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A fully coupled three-dimensional finite-element model for hydraulic fractures in permeable rocks is pre-
sented, and used to investigate the ranges of applicability of the classical analytical solutions that are
known to be valid in limiting cases. This model simultaneously accounts for fluid flow within the frac-
ture and rock matrix, poroelastic deformation, propagation of the fractures, and fluid leakage into the
rock formation. The model is validated against available asymptotic analytical solutions for penny-shaped
fractures, in the viscosity-dominated, toughness-dominated, storage-dominated, and leakoff-dominated
regimes. However, for intermediate regimes, these analytical solutions cannot be used to predict the key
hydraulic fracturing variables, i.e. injection pressure, fracture aperture, and length. For leakoff-dominated
cases in permeable rocks, the asymptotic solutions fail to accurately predict the lower-bound for fracture
radius and apertures, and the upper-bound for fracture pressure. This is due to the poroelastic effects
in the dilated rock matrix, as well as due to the multi-dimensional flow within matrix, which in many
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simulation codes is idealised as being one-dimensional, normal to the fracture plane.

© 2016 The Authors. Published by Elsevier Ltd.

This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Hydraulic fracturing is the process by which one or more frac-
tures are propagated into a rock formation, driven by the internal
flow of a pressurised fluid. While fluid-driven fracturing can oc-
cur naturally, it is most often studied within the context of the
engineering process of injecting fracturing fluid into a reservoir
rock, with the aim of increasing well productivity (Adachi et al.,
2007; Bazant et al., 2014). Although the hydraulic fracturing pro-
cess is currently often thought of in the context of shale gas reser-
voirs, in current industry practice, almost all oil and gas wells are
hydraulically fractured (Economides and Nolte, 2000). Hydraulic
fracturing is a complex, multi-physics, multi-dimensional problem,
which requires robust models that can simultaneously account for
matrix and fracture deformation, fluid flow through the matrix
and fractures, fluid exchange between fractures and matrix, and
fracture propagation and interaction, all in a fully-coupled, three-
dimensional setting.

Hydraulic fracturing protocols are designed to control the frac-
ture’s surface area and aperture distribution, and also aim to con-
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trol injection pressure, and the dependence of these variables on
fracturing fluid rheology, injection rate, and the hydro-mechanical
properties of the rock (Detournay and Peirce, 2014). Analytical
and semi-analytical solutions have been developed to quantify hy-
draulic fracturing variables of interest, such as injection pressure,
fracture aperture, and fracture length (cf. Adachi et al., 2007).
These solutions provide the foundation for hydraulic fracturing de-
sign (e.g. Cleary, 1980; Cleary et al., 1988). These solutions are con-
structed by combining the equations for laminar flow through the
fracture, with the equations for elastic deformation of the adjacent
rock. Fluid flow through the fracture is commonly modelled us-
ing lubrication theory, which is derived from the general Navier-
Stokes equation for flow of a fluid between two parallel plates
(Batchelor, 1967; Zimmerman and Bodvarsson, 1996), whereas the
fracture aperture is calculated using linear elasticity in conjunc-
tion with Linear Elastic Fracture Mechanics (LEFM) to compute the
mode I stress intensity factor at the fracture tip (Geertsma and de
Klerk, 1969; Spence and Sharp, 1985).

Based on the energy-dissipation mechanism, fracture propaga-
tion regimes can be classified as viscosity-dominated or toughness-
dominated (Detournay, 2004). In the viscosity-dominated regime,
energy dissipation is dominated by the flow of the viscous fluid,
whereas in the toughness-dominated regime, energy dissipated is
dominated by the creation of new fracture surfaces at the fracture

0020-7683/© 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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tip. Based on the ability of the rock matrix to dissipate fractur-
ing fluid, two other extremes can be defined: storage-dominated,
in which the injected fluid remains mainly inside the fracture,
and leakoff-dominated, in which most of the injected fluid dis-
sipates into the surrounding medium. The four resulting com-
bined asymptotic regimes are therefore storage-viscosity, storage-
toughness, leakoff-viscosity, and leakoff-toughness (Garagash et al.,
2011). Asymptotic solutions that are valid at the end-members
of the parameter space provide a fundamental understanding of
the hydraulic fracturing process, and provide benchmarking cor-
nerstones for numerical models. However, existing analytical so-
lutions are restricted to simplified fracture geometries in homoge-
neous rock masses, and are typically constrained to a set of fixed
boundary conditions. Standard geometries include the PKN frac-
ture (Perkins and Kern, 1961; Nordgren, 1972; Mathias and van
Reeuwijk, 2009), the KGD fracture (Geertsma and de Klerk, 1969;
Spence and Sharp, 1985; Adachi and Detournay, 2008), and radial
(penny-shaped) fractures (Savitski and Detournay, 2002; Bunger
et al.,, 2005; Kovalyshen, 2010). Moreover, analytical solutions do
not exist for cases that are not at the corners of this parameter
space.

Numerical models that attempt to simulate hydraulic fracturing
include the boundary integral method (Peirce and Siebrits, 2001),
the boundary element method (Simpson and Trevelyan, 2011), the
distinct element method (Marina et al.,, 2014), the finite element
method (Carrier and Granet, 2012), discrete fracture network (Fu
et al., 2013), the embedded fracture model (Norbeck et al., 2015),
the lattice approach (Grassl et al., 2015) and the extended fi-
nite element method (Dahi-Taleghani, 2009; Mohammadnejad and
Khoei, 2013; Salimzadeh and Khalili, 2015a). However, in the ma-
jority of available models, flow through the rock matrix, and fluid
exchange between fracture and rock matrix, are either ignored
by assuming an impermeable rock formation (e.g. Dahi-Taleghani,
2009), or simplified by using a one-dimensional analytical leakoff
model (e.g. Zhou et al., 2015). Substantial field evidence has proven
the impermeable matrix assumption to be an unrealistic assump-
tion (Economides and Nolte, 2000; Adachi et al., 2007). In one-
dimensional leakoff models (Carter, 1957), fracture-to-matrix flow
is represented as a sink term in the mass balance equation for
fracture flow. This approach has several shortcomings, such as the
assumption of one-dimensional flow, time-dependency of flow in-
stead of pressure-dependency, and more importantly, this approach
cannot model matrix dilation. Although flow from the fracture into
the rock matrix is by definition locally one-dimensional at the
fracture wall, where the flux vector must be normal to the frac-
ture wall, in a global sense it is three-dimensional, unless the per-
meability in the direction normal to the fracture plane is signif-
icantly higher than in other directions (Hagoort et al., 1980). As
time elapses, the leakoff rate predicted by Carter’s model, at each
position along the fracture, decreases proportionally to square-root
of time; consequently, a scenario of fracture arrest is not possible
(Mathias and van Reeuwijk, 2009). Finally, this model does not ac-
count for the fact that seepage of the fracturing fluid into the rock
formation increases the fluid pressure in the matrix, causing di-
lation of the rock matrix. A dilated matrix applies stresses back
onto the fracture, referred to as ‘back-stresses’ in the hydraulic
fracturing literature, which tend to close the fracture (Kovalyshen,
2010). These factors also affect the available semi-analytical so-
lutions for leakoff-dominated regimes that use a simplified one-
dimensional leakoff model in their formulation. These solutions
therefore fail to accurately predict hydraulic fracturing parame-
ters in leakoff-dominated regimes, as shown by Carrier and Granet
(2012), and Salimzadeh and Khalili (2015a) for single-phase flow,
and by Salimzadeh and Khalili (2015b) for two-phase flow in two
dimensions, as well as in the present study for three dimensions.

