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Abdract - A recursive least-squares (LS) state-space
identification method based on the[QR decomposition|is
proposed for non-uniformly sampl ed-data systems. Both cases
of measuring all states and only the output(s) are considered
for model identification. For the case of state measurement, a
QR decomposition-based recursive LS (QRD-RLS)
identification algorithm is given to estimate the state
matrices. For the case of only output measurement, another
identification algorithm is developed by combining the
QRD-RLS approach with a hierarchical identification
strategy. Both algorithmscan guarantee fast convergencerate
with Iovdcomputation]compl exity| An illustrative example is
shown to demonstrate the effectiveness of the proposed
methods.

Index Terms - non-uniform sampling; date-gpace model
i dentifi cati on;|QR decomposti 0n| recurs ve lead-squares

I. INTRODUCTION

A multirate system is labeled by the exstence

multiple nonuniform sampling rates in terms of an overal‘
period denoted by T for system operation, namaly,
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with relatively high computation complexity @(n*) (where

n is the number of sampled data)comparison with the QR
decomposition-based RLS (QRD-RLS) identification
methods [180].

In this paper, two recursive identification algbrits
based on the QRD-RLS aral hierarchical identification
strategy are proposed for the identificationNMSs, as
inspired by a recent study on using the singulareralu
decomposition approach for recursive state-space
identification R1]. When all the states of alUS can be
measured, an identification method based on QRD-BLS
given to estimate the model parameter matrivéeen only
the systemoutput(s) can be measured, anotheifidatidn
algorithmusing the hierarchicalidentificationattrgy [B] is
providedwhich contains two steps, the first step using the
approximation Kalman filter algorithm to estimateetstate
vectors and second step using QRD-RLS to estinfiede t
state matrices. The rest of the paper is orgarazedllows.

In Section 2, the state-space model descriptioNWSs is
l?rieﬂy introduced. Section 3, the proposed stgiaes
OHentification algorithms are presented. A numdécample
s givento illustrate the proposed algorithms in Section 4.
Conclusiors are drawn in Sectio8.

nonuniformly sampled-data system (NUS), which hasrbee

widely practiced in many industrial
have been increasingly studied for model identifica and

control desigrj7-11].

and chemical
applications [28].In the past two decades, multirate systems

II. MODEL DERIVATIONS

Consider anonuniformly sampled system depicted in
Fig. 1, of which the input updating and output skrgp
pattern are shown in Fig. 2,

In fact, a number of different model identification
methods have been developed for various NUSs. A few

identification methods 1p-15 have been devoted to
obtaining an autoregressive (AR)or autoregressive

; : Ui, +
exogeneous (ARX) models. Owing to the convenienice 0™ » +

state-space model

describing multivariable systems,
identification methods have attracted a lot of @tiens in
the recent years. Ding et al. [16] proposed a stptre
identification algorithm for dual-rate systems bging a
hierarchical

convergence and accuracy, the RLS algorithm [V lired

identification strategy, and subsedlyen
derived a recursive state-space identification algorithm
based on the recursive least-squares (RLS) apprfwach
multirate sampling systems [1Despite the superiority of

v(t)
u(t)

y(t) y(kT:— t)

Fig. 1 The non-uniformly sampling system
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u(kT)

Fig. 2 Block diagram of aon-uniformly sampling system _ CAiX(kT)+[CBl CB, - CB ] u(kT:+tl)
where S, is a continuous-time procesH,. and S; denote u(kT.+'q )
i1
the zero-order-holder (ZOH) and sampler, respelgtive
corresponding to the following input and outpuinfet, DUk 1) + (kT +1)
u(KT)
u(kT), KT<t<KT+t u(KT+1)
® u(KT+t), KT+t <t<KT+t, =Cx(kN)+[D, D, - D D] : +V(KT +1)
u(t) = .
: u(kKT +1)
U(kT+ tp—l)’ kT + tp—l <t< (k+1)T where Ci — CAI , Di — CBI , Ai — eAct\ i

y(KT +t) = y(»[)‘t:kmi i=12,..p Hence, a lited form of thBlUS can be written by

wherek =0,1,2,...t =KT +t are the sampling moments {X([‘TJFT)}:{AT BT}P((kT)}{~ 0 } @
T=7+7,+--+7,=1,is the overall period for system §(KT) C; D JLa(kT) ] [ W(KT)
where AT =T e R™™ ) BT :[Bll BZ!-.-pr]E RmePn

operation{rl,rz,... ,rp} are the sampling intervals, =0,
C, =[C,C,,...C,T eR"™™ D eRP™™.

t=t +7=0,+7,+ 47 .

