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Abstract 

The concept of constitutional supercooling (CS) including the term itself was first described 

and discussed qualitatively by Rutter and Chalmers (1953) in order to understand the 

formation of cellular structures during the solidification of tin, and then quantified by Tiller, 

Jackson, Rutter, and Chalmers (1953). On that basis, Winegard and Chalmers (1954) further 

considered ‘supercooling and dendritic freezing of alloys’ where they described how CS 

promotes the heterogeneous nucleation of new crystals and the formation of an equiaxed 

zone. Since then the importance of CS in promoting the formation of equiaxed 

microstructures in both grain refined and unrefined alloys has been clearly revealed and 

quantified. This paper describes our current understanding of the role of CS in promoting 

nucleation and grain formation. It also highlights that CS, on the one hand, develops a 

nucleation-free zone surrounding each nucleated and growing grain and, on the other hand, 

protects this grain from readily remelting when temperature fluctuations occur due to 

convection. Further, due to the importance of the diffusion field that generates CS recent 

analytical models are evaluated and compared with a numerical model. A comprehensive 

description of the mechanisms affecting nucleation and grain formation and the prediction of 

grain size is presented with reference to the influence of the casting conditions applied during 

the practical casting of an alloy. 

I. INTRODUCTION 

It is recognised that Constitutional Supercooling (CS) plays a significant role in enabling the 

formation, and refining, of equiaxed grain structures 1, 2. Successful nucleation depends not 

only on the generation of sufficient undercooling but also on the potency and distribution of 

heterogeneous nucleant particles and the thermal conditions within a casting during 

solidification. The focus of this paper is on the role that CS plays within the context of the 

total nucleation environment. The importance of solute has been known for a long time and in 

1949 Cibula 3, building on previous research 4-6, stated that there are ‘concentration gradients 

in the liquid around solidifying dendrites, which retarded crystal growth and the release of 

heat of fusion and thus allowed the interior of the casting to undercool and new crystallites to 

form’. In fact, it has been shown that even for grain refinement by high intensity 
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ultrasonication, the presence of an adequate amount of solute has proved to be essential in 

order to produce desired grain refinement 7. This paper first briefly reviews the development 

of the concept of CS and the parameters P and Q that developed out of the CS model. Then 

we will focus on casting conditions where CS-induced grain refinement is the dominant 

refining mechanism in the bulk of a solidifying melt. It will be shown that CS promotes 

nucleation and grain formation through interaction between the developing CS and the 

heterogeneous particles responsible for triggering the nucleation events. This approach is a 

significant conceptual shift from the assumption that nucleation of grains occurs first 

followed by the growth of grains to the recognition that in the case of CS-driven nucleation, 

grain growth comes before nucleation except for the first nucleation events 8, 9. Therefore, 

nucleation is a continually repeating process of growth-nucleation-growth in a casting. On the 

other hand, CS creates a Nucleation-Free Zone (NFZ) around each growing grain as well as 

the eventual decrease in the amount of CS due to overlapping diffusion fields between 

adjacent growing grains 10, 11. However, CS also protects grains from melting due to thermal 

or compositional convection currents moving between and in front of the growing grains. 

Each of these mechanisms will be described to create a full picture of the role of CS in 

promoting nucleation and grain formation.  

II. CONSTITUTIONAL SUPERCOOLING AND THE SUPERCOOLING 

PARAMETERS P AND Q 

It appears that the phenomenon of CS was first discussed by Ivantzov 12. In his paper entitled 

“Diffusional undercooling during crystallisation of a binary alloy”, Ivantzov formulated a 

description of the solute concentration in the liquid ahead of the solid-liquid (S-L) interface 

with the assumptions that the molten metal is not moving, the densities of the solid and liquid 

phases are the same and the release of latent heat is neglected.  Ivantzov concluded that 

“During crystallisation/solidification of a binary alloy, which takes place by the heat transfer 

via a solid phase, a layer of undercooled melt is formed near the front (solid/liquid interface) 

even if the melt is superheated and the conditions corresponding to the equilibrium phase 

diagram exist at the interface between phases.” Ivantzov further pointed out that this 

undercooling should be called diffusional undercooling, as it occurs because of the 

diffusional process taking place in the layer of the melt neighbouring the 

crystallisation/solidification front. However, Ivantzov did not discuss the effect of 

temperature gradient in this pioneering work.  

The basic concept of CS was more rigorously formulated by Rutter and Chalmers 13. They 

showed that “Segregation of impurities is shown to occur during solidification in a manner 

intimately related to the structure” for both tin and lead through well designed experiments 

and characterisation (the segregation of impurity was determined using a radioactive tracer 

technique with antimony 124). A theory, termed CS, was then developed by Rutter and 

Chalmers to account for the solidification structures induced by the segregation of impurities. 

The critical temperature gradient was also determined. Figure 1 summarises the CS theory of 

Rutter and Chalmers 13. This was followed by the development of a quantitative description 

of the theory by Tiller, Jackson, Rutter, and Chalmers 14. 
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Winegard and Chalmers were the first to correlate CS and equiaxed grain formation during 

solidification 15, and in particular they proposed the CS-driven nucleation hypothesis as 

illustrated in Figure 2 15. 

The basic mathematical formulations 14, 16 describing the distribution of solute in front of a 

growing interface were developed and compared with the breakdown of growth of a planar 

interface. Whilst the role of CS on the S-L interface stability and the formation of cellular 

dendritic structures were extensively considered in the literature 14, 17, as was the importance 

of heterogeneous nucleation on grain refinement 3, 18-25, much less consideration was given to 

the effect of solute on grain refinement. However, there were still some publications during 

this time that recognized the role of solute on grain refinement 26. Enlightened by the criterion 

for CS 14 advances in quantifying the role of solute began in the 1970’s with Tarshis et al 27 

who found that in a range of Ni- and Al-based alloys the addition of solute led to substantial 

grain refinement. In addition, for the first time, they correlated the grain size with the 

Supercooling Parameter P, defined below, for both binary Ni-X alloy and Al-X alloys.  

𝑃 =
𝑚𝑐0(𝑘−1)

𝑘
         [1] 

where k is the partition coefficient (Cs/Cl), m is the gradient of the liquidus and Co the alloy 

composition. The grain size showed a similar and convincing dependency on the parameter P 

for both Ni-X alloy and Al-X alloys. This was the original parameter used to relate the effect 

of solute content on grain size with some success 28-30. 

There have been a number of approaches that have assisted, directly or inadvertently, in 

understanding the role of solute, and consequently CS, on grain refinement since Tarshis et al 
27.  One stream of thought has been to primarily associate the effect of CS on grain size with 

the growth restriction of dendrites 28.  A number of researchers observed that the rate of grain 

growth reduced with an increase in the solute content 29-35.  The rationale is that a slower 

growth rate leads to a later start and slower rate of recalescence which allows more time for 

nucleation to develop.  The models of Maxwell & Hellawell 28 and Greer et al 36-41 followed 

this path and they developed comprehensive models of grain refinement generally assuming a 

more or less isothermal melt. 

Another approach has been to consider the importance of CS in developing a nucleation zone 

in front of the growing grains to facilitate further nucleation 9, 10, 42, 43.  Whilst these models 

assumed a more or less isothermal melt for simplicity, this approach in essence considers a 

melt in which there is a thermal gradient, even if it is slight, and a wave of nucleation events 

occurring towards the thermal centre of the casting.   