In addition to poroelastic effects due to the aforementioned
back stress phenomenon, there is a further environmental conse-
quence of fluid seepage through the rock matrix, as it may pro-
mote the possible migration of injected fluid towards drinking wa-
ter aquifers (Birdsell et al., 2015). Therefore, robust modelling of
matrix flow is essential for both hydraulic fracture engineering
and environmental aspects of subsurface fracturing. Only a few at-
tempts have been made to incorporate flow in the rock matrix,
coupled to mechanical deformation and flow in fracture. Rethore
et al. (2008), Mohammadnejad and Khoei (2013) and Khoei et al.
(2014), using the extended finite element method, introduced en-
riched pressures at the fracture to capture the discontinuous flow
velocity at the fracture boundary. However, the enriched pressure
represents the fluid pressure in the rock matrix near the fracture,
and does not represent the pressure inside the fracture. Therefore,
when coupled with mechanical deformation, the enriched pres-
sure will be scaled by the Biot coefficient, whereas the fracture
pressure actually does not require such scaling. Carrier and Granet
(2012) introduced independent flow through the fracture and the
rock matrix into their hydraulic fracture model. Their model was
a combination of zero-thickness elements for the propagating frac-
ture, and conventional bulk finite elements with a cohesive zone
model. The equality of pressure between fracture and matrix at the
fracture walls was enforced in the numerical model using Lagrange
multipliers. Salimzadeh and Khalili (2015a, b) proposed an XFEM
model that included two independent flow models in the fracture
and the rock matrix, with a leakoff mass transfer between fracture
and rock matrix to link the two. The leakoff depends on the pres-
sure gradient in the matrix adjacent to the fracture, as well as on
the fluid viscosity and matrix permeability. Norbeck et al. (2015),
using an embedded fracture model, also considered two flow do-
mains for matrix and fracture in two dimensions, and linked them
through a similar mass transfer term.

A three-dimensional fully coupled finite element model for
hydraulic fracturing is presented in the present paper, validated
against known analytical solutions, and subsequently applied to
study the influence of fluid exchange between fracture and ma-
trix on fracturing. In particular, 3D diffusion and its related poroe-
lastic effects on the propagation of fractures are investigated. The
present model accounts for fluid flow within fracture and matrix,
the propagation of the fracture, and fluid leakage into the forma-
tion rock. Fluid flow through the permeable rock matrix is mod-
elled using Darcy’s law, and is coupled with laminar flow within
the fracture. Fracture growth and the direction of growth are esti-
mated using an energy-based criterion that is based on the modal
stress intensity factors along the fracture tip (Paluszny and Zim-
merman, 2013). This model is validated against available asymp-
totic solutions for penny-shaped hydraulic fractures. Fifteen cases
with varying fluid and rock matrix properties are run, to investi-
gate the impact of fluid and rock matrix properties on the leakoff
and fracturing. Numerical simulations conducted over a range of
parameter values delineate the limits of validity of the various
available asymptotic solutions.

2. Computational model

Fractures are represented discretely using two-dimensional sur-
faces embedded in a three-dimensional domain. When deriving the
governing equations, each fracture is represented by a disconti-
nuity I'; in the domain 2 with boundary I', as shown in Fig. 1.
The fully coupled model is constructed on three separate yet in-
teracting sub-models, including models for mechanical deforma-
tion, fracture flow, and matrix flow. The solid matrix is assumed
to be linear elastic, homogeneous, and isotropic, with flow mod-
elled using Darcy’s law. An independent fracture flow model is de-
veloped based on lubrication theory. The mechanical and fracture
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Fig. 1. Schematic representation of the problem with discrete fracture.

flow models are coupled through hydraulic loading on the frac-
ture walls, and by ensuring the compatibility of fracture volumetric
strains. The mechanical model is coupled to matrix flow through
the effective stress concept, and finally, the fracture flow and ma-
trix flow models are linked to each other through the leakoff mass
transfer term. Tension and compression are assumed positive for
stresses and pressures, respectively.

2.1. Mechanical deformation model

The mechanical deformation model is based on the condition of
stress equilibrium for a representative elementary volume of the
porous medium. For quasi-static conditions, the linear momentum
balance equation for this elementary volume may be written as

diveo +F=0 (1)

where F is the body force per unit volume, and o is the total stress.
The effective stress is defined as the function of total stress and
matrix pressure, and controls the mechanical deformation. It is de-
fined exclusively within the rock matrix, linking a change in stress
to the change in strain. The effective stress for the rock matrix sat-
urated with a single-phase fluid is defined as (Biot, 1941)

o' =0+ appl (2)

where o’ is the effective stress, « is the Biot coefficient, pp, is the
matrix fluid pressure and I is the second-order identity tensor. The
Biot coefficient is defined as

o =1-K/Ks 3)

where K and Ks are the bulk modulus of the porous rock and
of the rock matrix material (e.g. mineral grains), respectively
(Zimmerman, 2000). The stress and strain relationship of the el-
ement is expressed as

o' =De¢ (4)

in which D is the drained stiffness matrix, and & is the strain ten-
sor in the porous medium. Assuming infinitesimal deformations,
strain is related to displacement by

€= %(Vu-i—VuT) (5)

where u denotes the displacement vector in the porous medium.
Hydraulic loading on the fracture walls is applied as boundary
traction, as shown in Fig. 1. Assuming negligible shear tractions
exerted from the fluid on the fracture walls, only tractions normal
to the fracture wall are considered. The tractions on the fracture
boundary I'¢ are

Tc = —psnc (6)

where pr is the fracture pressure, and nc is the outward unit nor-
mal to the fracture wall (on both sides of the fracture). Integrat-
ing Eq. (1) over the element, and after some manipulation, the dif-
ferential equation describing the deformation field for a saturated
rock matrix is given by

f [div(De — atpul) + FJAQ — f pmedl’ =0 (7)
Q e

2.2. Fracture flow model

An independent fracture flow model is considered for the hy-
draulic fractures. This model allows direct computation of fracture
fluid pressure, and implicit application of hydraulic pressures onto
fracture walls. The objective is to realistically represent fracture
flow, instead of smearing it with the flow through the neighbour-
ing matrix. Assuming a planar fracture, in which the area of the
fracture plane is much larger than the fracture aperture, the av-
erage velocity of fluid along the fracture plane may be calculated
using the cubic law as (Witherspoon et al., 1980)

(lfz

C 12ug
where gy is the fracture aperture, i is the fluid viscosity, and py is
the fracture fluid pressure. The aperture is given by the differential
displacement between two sides of the fracture, a;=(u* —u~).n,,
where u™ and u~ are the displacements of the two opposing faces
of the fracture. The mass balance equation for a slightly compress-
ible fracture fluid may therefore be written as

