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Bifurcations of a creeping air-water flow in a conical container
Adnan Balci', Morten Brgns® Miguel A. Herrada? and Vladimir N. Shtern®
DTU Compute, Technical University of Denmark 2800 Kgs. Lyngby, Denmark
?E.S.1, Universidad de Sevilla, Camino de los Descubrimientos s/n 41092, Spain
3Shtern Research and Consulting, Houston, Texas 77096, USA

This numerical study describes the eddy emergence and transformations in a slow steady
axisymmetric air-water flow, driven by a rotating top disk in a vertical conical container. As
water height H,, and cone half-angle B vary, numerous flow metamorphoses occur. They are
investigated for = 30°, 45° and 60°. For small Hy, the air flow is multi-cellular with clockwise
meridional circulation near the disk. The air flow becomes one-cellular as H,, exceeds a
threshold depending on . For all B, the water flow has an unbounded number of eddies whose
size and strength diminish as the cone apex is approached. As the water level becomes close to
the disk, the outmost water eddy with clockwise meridional circulation expands, reaches the
interface, and induces a thin layer with anticlockwise circulation in the air. Then this layer
expands and occupies the entire air domain. The physical reasons for the flow transformations
are provided. The results are of fundamental interest and can be relevant for aerial bioreactors.

PACS numbers: 47.32.C—, 47.15—x, 47.55. —t

1 Introduction

The emergence of a local circulation region in a swirling flow, often referred to as vortex
breakdown (VB), plays an important role in nature (tornadoes) and technology (delta-wing
aircraft, combustion and vortex reactors) [1]. It was recently revealed that VB occurs even in a
creeping flow [2, 3] that can be important for bioreactors.

Bioreactors are a rapidly developing technology. They employ an air-water flow for the
efficient growth of tissue culture. A rotating disk [4] or a propeller [5], located in the air region,
induces a swirling motion. The swirling air converges toward the reactor axis near the interface
and drives the meridional circulation and rotation of water. The air meridional circulation
delivers oxygen to the interface required for the tissue culture growth. The water circulation

enhances mixing of the dissolved oxygen with other ingredients. The tissue growth is a time-
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consuming process requiring a slow motion of ingredients and small shear stresses. The air
driving satisfies these requirements.

Commercial bioreactors are cylindrical. The pattern of an air-water flow depends there on
the water height H,, [2]. For small Hy, in a cylindrical container with a rotating top disk, the air
meridional circulation is clockwise and the water meridional circulation is anticlockwise. As Hy,
increases, clockwise circulation emerges near the bottom center. This transformation occurs via
the swirl decay mechanism similar to that which causes the VB development in a high-speed
swirling flow [6].

In a swirling flow, the centrifugal force typically induces a radial gradient of pressure p:
aplor = pv¥ir, where v is the swirl velocity, r is the distance from the axis, and p is the fluid
density. As a swirling flow meets a normal wall where v = 0, the centrifugal force has a second-
order zero, and op/or, being unbalanced by the centrifugal force, induces a secondary flow which
converges to the rotation axis near the wall and goes away from the wall near the axis [7]. This
mechanism, explaining the emergence of the water clockwise circulation near the bottom of
cylindrical and truncated conical containers [2, 3], does not work near the apex of a conical
container. One goal of this paper is to investigate what mechanism works in a cone.

Studies of a flow in a cone have long history. Ackerberg [8] analyzed a sink flow in a cone.
Conical sidewalls are beneficial for vortex devices. Examples are hydrocyclones [9, 10] and
vortex tubes [11] which have large length-to-radius ratios. Swirl decays downstream due to the
wall friction. The conical geometry partially compensates the decay and thus helps sustain the
centrifugal force to be sufficiently strong as required for particle and thermal separations. The
effect is achieved due to decreasing radial extent in a conical part of device and the angular
momentum, rv, which is nearly conserved in a fast flow.

