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AN APPLICATION OF INTERNAL OBJECTS TO MICROLOCAL
ANALYSIS IN GENERALIZED FUNCTION ALGEBRAS

H. VERNAEVE

ABSTRACT. We illustrate the use of internal objects in the nonlinear theory of generalized
functions by means of an application to microlocal analysis in Colombeau algebras.

1. INTRODUCTION

As is well known, the Colombeau algebras G(Q2) [Il 2 [§] are differential algebras of gener-
alized functions containing the space of Schwartz distributions. They have found diverse
applications in the study of partial differential equations [9, 10 [I1], providing a framework
in which nonlinear equations and equations with strongly singular data or coefficients can
be solved and in which their regularity can be analyzed.

The natural extension of microlocal analysis of Schwartz distributions to the Colombeau
generalized function algebras is the so-called G*-microlocal analysis, which has been de-
veloped using the concept of G>-regularity [3, 4, [5, 6, 10]. Recently, we introduced a
refinement called G®-microlocal analysis in which one can consider microlocal regularity
at generalized points (xg, &) in the cotangent bundle of the domain [20]. Also the neigh-
bourhoods which can be considered have generalized (infinitesimal) radii. The reason to
introduce this refinement is the following: since equations with strongly singular data or
coefficients in Colombeau algebras are modeled by regularization, the corresponding differ-
ential operators themselves become generalized operators. Hence it is to be expected that
the most suitable setting to study the propagation of singularities under such operators is
by means of generalized objects (generalized characteristic varieties, etc.).

The development of G>-microlocal analysis has been obtained using the principles intro-
duced in [I8] [19] which originate from nonstandard analysis, although [20] does not require
the knowledge of these principles from the reader. That writing style comes with two
disadvantages: a loss of intuition, and rather technical proofs. In this paper, we show that
these principles are developed well enough to write the complete proofs of these recent
research results, thus revealing the underlying intuition more clearly. At several places
(especially in Theorem [T.2), we were able to significantly simplify the proofs in [20]. We
hope that this may serve as an example for researchers in the field, helping them to use
the same techniques also in their own work.

To keep the paper self-contained, we recall the definitions of the internal objects and the
principles that are used.
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2. INTERNAL OBJECTS

The internal objects that we will consider are closely related to the approach in [15] (see
also [10]).
Let ) # A CR? and I := (0,1] C R. We denote
* I
A=A
where ~ is the equivalence relation defined by

(#e)eer ~ (Ye)eer == (F20)(Ve € (0, 0]) (7 = v2)

which we read as: x. = y. for (sufficiently) small . We denote by [z.] € *A the equivalence
class of (z.). € Al. By definition, elements of *A are called internal. We denote *a := [q]
(the equivalence class of the constant family (a).cs). Since this defines an injection *:
A — A, we will identify a € A with *a € *A. Tt is clear that "(R?) and (*R)? are
isomorphic, and we will identify both.

For any map f: A — R?, there is a canonical extension

(2.1) fr A= R f([ae]) = [f ().
Since it is a canonical extension, it is customary to write f :=*f.
If ) # A. CR? (for each € € I), we define a set

[A.] == {[z.] : 2. € A., for small e} C *R%

By definition, such subsets are called internal. In particular, *A = [A] is internal.
More generally than in equation (Z1)), if () # A. C R? and f. are maps A. — R? (for each
e € I), we define a map

[fe]  [A] = R [fe)([ze]) == [fe(ae))-
By definition, such maps are called internal.
Any binary relation R on A has an extension on *A (which is also called internal):

[z.] "R ]y.] <= z. Ry, for small e.

Since it is a canonical extension, it is customary to write R := *R. Caution: z*(—R)y is not
equivalent with =(x*Ry), hence we will not drop stars in *#, *£, ...to avoid ambiguities
(in contrast, we use z # y for =(z = y)).

If X, are nonempty sets of maps A — R? (for each ¢ € I), we define

[ X.] :=A{[f]: f- € X, for small £}.

By definition, [X.] consists of internal maps only. We define again *X := [X]|. Then for
any f € X, its canonical extension * f belongs to *X. In this paper, we will mainly consider
*X for a function space X C C*(R?).

We denote by Py(A) the set of all nonempty subsets of A. If § # B C Py(R?), we define

*B:= {[A.] : Ac € B, for small }.

