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Abstract

Yang-Baxter type models are integrable deformations of integrable field theories, such
as the principal chiral model on a Lie group G or o-models on (semi-)symmetric spaces
G/F. The deformation has the effect of breaking the global G-symmetry of the original
model, replacing the associated set of conserved charges by ones whose Poisson brackets
are those of the ¢g-deformed Poisson-Hopf algebra %,(g). Working at the Hamiltonian level,
we show how this g-deformed Poisson algebra originates from a Poisson-Lie G-symmetry.
The theory of Poisson-Lie groups and their actions on Poisson manifolds, in particular the
formalism of the non-abelian moment map, is reviewed. For a coboundary Poisson-Lie
group G, this non-abelian moment map must obey the Semenov-Tian-Shansky bracket on
the dual group G*, up to terms involving central quantities. When the latter vanish, we
develop a general procedure linking this Poisson bracket to the defining relations of the
Poisson-Hopf algebra %,(g), including the g-Poisson-Serre relations. We consider reality
conditions leading to ¢ being either real or a phase. We determine the non-abelian moment
map for Yang-Baxter type models. This enables to compute the corresponding action of
G on the fields parametrising the phase space of these models.

arXiv:1606.01712v1 [hep-th] 6 Jun 2016

1 Introduction

Integrable field theories of so-called Yang-Baxter type arise as integrable deformations of differ-
ent well known integrable o-models. The name originates from the appearance of an R-matrix,
a solution of the so-called modified classical Yang-Baxter equation (mCYBE) on a Lie algebra
g which reads

[RX,RY]— R([RX,Y] + [X,RY]) = —*[X,Y],
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for any X,Y € g and with ¢ # 0, in the action of all these models. Without loss of generality
we can assume that ¢ = 1 or ¢ = 4, referred to as the split and non-split cases respectively.
The first example of such a model, coined the Yang-Baxter o-model, was constructed in [112]
by C. Klimé¢ik as a one-parameter deformation of the principal chiral model. This was later
generalised to deformations of symmetric [3] as well as semi-symmetric space o-models [4,[5].
Other o-models of Yang-Baxter type include the bi-Yang-Baxter c-model which gives a two-
parameter deformation of the principal chiral model [2,[6]. The classical integrability of these
various Yang-Baxter type models at the Hamiltonian level was proved in [35l[7]. We note that
the construction of Yang-Baxter type models can equally be applied to solutions of the classical
Yang-Baxter equation (the case ¢ = 0) [§], resulting in a different class of models [9HIT] which
may be referred to as “homogeneous” Yang-Baxter type models. However, these models have
very different properties (see e.g. [12]) to those obtained from solutions of the mCYBE and so
we will not consider such models here.

A prominent feature shared by all Yang-Baxter type models built from solutions of the
mCYBE is that they are characterised by a g-deformation of the global symmetry algebra of
the original “undeformed” integrable o-model. To illustrate this point let us take the principal
chiral model on a real semisimple Lie group G with Lie algebra g = Lie G as an example. This
model is invariant under a global G' X G symmetry acting by left and right multiplications on
its group valued field g(o, 7). To describe this statement in the Hamiltonian formalism, let M
denote the phase space of the model with Poisson bracket {-,-}. The left and right actions of
G on M each admit a moment map () : M — g* such that:

(1) the infinitesimal symmetry with parameter € € g reads d.f = (¢, {Q, f}) for any function
f: M — R on phase space, where (-,-) denotes the pairing between g and g*, and

(2) writing Q = Q*T, where T and T, are dual bases of g and g*, we have {Q?, Q*} = f® Q°
with f% denoting the structure constants of g with respect to 79, i.e. [T® T = f T°.

Moreover, both the left and right actions of G on M are symmetries of the principal chiral model
since they leave the Hamiltonian H invariant, i.e. 6.H = 0 for all € € g. For the Yang-Baxter
o-model it was shown in [3] that the Poisson brackets from (2) satisfied by the charges of the
right G-symmetry get deformed to those of a Poisson-Hopf algebra %, (g) [13,[14], where ¢ is
a function of the deformation parameter. The latter can be defined as a semiclassical limit of
the quantum group Ugz(g) with ¢ = ¢". This fact was first shown for the Yang-Baxter o-model
with G = SU(2) in [15,[16]. Likewise, in the case of the bi-Yang-Baxter o-model, the Poisson
algebra of the global left and right G-symmetries get deformed instead to %, (g) and %, (g)
algebras, where ¢; and ¢, are functions of the two deformation parameters. The latter were
conjectured in [I7] and proved in [7].

One of the motivations for the present work is to address the following question: what is
the infinitesimal transformation associated with the ¢-deformed symmetry of Yang-Baxter type
models? In other words, what is the analog of the property (1) above after deforming? Before



answering this question it is worth recalling first that the phase space of a Yang-Baxter type
deformation is the same as the phase space of the original “undeformed” integrable model [12],
which we shall keep calling M as in the above example. The correct framework for describing
the symmetries of Yang-Baxter type models is that of Poisson-Lie groups and Poisson-Lie
symmetries. Indeed, the effect of the deformation will be to promote the Lie group G, whose
action on M is Hamiltonian in the sense of property (1) above, to the status of a Poisson-Lie
group, whose action on M is also Hamiltonian but in the Poisson-Lie group sense.

Recall that a Poisson-Lie grou G is a Lie group equipped with a Poisson bracket {-,-}o
which is compatible with the multiplication. Its linearisation at the identity endows the dual
g* of its Lie algebra g with a natural Lie bracket [-,-].. The dual group G* is defined as the
corresponding connected and simply connected Lie group with Lie G* = g*. The action of the
Poisson-Lie group (G, {-,-}¢) on M is called Hamiltonian if there exists a non-abelian moment
map [' : M — G* such that the infinitesimal variation of any function f : M — R is given by

ocf =— (e, LT, [}) (1.1)

where the parameter € takes value in g. Note that if the Poisson bracket {-, -} is trivial then so
is the Lie bracket [-, -], in which case the group G* becomes abelian. As a consequence, writing
[' = exp(—Q) with @ : M — g*, one recovers the standard infinitesimal symmetry generated
by the moment map @ as in (1) above. We therefore expect the Poisson bracket {-,-}s to be
proportional to the deformation parameter.

