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We suggest a scalar singlet extension of the standard model, in which the multiple-point principle
(MPP) condition of a vanishing Higgs potential at the Planck scale is realized. Although there have
been lots of attempts to realize the MPP at the Planck scale, a realization maintaining naturalness
is quite difficult. Our model can easily achieve the MPP at the Planck scale without large Higgs
mass corrections. It is worth noting that the electroweak symmetry can be radiatively broken in
our model. In the naturalness point of view, the singlet scalar mass should be of O(1) TeV or less.
We also consider a right-handed neutrino extension of the model for neutrino mass generation.
The model does not affect the MPP scenario, and might keep the naturalness with the new particle
mass scale beyond TeV, thanks to accidental cancellation of Higgs mass corrections.

Subject Index B32, B40, B53, CO1

1. Introduction

The observed mass of the Higgs boson may imply that Higgs self-coupling vanishes at a high energy
scale in the framework of the standard model (SM). About twenty years ago, Ref. [1] suggested the
multiple-point principle (MPP) at the Planck scale, and predicted a Higgs boson mass of 135+9 GeV
with 173 &+ 5 GeV for the top quark mass. The MPP means that there are two degenerate vacua in
the SM Higgs potential, V' (viy) = V (Mp)) = 0and V' (vy) = V/(Mp;) = 0, where V is the effective
Higgs potential, vy = 246 GeV is the vacuum expectation value (VEV) of the Higgs doublet, and
Mp) = 2.44 x 10'® GeV is the reduced Planck scale. One is our vacuum at the electroweak (EW)
scale, and the other vacuum lies at the Planck scale, which can be realized by the Planck-scale
boundary conditions of vanishing effective Higgs self-coupling, A7 (Mp;) = 0, and its beta function,
Bi,; (Mp1) = 0. Furthermore, an asymptotic safety scenario of gravity [2] predicted a 125 GeV Higgs
boson mass with a few GeV uncertainty. This scenario also pointed out that Az (Mp)) ~ 0 and
Bi,; (Mpy) ~ 0 (see also Refs. [3—14] for more recent analyses).

Although Ref. [1] was able to predict the approximate Higgs boson mass, the MPP condition cannot
fit the observed 125 GeV Higgs boson mass with the recent data inputs. In fact, within the context of
the SM, the MPP condition at the Planck scale leads to a Higgs boson mass of 129.1 £ 1.5 GeV by
using 173.10 4= 0.59¢xp & 0.3, GeV for the world-averaged top quark mass [12]. There have been
lots of attempts to realize the MPP at the Planck scale so far [15-33]. For example, in Ref. [18] the
MPP at the Planck scale is achieved by introducing a scalar dark matter and a large Majorana mass
of the right-handed neutrino. In this case, the masses of dark matter and the right-handed neutrino
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can be predicted. However, there is a tension from the viewpoint of naturalness, since the Higgs
mass corrections via the heavy particles well exceeds the EW scale. Actually, it turns out to be quite
difficult to realize the MPP at the Planck scale while keeping naturalness.

The difficulty is related with the renormalization group (RG) running of the Higgs self-coupling. In
order to satisfy Az (Mpy) = 0 and B, (Mp;) = 0 simultaneously, there should exist one or more new
particles which change B, ,, adequately from the SM case. In almost all cases, such new particles need
to be much heavier than the EW scale, as long as the Higgs self-coupling is “continuous” during the
RG running. However, when a new scalar field couples with the Higgs doublet and develops nonzero
VEYV, the Higgs self-coupling has a tree-level threshold correction [34—37]." The correction causes
a gap between the Higgs self-coupling in the extended model and the one in the effective theory,
which is identified as the SM one. It has been shown that using the gap, the EW vacuum can be
stabilized in a scalar singlet extended model [35] and type-II seesaw model [37]. Most importantly,
even if the new scalar particle is as light as a TeV scale, the gap can appear. Then, the model does
not affect the naturalness in the sense of Bardeen [38].

Here, we comment on the naturalness. According to Bardeen’s argument, in quantum corrections
quadratic divergences can be treated as an unphysical quantity, so that only logarithmic divergences
should be concerned. In this sense, there is no hierarchy problem within the SM, which possesses
an approximate scale invariance and its stability is guaranteed by the smallness of the logarithmic
corrections. Since the logarithmic corrections can be taken into account as a beta function of the
Higgs mass parameter, the naturalness can be evaluated with the solution of'its RG equation. Namely,
it is natural if the Higgs mass parameter does not significantly change during the RG running. We
will apply this sense of naturalness to our model.

In this paper, we will investigate the MPP condition in a scalar singlet extended model, which
can be consistent with the 125 GeV Higgs boson mass. Our model is explained in the next section,
in which we show the gap explicitly. Numerical analyses of the MPP scenario are given in Sect. 3.
We will find that the EW symmetry can be radiatively broken in our model. We also discuss the
naturalness of the Higgs mass. In Sect. 4, we will introduce right-handed neutrinos into the scalar
singlet extended model to incorporate active neutrino masses. We will show that in the presence of
the right-handed neutrinos, the MPP scenario can be realized. It will be pointed out that even if the
singlet scalar and the right-handed neutrinos are much heavier than the EW scale, the model might
keep the naturalness thanks to an accidental cancellation of Higgs mass corrections coming from
them. Finally, we will summarize our results in Sect. 5.

