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RESONANT INERTER BASED ABSORBERSFOR A SELECTED
GLOBAL MODE

S. Krenk

Department of Mechanical Engineering,
Technical University of Denmark, DK-2800 Lyngby, Denmark

sk@mek.dtu.dk

ABSTRACT. The paper presents calibration anticency analyses for two fierent configurations

of a resonant vibration absorber consisting of a spring, rapéa and an inerter element. In the two
configurations the damper is either in parallel with thergpior with the inerter element. A calibration
procedure is described for the idealized single structmads system, starting from the desired level of
dynamic amplification, and leading to explicit formulae fioe device parameters. The procedure is then
extended to a flexible structure by accounting for flexipitind inertia &ects from the non-resonant
modes. The calibration procedure is given a unified formattie two absorber types, and the high
efficiency — evaluated as the ability to reproduce the selegtedrdic amplification level of the resonant
mode — is demonstrated.

KEYWORDS: Resonant damping, inerter absorber, absorber calibratmmresonant modes.

1 INTRODUCTION

Damping of resonant vibrations of structures is one of thesit problems of structural dynamics.
A particular class is vibration absorber devices using auded resonance in the device. The classic
case is the tuned mass absorber, in which a mass is suspgndgqehlallel spring-damper. The classic
method of calibration consists in adjusting the device ipaters to obtain desirable properties of the
dynamic response curve, [1]. It has been demonstratedhibse @attractive properties can be formulated
quite simply in terms of the root locus curve generated byctigacteristic equation, [2]. An advantage
of this approach is that it is easily extended to other raesbabsorbers. Recently, an alternative to the
absolute motion of a mass has been introduced in the formeo$dicalled inerter, imposing a pair of
inertial forces via the relative motion of two points of firé) [3, 4], and applications to damping of
vibrations of structures have emerged, [5, 6].

While mechanical as well as electromechanical dampingcdevare easily incorporated into finite
element models to enable analysis of the response of theathstpucture, there is a need for a design
procedure that, based on the essential properties ofsteuahd absorber device, leads to direct formulae
for the optimal device parameters. A direct and simple ptace can be developed from the relations
obtained in [2]. As it turns out the level of dynamic amplifica, contained in the dynamic amplifi-
cation factorDAF, directly determines the damping ratio of the device, and then a simple matter
to determine the necessaryfstess and inertia parameters. This procedure was descrituetail for
the tuned mass absorber in [7], where it was also extendattliadie the flexibility associated with the
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non-resonant background modes. The deformation repesbéytthese modes leads to an increase in
the optimal device parameters. This theory was extende®],id¢monstrating the complete equivalence
between the tuned mass absorber and an inerter based devitgch the inerter is coupled in series
with a parallel spring-damper. At the same time a more gémepaesentation of thefiect of the non-
resonant modes was developed, consisting of an inertiaiteaadition to the more classic background
flexibility term.

The present paper gives a brief presentation of an extemsithme results from [7, 8] to dierent
resonant inerter based absorber devices and a more diragitiba of the modification of the device
parameters arising from the background flexibility and tiaeeffects. Additional details and examples
can be found in [9].

2 STRUCTURE WITH RESONANT AND BACKGROUND MODES

The structure is described by itsfitiess, mass and viscous damping matrie andC, respec-
tively. The motion of the structure is described by the dispment vectou, satisfying the equation of
motion

Ml + Cu + Ku + fg = fg, Q)

wherefe is the external load, andfy is the load exerted on the structure by the device. The edidor
of the device depends on the frequency response aroundrargsofrequency and is carried out via a
modal analysis.

The calibration of the device is based on a modal analysifetihdamped structure in which the
response and forces are assumed implicitly to contain e ¥ariation factor expgt), whereby

[K-w?M]u = f, 2
The eigenfrequencies; and the corresponding mode shape vectgrare determined from the corre-
sponding homogeneous equation

[K-wiM]u; =0, j=1---.n ©)
wherenis the number of degrees-of-freedom of the structural syst®hen introducing a representation
of the response in terms of the mode shape vectarsthe solution to (2) is found in the form

n w? uu!
_ j 17
u= [‘lejz_wz u'JI'KuJ]f (4)
J=

This formula contains terms and a central part of the calibration procedure is éoausimplified ap-
proximate form that permits analytical solution of the esponding characteristic equation.

The calibration procedure considers a load corresponditigetforces from the device acting on the
structure. The device connects two degrees of freedom dfttheture and the corresponding displace-
ment and force can therefore be expressed in terms of areirdegy of the formw = [0,0,-1,---,1,0]
by the relations

u:WTU, f:Wf (5)
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Figure 1: Structure with resonant inerter device.