The conical geometry also can be beneficial for aerial bioreactors where the flow is typically
slow. The swirl rapidly decays from the top toward the bottom of an aerial bioreactor due to
friction at its walls and viscous dissipation dominates in a slow motion. The conical geometry
can reduce the swirl decay. This potentially beneficial effect is a practical motivation for our
study.

The important difference is that the bottom is planar in a cylindrical container, while a non-
truncated conical container has a sharp tip. Even a slow (“creeping”’) motion has an unbounded

set of eddies near the tip. Such sets were first discovered in a creeping flow between two



inclined walls [12] and then in a cone, where axisymmetric [13-15] and three-dimensional [16-
17] eddies were found.

Wakiya [13] revealed that the eddies exists in a cone whose half-angle B (i.e., the angle
between the axis and the sidewall) is less than 80.9°. This feature of conical flows is important
for our study, where B = 30°, 45° and 60°. It makes the bifurcation scenario very different from
that in the cylindrical container [2] and in a truncated cone [3]. In particular, the difference is in
the VB occurrence and particularly in the development of a local counter-circulation in water.

As Hy, increases in the cylindrical device, VB first emerges in the water flow near the axis-
bottom intersection and then in the air flow. In contrast, no VB in the water flow occurs in the
conical container. There is no necessity for the counter-circulation to emerge because many such
eddies exist in the water at any H,,. Instead of the VB emergence, the closest-to-interface eddy,
having clockwise circulation, expands upward as H,, increases.

The VB emergence in the air flow is similar for both cylindrical and conical containers: as
the water VB cell reaches the interface, it reverses the adjacent air flow and develops a thin layer
of the anticlockwise circulation of the air.

The bifurcation variety is enriched due to interactions of the VB cells with the air and water
eddies located near the interface-sidewall intersection [18]. The bifurcation scenario, found for
the creeping flow, remains unchanged as the Reynolds number Re increases up to a few
thousands. The cell multiplicity is beneficial for bioreactors because eddies enhance the
ingredient mixing thus making the process of culture growth more uniform. It is important that
the shear stresses do not harm the tissue because the flow is slow.

The exploration of topological transformations and VB development in two-fluid flows was
initiated by the pioneer paper of Brady et al. [19]. This paper contributes to a new field which
can be referred to as “Bifurcating multi-fluid flows” which in turn can be viewed as a part of the
topological fluid mechanics whose origin can be traced back to the paper by Arnold [20]. The
foundations of topological fluid dynamics are discussed in the book written by Arnold & Khesin
[21] and in the proceedings of two IUTAM Symposia [22, 23]. Our paper is a contribution to the
part “Bifurcating creeping multi-fluid flows” of this research field.

In the rest of this paper, we formulate the problem in Sect. 2, describe our numerical

technique in Sect. 3, investigate the bifurcation scenario in the cone with B = 30° (Sect. 4), 45°



(Sect. 5) and 60° (Sect. 6), explore the effect of finite Re (Sect. 7) and summarize the results in
Sect. 8.

2 Problem formulation
2.1 Flow geometry

Figure 1 is a schematic of the problem. The lower part, 0 < z < hy,, of the conical container is
filled with water, the upper part, hy, < z < h, is filled with air; h is the cone height, which serves
as a length scale; B is the angle between the axis and the sidewall; g is the gravitational
acceleration. The interface is depicted by the thin horizontal line, z = h,,. The top disk of radius
R = htanf is located at z = h and rotates with angular velocity . The dimensionless control
parameters are B, the relative water height H,, = hy/h, and the Reynolds number, Re = oh?/vy,
which characterizes the rotation strength; v, is the kinematic viscosity of water. The motion is

creeping if Re << 1.

FIG. 1. Schematic of the problem.

Our goal is to study the flow transformations as H,, varies and to find H,, = Hya, at which

vortex breakdown (VB) in the air flow develops, depending on f.