2. Scalar singlet extension

We consider a simple extension of the SM with a real singlet scalar field. The scalar potential is given
by [36]
s AHS

A A m2
V(H,S) = TH(HTH)Z +miHYH + 554 +5 S+ 2287+ ZESPHH + psSHH, (1)
where H and § are the Higgs doublet and the scalar singlet fields, respectively. In this paper, we
consider the case with mg > |m12L1| and upgs > 0, and omit a linear term of the singlet scalar field,

which can vanish by a shift of the field. Note that we do not assume an ad hoc Z; symmetry, and

! When a new heavy fermion couples with the Higgs doublet, there is a one-loop threshold correction, but
it is usually negligibly small.
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then, we will find that pgg plays an important role for the vacuum stability and the EW symmetry
breaking. In the unitary gauge, the scalar fields are written by

VH—I-h>T
H={0, ———) , S=vg+s5, 2
( V2 g o

where vy and vg are vacuum expectation values. The Higgs VEV is vy = 246 GeV, and vg has a
negative small value in our setup, as will be discussed below.
The minimization conditions of the potential are given by

14

VH 2 D) 2
an = 2 A 2 —
oh ‘h—>0,5—>0 2 ( HVy + 2mp + Agsvy + MHSVS) 0, (3)
_8V = l 2 2 2 27 _
[VS ()\SVS + 2,bLSVS + ZmS + )‘HSVH) + /’LHSVH] =0. (4)

s 1h—0,5—0 o 2
From Eq. (3), the Higgs VEV is obtained by

1
v121 = —E (Zmi, + )»Hsvg + 2,lLH3VS) . (%)

To realize the EW symmetry breaking, the Higgs mass term m%, is negative at the EW scale, and

2(—m12L1) > A Hsvé + 2 psvs should be satisfied. Without any fine-tuning, we can expect puys >~ mg
by a naive dimensional analysis. Thus, |vg| should be much smaller than vy for mg > |m%1 l.

The nonzero Higgs VEV induces a tadpole for the singlet scalar due to the ugs term. If we neglect
the cubic term of S, Eq. (4) is approximated by mévs + ,uHSvIz{ ~ 0 for Ag < OQ), Ays < O(1).
This gives the singlet VEV as

2
. MHSVh
VS ~ —

2m§ ’ ©
and its order of magnitude is (’)(v%{ /mgs) for pupgs =~ mg. In the no tadpole limit uys — 0, vg
vanishes. The assumption of us = 0 seems to be unnatural, but it is necessarily required by the
MPP condition, as discussed later. Actually, we will find that Ag and Ayg also vanish by the MPP
condition.

The mass matrix for the scalar fields is expressed by the second derivatives of the potential at the

VEVs:
2 2 2
m m h m 0 1
<h,s>< n ’5)( >=<¢1,¢>2>< S >(¢ ) (7)
mys Mg S m¢2 0%
with
o’y 2 3 2 » 1 2
T2 050 Mk = FAHVE Mg SAHSVS + RHSVS, (8)
32V
D 0,5 g = s = MHSVHVS s ©)
4 2 _ 3, 5 ) 1 2
952 h—0,s—0 Mss 2 SVs + 2psvs + s + 2 HSVH> ( 0)
and
2 1 2 2 2 232 4
m¢1 = 5 mhh + mSS - (mhh - mss) + 4th s (1 1)
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1
my, = 3 <m§h +m? + \/(mih —m2)? + 4m2s). (12)

We identify the lighter eigenstate ¢; with the SM-like Higgs, and its mass eigenvalue m, corresponds
to the observed Higgs boson mass M), = 125 GeV. In our numerical calculation, we will take into
account a renormalization group effect for the Higgs mass. The scalar-mixing matrix is defined by

o h 2m?
¢1 = Césa sma with  tan2a = 2—}’S2 (13)
1)) sina cosa s mgg — my,

For |m%{| < mé ~ M?p the mixing coupling is obtained by sinae ~ uysvy /mg, and it must be
lower than the experimental bound | sin | < 0.36 given by the LHC Run 1 data [39]. This constraint
induces mg >~ upgs = 685 GeV, and also |vs| < 45 GeV from Eq. (6).

In the low energy effective theory, the tree-level effective Higgs potential is given by [36]

1 1 1
Vet (H) = miyH H + 5xSM(HTH>2 + §n6(H*H>3 + gng<H*H>4, (14)
with
2 2 3 4
Iz 3hHS Ik Usp ASH
My =ml, Asm = Ay — —B, ne= Hs _ ZODHS e = ZOEHS o (15)
mg 2 ms 2u§

Note that the Higgs self-coupling has a nontrivial gap AX = M%—IS / mg, which can play a crucial role
to make the EW vacuum stable as in a scenario in Refs. [35,37]. In particular, the Higgs self-coupling
A can vanish at the UV scale, e.g. the Planck scale, as well as the effective Higgs self-coupling
Asm explaining the observed Higgs boson mass, which has been studied in a type-II seesaw model
[34]. This scenario indicates that

M2

h
Ag(Mp) =0 and  Asm(vy) = —- (16)

VH
We show the RG running of the Higgs self-coupling in Fig. 1, where we have used the beta functions
given in Appendix A. The vertical and horizontal axes show the Higgs self-coupling and renor-
malization scale u, respectively. Here, we have considered mg as the cutoff of the SM, and taken
the boundary condition Agpy = Ay — Al at w = mg = 1TeV. Figure 1 shows that the Higgs

self-coupling remains positive up to the Planck scale, and thus the EW vacuum can be stabilized.

3. Multiple-point principle
The MPP condition requires that all scalar-quartic couplings vanish, and a simultaneous vanishing of
their beta functions at the UV scale. In particular, B, (Mp;) = 0 with Az (Mp;) = 0 requires the top
Yukawa coupling as y;(Mp)) =~ 0.388. In this paper, when we solve the RG equations we use boundary
conditions Egs. (A12)—(A16). Then, to realize y; (Mp)) =~ 0.388, the top pole mass M, should be taken
as 172.322 GeV, 172.687 GeV, and 173.052 GeV for the fixed strong coupling ax(Mz) = 0.1179,
0.1185, and 0.1191, respectively. For measurements of the top pole mass, M; = 172.99 +0.91 GeV
[40] and M; = 172.44 £+ 0.48 GeV [41] are obtained by the ATLAS and CMS collaborations,
respectively. Thus, our result expected by the MPP is consistent with the current experimental data.
In the following, we take os(Mz) = 0.1185 and M; = 172.687 GeV as reference values.