. 0
le(,Ofoaf) + &(pfaf) - Lf =0 (9)

in which py is the fluid density, and L; is the leakoff flow from the
fracture to the matrix. This leakoff leads to mass transfer coupling
between the fracture flow and rock matrix flow. Assuming that the
fracture fluid is Newtonian, the leakoff flow per unit area of the
fracture wall can be written, using Darcy’s law, as

km Op

Li=pr— +— 10

=PI on, (10)
where k;; is the intrinsic permeability of the rock matrix. Substi-
tuting the fluid velocity into the mass balance equation, and after
some manipulation, it is found that

T opy da; ky dp
d1v<prf> :afcfa—tf—k—f——m (11)

2puf ot uyon

where ¢ is the fluid compressibility. Note that the term
0as/0t=0(u* —u~).nc/dt provides direct coupling between the
displacement field and the fracture flow field, which is symmetric
to the fracture pressure loading term, pmc. For the case of one-
dimensional incompressible flow with no leakoff, ¢;=0 and L;=0,
Eq. (11) reduces to the lubrication equation (Batchelor, 1967),

1 0 38pf _ 8af
12Mfas<“f s )= o (12)

2.3. Matrix flow model

The matrix flow model that represents flow through the porous
matrix is constructed by combining Darcy’s law with mass conser-
vation for the fluid. Neglecting inertial and viscous effects, Darcy’s
law for matrix flow may be written as

Km
Vi = ——(Vpm + 08) (13)
My
where v; is the relative velocity vector of the fluid in the matrix,
ki is the intrinsic permeability of the rock matrix, uy is the fluid
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viscosity, g is the vector of gravitational acceleration, and py, is the
matrix fluid pressure. The relative velocity of the fluid with respect
to the deforming rock matrix is given by

Vr = @ (Vi — Vs) (14)
where v; is the rock matrix velocity, defined as
Ju
_ 2= 15
Vs 9t (15)

where u is the displacement vector of the rock matrix. The mass
balance equation for the fluid in the rock matrix may be written
as

div(poppvm) + %(pﬂp) +8(X—X)Lf =0 (16)

where pf is the fluid density, ¢ is the rock matrix porosity, and
Vp, is the matrix fluid velocity. Note that the leakoff only occurs
on the boundary of the volume element that is connected to a
fracture (I'¢). Therefore, a Dirac delta function is applied, where
Xc represents the position of the fracture. Integrating over the ele-
ment and after some manipulation, the governing equation for the
flow model may be expressed as

/ div[km(me + pg)}dsz
Q 1293

_ a(div u) oa—¢@ \ 0pm km 0p
_fﬂ ["‘at +<¢cf+Ks )E)t]d9+/pc M—fancdr‘
(17)

where ¢; is the fluid compressibility. The Biot coefficient o appears
in Egs. (7) and (17), whereas it does not appear in the fracture
flow model (Eq. 11), as the fracture itself is not a “porous medium”.
Setting o =0 will decouple the mechanical deformation model and
the matrix flow model, in which case mechanical loading will have
no direct effect on the matrix pressures, and vice versa. In contrast,
fracture pressures will always be coupled to the mechanical defor-
mation model, irrespective of the value of the Biot coefficient.

2.4. Finite element approximation

The governing equations are solved numerically using the fi-
nite element method. Spatial and temporal discretisation are ac-
complished using the Galerkin method and finite difference tech-
niques, respectively. Displacements (three displacements for three
dimensions) and fluid pressures (fracture and matrix) are defined
as the primary variables. Using the standard Galerkin method, the
displacements and pressures within an element may be approxi-
mated from the nodal values as

u=Ni (18)
Pm = Npm (19)
pr=Ncpy (20)

where N and N, are the standard shape functions vector for vol-
ume and surface elements, respectively. @i, P, and py are vectors of
nodal values of displacement, matrix pressure, and fracture pres-
sure, respectively. Fracture pressures are only defined for the nodes
on the fractures.

Using the finite difference technique, the set of discretised
equations can be written as

K Cn C arrat
Cl. Hpdt + My, + Ldt —Ldt piat
C;C —Ldt Hfdt + Mf + Ldt [3}+At

—F
= { CT i + My P, + Qudt (21)
C}ﬁt + Mfﬁ[f + Qfdt
where
K:/ B, 'DB,d2 (22)
Q
Cn= / B, oNdQ (23)
Q
G-/ N'nNcdl' (24)
Ho, :/ B, X" B0 (25)
Q My
Ho— [ NI UN.dr 26)
f‘[rc C2u; e (
T a—¢
M, =/ N <¢cf+ )NdQ 27)
Q Ks
Mf:/p NcTafochF (28)
L= Nch—machF (29)
r. My ong

where K is the mechanical stiffness matrix, Cf and G are hydro-
mechanical and poroelastic coupling matrices, respectively, H is
the conductance matrix, M is the capacitance mass matrix, L
is the leakoff mass matrix, F is the applied load vector, Q is
the fluid flux, and @ and p are the vectors of nodal values
of displacement and fluid pressure, respectively. [Bilgy3, = VN,
[B2]l1x3n=6TB;, and, [B3]3.,;=VN are derivatives of the shape
function, §={1 1 1 0 0 0}7, and V is the gradient
operator. Superscript t represents the time at the current step, su-
perscript t+dt represents time at the next step, and dt is the time
step. The non-diagonal components of the stiffness matrix are pop-
ulated with the coupling matrices C; for hydro-mechanical cou-
pling, C, for poroelastic coupling, and L for fracture-matrix flow
coupling. The operator V for three-dimensional displacement field
is defined as

— 8 —
% 0 0
0
0 a—y 0
0 0 i
- 0z
V= 5 5 (30)
0 =z =
dz dy
0 0
2z 9 %
0 0
L3y ax C

The components of the stiffness matrix depend on the primary
unknown variables, i.e. permeability of the fracture depends on the
fracture aperture; therefore, an iterative procedure is required to
reach the correct solution within acceptable tolerance. The discre-
tised coupled equations are implemented as part of the Imperial
College Geomechanics toolkit (Paluszny and Zimmerman, 2011),
which interacts with an octree volumetric mesher and the Com-
plex Systems Modelling Platform (CSMP-++, also known as CSP),
an object-oriented application programme interface (API), for the
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simulation of complex geological processes and their interactions
(formerly CSP, ¢f. Matthdi et al., 2001). The set of linear algebraic
equations are solved with the algebraic multigrid method for sys-
tems, SAMG (Stiiben, 2001). Two types of discretisation are used:
quadratic tetrahedra for volume elements, and quadratic triangles
for surface elements (fractures). The triangles on two opposite sur-
faces of a fracture are matched with each other, but they don’t
share nodes, and duplicate nodes are defined for two sides of a
fracture. The triangles are matched with faces of the tetrahedra
connected to the fractures. Therefore, they share the same nodes.
However, the model presented in this study can also be applied to
non-matching elements. Fracture flow equation (Eq. 17) is solved
only on one-side of fracture (i.e. matrices Hy and M; are accumu-
lated over triangle elements on one side of the fracture); however,
the coupling matrices (C; and L) are accumulated on both sides
of the fracture. Mechanical deformation and matrix flow equations
are accumulated over the volume elements.