2.2 Governing equations

Using h, wh, and pww?®h? as scales for length, velocity, and pressure, respectively, renders all
variables dimensionless. We consider steady axisymmetric flows of air and water both governed

by the Navier-Stokes equations for a viscous incompressible fluid,

ro(ru)/or + owloz = 0, 1)
udu/ar + wauldz = v3Ir —pndplor +vaRe (VAU — u/r?), (2)
uov/Iar + wovldz + uvir = vaRe Y (Vv —vir?), (3)
uow/or + wow/oz = —pdploz+vaRe H(V2w), (4)

where V2 = rla(rolor)lor+6%162%, (u, v, w) are the velocity components in cylindrical coordinates
(r, ¢, 2), and p is pressure reduced by the hydrostatic contribution. The coefficients, p, and vy,
both equal tol for n = 1 (in water) while p, = pw/pa and v, = valvy for n = 2 (in air); vy, = 10°°
m?/s and v, = 15x10°° m?/s are the kinematic viscosities; py = 1000 kg/m* and p, = 1.22 kg/m®
are the densities; subscripts “a” and “w” are abbreviations for “air” and “water”. This air density

value corresponds to atmospheric pressure and room temperature.

2.3 Boundary conditions
Equations (1)-(4) are solved under the following boundary conditions:
(1) Regularity at the axis,0<z<1,r=0: u=v =0, ow/or =0,
(i) No-slip at the sidewall: u=v=w=0at0 <z <1, r = ztan,
(iii) No-slip, u=w =0, v = r at the rotating disk, 0 <r <tanf, z=1.
(iii) Continuity of all the velocity and stress components at the air-water interface, z = F(r).

In particular, the balance for the normal stresses yields that
Pu—Pa = We ' V-n—Re *n-(tw—p1ta) N—Fr (1—-pa/pw)z+C (5)

where We = pyw?h®/c is the Weber number, characterizing the effect of surface tension o at the
interface; Fr = wh/g is the Froude number, g = 9.81 m?/s being the gravitational acceleration
magnitude (Fig. 1); n is the unit vector normal to the interface; t, and t, are tensors of the

viscous stresses in water and air, respectively; p, is the air-to-water ratio of the dynamic



viscosities; C is a constant which is determined by imposing the mass conservation of the liquid

inside the container as the interface is deformed,

6" [F(N-F(@]rdr+F(a)a’ = Huru” (6)

where ry, = Hytanp and a is the radial coordinate where the interface meets the sidewall, and a

root of the equation a = F(a)tanp.
2.4 Reduced problem

As Re — 0, the motion becomes very slow and the interface deformation becomes negligible,
F(r) = Hy. The nonlinear terms become negligibly small compared with the linear terms in

equation (3), which reduces to

Vv —v/r? = 0. (7)

This equation has a nonzero solution due to the boundary condition at the disk: v=ratz=1. At
all other walls, the swirl velocity is zero, v = 0. At the interface, v and the swirl shear stresses
are continuous: vy, = V, and ov,/0z = u,0v,/0z at z = Hy,. Thus the problem for the swirl velocity
becomes separated from the problem for the meridional motion in the limiting case as Re — 0,
similar to that in the one-fluid problem studied by Hills [24]. We first solve this linear problem
for swirl.

Next, we address the problem for the meridional motion. Since the boundary conditions are
uniform, the meridional motion is only driven by the centrifugal force corresponding to term v/r
in equation (2). This term must be preserved, while the other nonlinear terms can be omitted in
the limiting case as Re — 0. Then introducing u* = u/Re and w* = w/Re reduces equations (1),
(2),and (4) to

rto(ru*)/or + ow*/oz = 0, (8)
pndplor — VAIr = vo(V2U* — u*/r?), )
Pndploz = viVW*, (10)

The velocity and shear-stress components are continuous across the undisturbed interface, z =
Hw, where the normal-to-interface velocity, w*, is zero. It is interesting that the entire problem

formally is nonlinear despite the motion is creeping, but can be divided into the two linear

6



problems: one for the swirl velocity (7) and the other for the meridional motion (8)-(10). After
solving problem (7), the “source” term, v2/r in equation (9), is prescribed, so the problem for the
meridional motion also is linear. This feature is also similar to that in the one-fluid flow studied
by Hills [14].