Experimental studies have produced a large amount of data relating grain size with various 

solute based parameters 27, 30, 32-34, 44-53.  It is fortunate that what is a complex relationship 

between grain size and alloy composition 36, 38, 54 can be in the first instance related to some 

simple parameters. Apart from the parameter P, the Growth Restriction Factor (GRF) or Q is 

another such parameter, defined as 
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𝑄 = 𝑚𝑐0(𝑘 − 1)        [2] 

Note that P = Q/k.  The relationship between grain size and Q initially appeared as the 

growth rate of a grain was derived to be inversely proportional to Q 29, 31, 55, 56 hence the term 

growth restriction factor was introduced 30.  Later the growth restriction factor was referred to 

as Q 41 and this is now recognised as the standard nomenclature.  

Figure 3 shows the implications of P and Q through a binary phase diagram 36. The 

supercooling parameter P is the amount of undercooling present when steady state growth is 

attained as shown in Figure 2.  Quested et al 36 indicated that Q could be defined as the 

available undercooling for the concentration of the initial solid to form.   

The importance of Q is further shown by Eq. [3] below. Q is equivalent to the initial rate of 

development of supercooling with respect to fraction solid, i.e.  

Q =
dDTc

dfs
fs®0

 9, 29, 41, 57, 58.      [3] 

where ΔTc = T(c0) - T(cl), i.e. the liquidus temperature of the alloy minus the liquidus 

temperature of the new liquid composition after a fraction solid, fs, of transformation during 

solidification.  According to this analysis, the difference between Q and P is that Q is the 

initial rate of supercooling development, later related to the development of supercooling 

during the initial transient 10, 43, 59 and P is the supercooling generated by steady state 

solidification.  This was illustrated previously for the Al-Ti system and presented in Figure 4 
9. 

A useful consequence of defining Q as in Eq. [3] is that a thermodynamic approach to 

predicting the development of supercooling in multi-component alloys was developed 9, 36, 38, 

58.  However, for such alloys the simplest approach is to add the individual element 

contributions 29, 30, 32, i.e. 

𝑄 = ∑ 𝑚𝑖𝑐0,𝑖(𝑘𝑖 − 1)𝑖         [4] 

which was extended to include the diffusivities of the individual alloying elements 60.  This 

expression is effective in many 30, 32, 45, but not all situations 9, 54, 61.  Eq. [3] has led to 

significant insights into how the grain size may deviate from Eq. [4] using computational 

thermodynamic calculations 62.   

To compare the effects of Q and P on the grain size, relative values for typical alloying 

elements added to Al are provided in Table I.  Because of the similarity between P and Q for 

a particular system there is a similar trend in grain size; as Co increases the grain size 

decreases.  In many cases the relative changes between using P or Q as a Supercooling 

parameter are also similar. However, this table highlights that Al-Ti is the system where there 

is a distinct difference between P and Q in the relative effectiveness of grain refinement for a 
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unit concentration of the element, where the Q value far exceeds that of the other alloys 

whilst P does not.  It is clear that even for similar Q values, Ti is a much more effective 

solute at reducing grain size than any other alloying addition to Al alloys and in particular Si 

which has a much lower relative Q value than Ti but a higher relative P value 30, 50.  It is well 

established that the reduction of grain size by an addition of Ti is far greater than other 

alloying elements 3 in particular Si for a similar concentration 8, 30, 63.  

There is an ongoing discussion as to whether P or Q better represents the relationship 

between alloy composition and the grain size data. Whilst initially P was generally used 27, 44, 

64, more recently Q has been preferred for various experimental and theoretical reasons 9, 41, 

51.  However, even very recently, the idea that it is the total solidification range that controls 

grain refinement has been published in the literature 65 in an attempt to explain the grain size 

coarsening that occurs in some systems such as Al-Si 32, 53.  It was found that their 

experimental data for Al-Cu supported the use of P 65. However, the increase in grain size 

observed at the highest Cu content used in the Al-Cu system by Birol 65 has not been 

observed by other authors 66.  An insightful approach by Schempp et al 67 related P to the 

columnar to equiaxed transition where it may be that the total supercooling is important, and 

Q to the grain size in the weld zones in Al-based alloys. 

The grain size, dgs, for a wide range of alloys 45, 68 and solidification conditions with different 

cooling rates 69, 70 ranging from slowly cooled laboratory castings to high pressure die casting 
71, ultrasonic treatment of melts 7, 49, 72, and welding 67, can be related to Q through the 

relationship 

dgs = a + b/Q         [5] 

where a and b are constants which depend upon the nucleant particle density, a, the 

nucleation undercooling, solute diffusion rate and growth velocity, b.  It is surprising that this 

relationship also applies to non-equilibrium situations as Q is derived from equilibrium phase 

diagrams.  A detailed analysis of Q is given elsewhere 54. Eq. [5] was first appreciated as an 

empirical relationship 32 but a recent theoretical analysis has revealed that it holds on a 

rigorous basis 43.  

In summary, the parameter which best quantifies the effect of CS on nucleation for each alloy 

is the growth restriction factor Q and the larger the value of Q the greater the grain refining 

capacity of an alloy will be. This is because Q defines the rate at which CS is generated and a 

faster rate of CS development allows further nucleation events to occur sooner producing a 

finer equiaxed structure. However, to develop an accurate predictor of grain size, 

understanding the parameters from theory that affect the final as-cast grain size is required 

and this is the focus of the next section. 

The next section describes the development of CS during the initial transient of solidification 

and how it promotes nucleation on potent particles. Once the importance of CS in promoting 
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refinement is established, the factors limiting further refinement are explored. Finally, the 

role of CS in protecting the newly formed grains is discussed. 

III. CONSTITUTIONAL SUPERCOOLING PROMOTES NUCLEATION 

The very first nucleation events are expected to be caused by thermal undercooling near the 

mould walls of the casting where the rate of heat extraction is initially high 73, 74. The mould 

walls are then rapidly heated and the temperature gradient decreases to become almost flat. 

For pure metals, grains are nucleated and form on, or very near to, the mould wall where the 

rapid generation of thermal undercooling can trigger nucleation of grains, which then grow as 

columnar grains towards the thermal centre of the casting. The reason no equiaxed grains are 

formed is that there is no driving force for nucleation ahead of the columnar grains where the 

S-L interface is at the melting point of the metal with hotter liquid ahead of the interface. Any 

free crystallites floating in the melt are easily remelted by small increases in temperature due 

to grains floating into hotter liquid or to convection of hotter liquid from the centre of the 

casting to the cooler regions towards the walls of the castings. This means that very special 

conditions are required to produce an equiaxed structure in a pure metal 75. 

In alloys, the driving force for nucleation in the bulk of the melt is generated by the formation 

of CS which is formed at the interface of the already growing grains which are either free 

crystals or columnar grains formed due to thermal undercooling. Once the developing CS 

exceeds the undercooling required for nucleation on a potent particle, Tn, then nucleation of 

equiaxed grains occurs.  

Figure 5 illustrates the formation of CS in front of a growing grain’s S-L interface. The 

difference between TE and the actual temperature of the melt, TA, is the amount of CS, TCS, 

generated which changes from zero at the S-L interface to a maximum value at the end of the 

diffusion field where Cl becomes equal to Co. In terms of generating sufficient TCS to trigger 

nucleation on a particle with a nucleation undercooling of Tn, there are two important 

distances that need to be quantified. One is the amount of grain growth, xCS, required to 

generate a CS zone and the other is the length of the diffusion field, x’dl, to the point where 

TCS exceeds Tn. 

The other important thing to note in Figure 5 is that the gradient of TA in front of an equiaxed 

grain is initially negative as the latent heat generated by grain growth is extracted by the 

surrounding liquid. Because thermal diffusion is relatively fast, this gradient will be low. 

