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Abstract

We completely describe the finitely generated pro-p subgroups of
the profinite completion of the fundamental group of an arbitrary 3-
manifold. We also prove a pro-p analogue of the main theorem of
Bass—Serre theory for finitely generated pro-p groups.

1 Introduction

In recent years there has been a great deal of interest in detecting properties
of the fundamental group m M of a 3-manifold via its finite quotients, or
more conceptually by its profinite completion. This motivates the study of
the profinite completion 7r/1]\\/[ of the fundamental group of a 3-manifold. As
in the case of finite groups, there is a Sylow theory for profinite groups, and
pro-p subgroups play the same central role in profinite group theory that
p-subgroups play in the theory of finite groups. Note that pro-p subgroups
of 7r/1]\\/.l are infinitely generated in general, so it is natural to begin the study
from the finitely generated case. Amazingly enough, it is possible to give a
complete description of the finitely generated pro-p subgroups of the profinite
completions of all 3-manifold groups, and this is one of the objectives of this
paper (see Theorem [1.3 below).
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The work of this paper was partially motivated by [WZ17, Theorem F],
where it was proved that if M is hyperbolic then any finitely generated pro-
p subgroup of 7r/1]\\4 is free. In fact the proof of Theorem follows the
same strategy as in [WZ17]. By applying first the (profinite) Kneser—Milnor
decomposition and then the (profinite) JSJ decomposition, the theorem is
reduced to the cases of Seifert-fibred and hyperbolic manifolds, possibly with
cusps. The main difficulty at this point is provided by hyperbolic manifolds
with cusps. In the closed case the result was proved in [WZI17]. In this
case (after passing to a finite-sheeted cover) there is a suitable hierarchy in
which the corresponding actions on profinite trees are relatively profinitely
acylindrical. However, we have to deal with cusps.

At this point we make heavy use of the profinite analogue of Bass—Serre
theory for groups acting on trees. Note that this theory does not have the
full strength of its classical original. The main theorem of Bass—Serre theory
asserts that a group G acting on a tree T' is the fundamental group of a graph
of groups (9,7/G, D), where D is a maximal subtree of 7'/G and G consists
of edge and vertex stabilizers of a connected transversal of 7'/G. This does
not hold in the profinite case: firstly D does not always exist and secondly
even if it exists it might not lift to 7.

In this paper we prove a pro-p analogue of the main theorem of Bass—
Serre theory for finitely generated pro-p groups, that stands independently
as a contribution to the combinatorial theory of pro-p groups.

Theorem 1.1. Let G be a finitely generated pro-p group acting on a pro-p
tree T. Then G is the fundamental pro-p group of a profinite graph of pro-p
groups (G,T). Moreover, the vertex and edge groups of (G,T") are stabilizers
of certain vertices and edges of T respectively, and stabilizers of vertices and
edges of T in G are conjugate to subgroups of vertex and edge groups of (,T")
respectively.

We observe that (G,I') in this theorem is not (G,7/G) as in classical
Bass—Serre theory. To construct the graph of pro-p groups (9,I") we use
a decomposition of G as an inverse limit G = l'mU Gy of finitely generated
virtually free pro-p groups Gy, and their splittings as the fundamental groups
of finite graphs of finite p-groups obtained in [HZ13].

We then apply this theorem to describe the finitely generated pro-p sub-
groups of the profinite completion of the fundamental group of a cusped
hyperbolic 3-manifold.



Theorem 1.2. Let m; M be the fundamental group of an orientable hyperbolic
3-manifold with cusps and H a finitely generated pro-p subgroup of m M.
Then H 1is a free pro-p product of free abelian pro-p groups of rank < 2.

Analysing 7r1/\M for Thurston’s geometries case-by-case, we obtain the
classification of finitely generated pro-p subgroups of m M for an arbitrary
compact, orientable 3-manifold.

Theorem 1.3. A finitely generated pro-p subgroup of the profinite comple-

tion 7r/1]\\/[ of the fundamental group m M of a compact, orientable 3-manifold
M s a free pro-p product of the pro-p groups from the following lists of iso-
morphism types.

(i) Forp > 3: Cp; Zy; Ly X ZLy; the pro-p completion of (ZxZ)XZ; and the
pro-p completion of a residually-p fundamental group of a non-compact

Seifert fibred manifold with hyperbolic base orbifold;

(i) For p =3, in addition to the list of (i) of possible free factors we have
a torsion-free extension of Zg X Zsg X Zs by C3.

(i1i) For p = 2, in addition to the list in (i) we have the following free
factors:
(1) the cyclic groups Com;
(2) the dihedral groups Do,
(8) the generalized quaternion groups Qan;
(4) the infinite dihedral pro-2 group Zg x Cs;

(5) the torsion-free extensions of Zs X Zo X Zo by one of the following
ﬁnZte 2_g7ﬁ0up$" CQ; 047 CB; D2; D47 D87 Q16;

(6) the pro-2 extension of the Klein-bottle group 7. X Z;

(7) the pro-2 completion of all torsion free extensions of a soluble
group (Z X Z) X Z with a group of order at most 2.

We note that, because the finitely generated pro-p subgroups of profinite
completions of 3-manifold groups are so restricted, they are not very useful
for distinguishing 3-manifolds from each other. However, for the same reason,
they are potentially useful for distinguishing the profinite completions of 3-
manifold groups from the profinite completions of other discrete groups.
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2 Preliminaries

In this section, we recall the necessary elements of the theory of profinite
trees.

A graph T is a disjoint union E(I') UV (T") with two maps dy, d; : I' — V/(I')
that are the identity on the set of vertices V(I'). For an element e of the set
of edges E(T), dy(e) is called the initial and dy(e) the terminal vertex of e.

Definition 2.1. A profinite graph T is a graph such that:
1. T is a profinite space (i.e. an inverse limit of finite discrete spaces);
2. V(I') is closed; and
3. the maps dy and d; are continuous.

Note that E(I') is not necessary closed.

A morphism o : I' — A of profinite graphs is a continuous map with
ad; = d;a for 1 =0, 1.

