-
invariant one-forms @' (i=1, 2, 3) which satisfy
do' = Je*o'w*. We will use the o's, together with a
new angular coordinate «, to parametrize the line element
of the four-sphere S* in (2.4). We have

102
S
ds, = do? + 22

[(@') + (0)? + ()] (AL)

where 0 < a < 7. The SU(2) instanton one-forms A’ which
fiber the S? over the S* in (2.4) can be written in these

coordinates as
. X a .
Al = —sin? [ = | @',
2

Let us next parametrize the z' coordinates of the S? in (2.4)
by means of two angles 8 and ¢ (0 <0 < 7,0 < ¢ < 2n),
namely,

(A2)

72 = sin@sin g, 73 = cos 0.

(A3)

7! = sinfcos g,

Then, one can easily prove that the S? part of the metric
(2.4) can be written as

(dx + kAT ZK)? = (EN)? + (E?)2, (A4)
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where E! and E? are the following one-forms:

E' = df + sin? (g) [sin pw' — cos pa?],

E? =sin6 [dgo — sin? (%) a)3]

+ sin? <;> cos f[cos pw' + sin pw?].  (AS)

Thus, the internal metric (2.4) can be written as

2

L Zgin?
dsi =— [qzdcr2 + e

7 @)+ (0?) + (@)]

+ (E')* + (Ez)Z] . (A6)
The flavored ABJM background also has nonvanishing
values of the RR two-forms F, and F,. In order to
write down their expressions, let us first rotate the w'’s

by the two S? angles (6, ¢). We define three new one-forms
Si(i=1,2,3)as

S =sing o' — cos ¢ @?,

§? = sinf w* — cos O(cos p ®' + sin g ©?),

§3 = —cosO@® —sinf(cosp @' +sinpw?). (A7)
Next, we define the one-forms S* and S' as
S% = da, Si:mysi, (i=1,23), (AS8)

in terms of which the metric of the four-sphere is just
ds, = (8%)* 4 >_:(S")*. With these definitions, we can
write the RR two-form F, for the flavored background as

F, :%[El ANEP=(148)(8* A8+ S A &),

(A9)
where k is the Chern-Simons level. It is important to notice
that the two-form F, in (A9) is not closed. Indeed, one
can check that dF, =2z€, where Q is the following
three-form:

Q:é%[El A(SEASE-S'AS?)
T

+EXA(SEAS' + 8 A8, (A10)
which does not vanish unless € = 0, i.e., when N; = 0.
This violation of the Bianchi identity for F, is due to the
presence of delocalized flavor D6-branes (€2 is the so-called
smearing form). The solution is completed by a constant
dilaton ¢ given by
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bl+e¢ k
e—¢:_ﬂ_’ (A11)
4 2—-q L
and a RR four-form F, whose expression is
3k(1+¢ b
F, :_ﬂLZQBm’ (A12)

4 2—q

where Q is the volume form of the four-dimensional black
hole (2.2).

The flavor D6-branes are extended along the four
directions of AdS, and wrap a compact three-cycle inside
the internal manifold. In order to parametrize this internal
cycle, let us represent the forms @' in terms of three angular

coordinates (9, ), W) as

@' = cosiydf + siny sin Hd,

w* = siny df — cos  sin 0 d,
w® = diy + cos0dp, (A13)
with 0 <0 < 7,0 < p <2n, 0 <y < 4r. The three-cycle
we are looking for is topologically RP? = S?/Z,. It was
shown in [33] that it can be characterized by the conditions

A

0, @ = const, (A14)

with the coordinate 6 defined in (A3) being a function of
the radial coordinate r. The induced metric on the world
volume of the D6-brane can be written as in (3.1), where a
is the same angle as in (A1). The relation of the two other
angles f# and y with those introduced in (A3) and (A13) is
the following:

SIS

(A15)

APPENDIX B: FLUCTUATION ANALYSIS

Let us consider fluctuations of the gauge field A and the
embedding function € as in (6.1). We expand the induced
metric g and the gauge field strength as

g=g9 + ¢V 4 ¢@, F=F9 +f (Bl
where ¢() is the metric written in (3.1) and F(©) is the field
strength of the unperturbed gauge connection (3.2), while
f = L?da and the first and second order induced metrics
gV and ¢® are given by

L2
gg})dﬁf’ dgi = 7 20/ (Xdr + 0,Adt + 0, Adx)dr
+ Asin(260)(dy + cos adp)?],
o L?
g dgidgl = 2 [(dr+ 0,2dt + 0,2dx)?

