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Abstract

It is shown that the (driven) quantum Rabi model and its 2-photon and 2-mode
generalizations possess a hidden sl(2)-algebraic structure which explains the origin
of the quasi-exact solvability of these models. It manifests the first appearance of a
hidden algebraic structure in quantum spin-boson systems without U(1) symmetry.

PACS numbers: 03.65.Fd, 03.65.Ge, 02.30.Ik

1 Introduction

Quantum Rabi model and its multi-quantum and multi-mode generalizations constitute

an important class of spin-boson systems without U(1) symmetry. They are phenomeno-

logical or theoretical systems used to model the ubiquitous matter-light interactions in

modern physics, and have applications in a variety of physical fields, including quantum

optics [1], cavity and circuit quantum electrodynamics [2, 3], solid state semiconductor

systems [4] and trapped ions [5].

The main difficulty in dealing with these models comes from the fact that not all their

spectra seem algebraically accessible. Majority parts of the spectra (i.e. the so-called

regular energies) are given by the zeros of transcendental functions which are either infi-

nite power series or continued fractions with coefficients satisfying three-term recurrence

relations [6–16]. The exact locations of the zeros and thus closed-form expressions for the

regular energies can not be determined via algebraic means.

It is well-known that under certain circumstances the Rabi model and its 2-photon

and 2-mode generalizations admit exact, analytic solutions [17–24], yielding closed-form

expressions for parts of the energy spectra of the systems. These “exceptional” energies
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appear only when the model parameters satisfy some constraints. Thus the Rabi model

and its 2-photon and 2-mode generalizations are quasi-exactly solvable [10,21].

Quasi-exactly solvable systems are quantum mechanical problems for which only a

finite part of their spectra can be found exactly [25–28]. They occupy an intermediate

place between exactly solvable and non-solvable models. A typical feature of quasi-exact

solvability is the existence of a hidden algebraic structure. The main purpose of this paper

is to show that the Rabi model and its 2-photon and 2-mode generalizations possess a

hidden sl(2) structure, i.e. they allow for an sl(2) algebraization. To our knowledge, this

marks the first appearance of a hidden algebraic structure in quantum spin-boson models

which do not have U(1) symmetry.

2 General results

In this section we recall a general algebraic construction of quasi-exactly solvable differ-

ential equations [26], and prove that the 2nd-order differential operator (2.2) below has a

hidden sl(2) structure if its coefficients are algebraically dependent.

Let us take the sl(2) algebra realized by the 1st-order differential operators in single

variable z

J+ = z2 d

dz
− nz, J0 = z

d

dz
− n

2
, J− =

d

dz
. (2.1)

These differential operators satisfy the sl(2) commutation relations for any value of the

parameter n. If n is a non-negative integer, n = 0, 1, 2, · · · , then (2.1) provide a (n +

1)-dimensional irreducible representation Pn+1(z) = span{1, z, z2, · · · , zn} of the sl(2)

algebra. It is evident that any differential operator which is a polynomial of the sl(2)

generators (2.1) with n being non-negative integer will have the space Pn+1(z) as its

invariant subspace, i.e. possesses (n + 1) eigen-functions in the form of polynomial in z

of degree n. This is the main idea in [26] behind quasi-exact solvability of a differential

operator. Such differential operators are said to have a hidden sl(2) algebraic structure

or allow for an sl(2) algebraization.

Now consider the 2nd order differential operator of the form

H = X(z)
d2

dz2
+ Y (z)

d

dz
+ Z(z), (2.2)

where X(z), Y (z), Z(z) are polynomials of degree at most 4, 3, 2 respectively,

X(z) =
4∑

k=0

akz
k, Y (z) =

3∑

k=0

bkz
k, Z(z) =

2∑

k=0

ckz
k.