Also, heat will flow towards this zone from the hotter liquid ahead of the growing grain. The 

two thermal fields overlap reducing the thermal gradient in front of the S-L interface. The 

amount of thermal undercooling, Tt, in front of a grain in a low temperature gradient will be 

small compared to that provided by CS. The schematic representation in Figure 4 exaggerates 

the size of Tt relative to TCS but is illustrated to keep in mind that this thermal field exists 

even though it might be essentially negligible. 
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The extent of the CS zone, TCS and x’dl, is the major factor creating the conditions for 

nucleation. TCS is determined by xCS and x’dl is determined by the size of the diffusion field 

in front of the growing grain. Together xCS and x’dl define a Nucleation-Free Zone (NFZ) 10. 

These lengths contribute to the final grain size as shown by the Interdependence equation: 

 𝑑gs =
𝐷𝑧∆𝑇n

𝑣𝑄
+  

4.6𝐷

𝑣
(

𝐶l
∗−𝐶0

𝐶l
∗(1−𝑘)

) +  𝑥sd        [6] 

where D is the diffusion rate in the liquid, v the initial growth rate of the S-L interface and k 

is the partition coefficient. xCS is calculated by the first term in equation 6 and the 

composition of the liquid at the interface, 
*

lC , is used to calculate x’dl by the second term. 

It is important to note that nucleation occurs during the initial transient of solidification on 

the most potent particles as nucleation can occur within a fraction of a degree below the 

liquidus requiring only a small amount of CS to be developed. The magnitude of the CS zone 

is defined by the length of the CS zone x’dl and the depth of the zone between TE and TA.  

CS develops during the initial growth of grains as shown in Figure 6.  The initial nucleation 

events for an alloy of composition Co, occur early in the initial transient between the liquidus 

and solidus temperatures. Once the temperature reaches the solidus, growth of grains 

continues under steady state conditions when the alloy composition of the solid forming 

equals Co. Figure 6 shows that during the initial transient, the compositions of the solid and 

liquid follow the solidus and liquidus lines from TE (Co) to T3 when steady-state growth 

occurs. As nucleation when potent particles are present occurs early in the initial transient we 

can ignore the subsequent solidification beyond a few degrees below the liquidus (e.g. t1 and 

t2 in Figure 6). That is, when nucleation is occurring the system is a long way from achieving 

steady-state growth. 

For accurate prediction of grain size to be possible the characteristics of the nucleant particles 

need to be described. To relate these characteristics to the development of CS the potency and 

distribution of particle size are defined by their thermal and size characteristics: Tn and xSd 

for each particle size. By converting each particle of size d to Tn 
41 and calculating the 

average distance, xSd, between particles of the same size and plotting Tn against xSd produces 

a Tn-Sd curve 10 as illustrated in Figure 7. The Tn-Sd curve shifts to the left as the amount of 

master alloy is increased thereby decreasing xSd. 

By combining the thermal information for TCS and Tn-Sd as illustrated in Figure 7, it is 

possible to schematically determine when and where a nucleation event will occur. The 

location of a new nucleation event is the point where the TA curve intersects the Tn-Sd curve. 

The distance from this point to the previous nucleation point is an indication of the average 

grain diameter, dgs. This schematic representation forms the basis of the Interdependence 

Theory 10 and Eq. [6]. 
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Each term in Eq. [6] defines the distances xCS, x’dl and xSd as illustrated in Figure 7(a). Eq. [6] 

can be simplified to Eq. [7]59. 

𝑑𝑔𝑠 = 5.6 (
𝐷. 𝑧∆𝑇𝑛

𝑣. 𝑄
) + 𝑥𝑆𝑑 [7] 

noting the similarity with Equation 5.  

The term z in Eqs. [6] and [7] relates to the fact that each new nucleation event only needs a 

fraction of the total CS (equal to Tn) to be generated as the liquid at that point is already 

constitutionally supercooled (Figure 8). z is related to the temperature gradient ahead of the 

S-L interface as shown in Figure 7 and represents the incremental increase in CS as the 

gradient of TA progresses to lower temperatures as the melt cools. 

Figures 7 and 8 assume that nucleation occurs on the most potent particles. Therefore, 

nucleation occurs in a wave of nucleation events as the temperature gradient moves through 

the liquid. Each event is triggered when TA = Tn. This hypothesis was recently supported by 

real-time x-ray studies of Al-Si alloys where a wave of nucleation events are observed to 

appear as the temperature gradient moves across the field of view 76.  

Figure 7(b) shows the effect of Q on the three distances in Eq. [6] that define the grain size. 

At infinite Q, NFZ is zero and the grain size is set by xSd. For each alloy composition the 

theoretical limit of refinement is given by xnfz. For low Q values NFZ can contribute 50% or 

more to the grain size10, 77. Figure 7(b) assumes a constant particle number density for all 

values of Q. If the particle number density also changes with each increment in Q then the 

value of xSd changes with Q as discussed previously 77.. 

This section has highlighted how CS promotes nucleation but it also showed that the 

formation of NFZ can significantly contribute to the final grain size by preventing many 

potent particles becoming active nucleants. NFZ and other factors that affect the activation of 

potent particles are discussed in the following section. 

IV. FACTORS THAT AFFECT THE EXTENT OF THE NUCLEATION FREE ZONE 

There are three factors that reduce the likelihood of nucleation occurring. These are the 

formation of a nucleation-free zone (NFZ) as described by Eq. [6], the potency distribution of 

the nucleant particles and solute accumulation which occurs between adjacent previously 

nucleated grains. These factors are actually interrelated and extend our concept of NFZ. The 

length of the diffusion field, x’dl, is the dominant contributor to the size of NFZ (Eq. [6]) and 

can be extended to cover the region between adjacent grains by solute accumulation due to 

overlapping diffusion fields. That is, once the diffusion fields overlap NFZ is established at 

all points between the adjacent grains. These factors together create a situation where 

nucleation is not able to occur because the value of TCS is less than Tn. 
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As indicated in Figure 7(b) and illustrated in Fig. 9, NFZ is formed around each growing 

grain.  The length of this zone is the second component of NFZ x’dl (Eq. [6]) and corresponds 

to the length of the diffusion field between  at the S-L interface and Co where TCS is at a 

maximum value (Figure 5). Because x’dl is much larger than xCS the predicted grain size is 

very sensitive to this term and it is therefore important to consider how x’dl is calculated. Due 

to the importance of the diffusion field three recent analytical approaches are compared with 

the case of dendritic growth calculated by a numerical model to determine the differences in 

the length of the diffusion field produced by each method to determine the relative accuracy 

of each approach in predicting grain size. Each model defines this length differently and for 

consistency we will define them generically as xdl in the following discussion. 

Calculation of the size of the diffusion field  

The Interdependence model’s prediction of the diffusion field is compared with two 

numerical models by Shu et al 78 and Du and Li 79 respectively.  All three models recognize 

the importance of a region where nucleation cannot occur due to the formation of the solute 

diffusion field ahead of the growing S-L interface. The length of xdl where nucleation cannot 

take place is governed by the changing solute concentration ahead of the S-L interface. This 

change in the solute content with distance from the interface is usually modelled using an 

exponential function and from this the distance xdl within which no nucleation can take place 

can be estimated. xdl is termed differently in the three models (x’dl in the Interdependence 

model, w* in the Shu et al model and r* in the Du-Li model), however all agree that this 

distance, among other factors such as inoculant separation distance and the amount of grain 

growth, governs the eventual grain size. In the following we compare the predictions of xdl by 

the three models.  

The salient features of the three models are as follows.   

i. The Interdependence model assumes that an equiaxed dendritic grain grows with a rate v. 