3 Numerical procedures
3.1 Transformation of equations

The numerical technique is similar to that used in Refs. [2], [3] and [25]. We reiterate here
the main features for convenience of the reader. For the Re ranges addressed in this work, the
interface deformation is negligibly small and z = z; = H,, is a good approximation for the
interface. The number of variables involved in the problem is reduced by introducing a stream-
function-vorticity-angular-momentum form. System (1)-(4) is transformed into three equations
for the Stokes stream function ¥, u = —r'oW/éz, w = r'oW/ér, the azimuthal vorticity

component, y = ou/dz—ow/or, and circulation, I' = rv:

vAy-2riowlor = —ry, (11)
udy/or + woyloz—uylr = 2r=> Tl loz+vaRe (V2 — y/rd), (12)
udr/or + wolloz = vaRe (VAT —2r ol /or), (13)

These equations are solved applying the boundary conditions for ¥, n and I which follows
from those listed in §2.3 by substitution u = —r'@¥/éz and w = r*oW¥/ér. Contours ¥ =

constant, are used to depict patterns of the meridional motion.

3.2 Linear problem

In the limiting case as Re — 0, introducing x* = x/Re and ¥* = W/Re reduces equations (11)-
(13) to

VAP*_2r toW*/or = —ry*, (11a)
2r 3o oz+va(V2y* — x*Ir?) = 0, (12a)
VAT -2ror lor=0. (13a)



3.3 Discretization

A boundary-fitted coordinate system is used to calculate the problem. We use n=¢/B, ¢ =
atan(r/z), in order to have the unit interval 0 < <1 for any . Both the water and air regions are
mapped onto the fixed rectangular domains (a) 0 <N <1,0<&y<Hy, and (b)) 0<n<1,Hy<&
< 1-H,. To this end, we perform the coordinate transformations: (a) n = r/ (1-ztanp), & = z
and (b) n = r/ (1-ztanB), & = z. These domains are discretized by using a set of ngy and ng,
Chebychev spectral collocation points in the g direction. The n interval is discretized using a set

of n, Chebychev spectral collocation points.
3.4 Nonlinear problem

The Newton iterative procedure is used to solve the discretized non-linear problem derived
from (11)-(13) and their corresponding boundary conditions. Given an initial solution guess, a
new approximate solution is found by solving the system of 3(n:w+n:a)xn, linear algebraic
equations for W, n and I at the collocation points resulting from the Newton linearization. For a
prescribed geometrical configuration, the simulation is started with a small value of the Reynolds
number and the flow at rest. Once the approximate solution has converged, the converged

solution is used as a new guess for a new run with a higher Reynolds number.
3.5 Advantages of Chebyshev grid

In the reduced problem, the discretized problem consists of (i) system of (nzw+nza)xn, linear
algebraic equations for I and (ii) system of 2(nzw+nza)xn, linear algebraic equations for ‘¥* and
n* which are solved sequentially. All linear systems, in the full and reduced problems, are
solved directly applying the standard procedure of matrix inversion.

For the presented results, the simulations are done mostly with ngy, = 40, nz, = 30, and n, = 50
(standard grid). In order to verify the grid independence, some runs have been carried out at ngy
=50, ng = 40, and n, = 60 (fine grid).

Since the Chebyshev grid points concentrate near the interface from both sides, the approach
is adequate to resolve thin circulation layers, located near the interface, even using moderate

values of ngy and nz. The Chebyshev grid points concentrate near the walls as wellwhich helps



to better resolve the Moffatt and other corner eddies, even using a moderate value of n,. The
Chebyshev grid points also concentrate near the axis which helps resolve small vortex
breakdown bubbles emerging near the axis-bottom and axis-interface intersections as H,

increases.