The differential operator (2.2) is usually called the Heun operator. Then we have

Proposition 2.1 The differential operator H allows for an sl(2) algebraization, i.e. has

a hidden sl(2) algebraic structure, if and only if

b3 = −2(n− 1)a4, c2 = n(n− 1)a4, c1 = −n[(n− 1)a3 + b2]. (2.3)
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Proof. It suffices to prove that H is a quadratic combination of the sl(2) generators (2.1)

if and only if the relations (2.3) are satisfied.

Sufficiency. We have

H = X(z)
d2

dz2
+
[
−2(n− 1)a4z

3 + b2z
2 + b1z + b0

] d
dz

+n(n− 1)a4z
2 − n[(n− 1)a3 + b2]z + c0. (2.4)

It is easy to check that

a4J
+J+ + a3J

+J0 + a2J
0J0 + a1J

0J− + a0J
−J−

= X(z)
d2

dz2
+

[
−2(n− 1)a4z

3 − 3n− 2

2
a3z

2 − (n− 1)a2z −
n

2
a1

]
d

dz

+ n(n− 1)a4z
2 +

n2

2
a3z +

n2

2
a2,

b2J
+ + b1J

0 + b0J
− = (b2z

2 + b1z + b0)
d

dz
− nb2z −

n

2
b1. (2.5)

Substituting into (2.4) gives rise to

H = a4J
+J+ + a3J

+J0 + a2J
0J0 + a1J

0J− + a0J
−J− +

(
3n− 2

2
a3 + b2

)
J+

+[(n− 1)a2 + b1]J0 +
(n

2
a1 + b0

)
J− +

n

2

[(n
2
− 1
)
a2 + b1

]
+ c0 (2.6)

Necessity. We take

H = A++J
+J+ + A+0J

+J0 + A00J
0J0 + A0−J

0J−

+A−−J
−J− + A+J

+ + A0J
0 + A−J

− + A∗, (2.7)

where A++ etc are constant coefficients to be determined. Then by means of the expres-

sions (2.1),

H =
(
A++z

4 + A+0z
3 + A00z

2 + A0−z + A−−
) d2

dz2
+
[
−2(n− 1)A++z

3

+

(
A+ −

3n− 2

2
A+0

)
z2 + (A0 − (n− 1)A00) z + A− −

n

2

]
d

dz

+n(n− 1)A++z
2 + n

(n
2
A+0 − A+

)
z +

n

2

(n
2
− A0

)
+ A∗. (2.8)

The r.h.s. of (2.8) can be written as X(z) d2

dz2 + Y (z) d
dz

+Z(z) provided that we make the

identification

a4 = A++, a3 = A+0, a2 = A00, a1 = A0−, a0 = A−−,

b3 = −2(n− 1)A++, b2 = A+ −
3n− 2

2
A+0, b1 = A0 − (n− 1)A00,

b0 = A− −
n

2
, c2 = n(n− 1)A++, c1 = n

(n
2
A+0 − A+

)
,

c0 =
n

2

(n
2
− A0

)
+ A∗. (2.9)
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It follows that

b3 = −2(n− 1)a4, c2 = n(n− 1)a4, c1 = −n[(n− 1)a3 + b2]. (2.10)

This completes our proof. �

In the following sections, we will apply the general results in Proposition 2.1 to show

that the (driven) Rabi model and its 2-photon and 2-mode generalizations possess a

hidden sl(2) algebraic structure.

3 Hidden sl(2) structure in (driven) Rabi model

The Hamiltonian of the driven Rabi model is

HR = ωa†a+ ∆σz + g σx

[
a† + a

]
+ δ σx, (3.1)

where g is the interaction strength, σz, σx are the Pauli matrices describing the two atomic

levels separated by energy difference 2∆, and a† (a) are creation (annihilation) operators

of a boson mode with frequency ω. Here a† (a) satisfy the Heisenberg algebra relations

[a, a†] = 1, [a, a] = 0 = a†, a†]. The addition of the driving term δσx breaks the Z2

symmetry of the Rabi model. The driven Rabi model (3.1) is relevant to the description

of some hybrid mechanical systems (see e.g. [13]).

