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Abstract

In this paper we consider a master integral in four arbitrary parameters.
The integrand involves the logarithmic function and the Gauss hypergeomet-
ric function, which in certain special cases the integral reduces to identities
involving zeta functions. A relationship will also be created between the
integral and Euler sums of arbitrary order and arbitrary argument. Many
interesting new specific examples will be highlighted.
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1. INTRODUCTION AND PRELIMINARIES

The evaluation of integrals involving integrands with logarithmic and hy-
pergeometric functions can be notoriously difficult to deal with and finding
closed form representations of these integrals can be a rare occurrence. Many
books and papers have been published on various methods for the evaluation
of integrals with hypergeometric or logarithmic functions, see for example
(1], [2], [3], [4], [8], [9], [10]. Integrals dealing with the Hurwitz zeta function
and Tornheim sums can be seen in [5], [6] and [7]. A class of logarithmic in-
tegrals have also recently been examined in [11]. In particular in this paper
we investigate the representation of integrals of the type

1
I(m,p,q,t) =/ log" 2 A (p,q,t;x) dr
0

where ) )
x”t (1 —aP) Ly
A ) atv = ———" ol P
(p,q. ;) 11— 241 1+% x
and oF v z| is the Gauss hypergeometric function. We prove that in

many cases of the parameters (m,p,q,t) the integral I (m,p,q,t), maybe
represented in closed form that include the polygamma and zeta special
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functions. Finally a generalization of the integral I (m,p,q,t) is given. Let
R and C denote, respectively the sets of real and complex numbers and let
N :={1,2,3,---} be the set of positive integers, with Ny := NU {0}. Let
I' (2) denote the familiar Euler’s gamma function then the digamma (or Psi)
function, for z € R, is defined by

Y(z) 1= - {logT(2)} =

and is connected to the harmonic number H,, by ¢ (z + 1) = H, — ~, where
v is the Euler-Mascheroni constant. The Lerch transcendent

®(z,t,a) = ZOWZT% (1.1)

is defined for |z| < 1 and R (@) > 0 and satisfies the recurrence
®(z,t,a) =2 ®(z,t,a+1) +a "

The Lerch transcendent generalizes the Hurwitz zeta function at z = 1,

®(1,t,a) =C (t,a) = Z ﬁ
m =0

and the Polylogarithm, or de Jonquiere’s function, when a = 1,
oo Zm
Liy (2) := Z ooyl t € C when |z| <1; () > 1.
m=1

Moreover
CA+t), forp=1

1 .
/ Li; (pm)dx Y 4
0

t 27" =1)¢(1+t), forp=-—1

A generalized binomial coefficient (:) (A, pu € C) is defined, in terms of the
gamma function, by

A '(A+1)
= , A e C),
() ~rororasy Geeo
which, in the special case when p =n, n € Ny, yields

</\>::1 - </\)::A(/\—l)---()\—n—i—l):(—1)"(—>\)n N,

0 n! n!

where ()), is the Pochhammer symbol defined, also in terms of the gamma
function, by

N ::M: 1 (v=0; e C\{0})
r'(\) AAN+1) (A +n—1) (v=neN; A€C),
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it being understood conventionally that (0)g := 1 and assumed that the T'-

quotient exists. A generalized harmonic number Hy(lm) of order m is defined,
for positive integers n and m, as follows:

n 1 .
H™ .= E —, (m,n €N) and H(() =0 (m e N)
r
r=1

and
mn-+1

YO() = () = e {log ()} (n e o).

dz”
Furthermore we may write the generalized harmonic numbers, H ,5];)17 in
terms of polygamma functions

(—1y!
(j— 1!

where ¢ (j), for j = 2,3,4,... is the zeta function.

In Theorem 2, later in this paper, we shall utilize differentiation of a
parameter of the Gauss hypergeometric function. The following information
will be useful. It is known, see [8] that the Gauss hypergeometric function

a,b a), (b), z"
o [ . z] = 27( )(’;)(n)r;ﬁ

n>0

is defined for the circle of convergence of |z| < 1, provided that ¢ # 0, —1, -2, ...
The behaviour of the series on its circle of convergence is:

(¢) Divergence when R (¢ —a —b) <1,

(73) Absolute convergence when R (c —a — b) > 0,

(731) Conditional convergence when —1 < R(c—a —0b) < 0, the point
z =1 is excluded.