Imposing the MPP condition in the scalar singlet extended model, Ag and Ags remain zero during
the RG runnings. Then, the MPP condition also requires a vanishing triple coupling of the singlet
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Fig. 1. Renormalization group running of the Higgs self-coupling in our model (red). The black dashed line
shows the running of the Higgs self-coupling in the SM. The vertical lines correspond to ms = 1 TeV and Mpy,
respectively. We have used M), = 125.09 GeV, M, = 172.687 GeV, and oy = 0.1185 as the reference values.
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Fig.2. Left: mg dependence of AA (blue). The red line and black dashed line show Ay (mg) and Agy (ms),
respectively. Right: mg dependence of pys.

scalar (s), because the highest term of .S must be an even function to realize the degenerate vacua.
Once ws vanishes, it also remains zero. In the rest of this paper, we can take away Ag, Ays, and ug
from our discussion. Note that for the vacuum around the Planck scale, vy ~ Mpy, the stationary
condition (4) suggests vs ~ Mp; with Ag(Mpy) ~ wps(Mp)/Mpy. This value of Ag(Mpy) is extremely
small, and in practice we can use the MPP condition as Ag(Mp;) = 0.

It is worth noting that AX is uniquely determined for a given mg, once the MPP condition and
Eq. (16) are required. Then, pys is determined by ;LIZL]S = AA m% In addition, vg is exactly obtained
by Eq. (6) because of Ag = Ays = 0 and s = 0. As a result, our model is controlled by only one
free parameter. In the following, we choose my as the free parameter.

The left panel of Fig. 2 shows the mg dependence of AA as the blue line. The red line and black
dashed line show Az (mg) and Agm(ms), respectively. We find that AA is almost constant, and thus
whs (ms) is roughly proportional to mg as shown in the right panel of Fig. 2. To stabilize the EW
vacuum, the Higgs self-coupling should remain positive up to the Planck scale. Thus, mg has to be
smaller than 10'° GeV, and we do not consider the heavier case.
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Fig.3. vg (left) and sin « (right) as functions of my.
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Fig. 4. Renormalization group running of m? (red). The black dashed line shows the running of the Higgs
mass parameter in the SM. The vertical lines correspond to mg = 1 TeV and Mp,, respectively.

Figure 3 shows mg dependences of vy and sino in the left and right panels, respectively.
Imposing the MPP condition, Eq. (6) becomes exactly equal, where values of vg are obtained as
vy = —mvﬁ, /(2mg). Since A is almost constant, vg is almost inversely proportional to mg.
We find that —35GeV < vg < 0GeV, and in particular |vg] < 1GeV for mg > 4TeV. The
scalar-mixing angle is obtained by

21LHSVH . WHSVH —Vvs
tan2¢a = ————— —> slha~ra~x =2

2 2 2
mg — AgVy myg VH

for mg > [m%|.  (17)

Thus, we can estimate sino < 0.01 for mg > 4 TeV. Note that the whole parameter region is safe
from the LHC Run 1 constraint |sin«| < 0.36 [39]. This result is different from the estimation
discussed below Eq. (13). The reason is that the estimation comes from wys =~ mg, while the MPP
condition requires puys >~ 0.1 mg.

It is remarkable that the EW symmetry is radiatively broken in our model. The beta function of
m%, is dominated by the /,L%_[S term for |m12q| < /,L%_[S. Its RG solution is approximately given by

2 2
% Mp
miy (1) ~ mpy (Mp1) — 175 In (7) for ms < ju < Mpi. (18)

To realize the EW symmetry breaking, m%[ should be negative at the EW scale, while mz is positive
at the Planck scale as m%{ (Mpy) ~ “%ls- This behavior is explicitly shown in Fig. 4. Here, we have
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Fig.S. mg dependence of §. The right panel concentrates on 100 GeV < mg < 10 TeV.

taken the cutoff of the SM at u = mg(mg) = 1TeV, and then AL >~ 0.0166, uys(ms) >~ 129 GeV,
and vg >~ —3.90 GeV.

At the end of this section, we mention the naturalness of the Higgs mass. When mg is much higher
than the EW scale, it induces |m%{ ve)| K m%{ (Mpy), that is, the RG running of mi, is highly tuned to
realize the observed Higgs mass. Here, we define the fine-tuning level as § = m%l (Mpy)/ Iqu v =
Zm%, (Mp)/M 2 where My, = 125 GeV. For example, § = 10 indicates that we need to fine-tune the
Higgs mass squared at an accuracy level of 10%. Figure 5 shows the mg dependence of §, and we
find § = 1, 10, and 100 correspond to mg >~ 1.3 TeV, 3.0 TeV, and 9.0 TeV, respectively. Therefore,
from the naturalness point of view, there should exist the singlet scalar at O(1) TeV scale. We have
found that m%, (Mpy) vanishes for mg >~ 950 GeV, and becomes negative in the lower mg region, in
which the radiative EW symmetry breaking does not occur. For a tadpole diagram which contributes
Higgs mass correction, it is tiny due to the heavy mass of m;.>

4. Additional extension with right-handed neutrinos

In addition to the singlet scalar, we can introduce right-handed neutrinos to explain the active neutrino
masses. The interaction parts of the Lagrangian including right-handed neutrinos are given by

- _ 1 __
— Ly =Y LHN + YySNN + 5MNNCN +h.c., (19)

where L and N are lepton doublet and right-handed neutrino fields, respectively. Imposing the MPP
condition at the Planck scale, B;;(Mp;) = 0 is required, and then Yy vanishes at all energy scales
(see Appendix B). Therefore, the new parameters are only Y, and My, the same as the usual type-I
seesaw model [42—45]. These parameters should satisfy the seesaw relation m, = YVTM N ! va%{ /2,
where m, is the active neutrino mass matrix calculated by mass eigenvalues and the PMNS matrix
[46,47].