It assumes a 2-D planar interface for solute diffusion. The transient nature of solute 

diffusion is taken into account by using the Trivedi-Kurz approximation 83. 

ii. The Shu et al model 84 is based on a 3D equiaxed spherical grain based on the Rappaz-

Thevoz (R-T) model of equiaxed grain growth 85, the solute diffusion equations being the 

same as described in the R-T model. In the R-T model, within the grain the solute 

diffusion equations are for spherical growth, however, solute diffusion from the S-L 

interface assumes a 2D steady-state planar interface. These equations are the analytical 

solution to ‘steady-state diffusion equation from a moving planar interface’ used 

originally by Tiller et al14 and described by Kurz-Fisher 56.  For this case also, the solute 

diffusion equation yields an analytical solution.  

iii. The Du-Li model 79 is also for a 3D spherical grain but for a multicomponent alloy 

system. Their paper provides limited information on the conceptual framework on which 

their model is based, hence it is difficult to comment on their model formulation with 

certainty. However, the following was deduced. The grain growth seems to follow the 

*

lC
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Kampmann-Wagner model 86 with adaptions from the Maxwell-Hellawell model 28. 

Solute diffusion within the grain follows along the lines of the Shu et al model. Diffusion 

from the S-L interface is modelled for the case of 3D growth of a precipitate as described 

by the stationary interface approximation 79. The grain growth model having been 

adapted from the invariant-field approximated growth of a spherical precipitate in a 

matrix as described by Aaron-Fainstein-Kotler 80. This in turn is adapted from Mullins-

Sekerka 81 and Corriell-Parker 82. The solution using the invariant-field approximation is 

based on setting the time-dependent term, dC/dt = 0, and then solving the resulting 

steady-state Laplace equation 80. It assumes a 2D planar interface for solute diffusion 

ahead of the interface. An analytical solution is obtained for the approximated solute 

diffusion equation. 

It should however be noted that the diffusion equations used in the numerical models of Shu 

et al and Du-Li are analytical in nature and will be treated as such in this analysis for the 

purpose of comparison between the models.   

The final equations for calculating xdl by the three models are given below. 

Interdependence model: 𝑥′𝑑𝑙 =
4.6𝐷

𝑣
(

𝐶𝑙
∗−𝐶0

𝐶𝑙
∗(1−𝑘)

)      [8] 

Shu et al model: 𝑤∗ =
∆𝑇𝑛+∆𝑇𝑐𝑠−∆𝑇

∆𝑇𝑐𝑠
𝛿𝑐        [9] 

Du-Li model: 𝑟∗ = ∆𝑇𝑐𝑠
𝑟0

∆𝑇−∆𝑇𝑛
                [10] 

The terms in Eq. [8] for the Interdependence model are the same as explained above. In the 

Shu et al model, T is the total undercooling (= Tr +Tcs +Tt), Tcs is the constitutional 

supercooling, and c is the solute diffusion boundary layer ahead of the interface. Shu et al 

used Tfg for the nucleation undercooling based on the free-growth nucleation theory 

developed by Greer 41, which is Tn used in the Interdependence model. For consistency 

during comparison, Tn replaces Tfg in the Shu et al model described by Eq. [9]. In the Du-

Li model, the terms are the same as in the Shu et al model with the extra r0 term representing 

the grain envelope radius. In both cases, the grain envelope is assumed to be spherical with 

the equiaxed grain contained within the envelope. Thus the envelope is the locus of the 

dendrite tips which grow equiaxially at some rate . Finally, the Interdependence model 

results were also compared against the results from the numerical solidification model, 

MatIC. Calculations for the different models are explained in the Appendix. Here, only the 

results from the calculations are shown followed by discussion. 

Figure 10 shows the comparison between the Interdependence model and the MatIC model. 

xdl is plotted as a function of the nucleation undercooling. Note that in the isothermal MatIC 

model, a cooling rate was imposed that results in a drop in the domain temperature with every 

time step. Thus, the undercooling in the MatIC model is the difference between the alloy 
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liquidus and the domain temperature at any given time step. Very early during grain growth 

the undercooling would be small then increase with time.  

A number of different constant growth rate values were used for the Interdependence model. 

The values of xdl obtained from the Interdependence model are linear while that from the 

MatIC model is curved, starting at a higher value initially. The plot shows that in the early 

stages, the Interdependence model under-estimates xdl for growth rates greater than 1m/s 

compared to the numerical model. Given the inverse relationship between x’dl and growth 

rate (Eq. [7]), this suggests that early in growth the growth rates in the MatIC model are 

lower compared to that used in the Interdependence model. The growth rate in the numerical 

model then increases as the undercooling increases (from 2 m/s at Tn = 0.5 K to 14 m/s at 

Tn = 2 K). This continuous increase in v results in a continuous decrease in the rate of 

change in xdl and intersects with the xdl lines calculated from the Interdependence model at 

higher undercoolings. Furthermore, it appears that the growth rate of 2 m/s used for 

validation of the Interdependence model was a reasonable value to choose 10. The higher 

growth rate values used in the Interdependence model gives lower values of x’dl in the early 

stages of growth at low undercoolings. 

Figure 11 plots the xdl values calculated by the three analytical models as a function of 

undercooling. Both the Shu et al and Du-Li models give much larger values compared to the 

Interdependence model. Du-Li have also reported that the Shu et al model overestimates xdl 
79. However, our analysis indicates that this is true only in the very early stages of low 

undercooling (up to ~0.35 K). Beyond this, the Du-Li model results exceed the Shu et al 

results by an increasing margin. One possible reason for this increase could be the grain 

envelope term r0 that increases very quickly with increasing undercooling. The results from 

the Shu et al and Du-Li models are also significantly higher than that from the MatIC 

model. On the other hand, the Interdependence model shows reasonable agreement with the 

MatIC model results in Figure 10. This may be attributed to the supersaturation term, 𝛺 =

(
𝐶𝑙

∗−𝐶0

𝐶𝑙
∗−𝐶𝑠

∗), used in the calculations which takes into account the transient interface composition 

 during the initial transient. 

The analysis presented in the Appendix shows that the Tr and Tt terms are very small 

compared to the Tcs term. Thus Tcs  T in the numerator in the Shu et al model (Eq. [9]), 

and w* becomes only a function of Tn/Tcs and c. As the undercooling goes from smaller to 

larger values, the Tn/Tcs term assumes an almost constant value, resulting in a fixed value 

for w*. This is shown in Figure 11(b). Note that, based on a steady-state planar interface,c is 

a constant depending only upon solute diffusion in the liquid, D, and the growth rate, v.  

In light of the fact that Tcs  T (which is an assumption used by the authors of all three 

models in their calculations recognising the dominance of Tcs over other forms of 

*

lC
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supercooling in most casting situations1), and using the definition of supersaturation, Ω, the 

equations [8] – [10] may be rewritten as follows, which allows for a further comparison 

between the three models:  

Interdependence model: 𝑥′𝑑𝑙 =
4.6𝐷

𝑣
𝛺      [11] 

Using the assumption that Tcs  Tn from the Interdependence model, it may be further 

rewritten as: 

Interdependence model: 𝑥′𝑑𝑙 =
4.6𝐷

𝑣
𝛺

∆𝑇𝑛

∆𝑇𝑐𝑠
      [12] 

Shu et al model: 𝑤∗ =
2𝐷

𝑣

∆𝑇𝑛

∆𝑇𝑐𝑠
        [13] 

Du-Li model: 𝑟∗ =
𝐷

𝑣
𝛺

1

1−
∆𝑇𝑛
∆𝑇𝑐𝑠

        [14] 

Since Tcs is the major contributor to the total undercooling, it is reasonable to expect that 

Tcs  Tn. For this case, the Shu et al model reduces to the same value as the diffusion 

length for the 2D planar interface under steady-state (c = 
2𝐷

𝑣
). On the other hand, for Tcs  

Tn the Du-Li model results in r*→∞. This also explains the extremely large xdl values from 

these models, particularly the Du-Li result which increases rapidly. 

