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Abstract

Following similar analysis to that in Lacoin [16], we can show that
the quenched critical point for self-avoiding walk on random conduc-
tors on Z? is almost surely a constant, which does not depend on the
location of the reference point. We provide upper and lower bounds
which are valid for all d > 1.

1 Introduction

1.1 Background

Self-avoiding walk (SAW) is a statistical-mechanical model for chain-like sol-
vents and linear polymers. SAW was first introduced by Flory [9, 10] in order
to model and investigate the behavior of polymer chains. Since then, many
rigorous mathematical results on SAW have been proven, while physicists
have much more conjectures that are believed to be true. Most of them are
supported by numerical simulations and physical ideas that have not been
fully justified mathematically.

It would be more natural to consider an inhomogeneous environment in
which polymers lie. In recent years, various models of SAW in a quenched
random environment have attracted attention of chemists, physicists and
mathematicians [4, 5, 13, 18]. One of them is SAW on a randomly diluted lat-
tice, introduced by Chakrabarti and Kertész [4]. Le Doussal and Machta [§]
investigated it by applying a renormalization method on a hierarchical lat-
tice and came up to some conjectures. Lacoin [15] answered affirmatively to

*chino@math.sci.hokudai.ac. jp
fsakai@math.sci.hokudai.ac. jp



one of them by showing that, on an infinite supercritical percolation cluster
in 2 dimensions, the quenched critical point (defined by divergence of the
quenched susceptibility) is strictly smaller than the annealed one (defined by
divergence of the average susceptibility).

In this paper, we investigate SAW in a different type of random environ-
ment, which is topologically regular, but random in energy landscape. The
goal is to achieve better understanding of how the introduction of randomness
changes the properties of the critical point.

1.2 The model and the main theorem

Let Q(z,y) be the set of (nearest-neighbor) self-avoiding paths on Z? from
z to y, and let Q(z) = U,eza Q(x,y). Denoting the length of w by |w|
(i.e., |w| = n for w = (wp,...,w,)) and the energy cost of a bond between
consecutive monomers by h € R, we define the susceptibility as

Xn = Z e~ hll, (1.1)

we(x)

which is independent of the location of the reference point € Z?. Two other
key observables are the number of n-step SAWs and the two-point function:

en) = Lu=n}: Gu(x)= Y el (1.2)

weN(x) weN(o,x)

where o is the origin of Z¢ and 1y...y is the indicator function. Obviously,

Xo =Y _e"e(n) =" Gul). (1.3)

x€Z4

Due to subadditivity of loge(n), we can readily show that y, < oo if and
only if h > log u1, where p is the connective constant for SAW [17]:

= T}LIEO c(n)tm = i%f c(n)¥™, (1.4)
Therefore, hg = log u is the critical point of the susceptibility. Many rigorous
results on the behavior of these observables around h = hy have been proven,
especially in high dimensions d > 4, with the help of the lace expansion
[3, 17]. However, there still remain many challenging open problems in two
and three dimensions. See [21] and the references therein.

Next, we introduce randomness to the environment. Let B¢ denote the
set of nearest-neighbor bonds in Z¢, and let X = {X}},cge be a collection of
integrable random variables whose law P is translation-invariant and ergodic.
From a physical point of view, X, can be regarded as the magnitude of
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resistance of a conductor attached to b € B¢, and therefore it is more natural
to assume X, > 0. However, the results in this paper are all valid without
this assumption. Given the environment X and the strength of randomness
B >0, we define the quenched susceptibility at = € Z¢ as

X ol
Knpx(@) =Y e 2mrtHy), (1.5)
we(z)
where
bj = bj(w) = (wj1,w)- (1.6)

Because of the inhomogeneity of X, the quenched susceptibility is no longer
translation invariant and does depend on the location of the reference point
x. Similarly to the homogeneous case, we also define

_ \W\
¢ax(x;n) Z e Pi= ]]]-{|w|:n}7 (1.7)
we(z)
Grox(zy) = Y o Emti%y), (1.8)
weQ(z,y)

These quantities are reduced to xs, ¢(n) and G (y — z), respectively, when
£ = 0. Moreover,

Xn,6,x (2 Zé’ "es x (z;n) Zthxasy (1.9)

y€eZ4

Since xp,p,x () is monotonic in h, we can define the quenched version of the
critical point as

h x(z) = inf{h € R: Y 5x(z) < 00} (1.10)

Our goal is to understand how the randomness of the environment X
affects the behavior of these quenched observables around the critical point.
There are numerous examples in which the introduction of randomness al-
ters the behavior of relevant observables. Classical examples are Sinai’s one-
dimensional random walk in a random medium [20] and Smith and Wilkin-
son’s branching processes in random environments [22]. More recent exam-
ples are the random pinning models [7, 12] and the directed polymer models
[6].