2.5. Stress intensity factors and growth model

The mechanical deformation of the rock matrix leads to concen-
trations of stress around the fracture tips, which can be quantified
locally at each tip by the stress intensity factors (SIFs). The SIFs
are key parameters in evaluating and predicting fracture growth,
and take into account the effects of fluid pressure and rock prop-
erties on the growth of the fracture. The state of stress immedi-
ately ahead of the fracture front is known to be singular. There-
fore, in contrast to conventional linear polynomial interpolation,
quadratic elements are used so as to better approximate the stress
tip singularity (Nejati et al., 2015a). Two methods for the SIF ex-
traction from the FE solution can be employed. Direct approaches,
based on the correlation of the displacements over the crack sur-
face are simple, straightforward, and computationally inexpensive,
but require very refined meshes around the crack front in order to
yield low approximation errors. Alternatively, energy-based meth-
ods that integrate stresses over the region ahead of the crack tip
are less prone to numerical error, and yield better approximations,
with significantly coarser meshes. Three stress intensity factors for
the three modes of fracture opening are computed by computing
the energy-based interaction integral (Yau et al., 1980), modified
in the present paper for poroelastic media by using the effective
stresses in place of the usual stresses, over a set of virtual disk do-
mains distributed along the fracture tip (Nejati et al., 2015b). The
three SIFs are K for opening due to tensile loading, Kj; for in-plane
shearing due to sliding, and Kj; for out-of-plane shearing due to
tearing. The crack grows once the equivalent stress intensity factor
Kjeq, overcomes the material toughness (k;.). The equivalent SIF in
the direction of propagation (), is calculated as (Schéllmann et
al., 2002; Paluszny and Zimmerman, 2013)

Kieg = % cos (i”) {Kcs e 41<,2,,} (31)

where K =K,cosz(97")— %Kusin(Qp), and 6, is the propagation
angle. By setting Kj; =0 in the above equation, the equivalent stress
intensity factor for two-dimensional space are recovered (Erdogan
and Sih, 1963)

Kieg = K,cos3(92p) - 3K,cosz(92p)sin(92p> (32)

The propagation angle (6p) is determined using a modified
maximum circumferential stress method that takes into account
modal stress intensity factors. The equivalent stress intensity fac-
tors are computed locally at 100 locations along the fracture front,
ie. tips, and are used to determine if the fracture will or will
not advance. Fractures are extended by deforming their geometry,

and the mesh is regenerated and optimised at every growth step
(Paluszny and Zimmerman, 2011).

3. Simulation results: penny-shaped hydraulic fracture

Fluid is injected through a horizontal well that perforates the
centre of a vertical penny-shaped fracture. The size of the well
is assumed to be negligible with respect to the size of the frac-
ture, and so the wellbore is modelled as a point source bound-
ary condition in the simulations. Asymptotic solutions available for
this geometric case, under storage regimes (viscosity-storage and
toughness-storage), are used to validate the presented numerical
model. Further simulations, in which leakoff is modelled by con-
sidering a permeable matrix, are performed to investigate the lim-
its of validity of asymptotic solutions under leakoff regime, and to
highlight the effects of poroelasticity and the three-dimensionality
of flow within the matrix.

A single penny-shaped fracture of initial radius 1 m is located
in the centre of a 90 x 90 x 60 m model. The model is spatially
discretised using 17,441 tetrahedra and triangles. Convergence is
achieved using an average of four iterations to reach a tolerance of
1%. Fracturing fluid is injected at a constant rate of Q=0.01 m3/s
into the centre of the fracture. A total of fifteen cases are simu-
lated (seven cases in the viscosity regime, and eight cases in the
toughness regime), with varying fluid and matrix properties, in-
cluding four extreme regimes as well as intermediate cases. The
properties for these cases (cases 1-15) are defined in Table 1. The
Young’s modulus and Poisson’s ratio for all cases are set to 17 GPa
and 0.2, respectively. The minimum in situ stress acting in the
direction normal to the fracture plane for each case is given in
Table 1, and the in situ stresses in the other two directions are set
to1 x 107 Pa.

Savitski and Detournay (2002) derived solutions for a penny-
shaped hydraulic fracture in an impermeable elastic rock. They de-
fined three hydraulic fracturing variables, fracture aperture gy, frac-
ture net pressure P, and fracture radius Ry, as functions of the
dimensionless parameters €2, IT and y, as:

pr=¢E'TI (34)
Ry =Ly (35)

where gis a small number, L is a length scale, E' =E/(1 — v2) is
the plane-strain elastic modulus, E is the Young’s modulus, and
v is Poisson’s ratio, respectively. Fracture net pressure is defined
as the difference between fracture pressure and the in situ stress
normal to the fracture plane. The solution was given for viscosity-
dominated and toughness-dominated regimes for storage cases
(impermeable rock matrix). It is worth mentioning that in the
viscosity-dominated regime, the rock toughness has a negligible
effect on hydraulic fracture growth, whereas in the toughness-
dominated regime the influence of the fluid viscosity is negligi-
ble. In this latter case, the fracture pressure is essentially uni-
form within the fracture, and the fracture’s mode I stress inten-
sity factor is equal to the fracture toughness, Kj = Kj.. To distinguish
between viscosity and toughness regimes, Savitski and Detournay
(2002) defined a dimensionless viscosity as

1/5
Q3E/13
M= “(Kt (36)