The differential formula for the Gamma function is I'(z) = T'(2)¢(2),
where 9(z) is the (Psi) digamma function. We also have the relation

Héj_)l - C(]) + 1/’(] b ( )7 z 7é {_1’_27_37"’}7 (12)

Vi)~ = Y (13)
k=0
and therefore
d 1
(@) =@wE+) —v@) = (); Y~ (14
k=0

The p'* derivative of (1.3) with respect to z yields

Jj—1

Y (2 + ) — (2 Z

u+1
pard (z+ k:
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z

where ¢+ (z) = di <¢(“)(z)> ; uw=0,1,2,3,....Then, the first two deriva-
tives

g [ab| ] @latn) - @) (a), (), ="
Ta oy . z] —HZZO (), nl
and
2 ab | ] (¥(a+n) = ¥(a)* + ¢/ (a+n) —¢'(a)) (), (b), 2"
| | =§( @, | |

2. CLOSED FORM AND INTEGRAL IDENTITIES
We now prove the following theorems.

Theorem 1. Let m € N, p € N, ¢ € R\ {—1,0} and t € R\ {0}, then for
gkt —q—pt #0

1 m—1 1,.—1 1 — 2P)1 m—1 171
I(m,p,q,t):( ) / x=t (1—aP)log T o "] do
(m—1) J, 1—z 141
(2.1)
1 ¢ K
: i (i) (s = 1)
> mb=i (G N[
| e S ()" (B - c0)
where o F z| is the Gauss hypergeometric.
Proof. Consider the shifted Euler sum of the form, for ¢ # 0,
00 H(m) L
G m,p,q,t = dq i . 2.2
( ) ;(qn+1)(qn+1—q) 22

Utilizing the general integral representation of the harmonic number
gy _ D™ /1 (1—2")n"x
n
0

m! 1—=z

dx, form e N

we have from (2.2)

1

1 m—1 11 m—1 oo 1 — =
G (m,p,q,t) = a(C1) / S E S dx
Py 1—=x (gn+1)(gn+1—gq)

n=1
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-1 m—1 1 1oem—1
= (=1) / %% Tl1_gt4ad (1 —2aP) oFy
*Jo

1—=z

- <<m)—<(m,1—1)

t

(=)™ lami (1—2P) log™ta
oI
0 ]. — X

Now let us consider the integral in question, namely

I(m,p,q,t) = E;l)_ 1)!/0 -

and by a Taylor series expansion about x we have

t(1- 2P) log™ 'z

1—=x

oI

m—1

I(m,p,q,t) = _1,Z<[}+)/lenilog

where [z] is the integer part of z. Hence we can write

tm

I(m,p,q,t) = i(q M
n =0 P

& +1) (nt +t—1)™

tm

(2.3)

Rl

g |2+ 1) (e — 1)

by a change of counter. To express (2.3) in closed form, we notice that

[ee) $m e e] p
nz_l(q[ﬂﬂ+1>( t—1m g kzzl anﬂ*-)
p o] 1
= 2.4
iz (an+1 (pn+k—1) @4)
S ID IR PO R (25)
_kzanO gn+1 (pn+k——)
where
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and

1 5 dm=i 1
Qm—j = T im -
" (e AT L

1 " m+1—7
_ = <#> for j =1,2,3,....,m.  (2.7)
qgt—q—p

From (2.5), (2.6) and (2.7) we have

m
qt 1 P
(kqt—q—pt> <qn+1 q(pn+k—1)>

k=1n=0 1 Zm pat m+1—j 1 '
q £=j=2 \ kqt—q—pt (pn+k_%)3

1 qt m H _H
q(kqtqupt) ( —(1’—“;;’“) %—1)

iy pat mH=T (i P (B _ 1
q £=j3=2 \ kqt—q—pt (] 1)ip7 pt

From the relationship of the polygamma function with the generahzed har-
monic numbers (1.2), we have

1 qt m
[ )" ()
I m7 ] 7t -
(m,p,q,t) I; . - m+1—j H(j) )
+<1P_m ZJ'ZQ qgkt—q—pt kt—1_q C(])

and the theorem is proved. (I

p
I(mapaqvt) = Z
k=1

Example 1. Some examples follow:

2
I(m’p7q3t) = 1(37p7_47_§);f0rp6N

_ _2/1 3 (1 —aP) log?z JF
0

11—z

1
1,-1

Ip] dz
= -9 /01 s (1 —Jf’l log2x (1 4 é (tanﬂ (mg) _tanh~! (ﬁ))) e

—128p* 4 32p*y — 16p*m + 96p° In 2 4 32p°¢ (2—’5;3>

3
1

9 p
72 p+4k+6)