By means of the Fock-Bargmann correspondence a† → z, a → d
dz

, the Hamiltonian

becomes a matrix differential operator

HR = ωz
d

dz
+ ∆σz + g σx

(
z +

d

dz

)
+ δ σx. (3.2)

Working in a representation defined by σx diagonal and in terms of the two-component

wavefunction ψ(z) =

(
ψ+(z)

ψ−(z)

)
, the time-independent Schrödinger equation HRψ(z) =

Eψ(z) gives rise to a coupled system of two 1st-order differential equations

(ωz + g)
d

dz
ψ+(z) + [gz − (E − δ)]ψ+(z) + ∆ψ−(z) = 0,

(ωz − g)
d

dz
ψ−(z)− [gz + (E + δ)]ψ−(z) + ∆ψ+(z) = 0. (3.3)

If ∆ = 0 these two equations decouple and reduce to the differential equations of two

uncoupled displaced harmonic oscillators [29]. For this reason we will concentrate on the

non-trivial ∆ 6= 0 case.

With the substitution ψ±(z) = e−gz/ωφ±(z), it follows
[
(ωz + g)

d

dz
−
(
g2

ω
− δ + E

)]
φ+(z) = −∆φ−(z),

[
(ωz − g)

d

dz
−
(

2gz − g2

ω
+ δ + E

)]
φ−(z) = −∆φ+(z). (3.4)
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Eliminating φ−(z) from the system we obtain the uncoupled differential equation for

φ+(z),

HRφ+(z) = ∆2φ+(z), (3.5)

where

HR = (ωz − g)(ωz + g)
d2

dz2
+
[
−2ωgz2 + (ω2 − 2g2 − 2Eω)z − gω

+2g

(
g2

ω
− δ
)]

d

dz
+ 2g

(
g2

ω
− δ + E

)
z + E2 −

(
δ − g2

ω

)2

. (3.6)

By Proposition (2.1), HR allows for an sl(2) algebraization if

2g

(
E +

g2

ω
− δ
)
≡ c1 = −n[(n− 1)a3 + b2] ≡ 2gωn, (3.7)

which gives one set of the exact (exceptional) energies of the driven Rabi model

E = ωn+ δ − g2

ω
, n = 0, 1, 2, · · · . (3.8)

Indeed, for such E values, HR is dependent on the integer parameter n and can be

expressed as the quadratic combination of the sl(2) generators (2.1)

HR = ω2J0J0 − g2J−J− − 2gωJ+ + (nω2 − 2g2 − 2ωE)J0

−g
[
ω + 2

(
δ − g2

ω

)]
J− + n

(n
4
ω2 − g − ωE

)
+ E2 −

(
δ − g2

ω

)2

, (3.9)

where E is given by (3.8).

Similarly for the other set of solutions of the driven Rabi model, we set ψ±(z) =

egz/ωϕ±(z) and get from (3.3)

[
(ωz + g)

d

dz
+

(
2gz +

g2

ω
+ δ − E

)]
ϕ+(z) = −∆ϕ−(z),

[
(ωz − g)

d

dz
−
(
g2

ω
+ δ + E

)]
ϕ−(z) = −∆ϕ+(z). (3.10)

Eliminating ϕ+(z) from the system we obtain the uncoupled differential equation for

ϕ−(z),

H̃Rϕ−(z) = ∆2ϕ−(z), (3.11)

where

H̃R = (ωz − g)(ωz + g)
d2

dz2
+
[
2ωgz2 + (ω2 − 2g2 − 2Eω)z + gω

−2g

(
g2

ω
+ δ

)]
d

dz
+ 2g

(
g2

ω
+ δ + E

)
z + E2 −

(
δ +

g2

ω

)2

. (3.12)
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H̃R allows for an sl(2) algebraization if