When using these relations in (4), the local response oeldtikes the form

n w?
u=1[2,
wj?—

1
— | f. (6)
i=1 M]

w2
where Jk; is the modal flexibility

1 ONTUDZ
M - UTKUj.

()

corresponding to the mode shape vea:tgl(wTuj), normalized to unity at the device.

In the calibration of the device for damping of vibrationswand a selected resonant modal frequency
wr it is desirable to represent the structural response arthendesonant frequency as the sum of the
resonant response of modeplus a suitable simplified representation of the resporm® the non-
resonant modeg, # r. As demonstrated in [8] a convenient and rather accurateseptation of the
response around the resonance frequency can be obtairfedforin

w? 1 1 11
U=[2——+—,———2]f.
wi-w?k K Mo
The background dtiness and mass parametkrandny are determined to give the correct full response
and the correct frequency derivative@at wy.
It was demonstrated that theffitiess and mass parametkrandm can be calculated from a modal

analysis based on only the properties of the resonant moBest a mass matri¥, is introduced, in
which the contribution corresponding the the mass of thermast mode has been removed,

(8)

Mu)(ul M
M, =M — (;)# 9)
ur Mu;
This mass matrix is used to define a ‘frequency shiftedfraiss matrix
Ky = K — w?My, (10)
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in which the resonant mode is left ufected by the frequency shift. The background flexibility and
inertia parameters are then determined explicitly in teofrthe system matrices as

1 1 1
= = WKIKKwW - =, .

ki Ky wfmy
It follows from the detailed derivation in [8] that both thadkground flexibility and inertia cdiécients
are positive.

= wKAK K w - wiK - w, (11)

3 FREQUENCY RESPONSE OF STRUCTURE WITH DEVICE
The device frequency properties are given by a relation éetvthe displacemeny over the device
and the corresponding fordg = —f,
Ug = Hg(w) fa (12)

whereH}(w) is the frequency response function of the device. Wherndiof this contribution in the
response equation (8) the resulting frequency resporstorekakes the form

W 1 1 11
uz[w?_wZE-FE_RE-FHd(w)]f. (13)

structure with background terms absorber

In this relation the first term represents the resonant respof mode, the following two terms represent
the approximate response of the non-resonant backgrouddsnand the last term the displacement over
the device, characterized by the response fundtigfw) in terms of the sfiness, mass and damping
parameterg;, N, andc;.
The calibration procedure developed in the following cstssin finding the optimal — or near optimal
— location of the complex roots of the response relation.(T8)s is attained in two steps. The first step
identifies the optimal device parameté&gsmy andcy of the corresponding single-mode system
w? 1
u=| Aokt Ha(w) |1, (14)
N
modal response

equ-i;//z;Ient

absorber

in which the equivalent device response functldg(w) is of the same form as the original device re-
sponse functiomy(w). The device parameteky, my andcy that are optimal for (14) solve the single-
mode problem, often used in calibration of resonant devacestructures.

The solution for the device parametéd(s m, andc} accounting for the non-resonant background
modes are then obtained by consideriigw) as an equivalent representation of the original system,
corresponding to including the backgrounfiieets into the equivalent device by changing the device
parameters. This defines the equivalence relation

1 11

Hd((l)) = E - W J + H(,j(‘“)’ (15)
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that in turn enables identification of the background modifarameterg;, vy, andc; from the classic
single-mode parametekg, mq andcg.

4 TWO THREE-COMPONENT RESONANT VIBRATION ABSORBERS

Two resonant inerter based vibration absorbers are showigir2. They both consist of a spring , a
damper and a mass element consisting of an inerter with anadept mass, giving the force in terms of
the acceleration of the extension of the element. The destiffaessky and massny are characterized
by the stifness ratio and the mass ratio,

ka my
K K’ u m (16)
wherek, andm, are the modal dfiness and modal mass of the resonant mode of the structuneedlefi
by (7) andm, = k;/w?, respectively. The device damping is described by the dagnaitio

Cd
dd = . @a7)
2 vkg mg
The single-mode design problem consists in finding optinaélaes of these parameters.
(a) (b)
ka Mg
fg My fq fq kd fg
- — - —
— — — —
u u u u
X Ud K *x Ud K

Figure 2: Resonant absorbers. a) parallel spring-dampearhllel inerter-damper.