—8p (p + 4k + 6) ¢ (%) b (p+ 4k +6)% " (%)
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For

2\ 127232 64 391 48 28
=1, I(3,1,-4, —Z) = 22202 D% 9 25T 20 -3
p== ( ’3) 35937 1331 M2 T 1as1 1o P e
and for

2 1379 7 T 25 w49
—9 (8.2 -4 -2)=20 Lo T2y 2
p=4 (3” ’3> 216 360 27 1t P ¢6)

where G = .91596... is Catalan’s constant. Next
I(m,p,q,t) = 1(3,4,2,2)

1 1 1— 4 1 2 1 2
= _/ (1—2") og5x 10g( —|—m2> dx
2Jo (1-=z) a2 L=z

= S (uva-) et 2 (2v2-5)c@) 44 (3v2-2)

27
I(m,p,q,t) = I(4,2,-2,2)
1/t log3 1,-3
:__/wm 2 | 2] g
3 Jo xr2 1
2
22592 3136 ., 43527 1216 @) 167
50625 3375 50625 1125 225
11296log (2) 1 (5 (1 1 @ (3) 952
50625 =27 \1) " g 225C(3)'
I(m,p,q,t) = I1(m,2,3,2), formeN
_ 1
(—1)m bt -1 -1 173 2
= -1 ), x 2 (14x) log" " x oF; % z°| dx
m
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A number of interesting special cases follow as corollaries.

Corollary 1. Let {m,p} € N, g € R\ {—1,0}, then for gk —p # 0, and as
t — 0o we have,

Jim I'(m,p,q,t) = I(m,p,q)=qG(m,p,q)
—1ym L (1= ) log™ ! 1,1
Bl R LE XY BN i
(m—1)!Jy 11—z 1+
_a \"™ _
o] e
= H{™ + p > i . (28)
=1l () <H,f - C(j))
P
Proof. The proof follows, by noting that
> H(m)
G =
qG (m,p,q) Z:: T DT 1=0
(=)™t b (1= aP)log™ 1, % v
= (m — 1)' 1— 2 2F1 1 1 T dx
- Jo +3
S !
X )
Sy o
an+1 = (pn+k)
p oo 1
= g™ 2
P +kZ:1nZ:1(qn+1)(pn+k)m (29)
Expanding (2.9) leads to (2.8). O
For t = —1, we have the following:

Corollary 2. Let m € N,,p € N, ¢ € R\{-1,0} and t = —1, then for
gk +q—p # 0, we have,
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.. (aets)” (Hase — 1)
_ e Z | . (2.10)
T e ett) " (i <0)

p

Proof. The proof follows by noting that

e,
— pn
qG (m,p,q,—-1) = qz SO
)™t bz (1 —aP)log™ e 1,2
= 1-|-< )_1'/ ( 1_) ) oI ql 2P| dx
(m—=1)!Jo z 1+
> :
—1 n—i—lm(q["TTl}—f—l)
- S Y e
—an+ 1= (pnt k+1)"
™
_ I 2.11
Hyix ;;nzl (gn+1) pn—i—k‘—i—l) (2.11)
Expanding (2.11) leads to (2.10). O

Finally for ¢t = 1, we have:

Corollary 3. Let {m,p} € N, ¢ € R\ {—1,0} andt =1, then for gk—q—p #
0, we have,

o] H(m)l
G b ) ) pn
9G (M. p, ;1 nz::lqn—i-l Y(gn+1—gq)
() (M2 =13
=H™ 4~ Z (2.12)

o] 1 " p
nz—ﬂlm(q{%}—i-l) H 1+an+lzpn+k—1
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Proof. Follows the same pattern as the previous corollary. It is also of some
interest to note that

(m) (m) _ _1
PR I e
(gn+1)(gn+1—q) — (gn+1)(gn+1—9q)
(m) o0
Z H q 1
= q pn _

(gn+1)(gn+1-q) p™ = n™(gn+1)(qn+1-q)

= qG (m>p7 q) - pimW (m7p7 q) ’

here qG (m, p,q) is given by (2.8) and W (m, p, q) has a closed form expres-
sion, which is of interest in its own right. Omitting the calculations we give
the result, for ¢ # 1,
>, 1
W m’ ) =
(m. p,q) Zn"‘(qn—i—l)(qn—i—l—q)

n=1

=(-1)™ qm—l + qm—2 <(_1)m _ ﬁ) H%—l + ZA]C (4)
=2

A " ((_1)m+1_j (=)™ - 1) for i — 9.3
P = - , for j=2,3,...,m
: (- )" ’

O

The following generalization of Theorem 1 and its corollaries, taking into
account the differentiation of the Gauss hypergeometric function with re-
spect to the parameter r, can be stated.

