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ABSTRACT

We study kink waves and oscillations in a thin expanding magnetic tube in the presence of flow. The tube consists of a core region
and a thin transitional region at the tube boundary. In this region the plasma density monotonically decreases from its value in the
core region to the value outside the tube. Both the plasma density and velocity of background flow vary along the tube and in time.
Using the multiscale expansions we derive the system of two equations describing the kink oscillations. When there is no transitional
layer the oscillations are described by the first of these two equations. We use this equation to study the effect of plasma density
variation with time on kink oscillations of an expanding tube with a sharp boundary. We assume that the characteristic time of the
density variation is much greater than the characteristic time of kink oscillations. Then we use the Wentzel-Kramer-Brillouin (WKB)
method to derive the expression for the adiabatic invariant, which is the quantity that is conserved when the plasma density varies.
The general theoretical results are applied to the kink oscillations of coronal magnetic loops. We consider an expanding loop with the
half-circle shape and assume that the plasma temperature inside a loop decays exponentially with time. We numerically calculated
the dependences of the fundamental mode frequency, the ratio of frequencies of the first overtone and fundamental mode, and the
oscillation amplitude on time. We obtained that the oscillation frequency and amplitude increase and the frequency ratio decreases
due to cooling. The amplitude increase is stronger for loops with a greater expansion factor. This effect is also more pronounced for
higher loops. However, it is fairly moderate even for loops that are quite high.

Key words. magnetohydrodynamics (MHD) – plasmas – waves – Sun: corona – Sun: oscillations

1. Introduction

After transverse oscillations of coronal magnetic loops were
first observed by the Transition Region and Coronal Explorer
(TRACE) spacecraft and reported by Aschwanden et al. (1999)
and Nakariakov et al. (1999), they received ample attention from
solar physicists. These oscillations have been interpreted as
fast standing kink body waves in cylindrical magnetic flux
tubes. In the earlier studies dealing with the interpretation of
transverse oscillations, the simplest model of a coronal loop
was used: a straight homogeneous magnetic flux tube (e.g.
Ryutov & Ryutova 1976; Edwin & Roberts 1983). Later, more
complex and realistic models of coronal loops were developed.
For a review of theory of transverse coronal loop oscillations see
e.g. Ruderman & Erdélyi (2009).

One particularly important property of coronal loops is the
plasma density variation along the loop. Andries et al. (2005b)
showed that this effect leads to the reduction of the ratio of
the fundamental mode to the first overtone frequency below the
canonical value of 2 of a homogeneous loop. On the basis of
this result, Andries et al. (2005a) suggested the method of esti-
mation of the atmospheric scale height in the solar corona, using
the frequency ratio (see also McEwan et al. 2008, or for a re-
view Andries et al. 2009). Dymova & Ruderman (2005) showed

that kink oscillations of thin magnetic tubes with the density
varying along the tube can be described by the wave equation
with the phase speed equal to the local kink speed. Although
typically the coronal loop expansion is relatively small, the ra-
tio of the loop cross-section radii at the apex and at the foot-
points can still reach a value of 1.5 (Watko & Klimchuk 2000;
Klimchuk et al. 2000). It is surprising that in the chromosphere
the expansion of vertical magnetic flux tubes can reach a value of
up to a few hundred (e.g. Tsuneta et al. 2008). Ruderman et al.
(2008) and Verth & Erdélyi (2008) generalised the derivation by
Dymova & Ruderman (2005) for the case where the density and
cross-section radius both vary along the loop. Using the wave
equation that they derived, they showed that the two effects act
in the opposite direction. While the density variation causes the
reduction of the frequency ratio, the tube expansion causes its
increase. Interestingly, these inhomogeneity effects show similar
behaviour for sausage oscillations (Luna-Cardozo et al. 2012).

Observations by the Solar and Heliospheric Observa-
tory (SoHO; Brekke et al. 1997; Winebarger et al. 2002),
TRACE (Winebarger et al. 2001) and Hinode (Chae et al. 2008;
Ofman & Wang 2008; Terradas et al. 2008) showed that flows
are ubiquitously present in active region loops. Hence, it is im-
portant to study how flows in coronal loops modify the prop-
erties of kink oscillations. Gruszecki et al. (2008) have studied
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numerically the kink oscillations of coronal loops in the presence
of field-aligned flow using the slab model. Terradas et al. (2010)
studied the effect of flow on the period and damping rate of prop-
agating kink oscillations in a magnetic tube homogeneous in the
longitudinal direction. Erdélyi et al. (2014) studied how a “jet”,
i.e. a flow pulse, would affect the eigenoscillations as a jet prop-
agates along the waveguide from one end to another. Ruderman
(2010) derived the equation describing the kink oscillations of
a magnetic tube with flow in the thin tube approximation. He
assumed that the tube cross-section radius is constant; however,
the density and flow velocity can vary both along the tube and
in time. Using this equation he studied the effect of flow on the
eigenfrequencies of kink oscillations.

It is very often observed that oscillating coronal loops are
in a highly dynamic state. In particular, they can cool quickly
with a characteristic cooling time of the order of a few peri-
ods of the kink oscillation (e.g. Aschwanden & Terradas 2008;
Aschwanden & Schrijver 2011). This cooling can strongly af-
fect the kink oscillations. The kink oscillations of cooling
coronal loops have been studied by Morton & Erdélyi (2009,
2010). In particular, Morton & Erdélyi (2009) found that cooling
causes the decrease in the period of kink oscillations. Ruderman
(2011b) used the equation derived by Ruderman (2010) to study
the kink oscillations of a coronal loop with the density varying
along the loop and in time. In the approximation of slow tempo-
ral variation he derived the expression for an adiabatic invariant,
which is a quantity conserved during the density evolution. Us-
ing this invariant he showed that cooling causes the amplification
of kink oscillations. Similar results were obtained for longitudi-
nal oscillations (see Al-Ghafri & Erdélyi 2013; Al-Ghafri et al.
2014).

Ruderman (2010) assumed that the density can vary along
the loop, but it does not vary in the transverse direction.
Ruderman (2011a) generalised this study to also include the den-
sity variation in the transverse direction from a larger value in-
side the loop to a smaller value in the surrounding plasma. He de-
rived the system of equations describing the kink oscillations of
a loop with such a density transition and studied the kink oscil-
lations of cooling loops damped due to resonant absorption. Re-
cently the kink oscillations of radiatively cooling coronal loops
have been studied numerically by Magyar et al. (2015).

In this article, we generalise the studies by
Dymova & Ruderman (2005), Ruderman et al. (2008), and
Ruderman (2010, 2011a,b), and derive the system of equations
describing the kink oscillations of an expanding loop with the
density varying both along and across the loop, as well as in
time, and in the presence of background flow. We then use this
system to study the effect of cooling on kink oscillations of an
expanding magnetic loop.