Cases in which M >» 1 are viscosity-dominated, whereas
M <« 1 represents toughness-dominated cases. In this equa-
tion, u'=12uy and K'=4(2/m)!2K;. Note that the dimension-
less viscosity is time-dependent, and so the behaviour moves
from viscosity-dominated towards toughness-dominated as time
increases.
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Table 1
Material properties of the penny-shaped fractures, “1D” refers to the cases in which the flow through matrix is allowed only in the direction perpendicular to the fracture.
Case no. Fluid viscosity Fracture toughness Matrix In-situ Biot Growth Propagation regime
(Pass) (Pam?®3) permeability (m?) stress (Pa) coefficient increment (m)
1 0.1 1 x 108 0 7 x 106 - 0.5 Storage-viscosity
2 0.1 1x 108 0 7 x 106 - 1.0 Storage-viscosity
3 0.1 1x 108 0 7 x 108 - 0.25 Storage-viscosity
4 0.1 1 x 108 1x10°8 7 x 108 1 0.5 Intermediate
5 0.1 1x 108 1x 10712 (1D) 7 x 106 0 1.0 Leak-off-viscosity
6 0.1 1 x 108 1x10°12 7 x 108 0 1.0 Leak-off-viscosity
7 0.1 1x 108 1x 1012 7 x 108 1 1.0 Leak-off-viscosity
8 0.0001 2 x 108 0 7 x 108 - 1 Storage-toughness
9 0.0001 2 x 108 1x10°1 7 x 106 0 1 Intermediate
10 0.0001 2 x 108 1x 10~ (1D) 7 x 108 0 1 Leak-off-toughness
1 0.0001 2 x 108 1x10-1 7 x 108 0.1 0.25 Leak-off-toughness
12 0.0001 2 x 108 1x10°16 0 1 1 Intermediate
13 0.0001 2% 108 1x10-» 0 1 1 Intermediate
14 0.0001 2% 108 1x10-1 7 x 108 05 1 Intermediate
15 0.0001 2 x 108 1x 1016 7 x 108 1 1 Intermediate
3.1. Viscosity-dominated regime
a) 2.0E+07
The fluid viscosity and fracture toughness values for viscosity- ?ff"i"l“""" Detournay GO02) ':':‘_"""'Z'“"""(z"m’
dominated cases are set to ju=0.1Pas, and Kic=1x 108 Pa m03, L6E+07 A Case3 e Cased
respectively. For storage-dominated cases, the permeability of g - +-Case6
the matrix is assumed to be negligible (k,=0), whereas for - [— ©- Case 5 (Coarse Mesh)
leakoff dominated cases the matrix permeability is taken to be E
1x 1012 m2. The Biot coefficient « is varied between 0 and 1, cor- LT N PO
. .. . % 8.0E+06
responding to uncoupled and fully coupled poroelasticity scenarios, =
respectively, although 0 is an unrealistic value, as the Biot coeffi- 3
cient is bounded below by the porosity (Zimmerman, 2000). For 4OE+06 EEEEEEEEEN Bt
the given parameters, the dimensionless viscosity is M =39, which
corresponds to a viscosity-dominated case (M > 1). 0.0E+00 - E = =L
. . P . S 1 15
The simulation results for injection pressure, fracture aperture Time (9
at the well, and fracture length (radius) for viscosity-dominated
cases 1-7 are shown in Fig. 2. Included in these figures are the i
asymptotic solutions for reference cases. Cases 1-3 with zero ma- )
trix permeability correspond to the storage-dominated regime, and sonns

cases 5-7 with matrix permeability 1 x 10-'2m?2, correspond to
leakoff-dominated regime. Case 4 is an intermediate case. The sim-
ulation time for leakoff dominated cases 5-7 is increased to 200s.

Fig. 2a shows the net injection pressure versus time when in-
jecting a viscous fluid. Good agreement is found between the an-
alytical solution for the storage case and the present model with
an impermeable matrix (case 1). The growth increment in case
1 is 0.5m, and it has been changed to 1.0 and 0.25m in cases
2 and 3, respectively. Results show a negligible effect due to the
growth increment. When leakoff is allowed by assuming a per-
meable rock matrix in cases 4-7, the injection pressure increases,
compared with the no leakoff cases 1-3. The leakoff is increasing
by increasing the permeability, resulting in higher injection pres-
sure, lower fracture aperture, and lower fracture radius. In case 5,
the permeability in the matrix is assumed to be “one-dimensional”,
such that the permeability in direction normal to the fracture is
1000 times higher than the other two directions (one-dimensional
leakoff). This case is used for validation against the analytical solu-
tion. A very good match is observed between present model re-
sults and the analytical solution for the fracture radius for case
5. In case 6, the permeability in all three directions is assumed
equal to 10~12 m? (three-dimensional leakoff). Leakoff is also in-
creased by allowing the flow within the matrix to be globally
three-dimensional, rather than one-dimensional. Increasing leakoff,
again, leads to higher injection pressure, lower fracture aperture,
and lower fracture radius. In case 7, the Biot coefficient is increased
to 1. Injection pressure increases substantially with increasing Biot
coefficient. This is due to the poroelastic coupling, which results
in a back-stress on the fracture due to the dilated matrix. The frac-
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Fig. 2. Net injection pressure (a), fracture aperture (b), and fracture radius (c) versus
injection time in viscosity-dominated cases.
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a)

b)

Fig. 3. Spatial discretisation of the fracture: (a) coarse mesh, (b) fine mesh.

ture aperture at the injection well is shown in Fig. 2b as a function
of time. For the storage cases 1-3, the results of the present model
match the analytical solution very well, whereas for the permeable
cases 4-7, the fracture aperture has been reduced, due to the in-
creased leakoff from the increase in matrix permeability. Further-
more, the fracture aperture reduces when considering poroelastic
coupling, through the Biot coefficient in case 7. Included in this
figure is the simulation of case 5 with a coarser mesh. Very good
agreement is found between the results for two different meshes,
confirming that the leakoff is mesh-independent (38,142 elements
for the fine mesh, versus 20,342 elements for the coarse mesh). The
two discretisations for the fracture are shown in Fig. 3.

The fracture radii predicted from the present model are com-
pared with available solutions in Fig. 2c. Again, good agreement
is found between analytical solutions and the present model, for
storage cases 1-3. The fracture radius decreases with increasing
permeability in cases 4-7. A similar trend is observed between the
fracture radius and the Biot coefficient. Increasing the permeabil-

ity and the Biot coefficient increases leakoff, and reduces fracture
volume. The increase in fracture pressure and decrease in fracture
aperture and radius are due to leakoff, which causes dilation of the
rock matrix. Good agreement is also found between the present
model results in case 5 and the analytical solution for fracture ra-
dius. In cases 6 and 7, the present model predicts lower fracture
growth than the leakoff-viscosity asymptotic solution; this is due
to the combined effects of poroelasticity and multi-dimensional
flow through the matrix. The analytical solution applies for one-
dimensional leakoff without poroelastic effects.

3.2. Toughness-dominated regime

The fluid viscosity and fracture toughness values for toughness-
dominated cases are set to u;=0.0001Pa s, and Ki=2x 10%
Pam?>, respectively. Again, for storage-dominated cases, the per-
meability of the matrix is assumed to be negligible (kp=0),
whereas for leakoff dominated cases the matrix permeability is
taken to be 1 x 10~1> m2. The Biot coefficient « is varied between
0 and 1, corresponding to uncoupled and fully coupled poroe-
lasticity scenarios, respectively. The dimensionless viscosity for
given parameters is M =0.003, which corresponds to a toughness-
dominated case (M « 1).

In toughness-dominated cases, the effects of matrix permeabil-
ity, minimum in situ stress normal to the fracture plane, and Biot
coefficient on the injection pressure, fracture aperture and frac-
ture radius are illustrated in Figs. 4-6. Fig. 4a shows the net in-
jection pressure versus injection time for cases 8-11. These cases
show the effect of changing the matrix permeability. Good agree-
ment is found between the present model and the analytical so-
lution for storage case 8. In permeable cases 9—11, the injection
pressure increases. Bunger et al. (2005) proposed solutions for a
penny-shaped hydraulic fracture in the leakoff-toughness domi-
nated regime. In their solution, leakoff is modelled using Carter’s
equation (Carter, 1957). The asymptotic solution for the leakoff-
dominated regime also shows an increase in the injection pres-
sure. In case 10, the flow through the matrix is considered one-
dimensional along the direction normal to the fracture. Good
agreement is found between the present model results and the an-
alytical solution for this case, validating the present model. Leakoff
increases by increasing the flow dimensions within the matrix, as
well as by considering poroelasticity effects through the Biot co-
efficient. Therefore, in case 11, the present model predicts higher
leakoff than does the analytical solution. This is due to multidi-
mensional flow in the rock matrix, a feature that is not captured
in the analytical solution. In case 11, the growth increment has
been reduced to 0.25 m. A smaller growth increment corresponds
to more growth steps and more computational time.

