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Pay-as-You-Wish Pricing

October 2016

Abstract

Some firms use a curious pricing mechanism called “pay as ysh'wricing (PAYW).
When PAYW is used, a firm lets consumers decide what a produgbith to them
and how much they want to pay to get the product. This pratiisebeen observed
in a number of industries. In this paper, we theoreticallyestigate why and where
PAYW can be a profitable pricing strategy relative to the emtional “pay as asked”
pricing strategy (PAAP). We show that PAYW has a number obatikges over PAAP
such that it is well suited for some industries but not foreoth These advantages
are: 1) PAYW helps a firm to maximally penetrate a market; 2llbws a firm
to price discriminate among heterogenous consumers; &lpshto moderate price
competition. We derive conditions under which PAYW dom&saPAAP and discuss
ways to improve the profitability of PAYW.

Keywords:Pricing Strategy, Competitive Price Discrimination, Seétermined Price



1 Introduction

Pricing a product or service is typically a seller’s respbitisy or in some cases a joint
responsibility for the seller and the buyer if the sellepa#, or if the buyer insists on,
haggling. As the seller, it is not always easy to executerésggionsibility. At the point of
sales, the seller may want to charge the buyer as much abl&gdsit the buyer may want
to pay as little as possible. There lies the potential cdnflievery business transaction that
frequently poisons a seller-buyer relationship. It is toesflict that most sellers struggle
to deal with and most buyers complain about. Therefore, itossurprising that when
Radiohead, the English alternative rock band, announcé&attober 9, 2007, that it would
let fans to decide how much they would pay, if anything, fovdtoading its new alburin
Rainbowsit immediately caught the media’s attention as well as th&gination of sellers
and buyers alike in the marketplace. With this seeminglyehpay-as-you-wish pricing
mechanism (PAYW), the band does not have to sweat over wit jprcharges for its
album and fans have nothing to complain about the price thgy p

Of course, PAYW is not new. For ages, street musicians hase s pricing mech-
anism to make a living; museums, such as the MetropolitaneMiusof Art in New York
city, and other non-for-profit organizations routinely Witors to decide how much they
pay. There are many more examples like these where firmsjtedin their role as the price
setter to consumers. In this paper, we take a first analytoélat this pricing mechanism
to see how and where it may work.

The practice of PAYW raises many questions. First, can PAYAlY be used profitably
in an industry with zero or low marginal costs? One would Imegeed to say yes based on
the afore-mentioned examples, except that in the restabummess, where the marginal
cost can be substantial, PAYW is frequently used, too. Tkeaueant Just Around the
Corner in London, for instance, was reported to have opeaiafitably under this pricing
mechanism for over two decades. One World Cafe’ in Salt Latke Qtah, is also one such
thriving restaurant. There are apparently similar exaspleewhere in the world. Then,
a deeper question is: how do marginal costs play a role imméieng whether PAYW is
a more profitable pricing mechanism than, say, the commaey tipay as asked” pricing
mechanism (PAAP)? Second, how do consumers play a role prdfigability of PAYW?
For instance, is it more likely that PAYW would dominate PAA® a pricing mechanism
if there is a higher concentration of higher willingness &y gustomers in the market, or
a higher concentration of low willingness to pay customsradtually more conducive to
the profitability of PAYW? Finally, is it better to use PAYWhstead of PAAP, in a more



competitive industry or in a less competitive industry? @uswers to these questions will
help us to articulate the special role of PAYW in the pricioglkit. They will also help us
to shed light on the observed practices of pay-as-you-wisimyg.

In this paper, we arrive at our answers to these questionsghranalyzing a simple,
yet instructive theoretical model with a number of extensidOur analysis will help us to
achieve three research objectives. First, our theoraticaleling allows us to identify the
advantages of PAYW over PAAP as a pricing mechanism so asctwr@d a special role
in the pricing toolkit. Our analysis shows that PAYW can helfirm to achieve maximal
market penetration, implement price discrimination, aratierate price competition. Sec-
ond, by deriving the conditions under which PAYW dominatdéP, we show that PAYW
can be a profitable pricing mechanism in industries whereettsea sufficient number of
fair-minded customers, where the distribution of consuneskewed toward the low end
in terms of consumer willingness to pay, and where the mpl&ke¢ is very competitive
due to low product differentiation. Our analysis furtheggests that zero or very low
marginal costs are not necessary for the application of PAYNIfd, our analysis shows
that requiring or suggesting a minimum price is a good wayrtprove the profitability of
PAYW, as firms have done in practice.

PAYW pricing has attracted increasing attention from resdeas in recent years. Kim
et. al. (2009) examined factors that influence the partimpaand willingness-to-pay of
consumers in the context of PAYW pricing through field expemts. They find consumer
fairness considerations to be an important driver for trefifability of PAYW pricing.
Besides consumer fairness concerns, researchers havauglgested that the viability of
PAYW pricing mechanism may be affected by many factors swschlguism, customer
satisfaction and customer loyalty (Kim et. al. 2009), themwaglow experience from
customers (Isaac et. al. 2010), customers’ self-intexdskeeping the firm in business
(Mak et. al. 2010), social norm and customer mood (ReinerTaagler 2012), the con-
sumer identity and self-image considerations (GneezyleR(.2), and market structure
(Schmidt et. al. 2015). Schmidt, et. al. (2015) uses lalboyagxperiments to analyze the
PAYW strategy. Their experiments confirm that PAYW sucoabsincreases market pen-
etration and that consumers’ payments increase with thenfianginal costs. Furthermore
this paper verifies our finding that PAYW can moderate priceagetition. In contrast,
our paper relies on an analytical model that complements ¢lxperiments and analyzes
other pricing strategies (PAYW with minimum price and Sugigd price). In addition,
Gneezy et. al. (2010) show that the combination of PAYW aratitdble giving can be
significantly more profitable than that of fixed-price andrdasle giving.



We view consumer fairness concerns as the main motivat@moiosumers to pay pos-
itive prices under PAYW. Our research contributes to tme lof inquiry through analyti-
cally investigating how consumer fairness, firm’s margic@sét, consumer heterogeneity,
and competition affect a firm’s choice of PAYW vs. PAAP. Weoatkerive conditions for
the optimal use of minimum price and suggested price in th@amentation of PAYW
pricing. Our research also contributes to a growing literain marketing and economics
that explores the strategic pricing implications of faimded customers (e.g. Fehr and
Schmidt 1999, Feinberg, Krishna and Zhang 2002, Cui, Rajd,Zhang 2007, Chen and
Cui 2013). Our focus here is on how fairness interacts witieofactors such as marginal
costs, product differentiation, etc., to make PAYW as a oelimy, profitable pricing
mechanism. Our research also contributes to the literatuoempetitive price discrimina-
tion where numerous studies explore how firm-initiatedgdescrimination can intensify
price competition to the detriment of competing firms (e.gis§e and Vives,1988, Shaffer
and Zhang 1995, 2000 and 2002, Fudenberg and Tirole 200@prnitnast, we show that
while competing firms achieve price discrimination throuRY'W, they can all benefit
from it, as price discrimination here is entirely at consushdiscretion.