The paper is organised as follows. In the next section we de-
scribe the equilibrium state and present the governing equations.
In Sect. 3 we transform the linearised MHD equations. In partic-
ular, we introduce the plasma displacement. In Sect. 4 we derive
the governing equation for the kink oscillations in the thin tube
approximation. In Sect. 5 we present the general analysis of the
eigenvalue problem describing the kink oscillations in the pres-
ence of a stationary background flow. In Sect. 6 we derive the
expression for the adiabatic invariant for the kink oscillations of
an expanding magnetic tube with the slowly varying density. We
then use this invariant to study the effect of cooling on the coro-
nal loop kink oscillations. Section 7 contains the summary of the
obtained results and our conclusions.

2. Equilibrium state and governing equations

We model a coronal loop as a straight, thin, and expanding mag-
netic tube with a circular cross-section. The tube can be either
finite or semi-infinite, so that we can consider both standing and
propagating waves. The tube consists of a core and a transition
region where the density decreases from a higher value inside
the tube to the lower value representing the surrounding plasma.
In cylindrical coordinates r, φ, z with the z-axis coinciding with
the tube axis, the plasma density is defined by

ρ =


ρi(t, r, z), 0 ≤ r ≤ R(z)(1 − l/2),
ρt(t, r, z), R(z)(1 − l/2) ≤ r ≤ R(z)(1 + l/2),
ρe(t, r, z), r ≥ R(z)(1 + l/2),

(1)

where l is a constant determining the thickness of a transitional
layer, ρ(t, r, z) is a continuous function, and ρt(t, r, z) is a mono-
tonically decreasing function of r. We explain below why we
split the tube into the core and transition layer. The equilibrium
magnetic field is B = (Br(r, z), 0, Bz(r, z)). The divergence-free
condition for the magnetic field is written as

1
r
∂(rBr)
∂r

+
∂Bz

∂z
= 0. (2)

It follows from this equation that B can be expressed in terms of
the magnetic flux function ψ as

Br = −
1
r
∂ψ

∂z
, Bz =

1
r
∂ψ

∂r
· (3)

We assume that the boundaries of the transitional layer are mag-
netic surfaces. This implies that the equations r = R(z)(1 − l/2)
and r = R(z)(1 + l/2) can be written as ψ = ψi = const. and
ψ = ψe = const., respectively, where i and e refer to internal and
external values.

In what follows we use the cold plasma approximation.
Then, to satisfy the equilibrium condition, the magnetic field
must be potential. This implies that B must satisfy the equation

∂Br

∂z
=
∂Bz

∂r
, (4)

which can be rewritten in terms of the magnetic flux function as

r
∂

∂r

(
1
r
∂ψ

∂r

)
+
∂2ψ

∂z2 = 0. (5)

There is a time-dependent background flow with the veloc-
ity U = (Ur(t, r, z), 0,Uz(t, r, z)). The flow velocity is assumed
to be parallel to the equilibrium magnetic field, U ‖ B. The
plasma density and velocity are related by the mass conserva-
tion equation

∂ρ

∂t
+

1
r
∂(rρUr)
∂r

+
∂(ρUz)
∂z

= 0. (6)

The perturbations of the magnetic field and plasma velocity, b =
(br, bφ, bz) and u = (ur, uφ, uz), are described by the linearised
MHD equations in the cold plasma approximation,

∂u
∂t

+ (U · ∇)u + (u · ∇)U =
1
µ0ρ

(∇ × b) × B, (7)

∂b
∂t

= ∇ × (u × B + U × b), (8)

∇ · b = 0, (9)

where µ0 is the magnetic permeability of free space.
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3. Transformation of the governing equations

To derive the governing equations for kink oscillations we fol-
low Ruderman et al. (2008). However now there are two features
that make the derivation more complex. The first is the presence
of the transitional layer between the tube core and the exter-
nal plasma. The crucial step in the derivation of the governing
equation for kink oscillations of a tube with a sharp boundary
is to use two conditions at the tube boundary: the continuity of
the plasma displacement in the direction normal to the bound-
ary and the magnetic pressure perturbation. Here we introduce
the jumps of these quantities across the transitional layer. Af-
ter that the derivation of the governing equation is the same as
in the case of a sharp boundary. The second feature is the pres-
ence of flow. In our derivation we need a closed system of equa-
tions for the plasma displacement and magnetic pressure per-
turbation. To obtain this system the perturbations of the plasma
velocity and magnetic field need to be expressed in terms of the
plasma displacement. When there is no background flow these
expressions are trivial. It is still possible to obtain these expres-
sions even when there is background flow. However, its pres-
ence makes them quite cumbersome. The aim of this section is
to derive these expressions and then to obtain a closed system
of equations for the plasma displacement and magnetic pressure
perturbation. Hence, the main result of this section is the system
of Eqs. (38)–(42).

Below we use the following identities (e.g. Korn & Korn
1961):

2(G · ∇)F = ∇ × (F × G) + ∇(F · G) − F(∇ · G)
+ G(∇ · F) − F × (∇ × G) − G × (∇ × F),

∇ · (F × G) = G · (∇ × F) − F · (∇ × G),

∇ × (F × G) = (G · ∇)F − (F · ∇)G
+ F(∇ · G) − G(∇ · F),

(10)

where F and G are arbitrary vector-functions.
We consider a Lagrangian particle with the initial position

defined by vector a. A current position of this particle is x(t, a),
so x(0, a) = a. The trajectory of this particle is given by x =
x(t, a). In the unperturbed flow it is x = x0(t, a). We introduce
the plasma displacement ξ = x − x0. In what follows, we con-
sider ξ as a function of Eulerian coordinates, meaning that it is a
function of t and x. The particle velocity is given by

Ũ =
∂x
∂t

∣∣∣∣∣
a

=
∂x0

∂t

∣∣∣∣∣
a

+
∂ξ

∂t

∣∣∣∣∣
x

+ (Ũ · ∇)ξ, (11)

where the subscripts a and x indicate that the derivative with
respect to t is calculated at constant a and constant x, respec-
tively. Now, ∂x0/∂t = U(t, x0). In the linear approximation we
can substitute U(t, x0) for Ũ in the last term on the right-hand
side of Eq. (11). Now, the Eulerian perturbation of the velocity
is u(t, x) = Ũ(t, x) − U(t, x). Then, using the approximate rela-
tion U(t, x) ≈ U(t, x0) + (ξ · ∇)U we obtain from Eq. (11) in the
linear approximation

u =
∂ξ

∂t
+ (U · ∇)ξ − (ξ · ∇)U, (12)

where here and below the time derivative is calculated at con-
stant x. Using the first identity in Eq. (10) we transform this
expression to

u =
∂ξ

∂t
+ ∇ × (ξ × U) − ξ(∇ · U) + U(∇ · ξ). (13)

Now we assume that the velocity U is potential, ∇×U = 0. Then,
again using the first identity in Eq. (10), we obtain

(U · ∇)u + (u · ∇)U = ∇(Uu‖) − U × (∇ × u), (14)

where u‖ = b0 ·u and b0 = B/B is the unit vector in the magnetic
field direction. Substituting this result in Eq. (7) and taking the
scalar product of the obtained equation with b0 yields

∂u‖
∂t

+ b0 · ∇(Uu‖) = 0. (15)