By [ZMSS, Prop. 1.7] every profinite graph I" is an inverse limit of finite
quotient graphs of I'.

For a profinite space X that is the inverse limit of finite discrete spaces
X, [[ZX ]] is the inverse limit of [ZX |, where [ZX | is the free Z-module
Wlth basis X;. For a pointed profinite space. (X, *) that is the inverse limit
of pointed finite discrete spaces (Xj, ), [[Z(X )] is the inverse limit of
[z(Xj, )], where [z(Xj, )] is the free Z-module with basis X;\ {+} [RZ10,
Chapter 5.2].

For a profinite graph I', define the pointed space (E*(I"),*) as I'/V(I),
with the image of V(I") as a distinguished point *, and denote the image of



e € E(I') by é. By definition a profinite tree I' is a profinite graph with a
short exact sequence

0— [[Z(E*(D),x)]] 2 [ZVID)]] S Z — 0

where 0(€) = dy(e)—dp(e) for every e € E(I') and €¢(v) = 1 for every v € V(I').
If v and w are elements of a profinite tree T', we denote by [v, w] the smallest
profinite subtree of T" containing v and w and call it a geodesic.

A profinite graph is called a pro-p tree if one has the following exact
sequence:

0 [[Fp(E* (1), )]] = [[F,V(T)]] <+ F, — 0

where 0(€) = dy(e)—dy(e) for every e € E(I") and €(v) = 1 for every v € V(I').
Note that any profinite tree is a pro-p tree, but the converse is not true. In
fact, a connected profinite graph is a profinite tree if and only if it is a pro-p
tree for every prime p.

By definition, a profinite group G acts on a profinite graph I" if we have
a continuous action of GG on the profinite space I' that commutes with the
maps dy and d;.

When we say that G is a finite graph of profinite groups, we mean that it
contains the data of the underlying finite graph, the edge profinite groups,
the vertex profinite groups and the attaching continuous maps. More pre-
cisely, let A be a connected finite graph. The data of a graph of profinite
groups (G, A) over A consists of a profinite group G(m) for each m € A, and
continuous monomorphisms 0; : §(e) — G(d;(e)) for each edge e € E(A).

A finite graph of groups (G,I") is said to be reduced, if for every edge e
which is not a loop neither 9;: G(e) — G(dy(e)) nor Jy : G(e) — G(do(e)) is
an isomorphism; we call an edge e which is not a loop and such that one of
the edge maps 0; is an isomorphism fictitious. Any finite graph of groups can
be transformed into a reduced finite graph of groups by collapsing fictitious
edges using the following procedure. If e is a fictitious edge, we can remove
{e} from the edge set of I', and identify dy(e) and d;(e) to a new vertex y.
Let I be the finite graph given by V/(I') = {y} U V(') \ {do(e),di(e)} and
E() = E(I')\{e}, and let (§',1") denote the finite graph of groups based on
I given by §'(y) = G(di(e)) if dy(e) is an isomorphism, and §'(y) = G(dy(e))
if Jy is not an isomorphism. This procedure can be continued until there are
no fictitious edges. The resulting finite graph of groups (G,T') is reduced.



Remark 2.2. The reduction procedure just described does not change the
fundamental group (as a group given by presentation), i.e. choosing a maxi-
mal subtree to contain the collapsing edge the morphism (§,T') — (9/,T")
induces the identity map on the fundamental group given by presentation by
eliminating redundant relations associated with fictitious edges that are just
collapsed by reduction.

The definition of the profinite fundamental group of a connected profi-
nite graph of profinite groups is quite involved (see [ZM89]). However, the
profinite fundamental group II;(G,T") of a finite graph of finitely generated
profinite groups (G,I") can be defined as the profinite completion of the ab-
stract (usual) fundamental group I19%*(G,T") (we use here that every subgroup
of finite index in a finitely generated profinite group is open [NSO7, Theorem
1.1 ]). The fundamental profinite group II;(G,I") has the following presenta-
tion:

(G, T) = (S(v) te [ rel(§(v)), i(g) = A(9)", g € Se),
te=1foreecT); (1)

here T' is a maximal subtree of I' and 9y : G(e) — G(do(e)), 0 : G(e) —
9(dy(e)) are monomorphisms.

In contrast to the abstract case, the vertex groups of (9,I") do not always
embed in I1;(G,T), i.e., II1(G,T") is not always proper. However, the edge
and vertex groups can be replaced by their images in I1;(G,T") and after this
replacement I1;(G,I") becomes proper. Thus from now on we shall assume
that I1;(G, ") is always proper, unless otherwise stated.

To obtain the definition of the fundamental pro-p group of a finite graph
of finitely generated pro-p groups one simply replaces ‘profinite’ by ‘pro-p’ in
the above definition.

The profinite (resp. pro-p) fundamental group I1;(G,T") acts on the stan-
dard profinite (resp. pro-p) tree S (defined analogously to the abstract one)
associated to it, with vertex and edge stabilizers being conjugates of vertex
and edge groups, and such that S/I1;(G,T") = I" [ZM88], Proposition 3.8].

Ezample 2.3. If G = m(G,T') is the fundamental group of a finite graph of
(abstract) groups then one has the induced graph of profinite completions
of edge and vertex groups (§, ') (not necessarily proper) and a natural ho-
momorphism G = m(G9,T") — Hl(g,F). It is an embedding if 7 (G,I") is
residually finite. In this case I1;(G,I") = Gis simply the profinite completion.
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Moreover, the standard tree S(G) naturally embeds in S(G) if and only if the
edge and vertex groups G(e), G(v) are separable in m (G, '), or equivalently
G(e) are closed in G(do(e)), G(di(v)) with respect to the topology induced
by the profinite topology on G [CB13| Proposition 2.5]. In particular, this is
the case if vertex and edge groups are finitely generated and G is subgroup
separable.

In what follows, the notion of the fundamental pro-p group of an infinite
profinite graph of pro-p groups is used only in Theorem [3.1], and in fact only
in the form of the inverse limit of fundamental groups of finite graphs of
finite p-groups. We state this as a proposition that the reader can use as a
definition. We need to define first a profinite graph of profinite groups. The
definition is different from, but equivalent to, the one given in [ZM8I]]

Definition 2.4. An inverse limit of finite graphs of finite groups is called a
profinite graph of profinite groups.