In Fig. 4b, the fracture aperture at the well versus injection time
is shown for cases 8-11. Again, good agreement is found between
current model’s results and the analytical solution for both stor-
age case 8 and one-dimensional leakoff case 10. As permeability
increases in cases 9-11, leakoff increases, and the fracture aper-
ture reduces. Similar trends are observed for the graph of fracture
radius versus injection time, as shown in Fig. 4c. In cases 12 and
13, the in situ normal stress is set to zero, which substantially re-
duces the leakoff, as shown in Fig. 5. Again, the injection pressure
increases with increasing permeability, whereas fracture aperture
and radius both decrease. However, the effect of changing the per-
meability in the absence of an in situ stress is not as significant
as changing the permeability in the presence of an in situ stress
(Fig. 4). Therefore, the in situ stress has a significant impact on
leakoff; meaning that the leakoff could still be important in low
permeability reservoirs provided that the minimum in situ stress
is high enough. As the fracture pressure is not explicitly computed
using Carter’s model, but is often approximated as being equal to
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Fig. 4. Effect of matrix permeability in the presence of in situ stresses on the net
injection pressure (a), fracture aperture (b), and fracture radius (c) in toughness-
dominated cases.

the minimum in situ stress, Carter’s model predicts lower leakoff
when the in situ stress is reduced. The fracture net pressure in the
present simulations varies between 1 to 10 MPa (higher values for
the viscosity-dominated regime, and lower values for toughness-
dominated regime), which could be considerable compared to the
actual minimum in situ stress.

The effect of poroelasticity on leakoff is investigated through
cases 14 and 15, in which the Biot coefficient is increased to 0.5
and 1.0, respectively. The results for net injection pressure, fracture
aperture at the well, and fracture radius versus injection time, are
shown in Fig. 6. The increase in injection pressure is more domi-
nant when the poroelastic coupling between the matrix fluid and
mechanical deformation is considered, as shown in Fig. 6a for cases
14 and 15. This is due to the back-stress from the dilated rock ma-
trix. Increased fracture pressure increases leakoff, which in turn
reduces fracture aperture and radius, as shown in Fig. 6b and c,
respectively. Included in Fig. 6¢ is the simulation of case 15 with
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Fig. 5. Effect of matrix permeability, in absence of in situ stresses, on the net in-
jection pressure (a), fracture aperture (b), and fracture radius (c) in toughness-
dominated cases.

stress intensity factors computed using displacement correlation
(DC) method. Good agreement is found between the two results,
which validates the computation of stress intensity factors. Fig. 7
shows the fracture pressure distribution over the fracture surface,
together with matrix pressure contours over a cut plane perpen-
dicular to the fracture plane for cases 7 (Fig. 7a), 11 (Fig. 7b) and
13 (Fig. 7c) in the viscosity, toughness, and intermediate regimes,
respectively. Higher viscosity of the injected fluid results in a non-
uniform fracture pressure distribution. The matrix pressure distri-
bution in all cases illustrates the three-dimensional nature of flow
through the matrix. The time-step shown in Fig. 7a is the imme-
diate step prior to growth-step 7. However, the minimum fracture
pressure is less than the in situ stress, which means that the frac-
ture growth is controlled by the flow of the viscous fluid; the frac-
ture toughness has negligible effect.
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Fig. 6. Effect of the Biot coefficient on the net injection pressure (a), fracture aper-
ture (b), and fracture radius (c) in toughness-dominated cases. Case 15 is also sim-
ulated using Displacement Correlation (DC) method for computing stress intensity
factors.

In the viscosity-dominated regime, the fracture propagates as
soon as the fluid reaches the fracture tip. The distance between the
fluid front and the fracture tip is called the fluid lag. The size of the
fluid lag depends on the in situ stress, and it reduces by increasing
the in situ stress. The fracture and matrix pressure distribution for
toughness-dominated case 11 is shown in Fig. 7b. Fracture pressure
distribution in this case is almost uniform compared to the frac-
ture pressure distribution in the viscosity-dominated case shown
in Fig. 7a. This is due to the negligible energy required to move the
low-viscosity fluid (case 11). This result supports the assumption
of a uniform pressure distribution in the fracture in the toughness-
dominated regimes. The minimum fracture pressure is above the in
situ normal stress in the time-step shown in Fig. 7b; indicating that
the flow has reached the fracture tips, but the fracture is not grow-
ing, as its equivalent stress intensity factor is less than the fracture
toughness of the rock formation. This verifies the fact that the frac-
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Fig. 7. Fracture pressure distribution (solid surface) and matrix pressure con-
tours on a cut-plane perpendicular to the fracture. (a) Case 7 (o =7 x 10° Pa;
km=1x10""2m?2; «a=1) in leak-off-viscosity. (b) Case 11 (o =7 x 106 Pa;
km=1x10""m?; «=01) in leak-off-toughness. (c) Case 13 (o=0Pa;
km=1x10""m?; a=1). Fracture pressure distribution represents the viscos-
ity/toughness regime, while matrix pressure contours shows the multi-dimensional
nature of the flow within the matrix.

ture growth is controlled by fracture toughness, as is expected for
the toughness-dominated regime. For case 13, the matrix pressure
distribution is totally different than its distribution in the previous
cases 5 and 10. Negative matrix pressures are observed in front
of the fracture tips, where the tensile stresses develop matrix ex-
pansion. The Biot coefficient is set to 1 in this case, so matrix ex-
pansion develops negative matrix pressures due to poroelastic cou-
pling. Zero in situ stress significantly reduces leakoff, such that the
leakoff flow cannot compensate the negative pressures due to the
matrix expansion.

Effective normal stress contours in a cut-plane perpendicular to
the fracture surface for cases 6 and 7 are shown in Fig. 8. Whereas
for uncoupled case 6, the effective normal stress contours follow
the fracture pressure pattern shown in Fig. 7, in coupled case 7,
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Fig. 8. Effective normal stress contours in a cut-plane perpendicular to the frac-
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kim =1 x 10712 m?; o =0). Fracture radius is 4 m for both cases. Poroelastic coupling
influences the stress distribution around the fracture.

the increased matrix pressure alters the effective stress, so that the
contours in the vicinity of the fracture are parallel to the fracture.
In the uncoupled case, the maximum effective stress is located at
the injection point, and is equal to the maximum fracture pres-
sure, whereas in the coupled case, the maximum effective stress
is less than the maximum fracture pressure, and is located away
from the fracture. The results shown in Figs. 7 and 8 are for one
timestep prior to growth occurrence. In this step, the fluid pres-
sure at the fracture tips is almost equal in magnitude to the in
situ stress (7 MPa), and so the stress singularity is very weak, and
does not show up at the scale at which the stresses are plotted. In
summary, the simulation results show that leakoff increases with
increasing the permeability of the rock matrix, in situ stress, the
Biot coefficient of poroelasticity, and the dimensionality of the flow
within matrix.