If the deformation is to promote G to a Poisson-Lie group, the question is with which Poisson
structure {-,-}5? In the context of Yang-Baxter type deformations, which are associated with
skew-symmetric R-matrices, one can define a natural coboundary Poisson-Lie group structure
on GG given by the Sklyanin bracket

{71,722}, = 7 [Ri2, 1172],

where x € GG and v plays the role of the real deformation parameter. In particular, we note
that the Poisson bracket becomes trivial in the undeformed limit v = 0. In the present case,
the Lie algebra (g%, [-,]«) defined above is naturally isomorphic to the Lie algebra (g, [, ]|r),
which we denote gr, where

(X, Y]r = fy([RX, Y]+ [X, RY]),

for all X,Y € g. Note that this defines a Lie bracket by virtue of the mCYBE. Correspondingly,
the dual group G* is isomorphic to the connected and simply connected Lie group G g with Lie
algebra gr. Alternatively, depending on whether the R-matrix is a split or non-split solution
of the mCYBE, the Lie algebra (g*, [, ].) may equally be realised as a Lie subalgebra of the

!There are many references on Poisson-Lie groups. For the aspects reviewed in the present article, we mainly
refer to the articles [I8426] and to the books [27,28]. Further references may be found in [29].



real double g @ g which we denote gpg, or as Lie subalgebras g, of the complexification g,
respectively. Let Gpr be the corresponding Lie subgroup of G x GG and G+ the Lie subgroups
of the complexification G¢. Both Gpr and G4 become Poisson-Lie groups themselves when
equipped with the Semenov-Tian-Shansky Poisson bracket

(o122} = 7 [Baziorag ], {103} =7 Bz oieg]
where (z7,27) € Gpg or z* € G+ and we have defined R* = R + c1d.

We are now in a position to state what the generalisation of the above two properties (1) and
(2) should be for Yang-Baxter type models. Namely, the action of the coboundary Poisson-Lie
group (G, {-, }¢) on M should admit a non-abelian moment map, which can be described as a
map (I'",T7): M — Gpg or I'* : M — G, such that:

(1") the infinitesimal symmetry with parameter € € g reads

5.f = —%K(e, ()T, = ()7 {r—,f}) (1.2)

for any function f: M — R on phase space, where «(+,-) is the Killing form on g, and

(2") the non-abelian moment map is a Poisson map, in the sense that
{T7. T3} =[R2 IiT5 ), {I1. 15} = 7[R T T3] (13)

Moreover, the action of the Poisson-Lie group (G, {:, -}¢) on M is a symmetry if it preserves
the Hamiltonian, i.e. 0.H = 0 for all € € g, or equivalently if the non-abelian moment map
is conserved. For the standard choice of R-matrix, in both the split and non-split cases, the
data of the non-abelian moment map I'* is equivalently specified by a collection of charges Q¥
for i = 1,...,1 = rankg and QF for each root a € h* of g. We will show that the Poisson
bracket relations (L3]) on the non-abelian moment map I'* implies that these charges satisfy the
defining Poisson bracket relations, including the g-Poisson-Serre relations, of the Poisson-Hopf
algebra %,(g) where q = ™.

In order to justify our claim that the g-deformed symmetries of Yang-Baxter type models
indeed correspond to Poisson-Lie group symmetries in the above sense, it therefore remains
to identify the corresponding non-abelian moment map I' : M — G*. Now Yang-Baxter type
models can be obtained by deforming a double pole of the twist function of the undeformed
integrable models into a pair of simple poles at A [12]. In this context, focusing on the case of
a non-split R-matrix, we will show that the gauge transformed monodromy matrix evaluated
at the pair of points A\i, namely I't = T9(\.), satisfy the Poisson bracket relations (I3) and
thus provide the desired non-abelian moment map.

This achieves the main goal of this article, namely the generic identification of ¢-deformed
symmetries analysed in [3] with Poisson-Lie symmetries in Yang-Baxter type models. It is
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worth emphasising that the study of Poisson-Lie symmetries in the context of various o-models
of Yang-Baxter type has been carried out before in [IL[I7]. In fact, the Yang-Baxter o-model
and the bi-Yang-Baxter o-model were both originally defined in [1,2] so as to possess, by their
very construction, Poisson-Lie symmetries in the sense of [30,31]. By contrast, we wish to stress
that the analysis carried out in the present article applies to all Yang-Baxter type models and,
most importantly, operates at the Hamiltonian level. The latter is the right setting not only
for discussing the Poisson brackets (I.3]) of the non-abelian moment map but also to express
the sought after infinitesimal transformation (2] it generates. The variations of the canonical
fields of the model are of the same form as the variations in the undeformed model but where
the transformation parameters are suitably dressed by non-local expressions in the fields.

The plan of this article is the following. In section [2] we begin by reviewing the definitions
of Lie bialgebras, Poisson-Lie groups and Drinfel’d doubles. In the next section we go on to
recall what is meant by the action of a Poisson-Lie group on a Poisson manifold M. The action
is called Hamiltonian when the corresponding infinitesimal transformation is generated by a
non-abelian moment map I' : M — G* as in (LT)). The requirement that this be a Lie algebra
action is shown to imply that the lift

M — G* — DG

of I' to the Drinfel’d double DG is a Poisson map if we equip DG with the Sklyanin bracket
associated with the canonical R-matrix, up to terms involving central quantities.

In section M we turn to the study of coboundary Poisson-Lie groups, discussing in parallel
the cases of split and non-split R-matrices. In this setting we recall the different realisations
of the dual group G* which in later sections will provide us with useful ways of describing the
non-abelian moment map I'. We focus on the Poisson-Lie group structure on GG defined by the
Sklyanin bracket. The dual space g* is naturally a Lie algebra which is isomorphic in this case
to gr, the vector space g equipped with the R-bracket. This provides a first concrete realisation
of G* as the Lie group G associated to ggr. We denote the corresponding description of the
non-abelian moment map by

I'r: M — GR.

Next, we recall that the Drinfel’d double Dg of a coboundary Lie bialgebra defined by a split
R-matrix is canonically isomorphic as a Lie algebra to the real double g & g. Likewise, in the
case of a non-split R-matrix the Drinfel’d double Dg is isomorphic as a Lie algebra to the
complexification g€. The Lie algebra g* ~ gp may then be realised in the split case as a Lie
subalgebra of g g which is complementary to the diagonal subalgebra, or as a Lie subalgebra of
g complementary to the real subalgebra in the non-split case. This provides a second explicit
realisation of the dual group G* as a subgroup of the Cartesian product G x GG in the split case
or of the complexification G in the non-split case. We denote the corresponding presentations
of the non-abelian moment map respectively by

(I'",T'7): M — Gpg, and TF: M — G..