When we consider the ¥, < O(1) (or equivalently My < O(10'%) GeV) case, right-handed
neutrino contributions are negligible in runnings of the scalar-quartic couplings. Thus, the MPP
scenario remains the same as the one without right-handed neutrinos.> However, only the RG running

2 For g # 0, there is a finite Higgs mass correction by a tadpole diagram of the singlet scalar. However,
we need not consider it because of ;g = 0 coming from the MPP condition.

3 When the neutrinos are Dirac fermions, there are no Majorana masses and ¥, <« O(1). Then, the MPP
scenario can be realized as in the previous section.
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2 4 6 8 10 15
Log,o(ms/GeV)

Fig. 6. Contour plot of § in the (mg, My) plane. The values shown in the bar on the right are sign[§] Log,,|5|,
where we have defined sign[§] = §/4].

of m%, might change significantly. Including contributions of the right-handed neutrinos, Eq. (18) is
rewritten by

2
MHS Mp 4NvmeffMN MP]
In —— = 1In f <u <My, (20
i (1)~ 1672 ( ) lorng, " \ay) s EsE e G0
or
M, ANymege M3 ( Mpp\
mH(H«) ~ MHS In Pl wln i fOI'MN < u < mg, (21)
1672 ms 16722, I

where, using the seesaw relation, we have defined Tr(Y;r M]%, Y,) = 2N, mesg M ]%, / v%[ (on the right-
hand side My is a number not a matrix). The effective neutrino mass me¢r is typically given by the
heaviest active neutrino mass, and V,, means the relevant number of right-handed neutrinos. Since the
singlet scalar and the right-handed neutrinos oppositely contribute to m%,, the Higgs mass corrections
might be accidentally canceled (at the one-loop level).

We show a contour plot of § in Fig. 6, where the horizontal and vertical axes show mg and My,
respectively. For the calculation of Egs. (20) and (21), we have taken N, = 1 and meg = 0.05eV
as reference values. The positive § region, in which the singlet scalar contribution is dominant, can
drive the radiative EW symmetry breaking as mentioned above. When the right-handed neutrino
mass becomes larger, the value of § becomes smaller and vanishes at a specific point. From Eqs. (20)
and (21), the point is estimated by

My 2 mgs
logg (@) ~4+ - 1 0810 <G V> (22)

If this relation is realized, § can be small and hence our scenario can be natural even for the masses
of singlet scalar and right-handed neutrinos >>1 TeV.

5. Summary

We have investigated the scalar singlet extension of the SM with the MPP condition, in which the
scalar potential has two degenerate vacua at the EW and UV scales. The condition requires all
scalar-quartic couplings to vanish, with simultaneously vanishing beta functions at the UV scale,
which we have taken as the Planck scale. In particular, B;, (Mp;) = 0 with Ay (Mp;) = 0 can
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determine the top pole mass as 172.322 GeV, 172.687 GeV, and 173.052 GeV for oy (Mz) = 0.1179,
0.1185, and 0.1191, respectively. These values are consistent with the current experimental data
M; = 172.99 + 0.91 GeV by the ATLAS collaboration [40] and M; = 172.44 £ 0.48 GeV by the
CMS collaboration [41]. The MPP conditions strongly restrict our model parameters, and there is
only one free parameter left in our analysis, which we have taken as the singlet mass mg. We have
shown the mg dependence of some model predictions, and found that our model is consistent with
the LHC Run 1 results for the SM Higgs boson properties.

To simultaneously realize the MPP condition and the observed Higgs mass, the singlet-Higgs—
Higgs coupling uys plays an important role. Furthermore, this coupling induces the radiative EW
symmetry breaking. When the singlet mass is much larger than the Higgs mass, the V‘%{S term
dominates the beta function of the Higgs mass squared ﬂm;{ . Then, the sign of m%, can flip during

the RG running, that is, m%, becomes negative toward the EW scale while positive at the Planck
scale. We have found that this behavior can occur for mg > 950 GeV. On the other hand, too large
mg causes the fine-tuning problem of the Higgs mass. To avoid the problem, there should exist the
singlet scalar at O(1) TeV scale.

In order to incorporate the neutrino masses and flavor mixings to the singlet scalar extended
model, we have introduced right-handed neutrinos and investigated the MPP scenario. Here, new
parameters Y, and My are introduced, which are the neutrino Dirac—Yukawa coupling and the right-
handed neutrino Majorana mass matrices, respectively, leading to the type-I seesaw mechanism. For
Y, <« O(1) (or equivalently My <« O(10'*) GeV), the running of all couplings except mf{ are
almost the same as before. Therefore, the model can realize the MPP scenario as well as explaining
the active neutrino masses.

It might be possible to solve the fine-tuning problem of the Higgs mass by an accidental cancellation
of Higgs mass corrections coming from the singlet scalar and the right-handed neutrinos. We have
found its approximate condition as Eq. (22). If the condition is satisfied, the masses of the singlet
scalar and right-handed neutrinos can exceed O(1) TeV.
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Appendix A. Beta functions in the scalar singlet extended model

The one-loop beta functions for the SM are given by

3 3 3
gy 41 g 19 g3
= -, = ——, = -7, Al
Per 1672 6 Pe: 16712( 6 Pes 16712( ) (Al
o 9 , , 17, 9,
By, = Ton? (_Zgz —8g5 — _IZgY + Eyt ) (A2)

9 , 3 3
[/\sM (12xsm — 985 — 3gy + 12)7) + —g5 + ~grgy + gy — 12y?} (A3)

~ 1672 45275 4
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2
m 9 3
Brty = oot (6ASM — 8~ 58 + 6y?). (A4)

Here, we omit the Yukawa couplings except for the top Yukawa coupling, since the other Yukawa
couplings are small enough to be neglected.