Another way to look at the Shu et al model is that under steady state Ω = 1 and therefore their 

model may be re-written as: 

Shu et al model: 𝑤∗ =
2𝐷

𝑣
𝛺

∆𝑇𝑛

∆𝑇𝑐𝑠
       [15] 

There is a significant similarity between the Interdependence and the Shu et al models (Eqs. 

[12] and [15]) with the difference being in the constant term (2 for the Shu et al model and 

4.6 for the Interdependence model). Under the steady state condition, the Shu et al model 

would give a smaller value for xdl than the Interdependence model. However, the initial 

transient is not captured in the Shu et al model as Ω is equal to 1. On the other hand, the Du-

Li model seems to capture the initial transient, but yields very large values owing to the fact 

that Tn is close to Tcs, and in fact, will fail when the condition Tn = Tcs is reached. 

However, the important point gleaned from the Du-Li model is that the condition Tn < Tcs 

should always be valid, otherwise r* becomes negative. Combining this condition with Tn 

                                                 
1 This assumption is likely to break down at very high cooling rates where numerical 

approaches would be superior to analytical approaches in dealing with the more complex 

situation where thermal undercooling also is significant. The curvature undercooling is also 

negligible under conventional casting conditions although becomes significant for crystallites 

in the nanometer length scale. 
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being close to Tcs, the Tcs  Tn assumption made in the Interdependence model is 

reasonable.  

The above analysis shows that the four models produce a broad range of results. For example, 

if we assume Tn is 0.2oC and the values of v and D are the same for the three analytical 

models, the respective values of xdl are 24 m for the Interdependence model for v = 2 m/s, 

61 m for the MatIC model, 308 m for the Du-Li model and 1947 m for the Shu et al 

model. If v is reduced to 1m/s the Interdependence and MatIC models produce close to the 

same result with 47 m for x’dl. The Interdependence and MatIC models predict xdl values 

of the same order of magnitude. The other predictions are one order and two orders of 

magnitude greater, respectively. However, a significant issue in comparing models is that the 

input data for v, D and Tn available in the literature are all imprecise and can vary 

considerably 10. Unlike the Shu et al and Du-Li models the Interdependence model includes 

the term xSd which also contributes to the final grain size (Eq. [6]). 

The effect of solute accumulation on NFZ  

Figure 12 illustrates the development of solute accumulation between two adjacent grains due 

to the interaction of the diffusion fields arising from each grain. Once the diffusion fields 

overlap solute begins to accumulate.  Recent numerical modelling of the grain growth process 
11 showed that during the initial transient TCS initially increases and then decreases as 

illustrated in Figure 9. The modelling showed that the point at which TCS begins to decrease 

is not necessarily when solute accumulation begins as TA is also decreasing at a rate 

dependent on the cooling rate. However, the rate of accumulation eventually increases the 

composition above Co at a faster rate than TA decreases and, therefore, TCS decreases 

because the maximum value of TE decreases towards TA. When the separation distance 

between grains is small TCS begins to decrease almost immediately while when they are far 

apart TCS formed between the grains may be sufficient to trigger another nucleation event. 

However, unless a suitable particle is present it is more likely that no further nucleation 

occurs after the initial wave of nucleation events occurs. This situation is shown in Figure 13, 

real-time x-ray of the nucleation and growth of an Al-4wt.%Si alloy, where nucleation is 

complete within a few seconds of the first observed grain and that growth is almost complete 

within 7 seconds with no further nucleation events occurring. This observation is consistent 

with the regular grain size often observed in the equiaxed zone of castings.  

V. CONSTITUTIONAL SUPERCOOLING PROTECTS GRAIN FORMATION 

This section discusses the role of CS in ensuring the newly nucleated grains survive and 

grow. It has been understood for some time that CS contributes to the survival of equiaxed 

grains 87. However, with the more complete understanding we now have regarding the role of 

CS in grain formation it is useful to look into the role of CS in protecting newly nucleated 

equiaxed grains in more depth.  
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When considering the likelihood of grain survival there are two other factors to consider. One 

is the temperature gradient and the other is convection. The temperature gradient is important 

as a steep temperature gradient means that the liquid ahead of the S-L interface is hotter and 

new grains that move ahead of the interface are more likely to be in a superheated region 

increasing the probability of remelting. During the actual casting process there are degrees of 

turbulence and thermal and solutal convection. Turbulence (strong fluid convention) arises 

from the pouring process and can still be prevalent when nucleation begins. Examples include 

simple direct pour ingot casting, high-pressure die-casting and when external fields are 

applied. In processes such as low pressure die-casting and direct chill casting turbulence is 

minimised, however, thermal convection continues to be active during the nucleation process. 

Also, convection is accompanied by thermal and compositional diffusion processes. The 

combination of the above actions determine not only when and where nucleation occurs but it 

also determines the likelihood of survival of the crystals formed and how they are transported 

throughout the casting. 

When nucleation occurs while significant turbulence from pouring is still present, it is likely 

that the temperature gradient from the casting wall to the centre of the casting is relatively 

steep 74, 88. In this case grains that form near the colder mould walls will be transported into 

hotter liquid and remelt.  It is seen in Figure 14 89 that a high superheat (65K) even with a 

cold mould wall does not lead to substantial grain refinement due to re-melting. At the lower 

superheat of 35K substantially more nucleation events survive.  Hence, it is clear that a colder 

mould wall substantially increases the number of nucleation events at a similar cooling rate of 

casting at low superheats (35K).  It is clear that the role of solute is very similar in each case 

with a greater solute content leading to a substantially smaller grain size.  As the melt 

becomes more quiescent the temperature gradient also decreases improving the likelihood of 

grain survival. The important temperatures that need to be considered are the actual gradient 

of TA in the liquid, the equilibrium liquidus temperature, TE, and the nucleation temperature 

of the potent particles, Tn. The important region is where TE is greater than TA, i.e. the CS 

zone. The following describes three different situations and the likelihood of grain survival in 

each of them.  

Pure metal grains are not protected: Figure 15(a) is a schematic representing a crystal of 

pure metal formed from pure liquid with an interfacial temperature close to the melting point 

TMP (= TE). Growth is controlled by the point of balance between the release of latent heat 

and heat extraction. The dashed lines represent TA when stable growth is occurring and when 

convection brings the hotter liquid to the S-L interface causing the temperature to rise above 

TMP and the grain will begin melting. In this situation, new grains can be readily remelted and 

the normal structure produced is columnar. This means that there were negligible nucleation 

events in the liquid ahead of the growing columnar front that survive. However, equiaxed 

grains as illustrated in Figure 15(a), can be produced within the bulk of the melt by the 

application of an external field 75. For these grains to be stable the temperature of the grains 

needs to remain below the melting point implying a very low temperature gradient in the melt 
75. 
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Directional growth of alloy dendrites provides some protection: Figure 15(b) is a schematic 

of the situation during directional growth of an alloy where the CS zone is present for a 

limited distance in front of the S-L. This CS Zone provides some protection to the growing 

grain as thermodynamically, solidification is preferred over remelting adjacent to the 

interface. If new grains are nucleated ahead of the S-L interface or are released by 

fragmentation of dendrites and then float out of the CS zone they will remelt. Also, if thermal 

convection brings the hotter liquid towards the interface then the CS driving force for growth 

is reduced or even eliminated and needs to be re-established for growth to continue. This may 

cause growth to stop for a moment before beginning again. Mirihanage et al 90 observed this 

effect during real-time x-ray studies of the directional solidification of an Al-Cu alloy. 