−2g

(
E +

g2

ω
+ δ

)
≡ c1 = −n[(n− 1)a3 + b2] ≡ −2gωn, (3.13)

which gives the other set of the exact (exceptional) energies of the driven Rabi model

E = ωn− δ − g2

ω
, n = 0, 1, 2, · · · . (3.14)

For such E values, H̃R is dependent on the integer parameter n and can be expressed as

the quadratic combination of the sl(2) generators (2.1)

H̃R = ω2J0J0 − g2J−J− + 2gωJ+ + (nω2 − 2g2 − 2ωE)J0

+g

[
ω − 2

(
δ +

g2

ω

)]
J− + n

(n
4
ω2 − g − ωE

)
+ E2 −

(
δ +

g2

ω

)2

, (3.15)

where E is given by (3.14).

Some remarks are in order. Exceptional energies (3.8) and (3.14) coincide with those

obtained by other approaches (see e.g. the appendix of [11], and [13, 24]). The sl(2)

algebraizations (3.9) and (3.15) mean that the corresponding spectral problems (3.5) and

(3.11) possess (n + 1) eigenfunctionns, respectively, in the form of polynomials of degree

n. Other eigenfunctions are non-polynomial and are in general given by infinite power

series with coefficients satisfying three-term recurrence relations [6, 7, 9, 11, 13].

4 Hidden sl(2) algebraic structure in 2-photon Rabi

model

The Hamiltonian of the 2-photon Rabi model reads

H2−p = ωa†a+ ∆σz + g σx

[
(a†)2 + a2

]
, (4.1)

where g is the interaction strength. Introduce the operators K±, K0 by

K+ =
1

2
(a†)2, K− =

1

2
a2, K0 =

1

2

(
a†a+

1

2

)
. (4.2)

Then the Hamiltonian (4.1) becomes

H2−p = 2ω

(
K0 −

1

4

)
+ ∆σz + 2g σx(K+ +K−). (4.3)

The operators K±, K0 form the usual su(1, 1) Lie algebra,

[K0, K±] = ±K±, [K+, K−] = −2K0. (4.4)
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The quadratic Casimir operator C of the algebra is given by

C = K+K− −K0(K0 − 1). (4.5)

Consider the infinite-dimensional unitary irreducible representation of su(1, 1) known

as the positive discrete series D+(q), where the parameter q is the so-called Bargmann

index. In this representation the basis states {|q, n〉} diagonalize the operator K0,

K0|q, n〉 = (n+ q)|q, n〉 (4.6)

for q > 0 and n = 0, 1, 2, · · ·, and the Casimir operator C has the eigenvalue q(1 − q).

The operators K+ and K− are hermitian to each other and act as raising and lowering

operators respectively within D+(q),

K+|q, n〉 =
√

(n+ 1)(n+ 2q) |q, n+ 1〉,
K−|q, n〉 =

√
n(n+ 2q − 1) |q, n− 1〉. (4.7)

It is well-known that the single-mode bosonic realization (4.2) provides a representation

of D+(q) with C = 3
16

and q = 1
4
, 3

4
.

By means of the Fock-Bargmann correspondence the operators K±, K0 (4.2) are real-

ized by single-variable 2nd-order differential operators

K0 = z
d

dz
+ q, K+ =

z

2
, K− = 2z

d2

dz2
+ 4q

d

dz
, (4.8)

and the 2-photon Rabi Hamiltonian becomes [21]

H2−p = 2ω

(
z
d

dz
+ q − 1

4

)
+ ∆σz + 2g σx

(
z

2
+ 2z

d2

dz2
+ 4q

d

dz

)
. (4.9)

Working in a representation defined by σx diagonal and in terms of the two component

wavefunction, ψ(z) =

(
ψ+(z)

ψ−(z)

)
, the time-independent Schrödinger equationH2−pψ(z) =

Eψ(z) leads to two coupled 2nd-order differential equations,

4gz
d2

dz2
ψ+(z) + (2ωz + 8gq)

d

dz
ψ+(z) +

[
gz + 2ω

(
q − 1

4

)
− E

]
ψ+(z) + ∆ψ−(z) = 0,

4gz
d2

dz2
ψ−(z) + (−2ωz + 8gq)

d

dz
ψ−(z) +

[
gz − 2ω

(
q − 1

4

)
+ E

]
ψ−(z)−∆ψ+(z) = 0.