Proposition 2.5. An inverse limit (§,T') = l'&ni(Si,Fi) of finite graphs of
profinite (resp. pro-p) groups induces an inverse limit of the fundamental

profinite (resp. pro-p) groups lim, I1,(G;, Iy) and 11,(G,T) = T&niﬂl(Si,Fi).

Proof. One uses Definition 9 (a) in [Ser77] with a base vertex (rather than a
maximal subtree). Then by [Bas93, Proposition 2.4 | a morphism of graphs of
groups induces a homomorphism of fundamental groups, that in turn induces
a homomorphism of profinite completions. So choosing a base vertex vy in
I' and considering its image v,; in I'; to be the base point in I';, we have an
inverse system {II;(5;,I';)}. The proof of II;(§,I') = lim II,(5;, I';) is just a
straightforward verification of the universal property from [ZM89, 2.1]. [

3 Finitely generated pro-p groups acting on
profinite trees

We now prove Theorem [I.1]

Theorem 3.1. Let G be a finitely generated pro-p group acting on a pro-p
tree T'. Then G is the fundamental pro-p group of a profinite graph of pro-p
groups (G,T"). Moreover, the vertex and edge groups of (G,T') are stabilizers

!The equivalence is an easy argument which we leave as an exercise to the reader.
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of certain vertices and edges of T respectively, and stabilizers of vertices and
edges of T in G are conjugate to subgroups of vertex and edge groups of (G,T")
respectively.

Proof. For every open normal subgroup U of G consider U, a subgroup gener-
ated by all intersections with vertex stabilizers. Then by Proposition 3.5 and
Corollary 3.6 of [RZ00], the quotient group U/U acts freely on the pro-p tree
T/U and therefore it is free pro-p. Thus Gy := G/U is virtually free pro-p.
By [HZ13| Theorem 1.1] it follows that Gy is the fundamental pro-p group
I1,(Sy, I'y) of a finite graph of finite p-groups with cyclic edge stabilizers.

By Remark we have a morphism of graphs of groups n: (§y,T'y) —
(Su,Ty) to a reduced graph of groups. By [WZar, Corollary 3.3] the number
of reduced graphs of groups (Sy,Ty) that can be obtained from (Sy,T'y)
is finite. Let Qy be the set of such reduced graphs of groups. Since G is
finitely generated we can choose a linearly ordered system B of open normal
subgroups U that form a basis of neighbourhoods of 1.

By [RZ14, Proposition 1.10] (see also its proof), for V' C U both in B
with G/V written as the fundamental pro-p group G/V = II;(Gy, FV) of a
reduced graph of p-groups, one has a natural decomposition of G/U as the
pro-p fundamental group G/U = I1,(Sy., T'v) of a finite graph of finite p-
groups (Gy.ir, L), where the vertex and edge groups are Gy (7) = §(z )U /U,
x € V(I'y)UE(Ty). Thus we have a morphism vyr: (G, Tv) — (Svo, Fv)
of graphs of groups such that the induced homomorphism on the pro-p funda-
mental groups coincides with the canonical projection @y : G/V — G/U.
Choose a reduction morphism 7y : (SVU,fV) (§VU,TU) to a reduced
graph of groups (.7, Tvy) (1t is not unique); it induces the identity map on
the fundamental group G / U (see Remark |2 .D and so nyvyy induces the ho-
momorphism IT;(Sy, T'y) — I11(Sy.y, L) on the pro- p fundamental groups
that coincides with the canonical projection ¢yy: G/V — G/U. Observe
that the morphisms vy and therefore nyvy restricted on the second vari-
able is just the collapse of fictitious edges. Thus, for V' C U, one has a map
wyp: Qy — Qp. Since B is linearly ordered this yields an inverse system
(otherwise it would have not, since the reduction morphism is not unique).

Hence € = lim €y is non-empty. Let (Sy,Ty) € Q. Then (G,T) given
by (G,T') = @(@UTU}, is a profinite graph of pro-p groups satisfying G ~

I1,(G,T) (cf. Proposition . O



Corollary 3.2. Suppose the graphs 'y in the proof of Theorem are
bounded independently of U. Then I is finite and so G is the fundamen-
tal group of a finite graph of pro-p groups (9,T).

It is not known whether I' can be made finite in Theorem [B.Il In the
abstract case it comes automatically. One could achieve it if one could bound
the size of a reduced finite graph of finite p-groups in terms of the minimal
number of generators of its pro-p fundamental group. In the case of cyclic
edge groups this is possible.

Corollary 3.3. Let G be a finitely generated pro-p group acting on a pro-p
tree T with cyclic edge stabilizers. Then G is the fundamental pro-p group of
a finite graph of pro-p groups (G,1'). Moreover, the vertex and edge groups
of (§,T) are stabilizers of certain vertices and edges of T respectively, and
stabilizers of vertices and edges of T' in G are conjugate to subgroups of vertex
and edge groups of (G,I") respectively.

Proof. By [SZ14, Lemma 2.2] in the case of cyclic edge stabilizers the size
of I'y from the proof of Theorem is bounded independently of U, so the
result follows from Corollary 3.2 O

Definition 3.4. The action of a profinite group T ona profinite (or pro-p)
tree T is said to be k-acylindrical, for k a constant, if the set of fixed points
of v has diameter at most k& whenever v # 1.

Proposition 3.5. Let G be a finitely generated pro-p group acting k-acylindrically
and virtually freely on a pro-p tree. Then G is a free pro-p product of finite
p-groups and a free pro-p group.