Thus *(Py(R?)) is the set of all internal subsets of *R? as defined above (notice that () is
not internal by definition).
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More generally, if (for each ) f. are maps X; X --- x X,;, = Y] X --- x Y,,, where each
X; and Y; either is a nonempty subset of R? or a nonempty set of maps A — R? or a
nonempty subset of Py(B) (where d, d and A, B C R? may depend on 4, j), we define a
map

(fe] " Xq x - x "Xy = Y X Y [ fe (e o [Tme]) = [fe (e o Tme)]

where we identify *(Y; X -+ - x Y,,) 2 *Y] x - -+ x *Y,,, i.e. we identify

[f€<x€)] = ([fl,s(xe)]v S [fm,s(l%)])

By definition, also such maps are called internal. We define again *f := [f].
E.g., in this paper, we will use

A*UB, “supA, *0“f, /f and *F(f)
A

for internal A, B, «, f, where we consider

U Py(RY) x Py(RY) — Py(R?Y)  sup :{A CR: A+#0is bounded} — R
0 :N% x C*(R?) — C*(RY) / {ACR?: A+#(is measurable} x L'(R?) — C
F .7 (RY) — Z(RY).

As differentiation, integration and Fourier transform are among the most basic operations
in analysis, we will write § := *9, [ := "[ and F := *F (this corresponds to the usual
e-wise definitions in Colombeau theory). As *sup is the supremum for the partial order on
"R, we will write sup := *sup. However, as *U is not the set-theoretic union, we will not
drop stars here.

The above construction can be inductively extended to larger classes of objects, all of which
are called internal [I8], but the above definitions suffice for this paper.

3. PRINCIPLES FROM NONSTANDARD ANALYSIS

Proving properties about internal objects is considerably simplified through the following
principles [18§].

Definition 3.1. An object a is called transferrable if *a is defined.
Transferrable formulas are formal expressions containing symbols called variables. Partic-
ular kinds of variables are relation variables and function variables.
Inductively, terms are defined by the following rules:
(1) A variable is a term.
(2) If ty, ..., t,, are terms (m > 1), then also (¢y,...,%,) is a term.
(3) If t is a term and f is a function variable, then also f() is a term.
Transferrable formulas are defined by the following rules:
F1. (atomic formulas) If #;, t5 are terms and R is a relation variable, then t; = t5,

t1 € ty and t1 Rty are formulas.
F2. If P, @ are formulas, then P & @ is a formula.
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F3. If P is a formula, x is a variable free in P and ¢ is a term in which = does not occur,
then (Jz € t)P is a formula.

F4. If P is a formula, x is a variable free in P and ¢ is a term in which x does not occur,
then (Vz € t)P is a formula.

F5. If P, @ are formulas, then [(Jz € t)P] & [(Vz € t)(P = Q)] is a formula.

In practice, we will use rule [F5] in formulas by simply writing (Va € ¢)(P = @), silently
checking that the side condition (Fx € ¢)P is fulfilled.

Notation 3.2. We write P(zy,...,2,,) for a formula P in which the only occurring free
variables are z1, ..., z,,. We denote by P(cy,...,¢,) the formula P in which the variable
x; has been substituted by the object ¢; (for j = 1,...,m). In this case, ¢; are called the
constants occurring in the formula. Relation variables (resp. function variables) can only
be substituted by (binary) relations (resp. functions).

The slight ambiguity that might result from these notations is similar to the notation for
a function f(z) and its value f(c), and is clarified by the context.

An internal formula is a transferrable formula in which all constants are internal.

Notice that disjunction (V) and negation (=) are not allowed in the formation rules. Also,
we only allow bounded quantifiers (i.e., expressions ‘Va’ and ‘Jz’ have to be followed by
‘€ t’). The reasons to consider this particular class of formulas are:

Theorem 3.3 (Transfer Principle). [I8] Let P(ay,...,ay) be a transferrable formula, in
which the constants a; are transferrable objects. Then

P(ay,...,ay) is true iff P(Tay,...,"an) is true.

Remark 3.4. The transferrable formulas that we just defined are called h-formulas in
[14] and Palyutin formulas in [I3]. Already [14] mentions the transfer principle for these
formulas.