As a first step to understand the properties of the random variable izg x (),
we consider the mean-field approximation (or often called the annealing), i.e
to take the average of x5, 5 x () over the environment X. Let

h% = {h ceR: E[)A(hﬂyx(.’lf)] < OO}, (111)



where E is the expectation for P. Since P is translation-invariant, the an-
nealed critical point % does not depend on the location of the reference

point z € Z¢. We note that iL%X(l’) < hj by definition. In particular, if X
is i.i.d. and the Laplace transform

Ag = E[e P%?] (1.12)
exists, then we can directly compute E[¢g x(z;n)] as
Eesx(zn)l = > J[El™%] = Xje(n), (1.13)
weQ(z):|lw|=n j=1

and the annealed susceptibility E[xs s x ()] as

E[Xns.x (2 Ze "E[es x (1)) Ze (h=logAs)n e ()

= Xh—log As- (1.14)
Therefore,
h% = ho + log Ag. (1.15)
By Jensen’s inequality, we immediately see
W > hy — GE[X), (1.16)

where the gap is O(?%) as 8 — 0.
The following theorem is the main result of this paper.

Theorem 1.1. Let d > 1 and > 0. The quenched critical point fzgx(:c) is
almost surely an x-independent constant. Moreover, by abbreviating ﬁqﬁ,X (x)

74
as hg x, we have

~

ho — BE[Xy] < hj x < D3, almost surely. (1.17)
For d =1, in particular, the lower bound is an equality.

Before proving this theorem in the next section, we give two remarks.

Remark 1.2 (On the first inequality in (1.17)). For d = 1, iLqﬁ’X = —GE[X,)
(recall that hg = 0 for d = 1) is due to the fact that ¢(n) is always two: either
to the left or to the right of the reference point. Let h = —E[X};] + § and
Aj = Xij-10+5) — E[Xp]. Then, we have

Xnp.x (2 —HZ ( TBEIa By 4 AL A ) (1.18)



By applying the individual ergodic theorem to those two sequences {A;}32,
and {A_;}%2,, we can conclude that the above series almost surely converges
if and only if § > 0.

For d > 2, however, since c¢(n) grows exponentially, it is hard to control
the speed of convergence along those walks at the same time. Because of
this entropic effect, we strongly believe that the first inequality in (1.17) is
a strict inequality. So far, we have been able to prove it to be true only for
SAW on i.i.d. random conductors in a homogeneous tree of degree ¢ > 3, if 5
is sufficiently small. In fact, we can show the equality iL% x = hj as follows.
First, we set d = h3 —h > 0 and use pp = £ — 1 to obtain the rewrite

|wl o)

N w _ha_ 14 n
Xh,ﬁ,X(l') = Z Ol |He h—BXp; _ 1_|_€__1266 Z/&X(x;n)’ (1.19)
we(x) Jj=1 n=1
where
1 n e By
Z in) = 1.20
B,X (x, TL) WGQ(%;W':n £(£ _ 1)1171 ]1;[1 >‘,3 ( )

is a positive martingale, and thus the limit Zg x (z;00) = lim,, 00 Zg x (7; 1)
exists almost surely. Adapting the statement in [14, p.886] to our setting, we
have the following dichotomy:

>0 = P(Zsgx(x;00)>0)=1,
1(8) = hg - (h%)’ﬁ{ Zpax(eic) > 0) (1.21)
<0 = P(Zsx(z;00)=0) =1
Since f(0) = log(¢ —1) > 0 and f'(8) = —(h3)"B < 0, we have f(3) > 0 for
sufficiently small /3, hence X5, 5 x (z) = oo almost surely.