Alloy grains in a CS melt are protected: Figure 15(c) is a schematic of the case when the CS 

zone extends well beyond the S-L interface. This situation would be typical of equiaxed 

growth in a low temperature gradient melt. There are two profiles for TE representing a point 

in time for two alloys of differing Q values. As shown earlier in Figure 3 and Eq. [3] a larger 

Q value generates CS more rapidly and therefore increases the likelihood of survival for 

newly nucleated grains. When the temperature gradient TA is very low most of the melt will 

be constitutionally supercooled and therefore grains can move in the melt without the risk of 

remelting. When the long range temperature gradient TA is steeper, it is possible that warmer 

liquid could be transported to the interface locally increasing TA as represented in Figure 

15(d).  However, due to the protection of the CS zone complete remelting is unlikely, but 

growth may be reduced for a moment. If the surrounding cooler liquid is transported towards 

the S-L interface decreasing TA then growth would monetarily increase to re-establish local 

equilibrium at the interface. For complete remelting of grains to be possible liquid hotter than 

TE must be transported some distance to the interface and the larger the value of Q the higher 

this temperature must be at any given time. This effect is particularly important when the 

newly formed crystallites are of nanoscale as they could have a much lower melting point 

than their bulk form due to the Gibbs-Thomson effect. Protection of these crystallites from 

remelting is important for successful grain refinement. Thus, in the situation of equiaxed 

solidification the newly nucleated grains are well protected and even better protected as the 

value of Q increases. This mechanism contributes to achieving a finer grains size in the as-

cast structure.  

VI. INSIGHTS ARISING 

It is clear from the above that the establishment of the CS zone is critical in facilitating the 

nucleation of grains and their survival.  Hence, it is important to understand how CS can be 

influenced by external factors. 

Convection is always present to some degree from quiescent to turbulent and to extremely 

turbulent in the case of acoustic streaming when ultrasonic treatment is applied. Whether 

hotter or colder liquid is brought to the interface of growing grains depends on the casting 

environment. During directional solidification the liquid ahead of the interface is hotter than 

the growing dendrites, while during equiaxed or free growth of grains the adjacent liquid 

maybe colder, or at least not hotter than the growing grains, and somewhat hotter towards the 
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thermal centre of a casting due to the temperature gradient caused by heat extraction. These 

local temperature changes due to convection are accompanied by composition change and 

this will require rebalancing to bring the interface back to local equilibrium. As a result 

oscillations in the growth rate may occur at the tip of dendrites 90. 

Considering the above, the likelihood of fragmentation is greater during directional 

solidification than during equiaxed or free growth of grains as the incoming hotter liquid of 

higher composition can slow growth and allows a degree of remelting. The degree of 

remelting possible is dependent on the time available which is controlled by the temperature 

gradient, the morphology of the dendrites and the rate of interface growth. A detailed analysis 

was recently performed on fragmentation observations revealed by real-time x-ray studies 

during directional solidification 91.  On the other hand, fragmentation during equiaxed growth 

is less likely due to the cooler surrounding liquid promoting growth and stabilising the 

dendritic structure. The chances of hotter liquid reaching the interface are decreased due to 

the low temperature gradients. In contrast to directional solidification, fragmentation has so 

far not been observed in real-time x-ray of equiaxed grains to the authors’ knowledge 76 

unless UT is applied 92.  

The above discussion implies that if the melt can be held below TE (i.e. the liquidus 

temperature) and Tn is above TA then grain survival is ensured. Additionally, if the gradient of 

TA is low then the CS zone promoting survival is large. A low gradient also reduces the size 

of NFZ due to a reduction in the value of z in Eqs. [6] and [7] thereby promoting more 

nucleation events decreasing the grain size further. These points indicate the importance of 

controlling the casting conditions to create an environment for maximizing nucleation, 

growth and transport of grains throughout the melt without the risk of remelting. The 

application of UT is an example where these conditions can be created when the correct 

parameters are applied 93. 

Evidence supporting the above statement is provided by recent research on the effect of UT 

on an Al-2Cu alloy with a range of Al3Ti1B master alloy additions 94.  Figure 16 shows that 

Q has an effect on the grain size obtained from the addition of master alloy without the 

application of UT. However, when UT is applied the effect of Q is small as the slope of the 

curve is very low. In the case of ultrasonic treatment acoustic streaming generates a highly 

turbulent melt which rapidly transfers heat throughout the liquid and into the mould walls 

resulting in a flattened temperature gradient 93.  This implies that most of the melt will be 

undercooled at the same time. Considering Eq. [6] and [7], the z term would be close to zero 

which means that the nucleation-free zone is dramatically reduced. Thus, a significant 

number of the most potent particles are able to nucleate a grain. The thermal environment 

generated by UT is essentially the situation described by Winegard and Chalmers in Figure 2.  

VII. SUMMARY 

The formation of the CS zone ahead of the growing grains creates a driving force for 

nucleation ahead of these grains. Higher Q values promote more nucleation by decreasing the 

size of NFZ and thus the grain size. Only a fraction of the CS required to activate nucleation 
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is needed to generate repeated nucleation. Also, a lower temperature gradient reduces the size 

of NFZ reducing the grain size. All of these factors lead to a finer grain size. 

There are four factors that contribute to the size of the nucleation-free zone: xCS, x’dl, the 

potency of the activated nucleant particles and solute accumulation. The effect of the 

nucleation-free zone can be significant depending on the alloy composition as represented by 

the Q value. For low values of Q, NFZ can contribute 50% or more to the as-cast grain size. 

Typically there are very few large particles with the highest potency. As the size decreases 

the potency decreases even faster meaning that most of the particles are not activated. Solute 

accumulation between already growing grains reduces the amount of CS available for 

nucleation extending NFZ to cover the region between adjacent grains preventing further 

nucleation from occurring. For grains close together this situation will occur very quickly. 

The larger the separation distance between growing grains the more likely additional 

nucleation will be.  

An analysis of analytical equations used in recent models and comparison with a numerical 

model showed substantial disagreement in predictions of the diffusion field. For low 

undercooling associated with potent nucleant particles the Interdependence model predicted 

values similar to the numerical model while the other analytical models predicted orders of 

magnitude higher values. The cause of these differences appeared to be mostly due to the use 

of the initial transient in the formulations of the Interdependence model and numerical model 

and the use of steady state solidification in the other models. 

The CS zone surrounding each grain resists the effects of convection allowing grains to 

survive and grow and this factor may contribute to a finer grain size due to better protection 

when Q is higher. The degree of protection provided during directional and equiaxed 

solidification is influenced by the size of the CS zone, alloy composition, temperature 

gradient, turbulence and thermal and compositional convection. Considering the likely effects 

of these factors it is proposed that fragmentation is more likely to occur during directional 

solidification than during equiaxed solidification; that oscillations in growth rate can occur 

due to convection affecting the interfacial temperature or composition causing the growth rate 

to increase or decrease to return the interface compositions to local equilibrium; and in the 

extreme case created by the application of external fields can create an environment that 

maximises nucleation and survival of grains to produce a fine equiaxed structure throughout a 

casting. 

APPENDIX 

Calculations for the Interdependence model: To calculate xdl, the Interdependence model 

requires that the growth rate, , and the nucleation undercooling, Tn (= Tcs), in the 

solidifying grain be user-defined for a given alloy system (in our case Al-7Si, the property 

and phase diagram values used are shown in Table II). The  term is then evaluated using 

the definition of Tcs. Thus, a set of critical distances was generated for a combination of Tn 
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and  values. In order to compare the different models, the same values of Tn and  were 

used in the Shu et al and Du-Li models.  