Theorem 3.5 (Internal Definition Principle). [18] Let A be an internal set. Let P(x) be
an internal formula. If {x € A: P(x)} # 0, then {x € A: P(x)} is internal.

Definition 3.6. We call = € "R infinitesimal if |z| < 1/n for each n € N. Notation: x ~ 0.
We call z € "R infinitely large if |z| > n for each n € N. Notation: z € "R.,. We also
write Ay := AN R, for A C *R.

Notice that N, R, "R, and = are external (i.e., not internal), and therefore not allowed in
internal formulas.

Theorem 3.7 (Spilling principles). [I8] Let A C *N be internal.

(1) (Owverspill) If N C A, then there exists w € "Ny, such that {n € "N:n <w} C A.
(2) (Underspill) If *N, C A, then ANN # 0.

We will also use the following convenient version of the Saturation principle [I§]:
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Theorem 3.8 (Quantifier switching). [18] Let A be an internal set. For each n € N, let
P.(x), Qn(x) be internal formulas. If P, gets stronger as n increases (i.e., for each n € N
and x € A, Pyy1(x) = P,(x)) and if

(Vn,m € N)(3z € A)(P,(z) & Q. (1)),
then also

(Fz € A)(¥Yn € N)(P,(z) & —Q,(x)).

4. INTERNAL SUBSETS OF *R% AND INTERNAL FUNCTIONS ON *R¢
If A C*R? we call the exterior of A (cf. also [7])
ext(A):={r € *RY:2*#a, Vac A} = {r € "R?: |z —a| > 0, Ya € A}.

(Recall that > 0 means x*>0, i.e. z. > 0 for small ¢.)
If A is internal, then ext(A) = {z € *R¢: z "¢ A}. By transfer on

(VX € Po(RY))(X € Py(RY) \ {R?} <= (3y e RI)(y ¢ X))
we find that A € *(Py(R?) \ {R?}) iff A C *R? is internal with ext(A) # 0.
Let co(A) := R?\ A. Considering co: Py(R?) \ {R4} — Py(R9) \ {R?}, by transfer on
(VX € Py(RY) \ {R"})(Vy € RY)(y € co(X) <= y ¢ X)

we find that ext(A4) = *co(A) for each internal A C *R? with ext(A) # 0.

If Ris aring and e € R is idempotent (i.e., ¢2 = e), then we denote its complement

idempotent e, : =1 —e. We denote Ryq := {e € R: e? = e}.
For any A C *R?, we denote its interleaved closure (cf. also [12])

m m

interl(A) := {Z ajej :meN a; € Ajej € *Rld,Zej = 1}.

J=1 Jj=1

Again by transfer, an internal set A C *R? is closed under interleaving, i.e. A = interl(A).
For internal A, B C *R,

A*UB=interl(AUB) = {ze+ye.: x € A,y € B,e € "Ryg}

is internal. For internal A C *R? with ext(A) # (), we have that interl(AUext(A4)) = A *U
*co(A) = *R%.

Since, by transfer, *co({x € "R : x < 0}) = {z € "R : = > 0}, we have in particular
(although the order on *R is not total)

(4.1) (Vo € "R)(Je € "Ryg)(ze < 0 & ze. > 0).
An internal map u: A C *R? — *R? has interleaved values, i.e.
(Vx,y € A)(Ve € "Rug)(u(ze + ye.) = u(x)e + u(y)e.)
or, equivalently,
(Vz,y € A)(Ve € "Ryg)(ze = ye = u(z)e = u(y)e).
For A C E C R% we also denote extp(A) := E Next(A), the exterior of A in F.
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Lemma 4.1. Let E C *R? be internal. Let A be a countable union of internal subsets
of E and let extp(A) # (. Let P(x) be an internal formula. If P(x) holds for each
x € AUextg(A), then P(x) holds for each z € E.

Proof. As {x € E : P(x)} is internal, P(x) also holds for each = € interl(A U extg(A)).
Let A = J,cn An with A4, C E internal. Let n € N. If 2 € extg(A), then « "¢ A, ...,
x "¢ A,, and thus, by transfer, x "¢ A; *U---*U A,,. Thus

(3C € *Py(RY))(Fr € E)(z "¢ C) & A *U -+ *U A, CC C E & (Vz € C)P(z)).