4 Bifurcations at g = 30°

First, we explore the bifurcation scenario as the water height, Hy, increases in a conical
container with B = 30°. Fig. 2(a) depicts the pattern of the meridional motion at H,, = 0.1. The
rotating lid, located at z = 1, induces the centrifugal force which pushes air to the periphery near

the top and thus induces the clockwise circulation, indicated by the arrow in Fig. 2(a).
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FIG. 2. (color online) Patterns of the meridional motion for small H,, at § = 30°.



It is known that a single-fluid flow (e.g., with no water) has a cascade of eddies with
alternating circulation directions [13]. The dimensions and strengths of eddies tend to zero as the

cone tip is approached. Our numerical technique resolves only some of the cascade eddies.
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FIG. 3. (color online) Patterns of the meridional motion for large H,, at p = 30°. The effect of
swirl results in expansion on of cell Cw3and emergence of Ca3, as H,, increases.

Figure 2(a) shows two eddies in the air, Cal and Ca2, and two eddies in the water, Cw1 and
Cw2, at H,, = 0.1; since Cwl and Cw2 are very small in Fig. 2(a) they are indicated in Figure
2(b). ‘C’, ‘@’ and ‘w’ are abbreviations for ‘cell’, ‘air’ and ‘water’, respectively. Contours,
corresponding to the clockwise (anticlockwise) circulation are depicted hereafter by the light
(dark) curves which are blue online.

As H,, increases, region Ca2 shrinks and its upper boundary touches the interface at the axis
as Fig. 2(b) illustrates at H,, = 0.201. Next, Ca2 separates from the axis thus transforming from

a bubble-like into a ring-like shape. At the same value of H,, the clockwise air circulation in
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Cal induces a new cell, Cw3, in the water as Fig. 2(c) illustrates at H,, = 0.205. We denote this
change in the flow topology as the first bifurcation, b;.

As H,, further increases, region Cw3 expands downward, as Fig. 2(d) shows at H,, = 0.207
and merges with region Cwz2 as Fig. 2(e) reveals at H,, = 0.208. Region Cw1 becomes separated
from the axis thus transforming from a bubble-like (Fig. 2(d)) into a ring-like (Fig. 2(e)) shape.

We mark this change in the flow topology as b, and denote the merged region again as Cw2
in Fig. 2(e). For larger Hy, regions Ca2 and Cw1 shrink to the interface-sidewall intersection, as
Fig. 2(f) illustrates at H,, = 0.22.

Note that in addition to the cascade of eddies near the cone tip, a cascade of eddies also exists
near the interface-sidewall intersection [18]. Ca2 and Cw1l can be considered as the outmost
eddies of this additional cascade. However as H,, increase, Ca2 and Cw1 become so small that
our grid cannot resolve them in Fig. 3 in contrast to Fig. 2(f).

Figure 3(a) depicts the flow pattern at H,, = 0.33, where three eddies are observed in the
water: Cw2, Cw3, and Cw4; Cw4 is well seen in Fig. 3(b). They are driven by the meridional
circulation of air in Cal while the direct effect of the centrifugal force is comparatively small.
The solid curve in Fig. 4 depicts the dependence on H,, of the maximal swirl velocity at the
interface, vim, and reveals the strong decay of vi, as H,, decreases at § = 30°. This explains why

the direct effect of swirl on the water motion is negligible at H,, = 0.33.
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FIG. 4. The maximal swirl velocity at the interface versus the water height at § = 30°
(solid curve), 45° (dashed curve) and 60° (dots).
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The effect of swirl becomes significant as H,, increases. The centrifugal force pushes the
fluid to the periphery near the top of a cell and thus enhances (suppresses) the clockwise
(anticlockwise) circulation. Figures 3(a) and 3(b) illustrate this: region Cw3 (Cw2) expands
(shrinks) as H,, increases.

Cw3 mostly expands near the axis (because water moves up there) and reaches the interface
at H,, = 0.86 as Fig. 3(c) illustrates. For large H,,, Cw2 separates from the axis. The water flow
in Cw3 drives the adjacent air away from axis and thus generates cell Ca3. We mark this change
in the flow topology as bs. Regions Cal, Ca3, Cw2 and Cw3 meet at a saddle point S located at
the interface as shown in Fig. 3(d).