We show that these are both Poisson maps if we equip Gpr and G1 with the Semenov-Tian-
Shansky Poisson bracket, again with the possible addition of terms involving central quantities.
In the remainder of the paper, however, we shall put these central quantities to zero.

Section [l is devoted to showing that, when we choose the standard R-matrix in the split
(resp. non-split) case, the Semenov-Tian-Shansky Poisson bracket on Gpg (resp. G4) corre-
sponds precisely to the defining Poisson bracket relations of the Poisson-Hopf algebra % (g)
with ¢ = e (resp. ¢ = €7). Specifically, the choice of standard R-matrix means that 't
and I~ are elements of the positive and negative Borel subgroups of G (resp. G®). To any
choice of normal ordering on the set of positive roots of g we associate a parametrisation of
't and '~ in terms of charges QF for each Cartan direction and Q¥ for each positive and
negative root a € h*. We then show that imposing the Semenov-Tian-Shansky Poisson bracket
on the pair I'* implies that the charges Qf and Q¥ satisfy all the relations of the Poisson
algebra %,(g), including the ¢-Poisson-Serrre relations, as given in [3]. We also discuss reality
conditions suitable for the split and non-split cases.

Finally, the results from previous sections are applied in section [6] to discuss the ¢-deformed
symmetries of Yang-Baxter type models. As explained above, we show that the non-abelian
moment map in this case is given by the quantity I'* = T9(\.). We use this to compute the
variations under the g-deformed symmetry of the canonical fields parametrising the phase space
of these models. To end this section we also comment on the corresponding variation of the
first order action of Yang-Baxter type models.

2 Poisson-Lie groups and Drinfel’d doubles

In this section, we recall the main points of the general theory of Poisson-Lie groups and their
link to Lie bialgebras, including the formulation in terms of Drinfel’d doubles.

2.1 Poisson-Lie groups and Lie bialgebras

A Poisson-Lie group is a real Lie group G equipped with a Poisson bracket {:,-}¢ which is
compatible with the multiplication G x G — G in the sense that the latter is a Poisson map.

Consider the dual space g* of the Lie algebra g. As g ~ T,G, any element in g* can be
realised as the differential d.f : T.G — R of a smooth function f : G — R, taken at the identity
e. Using this, we define a skew-symmetric product on g* by

[def,deg), = de {[. g} (2.1)

One can show that this product is well defined, 7.e. that the results only depend on d.f and
deg and not on the choice of f and g. Using the Jacobi identity of the Poisson bracket, one
finds that

(g*v ['7 ]*)



is a Lie algebra. The Lie bracket [-, ], can be seen as a skew-symmetric map 6* : g* ® g* — g*.
One can show that the dual map ¢ : g — g® g is a 1-cocycle, i.e. that (g, g*) is a Lie bialgebra
(see for instance [28]). Conversely, from any Lie bialgebra, one can define a unique connected
and simply connected Poisson-Lie group.

2.2 Drinfel’d doubles

Let G be a Poisson-Lie group, with Lie bialgebra (g, g*). We define the Drinfel’d double of g
as the vector space direct sum
Dg=gog"

We will write ¢+ and ¢* for the natural embeddings of g and g* into Dg and we will denote
elements of Dg as (X, \), where X isin g and A is a linear form in g*. One can define a bilinear
form on the double Dg by

(XY, 1)) = (X, ) + (Y, A) = u(X) + A(Y) (2.2)

for any X,Y € g and A\, u € g*, where (-,-) denotes the canonical pairing between g and g*.
One then has the following result [28§]:

Theorem 2.1. There exists a unique Lie bracket [-,-|p on Dg such that v and * are Lie
homomorphisms from g and g* to Dg, and such that the bilinear form (-|-) is ad-invariant.

It is clear from the definition (2.2) that the subspaces ¢(g) and ¢*(g*) are both isotropic with
respect to (-|-). The data (Dg, g, g*) therefore defines a Manin triple. Moreover, let us consider
a basis {T°} of g and the dual basis {T,} of g*. Consider the element in Dg ® Dg define by

Rz = > T @ (T,) — " (T,) © (T, (2.3)

a

where we use the standard tensorial notation. By the Adler-Kostant-Symes procedure, it is a
skew-symmetric solution of the split modified classical Yang-Baxter equation on Dg, which in
tensorial notation reads

[Raz Ras] , + [Raa Raal, + [Rizs Raal , = [Crz: Cis

with C’f)_z the quadratic Casimir in Dg ® Dg.

3 Poisson-Lie actions

In this section we study actions of Poisson-Lie groups on Poisson manifolds via the non-abelian
moment map formulation.



3.1 Non-abelian moment map

Let G be a Poisson-Lie group and M be a Poisson manifold, with Poisson bracket {-,-}. Let
p:GXM—M

be a smooth group action of G on M. We say that p is a Poisson-Lie action if it is a Poisson
map, from G x M, with the direct product Poisson structure, to M. The map p can alternatively
be seen as a group homomorphism from G to Diff(M), the group of diffeomorphisms of M. Its
differential at the identity induces a Lie algebra action

6 : g — Tia(Diff(M)) = Vect(M),

on the space Vect(M) of vector fields on M. For € € g, the vector field . acts naturally on any
smooth function f: M — R. We consider the case where there exists a map

r-mM— G-,

where the dual group G* is the connected and simply connected Lie group with Lie algebra g*,
such that

5f =— (e, T7H{T, f}). (3.1)

The map I' is called the non-abelian moment map of the action of G on M. If M is symplectic
and simply connected, then such a map always exists. We can note here that I' is defined up
to a left multiplication by a constant element in G*. Conversely, every transformation of the
form (B0]) preserves the Poisson bracket if the parameter € has a non-zero bracket with itself,
coming from the Poisson-Lie structure on G.

To illustrate this concept, let us investigate here the case of a usual Hamiltonian action of
G on M. For any fixed g, the action p(g, -) is then a canonical transformation on M. In other
words, p is a Poisson map for the trivial Poisson structure on G. The induced Lie bracket on g*
defined by (27 is then trivial, so that the dual group G* is abelian. We write I' = exp(—Q),
with @ : M — g*. As G* is abelian, the transformation (B.I]) simply becomes

55f = <€7 {Q> f}> : (32)

We recognize here the usual expression for a Hamiltonian action of G on M, with ) the moment
map. When this action is a symmetry of a Hamiltonian system, decomposing () with respect
to the dual basis of g* as Q) = Y Q*T,, we obtain dim G conserved charges Q.