For a real singlet scalar extension of the SM, the one-loop beta functions of the gauge and the top
Yukawa couplings do not change. The beta functions of the other couplings are given by

1 9, 3 3
By = —— [,\H (12hy — 923 — 3g3 +1207) + —g5 + ~g3gy + ~gy — 120 + kés}, (AS)

1672 45275 4
1
Brs = 1573 (005 + Hs), (A6)
AHS 92 3> 2
Barys = Ton? (6)»H — Egz — Egy + 6y; +4Aips + 3hs |, (A7)
1
Bus = 62 OAsps + 6AnsLs), (A8)
1 9, 3, 2
Buns = 5 | mus | 0An — 587 — 58y + 67 +4hus | + Ausis |, (A9)
16w 2 2
1 2 92 3, 2 2 2
By, = 1672 | \ 02 — 582 — 58y + O ) + husmis + 2iafgs | (A10)
1
By = 1e3 (Brsmi + 4k + dhpsmi; + k). (Al1)

To solve the RG equations, we take the following boundary conditions [12,48]:

M,
gy (My) = 0.35761 + 0.00011 ( A 173.10), (A12)
GeV

t

M,
M) = 0.64822 + 0.00004
@ (M) + < s

- 173.10), (A13)

(M) = 1.1666 — 0.00046 ( -2 — 173.10) + 0.00314 ( 2M2) — 011843 =\,
£ =1 ‘ GeV ' ‘ 0.0007 :
M, M) —0.1184
(M) = 093558 +0.00550 | 22— —173.10) — 0.00042 ( 22M2) ., (Al5)
GeV 0.0007
as(Mz) = 0.1185 + 0.0006, (A16)

where M; is the pole mass of the top quark. In our analysis, the top pole mass is determined by the
MPP condition: M; = 172.322 GeV, 172.687 GeV, and 173.052 GeV for a;(Mz) = 0.1179, 0.1185,
and 0.1191, respectively.

Appendix B. Beta functions in the scalar singlet extended model with right-handed
neutrinos

In addition to the real singlet scalar field, we introduce right-handed neutrinos. The one-loop beta
functions of the gauge couplings do not change. The beta functions of the other couplings are given

by

y 9 17 9
By, = Tfrz (—Zgﬁ —8g3 — Eg% + Ey% +Tr (YY) ), (B1)
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ﬂy‘)zm_yvv —Zgz—zgy—i-?)yt+Tr(Yva)+§Yva +2YNYV > (B2)
Lr 2 2 T i
Brv = 1o | Iy <4Tr(YN) 1272 + (%Y ) +Y,Y)] YN], (B3)
1T 2 4.2 2 t 94,322,334
1672 | 4 2 4
— 12y} + A3 — ATr(Y] Y, YJY‘,)}, (B4)
1
Brs = 1 [1s (9hs + 16Tr(YF)) + 427 — 128Tr(Yy)], (B5)
1 9, 3, 2 + 2
— 32Tr(Y3Y) YU):|, (B6)
1
Bus = 1oz Lits (Ohs +12Tr(YQ) + 6Ansiens — 96Te(My i), (B7)
1 9 2 3 2 2 + 2
Buns = 1672 ps | 6Am — Egz - EgY +6y; +4ips + 2Tr(Y, Yy) + 4Tr(Yy)
+ Apsps — 16Tr(My Yy YJYU)]a (BB)
1
Buy = c3 [MN(YU YHT + (Yv YJ) My + 4Tr(MyYn) Yy + 12MNY;%], (B9)

1 9 3
Bu, = Ten? [m%{ (6)~H - 5g§ - Eg%’ +6)7 + 2Tr(Yij)) + hHsmg + 21

- 4Tr(YJM]%,Y,,)i|, (B10)

1
B =1c [m% (3hs + 8Tr(YR)) + 4us + dapsmi; + 4uds — 48Tr(My YR)], (B11)

where Yy and My are real diagonal matrices. We have used SARAH [49] to obtain these beta

functions.

References

(1]
(2]
(3]

(4]
(3]

(6]
(7]

C. D. Froggatt and H. B. Nielsen, Phys. Lett. B 368, 96 (1996) [arXiv:hep-ph/9511371] [Search
INSPIRE].

M. Shaposhnikov and C. Wetterich, Phys. Lett. B 683, 196 (2010) [arXiv:0912.0208 [hep-th]] [Search
INSPIRE].

C. D. Froggatt, H. B. Nielsen, and Y. Takanishi, Phys. Rev. D 64, 113014 (2001)
[arXiv:hep-ph/0104161] [Search INSPIRE].

H. B. Nielsen, Bled Workshops Phys. 13, 94 (2012) [arXiv:1212.5716 [hep-ph]] [Search INSPIRE].
M. Holthausen, K. S. Lim, and M. Lindner, J. High Energy Phys. 1202, 037 (2012) [arXiv:1112.2415
[hep-ph]] [Search INSPIRE].

F. Bezrukov, M. Y. Kalmykov, B. A. Kniehl, and M. Shaposhnikov, J. High Energy Phys.

1210, 140 (2012) [arXiv:1205.2893 [hep-ph]] [Search INSPIRE].

G. Degrassi, S. Di Vita, J. Elias-Miro, J. R. Espinosa, G. F. Giudice, G. Isidori, and A. Strumia, J. High
Energy Phys. 1208, 098 (2012) [arXiv:1205.6497 [hep-ph]] [Search INSPIRE].