In what follows, we start with a simple model and then gratyuadld complications in
successive sections to isolate how various factors magtaffe profitability of PAYW. We
conclude in Section 6 with suggestions for future research.

2 A Simple Model and Analysis

The use of PAYW for “In Rainbows” album was apparently quiteessful financially

for Radiohead. According to comScore, a global Internedrmiation provider, 40% of
the US downloaders paid an average of $8.05 for each downidale 36% of worldwide
downloaders paid $6 on averagdRadiohead subsequently disputed those numbers, hint-
ing that more fans have p&idwWhat is not in dispute is the fact that many loyal fans paid
up even though they did not have to and that the low margirstlfoo each download was
conducive to using such a pricing scheme. Therefore, ouretimagwill start with two
basic factors driving the success of PAYW: fair-minded ocostrs and a low marginal cost.

In practice, as pointed out in Cui, et al (2007), firms may akls@ about fairness. We shall

LFor the original report, see http://ir.comscore.comAséaletail.cfm?ReleaselD=273165.

2According to industry insiders, “even utilizing those figar Radiohead most likely did
considerably better financially than if a major label reézhsthe album for them.” See
http://www.mp3newswire.net/stories/7002/radioheadiscore.html.



abstract away from this complication for now and discussri@ications of relaxing this
assumption in the concluding section.

Consider a market where a firm (such as Radiohead) sells agir¢ar album§. We
assume that the firm incurs a marginal production cost jér unit with 0O<c < 1. To
sell the product to consumers, the firm can choose one of twmgrstrategies: PAAP or
PAYW. We assume that each consumer purchases at most orad thetproduct and that
each consumer derives a different level of consumptiornyfrom the product, which we
denote withr;. Here,r; is also consumaers willingness to pay for the product. To model
consumer heterogeneity, we assume thiata random variable drawn from a probability
density functiong(r), defined over the domail®, 1], with the corresponding cumulative
distribution function® (r). For now we letr to be distributed uniformly ovel0,1], i.e.,
@(r) =1, and will relax this assumptidn Section 4 We normalize the total market size to
one and assume that both the firm and consumers are risk Indineaconsumer's utility
from purchasing a product is given by:

Ui = i — pi — Bmax{(pi —rio), 0} — ymax{(rio — pi), 0}, (1)

wherep; is the price paid by consumerrig is the fair price perceived by the consumer,
andf > 0 andy > 0 are two positive constants such tiamax{(p; — rig), 0} captures
consumer’s disutility towards disadvantageous inequatidymax{ (rio— pi), O} captures
consumer’s disutility towards advantageous inequalitgh(Fand Schmidt 1999). Note
that the existence of a commonly agreed equitable divisf@umplus in a transaction as
discussed in Fehr and Schmidt (1999) implies the existeheecommonly agreed fair
price for that transaction. To see this, we note that the sotglus in a transaction in our
model is given by; — c. If the fair share of this surplus for the consumeflis- A )(r; — ),
then the fair price;g that the consumer needs to pay to claim his or her fair shayees

by the equatior; —rijp = (1 —A)(ri — ¢). Here, A is the firm’s equitable share of the
total surplus. It can also be interpreted as the generositiygeoconsumer. A consumer
with higherA (i.e., a more generous consumer) implies that the conswnailling to
give the firm a higher share of the total surplus. Then, we ngve Ari+ (1—A)c. We
shall maintain this definition of the fair price throughohist paper. Note the conceptual
difference betweeg andA. The parametey only affects the magnitude of disutility from
advantageous inequality while the paramateffects the fair price perceived by consumer,
which influences the disutility from both advantageous asddi/antageous inequality.

3We use the terms product and service interchangeably thmughe paper.



What this utility function captures is inequity aversiontbe part of a fair-minded con-
sumer. By this specification, a fair-minded consumer wodve negative utility when
she experiences disadvantageous inequity, which occues gyt rio, or advantageous in-
equity, which occurs when > pi (see Fehr and Schmidt 1999 for more detailsj; ¥ c,
we will setrijp = c. Here, we implicitly assume that consumers know the ssllagrginal
costc. This may be a reasonable assumption for online music ptimhscas the marginal
cost is very low or zerd Similarly, low or zero marginal costs for information prads or
museum visits prevail. Of course, in very competitive condityandustries, such costs are
also transparent to consumers. Indeed, Internet today &ds the costs of many products
transparent to consumers as any teardown analysis of aedgeis disseminated quicRly
We let y follow a distribution with the corresponding density andmzuative distribution
functions of,h(y) andH(y) respectively, withy < Al This assumption will allow us to
endogenize the fraction of consumers who are free-loadstse will see shortfy

To sell the product to consumers, the firm can choose one dithericing strategies:
PAAP or PAYW. When the firm chooses PAAP, it sets a price dehbtep. In this case,
as a firm with pricing power, it is never optimal for the firm tets price such that the
marginal consumers pay less than their perceived fair piickis were not the case, then,
the reservation prices for marginal consumersyould be determined by

fi—p—y(Afi+(1—A)c—p) =0, whereAfi+(1—A)c> p.

However, we can easily show that as longpas ¢, which must be the case for the firm
with pricing power, we must have

P(1—y)+(1—A)uc
1-Ay

P = <p, forally < %.

This would then implyAf; + (1 —A)c < p, a contradiction. Thus, the optimal solution
occurs with marginal consumers suffering through disathgeous inequity. Said differ-

ently, when the firm behaves optimally, it wants to charge ianctharging a price higher
than the equitable price. Because of this, the firm is wors& @ is larger, a fact that

we will use later to prove our claims. A consumer wittwill purchase the product at the

4We thank AE for making this suggestion.