(4.10)

If ∆ = 0 these equations reduce to the differential equations of two uncoupled single-mode

squeezed harmonic oscillators [29]. In the following we will concentrate on the ∆ 6= 0 case.

With the substitution

ψ±(z) = e−
ω
4g

(1−Ω)zϕ±(z), Ω =

√
1− 4g2

ω2
, (4.11)
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where
∣∣2g

ω

∣∣ < 1, it follows [21]

{
4gz

d2

dz2
+ [2ωΩz + 8gq]

d

dz
+ 2qωΩ− 1

2
ω − E

}
ϕ+ = −∆ϕ−,

{
4gz

d2

dz2
+ [2ω(Ω− 2)z + 8gq]

d

dz
+
ω2

g
(1− Ω)z + 2qω(Ω− 2) +

1

2
ω + E

}
ϕ− = ∆ϕ+.

(4.12)

Eliminating ϕ−(z) from the system, we obtain the 4th-order differential equation for ϕ+(z)

H2−pϕ+(z) = −∆2ϕ+(z), (4.13)

where

H2−p = 16g2z2 d
4

dz4
+ 64g2

[
ω

4g
(Ω− 1)z2 +

(
q +

1

2

)
z

]
d3

dz3

+

{
4ω2(Ω2 − 3Ω + 1)z2 + 16ωg

[
3

(
q +

1

2

)
Ω− 3q − 1

]
z + 64g2q

(
q +

1

2

)}
d2

dz2

+

{
2
ω3

g
Ω(1− Ω)z2 +

[
8ω2q(1− Ω) + 8ω2

(
q +

1

2

)
(1− Ω)2

+4ω

(
E − 2ω

(
q +

1

4

))]
z + 32ωgq

[(
q +

1

2

)
Ω− q

]}
d

dz

+
ω2

g
(1− Ω)

(
2qωΩ− 1

2
ω − E

)
z + 4ω2q2(1− Ω)2 −

[
E − 2ω

(
q − 1

4

)]2

. (4.14)

Using the identities

z2 d
4

dz4
= J+(J−)3 + nz

d3

dz3
, z2 d

3

dz3
= J+(J−)2 + nz

d2

dz2
, z

d3

dz3
= J0(J−)2 +

n

2

d2

dz2
,

(4.15)

we obtain

H2−p = 16g2J+(J−)3 + 16gω(Ω−1)J+(J−)2 + 16g2[n+ 2(2q+ 1)]J0(J−)2 +H(2)
2−p, (4.16)

where

H(2)
2−p =

{
4ω2(Ω2 − 3Ω + 1)z2 + 16ωg

[
(Ω− 1)n+ 3

(
q +

1

2

)
Ω− 3q − 1

]
z

+8g2n

[
n+ 4

(
q +

1

2

)]
+ 64g2q

(
q +

1

2

)}
d2

dz2

+

{
2
ω3

g
Ω(1− Ω)z2 +

[
8ω2q(1− Ω) + 8ω2

(
q +

1

2

)
(1− Ω)2

+4ω

(
E − 2ω

(
q +

1

4

))]
z + 32ωgq

[(
q +

1

2

)
Ω− q

]}
d

dz

+
ω2

g
(1− Ω)

(
2qωΩ− 1

2
ω − E

)
z + 4ω2q2(1− Ω)2 −

[
E − 2ω

(
q − 1

4

)]2

.