11/13


https://doi.org/10.1016/0370-2693(95)01480-2
http://www.arxiv.org/abs/hep-ph/9511371
http://www.inspirehep.net/search?p=find+EPRINT+hep-ph/9511371
http://www.inspirehep.net/search?p=find+EPRINT+hep-ph/9511371
https://doi.org/10.1016/j.physletb.2009.12.022
http://www.arxiv.org/abs/0912.0208
http://www.inspirehep.net/search?p=find+EPRINT+0912.0208
http://www.inspirehep.net/search?p=find+EPRINT+0912.0208
https://doi.org/10.1103/PhysRevD.64.113014
http://www.arxiv.org/abs/hep-ph/0104161
http://www.inspirehep.net/search?p=find+EPRINT+hep-ph/0104161
http://www.inspirehep.net/search?p=find+EPRINT+hep-ph/0104161
http://www.arxiv.org/abs/1212.5716
http://www.inspirehep.net/search?p=find+EPRINT+1212.5716
http://www.inspirehep.net/search?p=find+EPRINT+1212.5716
http://doi.org/10.1007/JHEP02(2012)037
http://www.arxiv.org/abs/1112.2415
http://www.inspirehep.net/search?p=find+EPRINT+1112.2415
http://www.inspirehep.net/search?p=find+EPRINT+1112.2415
https://doi.org/10.1007/JHEP10(2012)140
http://www.arxiv.org/abs/1205.2893
http://www.inspirehep.net/search?p=find+EPRINT+1205.2893
http://www.inspirehep.net/search?p=find+EPRINT+1205.2893
https://doi.org/10.1007/JHEP08(2012)098
http://www.arxiv.org/abs/1205.6497
http://www.inspirehep.net/search?p=find+EPRINT+1205.6497
http://www.inspirehep.net/search?p=find+EPRINT+1205.6497

PTEP 2017, 013B03 N. Haba et al.

(8]

[9]
[10]

[11]
[12]

[18]
[19]
[20]

[21]

S. Alekhin, A. Djouadi, and S. Moch, Phys. Lett. B 716, 214 (2012) [arXiv:1207.0980 [hep-ph]]
[Search INSPIRE].

I. Masina, Phys. Rev. D 87, 053001 (2013) [arXiv:1209.0393 [hep-ph]] [Search INSPIRE].

Y. Hamada, H. Kawai, and K. y. Oda, Phys. Rev. D 87, 053009 (2013); 89, 059901 (2014) [erratum]
[arXiv:1210.2538 [hep-ph]] [Search INSPIRE].

F. Jegerlehner, Acta Phys. Polon. B 45, 1167 (2014) [arXiv:1304.7813 [hep-ph]] [Search INSPIRE].
D. Buttazzo, G. Degrassi, P. P. Giardino, G. F. Giudice, F. Sala, A. Salvio, and A. Strumia, J. High
Energy Phys. 1312, 089 (2013) [arXiv:1307.3536 [hep-ph]] [Search INSPIRE].

I. Masina and M. Quiros, Phys. Rev. D 88, 093003 (2013) [arXiv:1308.1242 [hep-ph]] [Search
INSPIRE].

A. Spencer-Smith, arXiv:1405.1975 [hep-ph] [Search INSPIRE].

F. Bezrukov and M. Shaposhnikov, Phys. Lett. B 734, 249 (2014) [arXiv:1403.6078 [hep-ph]] [Search
INSPIRE].

N. Haba and R. Takahashi, Phys. Rev. D 89, 115009 (2014); 90, 039905 (2014) [erratum]
[arXiv:1404.4737 [hep-ph]] [Search INSPIRE].

Y. Hamada, H. Kawai, and K. y. Oda, J. High Energy Phys. 1407, 026 (2014) [arXiv:1404.6141
[hep-ph]] [Search INSPIRE].

N. Haba, H. Ishida, K. Kaneta, and R. Takahashi, Phys. Rev. D 90, 036006 (2014) [arXiv:1406.0158
[hep-ph]] [Search INSPIRE].

N. Haba, K. Kaneta, R. Takahashi, and Y. Yamaguchi, Phys. Rev. D 91, 016004 (2015)
[arXiv:1408.5548 [hep-ph]] [Search INSPIRE].

A. Gorsky, A. Mironov, A. Morozov, and T. N. Tomaras, J. Exp. Theor. Phys. 120, 344 (2015)

[Zh. Eksp. Teor. Fiz. 147,399 (2015)] [arXiv:1409.0492 [hep-ph]] [Search INSPIRE].

R. Foot, A. Kobakhidze, and A. Spencer-Smith, Phys. Lett. B 747, 169 (2015) [arXiv:1409.4915
[hep-ph]] [Search INSPIRE].

K. Kawana, Prog. Theor. Exp. Phys. 2015, 023B04 (2015) [arXiv:1411.2097 [hep-ph]] [Search
INSPIRE].

N. Haba, H. Ishida, R. Takahashi, and Y. Yamaguchi, Nucl. Phys. B 900, 244 (2015) [arXiv:1412.8230
[hep-ph]] [Search INSPIRE].

K. Kawana, Prog. Theor. Exp. Phys. 2015, 073B04 (2015) [arXiv:1501.04482 [hep-ph]] [Search
INSPIRE].

Y. Hamada and K. Kawana, Phys. Lett. B 751, 164 (2015) [arXiv:1506.06553 [hep-ph]] [Search
INSPIRE].

S. R. Das, L. V. Laperashvili, H. B. Nielsen, A. Tureanu, and C. D. Froggatt, Phys. Atom. Nucl.

78, 440 (2015) [Yad. Fiz. 78, 471 (2015)].

Y. Hamada, H. Kawai, and K. Kawana, Prog. Theor. Exp. Phys. 2015, 123B03 (2015)
[arXiv:1509.05955 [hep-th]] [Search INSPIRE].

L. V. Laperashvili, H. B. Nielsen, and C. R. Das, Int. J. Mod. Phys. A 31, 1650029 (2016)
[arXiv:1601.03231 [hep-ph]] [Search INSPIRE].

