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MODELING OF FLUID FLOW IN PIPELINE AND THE DIFFERENCE SCHEME
STABILITY INVESTIGATIONS
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A mathematical model of viscous fluid flow in the pipeline with the presence of flow across the surface and the
narrowing of pipeline section, which is based on a system of Navier-Stokes equations in two-dimensional rectangular
region with a special type of boundary conditions has been designed. The geometric configuration of the leakage zone
is taken into the account. It is believed that the fluid motion is under the influence of constant length of pressure
difference. For the solving of this system, the numerical method of finite differences was developed by which the finite
differences scheme is realized — the first step is implicit in longitudinal coordinate, and the second — on the
transversal. The study on the stability of the spectral features method, stability conditions are established for the case
of flow calculation with specified parameters and for the given type of the pipeline geometry. The criterion of
numerical stability is presented taking to account the model’s parameters.

Keywords: Navier-Stokes system, boundary conditions, pipeline’s section narrowing, low leakage, numerical
method, stability, spectrum characteristics of stability.

Tlobydosano mamemamuuny mooeiv meuii 6 s13K0i piounu 6 mpyoonposooi 3a HA6HOCMI NePEeMIKAHHIA PIOUHU
yepe3 NOGEPXHIO MA 38VIHCEHHS NONEPEyHO20 nepepisy, Aka basyemvcs ma cucmemi pisHanb Hae’e — Cmokca 6
080BUMIDHIL NPAMOKYMHIU cucmemi KOOPOUHAmM 3i CHeyiaibHUM MUNOM SPpaHudHux ymos. Bpaxoeano npocmoposy
KOHGhieypayiio 30n nepemikanns. Pyx piounu 300icHIOEMbCs IO 0i€l0 NOCMIUH020 nepenady MUcKy no 008ICUHI
mpyou. s po3e’szanHs 3a0aui SUKOPUCMAHO MemoO CKIHYEHUX PI3HUYb, PO3POOIEHO HUCETbHUL Memoo U020
peanizayii — nepwiuti Kpox IimepayiiiHo2o npoyecy 30IUCHIOEMbCA NO NOB3008JiCHIl, Opyeuul — NO NONepeyHill
Koopounamax. Buguennsa cmitikocmi nposooumucs 3a CHeKmMpanbHO0 03HAKOI, 8CIAHOGIEHO YMO8U CIMIUKOCMI 0/
PO3paxynxy meuii 3i cneyianpHumMu napamempamu i 018 3a0ano2o muny ceomempii mpyou. Kpumepii cmitikocmi
DO3PAXYHKIE NPeOCMABIeHO 3 YPAXY8AHHAM NAPAMEMPIE MOOEIi.

Kouosi cnosa: cucmema Hae’e — Cmokca, epanuuni ymosu, 368yiceHHs nepepizy mpyou, nepemikanus piounu,
YucenbHUll Memoo, CHeKMpPAIbHA 03HAKA CIIIKOCMI.

Hocmpoeno — mamemamuyeckylo  MoOelb MedeHus: 653KOU JHCUOKOCMU 8 mpybonposode npu HAIUYUU
nepemeKanusi HCUOKOCMU Uepe3 NOBEPXHOCHb U CYICEHUsT NONePEeuH020 CeYeHusl, OCHOBAHHASL HA UCHONIb3068AHUU
o08yxmepnou cucmeme ypasnenuti Hagve — Cmokca 6 npsamoy2onbHOU cucmeme KOOpOUHam co CReyuaibHbLM Munom
epanuyHux ycnogui. Yumena npocmpancmeennas Kougueypayusi 30H nepemexauus. Jleuoicenue CUOKOCmu
00YCNI08NIEHO NOCMOAHHbIM NepPenacoM O0agieHusi no Oauxe mpyool. [[ns peutenus 3a0auu UCHOTb3VEMCs Memoo
KOHEYHUX PISHOCHEN, CO30aH YUCIEHHbI Memo0 e20 peaiu3ayuu — Hepeyl waz UMmepayuoHHo20 npoyecca
ocywecmansemcs no npooOabHOL, MOPOLL — NO HONEPeUHOl Koopounamax. H3yuenue ycmouuusocmu npo8oouUmcs ¢
UCNONL30BAHUM CHEKMPATLHO20 NPUHAKA YCMOUYUBOCTHU, YCMAHOBIEHbL YCI08US YCMOUYUBOCMU OISl pAc4éma
meyeHutl Co CNeyuaIbHbiMU napamempamu u O0jisi 0aHHO20 muna ceomempuu mpyovl. Kpumepuu ycmotuugocmu
npeocmagienst ¢ Yuémom napamempos Mooeju.