By Quantifier switching, we find an internal C' C FE with extg(C) # ), A C C and P(x),
Vo € C. Then also P(x), Vz € interl(C' U extg(A)) D interl(C' Uextg(C)) = E. O

Corollary 4.2. Let E C *R? be internal. Let (r,)nen be a monotone sequence in *R and
r € *R. Let u be an internal map E — *RY . Let

A={x e E:|z|<r,, forsomen €N} and B:={xeFE:|z|>r,VneN}
or

A={x € E:|x| >r,, forsomen €N} and B:={xe€FE:|z|<r,VneN}
If A,B# 0 and |u| <1 on AU B, then |u| <r on E.

Proof. Consider the first case (the second case is similar). Let A, := {z € *R¢: |z| < r,}
and B, := {z € *R¢: |x| > 1,}. As (r,), is monotone and A # 0, w.l.o.g. A,NE # 0, and
thus A, N E are internal. In order to apply the previous lemma with P(z) := (|u(z)| <),
we show that B = extg(A). By transfer, ext(A,) = *co(A4,) = B,. The result follows,
since ext(|J; X;) = N, ext(X;) = {z € "RY: [z —y| > 0,Vi,Vz € X;} for any X; C R4, O

In practice, we will often use the following convenient version of over- and underspill:
Proposition 4.3 (Overspill). Let P(m) be an internal formula. Then

P(m) holds for sufficiently small m € *No, <= P(m) holds for sufficiently large m € N
i.e., (GMy € "Ny )(Vm € "Ny,m < My)P(m) <= (Img € N)(Vm € N;m > my)P(m).

Proof. Let A :={m € *"N: P(m)}.
= by assumption and eq. (41]), "Ny, € A*U {m € "N :m > M;y}. Then also

"N CB:={ne*N: (Yme*N,m=>n)(me A*'U{me*N:m > M})}.

By underspill, BNN # (). In particular, each sufficiently large m € N belongs to NN (A *U
{me*N:m > My})=NnA.

<: by assumption, N C A *U {m € "N : m < my}. By overspill, each sufficiently small
m € "Ny, belongs to "Noo N (A*U {m € "N:m <my}) = "Ny N A. O
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5. MODERATENESS AND M®-REGULARITY

We denote the infinitesimal p := [g] > 0. We call z € *R? moderate (notation: x € *R%,)
if |z| < p~ for some N € N, and negligible (notation: z = 0) if |x| < p" for each n € N.
In this paper, Q C R? will denote an open set. We call *Q), := Ukcco “K. We denote
K(Q):={K CQ: K is compact, K # 0}.

Let K € *(K(RY)). Let u be a map *R? — *C. We say that u is supported in K (cf.
also [7]; notation: supp(u) C K) if u = 0 on ext(K). For u € *(C*(R%)), this means (by
transfer) that *supp(u) C K (i.e., supp(u.) C K. for small €). We say that u is compactly
supported in A C *R? if supp(u) C K for some K € *(K(R?)) with K C A. We define

(A) == {u € "(C®°(RY)) : 0%u(z) € *Cpy, Vo € N4,V € A}

M>®(A) == {u € *(C*°(R?) : (Va € A)(AN € N)(Va € N)|0“u(z)| < p~}
(A) == {u € M(*R?) : u is compactly supported in A}

M (A) == M>(A) N M (A).

Lemma 5.1. Let A = |J
B C A, for somen € N.

nen An with A, C *R? internal. If B C A is internal, then

Proof. Seeking a contradiction, suppose that (Vn € N) (3z € B) (z ¢ A,). By Quantifier
switching, there would exist € B such that = ¢ A. O

Proposition 5.2. Let A = |J, .y An with A, C *R? internal. Let u be a map *R* — *C.
Then u is compactly supported in A iff u is compactly supported in A,, for some n € N.

Proof. If K € "(K(RY)) and K C A, then K C A, for some n by the previous lemma. [J
Corollary 5.3.

M (*Q) = {u € M(*RY) : (3K cc Q)(supp(u) C *K)}.
Proposition 5.4. Let A =],y An with A, C *R? internal. Let u € *(C*(R?)). Then
u € M™®(B) for some internal B D A iff (AN € N)(Va € N%)(Vz € A)|0%u(x)| < p~V.

