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Special Matrices for Visco-elastic Systems

Maria Anténia Forjaz*, Anténio Mario Almeida T T. de Lacerda—Aro6so’ and J orge
Pamplona**

*Centre of Mathematics, University of Minho
"Centre of Physics, University of Minho
“*Institute of Earth Sciences (ICT), University of Minho Pole

Abstract. In this work the evolution of visco-elastic systems under external stress is addressed. An approach as a mixed
complementary eigenvalue problem to model the geological folding and asymmetric boudinage in the same direction is
considered. A matricial dynamics equation that comprehends elasticity and viscosity matrices is presented. An algorithm
to connect material points and to build the adjacency matrix has been developed. Numerical results for a set of 16 nodes are
shown.
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INTRODUCTION

The study of instabilities and bifurcations in systems with viscosity has been motivated by many experimental
observations related to technological problems or industrial processes. In [1] the mathematical problem of the mixed
complementary eigenproblem (MEiCP) is motivated by the study of divergence instabilities of static equilibrium states
of finite dimensional mechanical systems with unilateral frictional contact.

This kind of approach is suitable to tackle geological problems, namely the prediction of the evolution less ductile
layers embedded in a more ductile matrix under simple progressive shear, i.e. rotation and non-coaxial strain. Under
these conditions it is expected that only one kind of geological structure (e.g. in compressive field) happens in the
same direction and strain field [2]. However, the observation of simultaneous occurrence of folding and asymmetric
boudinage in the same direction opens a new trend [3] that opposes the current state of the art in structural geology.

An attempt to formulate this type of problem has been started earlier in [4]. In this work we briefly address the
problem of MEiCP by stating the dynamics equation. A 2D model is proposed for a visco-elastic system, for which
we show the adjacency matrix for a reduced set of points with connections, followed by final remarks on future work.

DYNAMICS EQUATION FOR VISCO-ELASTIC SYSTEMS

Under constant applied forces F© the dynamics of the system is governed by the momentum balance equation (Newton
second law), considering elasticity and viscosity

Mii(t) = FO 4+ R(t) — Ku(t) — Bu(r) (1)

where M is the mass matrix (symmetric and positive definite), K is the elasticity matrix (positive definite), B is the
viscosity matrix (symmetric), R is the reaction force at time ¢ (z > 0), and u(¢) and (z) stand for the individual point
masses displacements and velocities, respectively.

In [5] and [6] a particular type of dynamic instability of an equilibrium state of the system is considered. Under
the same applied forces F° for a constant displacement rate (ii = 0), and in the absence of viscosity B, equation (1)
assumes the form Ku® = F° + RO,

It is shown that for some ¢ there are dynamic solutions of the form

u(t) = u® + a(r)v
0
R(t)=R’+B(r)w
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if and only if there exists a number A > 0, and two vectors v and w (v # 0), are such that

(A’M+K)v=w
WJ‘ZO
vd:O

which can be treated as mixed complementary eigenproblem (MEiCP).

2D PHYSICAL MODEL

In geological processes (e.g. layering, folding and boudinage) materials with contrasting physical properties are often
in contact. The understanding of the inter and intra layer contact dynamics is the first step to solve relevant and more
complex geological problems.

We propose to model a physical material by a 2D domain of points, each characterised by its mass (preserving
material density), viscosity, and elasticity, defining a mesh of nodes.

At first, each node is linked to every other within a predefined range (Figure 1A). Afterwards, by defining the
relevant bonds among the material points, such links are reduced so that each node becomes connected to no more
than 8 adjacent nodes (Figure 1B). In average, each node is apart from its nearest neighbour by a distance a, and to
each one is assigned a fraction of the total mass (density x a°).
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(A) Complete set of one-to-one material points bonding. (B) Post-reduction set of one-to-one material points bonding.

FIGURE 1. Bidimensional domain of 16 material points randomly distributed.

In Figure 2A two layers of point masses are shown: round dots for material A and squares for material B. Dashed
lines depict the interactions amid them. The particular connections between neighbouring point masses belonging to
either one or the other material are coloured in black. A 4-mass cell is outlined in Figure 2B with nodal displacements
and the forces applied therein.
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(A) A model for materials A and B in contact. (B) Applied forces and displacements at each node.

FIGURE 2. 2D model for two materials in contact.
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Considering the elastic binding between every two point masses, the elastic force F, acting on each individual point
mass related to its respective displacement u is given by the Hooke’s law

Fp = —ku, )

where k is the elastic constant.
For the frictional contact between two point masses, assuming Coulomb friction (proportional to the velocity i), the
viscous force is given by

Fp = —pu, 3)

where U is the viscosity coefficient.

THE ADJACENCY MATRIX

The formulation of equation (1) as a complementarity eigenproblem (EiCP) requires the construction of elasticity and
viscosity matrices, K and B.