Proof. Let F' be an open subgroup of G acting freely on 7. By [RZ00,
Corollary 3.6] F' is free pro-p. By [HZ08, Theorem 1] a virtually free pro-p
group whose torsion elements have finite centralizers satisfies the conclusion
of the proposition. So we just need to show that torsion elements have finite
centralizers. Let g be a torsion element of G and let 1Y be the subtree of
fixed points (see [ZM8S8, Theorem 2.8]. Then Cg(g) acts on 79. Since the
action is virtually free |Cg(g)| = oo would imply |TY| = oo contradicting the
hypothesis. Hence Cg(g) is finite. This finishes the proof. O

Remark 3.6. The proposition is valid for second countable pro-p groups. One
just needs to replace the reference [HZ08] in the proof with [MZ17].
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For a normal subgroup U of a profinite group G acting on a profinite
tree T' we denote by U the subgroup of U generated by all vertex stabilizers.
Clearly U is normal in G' and by [ZMSS8, Prop. 2.5] T/U is a profinite tree.

Lemma 3.7. Let G be a pro-p group acting k-acylindrically on a profinite
tree T' and U a closed normal subgroup of G. Then the action of Gy = G /U
on Ty =T/U is k-acylindrical.

Proof. First note that a nontrivial stabilizer of any edge e coincides with
one of its vertex stabilizers G, or G, say G, since otherwise by [WZ17,
Lemma 11.2] the stabilizers of two vertices of e do not generate a pro-p
group. It follows that a maximal connected subgraph D of T" having non-
trivial stabilizers in G of all its edges has diameter at most k.

We shall prove that the same is true in Gy; we use the subscript U for
images in T/ U. Consider 1 # gu € Gy that stabilizes a vertex in Ty. It
suffices to show that a maximal connected subgraph containing vy such that
all edge stabilizers of it are non-trivial is contained in Dy. Let ey be an edge
not in Dy having a vertex wy € Dy. Let g € G, stabilizing a vertex v € T,
be such that gU/U = gy, and choose D with v € D. Let w be a vertex
of D whose image in Ty is wy. Then G, # {1} and there exists an edge e
incident to w whose image in Ty is ey. But G, is trivial and so (Gy),, is
trivial. Thus all edges not in Dy with vertices in Dy have trivial stabilizers
in Gy, as required. O

Proposition and Lemma enable us to generalize [WZ17, Theorem
11.1] from the 1-acylindrical case to the k-acylindrical case, for any natural
number k.

Theorem 3.8. Let GG be a finitely generated pro-p group acting k-acylindrically
on a profinite tree T'. Then G is a free pro-p product of vertex stabilizers and
a free pro-p group.

Proof. Since G is finitely generated, its Frattini series ®"(() is a fundamen-
tal system of neighbourhoods of 1. Let CI% be the subgroup of ®"(G)
generated be all vertex stabilizers of ®"(G). By Lemma M G,=G/ m

acts k-acylindrically on a profinite tree 7,, = T'/®"(G) and so by Proposition
is a free pro-p product

= G/ (G) (]_[ Gm> I Fop,
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of finite p groups G, and a free group Fy, in G,.
Since G = (h_m G, and G is finitely generated, by choosing n large enough

we may assume that the number of free factors is the same for every m >
n, i.e. v ranges over a finite set V. By [RZ00, Theorem 4.2] every finite
subgroup of a free pro-p product is conjugate to a subgroup of a free factor.
Therefore, the free factors of G,,,1 are mapped onto the free factors of G,
up to conjugation. But in a free pro-p product decomposition replacing any
free factor by its conjugate does not change the group. So, starting from
n, we can inductively choose G,,11, in such a way that its image in G,, is
Gy Let G, be the inverse limit of G,,,. Then by [RZ10, Lemma 9.1.5]
G =l,ey Go I F.

It remains to observe that (G,,, is a stabilizer of a vertex in 7T}, so the set of
fixed points T¢m is non-empty and closed [RZ00, Theorem 3.7]. Therefore,
G, is the stabilizer of a non-empty set of vertices <ll_m TGvm . This finishes the

proof. n
We shall need these auxiliary lemmas in Section 4.

Lemma 3.9. Let H be a pro-p group acting on a profinite tree T" with compact
non-empty set of edges having only finitely many maximal vertex stabilizers
up to conjugation. Then H acts on a profinite tree D with non-empty set of
edges such that, for every edge e of D, the edge stabilizer H. fizes at least
two edges in the original tree T

Proof. Let H,,,... H,, be maximal stabilizers of vertices in 7" up to conju-
gation. Then the stabilizer H,, of any edge or vertex m € T' is contained in
some of H, up to H-translation of m. So assuming H,, < H,, we see that
H,, fixes the geodesic [m,v;]. Since E(T) is compact, H,, stabilizes an edge
incident to v; whenever m # v; by [ZM88, Lemma 2.15]. So if m & star(v;),
the stabilizer H,, fixes at least two distinct edges. Now |, Hstar(v;) is
a profinite subgraph of T and, collapsing all its connected components in
T, by the Proposition on page 486 of [Zal92], we get a profinite tree D on
which H acts with edge stabilizers each stabilizing at least two distinct edges
of T (as was just explained). Finally note that the connected components
of Ui, Hstar(v;) are stars, since the geodesic [gv;, hv;] is infinite whenever
gu; # hv; and g,h € H. Indeed, otherwise choose a geodesic [gv;, hv;| of
minimal length with gv; # hv; for g,h € H. To arrive at a contradiction
we show that the group K generated by the stabilizers of gv; and hv; is not
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pro-p. Note that B = K|gv;, hv;] is a profinite tree with B/K finite. Since
[gv;, hv;] is minimal, the stabilizers of all internal vertices of the geodesic are
equal to the stabilizers of their incident edges. Thus collapsing all but one
edges of this geodesic and their K translates, we may assume that B/K has
just one edge. Now we can apply [WZ17, Lemma 11.2 | to deduce that K is
not pro-p as required. 0

Lemma 3.10. Let G' be a profinite group acting on a profinite tree T' with
compact set of edges such that any non-trivial subgroup K of G stabilizing
two edges eq,es is at most procyclic. Let H be a finitely generated pro-p
subgroup of G. Then H is the fundamental pro-p group I1;(H,A) of a finite
graph of finitely generated pro-p groups with edge groups that are stabilizers
of some pairs of distinct edges of T'. In particular, if the action of G on T is
1-acylindrical then H splits as a free pro-p product H = HUGV(A) Hw) O F,
where F' is a free pro-p group intersecting trivially all conjugates of vertex
groups in H.