Assuming that u‖ = 0 for t = 0 we obtain from this equation that
u‖ = 0 for t > 0. Now, taking the scalar product of Eq. (13) with
b0 and using the second identity in Eq. (10) yields

∂ξ‖

∂t
=

1
B
∇ · (BUξ1) + ξ‖∇ · U − U∇ · ξ, (16)

where ξ‖ = b0 · ξ and ξ1 = ξ − ξ‖b0.
With the aid of the third identity in Eq. (10) we obtain

∇ × (ξ × B) = f − B(∇ · ξ), (17)

where

f = (B · ∇)ξ − (ξ · ∇)B. (18)

Using Eq. (12) we transform Eq. (8) to

∂b
∂t

= ∇× (U × b)−∇×
[
B ×

(
∂ξ

∂t
+ (U · ∇)ξ − (ξ · ∇)U

)]
. (19)

With the aid of Eq. (17) we reduce this equation to

∂

∂t
[b − f + B(∇ · ξ)] = ∇ × [Ub0 × (b − (B · ∇)ξ)]

+∇ × [B × (ξ · ∇)U]. (20)

Then, using the identity

(ξ · ∇)U = B(ξ · ∇)
U
B

+
U
B

(ξ · ∇)B, (21)

we finally arrive at

∂

∂t
[b − f + B(∇ · ξ)] = ∇ × {Ub0 × [b − f + B(∇ · ξ)]}. (22)

It follows from this equation that b − f + B(∇ · ξ) = 0 for t > 0
if it is zero at t = 0, which is assumed below. Hence, we obtain

b = (B · ∇)ξ − (ξ · ∇)B − B(∇ · ξ). (23)

Using the third identity in Eq. (10) and recalling that the mag-
netic field is divergent-free we can rewrite this expression as

b = ∇ × (ξ × B). (24)

We now introduce the magnetic pressure perturbation P = B ·
b/µ0. Taking the scalar product of Eq. (24) with B, using the
second identity in Eq. (10), and recalling that the equilibrium
magnetic field is potential, we easily obtain

P = −
1
µ0
∇ · (B2ξ1). (25)

Substituting Eqs. (14) and (24) in Eq. (7), and taking into ac-
count that u‖ = 0 yields

∂u
∂t

= b0 ×

(
U∇ × u −

B
µ0ρ
∇ × ∇ × (ξ × B)

)
. (26)
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Equations (13), (16), and (26) constitute the system of equations
for ξ.

Now we introduce the components of the displacement and
velocity that are perpendicular to the magnetic field lines and in
the plains containing the z-axis,

ξ⊥ = ξrb0z − ξzb0r u⊥ = urb0z − uzb0r. (27)

Then, recalling that B is solenoidal and potential, we transform
Eqs. (16) and (25) to

∂ξ‖

∂t
=
ξ⊥
B

(
b0z

∂(BU)
∂r

− b0r
∂(BU)
∂z

)
−U2

[
b0r

∂

∂r

(
ξ‖

U

)
+ b0z

∂

∂z

(
ξ‖

U

)]
, (28)

P = −
B
µ0

(
b0z

r
∂(rw)
∂r

+
B
r
∂ξφ

∂φ
− b0r

∂w

∂z

)
, (29)

where w = Bξ⊥. To obtain the expression for u in terms of ξ we
use Eq. (13). First, we take the scalar product of this equation
with the vector (b0z, 0,−b0r) and use the third identity in Eq. (10)
to obtain the expression for u⊥. Then we take the φ-component of
Eq. (13) to obtain the expression for uφ. As a result we arrive at

u⊥ =
1
B
∂w

∂t
+

U
B

(
b0r

r
∂(rw)
∂r

+ b0z
∂w

∂z

)
, (30)

uφ =
∂ξφ

∂t
+ U

[
rb0r

∂

∂r

(
ξφ

r

)
+ b0z

∂ξφ

∂z

]
· (31)

Now we take the scalar product of Eq. (26) with the vector
(b0z, 0,−b0r). Using the third identity in Eq. (10) yields

∂u⊥
∂t

+ U
[
rBr

∂

∂r

(u⊥
rB

)
+ Bz

∂

∂z

(u⊥
B

)]
=

B
µ0ρ

[
∂2w

∂z2

+
∂

∂r

(
1
r
∂(rw)
∂r

)
+ Bz

∂

∂r

(
1
r
∂ξφ

∂φ

)
−

Br

r
∂2ξφ

∂φ∂z

]
· (32)

Then we take the φ-component of Eq. (26), and again use the
third identity in Eq. (10) to obtain

∂uφ
∂t

+ U
(

b0r

r
∂(ruφ)
∂r

+ b0z
∂uφ
∂z

)
=

B
µ0ρ

[
B
r2

∂2ξφ

∂φ2

+
b0z

r2

∂2(rw)
∂φ∂r

−
b0r

r
∂2w

∂φ∂z
+

b0r

r
∂

∂r

(
r2Br

∂

∂r

(
ξφ

r

)
+ rBz

∂ξφ

∂z

)
+ b0z

∂

∂z

(
rBr

∂

∂r

(
ξφ

r

)
+ Bz

∂ξφ

∂z

)]
· (33)

Using Eq. (29) we reduce Eqs. (32) and (33) to

∂u⊥
∂t

+ U
[
rBr

∂

∂r

(u⊥
rB

)
+ Bz

∂

∂z

(u⊥
B

)]
=

B2

ρ

[
b0r

∂

∂z

( P
B2

)
− b0z

∂

∂r

( P
B2

)]
+

B2

µ0ρ

(
rb0r

∂

∂r
1
r

+ b0z
∂

∂z

) (
b0r

rB
∂(rw)
∂r

+
b0z

B
∂w

∂z

)
, (34)

∂uφ
∂t

+ U
(

b0r

r
∂(ruφ)
∂r

+ b0z
∂uφ
∂z

)
= −

1
ρr
∂P
∂φ

+
1
µ0ρ

(
Br

r
∂

∂r
r + Bz

∂

∂z

) (
rBr

∂

∂r

(
ξφ

r

)
+ Bz

∂ξφ

∂z

)
· (35)

We see that Eq. (28) is detached from the other equations and
only serves to determine ξ‖. Hence we do not use it below. Equa-
tions (29)–(31), (34), and (35) constitute the system of equations
for ξ⊥, ξφ, u⊥, uφ, and P.