5A good example is how quickly consumers know the cost of igh®that IHS estimated to be between
$200 and $247 depending on specific models. See http:/feaue2014/09/23/teardown-shows-apples-
iphone-6-cost-at-least-200-to-build/

SHere, the assumption dfy < 1 does allow these two variables to be positively or neghtiverrelated
in the allowable parameter space. However, until the behditerature suggests specific correlation, we
shall maintain this more general parameter space. We thaakynamous reviewer for clarifying this point.
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posted pricep if and only ifr; > p+ 3(1%2\(5’@

given by:

=r* and the firm’s profits are then simply

1
= [ [(p=0p(r)d. @
The expressions for the firm’s optimal price and profits uriRfeAP are given respec-
tively by:
., l+c+B(A+2c—cA 1-¢)%(1+AB
- 2((1+/3) and g ¢ 4()1(+B> ! ()
When the firm adopts PAYVW, it does not set a price for the prodiiestead, each
consumer decides the amount she pays. Consumers withigalyat ¢ pay zero dollars
if y <1, as the utility from avoiding advantageous inequity fargh consumers is always
smaller than disutility associated with paying a price. ldwer, they will pay the perceived
equitable pricejo if y > 1. Similarly, consumers with valuatian < c pay zero dollars if
¥ <1 anddo not buy i > 1. We defined = fol h(y)d(y) as the proportion of consumers
that do not pay for the product. Note that the consumer’s gayns always not larger
thanrjp and, depending oA andy;, the consumer may pay up to their reservation price
(rio=r; if A =1). In this case, the firm’s profits are given by:

1
np:/c [(L—=0)A(ri—c)(ri)dr] —cH. (4)

Note that the profit function above is not at all relate¢BtoT his is because a fair-minded
consumer will never pay voluntarily a price higher than theitgble price. If she does,
she will suffer on two accounts: the disutility from a highpgice and the disutility from
disadvantageous inequity! Also note thabif= 1, thenrt, is negative so that PAYW can
never be optimal. This suggests that at least some conssimaukl have/ > 1 for PAYW
to be profitable. This is intuitive ag > 1 implies that a consumer care more about not
being unfair to the seller than saving from price paid. Wevéethe estimate off and
the measure of the segment size of fair-mind consumersthese withy, > 1) to future
empirical research.

The profits for the firm if it adopts PAYW are:

_A(1-0)(1-c)?
P 2
As the firm adopts the PAYW only whem, > 75, we can show that PAYW is optimal if
and only if
20(1+B)—2/6(1+B)6(A+B)(1-22)+A(2+B)—1]
1-A[24+B—-20(1+B)]

7
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Condition (6) offers some quick insights about where PAYW ba a superior pricing
mechanism relative to PAAP.

Proposition 1. At any givend, 3 and for sufficient large\, the marginal cost ¢ must be
sufficiently small for a firm to choose PAYW over PAAP. Howevkw marginal cost is

not a sufficient condition. Even at the zero marginal costy\WWAwill not dominate PAAP
as a pricing mechanism if too many of the consumers are feels (¢(3,1,A) < 0) .

Proposition 1 is consistent with our observations that PA¥Wostly used in industries
with small marginal costs. It also confirms a very intuitidea: a firm will adopt PAYW
if consumers are sufficiently “fair-minded” in that they avéling to compensate the firm
voluntarily even when they do not have to and they feel badiffesdisutilities when they
are not paying an equitable price. Therefore, the succeR8¥3#V will critically hinge on
the kind of customers a firm attracts.

We note that the firm’s profits under PAAP decreases Withs we have pointed out
before, while the firm’s profits under PAYW is independentfof This means that we
can simplify our analysis hereafter without sacrificing agnerality of our substantive
conclusions and analyze the caseBof O for two reasons. First, consumers will never
voluntarily create this disutility by paying more than trerfprice. Second, by setting
B = 0, we simply make PAAP more profitable so that we actuallyksthe deck against
us, showing that PAYW can be chosen over PAAP

3 Managing Profitability under PAYW

If a firm decides to give PAYW a try, can it do anything furtheranhance its profitabil-
ity? The answer is affirmative. Here we discuss two appraatdered by practitioners:
PAYW with the minimum price and PAYW with a suggested price.

3.1 PAYW with the Minimum Price

A firm may adopt PAYW, but with an enhanced feature of the murmprice: setting the
lower bound for the price paid, but allowing consumers to agymuch as they wish as
long as the payment exceeds this lower bound. For exam@eyrtanizers of the 2005
Los-Angeles Human Rights Watch Annual Dinhannounced that “Sponsorship packages

"This intuition is readily confirmed in Appendix G where we @s®, as in Fehr and Schmidt (1999),
B>y>0.
8See www.hrwealifornia.org/south/LAdinner2005/dinr@08.htm
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start at $3,000...” Does this minimum price always enhahesfitm’s profitability? If it
does, how? We investigate these two questions here.

To start, we assume that the firm sets a minimum piceWith the minimum price,
freeloadersq in size) purchase a unit if and only if theix> p, and must pay the minimum
price pwhen making their purchase. Fair-minded consumersf{in size) are not affected
by the minimum price ifp < c as only those withr > ¢ will make a purchase. However,
if p> c, fair-minded consumers buy only if> p and paymaxc+A(r —c), p|. Thus,
there are three relevant intervals we need to consiger:c, c < p <A +(1—-A)c, and
p>A+(1-A)c®

It is easy to see that whep < c the firm’s profits increases witp, as the buying
behavior of fair-minded consumers is not at all affected ey minimum price. Conse-
quently, the firm is better off raising the minimum price toda. At the other end, when
p>A+(1-2)c, the firm’s profits are weakly dominated by PAAP, as the firnffsatively
charging all consumers the same price. Thus, the only nelezse for finding the firm’s
optimal minimum price is where< p<A +(1—-A)c.

Note that PAYW is a special case of PAYW plus the minimum pricen p set at O.
This means that the firm can never do worse with the optionttihgethe minimum price
if the minimum price is set optimally. Under PAYW plus the nmum price, the firm
can force high willingness-to-pay freeloaders to pay thaimium price and screen out
the rest who are not willing to pay the price and are a dragterfirm’s profitability.
In addition, the firm can collect more payments from thoserfanded customers with
relp, 97(1{/\)0] who would have paid voluntarily a price lower thanHowever, the down
side is that PAYW plus the minimum price will also screen dwt fair-minded customers
with r € [c, p| who would have paid a price higher than the marginal costherefore,
how much setting the minimum price will improve the firm’s prability will depend on
the tradeoffs among these factors.

Under the uniform distribution af, whenc < p < A + (1 A)c, the firm’s profits are

A(1—c3? (1-2A)(p—0)?

= (1-0) =+ ———=—1+0(p-0)(1-p). )

The firm’s problem is to choose the minimum price that maxesithis profit expression.

Define p = gﬁllfg + ¢ as the price that maximizes equation (7). Thus, the follgwin

proposition summarizes our analysis.