+ 2% cos(20) (dy + cos adf)?]. (B2)
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Let us next write the inverse of the zeroth-order DBI matrix
g(o) + F (0) as

(¢ + FO) =g 1 7,

where G~! is the symmetric part (the inverse open string

metric) and 7 is the antisymmetric part. In order to write

the different elements of G and 7 it is quite convenient to

introduce the quantity A defined in (5.5). In terms of A, the

equation for the embedding takes the form

9’] —r? sin900s9[3 -2b —i—ﬂ}
sin @

(B3)

5 [r“h sin 0
"I VA
(B4)

Then, the nonvanishing components of the open string
metric are

2 2100
gtt:_w’ gxx:gyy:L’
L%*r2hA L%?
2.2 2 2
grr — br'h , gaa — bi’ g/i/} — b ,
LA L%q L*gsin’a
b*cosa b? q
/jl// _ v t2 .
g L%gsin’a’ g L%q (CO ot sin29>
(BS)

The only nonvanishing components of the antisymmetric
tensor are

db

Jr=—grt =7
L2r? sin OvA

(B6)

At second order in the fluctuations, the DBI action is

S]<)2];I =—Tpe / d'ge™? \/_ det(g” + F))
) B Tr(G7'g) + é (Te(G'g") + Tr(Tf))?

_%Tr[(g—lg(l))Z + (jg(l))z +4Q"g<]>jf

+G P+ 7)) (87)
To evaluate this expression we use
L2
Tr(G'¢g?) = 729" 0nd0,0 + (cot?d — 1)12,
Tr(G! (1) 2L?  Corr )/
(G 'g'V) :799 A+ 2cotOA,
T —1 ,(1))\2 _4L49/2 Y2 (A2 4+ 4cot20)2
r[(G7'g )]—? (G")*(X)* + 4cot
2L%
+ F 9/2grrgmn8m/18n/1’ (B8)
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where the indices n and m run over the Minkowski and
radial directions. After integrating over the internal angles,
we get the following second-order DBI Lagrangian:

L2
1__ V2 orr
e (1 520%)

1., L2
X G"0,,A0,A ~ 3 12 + 5 0/ cot0G"4d, 2

1 [A9\? A0
_§< tA ) (6[/1)2 gmnamﬂfnt

LY = —-NrsinoVA
1
X |:Z gnmgqumqfnp

b> A,
_|___

L2 A <B9)

cotOAf U}

The WZ term at second order yields the following
Lagrangian density:

LE = Nrb [b c0s(260)2,A
+ (Cos(29) - %m(ze)e/) 12] . (B10)

Let us now simplify these expressions. First of all, we
should eliminate A}. With this purpose we notice that

A d

= = B11
A br2sinOvVA (B11)

Second, we rewrite the terms with 10,4 by integrating by
parts and neglecting the total derivative generated in this
process. In the WZ Lagrangian we use

a (20)49,1 = . 200 -2 - (26) ) 22
b COS A= b Sin 2D COS

3
2
+0, [2 5 cos(260)4 } (B12)
The resulting WZ Lagrangian takes the form
LY, = Nrb (1 - i) cos(26)12 (B13)
Wz — 2b .
In the DBI part, we first write
h 1 h
r*sin @ ot 01,1 = — —8,(r sin 0 t9>/12
VA 2 VA
r sin Hh
+0, th) B14
(o (B14)

It follows that we can make the following substitution in
Lppr:

PHYSICAL REVIEW D 94, 026003 (2016)

r* sin Hh r* sin Oh

VA 2VA

45in Oh 4he'?
= -0, (r st 9’) cot 0% + r_iﬂz,
2V A 2sin v A

which, after using Eq. (3.13) for 6(r), can be written as

' cot0A0,A — =0, ( o' cotﬁ)A2

(B15)

9h
A i;nK ' cot0A0,4 — ((b—§>r cos20
r2h? — cos?6A
r2—2 —r >/12. (B16)

Taking these results into account, it is straightforward to
verify that the total Lagrangian density £(%) 51(331 + EWZ

can be written as in (6.2).