Now, following Ruderman et al. (2008), we use the magnetic
flux function ψ as an independent variable instead of r. With the
aid of the chain rule we obtain the following relations:

∂ f
∂r

= rBz
∂ f
∂ψ

,
∂ f
∂z

∣∣∣∣∣
r

=
∂ f
∂z

∣∣∣∣∣
ψ
− rBr

∂ f
∂ψ

, (36)

where f is an arbitrary function, and the subscripts r and ψ in-
dicate that the derivative is taken at constant r and constant ψ,
respectively. In particular, taking f = r in these relations, we
obtain

∂r
∂z

=
Br

Bz
,

∂r
∂ψ

=
1

rBz
· (37)

Using Eqs. (36) and (37) we transform Eqs. (29)–(31), (34), and
(35) to

P = −
1
µ0

(
rB2 ∂w

∂ψ
+

B2

r
∂ξφ

∂φ
− Br

∂w

∂z
+ Bz

w

r

)
, (38)

u⊥ =
1
B
∂w

∂t
+

Uz

rB
∂(rw)
∂z

, (39)

uφ =
∂ξφ

∂t
+ rUz

∂

∂z

(
ξφ

r

)
, (40)

∂u⊥
∂t

+ rUBz
∂

∂z

(u⊥
rB

)
=

rBBz

µ0ρ

∂

∂z

(
Bz

r2B2

∂(rw)
∂z

)
+

B2

ρ

[
b0r

∂

∂z

( P
B2

)
− rB

∂

∂ψ

( P
B2

)]
, (41)

∂uφ
∂t

+
Uz

r
∂(ruφ)
∂z

=
Bz

µ0ρr
∂

∂z

[
r2Bz

∂

∂z

(
ξφ

r

)]
−

1
ρr
∂P
∂φ
· (42)

The system of Eqs. (38)–(42) is used in the next section to de-
rive the governing equations for the kink oscillations of a thin
and expanding magnetic flux tube. Obviously, u⊥ and uφ can be
eliminated using Eqs. (39) and (40). Hence, Eqs. (38)–(42) can
be considered as a system of equations for w = Bξ⊥, ξφ, and P.

4. Derivation of the governing equations

We now assume that the magnetic tube is thin, R(z)/L = O(ε),
where ε � 1 and L is the characteristic scale of variation of all
equilibrium quantities, like the tube radius and magnetic field
magnitude, along the tube. In the case of standing waves we can
take L equal to the tube length. We also assume that the char-
acteristic scale of variation of perturbations along the tube is
much larger than the tube radius. However, we do not make any
assumption about the relation between L and the characteristic
scale of perturbation variation. In particular, they can be of the
same order. In accordance with the assumption that the tube is
thin we introduce the stretching variable along the tube defined
as Z = εz. The characteristic time of the problem is L/V∗, where
V∗ is the characteristic Alfvén speed. Its ratio to the Alfvénic
time determined with respect to the tube radius, R∗/V∗, where
R∗ is the characteristic value of the tube radius, is of the order of
ε−1. Accordingly, we introduce the stretching time T = εt. The
characteristic scale of variation of perturbations in the radial di-
rection is R∗. However, we assume that the characteristic scale
of variation of ρ, B, and U outside of the transitional layer, i.e.
in the core of the tube (r < R(z)(1 − l/2)) and outside of the tube
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(r > R(z)(1+l/2)), is L. While the characteristic scale of variation
of B is L even in the transitional layer, ρ and U can vary in this
layer on the scale lR∗. The ratio of the radial and azimuthal com-
ponent of the equilibrium magnetic field is of the order of ε, and
the same estimate is valid for the radial and azimuthal compo-
nent of the equilibrium flow. In accordance with these estimates,
we introduce the scaled radial components of the magnetic field
and bulk flow velocity, namely B̃r = ε−1Br and Ũr = ε−1Ur.

From now on the derivation of governing equation is quite
similar to that in Ruderman et al. (2008). It is based on using
asymptotic expansions with respect to ε. The main result of this
section is Eq. (75) with the right-hand side given by Eq. (76).

Below we impose the restriction Bz > 0. Since the tube is
thin, in the vicinity of the magnetic tube we can approximate ψ
by the first term of its expansion in the Taylor series. Since the
tube axis is a magnetic field line itself, ψ = const. at r = 0.
Without loss of generality, we can take ψ = 0 at r = 0. Then it
follows from Eq. (3) that the first term of the Taylor expansion
of ψ with respect to r is proportional to r2 and we can use the
approximate expression

ψ =
1
2

r2h(z). (43)

Now it follows from Eq. (3) that the equilibrium magnetic field
is given by

Br = −
r
2

h′(z), Bz = h(z), (44)

where the prime indicates the derivative. For the magnetic field
magnitude we obtain

B =

√
B2

r + B2
z = Bz + O

(
ε2) = h(z) + O

(
ε2). (45)

It follows from the magnetic flux conservation that

h(z)R2(z) = C = const. (46)

For the flow speed we obtain

U =

√
U2

r + U2
z = Uz + O

(
ε2). (47)

It follows from the symmetry that ∂U/∂r = 0 at r = 0.
Then, using Taylor’s theorem, we obtain in the core region
(r < R(z)(1 − l/2))

U(r, z) = U(0, z) +
r2

2
∂2U
∂r2

∣∣∣∣∣
r=r∗

= U(0, z) + O
(
R2
∗/L

2) = U(0, z) + O
(
ε2), (48)

where 0 < r∗ < R(z)(1 − l/2). Outside of the tube in its vicinity
(R(z)(1 + l/2) < r � L) we have

U(r, z) = U(R(z)(1 + l/2), z) + r
∂U
∂r

∣∣∣∣∣
r=r∗

= U(0, z) + O(R∗/L) = U(0, z) + O(ε), (49)

where R(z)(1 + l/2) < r∗ � L. Expressions similar to Eqs. (48)
and (49) are also valid for ρ outside of the transitional layer and
for B everywhere not far from the tube (r � L). Hence, in the
leading order approximation with respect to ε, we can consider
U and ρ as quantities independent of r outside of the transitional
layer, while B can be considered as a quantity independent of r
everywhere in the region r � L.

We now integrate Eq. (6) over the area of the tube core cross-
section, that is over a circle of radius R(z)(1 − l/2). Below we
assume that l � 1, meaning that one can neglect l in comparison
with unity. Then we obtain

R2 ∂ρ

∂t
+ R2 ∂(ρUz)

∂z
+ 2(ρRUr)

∣∣∣
r=R = 0. (50)

Since the velocity is parallel to the magnetic field, we have with
the aid of Eqs. (44) and (46)

Ur

U

∣∣∣∣∣
r=R

=
Br

B

∣∣∣∣∣
r=R

= −
h′R
2h

= R′. (51)

Substituting this result in Eq. (50) and recalling that Bz ≈ B, we
eventually arrive at

∂ρ

∂t
+

1
R2

∂(ρR2U)
∂z

= 0. (52)

This equation is valid in the core of the tube.
In the new variables we transform Eqs. (38)–(42) to

P = −
1
µ0

(
rB2 ∂w

∂ψ
+

B2

r
∂ξφ

∂φ
− ε2B̃r

∂w

∂Z
+ Bz

w

r

)
, (53)

u⊥ =
ε

B
∂w

∂T
+
εUz

rB
∂(rw)
∂Z

, (54)

uφ = ε
∂ξφ

∂T
+ εrUz

∂

∂Z

(
ξφ

r

)
, (55)

ε
∂u⊥
∂T

+ εrUBz
∂

∂Z

(u⊥
rB

)
= ε2 rBBz

µ0ρ

∂

∂Z

(
Bz

r2B2

∂(rw)
∂Z

)
+

B2

ρ

[
ε2b̃0r

∂

∂Z

( P
B2

)
− rB

∂

∂ψ

( P
B2

)]
, (56)