Proof. =: by Quantifier switching, as in [19, Prop. 7.6].
«: for each n € N,

(3B € *Py(RY)) (A *U -+ - *U A, C B & (Vz € B)(Va € "N |a| < n)|0%u(z)| < p)

since {(a,x) € *N? x *R? : |0%u(z)| < p~V} is closed under interleaving and {a € *N¢ :
la| < n} is, by transfer, the interleaved closure of the finite set {a € N¢ : |a| < n}. The
result then follows by Quantifier switching. OJ

Corollary 5.5.
M>=(*Q,) = {u € "(C*(RY)) : (VK cC Q)(AN € N)(Va € NY)(Vz € *K)|0u(z)| < p}.
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Thus (cf. also [19]) the Colombeau algebras G(Q2), G=(£2), G.(2) and G2°(2) are quotients
of M(*Q,.), M>(*Q.), M. (*Q.) and M(*Q).), respectively, modulo

N(*Q.) :== {u € *(C®(R?) : 0"u(z) = 0,Va € N? Yz € *Q,.}.
We call z € *R? fast scale if x belongs to
*R}ls = {z € *R*: (3a € Rug)(|z| > p~)}
and we call x slow scale if x belongs to

RY = (€ "R (Ya € Roo)([2] < p )},
We call x € *R? a slow scale infinitesimal (notation: =~y 0) if 2 ~ 0 and |71| is slow
scale, i.e., if
P <zl <a, VacRy
and we call z a fast scale infinitesimal (notation: x ~2pe 0) if
|z| < p*,  for some a € R.y.

We write © Rper Y (TeSp. & Rgion ) for @ — y Rpe 0 (resp.  — y Rgiow 0).

We call a slow scale neighbourhood of xo € *R¢ any set that contains {z € *R? : |z — x4| <
r} for some r ~g,, 0 (1 € "Ryg). A conic slow scale neighbourhood of & € *S is a cone
I' C *R? with vertex 0 that contains a slow scale neighbourhood of &, (thus there exists
some 1 gy 0 (1 € *Rog) such that }% — 50’ <r=¢el).

By Cor. [4.2] we obtain:

*( (00 (Td ~ sd || *d
Lemma 5.6. Let u € "(C*(R?)). Ifu=0 on "R}, U'R

587

then v = 0 on *RY.

6. M®-MICROLOCAL REGULARITY
Definition 6.1. M, (*RY) = {u € (S (R?)) : 220%u(x) € *Cry, Vo € *RY, Va, f € N4}

To keep this paper self-contained, we recast some properties concerning M and the
Fourier transform in this setting (cf. also [17]):

Lemma 6.2.
(1) Mc(R%,) € Mo ("RY).
(2) The Fourier transform F is a bijection M »(*R?) — M »(*R?).
(3) Let u € Mo (*R?). Then for each k € N, there exists m € N s.t. Jiazpom [l < o
(4) Let u € My (*R?) and u(x) 20 for each v € *R4,. Then [ |u| = 0.
(5) Let ¢ € MX("RS,). Then ¢(&) =0 for all & € "RY,.
(6) Let u e My ("RY). Ifu(x) =0 for all z € *RY,, then & € M>(*R?).

Proof. 1. By definition, M.(*R%,) C *(C*(RY)) C *(Z(R?)). Let u € M. (*R%,). By
Prop. 5.2, supp(u) € B(0, p~M), for some M € N. Thus if |x| > p~M, 2%0°%u(z) = 0. If
2| < p™, |2*0%u(z)| < p~M°! |0Pu(z)| € "Ras. The result follows by Cor.
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2. Let u € My(*RY). As F: ¥ — . is continuous, there exist C € R and N € N such

that for each o, 8 € N (by transfer) supgexga |£20°U(¢)| < O SUpe*pa o), /<N |22 0% u(z)|
€ "Ry Hence @ € M »(*R?). The result follows by Fourier inversion.

3. If m € "N, then f 2z (U] < Cf ()~ 2dx < Cp™ [ap(x)~da < pF (C €

“Raq). The result follows by overspill.