3.2 Poisson brackets of the non-abelian moment map

Let us recall that since p is a Lie group action, ¢ is a Lie algebra action. In other words, § is a
Lie homomorphism which is to say that

[567 56/] = 5[675/]7 (33)
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for any €,¢ € g. In the case of a usual Hamiltonian action of G on M, where 0, is given by
equation (B.2), it is a well-known fact that the homomorphism condition (3.3]) implies that the
Poisson algebra of the charges Q* takes the form

{Qa’ Qb} _ Z fabc QC + Nab

of the Lie algebra relations in g up to central quantities N, where f are structure constants
of g with respect to the basis {7}, i.e.

Ta Tb Z fab Te.

It is therefore natural to ask whether we can extract from equation (3.3]) some informations on
the Poisson bracket of I with itself. One important step is to note that, from equation (B.1),
using the Jacobi and Leibniz identities on {-,-}, the action of [d,, do] on any function f takes
the following rather simple form

[0, 00] f = (ereq, T1' Ty {{T1, T2}T1' T3, f} Tala) - (3.4)

In order to treat the right hand side of equation (B3]), we pass to the Drinfel’d double formu-
lation recalled in section 2.2l Indeed, we can write

Oeerf = = ([e(€), o()]p [ ()7 (T), f1)

where, by abuse of notation, we still denote by ¢* the lift of .* : g* < Dg to the group embedding
G* — DG. Using the definition (Z3)) of R{, we note that

(€)= (U(e)2|RG)2 and  u(e)z = —(u(€)1|RG)1-

From these two equations and the fact that the pairing (:|-) is invariant with respect to the

[-,-]p bracket (cf. Theorem 2.1]), we obtain

Seerf = =5 ()

Ry (O (7 (D)1 f} + 0 (03 0 (D ],)

This expression can be rewritten as

; 2 {0 (D) (DRG0 (D) F} (D (D)z)

(3.5)
Using the fact that the pairing (-|-) is non-degenerate between g and g*, by equating (8.4]) and
BH) we arrive at

1
enf = 5 (U2 |

{"(D)1, " (D)2} (D)1 1" (D)g " = 50" (D)1 (D)2Ryze" (D)1 " (D)g " + Puz (3.6)

DO | =



where the element P12 € Dg ® Dg is a central quantity for the Poisson bracket {-,-}. Let us
study the properties that P;p must fulfil. First of all, it must be skew-symmetric. Moreover,
it should be such that the right hand side of (3.6)) lives in ¢*(g*) ® ¢*(g*). It is a well-known
consequence of the Adler-Kostant-Symes construction for Manin triples that, for any y € *(G*),
we have y1y2aR0y; s ' — R € ¢*(g%) @ *(g*). Thus, defining Nip = Pia + $RE,, we can
write

{5(T)1, (D)2} = —% (R, " (D)1 (T)2] + Nygt*(L)10%(T)s, (3.7)

with Ni2 € ¢*(g") ® ¢*(g*) skew-symmetric. The last requirement on Njo is that the Poisson
bracket (B.7) must satisfy the Jacobi identity. Let us first remark that this is the case when
Niz = 0, as REY, verifies the mCYBE. We will see in the next sections why this case is of
particular interest.

More generally, we recognise in ([B.7) a quadratic algebra of ad-type, in the nomenclature
of [32,133]. In this case, a necessary and sufficient condition for the Jacobi identity to hold is
that RY, — 2N;2 satisfies the mCYBE. In particular, this is the case if

1 1
N1z = SRy — 57(C)1 ' (C)z Rzt ()2 (C)a,

for some constant C' € G*. For this Nqg we define I' = CT. As noted in subsection 311 T is
still a good non-abelian moment map. Moreover, the Poisson bracket of I' becomes

(), (D)2} = —5 [RE, (P (D)e).

Conversely, if the Poisson brackets of I" are of the form (B.7), then the transformation (3.I]) is
a Lie algebra action of g, i.e. it satisfies (3.3)).

4 Coboundary Poisson-Lie groups and R-matrices

One important class of Lie bialgebras are the so-called coboundary ones, which are given by
R-matrices, solutions of the mCYBE. In this section, we recall their properties and apply the
abstract result (3.7) of the previous section to this particular case.

4.1 R-matrices, Sklyanin bracket and g dual algebra

Let g be a Lie algebra and R : g — g a skew-symmetric linear map solution of the mCYBE on
g, namely

[RX,RY]— R([RX,Y] + [X,RY]) = —*[X,Y], (4.1)

for all X,Y € g with ¢ =1 (split case) or ¢ =i (non-split case). We define R* = R+ cId, and
introduce the R-bracket

[(X.Y]r =7([RX,Y] + [X,RY]) =~v([R*X,Y] + [X, RTY]),
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with v a real constant. An important consequence of the mCYBE is that the vector space g
equipped with the R-bracket is also a Lie algebra. We therefore have two Lie algebra structures
on the vector space g: the usual one (g, [-,]), that we shall still note g and

gr = (gv ['7 ]R)

This construction is related to Poisson-Lie groups. Suppose now that g is semisimple and
let x denote its Killing form. Let R be a skew-symmetric solution of the mCYBE on g. We
denote by R12 € g® g its kernel with respect to . One can then define a Poisson-Lie structure
on GG with the Sklyanin bracket

{71, 22}, = 7 [R1z2, 1172] .

Since g is semisimple, its Killing form & is non-degenerate. This allows us to define a natural
pairing 7 between g and its dual g* by considering, for any X € g, the linear form

m(X):g—R
Y s #(X,Y).

As a vector space, gr is equal to g, so ™ can be seen as a linear isomorphism from gr to g*.
The following lemma then gives a concrete realisation of the dual Lie algebra g*.

Lemma 4.1. Let G be a Poisson-Lie group, with the Sklyanin bracket associated with a solution
R of the mCYBE on g. Equip g* with the Lie bracket (2Z1)). Then the map

T:gr — @

1s a Lie algebra isomorphism.

4.2 Real and complex doubles and the dual Lie algebras gpr and g

In this section, we study separately the split and non-split cases.