Now we are back on Z4. If 3 is large and E[X;] > 0, then the gap between
the lower and upper bounds in (1.17) is large, and the inequality (1.17) is
no longer effective. In the following specific case, however, we may find a
better bound. Suppose that P(X, = 0) is bigger than the critical point for
oriented percolation on Zi. Then, there is almost surely an X-free infinite
oriented-percolation cluster C, at some x € Zi, in which the number of n-step
directed paths from z grows exponentially in n [11, Theorem 3.1(2)]. The
susceptibility X5,5,x(2) can be bounded below by restricting the sum over
those directed paths in C,, implying existence of a S-independent positive
lower bound on fbg x-

Remark 1.3 (On the second inequality in (1.17)). Although it is trivial
by definition, the second inequality in (1.17) can be proven in the following
tedious way. First, by the Markov inequality, we have

1

P(égvx(x;n) > nQE[éBVX(a:;n)D < ot (1.22)



Then, by the Borel-Cantelli lemma, we can conclude that the opposite in-
equality ¢g x(z;n) < n’E[és x(x;n)] holds for all but finitely many n, im-
plying almost sure convergence of xp, s x(x) for h > hj.

We may improve it to a strict inequality in two dimensions by adapting
the idea of Lacoin [16]. In his setting (i.e., SAW on an infinite supercritical
percolation cluster in Z?), it is proven that there are b,6 € (0, 1) such that

Efés x (z;n)"] < (0"E[és x (23 1)])”. (1.23)

Then, by the Markov inequality, we have
1
P(éﬁ,x(x;n) > n”%nE[éB,X(x;n)]) <= (1.24)
n

By the Borel-Cantelli lemma again, we may conclude flg < hi —log %

Analyzing fractional moments, as in (1.23), has been a standard method
to investigate disordered systems. To see how it is used in other settings,
we refer to [23] for random walks in random environments, and to [1, 2] for
random pinning models.

2 Proof of the main result

We prove Theorem 1.1 as follows. In Section 2.1, we prove the first half
of Theorem 1.1 by showing that the quenched critical point is a degenerate
random variable that does not depend on the location of the reference point.
In Section 2.2, we complete the proof of Theorem 1.1 by showing the first
inequality in (1.17). Recall that its reduction to an equality for d = 1 and
the second inequality in (1.17) for all d > 1 have already been mentioned in
the previous section.

2.1 Degeneration of the quenched critical point

Recall that X = {X;}yepe is a collection of integrable (thus almost surely
finite) random variables whose law P is translation-invariant and ergodic.
Following similar analysis to that in Lacoin [16], we first prove that the
quenched critical point is independent of the location of the reference point.

Lemma 2.1. The quenched critical point fzqﬁ x () is almost surely a constant
function of x € 7.

Proof. We will show below that

nx (1) < Xnpx(v)” + " PXeng, 5 x(v) (2.1)



holds for any pair of neighboring vertices u,v € Z%. Since X(,,) is almost
surely finite, it implies x5, g x (u) < oo if and only if x4 5 x (v) < co. Repeated
applications of this inequality to all neighboring vertices in Z¢, we conclude
that all vertices are in the same equivalent class, i.e., either x5 x(x) < oo
for all x € Z% or X55.x(x) = oo for all z € Z%. Therefore, B}X (x) does not
depend on z € Z<, almost surely.

It remains to show (2.1). First, we split the sum into two as

~ _5olel
Xh,ﬁ,X (u) e Z e 2]21(h+/8ij) (H{UEM} + 1{U¢w}) . (22)
weQ(u)

Due to subadditivity and reversibility, the contribution from 1,¢.y is bounded
as

S e TN o 30 o= Zhh (B ) 3 o Sy (X )

weN(u):weEw weQ(u,v) neQ(v)
A g -
Vv vV

Gh.p.x (u,0) Xn,8,x (V)

J

Ghsx (v, 1) Xnpx(v)
< Xnpx (v)*. (2.3)

On the other hand, by adding an extra step from v to u, the contribution
from 1y,¢. is bounded as

Z o UL BXy) _ b4 BX () Z o= (48X (00y) = Ty (hHBX )
we(u):véw we(u):véw
= MXew 3T T L (48X, @)
weQ(v):wr1=u

< eMPXww gy, 5 x(v), (2.4)

where we have used the symmetry X, ) = X, to form . This completes
the proof. [

In the rest of this section, we simply denote ﬁg x () by fzg x-

Lemma 2.2. The quenched critical point iLqﬁ x 5 a degenerate random vari-

able.