Starting by the simplest case of 4 nodes forming a quadrilateral, equations (2) and (3) may be written in matricial
form for two dimensions

Fo1x Ulx Fp1x Uy
F, ly Uty F 1y uyy
Foox Uy Fyox oy
F, o, Uy Fyoy i
e2y —K 2y and b2y - B .2y
Fe3x Uzy Fp3x Uzy
Fe3y uzy Fy3y uzy
Feax Ugx Fp ax Uax
F. 4y Ugy F 4y ligy

Both K and B matrices are obtained from the projections of the forces and either the displacements or velocities
along the directions X and Y, according to the angles a, 3,7, 0, ¢ and § (Figure 3).
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FIGURE 3. Angles defined by the lines linking two nodes relative to the X axis.

Underlying these matrices there is the adjacency matrix Agxg locally defined by

P Oq | Oy Os
Ou 0 |05 04

Agxg = )
x Oy Op | R 0,
Os 09 |0, S

where sub-matrices P, Q, R and S traduce the geometrical relations between each node with its neighbors, such that:
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6,21 —',—cf3 +c%, CaSa+C585 +CySy Cé +cf3 +c§ CaSa +Cpsg +CoSo
P= , 0=
CaSa +CsS5 +CySy So+s5+sy caSa +cgsg +cose s%,—&-s%—}—sé
cé +C% -+ c%, CoSe +c[3sﬁ + cysy C%p + c(zs +(:29 CopSp +C555 +CoSe
R= , S =
CoSep +¢C 2 2 2 2 2 2
@S Tcpspt+cysy s¢+sﬁ+sy CopSp +C555 +CoSo Sp T 55+ 55

2 o
and the non-diagonal sub-matrices 0; = < LC’S . cili ) reproduce the linkage between two bonded nodes. (It is used the
50 i

short notation ¢; = cosi, s; = sini, ¢;s; = cosisini.)
For the set of 16 nodes, depicted in Figure 1, we obtain the A3, <3, matrix from the cartesian coordinates (not shown).
Due to its dimension it is only shown in (4) the first 8 x 8 block matrix.

206 —0.30 0.99 —0.10 0 0 0 0

—-0.30 2.94 —-0.10 0.01 0 0 0 0

099 —-0.10 4.09 0.10 05 05 0 0

—0.10 0.01 0.10 391 05 05 0 0

Azpuzn = 0 0 05 05 < 3.08 0 0 0 4)

0 0 0.5 05 0 1.92 0 0
0 0 0 0 0 0 2.88 0.0l
0 0 0 0 0 0

0.01 212

As expected the A3z;«32 matrix is symmetric. Along the diagonal, subsets of matrix elements (equivalent to P, O, R
and S, referred above) are highlighted. The trace of each subset equals the number of bonds for the respective node.
For unconnected nodes the respective matrix elements are equal to zero. As can be seen in Figure 1B, the nodes 1 and
3 are not connected so the respective matrix elements a;s, a6, a5 and aze are null.

Generalizing for a 2D domain of n mass points, the adjacency matrix A, and consequently B and K matrices, will
have 2n x 2n dimension.

The algorithms for designing the mesh, for the calculation of the A matrix and for the graphical plots have been
developed under MATLAB [7].

FUTURE WORK

The application of the algorithm developed to obtain the A matrix to an arbitrary large number of points is trivial.

It is necessary to evolve from the A matrix to obtain K and B matrices comprehending the elastic constant and the
viscosity coefficient for domains comprising one or two kinds of materials.

To apply this model in systems with high viscosity material embedded in a low viscosity medium, equation (1) must
be fully formulated as a MEiCP problem.

REFERENCES

1. A. Pinto da Costa, I. Figueiredo, J. J. Judice and J. Martins in Complementarity: Applications, Algorithms and Extensions,
edited by M.C. Ferris, O.L. Mangasarian and J.S. Pang (Kluwer Academic Publishers, Dordrecht, 2001), pp. 67-83

2. R.J. Twiss and E. M. Moores, Structural Geology (W. H. Freeman and Company, NY, 1992)

3. J. Pamplona, B. C. Rodrigues and C. Ferndndez, "Folding as a precursor of asymmetric boudinage in shear zones affecting
migmatitic terranes", Geogaceta 55, 15-18 (2013)

4. M. A. Forjaz, A.M. Almeida, T. de Lacerda-Ar6so and J. Pamplona, in Proceeding of the 14th International Conference on
Computational Science and Its Applications (ICCSA 2014), edited by A. M. Rocha. J. G. Rocha and M. 1. Falcdo (IEEE
Computer Society, Guimaries, Portugal, 2014), pp. 268-271

5. J. Judice, A. Pinto da Costa, J. Martins, J. and 1. Figueiredo, "The directional instability problem in systems with frictional
contacts", Computer Methods in Applied Mechanics and Engineering 193(1), 357-384 (2004)

6. J. A. C. Martins, S. Barbarin, M. Raous and A. Pinto da Costa, "Dynamic stability of finite dimensional linearly elastic systems
with unilateral contact and Coulomb friction", Computer Methods in Applied Mechanics and Engineering 177(1), 289-328
(1999)

7. Computer code MATLAB, v. 8.2.0.701 (R2013b) (The MathWorks Inc., Natick, Massachusetts, 2013)

300003-4


http://dx.doi.org/10.1016/S0045-7825(98)00386-7