Split case. Define the real double of g as the Lie algebra direct sum g @ g. We introduce the
subspaces
gdiag:{<X7X)7X€g}7 gDR:{<R+X7R7X)7X€g}'

It is clear that, for any endomorphism R, gqias and gpr form a direct sum decomposition of
g @ g. Moreover, gqiag is a Lie subalgebra of g ® g. One shows that, when R is a split solution
of the mCYBE, gpg is also a Lie subalgebra of g & g isomorphic to gg. More precisely,

Lemma 4.2. If R is a solution of the split mCYBE on g, then
A:gr — 9pr

X — y(RTX, R X)
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is a Lie algebra isomorphism, whose inverse is given for all (X,Y) € gpr Cg®d g by
1
ATNX)Y) = 2—(X -Y). (4.2)
Y

We have obtained yet another realisation of g*, this time in the real double. Moreover the
subalgebra ggiae is isomorphic to g. Hence we have realised both g and g* as subalgebras of the
real double g @® g. In fact, by the following lemma the real double g @ g itself is a realisation of
the abstract Drinfel’d double Dg = g @ g* (cf. section 2.2)).

Lemma 4.3. If R is a skew-symmetric solution of the split mCYBE on g, then

®: Dg— gDy
(X, 0) — (X, X) + Ao i(N)

is a Lie algebra isomorphism, such that (ID(L(g)) = Qdiag 0Nd @(L*(g*)) = gpr. Its inverse is
given for every (X,Y) € g® g by

O(X,Y) = % (RW _RX, Lax - Y)) |
Y

Moreover, ® sends the pairing (2.2)) on Dg to the non-degenerate ad-invariant bilinear form on
g D g deﬁned7 fO'f’ all Xla X27 }/17 Yé €g, by

(X1, Y1)|(X2,Y2)) = %(K(xh)@) — k(Y1,Y2)).

Non-split case. One can perform a similar analysis in the case of a non-split solution of the
mCYBE (¢ = 4). Here we introduce the complex double g© as the complexification of g, namely

g° = {X +iY, X,Y € g}.
We define the complex conjugation relative to the real form g as

0 : gt — ¢°
X+1iY — X —iY.

This is a semi-linear involutive automorphism of g€ and g itself can be seen as a Lie subalgebra
of g%, viewed as a real Lie algebra. More precisely, g is the subalgebra of g* fixed by @ (see
also appendix [B).
We introduce the subspaces
8. = {R*X, X € g}

of g&. Note that g+ = 0(g+). We have the vector space decompositions g =g® g, =gdg_.
Moreover, as a consequence of the mCYBE, g. are Lie subalgebras of g€ isomorphic to gg.
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Lemma 4.4. If R is a solution of the non-split mCYBE on g, then
Ap =9R* :gr — gz

is a Lie algebra isomorphism, whose inverse is given for each X € g+ C g© by

X — 0(X)

ALX) ==

(4.3)

As in the split case, we realised g and g* as subalgebras of g&. Moreover, the complex double
g® provides another realisation of the abstract Drinfel’d double Dg by the following result.

Lemma 4.5. If R is a skew-symmetric solution of the non-split mCYBE on g, then

d.: Dg—g°
(X, ) — X +yRE o 1())

is a Lie algebra isomorphism, such that ®4 (L(g)) =g and &4 (L* (g*)) = g+. Its inverse is given
for any X € g© by

dIHX) = i (Ri (6(X)) — RT(X), i%w(X — 0(X))> :

21

Moreover, ®1 sends the pairing (Z2) on Dg to the non-degenerate ad-invariant bilinear
form on g© defined, for all X,Y € g%, by

(X|Y) = ﬂ:%lm(/{(X, Y)).

4.3 Poisson-Lie action of (G: Semenov-Tian-Shansky brackets

In the previous subsections, we provided concrete realisations of both the dual Lie algebra g*
and the Drinfel’d double Dg for (split and non-split) coboundary Poisson-Lie groups. By abuse
of notation, we will denote by the same symbols the lift of these realisations to the dual group
G* and the Drinfel’d double group DG. In section B.2l we found an abstract expression (B.7))
for the Poisson bracket of the non-abelian moment map viewed in the Drinfel’d double. We
will now investigate what this Poisson bracket becomes in the concrete realisations of DG.

Split case. The non-abelian moment map I' can be seen as a map to the group Gg via the
Killing pairing 7, namely
I'r=7"T) € Gp,

and in turn as an element of the group Gpr via the morphism A,

(T T7)=A(Tg)=Aon (I') € Gpr C G x G.
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The real double G x G is related to the Drinfel’d double DG by the morphism & (cf lemma
[43)). Let us remark here that
@(a*(F)) = (TF,T7).

Under the action of ®; P4, the Poisson bracket (3.7) then becomes

{07, 0)1, (07 T )} = — 3 [0405RY, (T4, T)u(T7 T )a] 4 Nyp(TF, T)a(TF, 1)y (44)

with ]\Nfg = ®; P2 N7 the central quantity.
The objects in the above formula belong to (g ® g) ® (g @ g). Such objects can be written
as vectors with four g ® g-valued components as

XX
XY
Y X’
Y®RY'

(X,Y)® (XY =

Let us now compute @3 PRy We have ® o o(T*) = (T, T*) and

bo i (T,) =Aonm (T, = Z Koy A(T?) = 72 Kap(RTT®, RT")
b b

where £, is the Killing form written in the basis {7*}. We therefore find that

Rz
R+
PPy Ry, = —2 Rl—z (4.5)
12
Rz
We define o
o
~ N~
Nig = | 2
12 NQJ’_
Nip
The four components of the Poisson bracket (4.4]) then read
{1, T3} =~ ][R, TiT5] + N{, T{T3, (4.6a)
{T{, T3} =7 |[RipTils] + N5 TiTy, (4.6b)
{I1.T3} =~ ][Ry IiT5] + Ny I T3, (4.6¢)
{T1. T3} =7 [Ri2, T3] + Ny Ty T3, (4.6d)
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When the central quantities Nf_zi and Nfc_; vanish, these are the Semenov-Tian-Shansky brack-
ets

{T5,73} =[R2, T5T3], (4.72)
{rf. T} =~ [Rf TTE]. (4.7h)

Finally, let us emphasise that the transformation law (3.I]) can be re-expressed in terms of
the non-abelian moment map (I'*, ") via the morphism A o 7!, giving explicitly

5.f = —%,‘i(e, ()T, g} = )7L ). (4.8)

Non-split case. From the non-abelian moment map I'y = 771(T") seen in the group Gg, we
can construct two different realisations of I" in the complex double G®:

't = A+(FR) €eG, and I = A,(FR) eG_.