ε
∂uφ
∂T

+ ε
Uz

r
∂(ruφ)
∂Z

=
ε2Bz

µ0ρr
∂

∂Z

[
r2Bz

∂

∂Z

(
ξφ

r

)]
−

1
ρr
∂P
∂φ
, (57)

where b̃0r = ε−1b0r. Below we consider ξ⊥ and ξφ as quantities
of the order of unity. Then it follows from Eqs. (54) and (55) that
u⊥ = O(ε) and uφ = O(ε). With the aid of these estimates we ob-
tain from Eqs. (56) and (57) that P = O(ε2). In accordance with
these estimates we put u⊥ = εũ⊥, uφ = εũφ, and P = ε2B2Q.
Then, assuming that perturbations of all quantities are propor-
tional to eiφ, we reduce the system of Eqs. (53)–(57) to

rB2 ∂w

∂ψ
+

iB2ξφ

r
+ Bz

w

r
= O(ε2), (58)

ũ⊥ =
1
B
∂w

∂T
+

Uz

rB
∂(rw)
∂Z

, (59)

ũφ =
∂ξφ

∂T
+ rUz

∂

∂Z

(
ξφ

r

)
, (60)

∂ũ⊥
∂T

+ rUBz
∂

∂Z

( ũ⊥
rB

)
=

rBBz

µ0ρ

∂

∂Z

(
Bz

r2B2

∂(rw)
∂Z

)
−

rB3

ρ

∂Q
∂ψ

+ O(ε2), (61)

∂ũφ
∂T

+
Uz

r
∂(rũφ)
∂Z

=
Bz

µ0ρr
∂

∂Z

[
r2Bz

∂

∂Z

(
ξφ

r

)]
−

iB2Q
ρr
· (62)

Eliminating ũ⊥, ũφ, and ξφ and only keeping the leading terms
with respect to ε we obtain the system of equations for w and Q
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in the leading order approximation:

Q =
1
µ0B

∂

∂Z

(
r2B

∂2W
∂ψ∂Z

)
−

ρ

B2

(
r2 ∂

∂T
+ U

∂

∂Z
r2

) (
∂2W
∂T∂ψ

+ U
∂2W
∂ψ∂Z

)
, (63)

(
∂

∂T
+ r2UB2 ∂

∂Z
1

r2B2

) (
∂W
∂T

+ U
∂W
∂Z

)
=

r2B3

µ0ρ

∂

∂Z

(
1

r2B
∂W
∂Z

)
−

r2B4

ρ

∂Q
∂ψ

, (64)

where W = rw = rBξ⊥. Using Eq. (43) and recalling that, outside
of the transitional layer, we can consider ρ, B, and U as quantities
independent of r and, consequently, on ψ, we reduce Eqs. (63)
and (64) to

Q=
2ψ
h

∂

∂ψ

[
1
µ0

∂2W
∂Z2 −

ρ

h2

(
∂

∂T
+ hU

∂

∂Z
1
h

) (
∂W
∂T

+ U
∂W
∂Z

)]
, (65)(

∂

∂T
+ hU

∂

∂Z
1
h

) (
∂W
∂T

+ U
∂W
∂Z

)
=

h2

µ0ρ

∂2W
∂Z2 −

2ψh3

ρ

∂Q
∂ψ
· (66)

We differentiate Eq. (66) with respect to ψ and then eliminate W
from the obtained equation and Eq. (65). This yields

4ψ
∂

∂ψ
ψ
∂Q
∂ψ
− Q = 0. (67)

The solution to this equation must be regular at ψ = 0 and decay
as ψ→ ∞. Hence, we obtain

Q =

{
Qi(T,Z)ψ1/2, 0 ≤ ψ ≤ ψi,

Qe(T,Z)ψ−1/2, ψ ≥ ψe,
, (68)

where Qi(T,Z) and Qe(T,Z) are arbitrary functions. Recall that
ψ = ψi and ψ = ψe, where ψi and ψe are constants, are the
equations of the boundaries of the transitional layer. It follows
from Eq. (43) that

ψi =
C
2

(
1 −

l
2

)2

, ψe =
C
2

(
1 +

l
2

)2

· (69)

Equations (66) and (68) imply that W = ψ1/2W̃(T,Z) inside the
tube core region. Then, recalling the definition of W and using
Eq. (43) we conclude that ξ⊥ is independent of r inside the tube
core region, which implies that, in the thin tube approximation,
the tube oscillates as a solid.

Substituting Eq. (68) in Eq. (66) we arrive at 10pt(
∂

∂T
+ hUi

∂

∂Z
1
h

)(
∂Wi

∂T
+ Ui

∂Wi

∂Z

)
−

h2

µ0ρi

∂2Wi

∂Z2 =−
ψ1/2

i h3Qi

ρi
, (70)(

∂

∂T
+ hUe

∂

∂Z
1
h

)(
∂We

∂T
+ Ue

∂We

∂Z

)
−

h2

µ0ρe

∂2We

∂Z2 =
h3Qe

ρeψ
1/2
e

, (71)

where Wi and We are calculated at ψ = ψi and ψ = ψe, respec-
tively. We introduce the new variable

η =
1

R(z)
ξ⊥

∣∣∣
ψ=ψi

. (72)

We also introduce the jumps of this new variable and the mag-
netic pressure perturbation across the transitional layer,

δη = η
∣∣∣
ψ=ψe
− η

∣∣∣
ψ=ψi

, δP = P
∣∣∣
ψ=ψe
− P

∣∣∣
ψ=ψi

. (73)

We have the estimates δη = O(l), δP = O(l). Then, with the aid
of Eq. (68), we obtain

Wi = C(1 − l/2)η, We = C[(1 + l/2)η + δη],

ψ1/2
i h3Qi =

ε−2C
R2 P

∣∣∣
ψ=ψi

, ψ−1/2
e h3Qe =

ε−2C
R2 P

∣∣∣
ψ=ψe

.
(74)

Now we multiply Eq. (70) by ρi, Eq. (71) by ρe, and add the
results; use Eqs. (46), (73), and (74); and return to the original
non-scaled independent variables. As a result, we arrive at

ρi

(
∂

∂t
+

Ui

R2

∂

∂z
R2

)(
∂η

∂t
+ Ui

∂η

∂z

)
+ ρe

(
∂

∂t
+

Ue

R2

∂

∂z
R2

)(
∂η

∂t
+ Ue

∂η

∂z

)
−

2B2

µ0

∂2η

∂z2 = L, (75)

L =
δP
R2 +

B2

µ0

∂2(lη + δη)
∂z2

− ρe

(
∂

∂t
+

Ue

R2

∂

∂z
R2

)(
∂

∂t
+ Ue

∂

∂z

)
(lη + δη). (76)

We note that we only kept terms of the order of l when deriving
Eq. (76), while we neglected terms of higher orders with respect
to l. When there is no transitional layer (l = 0) we have L = 0,
and Eq. (75) governs the kink oscillations of a thin expanding
magnetic tube with a background field-aligned flow. However,
in the presence of the transitional layer the system of Eqs. (75)
and (76) is not closed. To close it one needs to express δη and
δP in terms of η. We do not do this here. These expressions are
obtained when we use Eqs. (75) and (76) to study the damping
of kink oscillations of expanding magnetic flux tubes due to res-
onant absorption.