4. Let k € N and m € N as in part (3). Then

Jul = f\:v\zp‘m Jul + f\rlﬁp‘m [ul < p* + SUPe|<p—m [ul - f\mlﬁp‘ L
5. By Prop. B2 supp(¢) € B(0, p~) for some M € N. Let |¢| > p~Y/Y (N € N). Then
for each a € N%, |£26(¢)| < f\z|<p—M |0%¢| < C € "Ry (C' is independent of «). Then for

any m € N, ()| < Cpt || < Cpm/N-1,

6. By overspill, there exists k& € *N, such that |u(x)| < p* for each x € *R? with
lz| > p~'/*. Let a € N%. For a suitable m € N, f‘ _m |7%u(x)| dz < 1 by part (3).
Further, fp_ m |2%u(z)| dz = 0 and

lx|>p=m™

z|=p

Vk<a|<p~
Sy ()] do < ooV supy o fu(z)| < o suppycpoun o).

Thus for each ¢ € *RY, |0°u(€)] < [ |z%u(z)| dz < C € "Ry (C is independent of o). [

We denote S := {z € R?: |z| = 1}.

Definition 6.3. u € M(*Q2.) is M>-microlocally regular at (zo,&) € Q. x *S if there
exists v € M.("Q.) such that

u(z) = v(x), Vo Rpq To and V() =0, V¢ e *R?S with % R fast $0-
Proposition 6.4. Let v € M.(*Q.), ¢ € M>(*Q.) and & € *S. Let v(§) = 0 for each
e *Rfcs with % Rfast £0- Then also ¢pu(§) = 0 for each & € *R?S with % R fast $0-

Proof. W.lo.g., p € M(*Q,). Fix € € *ijs with % ~fast &0- Then

- / 3 — n)o(n) di

By Lemma B2 (¢ —n) = 0if € —n € "R,

Now let £ —n € *RY,. Then also 7 € *]ij Since ‘gm LS Rfast 0,

R fast fti Rfast €0
as as as .
|| |§| €|

Hence v(n) = 0. By Lemma a 0.6 gb(f n)o(n) = 0 for each n € *R%. As ¢v € M.y, also
gbv € M. By Lemma [6.2] ¢v(§) O

Corollary 6.5. Let ¢ € M>(*Q,.). If u € M(*Q.) is M>-microlocally reqular at (x¢, &),
then also ¢u is M -microlocally reqular at (o, &p).
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We use the following notation. We fix ¢g € D(B(0, 1)) with 0 < ¢y < 1 and with ¢o(z) =1
for each z € B(0,1/2). For m € *N and z € *R¢, we denote

T — 2o

P,z (z) = ¢ <W> .

Proposition 6.6. For u € M(*Q.) and (x¢,&) € *Q. x *S, the following are equivalent:

(1) u is M>-microlocally reqular at (xo, &)
(2) there exists ¢ € M2°(*C2.) such that

(6.1) o(x) =1, Vo =y 2o and @(f) ~ 0, V¢ € *RY, with % R fast €0

(3) there exists p € M(*Q2.) and R € "Ry4 such that

()] > 7, €]
(4) there exists m € *Noy (with m sufficiently small, such that ¢y, ., € M (*S2.)) such
that Gme,u(€) 2 0, VE € "RY, with & Ryus &o-

(67 < -
{‘a PSR vy Rfast To, Yo € N and ¢u(€) = 0, V¢ € "RY, with & Rfast S0

Proof. (1) = (2): choose v as in the definition of M®>-microlocal regularity. By overspill,
there exists some m € *N, such that u(z) = v(x) for each x € *R? with |z — 0| < p'/™.
For ¢ = ¢ma, € M(*Q), we have ¢(x) = 1 for each z ~pq 29 and ¢u = ¢v. By
Proposition [6.4], ¢pu(&) = ¢v(§) = 0 for each £ € *R?S with % R fast. Co-

(2) = (3): trivial.

(3) = (4): by overspill, there exists m € "Ny, such that |¢(z)] > 1/R and |0%¢(x)| < R
for each x € *R? with |z — 20| < p¥/™ and for each a € *N? with |a| < m. Then ¢,, ., €
M(*Q.) (if m € "N is sufficiently small) and %jT“O € M(*Q.), whence ¢, ,u(é) =
.F(%quﬁu) (€) = 0 for each £ € "RY, with % Rfast §o by Prop. 6.4l

(4) = (1): let v := P pou € M (*Q). ¢ O

7. CONSISTENCY WITH M>®-REGULARITY

We now proceed to show that the projection of the wave front set in the first coordinate
is the singular support (Theorem [7.4]).