Calculations for the Shu et al model 84: The Shu et al model requires evaluating the total 

undercooling, T, which additionally includes Tr (radius undercooling) and Tt (thermal 

undercooling). For the dendritic shape of the equiaxed grain, estimating the radius of the 

growing dendrite, Rd, is critical in evaluating the three components of the total undercooling. 

Recall that Tn and  are already known from the Interdependence model. Tc requires  

as well as the solution to the problem of diffusion from a parabolic tip given as the Ivantsov 

solution, Iv(P) 95, where P represents the appropriate Peclet number for solute or heat 

diffusion. Eq. [16] shows the correlation between Tcs, Cl* and Iv(Pc). 

∆𝑇𝑐𝑠 = 𝑚(𝐶0 − 𝐶𝑙
∗) = 𝑚𝐶0 (1 −

1

1−(1−𝑘)𝐼𝑣(𝑃𝑐)
)     [16] 

The Ivantsov solution in the case of constitutional supercooling is a function of the solutal 

Peclet number, Pc (=Rd/(2D)), and D is the solute diffusion coefficient. Iv(Pc) can be written 

in terms of the Pc number 56. This approach of using the Ivantsov solution for equiaxed grain 

growth has been used for modelling the grain growth from a single nucleation site within a 

single atomized Al-Cu droplet 96. From the Ivantsov solution for a given TCS, the Pc value is 

obtained based on linear interpolation on the Pc-Iv(Pc) table, generated for a range of Pc 

numbers. Subsequently, the dendrite tip radius, Rd, is calculated using the definition of the Pc 

number.  The Tr and Tt terms can now be evaluated using the equations given below.  

∆𝑇𝑟 =
2Γ

𝑅𝑑∆𝑇𝑓𝑟
          [17] 

∆𝑇𝑡 =
𝐿

𝐶𝑝
𝐼𝑣(𝑃𝑡)         [18] 

Here Γ is the interfacial energy term, Tfr is the freezing range, L is the latent heat of fusion, 

Cp the specific heat and Iv(Pt) is the solution to the heat diffusion from a parabolic tip, where 

Pt is the thermal Peclet number (=Rd /(2)),  being the rate of thermal diffusion. 

Finally, c is calculated based on Eq. 2 in Shu et al84. Interestingly, although the grain growth 

is considered to be spherical, the c term is actually based on a steady-state planar interface 
97. Note that the Interdependence model also uses a planar interface approximation for the S-

L interface, but with a transient analysis with the  term included.    

Calculations for the Du-Li model: The Tcs and T terms are the same as in the Shu et al 

model and therefore the same method was applied as before to calculate these terms. There is 

an additional r0 term which is the amount of growth of the grain envelope. To evaluate this 

term Eq. 4(a) in 79 was used.  

*
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𝑅 =
𝐷Ω

𝑣
          [19] 

Eq. [19] relates the amount of grain growth to the solute super saturation, Ω (= (
𝐶𝑙

∗−𝐶0

𝐶𝑙
∗(1−𝑘)

)), 

ahead of the grain. The supersaturation term requires the  term, which is evaluated as 

before. We believe that R in Eq. 4(a) in their article is the same as r0 that was used in the final 

equation for their calculations of xdl. Finally, we have used a binary system, where only one 

solute species is active. For this case the multicomponent model should be valid as well since 

the diffusion term for the additional solute species would simply be zero. 

Comparison with MatIC: 

The models presented above were all analytical models with certain assumptions such as the 

diffusion field can be estimated from diffusion in front of a 2D planar interface. The 

numerical solidification model MatIC, based on CAFD, is used to track the development of 

the diffusion field. For our case of a single equiaxed grain growing in the centre of the 

computational domain, the solid grain grows as a dendrite and solute and heat diffusion 

equations are solved for each cell, both in the liquid and the solid grain. Thus, the distance 

from the S-L interface where the solute diffusion cut-off criteria of 4.6*lD is satisfied can be 

estimated. Here lD is the characteristic diffusion length as defined by Trivedi and Kurz 83. The 

4.6*lD cut-off criteria has been used in the numerical model since the solute concentration 

ahead of the interface is known and also because it allows for a direct comparison with the 

Interdependence model. Note that in this numerical model, the interface is not sharply 

defined. Hence the interface is approximated as the liquid cell adjacent to the cell 

representing the solid grain (recognized by the cell composition being < C0). For the 

simulation, 1 m cell size was used with periodic boundary conditions. Initially two different 

domain sizes of 750 and 1000 m were used to assess the effect of edge effects. It was 

established that 750 m was large enough to avoid the edge effects. The results from these 

four models (3 analytical and 1 numerical) are compared in figures 10 and 11 in section IV.  
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Table of Symbols 

a Constant related to the maximum number of particles that can be  

 successfully activated as nucleants 

b  Slope of the best fit line through the grain size data plotted against 1/Q 

Co Alloy composition         [wt. %] 

Cl Composition of the liquid in front of the solid-liquid interface   [wt. %] 

*

lC  Composition of the liquid at the solid-liquid interface    [wt. %] 

Cp Specific heat          [J m-3K-1] 

*

sC  Composition of the solid at the solid-liquid interface    [wt. %] 

CS Constitutional Supercooling. The terms Constitutional Supercooling (CS) [K] 

 14, 73, 98 and Constitutional Undercooling (CU) 56 have the same  

meaning and are both used in the solidification literature.     

dgs Grain size          [m] 

d Nucleant particle diameter        [m] 

D Rate of solute diffusion in the liquid       [m2s-1] 

fs Fraction solid          [-] 

Iv(Pc) Solution to solute diffusion from a parabolic tip 

Iv(Pt) Solution to heat diffusion from a parabolic tip 

k Partition coefficient Cs/Cl        [-] 

lD Characteristic diffusion length/distance      [m] 

L Latent heat of fusion        [J m-3] 

m Slope of the liquidus         [K/wt%] 

P Supercooling parameter and equals mCo(k-1)/k    [K] 

Pc Peclet number for solute diffusion      [-] 

Pt Peclet number for heat diffusion      [-] 

Q Growth restriction factor and equals mCo(k-1)    [K] 
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r* Length of the diffusion field [Du, Li]      [m] 

ro Grain envelope radius [Du, Li]       [m] 

Rd Radius of the dendrite tip        [m] 

Sd Average particle spacing for a particle of diameter d    [m] 

t  Time           [s] 

T Undercooling below the equilibrium liquidus temperature    [K] 

ΔTc liquidus temperature of the alloy minus the liquidus temperature 

 of the new liquid composition after a fraction solid, fs   [K]

Tcs Amount of Constitutional Supercooling      [K] 

Tfr Freezing range         [K] 

Tn Undercooling for nucleation        [K] 

Tr Curvature undercooling        [K] 

Tt Thermal undercooling        [K] 

Tn Temperature at which nucleation will occur      [K] 

TA Actual temperature of the melt       [K] 

TE Equilibrium liquidus temperature       [K] 

TMP Equilibrium melting temperature of pure metal    [K] 

v Growth velocity         [ms-1] 

w* Length of the diffusion field [Shu et al]      [m] 

x Distance in the x-direction from the center of a grain    [m] 

x’ Distance in the x-direction from the solid-liquid interface    [m] 

xCS Distance a grain needs to grow to create CS sufficient to nucleate a grain  [m] 

xdl Generic distance of the diffusion field from the S-L interface to the point where  

 CS is sufficient to nucleate a grain, i.e. when Tcs first equals Tn-min  [m] [Ref] 
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x’dl Distance of the diffusion field from the S-L interface to the point where  

 CS is sufficient to nucleate a grain, i.e. when Tcs first equals Tn-min  [m] [Ref] 

xnfz Length of the nucleation-free zone       [m] 

xSd Distance between xnfz and the next most potent particle in the melt   [m] 

zTn Incremental amount of undercooling required to re-establish Tn   [K] 

 

Greek symbols 

 Rate of thermal diffusion        [m2s-1]

 Gibbs-Thomson coefficient        [mK] 

c Size of the solute diffusion boundary layer equal to D/v    [m]

 Supersaturation term equals (
𝐶𝑙

∗−𝐶0

𝐶𝑙
∗−𝐶𝑠

∗)  
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Tables 

Table I.  Comparison of the relative values of Q and P for some common elemental 

additions at the same values of CO to Al-alloys obtained from 30, 99. 