Ca3 is a very thin layer hardly visible in Fig. 3(d) at H,, = 0.87 and well observed in Fig. 3(e)
at Hy = 0.93. Its z-extent is maximal at the axis and diminishes to zero at S. As H,, increases,
Ca3 touches the lid and Cal becomes separated from the axis as Fig. 3(f) illustrates at H,, = 0.98.
We mark this change in the flow topology as bs.

Next, the saddle S reaches the sidewall at H,, around 0.98 and cell Cal becomes separated
from the interface. We mark this change in the flow topology as bs. Finally, Cal shrinks to the

lid-sidewall intersection as Hy, — 1.

5 Bifurcations at B = 45°

The bifurcation sequence at B = 45° is similar to that at B = 30°, but the topological changes
occur for B = 45° at smaller Hy, than for p = 30°. For example, the flow pattern shown in Fig.
5(a) is similar to that in Fig. 2(b) and the pattern shown in Fig. 5(b) is similar to that in Fig. 2(f).
The bifurcations b; and b, occurring in the Hy, range around 0.2 at B = 30°, also occur at B = 45°,
but in the H,, range around 0.075.

Figure 5(c) depicts the clockwise circulation in the water (region Cw3). As H,, increases,
Cw3 expands and touches the interface at H,, = 0.793 (compare with H, = 0.86 at which
bifurcation bz occurs for p = 30°). Figures 5(d) and 5(e) depict the flow patterns before and after
bifurcation bs. Similarly, bifurcations b, and bs occur at smaller H,, at p = 45° than those at g =
30°. Figure 5(f) depicts the flow pattern after b,.

The dashed curve in Fig. 4 illustrates that the swirl decays weaker for g = 45° than that for g

= 30° as the distance of the interface from the rotating disk increases. The dotted curve in in Fig.
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4 corresponds to B = 60°. This case, where the swirl decays weaker than that for B = 45°, is

discussed in more details below.
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FIG. 5. (color online) Flow patterns at g = 45°.

6 Bifurcations at p = 60°

In contrast to the cases where 3 = 30° and 45°, the air flow is one-cellular for = 60° even at
Hw = 0.02 as Fig. 6(a) illustrates. Another difference is that no eddy is observed near the
interface-sidewall intersection. This agrees with the theory [18] stating that if a flow is driven
from the air side and 3 > 56.55°, no Moffatt eddy occurs near the interface-sidewall intersection.
On the other hand according to the theory [18], there is a cascade of eddies in the water flow near

the cone tip at B = 60°. The numerical grid, we apply, can resolve none of these eddies at H, =
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0.02 in Fig. 6(a). However as H,, increases, some of the cascade eddies become visible as Fig.
6(c) and 6(d) clearly show. Figure 6(b) depicts a pattern close to the eddy Cwa3 resolution
boundary.
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FIG. 6. (color online) Development of counter-circulation in water, (a)-(b), and in air, (c)-(d), at
B =60°,

Figure 7 helps to clarify this issue by presenting the dependence on z of velocity w on the
axis in the water flow for a few values of H,,. The z-ranges where w > 0 (w < 0) correspond to
the clockwise (anticlockwise) circulation, e.g., as depicted in region Cw3 (Cw2) in Figure 6(c).
As H,, decrease, the w > 0 range shrinks and is not observed for H,, = 0.64 (interpolation predicts
that the w > 0 range disappears at H,, = 0.647).

Bifurcations bs, bs, and bs at B = 60° are similar to those at p = 30° and 45°, but occur at
smaller H,,. For example, the saddle S, shown at H,, = 0.8 in Fig. 6(d), separates from the axis at
Hw = 0.729 and reaches the sidewall at H,, = 0.942. Region Cal separates from the axis at H,, =
0.981.
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To explore in what range of the Reynolds number, Re, the flow topology remains the same as

that for the creeping flows, we below explore how the flow pattern changes as Re increases.
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FIG. 7. (color online) Profiles of velocity at the axis in water show the counter-circulation (w >
0) emergence as H,, increases at g = 60°.