When there is no flow (U = 0) and no transitional re-
gion (l = 0), Eq. (75) reduces to the equation describing the
kink oscillations of a thin expanding magnetic tube derived by
Ruderman et al. (2008). On the other hand, when there is no ex-
pansion (R = const.), Eqs. (75) and (76) reduce to Eqs. (23)
and (24) in Ruderman (2011a) describing resonantly damped
kink oscillations of a thin magnetic tube with non-stationary den-
sity and flow. We note that the expression forL given by Eq. (76)
with R = const. is slightly different from that given by Equa-
tions (24) in Ruderman (2011a). However, it is straightforward
to show using Eq. (75) that the difference between RL with L
given by Eq. (76) andL given by Eqs. (24) in Ruderman (2011a)
is of the order of l2.

It is expedient to compare the results of this section with that
obtained by Andries & Cally (2011). They considered waves in
static magnetic tubes with sharp boundaries. They assumed that
the characteristic scale of the tube cross-section variation along
the tube is much larger than the characteristic transverse scale
of the tube; however, they did not assume that the perturba-
tion wavelength is much larger than the characteristic transverse
scale. In particular, they managed to obtain a single equation de-
scribing kink oscillations. However, this equation is quite com-
plicated because it contains functions of differential operators.
It is quite difficult to work with them. We see that the thin tube
approximation enormously simplifies the study of kink oscilla-
tions. Even when the tube is non-stationary and there is back-
ground flow, kink oscillations are described by a relatively sim-
ple differential Eq. (75).
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5. Eigenvalue problem in the presence of stationary
flow

In what follows we consider kink oscillations of magnetic tubes
with the sharp boundary and take l = 0. We assume that there is
no flow outside the tube, Ue = 0. We also assume that both the
density and background flow velocity are independent of time.
Then Eq. (52) reduces to

ρiUR2 = const., (77)

where we have dropped the subscript “i” at the internal flow
speed U. Using Eq. (45) we rewrite Eq. (46) in the approximate
form

BR2 = const. (78)

Since we have taken l = 0 it follows that L = 0. Below we study
standing waves and impose the boundary conditions

η = 0 at z = ±L/2, (79)

where L is the tube length. We look for eigenfrequencies of kink
oscillations, so we take η ∝ e−iωt. Then Eq. (75) with L = 0
reduces to(

2B2

µ0
− ρiU2

)
d2η

dz2 +

(
2iωρiU −

ρiU
R2

d(UR2)
dz

)
dη
dz

+

(
2iωρiU

R
dR
dz

+ ω2(ρi + ρe)
)
η = 0. (80)

This equation, together with the boundary conditions Eq. (79),
constitutes an eigenvalue problem. The aim of this section is to
study general properties of this problem. Below we assume that
µ0ρiU2 < 2B2, that is U2 < 2V2

Ai ≡ 2B2/µ0ρi, and this condition
is satisfied for all z ∈ [−L/2, L/2]. Then we make the variable
substitution

η = q exp(−iωσ(z)), σ =

∫ z

−L/2

µ0ρiU dz′

2B2 − µ0ρiU2 · (81)

Now, multiplying the obtained equation by R4, we reduce
Eq. (80) to

d
dz

[
R4

(
2B2

µ0
− ρiU2

)
dq
dz

]
+ ω2W(z)q = 0, (82)

where

W(z) = R4 2(ρi + ρe)B2 − µ0ρiρeU2

2B2 − µ0ρiU2 · (83)

Equation (82) with the boundary conditions Eq. (79) constitutes
the classical Sturm-Liouville problem with the eigenvalue ω2.
It follows from the general theory of the Sturm-Liouville prob-
lem (e.g. Coddington & Levinson 1955) that the eigenvalues are
real and constitute a monotonically increasing unbounded se-
quence. The first eigenvalue is the square of the fundamental
frequency, and the corresponding eigenfunction has no nodes in
(−L/2, L/2). All other eigenvalues are the squares of frequencies
of overtones. The eigenfunction corresponding to the nth over-
tone has n − 1 nodes in (−L/2, L/2).

It is obvious that we can always take q to be real. Multiply-
ing Eq. (82) by q, integrating the obtained equation, and using
Eq. (79) we obtain

ω2
∫ L/2

−L/2
W(z)q2 dz =

∫ L/2

−L/2
R4

(
2B2

µ0
− ρiU2

) (
dq
dz

)2

dz. (84)

Since W(z) > 0, it follows from this equation that ω2 > 0, i.e.
that all the eigenfrequencies are real. This implies that the in-
equality U2 < 2V2

Ai is a sufficient condition for the stability of
the tube with respect to long kink perturbations. We emphasise
that this condition is sufficient but not necessary. On the other
hand, this analysis does not prove that the tube is stable if the
condition U2 < 2V2

Ai is satisfied. While it guaranties that the
tube is stable with respect to long kink perturbations, it can be
unstable with respect to other types of perturbations.

6. Kink oscillations of coronal loops with slowly
varying density

The analysis in this section is motivated by the obser-
vations of kink oscillations of cooling coronal loops (e.g.
Aschwanden & Terradas 2008; Aschwanden & Schrijver 2011).
Below we consider kink oscillations of a magnetic tube with
slowly varying density. We assume that the boundary condition
Eq. (79) is satisfied. We also assume that the characteristic time
of the density variation, tch, is much greater than the characteris-
tic time of oscillations. We note that this is not a very restrictive
assumption. It is usually believed that the characteristic time of
oscillations is the oscillation period. However, this is not true.
The characteristic time of oscillations is 1/ω, where ω is the os-
cillation frequency. This time is about 6 times smaller than the
oscillation period. Hence, the condition that tch should be much
larger than the characteristic time of oscillations is satisfied even
when tch is of the order of the oscillation period. We also assume
that the loop has a sharp boundary, which is l = 0 and, conse-
quently, L = 0.

6.1. Derivation of adiabatic invariant

We denote the ratio of tch to the characteristic time of oscillations
as ν−1, where ν � 1. Hence, the characteristic time of oscilla-
tions is νtch. On the other hand, it is also of the order of the loop
length divided by the characteristic kink speed, which is equal to
L/(B/

√
µ0ρch), where ρch is the characteristic density. As a result,

we have

B ∼ ν−1 √µ0ρch
L
tch
·

This estimate inspired us to introduce the scaled magnetic field
B̃ = νB. Then we rewrite Eq. (75) with L = 0 as

ρi

(
∂

∂t
+

Ui

R2

∂

∂z
R2

)(
∂η

∂t
+ Ui

∂η

∂z

)
+ ρe

(
∂

∂t
+

Ue

R2

∂

∂z
R2

)(
∂η

∂t
+ Ue

∂η

∂z

)
−

2ν−2B̃2

µ0

∂2η

∂z2 = 0.