Proof. First note that a nontrivial stabilizer of any edge e coincides with one
of its vertex stabilizers H, or H,,, say H,, since otherwise by [WZ17, Lemma
11.2] the stabilizers of two vertices of e do not generate a pro-p group. This
means that connected components of the abstract subgraph whose edges have
non-cyclic H-stabilizers are at most edges.

Now since H is finitely generated, its Frattini series ®"(H) is a funda-

mental system of neighbourhoods of 1. Let ®7(H) be the subgroup of ®"(H)
generated be all vertex stabilizers of ®"(H). Then H, = H/®"(H) acts on a

profinite tree T,, = T /®"(H) (cf. [ZM88, Proposition 2.5]) and ®"(H)/P"(H)
acts freely on 7}, and therefore is free pro-p (see Theorem 2.6 [ZMS8g]). Note
that the vertex and edge stabilizers of H,, acting on 7, are finite epimor-
phic images of the corresponding vertex and edge stabilizers of H acting on
T and so the images in T}, of edges of T" with trivial edge stabilizers have
trivial stabilizers. Therefore, every abstract connected component €2, of the
subgraph of points of T}, with non-cyclic edge stabilizers in H,, is exactly the
image of some abstract connected components €2 of the subgraph of points
of T" with non-procyclic H-stabilizers in T'. Indeed, suppose on the contrary
there exists an edge e, € €2, not in the image of {2 but having a vertex v,, in
it. Let v be a vertex of {2 whose image in T}, is v,. Then H, is not procyclic
and there exists an edge e incident to v whose image in T}, is e,,. But e & ,
so H. is procyclic and therefore H., is cyclic, contradicting the choice of e,,.
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By [HZ08, Lemma 8], a virtually free pro-p group has only finitely many
finite subgroups up to conjugation. This means that T, has only finitely
many edges e, up to translation with (H,)., that are not cyclic. Hence the
union of them is a profinite subgraph of S and collapsing all its connected
components in T,,, by the Proposition on page 486 in [Zal92] we get a profinite
tree D,, on which H,, acts with cyclic edge stabilizers. Hence, by Corollary
3.3, H, is the fundamental pro-p group of a finite graph of finite p-groups
(H,, T',) with cyclic edge groups, where the vertex and edge groups of (H,,, I')
are stabilizers of certain vertices and edges of D,, respectively. Moreover, by
collapsing edges that are not loops with a vertex group equal to the edge
group we may assume that (3(,,I') is reduced (see Remark [2.2). Then by
[SZ14 Lemma 2.2], the size of I' is limited in terms of the minimal number
of generators d(H) of H, i.e. is bounded independently of n. Therefore,
by Corollary H is the fundamental group IT;(H,T") of a finite graph of
pro-p groups with cyclic edge stabilizers whose vertex and edge groups are
stabilizers of certain vertices and edges of T'. In particular, it has only finitely
many maximal stabilizers of vertices in T" up to conjugation. Then we can
apply Lemma to deduce that H acts on a profinite tree D such that
every edge stabilizer H,, e € D fixes at least two edges in T. Now applying
Corollary again we deduce that H is the fundamental group II; (H, A) of
a finite graph of pro-p groups satisfying the statement of the lemma.

Finite generation of the vertex groups H(v) follow easily from the pre-
sentation of II; (H, A), the finiteness of A, and the fact that the edge groups
H(e) are procyclic.

To show the last statement, observe that in the case of a l-acylindrical
action the edge groups H(e) of (H, A) are trivial (since each of them stabilizes
a pair of distinct edges of T'), so the result follows from the presentation (|1
of IT; (X, A). O

We finish the section with two simple lemmas.

Lemma 3.11. Let G = HNN(F(Y U X),C;,t;), i = 1,...n be a pro-p
HNN-extension of a free pro-p group F' = F(Y U X) on a finite set Y U X
such that each C; and C}' are a conjugate of (y) in F for somey € Y. Then
G = ey z({y) x FI(T,)) L F(Z U X) is a free pro-p product, where Z is
a subset of Y and T, is a (possibly empty) subset of the set of stable letters
oot

Proof. We use induction on the cardinality of Y. If there exists ¢; such
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that y{lti = yf for some 1y, # yo and fi, fo € F then we can rewrite G as
G=HNNFY \ypU(XUfit;fz1),Cj,t;),i=1,...i—1,i+1...,n and
the result follows from the inductive hypothesis.

Thus we may assume that C/* = C!* for some f; € F for all 4. Then
replacing t; with t;f; ' we may assume that t; centralizes C; for every i.
Moreover, conjugating C; in F', we may assume that every C; is generated
by an element of Y. Now the result follows from the presentation G =
HNN(F(YUX),Ci,t;),i=1,...n. O

Lemma 3.12. (i) Let H = H 11y, Hy be a pro-p free amalgamated product
over a procyclic group Hy. Suppose Cy(Hy) is abelian of rank at most

(i) Let H = HNN(Hy, Hy,t) be a pro-p HNN-extension over a procyclic
subgroup Hy. Suppose Cy(Hy) is abelian of rank at most 2, Hy =
Cu(Ho) 1 Ly and H{ is conjugate in Hy either to Hy or to a subgroup
of Ly. Then either H = (Z, X Hy) 1 Ly or H = Z, 11 L;.

Proof. (i) Since Cy(Hy) is abelian of rank at most 2, either Hy is self-
centralized in H; or it is self-centralized in H,; say Hj is self-centralized
in Hy. Then H = L I Hy and the result follows.