) +(1—A)cis a cutoff point because maxt A (ri — ¢), p]=c+ A (r — c) can occur only ifp < A + (1—
A)cas we have; < 1.



Proposition 2. The firm’s optimal minimum price when conusmers’ consumapttdities
are distributed uniformly, fi is Maxc,Min[p,A + (1—A)c]]. Furthermore, the optimal

minimum price increases with the marginal cos%%*(> 0), increases with the proportion

of freeloadersd (‘;—% > 0), and decreases with the generosity of fair-minded consume
ap*

(75 <0).

Intuitively, PAYW plus the minimum price is essentially ag@ng mechanism that al-
lows the firm to charge the minimum price to freeloaders amike prices to fair-minded
consumers and it is a hybrid instrument that combines PAAPRAYW. As the firm has
more an incentive to charge high willingness-to-pay fradkrs and screen out the rest
whenc or 0 is larger, it will raise the minimum price as stated in Prapos 2. This
incentive is only tampered by the fact that a higher minimumepwill also screen out
more fair-minded consumers, especially when they become menerous. From this
perspective, it is easy to see why we have= c when6 = 0 as expected, for such a price
is not binding for any fair-minded consumers. Furthermitris,easy to show that we have
p*< %C the optimal price under PAAP. The lower minimum price woalldw the firm
to expand the demand among fair-minded consumers.

3.2 Suggested Price

Another common practice is PAYW with a suggested price: a fioms not provide an
explicit lower bound for the price, but does post a suggeptext. More specifically, a
firm may suggest a price but let consumers pay as much as tiséy Wor instance, The
Metropolitan Museum of Art in New York City suggests a dooatof $25 for admission.
This pricing mechanism is designed to affect fair-mindedstoners. It has no effect on
freeloaders, as they will simply disregard the suggestion.

To see how a suggested price may enhance a firm’s profitaliktyeed to modify our
previous model and introduce the purchase decision rutdaifeminded consumers when
a suggested pricays, is present. We assume that with probabilitg consumer ignores
the suggested price in her decision making. With probatlit- z), however, a consumer
is influenced by suggested price in such a way that she magelearrassed for paying
less than the suggested price. ThereforeAA (r —c) > ps, fair-minded consumers pay
C+A(r—c);if c+A(r—c) < ps <r, with probabilityz they payc+ A (r —c), and with
probability (1 — z) they payps; if c+A(r —c) <r < ps, with probability z consumers
purchase the product and pay- A (r — ¢),with probability Q5(1 — z) consumers purchase

10



the product and payand with probability 05(1 — z) do not make any purchase at Hllif

r < c, fair-minded consumers do not purchase as before.

Under the uniform distribution af, Whenw <1, the firm’s profits are given by
the following expressiott

ps—(1-A)c
ﬁ:(lm)\(r—c)dw ! [ZA (r—c¢)+ (1—2)(ps—c)|dr
d-1-0)|" : ~6c
+[2A +(1—z)%]/cps(r —c)dr

and when%’“C > 1, the firm’s profits are given by

Ps

2= 1-0)[| [ AC -0+ 1-2(p-ojdr+ A +(1-2)3] |

(r— c)dr] —0c
Ps c

The firm’s problem under PAYW with a suggested price is to geabe optimal suggested
price, ps, that will maximize the profit functionsid and 7€). The following proposition
summarizes our analysis.

Proposition 3. The firm’s optimal suggested price when consumers’ valnatare dis-

2 if A< 2
tributed uniformly is: g=<¢ 2 ! 2
c if A>3,
the marginal cost c. In addition, a higher price is suggestddir-minded consumers are

not sufficiently generous.

The suggested price always increases with

As shown in Proposition 3, the optimal suggested price igpethdent of. This is
expected as the suggested price does not affect the belod¥ieeloaders. Proposition 3
also suggests that it can be optimal to pgt= c whenA is large enough. Wheha > %
any suggested price larger thanvill cause some fair-minded consumers to drop out of
the market and the cost of such drop-outs would be too latgéveto any gain from the
suggested price. To avoid this cost, the firm can set the stegerice at so that it does

10Whenps > 1, it is possible that those who feel embarrassed for not pgymay decide not to purchase
at all. However, it is also possible that consumers may feslfjable to pay and make a purchase as this
is the best the consumer can do. In order to take into accathtgmssibilities, we assume a 50 percents
split between these two possibilities. Using other splftthose possibilities significantly complicates the
mathematical derivations but will not qualitatively charaur results.

e 4 A(r —c) > ps can occur only ife=U—A)¢ < 1 because < 1.

11



not alter the buying behavior of the fair-minded consumeéralla Then, PAYW with a
suggested price is functionally the same as PAYW.

Although PAYW with the minimum price and PAYW with a suggebgice can both
enhance a firm’s profitability, they are clearly not equindlgricing mechanisms. PAYW
with the minimum price, as the analysis in this section shaagets freeloaders, while
PAYW with a suggested price focuses on exploiting fair-neth@onsumers. Then, how
should a firm choose between the two? We answer that questtbe following proposi-
tion.

Proposition 4. If fair-minded consumers are sufficiently generohs(%), the firm is better
off adopting PAYW with the minimum price. If they are not sigffitly generousX < %),
PAYW with the minimum price is optimalf> Max{1—2A, 8% (z,c,A)};? PAYW with a

)
suggested price is optimal & < Min{6* (z,c,A), [4[1%&(;2)22([11_’5(2‘}12’2\2]gl_c)z]} and PAAP

i imal i [(1-0)?[1-2(4-6A)]] i x
is optimal if Ao @ A1 07160 (107 = 8 <Min{1—2A,6"(c,A)}.

Intuitively, what Proposition 4 suggests is that if the fa@inded consumers are suffi-
ciently generous, the focus of a pricing decision maker khbe on getting freeloaders to
pay through a minimum price. If the fair-minded consumeesrast sufficiently generous,
the focus should be still on freeloaders if there are a saffichumber of them in the
market. If the number is sufficiently low, the firm can stillofitably deploy PAYW by
focusing on fair-minded consumers and using a suggestee. pri

Interestingly, our conclusions seem quite consistent witdttice based on some ca-
sual observations. In political fundraising where theesldely many generous donors as
well as many free-loaders who have the capacity to pay, a@genfrequently imposing a
minimum price as the example at the beginning of subsectibiil@strates. In the case of
supporting civic culture and communitiesg. Met and yoga studios, there are likely much
fewer true freeloadetd. This is also where we observe frequently the usage of a stegje
price in conjunction with PAY V.