These are not independent. They are related by the semi-linear automorphism 6 as T = §(T'F).
Note that
d,o*(T) =T%.

For any n,e € {+, —}, applying ®,1P.2 to the bracket (3.7), we obtain
€ 1 € 13 154
(P11} - L [0,00.0m5, 1irg) + gy
with the central quantities Ny = ®,1P.2N12. We have & 0 ((T%) = T* and

0. 0(T,) = YRE(r (1) =7 kBT,
b

so that
®1Pe2R1y = 7(Ray — Rip) = —7(Riy + Ris).

Thus, in the non-split case, the non-abelian moment maps I't and I'~ also satisfy, up to central
quantities, the Semenov-Tian-Shansky Poisson brackets (7).

Applying &, to equation (B.I]) yields the transformation law in terms of the non-abelian
moment map I'* which reads

Sof = % I (s(e, (%) {T%,1})) = —%K(e, (T 7T = ()T f}). (49)
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4.4 Poisson-Lie action of GG*: Sklyanin bracket

In this section we consider the case of a coboundary Lie bialgebra specified by a split R-matrix.
We have canonical isomorphisms g}, >~ g** =~ g of vector spaces. Moreover, the dual Lie group
G* ~ G ppg is a Poisson-Lie group when equipped with the Semenov-Tian-Shansky bracket

{21,203} =7 [Ruz, 2773 ] , (4.10a)
{2123} = 7[Ry, 2723] . (4.10b)

The induced Lie structure on g}, is isomorphic to g, so that the isomorphism g™ ~ gj,, ~ g
also holds at the level of Lie algebras. Thus the Drinfel’d double Dg* of the dual Lie algebra
g* is isomorphic to the Drinfel’d double Dg of the original Lie algebra g.

As a consequence, the formalism developed in the previous sections can also be used to treat
a Poisson-Lie action of the dual group G* ~ Gpr on a Poisson manifold M. In this case, the
non-abelian moment map is an application

U: M — Q.

We can see it as an element +(U) of the Drinfel’d double DG. The results presented in section
still apply in this case and the Poisson bracket of U is then given by

{(U)1,(U)2} = —% (R, tlU)10(U)z2] + tat2(My2)(U)10(U)2,

where M3 is a central quantity valued in g ® g. Applying the morphism & to this equation,
noting that ®(.(U)) = (U, U) and recalling equation (X), we obtain

{U1, U2} = 7[Rz, UrUs] + M12UUs. (4.11)

This is, up to central quantities, the Sklyanin bracket.

5 Link with ¢-deformed algebras

In this section we suppose that g is either the split real form or a non-split real form of the
semisimple complexification g€. The definitions and basic properties of semisimple complex Lie
algebras are recalled in appendix [Al and those of (non-)split real forms in appendix

5.1 Real forms and standard R-matrices

Let m,, and m, denote the projections with respect to the Cartan-Weyl decomposition g& =
h @ n, ®n_. We define the linear operator R € End g© by

R = c(7rn+ - 7rn_)
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with ¢ = 1 (split case) or ¢ = i (non-split case), which is a solution of the mCYBE on g°.
Moreover, as can be seen in the explicit bases (B.2)) and (B.6) of the split and non-split real
forms, this operator stabilises the real form g. Thus, by restriction, it defines a solution of the
mCYBE on g, that we refer to as the standard R-matrix of g.

The kernel of R with respect to the Killing form is

Rip=cY (BEa®E_o—E_o®E,).

a>0

Likewise, the kernel of R* is Rli_2 = Ry £ ¢ Chg, where the quadratic Casimir tensor is given

!
Crz=)» Ki®Ki+Y (Ba®E o+ E_o®E,),
i=1
where {K;,i =1,...,1} is an orthonormal basis of h with respect to the Killing form.

5.2 Extraction of charges

We saw in section [4.3] that, in the split case, the non-abelian moment map can be regarded as
an element (I'",T'7) of Gpr C G x G. In the non-split case, it can be represented as either
e G, cGCorI'” € G_ C G (with 't and T'~ related by I'* = §(I'F), where 0 is the
semi-linear involutive automorphism of G defining the real subgroup G). Here we will treat
the two cases together.

In the split (resp. non-split) case, the Lie algebras R*(g) are the positive and negative Borel
subalgebras of g (resp. g°), with opposite Cartan parts. Therefore I'* and I'~ are elements of
the positive and negative Borel subgroups of G (resp. G©), with Cartan parts inverses of one
another. We choose to parametrise them as follows

I'*=M*™D, T"=D"'M~, M*eN,, DcecH, (5.1)

where H is the Cartan subgroup and N, the positive and negative unipotent subgroups of G.
We now extract scalar charges from D and M*. Starting with the Cartan part D, we choose
a decomposition with respect to the basis of fundamental weights P;, recalled in appendix [C],

l

!
D = exp <i07 Z Qfﬂ) = H exp (z’chiHPi) : (5.2)

i=1 i=1
The order of the product has no importance since the Cartan subgroup is abelian. We define

l
Z =icyy QfP e, (5.3)

i=1
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so that D = exp(Z).

The extraction of suitable charges from M and M~ is more involved. Let us fix a labelling
B, ..., By of the positive roots, where n is the number of positive roots. We can parametrise
M#* by scalar charges Qg as

M* = Hexp (FicyALs, Qs Eys,) (5.4)

i=1
where the Ag’s are normalisation constants to be fixed later. Define
UG = exp (Z'C’)/A&QEE@) and v = exp (—Z'C’)/A,[giQ€5iE,5i) (5.5)

so that we can write

Mt = U(1) - - - U(n) and M~ = V() - - VU(n)- (56)

Since the Lie groups N are not abelian, these products depend on the choice of the ordering
B, ..., By of the positive roots. We choose an ordering such that

if i < j and B; + B; is a root, then f5; + §; = [ with i < k < j. (5.7)

Such an ordering can be constructed from the (partial) normal order described in [3]. We label
the simple roots a, ..., q; in a way which is compatible with the ordering (3, ..., 8,, i.e. such