G. Iacobellis and 1. Masina, arXiv:1604.06046 [hep-ph] [Search INSPIRE].

L. Basso, O. Fischer, and J. J. van Der Bij, Phys. Lett. B 730, 326 (2014) [arXiv:1309.6086 [hep-ph]]
[Search INSPIRE].

O. Fischer, arXiv:1607.00282 [hep-ph] [Search INSPIRE].

A. Salvio and A. Strumia, J. High Energy Phys. 1406, 080 (2014) [arXiv:1403.4226 [hep-ph]] [Search
INSPIRE].

K. Kannike, G. Hiitsi, L. Pizza, A. Racioppi, M. Raidal, A. Salvio, and A. Strumia, J. High Energy
Phys. 1505, 065 (2015) [arXiv:1502.01334 [astro-ph.CO]] [Search INSPIRE].

I. Gogoladze, N. Okada, and Q. Shafi, Phys. Rev. D 78, 085005 (2008) [arXiv:0802.3257 [hep-ph]]
[Search INSPIRE].

J. Elias-Miro, J. R. Espinosa, G. F. Giudice, H. M. Lee, and A. Strumia, J. High Energy Phys.

1206, 031 (2012) [arXiv:1203.0237 [hep-ph]] [Search INSPIRE].

D. Egana-Ugrinovic and S. Thomas, arXiv:1512.00144 [hep-ph] [Search INSPIRE].

N. Haba, H. Ishida, N. Okada, and Y. Yamaguchi, arXiv:1601.05217 [hep-ph] [Search INSPIRE].
W. A. Bardeen, FERMILAB-CONF-95-391-T, C95-08-27.3.

The ATLAS and CMS Collaborations, ATLAS-CONF-2015-044.

12/13


https://doi.org/10.1016/j.physletb.2012.08.024
http://www.arxiv.org/abs/1207.0980
http://www.inspirehep.net/search?p=find+EPRINT+1207.0980
http://www.inspirehep.net/search?p=find+EPRINT+1207.0980
https://doi.org/10.1103/PhysRevD.87.053001
http://www.arxiv.org/abs/1209.0393
http://www.inspirehep.net/search?p=find+EPRINT+1209.0393
http://www.inspirehep.net/search?p=find+EPRINT+1209.0393
https://doi.org/10.1103/PhysRevD.87.053009
https://doi.org/10.1103/PhysRevD.89.059901
http://www.arxiv.org/abs/1210.2538
http://www.inspirehep.net/search?p=find+EPRINT+1210.2538
http://www.inspirehep.net/search?p=find+EPRINT+1210.2538
http://www.actaphys.uj.edu.pl/vol45/abs/v45p1167
http://www.arxiv.org/abs/1304.7813
http://www.inspirehep.net/search?p=find+EPRINT+1304.7813
http://www.inspirehep.net/search?p=find+EPRINT+1304.7813
http://doi.org/10.1007/JHEP12(2013)089
http://www.arxiv.org/abs/1307.3536
http://www.inspirehep.net/search?p=find+EPRINT+1307.3536
http://www.inspirehep.net/search?p=find+EPRINT+1307.3536
https://doi.org/10.1103/PhysRevD.88.093003
http://www.arxiv.org/abs/1308.1242
http://www.inspirehep.net/search?p=find+EPRINT+1308.1242
http://www.inspirehep.net/search?p=find+EPRINT+1308.1242
http://www.arxiv.org/abs/1405.1975
http://www.inspirehep.net/search?p=find+EPRINT+1405.1975
http://www.inspirehep.net/search?p=find+EPRINT+1405.1975
https://doi.org/10.1016/j.physletb.2014.05.074
http://www.arxiv.org/abs/1403.6078
http://www.inspirehep.net/search?p=find+EPRINT+1403.6078
http://www.inspirehep.net/search?p=find+EPRINT+1403.6078
https://doi.org/10.1103/PhysRevD.89.115009
https://doi.org/10.1103/PhysRevD.90.039905
http://www.arxiv.org/abs/1404.4737
http://www.inspirehep.net/search?p=find+EPRINT+1404.4737
http://www.inspirehep.net/search?p=find+EPRINT+1404.4737
https://doi.org/10.1007/JHEP07(2014)026
http://www.arxiv.org/abs/1404.6141
http://www.inspirehep.net/search?p=find+EPRINT+1404.6141
http://www.inspirehep.net/search?p=find+EPRINT+1404.6141
https://doi.org/10.1103/PhysRevD.90.036006
http://www.arxiv.org/abs/1406.0158
http://www.inspirehep.net/search?p=find+EPRINT+1406.0158
http://www.inspirehep.net/search?p=find+EPRINT+1406.0158
https://doi.org/10.1103/PhysRevD.91.016004
http://www.arxiv.org/abs/1408.5548
http://www.inspirehep.net/search?p=find+EPRINT+1408.5548
http://www.inspirehep.net/search?p=find+EPRINT+1408.5548
http://doi.org/10.1134/S1063776115030218
http://www.arxiv.org/abs/1409.0492
http://www.inspirehep.net/search?p=find+EPRINT+1409.0492
http://www.inspirehep.net/search?p=find+EPRINT+1409.0492
http://dx.doi.org/10.1016/j.physletb.2015.05.064
http://www.arxiv.org/abs/1409.4915
http://www.inspirehep.net/search?p=find+EPRINT+1409.4915
http://www.inspirehep.net/search?p=find+EPRINT+1409.4915
http://ptep.oxfordjournals.org/content/2015/2/023B04
http://www.arxiv.org/abs/1411.2097
http://www.inspirehep.net/search?p=find+EPRINT+1411.2097
http://www.inspirehep.net/search?p=find+EPRINT+1411.2097
http://dx.doi.org/10.1016/j.nuclphysb.2015.09.004
http://www.arxiv.org/abs/1412.8230
http://www.inspirehep.net/search?p=find+EPRINT+1412.8230
http://www.inspirehep.net/search?p=find+EPRINT+1412.8230
http://ptep.oxfordjournals.org/content/2015/7/073B04.short
http://www.arxiv.org/abs/1501.04482
http://www.inspirehep.net/search?p=find+EPRINT+1501.04482
http://www.inspirehep.net/search?p=find+EPRINT+1501.04482
http://dx.doi.org/10.1016/j.physletb.2015.10.006
http://www.arxiv.org/abs/1506.06553
http://www.inspirehep.net/search?p=find+EPRINT+1506.06553
http://www.inspirehep.net/search?p=find+EPRINT+1506.06553
http://doi.org/10.1134/S1063778815020131
http://ptep.oxfordjournals.org/content/2015/12/123B03
http://www.arxiv.org/abs/1509.05955
http://www.inspirehep.net/search?p=find+EPRINT+1509.05955
http://www.inspirehep.net/search?p=find+EPRINT+1509.05955
http://dx.doi.org/10.1142/S0217751X16500299
http://www.arxiv.org/abs/1601.03231
http://www.inspirehep.net/search?p=find+EPRINT+1601.03231
http://www.inspirehep.net/search?p=find+EPRINT+1601.03231
http://www.arxiv.org/abs/1604.06046
http://www.inspirehep.net/search?p=find+EPRINT+1604.06046
http://www.inspirehep.net/search?p=find+EPRINT+1604.06046
http://dx.doi.org/10.1016/j.physletb.2014.01.064
http://www.arxiv.org/abs/1309.6086
http://www.inspirehep.net/search?p=find+EPRINT+1309.6086
http://www.inspirehep.net/search?p=find+EPRINT+1309.6086
http://www.arxiv.org/abs/1607.00282
http://www.inspirehep.net/search?p=find+EPRINT+1607.00282
http://www.inspirehep.net/search?p=find+EPRINT+1607.00282
https://doi.org/10.1007/JHEP06(2014)080
http://www.arxiv.org/abs/1403.4226
http://www.inspirehep.net/search?p=find+EPRINT+1403.4226
http://www.inspirehep.net/search?p=find+EPRINT+1403.4226
https://doi.org/10.1007/JHEP05(2015)065
http://www.arxiv.org/abs/1502.01334
http://www.inspirehep.net/search?p=find+EPRINT+1502.01334
http://www.inspirehep.net/search?p=find+EPRINT+1502.01334
https://doi.org/10.1103/PhysRevD.78.085005
http://www.arxiv.org/abs/0802.3257
http://www.inspirehep.net/search?p=find+EPRINT+0802.3257
http://www.inspirehep.net/search?p=find+EPRINT+0802.3257
https://doi.org/10.1007/JHEP06(2012)031
http://www.arxiv.org/abs/1203.0237
http://www.inspirehep.net/search?p=find+EPRINT+1203.0237
http://www.inspirehep.net/search?p=find+EPRINT+1203.0237
http://www.arxiv.org/abs/1512.00144
http://www.inspirehep.net/search?p=find+EPRINT+1512.00144
http://www.inspirehep.net/search?p=find+EPRINT+1512.00144
http://www.arxiv.org/abs/1601.05217
http://www.inspirehep.net/search?p=find+EPRINT+1601.05217
http://www.inspirehep.net/search?p=find+EPRINT+1601.05217