(85)

Now we use the Wentzel-Kramer-Brillouin (WKB) method (e.g.
Bender & Orszag 1978) and look for the solution to this equation
in the form

η = S (t, z) exp
[
ν−1Θ(t)

]
. (86)

Then we expand S in the series

S = S 0 + νS 1 + . . . (87)

Substituting Eq. (86) in Eq. (85), using Eq. (87), collecting terms
of the order of ν−2, and taking into account the boundary condi-
tion Eq. (79) we obtain the Sturm-Liouville problem

∂2S 0

∂z2 +
Ω2

C̃2
k

S 0 = 0, S 0 = 0 at z = ±L/2, (88)
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where

Ω =
dΘ

dt
, C̃2

k =
2B̃2

µ0(ρi + ρe)
· (89)

This order approximation is called the approximation of ge-
ometrical optics (e.g. Bender & Orszag 1978). The Sturm-
Liouville problem Eq. (88) coincides with a problem obtained
by Dymova & Ruderman (2005) to describe the kink oscillations
of magnetic tubes whose density varies along the tube, and by
Ruderman et al. (2008) to describe the kink oscillations of mag-
netic tubes whose density and cross-section radius vary along the
tube. Below we assume that Ω2 is an eigenvalue and S 0 the cor-
responding eigenfunction. In accordance with the general theory
(e.g. Coddington & Levinson 1955), Ω2 is real. It is easy to prove
that Ω2 > 0. Obviously we can always assume that S 0 is a real
function.

Now we collect the terms of the order of ν−1 to obtain

∂2S 1

∂z2 +
Ω2

C̃2
k

S 1 =
2iΩ

C̃2
k

(
∂S 0

∂t
+

S 0

2Ω

∂Ω

∂t
+
ρiUi + ρeUe

R(ρi + ρe)
∂(RS 0)
∂z

)
·

(90)

This is the approximation of the physical optics. S 1 must satisfy
the boundary conditions

S 1 = 0 at z = ±L/2. (91)

The homogeneous counterpart of the boundary value problem
constituted by Eq. (90) and the boundary conditions Eq. (91) has
a non-trivial solution S 1 = S 0. This implies that the boundary
value problem determining S 1 has a solution only if the right-
hand side of Eq. (90) satisfies the compatibility condition, which
is the condition that it should be orthogonal to S 0. To obtain this
condition we multiply Eq. (90) by S 0 and then integrate with
respect to z from −L/2 to L/2. After some algebra we obtain∫ L/2

−L/2

1

C̃2
k

∂(ΩS 2
0)

∂t
dz = −

µ0Ω

2

∫ L/2

−L/2

ρiUi + ρeUe

R2B̃2

∂(S 2
0R2)
∂z

dz.

(92)

Using the integration by parts, Eq. (52), and the relation R2B̃ =
const. yields∫ L/2

−L/2

ρiUi + ρeUe

R2B̃2

∂(S 2
0R2)
∂z

dz =

∫ L/2

−L/2

S 2
0

B̃2

∂(ρi + ρe)
∂t

dz. (93)

Substituting Eq. (93) in Eq. (92) and using Eq. (89) we eventu-
ally obtain

ω

∫ L/2

−L/2

S 2
0

C2
k

dz = const., (94)

where

ω = ν−1Ω, C2
k = ν−2C̃2

k =
2B2

µ0(ρi + ρe)
· (95)

The left-hand side of Eq. (94) is the adiabatic invariant. Equa-
tion (94) states that this invariant is conserved. It is worth not-
ing that the adiabatic invariant is the same as that obtained by
Ruderman (2011b) for oscillations of magnetic tubes with the
constant cross-section radius. Hence, the tube expansion only
affects the time evolution of kink oscillations of magnetic tubes
with the varying density through Ck and S 0 that both depend on
R(z).

6.2. Effect of cooling on the kink oscillations of coronal
magnetic loops

In this subsection we consider the kink oscillations of cooling
coronal loops. The main cause of the loop cooling is radiation.
Its intensity is proportional to the plasma density squared. This
implies that the energy deposition that is sufficient to cover the
energy losses in the rarefied plasma outside the loop may be too
small to cover the energy losses inside the loop. Hence, it seems
to be a viable assumption that while the plasma inside the loop
is cooling, the temperature of the plasma outside the loop re-
mains constant. Following Aschwanden & Terradas (2008) and
Morton & Erdélyi (2010), we approximate the temperature evo-
lution inside the loop by an exponentially decaying function,

T (t) = T0 exp(−t/tcool), (96)

where we have assumed that the cooling starts at the initial time
t = 0. We also assume that the plasma temperature inside and
outside the loop was the same at t = 0, implying that the temper-
ature of the external plasma remains equal to T0.

Below we consider loops with a half-circle shape. We neglect
the effect of the loop curvature on kink oscillations. Hence, the
loop shape only determines the density variation along the loop.
In the external plasma it is given by the barometric formula

ρe(z) =
ρ f

ζ
exp

(
−

L
πH0

cos
πz
L

)
, (97)

where ρ f is the plasma density at the footpoints inside the loop
(assumed to be constant), and ζ the ratio of the plasma densities
inside and outside the loop at t = 0,

H0 =
kBT0

mg
, (98)

kB is the Boltzmann constant, g the gravity acceleration, and m
the mean mass per particle equal to one half of the proton mass
for a proton-electron plasma. The cooling causes the plasma
flow inside the loop. This flow affects the plasma density mean-
ing that it is not described by the barometric formula. However,
Ruderman (2011b) showed that for typical coronal conditions
and observed cooling times the effect of this flow on the plasma
density is fairly week. Hence, the barometric formula provides
a sufficiently good approximation for the plasma density inside
the loop. It reads

ρi(z) = ρ f exp
(
−

L
πH(t)

cos
πz
L

)
, (99)

where H(t) is defined by Eq. (98) with T (t) substituted for T0.
To describe the cross-section radius variation along the loop

we use the same expression as in Ruderman et al. (2008),

R(z) = R fλ

√
cosh(L/2lc) − 1

cosh(L/2lc) − λ2 + (λ2 − 1) cosh(z/lc)
, (100)

where R f is the cross-section radius at the footpoints, lc an
arbitrary positive constant with the dimension of length, and
λ = R(0)/R f the expansion factor. It is shown in Ruderman et al.
(2008) that in order to have the z-component of the magnetic
field positive everywhere in the region |z| ≤ L/2, the expansion
factor must satisfy the inequality λ < λm, where

λ2
m ≈

1.4 cosh(L/2lc)
1 + 0.4 cosh(L/2lc)

· (101)
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The parameter λm is a monotonically increasing function of L/lc,
λm → 1 as L/lc → 0, and λm → 1.87 as L/lc → ∞. As we have
already pointed out, the coronal loop expansion factor typically
does not exceed 1.5. Hence, by properly choosing the ratio L/lp
we can cover the whole range of the expansion factor variation.