Available asymptotic solutions for the leakoff regime do not ac-
count for the effects of poroelasticity and multidimensional flow
within the matrix, and consequently they predict lower leakoff.
Lower leakoff is associated with lower fracture pressure, and
higher fracture aperture and radius. Actual field cases may not
correspond to any of the extreme cases for which asymptotic so-
lutions are available, warranting the need for a robust numerical
model that accounts for all the processes that occur during hy-
draulic fracturing. Convergence tests has been also performed to
investigate the robustness of the model. For this test, the case 2
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Fig. 9. Convergence test for Case 2 with three different meshes. Error is calculated
for injection pressure at time of 20.85s.

is considered with three types of mesh: coarse (9540 elements),
medium (17,441 elements) and fine (29,080 elements). The error
between injection pressures calculated from the present simula-
tions and from the analytical solution at a time of 20.85s is com-
puted and shown for different meshes in Fig. 9. The error reduces
from 5% for the coarse mesh to close to 1% for the fine mesh.

4. Conclusions

A fully coupled three-dimensional finite element model has
been presented for the simulation of hydraulically driven fractures
in poroelastic rocks. The model was validated against available an-
alytical solutions for penny-shaped fractures in different regimes
of propagation. The simultaneous impact of fluid and rock matrix
parameters on the hydraulic fracturing variables such as injection
pressure, fracture aperture, and fracture length, has been studied.
It was shown that leakoff increases with increasing matrix perme-
ability, increasing in situ stresses, increasing Biot coefficient, and
increasing flow dimensions. The analytical asymptotic solutions for
hydraulic fracturing in an impermeable rock matrix provide an
upper-bound for fracture radii and apertures, and a lower-bound
for fracture pressure. For leakoff-dominated cases in a permeable
rock matrix, the analytical asymptotic solutions cannot represent
a lower bound for fracture radii and apertures, or an upper bound
for fracture pressure. This is because the analytical solutions do not
capture the effect of the fracture being compressed by the dilated
poroelastic matrix, and underestimate the leakoff due to their ne-
glect of global flow in directions parallel to the fracture wall. For
intermediate cases, which are most likely to arise in actual reser-
voirs, there are currently no analytical solutions available. The ex-
tent of leakoff is also important when evaluating environmental
impact. In summary, this work has delineated the range of appli-
cability of the available asymptotic analytical solutions, identified
the trends (in fracture aperture, fracture length, and injection pres-
sure) due to deviations of the input parameters from the values
assumed in the asymptotic analytical solutions, and demonstrated
a new code that can, for example, be used for more complex ge-
ometries, such as multiple fractures and/or multiple wells (work in
progress).

Acknowledgments
The authors thank Engineering and Physical Sciences Research

Council (EPSRC) for supporting this work, through the CONTAIN
Project EP/K036025/1. They also thank the European Commission



S. Salimzadeh et al./ International Journal of Solids and Structures 108 (2017) 153-163 163

for partially funding this work through the TRUST Collaborative
Project, 309067.

References

Adachi, J., Siebrits, E., Peirce, A., Desroches, J., 2007. Computer simulation of hy-
draulic fractures. Int. J. Rock Mech. Min. Sci. 44, 739-757.

Adachi, J., Detournay, E., 2008. Plane strain propagation of a hydraulic fracture in a
permeable rock. Eng. Fract. Mech. 75, 4666-4694.

Batchelor, G.K,, 1967. An Introduction to Fluid Dynamics. Cambridge University
Press, Cambridge, UK.

Bazant, Z.P, Salviato, M., Chau, V.T., Viswanathan, H., Zubelewicz, A., 2014. Why
fracking works. J. Appl. Mech. 81 (10), 101010.

Biot, M.A., 1941. A general theory of three dimensional consolidation. J. Appl. Phys.
12, 155-164.

Birdsell, D.T., Rajaram, H., Dempsey, D., Viswanathan, H.S., 2015. Hydraulic fractur-
ing fluid migration in the subsurface: a review and expanded modelling results.
Water Resour. Res. 51 (9), 7159-7188.

Bunger, A.P., Detournay, E., Garagash, D.I, 2005. Toughness-dominated hydraulic
fracture with leak-off. Int. J. Fract. 134, 175-190.

Carrier, B., Granet, S., 2012. Numerical modelling of hydraulic fracture problem in
permeable medium using cohesive zone model. Eng. Fract. Mech. 79, 312-328.

Carter, E.D., 1957. Optimum fluid characteristics for fracture extension. In:
Howard, G.C., Fast, C.R. (Eds.), Drilling and Production Practices. American
Petroleum Institute, Tulsa, pp. 261-270.

Cleary, M.P,, 1980. Comprehensive Design Formulae for Hydraulic Fracturing Paper
SPE 9259.

Cleary, M.P, Barr, D.T., Willis, R.M., 1988. Enhancement of Real-Time Hydraulic Frac-
turing Models with Full 3D Simulation Paper SPE 17713.

Dahi-Taleghani, A., 2009. Analysis of Hydraulic Fracture Propagation in Fractured
Reservoirs: an Improved Model for the Interaction Between Induced and Nat-
ural Fractures. University of Texas at Austin.

Detournay, E., 2004. Propagation regimes of fluid-driven fractures in impermeable
rocks. Int. ]. Geomech. 4, 1-11.

Detournay, E., Peirce, A., 2014. On the moving boundary conditions for a hydraulic
fracture. Int. J. Eng. Sci. 84, 147-155.

Economides, M.J., Nolte, K.G. (Eds.), 2000, Reservoir Stimulation, 3rd ed.. Wiley, New
York.

Erdogan, F, Sih, G, 1963. On the crack extension in plates under plane loading and
transverse shear. J. Basic Eng. 85, 519-527.

Fu, P, Johnson, S.M., Carrigan, C.R.,, 2013. An explicitly coupled hydro-geomechani-
cal model for simulating hydraulic fracturing in arbitrary discrete fracture net-
works. Int. J. Numer. Anal. Methods Geomech. 37, 2278-2300.

Garagash, D., Detournay, E., Adachi, J., 2011. Multiscale tip asymptotics in hydraulic
fracture with leak-off. J. Fluid Mech. 669, 260-297.

Geertsma, J., de Klerk, F,, 1969. A rapid method of predicting width and extent of
hydraulically induced fractures. J. Pet. Technol. 21, 1571-1581.

Grassl, P, Fahy, C., Gallipoli, D., Wheeler, S.J., 2015. On a 2D hydro-mechanical lattice
approach for modelling hydraulic fracture. . Mech. Phys. Solids 75, 104-118.
Hagoort, J., Weatherill, B.D., Settari, A., 1980. Modeling the propagation of water-

flood-induced hydraulic fractures. SPE J. 20, 293-301.

Khoei, AR, Vahab, M., Haghighat, E., Moallemi, S., 2014. A mesh-independent fi-
nite element formulation for modelling crack growth in saturated porous media
based on an enriched-FEM technique. Int. ]. Fract. 188, 79-108.

Kovalyshen, Y., 2010. Fluid-Driven Fracture in Poroelastic Medium. University of
Minnesota.