PTEP 2017, 013B03 N. Haba et al.

[40] G. Aad et al. [ATLAS Collaboration], Eur. Phys. J. C 75, 330 (2015) [arXiv:1503.05427 [hep-ex]]
[Search INSPIRE].

[41] V. Khachatryan et al. [CMS Collaboration], Phys. Rev. D 93, 072004 (2016) [arXiv:1509.04044
[hep-ex]] [Search INSPIRE].

[42] P. Minkowski, Phys. Lett. B 67, 421 (1977).

[43] T.Yanagida, Conf. Proc. C 7902131, 95 (1979).

[44] M. Gell-Mann, P. Ramond, and R. Slansky, Conf. Proc. C 790927, 315 (1979) [arXiv:1306.4669
[hep-th]] [Search INSPIRE].

[45] R.N. Mohapatra and G. Senjanovic, Phys. Rev. Lett. 44, 912 (1980).

[46] Z.Maki, M. Nakagawa, and S. Sakata, Prog. Theor. Phys. 28, 870 (1962).

[47] B.Pontecorvo, Sov. Phys. JETP 26, 984 (1968) [Zh. Eksp. Teor. Fiz. 53, 1717 (1967)].

[48] K. A. Olive et al. [Particle Data Group Collaboration], Chin. Phys. C 38, 090001 (2014).

[49] F. Staub, arXiv:0806.0538 [hep-ph] [Search INSPIRE].

13/13


http://doi.org/10.1140/epjc/s10052-015-3544-0
http://www.arxiv.org/abs/1503.05427
http://www.inspirehep.net/search?p=find+EPRINT+1503.05427
http://www.inspirehep.net/search?p=find+EPRINT+1503.05427
https://doi.org/10.1103/PhysRevD.93.072004
http://www.arxiv.org/abs/1509.04044
http://www.inspirehep.net/search?p=find+EPRINT+1509.04044
http://www.inspirehep.net/search?p=find+EPRINT+1509.04044
http://doi.org/10.1016/0370-2693(77)90435-X
http://www.arxiv.org/abs/1306.4669
http://www.inspirehep.net/search?p=find+EPRINT+1306.4669
http://www.inspirehep.net/search?p=find+EPRINT+1306.4669
https://doi.org/10.1103/PhysRevLett.44.912
http://ptp.oxfordjournals.org/content/28/5/870.short
http://www.jetp.ac.ru/cgi-bin/dn/e_026_05_0984.pdf
http://dx.doi.org/10.1088/1674-1137/38/9/090001
http://www.arxiv.org/abs/0806.0538
http://www.inspirehep.net/search?p=find+EPRINT+0806.0538
http://www.inspirehep.net/search?p=find+EPRINT+0806.0538