1. Transverse fluctuations

We now consider fluctuations of the gauge field along
the transverse direction y. It turns out that these fluctuations
are coupled to those along the internal directions. Actually,
we can write the following consistent ansatz:

A = L?*[A,(r)dt + e7 g, (r)dy

+ e—i(utJrikxa(r) (COS (Zdﬂ + dw)], (B17)

where a, and a are first-order fluctuations. The equation of
motion for a, is given by
sin 6

(bzrzhsine ,)
0| ——F—4d} | + 55—
VA 2hyv/A
2ikd cot b*(2 —
IKd co ( Q)’?\/Ka:

r qlqg+n)

[@?(b* + r*h6?) — kK*hA]a,

(B18)

whereas that for a is

b
a’) +3br2a — =~ r*sin6vAa
q

_pdvA
bs1nt9

5 < bgr*h
: sinﬁ\/_
A rhe”

b srneh\/»

_ 2ikdcotf (2 — q)n\/—

r (g+mb (B19)

For our purposes, it is enough to consider the fluctuations at
zero momentum (k = 0). In this case the equation for a, is
decoupled from the internal fluctuation a and becomes
b*r’hsing sin @
0| ———da, | +
A ©

10}
rzh\/Z

2(b + *h67)a, = 0.

(B20)
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- can be written as

Explicitly, this equation for a,

VTS0 B RO
aﬁ—l—@,log[mh}a’y—&-w Wayzo.
(B21)

Let us expand this equation near r = r;,. First, we expand
the embedding as in (3.23),
O(r)=0,+0,(r—ry) + ..., (B22)

where @), is given by [see (3.24)]

bry, sin@), cosd / .
9;[ :%szgh [bri—l— (3-2[7) J2+r251n29h:|.
h

(B23)
The coefficients of (B21) will be expanded as
Vd* + rsin’g
0,log | ——————=h
b* + r*h6"
1 b* + r’ho'?
= di- P —
r—rp, Tt e
A Cy
=t e T (B24)
h h
where A, d;, and ¢, are
4=
9r;,
g 2 d? N r}sin@,cos0, ,  3r, @)
Y d 4 risin?0, | d* + risin20, " 2p2 M
9/ 2
cy = ;b’;)rh w?. (B25)

We now solve the equation of motion for a, in a Frobenius
series around r = r;, as

ay(r) = (r=r)* (0 +p(r—=r)+...), (B26)

where, for infalling boundary conditions, the exponent « is
given by
i®

3rh'

(B27)

We will also perform a low frequency expansion by
considering k ~ O(e) and w ~ O(e?). Then one can show
that # ~ O(€?) and is given by

p=—ad. (B28)

PHYSICAL REVIEW D 94, 026003 (2016)

Let us now take the limits in opposite order. First, we
consider the low frequency limit. At leading order, we can
neglect the last term in (B20) and write the equation for

ay as
b*r’hsin 0
9, (r—sma;> ~0. (B29)
VA
This equation can be immediately integrated,
A C
ay = VA (B30)

V2 hsing  G(r)®

where C is a constant of integration and, in the last step, we
have defined the function G(r). This solution can be
expanded near the horizon r = r;, as

1
ay:C d + ...

3b\/d* + r}sin? @, 7 =1y

Let us now compare this near-horizon expansion with the
one written in (B26) for low frequency. First, we compute
a’y by direct differentiation of the expansion (B26),

(B31)

dy=a(r—r)* (1 +p(r—ry) +...)

+(r=r)*(p+...). (B32)
Taking into account that & ~ O(e?) and  ~ O(e?), we get,
at leading order in e, that

’ a
ay = =+ ...
r—ry

(B33)

Thus, matching (B33) and (B31), we get that the constant C
is given by

3b b
C=—\/d*+ rysin*,a = —i—\/d* + r} sin’ 0.
ry ry,
(B34)

Therefore, we can write

b
dy = _—Gzr) r—zy/d2 + risin’0,w.

h

(B35)

Let us now obtain the (J,J,) correlator from these results.
The term in the Lagrangian density depending on a, is
given by

L(ay) = -Nr?sin 9\/EQ3'>'Q”(f),,)2. (B36)

. . _ 2 /
Taking into account that f,, = L-a, and that
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Rnovagrgr =90 Ba)
we arrive at
L(ay) = ~F(a)). (B38)
where F is given by
F =-NG(r). (B39)
Therefore, the on-shell boundary action of a, is
Soncann(@) = [ dx(Fad)), e (840

The two-point function of the transverse currents, at zero
momentum, is given by

<J.V(k)‘]}'(_k)>|k=0 = (fa;)r—wo = Nrwia)a (B41)
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where we have defined the quantity I',,. From the explicit
expressions of F and a,, we get

b
Fay, =N —\/d* + r}sin® Oim. (B42)
T
Thus I',, is given by
b
[, =—\/d*+r}sin’0,. (B43)
h

From this result we get the DC conductivity, namely,

b
6 =NT, =N —=\/d* + r;sin®6,,
r

h

(B44)

which is just the result written in (5.8).
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