(i) If Hy is conjugate to a subgroup of L; then H = L, II(t). If Ht = H"
for some hy € Hy then H = Ly [J((th{*) x Hy) so we are done as well. [

4 Pro-p subgroups of profinite completions of
3-manifold groups

4.1 Reduction to the geometric cases

Let M be a compact, orientable, non-geometric 3-manifold. Since every
compact manifold is a retract of a closed manifold, it follows easily that
we may reduce to the case in which M is closed. If M is reducible then
its Kneser—Milnor decomposition is non-trivial. In particular, m M acts on
a tree with trivial edge stabilizers (i.e. 0-acylindrically), and with vertex
stabilizers exactly the conjugates of the reducible factors of M; such an
action is O-acylindrical. Since 3-manifold groups are residually finite, m
acts 0-acylindrically on a profinite tree, with vertex stabilizers the conjugates
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of the completions of the irreducible factors. Therefore, by Theorem [3.8 we
may reduce to the case where M is irreducible.

If M is non-geometric, we now argue similarly using the JSJ decompo-
sition. The action of an irreducible, non-geometric 3-manifold on its JSJ
tree is 4-acylindrical [WZ10, Lemma 2.4]. The same is true for the action of
the profinite completion on the profinite tree, as follows essentially from the
results of [WZ10] and [HWZ13]. For completeness and ease of reference, we
state the result here.

Proposition 4.1. Let M be a closed, irreducible 3-manifold. Then the action
of myM on the profinite tree associated to the JSJ decomposition of M is 4-
acylindrical.

This was stated in [WZ17, p. 376], and a careful proof was written down in
[Will7, Proposition 6.8]. Proposition follows in a straightforward manner
from the following statement.

Lemma 4.2. Let N be geometric 3-manifold with incompressible toral bound-
ary, not homeomorphic to an interval bundle over a torus or Klein bottle, and
let Py, P, be two 72 subgroups conjugate to the Jundamental groups of bound-
ary components. Then, for any 4 € 7@, Pin ﬁ; 15 equal to the maximal
normal procyclic subgroup of ﬂ]\\f )

Gareth Wilkes has pointed out that the results of [WZ10] and [HWZ13]
in fact prove a weaker statement than Lemma [4.2] since they only handle
the case in which 4 € m; N. However, similar techniques do indeed establish
Lemmal4.2 and hence Proposition 4.1} For the Seifert fibred case, one argues
as in [WZ10], appealing to [CZ07, Proposition 3.4 and Lemma 3.5] instead
of [RZ96, Lemma 3.6]. (Alternatively, a proof using more recent technology
might appeal to [WZ17, Theorem 3.3].) For the hyperbolic case, one argues
as in [HWZ13], but replaces [HWZ13], Lemma 4.7] by [WZ17, Lemma 4.5].

With Proposition in hand, by Theorem [3.8] a finitely generated pro-p
subgroup of 7r/1]\\4 is a free pro-p product of pro-p subgroups of the vertex
groups, so it suffices to consider the geometric cases.

4.2 Hyperbolic manifolds

The closed hyperbolic case is the subject of [WZ17, Theorem F|; in this case
our subgroup is free pro-p.
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Thus we consider cusped hyperbolic 3-manifolds in this subsection. Re-
call that a subgroup of my M is called peripheral if it is conjugate to the
fundamental group of a cusp and so is isomorphic to Z x Z. A conjugate of
the closure of a peripheral group in m/\M will also be called peripheral; it is
isomorphic to Z x Z.

Definition 4.3. Suppose that a group G is hyperbolic relative to a collection
of parabolic subgroups {P, ..., P,}. A subgroup H of G is called relatively
malnormal if, whenever an intersection of conjugates H” N H is not conjugate
into some P;, we have v € H.

It is well known that 7 M is hyperbolic relative to its peripheral sub-
groups. Following Wise, we analyse the cusped hyperbolic 3-manifold M by
cutting along an embedded family of surface ¥; so every cusp is cut by some
¥;. The following theorem is [WZ17, Theorem 9.1].

Theorem 4.4. A hyperbolic 3-manifold M with cusps has a finite-sheeted
covering space N — M that contains a disjoint family of connected, geomet-
rically finite, incompressible subsurfaces {¥1,...,%,} such that:

1. each cusp of N contains a boundary component of some ¥;;

2. each m%; C m N s relatively malnormal.

Cutting along the family of surfaces given by Theorem produces a
graph-of-groups decomposition (g, A) for G = m N, with the property that
every vertex and edge group is hyperbolic and virtually special. Any pe-
ripheral subgroup P; leaves invariant an infinite (Tits’) axis and splits into
direct product of infinite cyclic groups P; = L; x R; such that L; fixes ev-
ery edge of the axis and R; acts by translations. The stabilizer of any pair
of distinct edges of the Bass—Serre tree S is conjugate to such L; for some
peripheral subgroup P;. Moreover, m; N is subgroup separable (see [AFW15,
Corollary 5.5]) and so by Example we can pass to the corresponding
graph of profinite groups (§,A) such that G = H1(§, A) with G acting on
the standard profinite tree S(@) By [WZ17, Theorem 4.2], 7?(_2\1) are rela-
tively malnormal in the profinite completion of peripheral subgroups and so
every nonjrivial stabilizer of a pair of distinct edges of S(G) is conjugate to

a certain L; < P,.

We shall need however a more specific hierarchy on vertex groups §(v) of
G given by the next proposition.
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Theorem 4.5. Let M be a cusped hyperbolic 3-manifold. The fundamental
group T M possesses a finite index subgroup G that admits a a graph-of-
groups decomposition (G,T") such that:

1. every vertex and edge group is hyperbolic and virtually special, and the
stabilizer of any pair of two distinct edges of the Bass—Serre tree S is
cyclic and is conjugate to a cyclic subgroup L; of a peripheral subgroup;

2. moreover, each vertex group G(v) has a malnormal hierarchy, which
can be chosen so that, at each step, every L; belongs to a vertex group
of the corresponding step-decomposition (so that at the last step of the
vertex group being a free product of cyclic groups each L; is contained
in some cyclic free factor).