(4.17)

8



H(2)
2−p allows for an sl(2) algebraization if

ω2

g
(1− Ω)

(
2qωΩ− 1

2
ω − E

)
≡ c1 = −n[(n− 1)a3 + b2]

≡ −2
ω2

g
(1− Ω)Ωn, (4.18)

which, for Ω 6= 1 (the Ω = 1 case is trivial as it corresponds to g = 0), gives the exact

(exceptional) energies of the 2-photon Rabi model

E = −1

2
ω +

[
2n+ 2

(
q − 1

4

)
+

1

2

]
ωΩ, n = 0, 1, 2, · · · . (4.19)

Indeed for such E values H2−p depends on the integer parameter n and can be expressed

as the quartic combination of the sl(2) generators (2.1)

H2−p = 16g2J+(J−)3 + 16gω(Ω− 1)J+(J−)2 + 16g2[n+ 2(2q + 1)]J0(J−)2

+4ω2(Ω2 − 3Ω + 1)J0J0 + 16ωg

[
(Ω− 1)n+ 3

(
q +

1

2

)
Ω− 3q − 1

]
J0J−

[
+8g2n

(
n+ 4(q +

1

2
)

)
+ 64g2q

(
q +

1

2

)]
J−J− + 2

ω3

g
Ω(1− Ω)J+

+
[
4ω2(n− 1)(Ω2 − 3Ω + 1) + 8ω2q(1− Ω)

+8ω2

(
q +

1

2

)
(1− Ω)2 + 4ω

(
E − 2ω(q +

1

4
)

)]
J0

[
+8gωn

(
(Ω− 1)n+ 3(q +

1

2
)Ω− 3q − 1

)
+ 32ωgq

(
(q +

1

2
)Ω− q

)]
J−

+n(n− 2)ω2(Ω2 − 3Ω + 1) + 4nω2q(1− Ω) + 4nω2

(
q +

1

2

)
(1− Ω)2

+ωn

[
E − 2ω

(
q +

1

4

)]
+ 4ω2q2(1− Ω)2 −

[
E − 2ω

(
q − 1

4

)]2

. (4.20)

Here E is given by (4.19). This sl(2) algebraization demonstrates that for each energy

value E in (4.19) the 2-photon Rabi model has a hidden sl(2) algebraic structure.

Notice that the exceptional energies (4.19) coincide with those obtained in [19,21] via

different methods. It is clear that the corresponding spectral problem (4.13) has n + 1

polynomial eigenfunctions in z of degree n. Other eigenfunctions are non-polynomial and

can not be obtained in closed analytic form. We remark that as shown in [14] when Ω = 0,

i.e. |2g/ω| = 1, the 2-photon Rabi model has no entire solutions.

5 Hidden sl(2) algebraic structure in two-mode Rabi

model

The Hamiltonian of the two-mode quantum Rabi model reads [21]

H2−m = ω(a†1a1 + a†2a2) + ∆σz + g σx(a†1a
†
2 + a1a2), (5.1)

9



where we assume that the boson modes are degenerate with the same frequency ω and g

is the coupling constant. Introduce the operators K±, K0,

K+ = a†1a
†
2, K− = a1a2, K0 =

1

2
(a†1a1 + a†2a2 + 1). (5.2)

Then the Hamiltonian (5.1) becomes [21]

H2−m = 2ω

(
K0 −

1

2

)
+ ∆σz + gσx(K+ +K−). (5.3)

The operators K±, K0 form the su(1, 1) algebra (4.4). As in the previous section we shall

use the unitary irreducible representation (i.e. the positive discrete series). However,

to avoid confusion in this section we shall use κ to denote the Bargmann index of the

representation. Using this notation the action of the operators K±, K0 and the Casimir