5.3 Semenov-Tian-Shansky brackets and %,(g) algebra

We will now start from the Semenov-Tian-Shansky brackets (A7) for the non-abelian moment
map I'* and extract from it the corresponding Poisson brackets between the charges QX and
Qg , as defined above. We will make extensive use of two theorems for the extraction of Poisson
brackets that we present in appendix [Dl We shall denote by 7, and 7_;, the projections onto
CEps, and CE_g,_ with respect to the Cartan-Weyl decomposition

n

g= @ (CEﬁk ® CE—ﬁk) ©bh.
k=1

5.3.1 Poisson brackets of D and M=
Consider the decomposition (5.1]) of I'" and T'~. Using Theorem [D.1l, we obtain

{D1, D2} =0, (5.8a)
{D1, M5} =~vDy [Hi2, M5 ], (5.8b)
{0y, My } = (DaRY Dy ' My My — My Mg D3 Ri D, ), (5.8¢)
{05, M5y = o ([Raz, MiEME] F M5 Hia M5 & Mg Hip M), (5.84)
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where we have introduced

l
i=1
Riy = Riy— Hia =2 E,®FE_,, (5.9)
a>0
Ryy = Rig+ Hiz=—2c) E ,®FE,. (5.9¢)
a>0
We also made use of the following identity, valid for any h € H and € € {0, +, ++, —, ——},
hiho ;lhilhil = Rj,.

From the Poisson bracket (5.8al), one simply finds
{QI.Ql"} =o. (5.10)

5.3.2 Poisson bracket between Q' and Qf

The partial Casimir tensor (5.9al) on the Cartan subalgebra can be expressed in terms of the
dual bases of weights P; and co-roots «; (cf appendix [C]) as

!
HQZCZE@QZ\/.

=1

This allows us to extract the Poisson bracket between QF and M* by projecting equation
(5.8D)) onto P; in the first tensor factor, namely

{Qi", M*} = [of, MF].
We will now treat the bracket with M ™, the case of M~ being similar. We introduce
w(k) = U(k) .. .u(n),

such that M+t = w(yy and Wy = Ug)w1). Using this decomposition and Theorem D1l one
shows by induction on k that, for every k € {1,...,n}, we have

Q5" um b = wgyoiuw — oy (5.11a)
i{Qf{a w(k)}w(é = o — w(lc)a;/w(k%- (5.11b)

This induction relies on the fact that for any k, the adjoint action of w1y on o only creates
nilpotent generators £, corresponding to roots of the form v = ag18k41 + ... + a,B,, with
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k11, - - -0y € N. One can show from the ordering condition (5.7]) that these roots are always
strictly superior to the root 8, which allows to perform the projection needed in Theorem [D.1l

Using the definition (5.5) of u), equation (G.1Ta) becomes

H{@Qi", Q5. = Bi(ad)Qs,-

Applying the same method to the Poisson bracket with M~ we find that this equation holds
for any root 3, positive or negative. In the case of a simple root (or its opposite) 5 = +a;, we
have B(o;) = ta;(a)) = £A;; (cf appendix [C)). We therefore obtain

Z{Qf{? Qiaj} = iAijQiaj' (512)

5.3.3 Poisson bracket between QF and Qfaj

Fixing two simple roots a; and o, we want to compute the Poisson bracket between in and
ijaj. Recall that o; = B, and a; = B,. Considering the decomposition (2.6) of M * we need
to extract the Poisson bracket of u,) with v(,). Define

N

T = U@ Uk, V) - - .U(kj),
v

Y = Uk41) - - - Un), Y= Uk;+1) - - - V(n)-
By Theorem [D.2], applied on both tensor factors, we may write
u@li)lv(fki)g {u(ki) 1, U(k;) 2} = Tk; @ Tk, (PQ)>
where P12 = xfagl {Mf, Mi} yf;g;. On the other hand, from equation (5.8d) we find
Pi2 = 7(@1&;DQRED;@@ — ylggD;RL;Dgyfgj;)
Recalling from (53)) that D = exp(Z) with Z € b, we have

DF'Riy D' =2¢) " exp(Fa(Z))E. ® E_q,

a>0

so that

P12 = 2072<exp(—a(Z)) (x—lEax) ® (i»—lE_a:Z‘) _ exp(a(Z)) (yan‘l) ® (gE_ag_l))

a>0

The adjoint action of any s (appearing in x or y) on E,, cannot create the simple root generator
E,,; and similarly for £, on the second space. It follows that

Th, @ T, (Pg) = 2¢70;; <exp(—ai(Z)) - exp(ai(Z))>Eai S
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Yet, by definition (5.5)) of the u)’s and vy’s, we find

T, & Tk, (PQ) = u(_]i) lv(_k;) 2 {u(kl) 15 U(ky) Z} = CQ’YZAaiA—aj {QaEia Q?aj} Eozi & E—aja

so that y
1
m&j (eXp(_Oél'(Z)) — exp (OzZ<Z))> X

From equation (5.3)), one has (cf. appendix [C])

i{Qc, QF,,} =

l l
ai(Z) =icy Y Qfeu(Py) =icy Y Qi didy = icyd,QF.
k=1 k=1

Introducing the deformation parameter

q=e", (5.13)
we therefore have Y
(NE AE 1 _ ¢ 4 _ —diQF
. - — 7(57/ . ( [ — (3 ) .
Z{Qal Q aJ} 'YCAaiA_aj J q q
Finally, if we fix the normalisation AL, for simple roots as
4sinh(icyd;) \ 2
At = (_sm .<ZCV )) ; (5.14)
ey

then we may rewrite the above Poisson brackets as

aQF _  —d;QF
5 q q

,L.{Qgi’ Qijaj} — Y qdi _ qfdi

(5.15)

5.3.4 ¢-Poisson-Serre relations

The Poisson brackets (5.10), (5.12) and (5.15) obtained so far are part of the defining relations

of the semiclassical limit %,(g) of the quantum group Uz(g) with § = ¢", as given in [3].

The complete set of relations characterising %,(g) also includes the so-called g-Poisson-Serre
relations. The purpose of the present subsection is to derive these from the Poisson bracket
(E.8d)). We will only treat the case of positive roots, the negative one being handled similarly.

Poisson brackets of in with M*. Let us fix a simple root ;. We recall that «; = Sy, so
that Q% is to be extracted from u,). Introduce

T =Uq) ... Uk,

Y = Uk;+1) - - - U(n),
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so that M+ = xy. By Theorem [D.2] we have

(u)y {un Mg} = (m1)y (Pa2),
where P12 = 77 - {M1+, M+} yl_1 On the other hand, from (5.8d) we have
P12 = 7Pis +7Pig
with
7312 = xileurlejL nglRf;yf17
P{iz = (:EllHQxl — y1H12yy ) ]\42r + Mg (foQxl — ylHQyil) .