Element K m (K/wt%) 
max. 

solubility 
m(k-1) for Q m(k-1)/k for P 

Ti 7-8 33.3 0.15 ~220 ~30 

Zr 2.5 4.5 0.11 6.8 2.7 

Si 0.11 -6.6 ~12.6 5.9 54 

Cr 2 3.5 ~0.4 3.5 1.8 

Ni 0.007 -3.3 ~6 3.3 471 

Mg 0.51 -6.2 ~3.4 3 5.9 

Fe 0.02 -3 ~1.8 2.9 145 

Cu 0.17 -3.4 33.2 2.8 16.5 

Mn 0.94 -1.6 1.9 0.1 0.1 

 

Table I. Phase diagram and thermo-physical properties for the Al-7Si alloy used in the 

calculations. 

Item Value Units 

Solute diffusion, D 1.98x10-9 m2/s 

Partition coefficient, k 0.17 - 

Liquid slope, m -6.6 K/[%] 

Gibbs-Thomson coefficient, Γ 9x10-8 mK 

Latent heat of fusion, L 1.31x109 J/m3 

Specific heat, Cp 2.67x106 J/m3/K 

Thermal diffusion,  8.7x10-5 m2/s 

Freezing range, Tfr 36 K 
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Figures 

 

 

Fig. 1 A schematic description of the CS theory developed by Rutter and Chalmers 13, 

reproduced. 

 

Fig. 2. Representation of the conditions for the establishment of an equiaxed zone as 

described by Winegard and Chalmers 15 where TE is the equilibrium liquidus temperature and 

TA is the actual temperature of the melt. 

 

Fig. 3.  The implications of P and Q in a binary eutectic system. Reproduced from Ref. 36. 
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Fig. 4.  Illustration of the value of Q as the initial rate of CS development and P as the 

maximum value in the Al-Ti system 9. 

 

Fig. 5: Schematic representation of the development of the CS zone in front of a growing 

equiaxed grain: (a) is the composition profile of the solute rejected in front of the growing S-

L interface where x’dl is the length of the diffusion field ahead of the growing interface, and 

(b) the conversion of composition to their equilibrium liquidus temperatures, TE, and the 

actual temperature, TA. The CS zone is formed where TE is greater than TA. 
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                       (a)                                                                   (b) 

Fig. 6. The solidification pathway during the initial transient for an alloy of composition Co. 

(a) shows the temperature-composition evolution of the S-L interface during the initial 

transient until steady-state growth begins at T3. (b) Represents the conversion of the 

concentration profile in Figure 5 into profiles of the equilibrium liquidus temperature, TE, for 

each time step t1 to t3. TA, the actual temperature in the melt, decreases from TA-t1 to TA-t3. The 

slight curvature of TA in front of the S-L interface is due to the assumption of equiaxed 

growth where the growing grains are hotter than the surrounding liquid due to the transfer of 

latent heat into the liquid. The amount of CS generated is the difference between TE and TA 

for each time step. Note that the length of the CS zone is defined by x’ where the origin is at 

the S-L interface. 

  

 

TA-t2 

TA-t3 

Tcs-t1 

Tcs-t2 

Tcs-t3 = Tcs-max 

T1 

T3 

TA-t1 

T
e
m

p
e

ra
tu

re
, 

T
 (

K
) 

Distance, x (m) 

TE 

t1 t2 t3 

T2 

x′ 

Concentration, C (%) 

T
e
m

p
e

ra
tu

re
, 

T
 (

K
) 

 

Cok Co Co/k 

TE 

T1 

T2 

T3 

to 

t1 

t2 

t3 



31 

  

                            (a)                                                                       (b) 

Fig. 7. (a) Schematic representation showing the intersection between TA and the Tn-Sd 

curve indicating the location of the nucleation event, and the three regions that together 

establish the grain size of the microstructure: xCS, x’dl and xSd. The first two regions xcs and 

x’dl together represent a nucleation-free zone where nucleation is not possible for the particle 

distribution described by Tn-Sd. (b) A simple representation illustrating that for each value 

of Q the grain size is the result of three components: xSd is the average distance to the 

activated particles and b is equal to the gradient of xCS plus x’dl over a unit of 1/Q. xSd is a 

constant when the particle number density is constant as illustrated in (b). 

 

Figure 8. Representation of the repeating cycles of growth, nucleation and growth generating 

CS where the undercooling required to re-establish TCS equal to Tn is the difference 

between the dashed lines denoted by zTn as the temperature gradient of TA moves in the x 

direction. The black dots represent activated nucleant particles. The dashed line illustrates the 

temperature gradient before moving to a lower temperature as the melt cools. 
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Figure 9. Outputs of the numerical simulation of the growth of four dendritic equiaxed grains.  

The figure shows the development of the diffusion field (represented by compositional 

contour lines) surrounding the growing dendritic grains and the effect of solutal accumulation 

between adjacent grains 11.  

 

Fig. 10. xdl from the interface as a function of nucleation undercooling for the Interdependence model 

and the MatIC model. The user-defined growth rates used are v1 = 1 m/s, v2 = 1.5 m/s, v3 = 2 

m/s, v4 = 5 m/s, v5 = 10 m/s and v6 = 40 m/s.  
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(a) 

 
(b) 

 
(c) 

 

Fig. 11. a) xdl calculated from the Interdependence model for v = 2 m/s (filled black 

squares), the Shu et al model and the Du-Li model. The Shu et al and Du-Li models give 

much larger values relative to the Interdependence model (notice the different Y-axis scale). 

At small undercoolings, the Shu et al model gives larger values than the Du-Li model, but 

this reverses rapidly as undercooling increases. (b) shows the actual curved shape from the 

Shu et al model result that is dwarfed by the Du-Li results presented in (a).   
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Figure 12. Schematic showing the composition and temperature profiles between, and in front 

of, the newly nucleated grains. The effect of overlapping diffusion fields between two 

growing grains is illustrated where the amount of CS reduces such that additional nucleation 

between the grains is not possible (i.e. TCS < Tn). 
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Fig. 13. Selected X-ray stills of solidification for the Al-1Si alloy, left, and the Al-4Si alloy, 

right. Time measurements are relative to the first observation of nucleation. The video 

sequences of solidification for each alloy can be found online associated with 76. 
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Fig. 14.  A comparison of the effect of increasing cooling rate in a preheated graphite mould 

and reducing superheat in a permanent mould.  It should be noted that the cooling rate in the 

centre of the permanent mould casting is also approximately 15K/s.  All alloys contain 

0.005% TiB2 as Al-3Ti-1B 89.   
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 15. Schematic representations of the role of CS in protecting growing grains from 

remelting: (a) represents the situation of a pure metal grain growing in a pure melt; (b) 

directional solidification of an alloy where the CS zone provides some protection; (c) an 

equiaxed grain surrounded by CS providing good protection and the larger the Q value the 

faster this protection is generated; and (d) is (c) but illustrating the effect of convection on TA 

in relation to TE. TA: actual temperature gradient in the liquid; TE: the equilibrium liquidus 

temperature; TMP: melting point. 
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Fig. 16 The relationship between the grain size and the inverse of the growth restriction 

factor Q. 
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