A nonuniformly sampled continuous-time system with b o0 0 - 0 y(KT)
state-space representation is studied herein, b, b o - 0 KT —t
S - X(t) = Ax(t) + Bu(t) 1 D,=/D, D, D - 0}f; %(k)= v :_ )
7 y(t) = Cx(t) + Du(t) + \(t) (kT' )
YKl =1,
wherex(t) e R™, u(t) e R™, andy(t) e R™ are the state, D, D, - Dy, D] P
inp_ut and output vectors, resp_ectiv.eTme state matrices u(KT) v(KT)
defined byA ,B,C,andD . The input and output data are K KT —t
collected in the form of {u(kT+t), y(KT+t)} a(KT) = u( T_tl) V(KT) = v ._ 2)
i=012,..p,k=0,1... : :
With the operational period T, we have u(kT_tp‘l) v(kT _tpfl)
X(kT +T) — eAT )(kT) +J‘::—+T eA(kT+T—r)B L(T) d_ Whel’eX(t) (S Rnx ,G(kT) (S anu y and y(t) (S any .
; In the presence of measurement noise, the modeiii4)
= T X (KT )+Z eA(T—t.)J'f' é' dB U K&+ t,) be writtenby the following form including the white noise
= 0 . terms{W( KT), (KT} ,
p o ~
= A X KT )+zBiU(kT+§71) @) X(KT +T) = A x(KT) + B, G(KT) + W(KT) )
=1 u(kT) §(KT) = C, X(KT) + D, G(KT) + W(KT)
u(kT +1)
:ATX(kT)-i-[Bl B, - Bp] : Il STATEESTIMATION AND PARAMETER
' IDENTIFICATION
u(kT+t,,)
With the above formulation, we express the
where A; =€’ e R™™, B, =eA°(T’t‘)B,‘ . nonruniform periodic sampling systely
Frome. (1), x(KT +t,) can be derived as {x(kT +T)} {AT BTHX(kT)} {Vv(kT)} ©
= + ~
X(KT +1) =€ x(K) + [ " T IB (7)o gty | [C; Drjla(km)] | V(KT)
K For the convenience of computation, we define the
u(kT) parameter matri® , the information vectos,(kT) , the
=AxKT)+[B, B, - B] u(kTHl) ©) augmented output vectaZ,(kT) and the noise vector
: e,(KT), respectivelyas
u(kT+t_,) _
- [Ar BT, W(KT)
Correspondingly, the output can be rewritgen 0 = c. b, | &(KT) = 9(KT) @)

Y(KT +t,) =Cx(KT +t )+ Du(KT +t ) + (KT +1)



x(KT +T)
y(KT)

x(KT)
a(kT)

% (KT)

oo (57 ] o

The system (6) can thus be transformed into aﬂine@q«Nﬂ)T):

regression,

Z,(KT) =07 ¢ (KT) +&,(KT) ©)

Where GT c R(nx+ pny)x( nx- pnY

Z,(KT) e R™ ™, g (KT) e R™ ™,

¢0 (kT) e R+ pnu

A The case of state measurement

Given a persistent excitation to the process inipthe
system statesx(KT) are measured (i.eZ,(KT) and

Forthe updated((N +1)T)can be estimated through

T

ZlQ(N) ' L(N)
ZZQ(N) _OT (N+1) O(nx+ pnu)x( N- nx- pny 9 N1
Z,(N+1) ¢ (N+1)
Zo(N+)T) T [oL(N+T) T
= -0 (N+DT
[|: ZZQ ((N +1)T ):| (( " ) )_O(nx+ pnu)x( N+1- nx pny

Hence,0((N+1)T)can be expressed as:
0" (N+1T)=Z,o (N+DTILE(N+1T) (15
For convenienceZ ,((N+1)T) and L((N +1)T) can
be updated only using the new dagg((N+1T) ,

#,(KT) are known), then we can estimate the parametéZ,((N +1)T) and the onestep ahead decomposition,

matrixd by QRD-RLS as below.
Define the sampled data sequence,

¢(NT) _ {¢0 (T),¢0(2T) e ,¢0(NT)} < R+ pux N

and so is for the output sequer@T) e R™ PN and
noise sequence(NT) e R(™ PN,

The following objective function for model fitting
considered here,

fND=3 Z(D-0 (M) (0

The information matrixp(NT) can be transformed into
a lower triangular matrix through QR decomposition,

$(NT)Q(NT) =[L(NT) O 1)

(nx+ pnu)x( N- nx- pnl)]

whereL (NT) e R™Pm-(me e “y(NT) e RMN is aunitary

Z,(NT) andL(NT) [18] i.e.