12 . _ 2-2z-¢[1-20(1—2)]—4z—5) —A [c(4—5¢)+52(1—¢)3+3A (1-2) (1—c)>+B _
Where  87(zcA) = 2ot —2(1-0)2) 132 (1—0)? and B =

VI[3c2—2A[1-z—c[2—2z—c(4-2)]] +3A2(1-)2(1-2)][3—2A[4—z—c(2—C)(1-2)] +3A2(1 - ¢)2(1 - 2)].
130ur conjecture that there are more free-loaders in pdlifigadraising as many of them may feel that
their mere presence and time spent at the event has alreathibated to the candidate as a demonstration
of support.
145ee “To Pay or Not to Pay,” by Sumanthi Reddy, THE WALL STREBIURNAL, November 10, 2011.
We thank an anynamous reviewer for suggesting this cororecti
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4  Non-uniform distribution of reservation prices

Up to this point, our analysis has focused on marginal cdstgloaders, and customer
generosity as the determinants for choosing PAYW over PAghig, on how to improve
PAYW if it is chosen. This analysis is conducted under theuaggion that consumer
willingness to pay is uniformed distributed. However, imlig, consumer distribution
is unlikely to be uniform and there can be more consumers gh reservation prices
than those with low reservation prices in the market aiwg¢ versa Then, to explore
the determinants for PAYW further, two questions arise radly First, does a firm’s
incentive to adopt PAYW increase when there is more a coratgon of high reservation
price consumers? Intuitively, the answer should be affiregas a higher reservation price
customer has a higher perceived equitable price and helysenpare when she is free to
choose what to pay. Second, is it always the case that a mggmginal cost reduce a firm’s
incentives to adopt PAYW regardless of how consumers atehiited in the marketplace?
The answer to this question is also affirmative, on the fitssib] as the increase in marginal
costs can only increase a firm’s cost of adopting PAYW whee lloaders are around. We
now investigate both questions by specifying a more gemgsaibution function.

Consider, for instance, that consumers’ reservation prace generated from a trape-
zoid distribution function withg(r) = a+2(1—a)r and®(r) = ar + (1 — a)r?, where
0 <a< 2. Note that whera = 1, we recover the unifrom distribution. Wherx 1, we
have the case where the firm’s customers are more affluerd setise that more consumers
have high reservation priceQ%Q > 0). Whena > 1, the firm faces more consumers with
low reservation priceséw < 0)(see Figure 1).

In order to get more intuition without being hampered by wassarily complex ex-
pressions, we sét = 0, i.e., all consumers pay when the firm follows the PAYW syt
Clearly, this assumption will make PAYW a more attractiveimg mechanism relative to
PAAP and hence all conclusions in this section should bepreééed in the context of this
assumptiol. However, our analysis here focuses on the distributioroosamers as an
incremental determinant, and our conclusions will not destantively altered as long as
free loading is not so severe that PAYW is never selected RA&&P.

With a trapezoid distribution, if the firm adopts PAAP, itstiopal price and profit are
given by16

15We thank an anynamous reviewer for suggesting this caution.
16The following apply to cases @+ 1. The optimal price and profits of PAAP and PAYW far= 1 are
givenin (3) and (5).
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Figure 1: Probability Density Function of Trapezoid Distribution
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[3—2a—c(l—a)+Z][2ac—a—2c+Z][3+c—a(l+c)+Z]

27(1—a)?

whereZ = \/[a— (1-a)c]2+3(1—a)(1+ac).

If the firm adopts PAYW, we can use equation (3) to derive the’éiprofit as

o= 2 (1-02(2+¢) ~a(1+20)]

Before we proceed, define

A*(c,a) =

A comparison of these two profit functions leads to the follayyroposition.

Proposition 5. The firm should adopt PAYW when fair-minded consumers afieisafly
generous{ > A*(c,a)), but should adopt PAAP if they are nat € A*(c,a)). Further-
more, A * decreases with aA* decreases with ¢ fod < a < 1, but increases with c for

l<a<2 v

2[3—c—a(2—c)—Z][a+2c—2ac—Z][3+c—a(l+c)+Z]

[-9(1—a)®(1—c)*[4—a+2c(1—a)]]

1The results in Proposition 5 holds also fdr> 0. As expected) * decreases witf3 because the profits
from PAAP decrease witf3 but the profits from PAYW are invariant wit. Please see Appendices A and

G for details.
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The first part of Proposition 5 essentially confirms our poasiconclusion in Proposi-
tion 1 that consumer generosity is conducive to the adoid®AYW. More importantly,
however, the second part of Proposition 5 suggests that bosueners’ utilities are dis-
tributed,a in our case, is also an important determinant in a firm’s pgahoice. Here,
we find that it is not a higher concentration of high willingseconsumers that is more
conducive to the adoption of PAYW, but to the contrary, a Bigboncentration of low
willingness to pay consumers that will motivate the firm te #8YW. In other words, the
greater the concentration of the low willingness to pay comsrs, the lower the portion of
the value that consumers must transfer to the firm to induoeaiopt PAYW. Interestingly,
anecdotal evidence seems to support this conclusion th&t\P#&nds to be observed, by
and large, in markets where there is a concentration of ldlingmess to pay customers,
whether it is for selling music, museum admissions, or foodi leverages.

The intuition behind this conclusion is that under PAYW, firen’'s demand is 1-
®(c), while under PAAP, it is T ®(p*). Given thatp* > ¢, this must mean that the
demand enhancing effect of PAYW is stronger wlaes larger, as more consumers have
low consumption utilities in the neighborhood of the maagicostc, the cutoff point for
marginal consumers under PAYW.In other words, a largea will add more profitable
sales as the firm switch from PAAP to PAYW.

Proposition 5 also shows that the effect of changes in makgists on the threshold
level of A depends on the level @ As expected, the adoption of PAYW is less likely
(a higherA*) if the marginal cost is larger. However, this happens only when there is a
small concentration of high willingness to pay consumars (L). When there is a larger
concentration of high willingness to pay consumers (1), the adoption of PAYW actually
becomes more likely (a loweY*) asc increases. In other words, a higher marginal cost
gives the firm more, instead of less, incentives to adopt PAX¥Y&n more consumers in
the market have high willingness to pay. This perhaps emplahy in a high marginal cost
industry, like in the restaurant business, a firm Iik@und the Cornercan profitably use
PAYW. The key is to attract a high concentration of high wijjness to pay customers!