Lemma 7.1. Let u € M(*Q.) and V C *Q. be internal. Then there exists mg € "Ny, such
that ¢y € Mo (*Q.) for each x € V' and each m < mg (m € *N).

Proof. By Lemma 5.1l V' C *K for some compact K C . Thus we can choose mg € "N,
s.b. pt/mo < Ld(K, R\ Q) € Ry, O
We first prove the following uniform version of Proposition 6.6

Theorem 7.2. Let V. C *Q. be internal and let T C *R? be an internal cone. Let u €
M) be M®-microlocally regular at (xq, &), for each xo € V and each & € *SNT.

Then there exists k € "Ny, such that m(é) ~ 0 foreachx €V and £ € 'N *Rfcs.
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Proof. Let mg € "N, as in the previous lemma.
(1) For each k € N, xy € V and & € *SNT, there exists m € *N with £ < m < mg s.t.

£ 0
€]
since every m € *N, as in Prop. [6.6](4) satisfies this condition (m depends on zg, &).

(2) For each k € N, ¢k 00m.0 = ¢r,0, for each m € *N with m > k.
By overspill, (1) and (2) simultaneously hold for some k£ € *N,, (k does not depend on

—
m,xo

|G zou(€)] < pF,  VE € RY, < pV* g > p R

xo, &). Then in particular m(@ ~ 0, for each £ € "RY, with % Rfast €0 Since

Orzg € MZ(*Q.), Prop. 6.4 shows that also @(5) = F(On,00 (dmaott) ) (§) = 0 for each
e *R?s with % st 0- As xg € V and & € "S N T are arbitrary, the result follows. [

Remark 7.3. The previous proof indicates the need to go beyond the ring R of generalized
Colombeau numbers. Although one can also formulate an overspill principle in this context
[12], one cannot distinguish between p* (k infinitely large) and 0 in R.

Theorem 7.4. Let xg € *Q.. Foru € M(*Q.), the following are equivalent:

(1) w is M>-microlocally reqular at (xo,&o), for each & € *S
(2) ue M>(V) for some slow scale neighbourhood V' of xy.

Proof. (1) = (2): by Theorem [7.2] (with V := {z¢} and T := *R?), we find k € *N, such
that m(f) ~ 0 for each & € "RY,, and ¢z, € Mc(*Q). Hence dpapu € M (*Q) C
Mo (*RY). By Lemma B2 ¢y, ,,u € M>®(*R?). As ¢y, ., = 1 on a slow scale neighbourhood
V of xg, also u € M>(V).

(2) = (1): there exists ¢ € M(*Q.) with ¢ = 1 on a slow scale neighbourhood of z, and
with ¢pu € M(*Q.) (e.g., ¢ = P, for a sufficiently small m € *N,). By Lemma [6.2]

du(€) = 0 for each ¢ € R, O
We can equivalently reformulate the condition in the previous Theorem:

Proposition 7.5. For u € M(*Q,.), the following are equivalent:

(1) u € M>=(V) for some slow scale neighbourhood V' of x
(2) (3N €N) (Va € N (Vo € *RY, & ~ppst o) (|0%u(z)] < p~7)

Proof. For n € *N, let A, := B(xg, p*/"). Then A, is internal and {z € *R? : R fast

ro} = U,en An- Each slow scale neighbourhood of xy and each internal set containing
{re*RY:x Rfast To} contains A, for some m € *N, by overspill. Thus the result follows

by Prop. 5.4 O

8. CONNECTION WITH G*°-MICROLOCAL REGULARITY
Definition 8.1. We denote £(R?) := {A C R?: A is finite, A # (0}. Elements of *(€(R?))

are called hyperfinite subsets of *R¢. Considering the number of elements as a map #:

E(RY) — N, we call “#(A) € *N the number of elements of A € *(E(RY)).
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Similarly, we can extend other operations to hyperfinite sets, e.g., for A € *(£(R%)) and u:
‘R — *C internal, *>",_,u(x) € *C, where we consider y.: £(R?) x {u: R - C} — C.
As the sum is one of the most basic operations, we will write Y := *>". The usual
calculation rules hold by transfer. (For A = [A.], A is hyperfinite iff A, is finite for small

e, ond #4 = A, For u= [u), Syenu(t) = [Spen, vele)], -..)
Theorem 8.2. Let u € M(*Q.), o € Q and § € S. Then the following are equivalent:

(1) there exists r € Ry such that u is M®>-microlocally regular at (x,&) for each
T € Brga(xg,r) and each § € *S with |§ — &) <r

(2) there exist ¢ € MX(*Q.), 7 € Rog and R € *Rys such that [0%¢(z)| < R and
|p(x)| > 1/R for each o € N¢ and each x € Bxga(xo,7), and

s
g o

(3) there exist v € D(Q) with ¥(x) = 1 and a conic neighbourhood T C R of & s.t.
Du(€) =0, VEe TN *RY.
Proof. (1) = (2): Let V := Bsga(wo,7) and I' := {& € "R? : | — [¢]&] < [€]r}. By
Theorem [7.2] we find k € "N, such that m(é) ~ ( foreach x € Vand £ € I'N *]Rjﬁs.

For convenience, we use the norm ||z|| := max{zy,...,z4} on R? (and its extension to a
map *R? — *R). Consider a grid

ou(€) 0, Ve e Ry, <r

Gim{z e R ool <~ 2 e 22z
=qr e R |z —zf| < —F4=, vE€—F" }

’ Vd Vd
Then G is a hyperfinite set with at most (2rp='/* + 1)? < p=(@*U/* clements. Let 1) :=
> e Py Let geln RY,. As G CV, [pu()| < X, cqlonyu(©)] < p D/ for each
n € N. Hence yu(§) = 0.
Now let z € W= {z € "R : ||z — x| , < 2L\/E} arbitrary. Then there exists yo € G such
that ||z — o, < %, hence () > ¢y (x) = 1. On the other hand, let x € *Q.. Then
there is at most a finite number C; € N (independent of z) of elements y € G for which
|z — y| < p'/*. Hence for each o € N%,

0°9(@)] < Cy sup|0° By (x)| < Caap 'V < pVE = R
\%

ye

(Caa € R). In particular, ¢p € M(*Q,.).
(

% € M(*Q.), and thus Yu(§) = 0 for each £ € *T'N "R}, (for some conic neighbourhood
I' C R? of &) by Prop. 6.4
(3) = (1): by Prop. 6.6, as D(2) C M(*Q,.). O

The following lemma makes the connection with G*°- and gw-microlocal analysis of func-
tions in G(Q) [20].
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For x € *RY, we denote by = € R? the equivalence class of z modulo =. Similarly, for
u € M(*Q,), we denote by u € G(Q) the equivalence class of u modulo NV (*Q,.).

Lemma 8.3. Let u € M(*Q.), xg € *Q. and & € *S. Then u is M>-microlocally reqular
at (zo,&o) iff u is G=-microlocally regular at (To,&p).

Proof. u is M*>-microlocally regular at (zo, &) iff there exists ¢ € M2°(*Q2.) which satisfies
eq. (60). Then clearly also

(8.1) ¢(z) =1in C, Vo € RY & ~puy 7o and F(¢u)(¢) = 0 in C, V¢ € R, % ~fast €0,

i.e., U is G®-microlocally regular at (Zo, EO)
Conversely, if ¢ € G(Q) satisfies eq. (81]), then we can find a representative ¢ € M (*Q,.)
which satisfies |¢(x)] > 1/R and |[0°¢(z)| < R for each z € *R?, x %, 9 and o € N,

for some R ~ 1. Further, ¢u(§) = 0 for each & € *R%, N *R%, with % Rofast 0. AS

du € M 4 (R9), also &L(f) ~ ( for each £ € ext(*R%,). Let n € N and B, := {£ € *R? :

| > pt/m }% — &l < pY/"}. By Cor. B2 @(5) ~ ( for each £ € B,. Asn € Nis

)
—

arbitrary, ¢pu(¢) = 0 for each ¢ € *R%, with % Rfast 0. Thus u is M>-microlocally regular
at (z9,&) by Prop. 6.0 O

Using this lemma, one easily recovers [20, Thms. 4.5 and 5.3] about Colombeau generalized
functions by factorization modulo negligible elements from Theorems [(.4] and [B.2
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