C (4.5) on the basis states |κ, n〉 of the representation reads

K0|κ, n〉 = (n+ κ) |κ, n〉,
K+|κ, n〉 =

√
(n+ 2κ)(n+ 1) |κ, n+ 1〉,

K−|κ, n〉 =
√

(n+ 2κ− 1)n |κ, n− 1〉,
C|κ, n〉 = κ(1− κ) |κ, n〉, (5.4)

for κ > 0 and n = 0, 1, 2, · · ·. For the two-mode bosonic realization (5.2) of su(1, 1) that

we require here the Casimir C takes the value C = κ(1− κ) with the Bargmann index κ

being any positive integers or half-integers, i.e. κ = 1/2, 1, 3/2, · · ·.
Using the Fock-Bargmann correspondence the operators K±, K0 (5.2) have the single-

variable differential realization [29],

K0 = z
d

dz
+ κ, K+ = z, K− = z

d2

dz2
+ 2κ

d

dz
(5.5)

and the Hamiltonian (5.3) can be expressed as the matrix differential operator [21]

H2−m = 2ω

(
z
d

dz
+ κ− 1

2

)
+ ∆σz + g σx

(
z + z

d2

dz2
+ 2κ

d

dz

)
. (5.6)

Working in a representation defined by σx diagonal and in terms of the two-component

wavefunction ψ(z) =

(
ψ+(z)

ψ−(z)

)
, we see that the time-independent Schrödinger equation

H2−mψ(z) = Eψ(z) yields the two coupled differential equations,

gz
d2

dz2
ψ+(z) + 2(ωz + gκ)

d

dz
ψ+(z) +

[
gz + 2ω

(
κ− 1

2

)
− E

]
ψ+(z) + ∆ψ−(z) = 0,

gz
d2

dz2
ψ−(z) + 2(−ωz + gκ)

d

dz
ψ−(z) +

[
gz − 2ω

(
κ− 1

2

)
+ E

]
ψ−(z)−∆ψ+(z) = 0.

(5.7)
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If ∆ = 0 these reduce to the differential equations of two uncoupled two-mode squeezed

harmonic oscillators [21]. So in the following we will concentrate on the ∆ 6= 0 case.

With the substitution

ψ±(z) = e−
ω
g

(1−Λ)zϕ±(z), Λ =

√
1− g2

ω2
, (5.8)

where
∣∣ g
ω

∣∣ < 1, it follows [21]
{
gz

d2

dz2
+ 2[ωΛz + gκ]

d

dz
+ 2κωΛ− ω − E

}
ϕ+ = −∆ϕ−,

{
gz

d2

dz2
+ 2[ω(Λ− 2)z + gκ]

d

dz
+

4ω2

g
(1− Λ)z + 2κω(Λ− 2) + ω + E

}
ϕ− = ∆ϕ+.

(5.9)

Eliminating ϕ−(z) from the system, we obtain the 4th-order differential equation for

ϕ+(z),

H2−mϕ+(z) = −∆2ϕ+(z), (5.10)

where

H2−m = g2z2 d
4

dz4
+ 4g2

[
ω

g
(Λ− 1)z2 +

(
κ+

1

2

)
z

]
d3

dz3

+

{
4ω2(Λ2 − 3Λ + 1)z2 + 4ωg

[
3

(
κ+

1

2

)
Λ− 3κ− 1

]
z + 4g2κ

(
κ+

1

2

)}
d2

dz2

+

{
8
ω3

g
Λ(1− Λ)z2 +

[
8ω2κ(1− Λ) + 8ω2

(
κ+

1

2

)
(1− Λ)2

+4ω(E − 2ωκ)] z + 8ωgκ

[(
κ+

1

2

)
Λ− κ

]}
d

dz

+4
ω2

g
(1− Λ) (2κωΛ− ω − E) z + 4ω2κ2(1− Λ)2 −

[
E − 2ω

(
κ− 1

2

)]2

. (5.11)

By means of the identities (4.15) we have

H2−m = gJ+(J−)3 + 4ωg(Λ− 1)J+(J−)2 + g2

[
n+ 4(κ+

1

2
)