Proof. We consider the finite-sheeted cover N of M provided by Theorem
4.4] The fundamental group of N comes equipped with a decomposition that
satisfies item (1) above. For item (2), we appeal to [AGM16, Theorem 2.11].
Indeed, let N, be a component of the given decomposition of N. Then the
L; that are conjugate into NN, from a malnormal family £,, and so the pair
(m1 Ny, L,) is relatively hyperbolic by [Bowl2, Theorem 7.11]. Since m N,
is also hyperbolic and virtually special, we may apply [AGMI16, Theorem
2.11] to obtain a normal subgroup G, of finite index in m N, so that the
induced pair (G, L)) < (m Ny, L,) admits, in the terminology of [AGMI6],
a malnormal, quasiconvex, fully £!-elliptic hierarchy. This means precisely
that there is a finite hierarchy in which every vertex group is hyperbolic and
virtually special, and every edge group is malnormal and quasiconvex, and
in which the intersection with every conjugate of L; € £, is always elliptic,
terminating in free products of groups from £/ and free groups.

Since the subgroups 7 N, are separable in 7 N, we may pass to a finite-
index normal subgroup G of m; N so that every vertex group of the induced
decomposition is contained in some mN,. The subgroup G then has the
properties claimed. O

We deduce from Lemma the following.

Corollary 4.6. Let H be a finitely generated pro-p subgroup of the profinite
completion G. Then H = (H,A) is the fundamental pro-p group of a finite
graph of finitely generated pro-p groups with cyclic edge groups conjugate to
subgroups of L;, and where the vertex groups of (3, A) are conjugate to some
vertex groups of (G,T).
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Corollary 4.7. Let H be a finitely generated pro-p subgroup of the profinite
completion of a vertex group §(v). Let v be a vertex in the standard tree S(G)
mapping to v; consider the action of H on the set of incident edges at v, and
let eq, ... e, be a set of orbit representatives, with corresponding stabilizers
H(e;) in H. Then H splits as a free pro-p product H =[], H(e;) LI F', where
F is a free pro-p group.

Proof. We use induction on the hierarchy of Theorem [4.5 for G(v). So let K
be a subgroup that belongs to this hierarchy.

The base of the induction is the case in Wthh K is a free product of cyclic
vertex groups K'(v). Since P is malnormal in m M (see [WZ17, Lemma 4.5])
and H(e) = Lg for some g € G, in this case each non-trivial intersection
Kw)NnH(e) = K(v)N L? = K(v) so each H(e) = Lf generates a free factor.

Now, to perform the inductive step, note that in this case by Lemma [3.10
H = Hvev( Ax) H(v) II F is a free pro-p product of vertex groups and a free
pro-p group F intersecting trivially all conjugates of vertex groups. Applying
the induction hypothesis to each vertex group Hx (v) and using that a pro-p
free factor of a finitely generated pro-p group is finitely generated, we deduce
the statement. 0

We are now ready to deduce the classification of pro-p subgroups in the
cusped hyperbolic case.

Theorem 4.8. Let m; M be the fundamental group of an orientable hyperbolic

3-manifold with k cusps, and H a finitely generated pro-p subgroup of m M.
Then H is a free pro-p product of free abelian pro-p groups of rank < 2.

Proof. Let G be the finite-index subgroup of m M given by Theorem 4.5 We
prove first the theorem for H < G. By Corollary 4 . H is the fundamental
pro-p group of a finite graph of finitely generated pro-p groups (H, A), with
cyclic edge groups conjugate to subgroups of Ei, where the vertex groups of
(H,A) are stabilizers of certain vertices and edges of S(G). Moreover, by
Corollary (1.7, for each vertex v € A we have H(v) = ([s, <g¢(,) H(€)) LI L.

We use induction on the size of A to prove that H is a free pro-p product
of free abelian pro-p groups of rank < 2, with every H N LY g € G being
conjugate to a free factor. If A is a vertex then the result just follows from
the decomposition H(v) = (I1s <g¢(,) H(€)) II L, mentioned above.

Now let e be an edge of A. Then H = H Uy ) Hyor H = HNN(H,,H(e),t),
where H; and H, are the fundamental groups of the graph of groups (H, A)
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restricted to the connected components A; of A\ {e} (i =1,20i=1). If
H(e) = 1 then the amalgamated free products or HNN-extensions are free
products and the result follows directly from the induction hypothesis.

Suppose H(e) # 1. By the induction hypothesis we may assume that
H; = (H(e) x Hy) II L;. Since the profinite completion P of a parabolic
subgroup P is malnormal in 7 M the centralizer of H(e) in H is abelian of
at most rank 2 so the result follows from Lemma [B.12

Now, to prove the general case, we observe that by what we just proved
H N G satisfies the statement of the theorem. Then the statement for H
follows from [Zall6, Theorem 1.2]. O

4.3 Seifert fibred manifolds over hyperbolic bases

In this section we deal with the cases in which N admits a geometric structure

—_——

modelled on either H? x R or SLy(R). Recall that, when N is Seifert fibred,
the fundamental group m N is torsion-free of the form

1-72Z—m™N—>m0—1

(not necessarily central) where 7,0 is a Fuchsian group. (We refer the reader
to [Sco83| for details.) Our classification theorem in this case shows that
the pro-p subgroups of the profinite completion of 7 N are either free pro-p
products, or pro-p completions of fundamental groups 7 M, where M is a
non-compact Seifert fibred manifold with residually p fundamental group.

Theorem 4.9. Let G be the fundamental group a Seifert fibred manifold with

either H? x R or SLy(R) geometry and H a finitely generated pro-p subgroup
of G. Then H 1is a cyclic extension of a free pro-p-product of cyclic pro-p
groups.

Proof. Consider Hj, the image of H in 7?1\0, and note that Hy is a finitely
generated, pro-p subgroup. It suffices to prove that Hy is a free pro-p-product
of cyclic pro-p groups. Indeed, let S be a surface subgroup of finite index of
mO. Then H NS is free pro-p by [Zal05, Proposition 1.2].