The design is based on a root locus analysis, in which the envibration frequencies of the two
vibration modes are defined to have identical damping ré&tw.the device with parallel spring-damper
in Fig. 2a the characteristic equation of the problem foidwom the frequency response relation (14) in
the form

ot - @ +,u)w§ + w?]w? + curza)ﬁ + 2ilgwwg[(1+ p)w? - w?] = 0. (18)
wherewy = Vkg/my is the device frequency. In the procedure, described inldetg, 7], the device
frequencywyq is determined by balancing the dbeients of the linear and cubic terms, using a reference
frequency determined by the constant term. This determhme&equency tuning in terms of the mass
ratiou and secures equal damping ratio of the two complex freqasrafithe 2-DOF system. Al = 0
the system is undamped, while increasing damping leadsitaradtion point in the root-locus diagram.
The optimal frequency is a balance between too low dampidgttaa reduction occurring for a double
root at the bifurcation point. This determines the devicmpiag ratio/y as function of the mass ratio

5
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Figure 3: Dynamic amplification of parallel spring-damper & = 0.05. a) structure motion, and
b) relative parallel device element motiap. Damping parameter: -Liassic — opt: = * - bif -

A simple design procedure consists in reversing the orddreoformulae relative to the derivation.
The response of single-mode structure and the corresppneponse, over the parallel elements in the
device are illustrated in Fig. 3 for a mass ratiquot 0.05. The design procedure leads to equal damping
{mode Of the two modes, in which the device splits the original ungad single mode. Furthermore,
the modal damping ratio is quite accurately representediy. ~ %{d. The amplification levels are
indicated in the figure in terms of this modal damping ratigqe It is observed that the near-level
plateau of the dynamic amplification — given by the Dynamicpifitation FactorDAF — is described
by DAF ~ 2/mode In real structures there will be some structural dampirege hrepresented by the
damping ratid’syue It has been found in numerical examples that tiiective damping ratio describing
the amplification similat to those in Fig. 3 can be approxiedaby the sum of the contribution from the
resonant device and the structural damping in the form

{mode = :‘glgd + struc- (19)

The design procedure then consists of the following simf@pss shown in the left column of Table 1.
First the modal damping ratiéoge is determined from the dynamic amplification selected faigle
The modal damping ration is then used to calculate the deloging ratio by (19). The device damping
ratio determines the mass ratio, and the mass ratio in tuemrdaes the sfiness ratio. In total that gives
the physical device parameters given in the last row of thieta

The design of the device with parallel inerter-damper in Rlgis carried out in a similar manner.
The characteristic equation following from (14) now takes torm

ot - [wﬁ + (1+ Kw?]w? + wrzwﬁ + 2ilgwwglw?® — (1 + K)w?] = 0. (20)

It is seen that this equation appears rather similar to (@8jhe other device, and that the role of the
mass ratiqu here is taken over by the fitiess ratioc. The derivation of the design formulae are the
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Table 1: Single-mode design procedure.

Parallel stitness-damper Parallel inerter-damper

. 1
Modal damping: Zmode = DAE
Device damping: Zd = 2(mode — {strud)
L X %
. . 1-243 1-23
Masgstiffness ratio:
H p= —X

T @2 (1+ )2

Device parameters: Mg = umy, kg = kky, cq = 204 Vmgky

same, and the result — organized in design format — is shouwheinight column of Table 1. It is seen
that the procedure is quite similar when interchanging tiesrofk andu. In practical design the values
of x andu are not too dferent, but while the parallel spring-damper device tunesvice frequency
below the structural frequency, the parallel inerter-dangevice tunes the device frequency above the
structural frequency.

5 CORRECTION FOR BACKGROUND MODES

In the calculation of the parameted§ nv, andc; the efect of the background flexibility and inertia
is described by the non-dimensional flagents

, Kk , m
= — = —. 21
Kp = My (21)

By the definition of the background parameters in terms df tleeiprocals the absence of thegkeets
corresponds te; = 0 andy; = O, respectively.

The device parameters corrected for tifiet of the non-resonant background modes are obtained
from the equivalence relation (15) by expressing the dexésponse functiotd)(w) in terms of the
parameterg), nv, andc), and the equivalent device response functityfw) in terms of the single-mode
parameter&y, my andcy, determined as described in Table 1. Each device has a sataifgh elements
as well as a series element. The parameter of the series releare be found directly, whereas the
two parameters of the parallel elements require an appeiiom- essentially consisting in omitting the
magnitude of the damping force relative to the direct deticee, [8]. The procedure is described in
detail in [9]. The results are collected in Table 2. It is séeat all device parameters are increased

7
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Table 2: Correction for background modes.

Parallel stitness-damper Parallel inerter-damper

ke m
Background parameters: Kt = =, Uy = —
kT omy
Device stithess: k| = ka
1-«k«
Device mass: m, = md,
1-prp
: : Cd Cd
Device damping: ¢ = = —
d (L-«r K)2 d (- /1)2

by the correction for the background modes. The devidine8s and mass are adjusted in the same
way for both absorber types via the background paramefessd i, respectively. The correction of
the damper parametef is larger, and for the parallel finess-damper device it is adjusted via the
background sfiness cofficient«;, while the damping of the parallel inerter-damper devicadpisted

via the background inertia cigient ;.