Theorem 2. Let the conditions of Theorem 1 apply and let i € N, then:

1
(-1t /1 P=7 (1 —aP)log™
_ 2.13
J (m,p,q,t, 1) (m =171/, 12 gt (2.13)
(=D 1
XZ < )@(xp,1+r,1+—>da:
— q \r q

(2.14)

I e
; _1]+1)#+1

p e e]
:ZZI o o (2.15)
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xpl .
Now utilizing (1.4) in the derivative of the Gauss hypergeometric function,

and upon simplification, (2.13) follows. Also from (2.4) we obtain (2.14)
and (2.15).

Proof. From (2.1) we have that

(—1)m™ ! /1 271 (1—aP) logm_lxﬁ
(m—1)!J, 1—x g >"!

1.1
' q
1+

J(m,p,q.t,p) =

1
q

L
meo e 1 e (=1)F pl e %]
1

nzzl (nt —1)"dgr \ [222] +1 nzzl (nt —1)" (q[2] +1)”+1.

It is possible to represent (2.14) in closed form by partial fraction decompo-
sition, similar to Theorem 1, but this will not be pursued here. O

To highlight Theorem 2 we give some examples and then list a corollary
of Theorem 2

Example 2.
1 /1 2 (_qyrtl
J(2,2,2,2,2) = §/0 3 (1+x)logm§( 2)7‘ (i)@(mz,l—i—r,g)dm
00 n—172
S Q[T] i
o (n=3)" 2[5 +1)
7
= 10G + 47 —13In2 —-9¢ (2) + Z( (3).
11 ~16® (22,1, 2)
J(2,2,4,3,2) = 1095 x3 (1+x)logz dx
0 +80 (22,2,2) — @ (22,3, 2)
o n—112
S =
2 n— 3
not (n— %) (4] 21] +1)
2322 6219 15 324315
= — - G 7215 — 2389V 3 In2
343 686 + 9604 ( \/—) T 4802 .
324675 18657 225 3,4
— In3— ——C(2)+ —n° - Z¢/(=
o601 37 rar ¢ @t o™ v (E)
750,11, 225
“rasst () Tt @)
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Corollary 4. Let the conditions of theorem 2 hold, then as t — oo,

. _1m1 Lp (1_xp)10gm 1x
Jim T (m,p,q,tp) = J(m,p,q,p) = (m—l)!/o (1 —z) gt

= (

r=0

00
n=1nm

Proof. The proof follows the same pattern as that employed in theorem

2. O
Example 3.
1, L (=1 [ 4 ) 5
J(2,2,4,2) = 1024 J, T (1+a:)logac; = <r>®(x,l+r’1>d1’
7 259 5
1n2——G+— S22+ e+ e (3)

o4 27 432 1152" 288

o

B Z (64n* — 128n% + 5202 + 10n + 1) Hy.)
- (4n + 1) (4n — 3)* '

A number of other related results on the summation of harmonic number
sums can be seen in the papers, [12], [13], [14].

In3 755 65V/3 125 89v3 4
T3,3.732) = G316~ 573248 ma0ad”  2036° 2 T 620856 "
391 2 199
_ 12 3
s50572" (3) * 3a002° )

1 1 g3 (1—30

=—— 1 1 =
51 1 — = og $23r< > <x +r3)daj

Conclusion 1. We have established an explicit analytical representation of a
general integral in which the integrand contains the product of the logarithmic
and the Gauss hypergeometric function. The motivation for this integrand
1s its connection with Fuler sums of arbitrary order and arbitrary argument
and the possibility of the evaluation of a larger class of integrals. It will
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be possible to examine integrals with generalized hypergeometric functions of

the form
(—1)™t /1 2 (1-a?) log"'a [ =L Ly |, ;
zP| dx.
(m—1) J, 1—z T 222,14 ]
In particular, for r =2, we can examine
(=)™t rlae (1—aP) log™ 'z 3,1, % »
— | — 3F2 1 xT dx
(m =1 Jo l—z 2,1+ 1

plee
(q [g} +1> (n+1+a)™

oo
_nzzoz

Some of the specific ezamples listed above can be evaluated, and have been
checked with the software ”Mathematica” [15], but in general not the integral
in Theorem 1 or Theorem 2.
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