7 The effect of intensifying disk rotation

Now we come back from the reduced equations (82.4) to the full equations (82.2 and §2.3)
and use the numerical techniques for the nonlinear problem (83). For Re > 0, the interface
becomes deformed. The deformation depends on the Froude number, Fr = ©’R/g = aRe?, and the
Weber number, We =p,©°R*/c = bRe?; a = v,,”/(gR®) and b = pyvw?/(Rc). We fix a and b while
increase Re. The bioreactor radius, R, is around 0.02 m [4]; this yields a = 1.25x107%, and b =
7x10"" at R = 0.02 m. For the range Re considered here, Fr, We, and interface deformation are
small.

To characterize the strength of air flow, we introduce the Reynolds number based on the air
viscosity, Re, = wh®/va = Relv,, because the rotating top disk directly (indirectly) drives the air
(water) flow; we take the air-to water kinematic viscosity ratio being v, = 15. From the top disk

down to the interface, the swirl velocity significantly drops. Therefore, to characterize the
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strength of water flow, we introduce the Reynolds number, Re,,, based on the maximal swirl
velocity at the interface, vim; Rew = vimRe.

We increase Re at the fixed values of B = 60° and H,, = 0.8. Our goal is to find at what Re
the flow topology becomes different from that presented in Fig. 6(d). As Re increases, the saddle
S, shown in Fig. 6(d), shifts toward the axis, as Fig. 8(a) depicts. The radial coordinate, rs, of S
decreases as Table 1 indicates. The saddle S reaches the axis at Re around 10000 and the flow
pattern becomes as Fig. 8(b) depicts.

Comparison of Figures 8(a) and 8(b) shows that the clockwise circulations in air (Cal) and in
water (Cw3) become separated by the anticlockwise circulation in water (Cw2). The z-extension
of Cw2 shrinks as Re increases. This feature is the same as that observed in the water-spout

cylindrical flow [25].

Re Rea Rew rs

0.1| 0.0067 | 0.00177 | 0.607
2000 133 34.4 0.59
4000 267 64.7 | 0.553
6000 400 90.6 | 0.499
8000 533 112 | 0.346
10000 667 135 0
20000 1333 320 0

Table 1 Dependence on Re of the Reynolds number for air (Re,) and water (Re,,) flows and of the
radial coordinate of saddle point S (se Fig. 6(d)) at H, = 0.8 and B = 60°.
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FIG. 8. (color online) Transformation of the flow pattern as Re increases at Hy,= 0.8 and g =
60°.

8 Conclusions

This paper reveals and explains topological transformations in a slow steady axisymmetric air-
water flow, driven by the rotating top disk, in a vertical conical container. There are five major
flow bifurcations as the water height H,, varies at the cone half-angle = 30° (Sect. 4). Most of
the bifurcations occur at the interface. For small Hy, the direct effect of swirl is negligible for the
water flow where a cascade of eddies exists near the cone tip. As H,, increases, the swirl effect
becomes significant and causes the expansion of the outmost cascade eddy with the clockwise
circulation (Fig. 2). As this eddy reaches the interface, it reverses the adjacent air flow
developing a thin layer with the anticlockwise circulation (Fig. 3). These expansions and
reversals occur for smaller Hy, at B = 45° (Sect. 5, Fig. 5) and = 60° (Sect. 6, Fig. 6) than those
at B = 30°. As the disk rotation intensifies, the flow topology remains invariant until the
Reynolds number Re exceeds a value around 10* (Sect. 7, Table 1). For larger Re, the bulk
circulations of both air and water flows are clockwise, separated by a thin layer of anticlockwise
circulation adjacent to the interface from the water side (Fig. 8). The physical reasons for the
flow transformations are provided. The results are of fundamental interest and can be relevant

for aerial bioreactors.
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