Kniouesvie cnosa: cucmema Hasve — Cmoxca, epanuunble YCi08us,, Cydcenue cedeHuss mpyovl, nepemexanue
JUCUOKOCMU, YUCTICHHBIL MemOo0, CHeKMPALbHbIU NPUSHAK YCMOUYUBOCTIU.

The investigaton of flow in the pipeline with
narrowing section is very important too/ This
problems are solved by experimental methods [1-
7]; however, a significant interest lies in the

Introduction
In the study of actual piping systems, which

can be considered as the element of unit transport
system, one of the most important issues of control
of their technical condition is to detect small leaks
of products transported, as they cause substantial
economic losses and threats to the environment.

guestion of the use of mathematical methods for
modeling of these processes. These methods make
it possible to explore a wide class of phenomena
and processes, which are accompanied by small
leakage products. In some cases [8, 9], it is possible
to obtain analytical solutions to the problem of fluid
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flow in the regions with different geometric
configurations, but in most practical problems, it is
necessary to use numerical methods for solving the
issues of such kind. This is because the real
technical systems have a complex spatial
configuration, and often correct formulation of
boundary conditions is either impossible or can be
made only in approximate form and size of the area
in which the researches require the construction of
difference schemes with fixed parameters of the
significant volume calculations nets. For a long
time, this problem could not be resolved due to the
limited capabilities of the computer systems.
Modern  computing  capabilities allow the
implementation of sophisticated mathematical
models that use a system of Navier-Stokes
equations to solve practical problems for
engineering systems [10, 11]. The actual problem of
estimating parameters of the flow, the universality
of mathematical models, and models of viscous
fluid flow in particular allows to apply them not
only to study of the type of trunk pipeline systems,
which is the main part of the proposed article, but
also for diagnosing the origins of technological
pipelines for different purposes used in cars,
reactors, utilities, etc. In this paper, the model for
flow in a pipeline with the presence of product
leaks is constructed, which includes a system of
equations, boundary conditions and the special
conditions for the variation of pressure, and
difference scheme for this system is implemented,
the computational algorithm is build that examines
the stability of difference schemes for a given
performance liquid that is transported. It is possible
to connect the industrial objects technical
diagnostics problem with the problem of the
corresponding mathematical models stability — as
usual, diagnostics task can be formulated as
mathematical model (equation, the system of
equation etc.) with initial and boundary conditions,
which are small disturbed - the great disturbances
can lead to the loss of the model’s adequacy [13]

Simulation of the Viscous Fluid Flow in the
Pipe under the Steady Pressure Drop

The system of Navier-Stokes equations in
primitive variables. When modeling the flow of a
viscous fluid through pipes in the general
formulation, the system of Navier-Stokes equations
in a cylindrical coordinate system is used [8]:
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the operator gradient and operator Laplacian in the
cylindrical coordinate system. The system (1) can
be written in a simpler form by the following
assumptions:

— from a three-dimensional cylindrical
coordinate system (1) a transition to a two-
dimensional Cartesian system - one of the
coordinates is chosen according to the pipe length,
and the other — according to its cut;

— the behavior of the flow in a rectangular
region in the presence of defects is studied; they are
modeled as zones of leakage through the surface of
the pipe;

— a three-dimensional effects are not taken into
the account — similar to Poiseuille flow, and the
transient nature of the process is not taken into the
account as well.

In this case, the system of Navier-Stokes
equations is written in the following form:

— accordingly is

ou ou 1 op o’u ou ).
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It is believed that the pressure along the
length of the pipe varies linearly:
p=p0—kx, 3)
where k — coefficient of pressure drop. The
method of solving the Navier-Stokes equations,
which is used in the implementation of the
components of the velocity vector u and v, is
called the method of solution using primitive
variables [10]. The assumption (3) corresponds to
the real cause of liquid transportation in industrial
pipelines.
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Boundary conditions. It is believed that the
current area — rectangle, generally speaking, is of
infinite length — thus, the cylindrical pipe is
modeled; x - longitudinal coordinate, y -
transverse, in fact, along the pipe diameter.