]
J−(J−)2 +H(2)

2−m, (5.12)

where

H(2)
2−m =

{
4ω2(Λ2 − 3Λ + 1)z2 + 4ωg

[
(Λ− 1)n+ 3

(
κ+

1

2

)
Λ− 3κ− 1

]
z

+g2n

2

[
n+ 4(κ+

1

2
)

]
+ 4g2κ

(
κ+

1

2

)}
d2

dz2

+

{
8
ω3

g
Λ(1− Λ)z2 +

[
8ω2κ(1− Λ) + 8ω2

(
κ+

1

2

)
(1− Λ)2

+4ω(E − 2ωκ)] z + 8ωgκ

[(
κ+

1

2

)
Λ− κ

]}
d

dz

+4
ω2

g
(1− Λ) (2κωΛ− ω − E) z + 4ω2κ2(1− Λ)2 −

[
E − 2ω

(
κ− 1

2

)]2

.

(5.13)
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Similar to the 2-photon Rabi case, H(2)
2−m allows for an sl(2) algebraization if

4
ω2

g
(1− Λ) (2κωΛ− ω − E) ≡ c1 = −n[(n− 1)a3 + b2]

≡ −8
ω3

g
Λ(1− Λ)n, (5.14)

which, for Λ 6= 1 (the Λ = 1 case is trivial as it corresponds to g = 0), give the exceptional

energies of the 2-mode Rabi model

E = −ω +

[
2n+ 2

(
κ− 1

2

)
+ 1

]
ωΛ. (5.15)

For such E values, H2−m depends on integer parameter n and possesses an algebraization

in terms of the sl(2) generators (2.1)

H2−m = gJ+(J−)3 + 4ωg(Λ− 1)J+(J−)2 + g2

[
n+ 4

(
κ+

1

2

)]
J−(J−)2

+4ω2(Λ2 − 3Λ + 1)J0J0 + 4ωg

[
(Λ− 1)n+ 3

(
κ+

1

2

)
Λ− 3κ− 1

]
J0J−

+

{
g2n

2

[
n+ 4

(
κ+

1

2

)]
+ 4g2κ

(
κ+

1

2

)}
J−J− + 8

ω3

g
Λ(1− Λ)J+

+
[
4ω2(n− 1)(Λ2 − 3Λ + 1) + 8ω2κ(1− Λ)

+8ω2

(
κ+

1

2

)
(1− Λ)2 + 4ω(E − 2ωκ)

]
J0

+

{
2nωg

[
(Λ− 1)n+ 3

(
κ+

1

2

)
Λ− 3κ− 1

]
+ 8ωgκ

[(
κ+

1

2

)
Λ− κ

]}
J−

+n (n− 2)ω2(Λ2 − 3Λ + 1) + 4nω2κ(1− Λ) + 4nω2

(
κ+

1

2

)
(1− Λ)2

+2nω(E − 2ωκ) + 4ω2κ2(1− Λ)2 −
[
E − 2ω

(
κ− 1

2

)]2

. (5.16)

Here E is given by (5.15). Thus for each energy value E in (5.15) the 2-mode Rabi model

has a hidden sl(2) algebraic structure.

We remark that the exceptional energies (5.15) coincide with those presented in [21]

via the Bethe ansatz method [30]. The sl(2) algebraization of (5.16) implies that the

corresponding spectral problem (5.10) possesses n+1 polynomial eigenfunctions of degree

n. Other eigenfunctions are non-polynomial and can not be found in closed analytic form.

Note that as shown in [14] when Λ = 0, i.e. |g/ω| = 1, the two-mode Rabi model has no

entire solutions.
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Research Highlights

• Practical condition for 2nd order differential operator to be sl(2) 
algebraic.

• Hidden sl(2) algebra structure in Rabi model and its generalizations.

• First hidden algebraic structure in spin-boson systems without U(1) 
symmetry.