L(N+)T) [ LN T
{ 0 }{%«NH)T)} QUN+IT) (9
ZoN+I) T [ Z,o(NT) T

[ZZQ((N+1)T)} _[Zo((N+1)T)} QUN+DT) (17

where Q((N+1)T) =g, yuy € R PP

Hence, the proposedQRD-RLS algorithm
summarized as follows:

1). Collect the identification dafé,(t), Z,(t)} , and take the
data lengthN ;

2). Inttialize t =1, L(0)=0,and Z,,(0)=0;

3). Calculate Q(t) through GR as defined in (12), and
computel (t) and Z,,(t) using (16) and (17);

4). Estimate(t) from (15). If t <N+1, then increasé by
oneand go to step 3.

is

matrix thatis obtained in terms of the Givens rotations

(GR),Q(NT) =g,0,---0, (r = N)[22, 23, whereg, is given
by

/1 - 0 0 0
h|0 - cosf) --- sing) --- O
g, (hko)= | : : (12
ki0 --- —sin@) --- cos@) --- 0O
N{O --- 0 0 1

whereh=1:nx+ pnu, k=1:N, g e RV™.

To demonstrate the merit of the proposed methaal, th
computation load for each step is digtin Table 1 in
comparison with that of refl7], where the computation
efforts of addition, multiplication and divisioneacounted
for each step, respectively, antis the row number of

#(KT) . It is seen that the proposed algorithm uses
obviously less computational effort. Moreo,vdr
s of the proposed QRD-RLS may be set as iero,
contrast to tes of the RLS algoritimmef.[17]
which need to be chosen as large numbers.

Table 1. Comparison of the computation load

Post-multiplying Z,, (NT) , ¢(NT) by Q(NT) yields

& (NT)=Z(NT)Q(NT) - 0" ¢(NT)Q(NT)

[Zo(NT) Zo(N)]-0T(ND)L(NT) o 9

Methods Addition Multiplication Division
Proposed 4rf+n 8rf+n n?
Ref.[17] 3rf+3n+1 n*+4rf+n n

Itis obvious that minimizings(NT) can be realized by
minimizing [ ( NT)||2. In fact, |, ( N'I')||2 can be minimized
by choosing®" (NT) such thatZ,,(NT)—6" (NT)L(NT)

equals zero. Therefore, we obtain the parametenatsn,
0" (NT) = ZlQ(NT)L’l(NT)

B The casefonly output measurement

If only the output(s) can be measured, it can Ense
that (9) contains both the unknown state vect(qT)
included in¢,(KT) and the unknown parameter maf¥ix
Thus, the above QRD-RLS algorithmcannot be diyacsled
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to identify the model parametersa @ircumvent the problem

we propose a modified state and parameter estimatio

algorithm using the hierarchical identificationriple [L6).
The key idea is that when estimatifg x(KT) in ¢,(KT)

is replaced by its estimatg(kT), and when estimating
X(KT +T), the unknown@ is replaced by its estimate
O(KT) . Hence the folowing QRD-RLS algorithm is
proposed,

i T {/y(w) gsT(kT)} a9
C,(KT) D, (kT)

K(KT +T) = A, (KT)R(KT) + B, (KT)G(KT) + 19
p(KT)CT(KT)[ y(KT) - C; (KT)K(KT) ~ Dy (KT)a(kT)|
LN+ [ L(NT) T

{ 0 } —Ljo((NJrl)T)} Q((N+1)T) (20
ZoUN+DOT) T [ zZo(NT) T

[ZZQ((N +1)T)} _[ZO((N +1)T)} QUN=DT) (D
0" (K+DT)=Zyo (k+ T )L™ (k+2)T) (22)
FT (KT) EfT (kT)] =07 ((k+1)T) (23)
C;(kT) D;(KT)

where p(kT) denote the convergence ratg(kT) is an
estimate of x(kT) . A, (kT) , B,(kT) , C,(kT) and
D, (KT) are the estimates oA, , B; , C; and D, ,

respectively.
Note that the modified estimation algorithm sholmn

y(KT) }
y(KT +1,)

1 0.8
X(KT) +
0.93905 0.4755

0 0| u(kT
(kT) +Vv(KT)
0.40553 u(kT +t)

The inputu(kT) andu(kT +t,) are taken as random
sequences with zero mean and unit variawg®&T) and
v(kT) as white noise sequences with zero mean and
varianceo .
Here define the parameter estimation error (PFE)

o= [b(kr) -] /o]

where 0 is the true parameter matrix, arfi(KT) is an

estimationof 0 .