Marina, S., Imo-Imo, EK, Derek, I, Mohamed, P.,, Yong, S., 2014. Modelling of hy-
draulic fracturing process by coupled discrete element and fluid dynamic meth-
ods. Env. Earth Sci. 72, 3383-3399.

Mathias, S.A, van Reeuwijk, M., 2009. Hydraulic fracture propagation with 3-D
leak-off. Transp. Porous Media 80, 499-518.

Matthdi S.K., Geiger, S., Roberts, S.G., 2001. The Complex Systems Platform CSP3.0:
Users Guide, Technical report, ETH Ziirich Research Reports.

Mohammadnejad, T., Khoei, A.R., 2013. Hydro-mechanical modelling of cohesive
crack propagation in multiphase porous media using the extended finite ele-
ment method. Int. J. Numer. Anal. Methods Geomech. 37, 1247-1279.

Nejati, M., Paluszny, A., Zimmerman, R.W., 2015a. On the use of quarter-point tetra-
hedral finite elements in linear elastic fracture mechanics. Eng. Fract. Mech. 144,
194-221.

Nejati, M., Paluszny, A., Zimmerman, RW., 2015b. A disk-shaped domain integral
method for the computation of stress intensity factors using tetrahedral meshes.
Int. ]. Solids Struct. 69-70, 230-251.

Norbeck, J.H., McClure, M.W., Lo, WJ., Horne, RN, 2015. An embedded fracture
modeling framework for simulation of hydraulic fracturing and shear stimula-
tion. Comput. Geosci. doi:10.1007/s10596-015-9543-2.

Nordgren, R.P., 1972. Propagation of a vertical hydraulic fracture. SPE ]. 12 (8),
306-314.

Paluszny, A., Zimmerman, R.W., 2011. Numerical simulation of multiple 3D fracture
propagation using arbitrary meshes. Comput. Methods Appl. Mech. Eng. 200,
953-966.

Paluszny, A., Zimmerman, RW., 2013. Numerical fracture growth modeling using
smooth surface geometric deformation. Eng. Fract. Mech. 108, 19-36.

Peirce, A.P,, Siebrits, E., 2001. Uniform asymptotic approximations for accurate mod-
eling of cracks in layered elastic media. Int. J. Fract. 110, 205-239.

Perkins, T.K., Kern, L.R., 1961. Widths of hydraulic fractures. J. Pet. Technol. 13 (9),
937-949.

Rethore, J., de Borst, R., Abellan, M.A., 2008. A two-scale model for fluid flow in an
unsaturated porous medium with cohesive cracks. Comput. Mech. 42, 227-238.

Savitski, A., Detournay, E., 2002. Propagation of a penny-shaped fluid-driven frac-
ture in an impermeable rock: asymptotic solutions. Int. J. Solids Struct. 39 (26),
6311-6337.

Salimzadeh, S., Khalili, N., 2015a. A three-phase XFEM model for hydraulic fracturing
with cohesive crack propagation. Comput. Geotech. 69, 82-92.

Salimzadeh, S., Khalili, N., 2015b. A fully coupled XFEM model for flow and defor-
mation in fractured porous media with explicit fracture flow. Int. ]. Geomech.
16, 04015091.

Schéllmann, M., Richard, H.A., Kullmer, G., Fulland, M., 2002. A new criterion for the
prediction of crack development in multiaxially loaded structures. Int. ]. Fract.
117, 129-141.

Simpson, R., Trevelyan, J., 2011. A partition of unity enriched dual boundary ele-
ment method for accurate computations in fracture mechanics. Comput. Meth-
ods Appl. Mech. Eng. 200, 1-10.

Spence, DA., Sharp, P, 1985. Self-similar solutions for elastohydrodynamic cavity
flow. Proc. R. Soc. Lond. A 400, 289-313.

Stiiben, K., 2001. A review of algebraic multigrid. J. Comput. Appl. Math. 128,
281-309.

Witherspoon, PA., Wang, ].S.Y., Iwai, K., Gale, J.E., 1980. Validity of cubic law for
fluid flow in a deformable rock fracture. Water Resour. Res. 16, 1016-1024.
Yau, J.F, Wang, S.S., Corten, H.T., 1980. A mixed-mode crack analysis of isotropic
solids using conservation laws of elasticity. ASME J. Appl. Mech. 47, 335-341.
Zhou, L., Hou, Z., Gou, Y., Hou, Z., Were, P, 2015. Numerical modeling and investi-
gation of fracture propagation with arbitrary orientation through fluid injection
in tight gas reservoirs with combined XFEM and FVM. Env. Earth Sci. 73, 5801.

Zimmerman, R.W., 2000. Coupling in poroelasticity and thermoelasticity. Int. ]. Rock
Mech. Min. Sci. 37, 79-87.

Zimmerman, R.W., Bodvarsson, G.S., 1996. Hydraulic conductivity of rock fractures.
Transp. Porous Media 23, 1-30.


http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0001
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0001
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0001
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0001
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0001
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0002
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0002
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0002
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0003
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0003
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0004
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0004
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0004
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0004
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0004
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0004
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0005
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0005
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0006
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0006
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0006
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0006
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0006
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0007
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0007
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0007
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0007
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0009
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0009
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0009
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0010
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0010
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0011
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0011
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0012
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0012
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0012
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0012
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0013
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0013
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0014
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0014
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0015
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0015
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0015
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0016
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0017
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0017
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0017
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0018
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0018
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0018
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0018
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0019
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0019
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0019
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0019
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0020
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0020
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0020
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0021
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0021
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0021
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0021
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0021
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0022
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0022
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0022
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0022
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0024
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0024
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0024
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0024
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0024
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0025
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0025
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0027
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0027
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0027
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0027
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0027
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0027
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0028
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0028
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0028
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0029
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0029
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0029
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0030
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0030
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0030
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0030
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0031
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0031
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0031
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0031
http://dx.doi.org/10.1007/s10596-015-9543-2
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0033
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0033
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0034
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0034
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0034
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0035
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0035
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0035
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0036
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0036
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0036
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0037
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0037
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0037
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0038
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0038
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0038
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0038
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0039
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0039
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0039
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0040
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0040
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0040
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0041
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0041
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0041
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0042
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0042
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0042
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0042
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0042
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0043
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0043
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0043
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0044
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0044
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0044
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0045
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0045
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0046
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0046
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0046
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0046
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0046
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0047
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0047
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0047
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0047
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0048
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0048
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0048
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0048
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0048
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0048
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0049
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0049
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0050
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0050
http://refhub.elsevier.com/S0020-7683(16)30375-4/sbref0050

	Three-dimensional poroelastic effects during hydraulic fracturing in permeable rocks
	1 Introduction
	2 Computational model
	2.1 Mechanical deformation model
	2.2 Fracture flow model
	2.3 Matrix flow model
	2.4 Finite element approximation
	2.5 Stress intensity factors and growth model

	3 Simulation results: penny-shaped hydraulic fracture
	3.1 Viscosity-dominated regime
	3.2 Toughness-dominated regime

	4 Conclusions
	 Acknowledgments
	 References