2
n  2u
u‘y=0:u|y=2R:0;
_ (4)
V|X:O:V|y:0:07
{0,xsx1,xzx2;
Viyor=
Vleak’xe[xl'xz]'
where [x,X,] — piece of leakage, arbitrary

configuration of leaks zones in length and intensity
sources is possible; p — dynamic viscosity of the
product transported; R — pipe radius; p — product
density. It is believed that when x =0, the flow of
fluid through the pipe is accurately described by the
Poiseuille flow model [8]; w/p=v — kinematic
viscosity; V,, — rate of fluid leakage through the

pipe surface, which can change the sign depending
on the type overflow.

Difference schemes for the Navier-Stokes
system

The solution of (2) with boundary conditions
(3) is performed by the method of finite differences,
where variables are selected: Ax— step in
longitudinal coordinate, Ay— step in transverse

coordinate. Ax and Ay can be changed in time or

in space/ To replace their original counterparts, the
following difference-based dependencies are used
[12]:

ax AX OX - AX
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difference analogues (4) are used to the system (2),
the following difference equation analogues are
received:
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With the aim of taking into the account all of
the system equations after the pressure value is
given by (3) and is a known as a function of the
longitudinal coordinate, the third equation of
system (6) is substituted into the second one, and
then it acquires the following form:

p Vet —ve o upt—ur o 10p
U, -V =———+
AX 2AX p oy
n+1 n+1 n+l n+l
v —2vy 4V | Ymaa -2V, +V, _
AX? Ay?

Realization of computational algorithm

Equations of the system (6) are written as a
system of equations with a three diagonal matrix,
that allows the application of the sweep method for
its decision [12]:

n+l V; v n+l U v ZV
Uni| =5a0 " ayz | ~ Tt |t
y Ay AX AP Ay
pa [ VY 1 Um ur”n‘1 -2uh ).
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T V; Vn— _o\" n+l
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The coefficients of the system of equations
with a three diagonal matrix are written in the
following way:
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It is necessary to keep the information about u
and v values on two layers on a coordinate of x:
n-1 and n; values of speed on a layer n+1 are
determined in the process of solving the
problem. For formulate the problem in more
compact form an overhead index is cast aside,
whereupon we receive:

d.u.,+eu, +fu.=b.

Taking into account the standard assumption
about linearity of dependence between the
components u,, , and u_, we receive:

m+l

=k.u, +L;
d k u,+d.L,+eu,+fu. . =b;
um:_ fm um+l b d L ; (10)
d.k, +e, d,k, +e,
fm . bm_dmLm
mel T Ty . ! Lm+1:—'
d.k,+e, d,k, +e,

For solving the system (6) with boundary
conditions (3) the sweep method was twice
realized, thus, the form of record of boundary
conditions allows to take into account the
localization of places of liquid source. Direct and
reverse sweep motion allowed to define u and v on
the layer of n+1, and after the proper reassignment
of values on layers an algorithm repeats oneself.
The amount of steps of iterative process is
determined by the stability of iterative procedure
and necessity of pipeline control of specified
length.
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Stability Investigation of the Difference
Scheme

Stability investigation of difference schemes is
carried out by the spectral feature of stability [12].
Since the first two equations (6) are almost
identical, the stability investigation is carried out
only for the first equation. The peculiarity of the
spectral features is that the Navier-Stokes system is
non-linear, so it is necessary to use the principle of
frozen coefficients, whereby the coefficients of the
system (6) must be constant. With the
implementation of frozen coefficients method, the

component u; is written as:
ut =A"e", (11)
The stability condition of difference scheme
can be written as:
|| <1.
For the first equation of (5):
n+l n+l n+1

unu U m 0 Upy — Uy -1

" AX " 2Ay

n+l n+l 2 n+l n+l
u, +u
= m+1 m-1
_V[ J”[ % j
Ay

using the notation:

2u + u
sz

A aU=A mav-oB Y —c, (12)
Ay 2 AX
the studied equation takes the form:
Aurt—ul +Bp urt —urt =
=C up™t —2ud +ul™t o+ p®out —2uht Fult