Proof. Due to Lemma 2.1, the event {fL%’X = h} for any h € R is translation

invariant. Since P is ergodic, we can conclude that P(ﬁg, x = h) is either zero
or one. u



2.2 Lower bound on the quenched critical point

In this section, we prove the first inequality in (1.17) by showing almost sure
divergence of the quenched susceptibility at h = hy — SE[X,] — 6 for any

£ >0andd > 0.
Let Ay = X, — E[X}] and define
Qz;n) = {w € Qz) : |w| =n}, (2.5)
Q?}d‘,(a:,n) = {w € Qa;n) : |2 DD IRPAVI w| < 5}. (2.6)

Using this random set, we can bound x5 .x(x) at h = hy — SE[X}] — 50 as

. 1 goi(s— 2 el -
Xh,ﬁ,X(:U) _ Z ﬂ\ |(5 |w| Ab > Z_|Qg d | (27)

good

If there are infinitely many n such that ]Q(;X(x n)| > 1¢(n), then, by ¢(n) >
p" (cf., (1.4)), we obtain divergence of the susceptibility. Therefore,

P(Xnpx = o) > P()Zh,ﬁ,x = oo| lim sup {\ngd xyn)| > %c(n)})
n—oo

N J/
g
1

X P(limsup{]fl%‘:;g(x;nﬂ > %c(n)})

n—0o0

> hm P(|Qg°°d (z;n)| > 3c(n)). (2.8)

To complete the proof, since P(xppx(z) = 00) is either zero or one,
it suffice to show that the rightmost limit is positive. Here, we use the
following Paley-Zygmund (PZ) inequality [19]: for a random variable Z > 0
whose second moment is finite and for € € (0, 1),

E[Z]*

P(Z > ¢E[Z]) > (1 — 5)2151[22]‘

(2.9)

Let Z = |Qg°°d (x;n)|. Notice that, by definition and ergodicity, we can bound
[[Qg“d( n)|] from below as

E[Q5g(@n)l] = D P24 w| <0) = c(n)(1—o(1). (2.10)
we(x;n)

Using this and the trivial inequality E[|Q5% (z;n)[?] < c(n)?, we obtain'

lim P(|O55% (25n)| > 3e(n)) > i >0, (2.12)

n—o0

as required. [

1One of two anonymous referees found the following much simpler proof of (2.12). First,
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3 Another application of the PZ inequality

Application of the PZ inequality is often dubbed the second-moment method.
It has been a standard tool to investigate disordered systems. We show below
that the PZ inequality may also be used to investigate critical behavior for
SAW on ii.d. random conductors. From now on, we assume that A\g < oo
for all g > 0.

Proposition 3.1. Suppose that

= E{ Z Ghpx(z,y) (3.1)
y€eZd
and
B, = E{ > Ghpx(x,2)Ghpx(z,y) Gh,ﬁ,X(y,I)} < 00 (3.2)

y,2€Z4%

hold uniformly in h > hy. Then, for any slowly-varying function L(h) ] 0 as
h | h%, we have

. . L(h)
llgjhlglf]P)(Xh,ﬁ,X(x) > h%) >1-0(8). (3.3)

Although the above result is conditional and still weak to establish a
decisive conclusion, it provides evidence to support the belief that, in high
dimensions, the coincidence h = h3 occurs and the critical exponent for
Xn.p.x (), if it exists, is bounded below by its mean-field value 1. For SAW in
a homogeneous environment, the conditions (3.1)—(3.2) (in fact, the former
implies the latter because By < B?, which is a result of translation invariance
and the Cauchy-Schwarz inequality) are known to hold in dimensions d > 4,
via the lace expansion [3, 17]. The lace expansion yields a convolution equa-
tion for the two-point function, which is applicable in both homogeneous and
inhomogeneous settings. In the current random setting, however, because of
the lack of translation invariance, we have not been able to fully control the
lace-expansion coefficients. This is under investigation in an ongoing project.

by the trivial inequality |Q§°‘§((I; n)| < c(n), we obtain

e(n) P(1Q5% (23 n)| < 5e(n)) + c(n) P(IQ5% (z:n)] = je(n))

o(n) (1 + P55 (@im)| = Je(m)) ). (2.11)

E(|Q5% (@in)]] <

bJ\hAhD\h

Combining this with (2.10), we can readily conclude ]P’(|Qg°°“I (z;n)| > 1e(n)) >1—o(1).