Intuitively, whena < 1, the demand enhancing effect of PAYW becomes stronger when
c increases as more consumers are excluded from buying tegirander PAAP than
under PAYW. Consequently, the firm is more likely to adopt MA¥vhena < 1 andc

1@?’&@) —®(c) = 1;0%*;3)*) @(p') according to the mean value

theorem where < p’ < p* andp’ = % under the trapezoid distribution. Becaysedecreases with as

more consumers are in the low end of the consumption utilggridution and% increases witta as the

curve of@(r;) becomes “steeper” with increasing, we havé;p%(—f)ﬂ o(p') increases witha.

Bprecisely, we have(p*) — d(c) = ®(c+
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increases. We can see this from the fact that there are masugeers in the high end
of the consumption utility distribution so that we hagéc) < ¢(p*), whereg(c) is the
marginal demand reduction under PAYW wherncreases, ang(p*) is the marginal
demand reduction under PAAP wheincreases§* increases witle.). In contrastgp(c) >

@ (p*) whena > 1 because there are more consumers at the low end of the cptisam
utility distribution. Therefore, the demand enhancingeffof PAYW becomes weaker
when ¢ increases so that the firm is less likely to adopt it. The al@igseussion also
explains whyA * is invariant withc when consumers’ willingness to pay follows a uniform
distribution asp(c) = @ (p*) in that case.

In summary, the analysis in this section suggests thregieshypotheses. First, when
consumers are more generous in that they are willing to &fitm to keep more of the
surplus in a transaction, the firm is more likely to adopt PAYM¥cond, a higher concen-
tration of low willingness to pay customers are conduciva fom’s adopting PAYW, all
else being equal. Third, a higher marginal cost can incezetia firm to adopt PAYW if
there is a concentration of high willingness to pay consgsmer

5 Competition

Our analysis so far has shown that the PAYW strategy can benalpfor a monopoly
firm. When competition is absent, the PAYW strategy can dateithe PAAP strategy
primarily because of the fact that PAYW allows a firm to maxiyntake advantage of the
market demand and to price discriminate among heterogestnstimers. However, it is
not clear if in a competitive context, the same incentivesilanotivate a firm to choose
PAYW over PAAP. In their pioneering research, Thisse an®¥i(1988) show that firms
always have an incentive to choose a flexible pricing policg competitive context such
that price discrimination by all competing firms is an unigagiilibrium. Furthermore, in
such an equilibrium, the competing firms are all worse offittighey both choose to set a
uniform price, charging all consumers the same price. Isgbction, we investigate how
competition affects a firm’s choice between PAYW and PAAPwahdther competing firms
are always worse off when choosing PAYW. Once again, we atl@dcomplication of
having freeloaders, whose presence will affect whether\WWA¥ill be chosen over PAAP,
but not why competition may or may not be conducive to a firrhisice of PAYW.

To do that, we relax the monopoly assumption and assumdigra &re two competing
firms A and B that are located at the two ends of the Hotelling bounded between zero
and one. Both firms (A and B) incur the same marginal costs p#rcu Consumers
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are uniformly distributed along the Hotelling line and in@constant unit transportation
costs,t. Thus, a consumer located»abn the Hotelling line incurs a disutility dix if he
purchases the product from firm A and — x) if he purchases the product from firm B. As
before, we assume that consumers all have the same conearaplity from the product

in the market denoted By and they are fair-minded as defined before in Equation 1 with
0< A < 1. As before, we shall focus our analysis on the cage of0 19,

Competing firms play a two-stage game. In the first stage, #anhto choose one
of the two strategies: PAYWR) or PAAP (U). As each firm has two options for its
pricing strategy, there are four subgames: both firms follber PAAP strategyUYuU),
both firms follow the PAYW strategyRP), one firm follows the PAYW strategy and the
second chooses the PAAP strategyJ] and UP). In the second stage, prices are set
independently or realized depending upon the choices ifirgtestage.

It is straighforward to analyze these four subgames andeléne equilibrium for the
competitive pricing policy ganf8. We summarize our analysis in the following proposi-
tion.

Proposition 6. When consumers are sufficiently fair-minded,Aex A*, whereQ < A* =
ﬁ < 1, the unique Pareto dominance equilibrium is for both firmghoose PAYW
(PP). If otherwise, both firms choose PAAP (JU)in the equilibrium where firms choose
PAYW, they can both be better off than if they were both tos&AAP. Furthermore, if
the market is less differentiated and hence more competdigamller t), competing firms

are more likely to choose PAYW (a smalley).

Proposition 6 offers two interesting insights about PAYWaapricing mechanism.
First, PAYW can help a firm to achieve price discriminationdaes location-specific
pricing discussed in Thisse and Vives (1988). However, lposing PAYW, a firm does
not acquire the same pricing fexibility that the locatigresific pricing policy bestows a
firm. Said differently, PAYW does not allow a firm to set anygarifor a specific loca-
tion at will, as consumers at different locations deciderbelves what to pay. For that
reason, competing firms do not always choose to price-digcate through PAYW in our
model, while they do in Thisse and Vives (1988) in a bid to aggpricing flexibility.
Second, PAYW can help firms to achieve price discriminatigthout intensifying price

19As can be easily seen from Appendix G, assunfing 0 does not affect our results below if we assume
that the fair pricerjo, of a firm given the price of its competitor is the price thakema consumer indifferent
between buying from the focus firm or buying from the compgtin

20The analysis of the four cases are in the Appendix F.

2lWhen multiple equilibria exist, we use the Pareto dominamiterion to refine the equilibria
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competition, in contrast to location-specific pricing tabways worsens price competition
as shown by Thisse and Vives. Indeed, PAYW can moderate poicgetition, as prices
in the market become autonomous and competing firms no losggeany prices. For
that reason, competing firms may not be caught in a Prisodéesma situation. Also
for that reason, the more competitve the marketplace besobexause of less product
differentiation (a smallet), the more likely it is for competing firms to adopt PAYW. In
a more competitive market, a firm simply has more an incertoveurrender its pricing
discretion to consumers.

Therefore, it is not surprising that we tend to see PAYW inenmympetitive industries
and during economic downturns.