Apply the proposed QRD-RLS algorithm to estimate
the state matrices under different noise levéls;0,
6=0.01, 6§=0.04 and 6=0.09 , respectively. The
corresponding PEEresults are shown in Figh® estimatd
system state-space matrices are listed in Table 2.

0.25 T T T T T T T T T
——5=0
=0+ 5=0.01
o2 —#—6=0.04| 1
—5=0.09
0.15 |
w
]
o
0.1 |
0.05 N — |
T e
I TTTP TP oS ¥ T T
‘ ........p...,,...o...o...o...o...ﬁ.';;t..iﬁt:.%

500
Time (KT)

300 400 600 700 800 900 1000

(18)-(23 is implemented through hierarchical computation

since X(KT +T) dependson X(kT) and O(KT) while
O(KT +T) depend®n O(KT) and K(KT).

IV. ILLUSTRATION

Fig.3. Plots oPEE when all the states are measured

The estimated results using the proposed QRD-RLS ar
similar to those of using the RLS algorithm ef.[17], while
the initial values of the QRD-RLS are takenlag) = 0and

Considera norruniformly sampled system studied in Z,,(0)=0, compared with the initial values of the RLS

Ref.[17],
~ s+0.38
* $2+0.85+0.8
which corresponds to the following state spacezagain,

-0.8 -0.8 1
X(t):{ 1 0 }x(t)+{0}u(t)

y=[1 0gxt)

Let T=1s , p=2 , T1=\/§—JS , 12:2—\/53
(tlzrlzﬁ—ls,tzzjs), as assumed in refl7]. The
resulting discrete state-space model of the sysiem
obtained as

0.22659 — 0.4808
X(KT +T) =[ X(KT) +

0.60107 0.7074

u(kT)

0.15403 0.4466
u(kT+1t)

+wW(KT
0.22129 0.144 } W(kT)

taken asP(0)= p,| (wherePis the covariance matrix and
P, is a large positive number, e., =10°). Fig. 3 shows

that allthe PEEresults under different noise leeenverge
to smaller values when increasiig Table 2 shows that all
the state matrices under different noise levelsveoges to
their true values. These results indicate thatgrmposed
QRD-RLS algorithmcan givgoodidentification results with
fast convergence rate and low computation complexit

When only the output(s) can be meaiiapply the
proposed QRD-RLS algorithm using the hierarchical
identification strategy, obtaining the parametetingetion
results shown in Fig. 4, which again demonstraltes asing
the proposed algorithm can give good performance.



0 v CONCLUSION
=@+ 5=0.01
5004 Based on thd OR decompositjon, two recursive

o state-space identification algorithms have beemgsed
] for NUSs one is for the case of state measurement and the
. other for the case of only output(s) measurementhB
i algorithms can give good identification accuracydan
convergence rate with less computation effort, caneg
with recently developed RLS algorithms (e.gf. f[17]).

o 100 200 300 460Tim5ef;l()kT) 60 700 800 900 1000 Moreover, the proposed QRD-RLS algorithm can imgrov

numerical behavior foill-conditionred NUSs. Simulation
results have demonstrated the effectivertésise proposed
methods.

Fig.4. Plots of PEE wheanly the output is measured

TABLE 2. Estimation of the measured states state matricesr udiflerent noise levels

True 0.22659 — 0.4808 0.15403 0.4466 1 0.8 0 0
values A= B, = C, = D, =
0.60107 0.7074 0.22129 0.144 0.93905 0.4755 0.40553
. [0.22661 - 0.4808F | . [0.15393 0.44606 | - 1. 0.8 R 0 0
5=0 | A = B, = C, = D; =
0.60108 0.7074 0.221 0.1440 0.93906 0.4755 0.40522 0.000
. [0.2264 -0.480 . [0.1539 0.446 . [0.9993 0.7999 | . [0.0002 0.000
5=001| A, = B, = C, = D, =
10.6013  0.7066 0.2209 0.144 0.9389 0.476 0.4054 0.000
. [0.2258 - 0.490 . [0.1538 0.446 . [0.9975 0.799 . [0.0007 0.000
5=0.04| A = B, = C,= D, =
10.6021 0.7038 0.2207 0.143 0.9385 0.479 0.4060 0.000
5-000| A [0.2244 - 0.478 . [0.1538 04477 | . [0.9949 0.800 A ~[0.0017 0.000
T 06041 0.699 T 7102203 01434 | ' |0.9379 0.482 T 04071 0.001
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