Proof of Proposition 3.1 First, by replacing Z in (2.9) by X5.5.x (), we have

E[Xn,s.x ()]
EXn,s.x(2)?]
Since E[Xn,5,x(7)] = Xn-1ogr, (cf., (1.14)) and x; > (h — ho)~t for all b > hy
(cf., (1.4)), we have E[Xp 3.x (x)] > (h — h%)~" for all h > h3. Replacing ¢ in
(3.4) by a slowly-varying function L(h) | 0 as h | h%, we can conclude (3.3)
as soon as we can show

P(Rnsx(x) 2 eBlRnpx(2)]) > (1—e)? (3.4)

E[f(h,ﬂ,x(x)Q] — E[f(h,ﬁ,x (x>]2 )
E[Xn,8,x (7)]? < O(6%), (3.5)

in the neighborhood of h3.
To prove (3.5) under the assumptions (3.1)(3.2), we introduce the nota-
tion
|l

Hy(w) ==Y (h+BXyw) (3.6)

j=1
Let Y = {Y} }yepe be an independent copy of X. Then, we obtain
E[Xns.x(2)°] — E[Xns.x (2)]*
- Y E [eHX(”)EY et — eHYW)H . (3.7)
w,neQ(z)
By the telescopic-sum representation, we can decompose e7x( — eHy (1) a5

||
Hx() _ JHy(n) _ Z Hx(<j) g=h (e—ﬁxbj(n> — e—ﬁnﬂn))eh’y(nw)’ (3.8)
J=1

where n<; = (Mo,...,nj-1) and ns; = (Nj41,---,Ny), With the convention
Hx (@) = 0. Substituting this back into (3.7) and changing variables from
n<j to n*, from 7; to a bond b, and from 7, to n*, we obtain

ElXn5.x ()] = E[Xns.x (z)]

_ Z E |:6Hx(w)+Hx(771)EY [e—h <e—,3Xb _ e-ﬁYz;) eHY(UQ)]:| ’ (39)

we(zx)
nlobon?eQ(z)

where n' o bon? is the concatenation of those three paths, whose lengths are
not fixed any more (due to the sum over j). Since b is not contained in 7?,
Y, is independent of Hy (n?), hence

Ey [(e*IBXb _ e*ﬁYb>€HY(772)] =Ey |:€*5Xb _ e*ﬂyb:| Ey |:6HY(7]2):|

= (% = Xg) By [¢™ 0] (310)
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Substituting this back into (3.9) yields
E[Xn5.x(2)°] = E[Xn,p.x (2)]*

—eh Z F [ eHX(W)+HX(T)1) (e*ﬁXb _ )\B) } Ey [eHY(TIQ)}

we(z) e
nlobon?€Q(x) 0 if b
< e (ag = A}) Eltnpx(@)] Y E[efx@HIx@nix]
wlobow?eN(x)
nlobeQ(z)

(3.11)

where the restricted sum over n? is bounded above by E[x5 s x ()], which is
translation invariant and independent of x € Z.
Next, we investigate the remaining sum

Z E |:€Hx(w1)+Hx(w2)+Hx(n1)i| (I[{WQin:@} + I[{WQin#@}). (3.12)
wlobow?€Q(x)
nlobe(z)

Due to the independence among the variables in X, the contribution from
L{2Ani=g) is bounded by

3 ]E[eHx(leHx(nl)} ]E[GHX(WQ)}

wlobow?eN(x)
nlobeQ(x)
<Eltnsx(@)] Y ]E[ Hix (w')+Hx (w 2)}
wlobe(x)
nlobeQ(z)
S E[)A(h,l&x(l’)] QdBl (313)
To bound the contribution from 1y,2q,140} in (3.12), we split w? as w? ow? at

the last visit to n', so that w* Nn! = {wi}. Then, by using the independence
among the variables in X, we can bound the sum over w* by E[xs s x ()].
As a result, the contribution from 1y,2n,1.5) is bounded by

Z Z Lfutobowsowteq(a)} Z Lipontoben(a)} L{wtn(meont)={y}}

y€Z? wobow3 eQ(x,y) n?eQ(z,y)
wte(y) n*obeQ(y)

< E [GHX () +Hx (@) + Hx (n*)+Hx (nﬂ " [GHX <w4>}

EXne.x( Z Z Lipgysy E [eHX(“1)+HX (w3)+Hx(n3>+Hx(n4)]

y€Z4 wlobow3€Q(x,y)
neQ(x,y)
ntobeQ(y)

11



=ec )\ E Xh B, X Z Z E |:€HX(w1)+HX(b0w3)+HX(7]3)+HX(7]4)

y,2€Z% wleQ(z,z)
bow3€Q(2,y)
n>€Q(z,y)
' €Q(y,2)

= " A\5'E[{np,x ()] Ba. (3.14)
Finally, by summarizing (3.11)—(3.14), we arrive at

E[Xns.x(2)*] = Eltnpx (@) _
E[Xns.x ()] -

e *"(2dBy + " A5 By)(Mop — A3), (3.15)
N——
0(8?)

which proves (3.5). This completes the proof of Proposition 3.1 [
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