We introduce the dimensionless variables and parameters

Z =
2z
L
, τ =

t
tcool

, $ =
ωL
C f

, κ =
L
πH0

, Λ =
R
R f
, S ′0 =

S 0

R f
,

(102)

where the kink speed at the footpoints is defined by

C2
f =

2ζB2
f

µ0ρ f (ζ + 1)
· (103)

Then Eq. (88) reduces to

∂2S 0

∂Z2 +
$2Λ4(Z)S 0

4(ζ + 1)
[
ζ exp

(
− κeτ cos(πZ/2)

)
+ exp

(
− κ cos(πZ/2)

)]
= 0. (104)

When deriving this equation we dropped the prime at S 0 and
used the relation BΛ2 = B f . The function Λ(Z) is defined by
Eq. (100). The eigenfunction corresponding to the fundamen-
tal mode is even, while the eigenfunction corresponding to the
first overtone is odd. This enables us to solve Eq. (104) not on
the interval [−1, 1], but on the interval [0, 1] The solution cor-
responding to the fundamental mode must satisfy the boundary
conditions

∂S 0

∂Z
= 0 at Z = 0, S 0 = 0 at Z = 1, (105)

and the solution corresponding to the first overtone must satisfy
the boundary conditions

S 0 = 0 at Z = 0, 1. (106)

Since the eigenfunction S 0 is accurately determined up to the
multiplication by an arbitrary function of τ, we can always fix
its value at one particular point. Let X(τ,Z) be an eigenfunction
corresponding to the fundamental mode that satisfies the con-
dition X(τ, 0) = 1. Then the general solution to the eigenvalue
problem corresponding to the fundamental mode is S 0(τ,Z) =
A(τ)X(τ,Z), where A(τ) is the oscillation amplitude at Z = 0.
Then Eq. (94) reduces to

$A2
∫ 1

−1
X2Λ4[ζ exp

(
− κeτ cos(πZ/2)

)
+ exp

(
− κ cos(πZ/2)

)]
dZ = const. (107)

Equations (104) and (107) have been solved numerically for
ζ = 3 and lc = L/6. In this case λm ≈ 1.67. In Figs. 1–3 the
dependences of the dimensionless fundamental mode frequency,
the ratio of frequencies of the first overtone and fundamental
mode, and the oscillation amplitude at Z = 0 on τ are shown for
various values of κ and λ.

We see in Fig. 1 that the oscillation frequency grows for
all values of the expansion factor and for all values of the
loop height. The same result was obtained by Morton & Erdélyi
(2009, 2010) and Ruderman (2011b) for non-expanding mag-
netic loops. This result has a simple physical explanation. When
the loop is cooling the plasma flow with the velocity directed to
the loop footpoints appears. The plasma is evacuated from the
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Fig. 1. Dependence of the dimensionless fundamental mode frequency
on τ. The upper, middle, and lower panels correspond to κ = 0.5, κ = 1,
and κ = 2. The dotted, solid, dashed, and dash-dotted lines correspond
to λ = 1, 1.15, 1.3, and 1.5, respectively.

loop meaning that the loop mass decreases. At the same time
the restoring force created by the magnetic tension remains the
same. As a result the oscillation frequency increases.

Figure 2 shows that the ratio of frequencies of the first over-
tone and fundamental harmonic decreases with time. Again the
same result was obtained by Morton & Erdélyi (2009, 2010)
and Ruderman (2011b) for non-expanding magnetic loops. And
again there is a simple physical explanation for this result. Ow-
ing to cooling, the plasma density at the loop decreases ev-
erywhere except for the loop footpoints. In particular, it de-
creases at the loop apex. As a result the kink speed at the
loop apex increases, while it remains the same at the loop foot-
points. Ruderman et al. (2016) showed that the frequency ratio
is a monotonically decreasing function of the ratio of the kink
speed at the loop apex and footpoints.

The most interesting result of this section is shown in Fig. 3.
We see that cooling enhances the oscillation amplitude. Previ-
ously the same result was obtained by Ruderman (2011b) for
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Fig. 2. Dependence of the ratio of frequencies of the first overtone and
fundamental mode on τ. The upper, middle, and lower panels corre-
spond to κ = 0.5, κ = 1, and κ = 2. The dotted, solid, dashed, and
dash-dotted lines correspond to λ = 1, 1.15, 1.3, and 1.5, respectively.

non-expanding loops. We also see that the loop expansion makes
the oscillation amplification stronger. This effect becomes more
pronounced when the loop height increases. However, even for
loops whose height is equal to two times the initial atmospheric
scaleheight, the effect is fairly weak.

7. Summary and conclusions

In this article, we studied kink waves and oscillations of thin ex-
panding magnetic tubes in the presence of flow. Both the plasma
density and flow velocity were allowed to vary along the tube
and depend on time. These physical quantities can also vary in
the radial direction. However, it is assumed that the characteristic
scale of their variation in the radial direction in the core region
inside the tube and in the region outside the tube is the same as
that along the loop. They can only vary on short spatial scales
inside a thin transitional layer at the tube boundary.

0.2 0.4 0.6 0.8 1.0
τ

1.05

1.10

1.15

A(τ)/A(0)

0.2 0.4 0.6 0.8 1.0
τ
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1.30

A(τ)/A(0)

0.2 0.4 0.6 0.8 1.0
τ

1.05

1.10

1.15

1.20

A(τ)/A(0)

Fig. 3. Dependence of the dimensionless amplitude of the fundamental
mode at Z = 0 on τ. The upper, middle, and lower panels correspond
to κ = 0.5, κ = 1, and κ = 2. The dotted, solid, dashed, and dash-dotted
lines correspond to λ = 1, 1.15, 1.3, and 1.5, respectively.

Using the multiscale expansion we derived the system of two
equations (see Eqs. (75) and (76)) governing the kink waves and
oscillations. This is the main result of the article. We empha-
sise that this system describes both standing and propagating
waves. When there is no transitional layer the oscillations are
only governed by the first equation. On the other hand, in the
presence of the transitional layer the system of two equations
is not closed because it contains the jumps of the plasma dis-
placement and magnetic pressure across the transitional layer.
To close this system these jumps must be expressed in terms of
the tube displacement.

We used the derived equations to study the effect of the
plasma density variation with time. We assumed that the char-
acteristic time of the density variation is much greater than
the characteristic time of oscillations. Then we used the WKB
method to derive the expression for the adiabatic invariant,
which is the quantity that is conserved while the plasma den-
sity changes. The general theory was applied to kink oscillations
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of cooling coronal loops. We considered expanding loops with a
half-circle shape and assumed that the plasma temperature inside
the loop decays exponentially. Then we numerically calculated
the time dependence of the fundamental mode frequency, the ra-
tio of frequencies of the first overtone and fundamental mode,
and the oscillation amplitude.

The numerical results can be summarised as follows. Cool-
ing causes an increase in the oscillation frequency and a decrease
in the ratio of frequencies of the first overtone and fundamen-
tal mode. This is the generalisation of the results previously
obtained by Morton & Erdélyi (2009, 2010) and Ruderman
(2011b) for non-expanding loops. Cooling also causes the en-
hancement of the oscillation amplitude. Previously, this result
was obtained by Ruderman (2011b) for non-expanding loops.
The amplitude enhancement due to cooling becomes stronger
when the loop expansion increases. This effect is more pro-
nounced for higher loops. However, it is very moderate even for
loops where the height is equal to the two times the initial atmo-
spheric scale height.
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