6 Conclusion

We have shown in this paper that given the right conditiorisnamay very well do better
letting consumers to decide how much a product is worth amdrhoch they pay to get the
product, instead of posting a price itself. PAYW can domer@AAP as a pricing mecha-
nism because it, first and foremost, helps a firm to achievarman market penetration.
By letting buyers to determine the prices they pay, the firsithlen away the last obstacle
that a consumer faces in making a purchase. Furthermore\WP&Yalso an effective
way for a firm to implement price discrimination. Traditidlyaprice discrimination is
achieved through either consumer self-selection or firgetang. PAYW is essentially an
autonomous price discrimination mechanism that allowscorers to pay different prices
out of their fairness concerns or conscience. This form afepdiscrimination has the
unigue advantage of moderating price competition: comgedirms no longer set prices
so that they cannot help but competing on factors other thiae.p

The right conditions we have identified for adopting PAYW assentially three. First,
the existence of fair-minded customers in a market and #ufficient generosity are the
necessary conditions for PAYW to be more profitable than PA#d consumers are self-
interested and economically rational, PAYW can never bemimal strategy for selling a
product unless, of course, the firm uses PAYW to achieve sdher strategic objectives.
When these conditions are present, we have shown that trggrmabcost of the product
needs to be sufficiently small, too, but not necessarilyectoszero. A lower marginal
cost should allow a firm to tolerate more freeloaders. SecasdPAAP is most effective
at exploiting the high end of a demand, while PAYW the low @b not surprising that
a high concentration of low willingness to pay customersoisduicive to a firm adopting
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PAYW. For the same reason, in a high-end market where theaehigh concentration
of high willingness to pay customers, a higher marginal sbstuld give a firm more an
incentive to adopt PAYW in place of PAAP. Third, a highly coatitive marketplace is
where PAYW is more likely to dominate PAAP. In the extremescaisperfect competition,
for instance, competing firms will charge a price equal togime costs under PAAP and
make zero profit. However, under PAYW, firms cannot and do ootpete on price. They
make the profit that fair-minded consumers are willing tatetm.

Our analysis has also shown that a firm can improve its prdftiabnder PAYW by
imposing a minimum price or posting a suggested price. Timémum price can screen out
freeloaders while the suggested price can modify the payamgviors of fair-minded cus-
tomers. Indeed, from our model, we can see that anythingathieh can do to encourage
consumers to become more fair-minded can also achieve e cljective.

Thus, the parsimonious models in our analysis have allowed uncover some of the
major factors conducive to a firm’s choice of PAYW and the ioy@ment mechanisms
for PAYW. However, the future research can take at least tiriguing directions, which
we have barely scratched the surface Feréirst, we have investigated the case where
all consumers know the marginal cost of a product. This maybeothe case in some
industries. A natural question is then how consumer costiainities may affect a firm’s
incentives to adopt PAYW? Would a high technology compamyirfstance, have more or
less an incentive to adopt PAYW, all else being equal, if comsrs have little knowledge
about its costs? Second, in our models, we only allow conssitoebe fair-minded. In
practice, firms can also be fair-minded in some contexts. Elowd the fairness concern
on the part of firms affect their choice of PAYW relative to PRAWe venture to suggest
that both directions promise some good insights into thegreand future practice of
PAYW.

7 Appendix

A - Proposition 1: Analysis of the case whgrn> 0 andr; follows a uniform distribution:
Under the uniform distribution af;, the optimal price and profits of a firm that adopts
the PAAP are given respectively by:

., l4+c+PB(A+2c—ch) (1—-c)?(1+AB)
N 2(1+pB) 4(1+B)

22\We thank the review team for this paper to encourage us té& thithese directions.

, and 1y =
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Note that the profits under PAAP decreases \ﬁltha— % < 0. The profits for
the firm if it adopts PAYW are:
_A(1-0)(1-c)?
My = >
As the firm adopts the PAYW only Wherlg > 11k, we can show that PAYW is optimal
if and only if

—ch. (9)

6(1 —-2y/6(1 1 1-2A)+A(2 -1
+P) -2/ PO+ BI-2V)+ARB -1 _ .5 g1 1)
1-A[2+B—-20(1+B)]
B - Proposition 2: In order to find the optimal minimum price wderive the profits
_ _~)2

nzm:( — )[A(1’°)2+(1 2)(p=0) | +6(p—c)(1— p) with respect to pricep. This first
order condition yieldgp* = 9)‘ (11 %_ZZTQA)C =C— eAél 0 . Deriving the optimal price
with respect to costs yleld =1+ 6 5 » Which is positive for values o <1-—2A
_ A(1-c—2A+2cA)
(1-6-20)2

which is positive forA > 3 1 (always true for PAYW to be optimal). Deriving

6(1—c)(1-6)
(1-6-21)2 7

c<1—

or@ > 1 2" . Deriving the optlmal price with respect t ylelds ae =

A(1—c)(1— 2;\)
(1-6-21) ’

the optimal price with respect W; yields% =—
(asc<1landb < 1).
C - Proposition 3: We first find the optimal suggested pricemlm(imizesnés. The first

which is always negative

1s
order condition ofn1S With respect tqos; f;;p , yields pis = c. The first order condition of

n’28 with respect tqos, o ylelds P5s = 2+ €. Comparing these two optimal profit function
we getyils (pjo) = —cf 4 AL=c(1-0) and nQS(pZS) —cf 4 [2+A3A-2Id-0*1-6)
easy to see thaty® (pjs) — nzs(pZS) = (-9 91D 2 which is positive forA > 2.
Thus, the optimal suggested price is givenday= 25 if A < Z andps=cif A > 5. Note
thatZ€ —c= 219 > o,

D - Proposmon 4: The firm profits when it adopts the PAYW witmimum price are

Cltis

], the firms profits when it adopts the PAYW with suggested

1-¢)2A[1-20(1—A)—2A
"%m = =9 2}149*(2}\) :

price arertis = 4(1—6)(1—c)? —c, for A > 2 andm2s = —c@ + Z4# _2)%1_‘:)2(1_6) :

for A < %, the firm profits when it adopts the PAAP pricing strategygjs= %.
1s _ O[A[4c+0(1-c)?]—2c(1-0)]
p 2(—1+6+21)

as@ > 0> z;j\iimc M — (1_2)(27(1131(;)2”2 which is always positive fo >

1-2A (as1-2A <OforA > 2)

For values ofA > 3 , "1

which is positive for all values
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For values ofA < 5, m"™— 35 =cO+ 223} 72)]é17°)2(179) + (170)22&:29/\_;?(14)}

which is positive for values 08 > 6* (z,c,A). ™ — 1t = (1*")(2(1131(5)2”2 which is
positive for6 > 1—2A. % — — (Ao 102223 o (Lof ) which is positive

for 9 < [(1—c)?[1—-2(4— 67‘)“
[4[1+c+c2—2z(1-c)2]+62A (1-c)2]"
E - Proposition 5: The firm profits when she adopts the PAYW ipgicstrategy

are: it = [372a7c(17a)+z][zchszaz)wz} [B+c-a(1+9+Z] The firm profits when she adopts the
PAAP pricing strategy arerl — %(1 c)?[2(2+c¢) —a(1+2c)]. It is easy to verify that
TL 7T1 OforA =A*(c,a) = 2[3—c—a(2—c)—Z|(a+2c—2ac—2Z)[3+c—a(1+c)+Z]