We now prove that the centralizer in 7?1\0 of a torsion element of Hj is
finite. Since no open subgroup of m,0 is pro-p, we may replace O by a non-
trivial finite-sheeted cover of degree n > 2, where n is coprime to p, whose
completion contains Hy. We may therefore assume that 7,0 is not a triangle
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group. If m O is torsion-free there is nothing to prove; otherwise, m O splits
as an amalgamation over an infinite cyclic group m O = K *¢ F', where
F is free and K = *;(; is a free product of cyclic groups. It follows that
7rlO K s Fis a free profinite product with cyclic amalgamatlon Applymg

[ZMSS, Theorem 3.10] twice, any finite subgroup of 7r10 is conJugate into K
and thence to some C;. By [ZMS8, Theorem 3.12], K N K¥ is contained in
a K-conjugate of C'. It follows that the centralizer C'—(c;) of any element

¢; of C; is contained in K , and so by [RZ10, Theorem 9.1.12], the centralizer
coincides with C}, as required.

By [HZ08, Theorem 1], virtually free pro-p groups in which torsion ele-
ments have finite centralizers split as a free pro-p product of finite subgroups
and a free pro-p group. Applying this to Hy now completes the proof. O]

4.4 Sol and Nil manifolds

Suppose that N is a compact 3-manifold with solvable fundamental group.
The groups that arise in this way were classified by Evans and Moser [EMT72],
and are all virtually polycyclic. It follows from this classification that a
compact, orientable manifold N with Nil or Sol geometry has a cover Ny of
index at most two such that 7 Ny & Z? % Z, and we deduce the following.

Theorem 4.10. Let N be a compact, orientable, Nil- or Sol-manifold. If p is
odd then the Sylow p-subgroup of m N is isomorphic to the pro-p completion
of a semidirect product 72 x Z, and for p = 2, the Sylow p-subgroup has a
subgroup of index at most 2 with this structure.

Proof. Let H = m Ny as above. Denote by O,(G) the kernel of the epimor-
phism of a profinite group G to its maximal pro-p quotient. Let f : H—
H/O,(Z?*) be the canonical map. Clearly f restricts to an injection on H, so
we identify H with f(H). The image f(Z2) is Z on which H/O,(H) acts
by conjugation. Thus we have a homomorphism 7 : H/ Op(PA[ ) — GLy(Zy).
Note that GLy(Z,) is virtually pro-p. Hence the preimage U of a p-Sylow sub-
group of n(H) is open in H/O,(H). Consider the intersection K = UNm N,
a finite-index subgroup of m;N. The pro-p completion K; has a normal
subgroup Zg which is the closure of Z? and the kernel of the natural map
K; — U intersects it trivially. One deduces then that this kernel is trivial,
and the result follows. O
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4.5 The Euclidean case

This case consists of all 3d Bieberbach groups — i.e. torsion-free Z3-by-finite
groups with the finite groups of the following 32 types [Hah87, Chapter 10.1,
p. 794]: 27 cyclic and dihedral groups, 3 tetrahedral groups T, Ty, T}, and 2
octahedral groups O and Oj,. The orders of the these groups are divisors of
48, so only the primes p = 2,3 can lead to non-trivial Sylow subgroups. For
p = 3, all Sylow subgroups are C3. See also [EMT72, Lemma 4.9].

Suppose p = 2. Then we have the following list.

1. Cyclic groups: Cy, Cy, Cs.
2. Dihedral groups: Dy, D4, Dg of orders 4, 8, 16 respectively.

3. Tetrahedral groups T, Ty, T}, have orders 12,24,24 and their Sylow 2-
subgroups are D, and Dg, so we do not get anything new from the
previous item.

4. The two octohedral groups O = S, and Oy, of order 24 and 48 respec-
tively. The Sylow 2-subgroup of the first one is Dy, and of the second
is the generalized quaternion group 14.

Thus we can deduce the following:

Proposition 4.11. The Sylow p-subgroup of the profinite completion of the
fundamental group of a Euclidean 3-manifold is a pro-p group of one of the
following types:

(i) Z3 for any p.
(ii) if p =3, Z3-by-Cs.
(ZZZ) P = 27 Z%_by_027 _04; _087 _D27 _D47 _D87 _QIG-

Remark 4.12. Each extension may yield several isomorphism classes, so this
does not give the number of groups.

There are the cases of Z and D.,. We do not get anything new, just the
pro-p and pro-2 completions respectively.
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4.6 Interval bundles over Klein bottles

The JSJ decomposition of a non-geometric 3-manifold M may include pieces
N which are homeomorphic to twisted interval bundles over the Klein bottle,
with fundamental group the Klein-bottle group Z xZ. These can be removed
by passing to a double cover, but when p = 2, the pro-2 completion of Z x Z

arises as the Sylow 2-subgroup of 7 x 7. We record this observation for later
use.

Proposition 4.13. The Sylow 2-subgroup of the profinite completion of the
fundamental group of the twisted interval bundle over the Klein bottle is the
pro-2 completion of 7 X 7.

4.7 Spherical manifolds

We shall use here [Wollll, Theorem 2.4 |.

Theorem 4.14. (Theorem 2.4 [Wolll] ) Finite fized-point free subgroup of
SO(4) belongs to the following list:

1. Cyclic group C,, of order n.

2. Dihedral groups Dok (api1y, for k > 2 and n > 1, with presentation
(z,y | 22 = y? =1, ayxt =y of order 25(2n + 1).

3. Generalised quaternion groups Qu of order 4k.
4. The binary icosahedral group I = SLy(F5) of order 120.

5. The groups Py,

(x,y,z2* = (2y)? = y* 202~
8.3k,

= Qg ¥ Cs: defined by the following presentation

U=y, 2yzt = ay, 23" = 1) of order

6. The direct product of any of the above group with a cyclic group of
relatively prime order.

We shall list p-subgroups of all these groups. Since Case 6 does not
produce anything new we analyse cases 1-5 only.

Looking at the orders we see that for p odd p-Sylow subgroups are cyclic.
So we concentrate on the case p = 2. Then we have only 3 types of 2-
groups: cyclic, dihedrals Dsx, generalized quaternions (9. Thus we deduce
the following
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Theorem 4.15. Let G be the profinite completion of the fundamental group
of a spherical 3-manifold.

(a) If p is odd, its Sylow p-subgroups are cyclic.

(b) If p =2, we have the following list of possible Sylow 2-subgroups:

1.

cyclic;

2. dihedrals Dok ;

3. generalized quaternions QQaon.

Putting the above results together we obtain Theorem
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