6 EXAMPLE

The dfect of the correction for background modes is illustrateadtysidering the first three modes
of the simple shear frame shown in Fig. 1. Further examplaseaound in [8, 9]. The shear building
has 10 storeys and the absorber device is connected to thiedyamd the first floor. The results of the
calibration with respect to any one of the first three modes 1, 2,3 are given in Table 3 for three
different calibration procedures. The first three rows in théetadfer to the single-mode calibration
described in Table 1. The next block of three rows refers ¢osthrcalled quasi-static correction, which
is based on a stness correction corresponding to settingequal tow? in the background term in (8).
The final block of three rows gives the results for the full sjtdynamic correction procedure including
both a background fthess and an inertia term. The type of calibration is cleanftbe parameters
k; andy; in the table. In the single-mode procedure they are both, zerthe quasi-static procedure
a background dfiness parametey; is included, and in the quasi-dynamic procedure both backgt
codficients contribute.

The first block of three rows shows the classic single-modibregion corresponding to Table 1. The
equivalent device damping ratig = 1/DAF = 0.10 for all the three modes, and from this follows the
mass ratian;/m, = 0.0204, common to all three modes. For an ideal single-modetste this results
ini1=0= %{d = 0.05. However, as the table shows thEeet of the non-resonant background modes
leads to considerable unbalance in the modal damping yainosthereby to considerable deviation from
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Table 3: Absorber in shear frame structure WitAF = 10.

/ ’ rrfd w(’j /4
r —_— —_—
Ky Hr m o gy {12

1 0.0204 0.9800 0.1000 0.0587 0.0301
2 0.0204 0.9800 0.1000 0.0575 0.0304
3 0.0204 0.9800 0.1000 0.0546 0.0310
1 4.2795 0.0204 1.0239 0.1140 0.0500 0.0501
2 45235 0.0204 1.0266 0.1149 0.0474 0.0519
3 5.0587 0.0204 1.0325 0.1170 0.0416 0.0553
1 4.6877 0.2130 0.0204 1.0261 0.1153 0.0495 0.0516
2 57240 1.4584 0.0210 1.0245 0.1177 0.0495 0.0518
3 7.9976 4.1908 0.0223 1.0206 0.1235 0.0494 0.0524

the level plateau marking the dynamic amplification arourgbnance as illustrated for mode- 2 in
Fig. 4, showing the computed response amplification for aeniblbad distribution.

The results from the quasi-static calibration are showrheyrext three-row block. The assumption
of this calibration corresponds to the first mode, and the®idirmed by excellent balance of the modal
damping ratiog; ~ ¢ =~ 0.05 for this mode. For mode 2 and mode 3 an unbalance appeadrs, bu
considerably smaller than in the case of single-mode @didm. Finally, the quasi-dynamic calibration

(a) 16 X (b) 30
1
\
)
12 ;!
s s 20
%~ S
=~ =
s =
=1 10
0 0
0.7 08 09 1 1.1 1.2 1.3 0.7 0.8 0.9 1 1.1 1.2 13
w/wy w/w?

Figure 4: Dynamic amplification with parallel spring-dampar DAF = 10. a) structure motion, and
b) parallel element device motiany. Single-mode (- -), quasi-static correction ¢) and quasi-dynamic
correction (—).
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procedure with both background dbeients is illustrated in the last three rows. It is seen that t
results for the first mode exhibit a slightly larger unbakatitan for the quasi-static correction, which is
specifically directed towards the first mode. However, thesgdynamic correction retains the balance
of the modal damping ratiag and/». The good quality of the calibration when including tHeeet of
the background modes is illustrated in Fig. 4.

7 CONCLUSIONS

An overview has been given of a calibration method for a rasbimerter based absorber device
targeting a selected mode of a flexible structure, and twdendased devices are described in detail.
The procedure consists of two steps. In the first step thedetifness, damping and inertia parameters
are determined from a selected level of dynamic amplificefoo the idealized case of a device acting via
a single mode representation of the structure. In the sesmpdthe preliminary device parameters are
modified by simple explicit formulae to account for the n@sanant background modes of the structure,
represented by a two-term approximate representationeofitiditional response from these modes.
The whole procedure is explicit in terms of ¢bheients obtained from the fitness and mass matrix
of the structure plus the frequency and mode-shape of tigeted resonant mode. The calibration
procedure appears to be quite accurate — both with respegpitoducing the selected level of dynamic
amplification, as well as providing a fairly uniform level dfnamic amplification about the resonance
frequency.
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