[-9(1-a)*(1-c)*[4—a+2c(1-a)]|
F - Proposition 6 We start with the analysis of the scenario where both firmeviolhe

PAAP strategyWU). AssuméV is sufficiently large so that the market is always covered.
In this case consumer locatedxmains surplus o —tx— py if buying the product from
firm A and gains surplus of —t(1—x) — pz if buying the product from firnB. Firms’
A andB profits arerfy, = (p—c)X and 15, = (p — ¢)(1— X) respectively, wherd is the
location of a consumer that is indiference between puralgasiunit from firmA or from
firm B. It is easy to show that in equilibrium, the price and the firprsfits are given by
Puu=C+t, nﬁu niJBu_ 2

Next, we analyze the scenario where both firms follow PAYVétetyy PP): In this
case a consumer locatedxrc % will purchase from firm A as the consumption utility from
firm A's product,V —tx, is higher that that from firm B’s product, whichV6—t(1— x).
This consumer will then pag+ A (V —tx—c) to firm A. Similarly, a consumer located at
X > % will buy from firm B and pay<+ A (V —t(1—X) —c) to firm B. Therefore, firms’
profits arerg, = A fo% (V —tx—c)dxandm, = A f%l[v —t(1—x) —cJdxrespectively. It is
easy to show thatfy, = 115, = ’\(4\/;;’4").

Finally, we analyze the scenario where fithfollows the PAYW strategy and firm
B follows the PAAP PU). Denote a consumer's maximum willingness to pay to firm A
given firm B’s price agpy. p: is the price that makes the consumer indifferent between
buying from firm A and firm B, which is determined By—tx—pr =V —t(1—X) — p2
and results iy = t(1—2x) + po. We assume that a consumer will buy from firm A if
and only if p > ¢ and she will payc+ A (p; — ¢) if he buys from firm A. This implies
that a consumer will buy from firm A if the maximum surplus henagget from firm A
and still being fair (i.e., paying at leasgis higher than the surplus she can get from firm
B. Then she will give aA portion of the maximum total surplus from the transcation,
pt — C, to firm A if she buys from it. Fronp; > ¢, we havex < H%. Thus, consumers

21



with x < t_c% buys from firm A while the others buy from firm B. Firm#& and B
t—c+pp t—c+pp

profits are then given by, = o * A(pr—c)dx=Afy * [t(1—2X)+ p2—cldxand
ngu = (p2—0C) (1— H’%) . Solving for the optimal price of firnB, we obtainp, = c+ %
Consequently, firm# andB profits are given byTAu = 16 A and nJBp =g respectlvely
Becausety, > 1, — A < 5, 15, > 18, — A > 7, andy—l—~ < §asv > 2t+c
is required for the fuII market coverage und#d case, we havelU to be equilibrium if
A<8 g andPPto be equibrium iﬂ > 2 t40 £ ForPPto be equibrium of Pareto dominance,
we needrqo,fJ > T — A > vz 4C £ AlSO, ;7 4C ; <3 8 asV > 2t +c. ThereforePPis
the Pareto dominance equilibriumf> A* = -4 and PP is the unique equilibrium
if A > 8. Note that?l” = V-9 ~ o,

(& —4c—t)?
G- This section reports a numerical study of the PAYW and PA&Rtegies analyzed

in this paper for values g8 > y. Below are the profits expression of the PAAP and the
PAYW strategies whep > 0 andr; follows a trapezoid distribution:
[3—2a—c(l—a)+Z][2ac—a—2c+Z][3+c—a(l+c)+Z]

= 27(1—a)2(1+ B)3(1+ AB) !

and

T = %(1—C)2[2(2+C) —a(1l+20)],

where,

Z= \/ c2+3(1—a)(1+ac).
We constructed 180 scenarios from all combinations of theviing parameters: c (0,
0.2,0.4, 0.6, 0.8), beta (1.5, 4, 6.5, 9) and a (0, 0.25, 07%,0, 1.25, 1.5, 1.75, 2). The
following tables contain the threshold values »f) such that for values of > A*, PAYW

strategy is optimal and fot < A* PAAP strategy is optimal.
c=0:
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15

6.5

0.353

0.214

0.154

0.12

0.25

0.337

0.203

0.145

0.113

0.5

0.320

0.191

0.136

0.105

0.75

0.303

0.179

0.127

0.098

0.286

0.167

0.118

0.091

1.25

0.269

0.156

0.109

0.084

15

0.256

0.146

0.103

0.079

1.75

0.246

0.140

0.098

0.075

0.242

0.138

0.096

0.074

c=0.2:

15

6.5

0.332

0.199

0.142

0.110

0.25

0.322

0.192

0.137

0.106

0.5

0.311

0.184

0.131

0.101

0.75

0.299

0.176

0.124

0.096

0.286

0.167

0.118

0.091

1.25

0.272

0.157

0.111

0.085

15

0.258

0.148

0.104

0.080

1.75

0.247

0.141

0.099

0.076

0.242

0.138

0.096

0.074
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c=0.4:

15

6.5

0.315

0.187

0.133

0.103

0.25

0.310

0.183

0.130

0.101

0.5

0.303

0.179

0.127

0.098

0.75

0.295

0.173

0.123

0.095

0.286

0.167

0.118

0.091

1.25

0.275

0.159

0.112

0.086

15

0.262

0.151

0.106

0.082

1.75

0.249

0.142

0.100

0.077

0.242

0.138

0.096

0.074

c=0.6:

15

6.5

0.303

0.179

0.127

0.098

0.25

0.300

0.176

0.125

0.097

0.5

0.296

0.174

0.123

0.095

0.75

0.292

0.171

0.121

0.093

0.286

0.167

0.118

0.091

1.25

0.278

0.161

0.114

0.088

15

0.267

0.154

0.108

0.084

1.75

0.253

0.145

0.102

0.078

0.242

0.138

0.096

0.074
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c=0.8:

15 4 6.5 9

0 0.293| 0.172| 0.122| 0.094
0.25] 0.292| 0.171| 0.121| 0.0935
0.5 | 0.291| 0.170| 0.120| 0.0929
0.75] 0.289| 0.169| 0.119| 0.0921
1 0.286| 0.167| 0.118| 0.091
1.25| 0.281| 0.164| 0.116| 0.0892
1.5 | 0.275| 0.159| 0.112| 0.0865
1.75| 0.262| 0.151| 0.106| 0.0815
2 0.242| 0.138| 0.096| 0.0741
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