The use of characteristic values (12) allows the
selection of those parameters of computational grid,
which provide the stability of computational
scheme. In the view of (11) and Euler’s formula:

e’ =cosp+ising
derived by:
A \? -\ —2BpAiising =
(13)
=C A2-20+1 —4p*A? sinz%

The equation (13) is a quadratic one with the
complex coefficients. Its roots are determined by
the relations:

A-2C +\/A2 —8BCpising +4Cp2sin? ¥
A= 2 ,(14)
2( A—2Bpising —C +4p? sinzg)




52 Memoou ma npunadu KOHmMpoOJIO AKOCMI

A-2C —\/AZ —8BCpising +4Cp?sin? Y
n, = 2 (15)

2( A—2Bpising—C +4p® sinzg)

In general, the test conditions [,|<1, |A,|<1
requires finding the values
Rel,, ReA,, ImA,, ImA, and testing conditions:
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Simulation of the flow in the pipeline with
defects through which the outflow of fluid is
conducted for the following flow parameters, the
pipe geometry, properties of liquids and gases, the
linear pressure drop along the length of pipe:

— the average fluid velocity in the pipeline —
2-8 m/s, the average fluid velocity in the wells for
oil extraction — 2-5 m/s;

— typical rate of low leakage and the overflow
trough the surface — up to 50 cm/s;

— dynamic viscosity of the fluid (water) and

2 2 2 2
\/Rex’l + Ima, © <L \/Rexz + ImA, ~ <lansported technological liquids — 0,001 — 0,01

(16)

requiring complex mathematical calculations.
However, in this case, the research of the conditions
(16) is carried out taking into account the
characteristic process variables, namely:

B~0, C=10°, Ax1l. (17)
From the equation (14) and inequality (16) in
such assumptions the following inequality implies:

16—g p*>+64p* >0, (18)
and from (15), (16) we receive:
—(1l+ep? <1+8p°, (19)

whereas e~10°. It is obvious that these
inequalities are performed for all values p. For

large values of leakage rate the difference scheme
requires special research, not only in terms of the
stability calculation; it is necessary to check the
adequacy of the model (2) — (3) and its relevance to
the physical picture of the process. While solving
the current problems of the research for which the
following conditions (17), (18) and (19) take place,
the estimated grid parameters are chosen with the
requirements of the accuracy of calculations,
because the numerical scheme Is absolutely stable.
The calculations for the flows with different kinds
of overflow and for the different level of sections
narrowing have been made and gave the good
agreement with the correspondent experimental
data. The presented results was applied for the next
problems solving:

- The flow with the low leakage in pipeline
in the process of the oil transportation;

- The complex problem of the harmful
substance distribution estimation in the
zone of pipeline

- The flow in the drill string with the fluid
injection and variable properties of liquid
along the length of the tube;

- The flow of the viscous liquid in the
pipeline with the substance deposits on the
pipeline wall;

- The flow in the pipeline with the forced
narrowing of the section

kag/cm;
2 — kinematic viscosity — 0,000001 — 0,00001
m°/s;
— characteristics  of
K =0,064-0,096;
— step on the longitudinal coordinate — 0,08 m;
- step on the transverse coordinate
— 0,025 m, which corresponds to 1,25 m
diameter pipe at 50 control points along the
transverse coordinate, this step can be changed
in the process of solution.

pressure drop -

Conclusions

According to the results of the conductive
simulation, the following conclusions can be drawn:

— the use of Navier-Stokes equations in the
form of (2) with boundary conditions (4) allows to
obtain an adequate physical model that can serve as
a basis for the diagnostic algorithms construction of
detecting the localization of small leaks in the
pipeline. The condition (3) allows, on the one hand,
to simplify the calculating algorithm; otherwise, the
problem is reduced to the Poiseuille problem [8], it
IS necessary to set an initial approximation of the
velocity field and the initial approximation of the
pressure field, whereas, in this case, it is necessary
to specify only conditions(4);

— the used difference schemes tested for
stability: the case of flow parameters, which satisfy
the condition (17), set the absolute stability of
numerical schemes, however, require further
research in the issues of sustainability schemes for
which the condition (17) is not satisfied;

— the future investigation can be devoted to
the studying of the correspondence between the
stability of the difference scheme and the stability
of the modelling moving of the real liquid, to the
receiving the answer on the question — can we sort
the numerical scheme instability and the instability
of the modelling hydrodynamics process.
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