!
By writing (5.9a)) as Hqi2 = CZW}/ ® Hj (cf. appendix [()), these can be rewritten

J=1

Py =203 (57 Byr) @ (B M) ~ 20 3 (v ™) © (M),

a>0 a>0
Piy = cZ(aflevx —ywly™") @ (H;M* + M™*Hj).
=1

The adjoint action of any Ejs (appearing in x or y) on E, cannot create the simple root generator
E,,. Thus, we have

(7r,), (Piy) =2¢Eq, ® (B_o,M" — M¥E_,,).

In the same way, in the adjoint actions of Ej’s from z or y on w}/, only a unique adjoint action
of E,,, coming from u,) in x, can create the simple root generator E,,. Therefore

T, (7w — ywly ™) = —iey A, QF adp,, (w)) = icy A, QF 6iEa,

and hence
(k)1 (Pi) = ic*v A0, QL Eo, © (H;M* + M™H;).

Putting together all the above we arrive at
(u(kz));l {u(ki)lu Mg} = CfVEai ® (2 [Efam M+] + Z.CfYAaiQi ([_IZZ\JJr + M+Hz)) .
Yet, by definition of u,) in (B.5) we have

(u(/’%));1 {u(ki)b Mg} = iy Aa; Eo, @ {Qi’ M+} ’

and hence

iAa, {QF M} =2[E_o,, M| +icyAa, QY (H:M™ + M™H;). (5.16)
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a;-string through a;. Let us now consider another simple root «;. We suppose here that
a; > oj. The ay-string through «; is then contained between «; and ;. Specifically, we have

aj<aj+ai<---<aj_Aijai<aia

with A the Cartan matrix of g (cf. appendix [C]). Let r € {0,...,—A;;} and p € {1,...,n} be
such that
Bp = o + ray,

We define

T =Uq)---Up),

Y =Upt1) - - Un),

and @ =z ' {Q% , M*} y~'. By Theorem [D.2] we have
U {Qar )} = m(Q). (5.17)
On the other hand, from the Poisson bracket (516) we get
iA0,Q =2(z "E_o,x —yE_oy ") +icyAs,QF (7 ' Hix + yHiy ™). (5.18)

The projection onto Eg, of the terms involving H; on the right hand side of (5.I8) can be
computed as follows. We note that yH;y~' contains nilpotent generators Ez with 8 a sum of
roots superior to 3,, which therefore cannot be 3,. In the same way, the adjoint action of x on
H; creates nilpotent generators Ejz with 3 a sum of roots inferior or equal to 3,. Such 3 can
be either strictly inferior to 3, or f, itself. Therefore the only way to have Ejg, in ' H;x is by
the simple adjoint action on H; of the generator Eg, (appearing in u,)). Thus, we have

Tp (:U’lHi:c + yHl-yfl) = —inyAgpQgp adg,, (HZ) = ic*yAgpQgp(ai, By)Es,. (5.19)

Next, consider the term 27 'E_,,x—yE_,,y~" on the right hand side of (5.I8). It is composed
of generators Eg, with § = v — «; and 7 a sum of roots either all inferior or equal to 3, (for x)
or all superior (for ). We want to project this on Eg . Yet, having 3 = 3, requires v = 3, + a.
As B, < oy, this means that 3, < v, hence 7 comes from the adjoint action of y. To be more
precise, yE_,,y~! is composed of elements of the form (up to prefactors)
audaE”pl+1 coadg (B_a), with apyq,...,a, €N

Such a term is proportional to E,_q,, with v = ap118,+1 + ...+ a,f,. In order to get Eg,, one
must have v = a; + 8, = a; + (r + 1)a;. Therefore, we want to solve

Api1Bpr1 + -+ apnfBy = a; + (r+1)ay,
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with apy1,...,a, non-negative integers. If a root f,, for ¢ > p, contains a simple root aj
different from «; and «;, it is clear from the equation above that a, must be zero, as oy, does
not appear in the right hand side of the equation.

Moreover, the only roots superior to 3, and containing only «; and «; as simple roots are
aj+ (r+ 1o, a; + (r+2)ay, ..., a; — Ajjoy; and ;. The only way that a non-negative integer
linear combination of these roots can give o; + (r + 1)qy is if all the coefficients are zero except
for that of the root av; + (r+ 1)y itself. Thus, the projection of 2 'E_,,x —yE_,,y ' onto Eg,
comes from the simple adjoint action of Eu 41y, 00 E_q, (if a; + (r 4 1)ay is a root). Hence

Tp (ZL‘_lE_ail‘ - yE—oziy_l) = _,L.CIYAQJ'JF(TJF:L)Q»L’ ng—l—(r—kl)ai I:Eaj“r(f'“l’l)ai) E—ai]

. . (5.20)
- _ZC'YAajJr(rJrl)ai Qaj+(r+1)ai Nﬁp,ai Eﬁp )

if a; + (r + 1)a; is a root, and is zero otherwise.

Applying 7, to (5.18)) and using the results (5.19) and (5.20) gives
'L.AOéiﬂ-p(Q) = _QiC’YAOCj‘F(T‘Fl)aiNﬁp,aing-f—(T-f—l)aiEﬁp + (Z.C’Y)QAaz’Aﬁp (aiv ﬁp)QngpEﬁp
Yet from (5.I7) together with the definition of u,) in (B.5) we have

T

n(Q) = u {Qu, up | = icvAs,{Qa, Q5 } B,
and hence

Aa i+(r+1l)ay o -
{ng’ Qgp} - 121 Aﬁ 2ZN6P7aiQan+(T+1)ozi + Cf}/(Oéiu Bp)QaEz Qgp'
a; 418y

We define the g-bracket of two charges associated with the positive roots a and ( as

[QF.Q5}, = {QF.QF} + ev(a, B)QEQE.

Moreover, if we fix the normalisation constant A, for o in the o;-string through «; as

r
Aozj—l—rai = Aaj A

;)

then we deduce that

E E o E
{Qaj-i—?"ai’ ai}q - QZNaivaj+Tai o+ (r+1)a;»

if a; + (r + 1)a; is a root and is zero otherwise.
By induction, we get the g-Poisson-Serre relation

{{- e Qi}, i}, i}, =0 (5.21)

1-A;; times
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One can treat the case o; < o in a similar way. For that, one needs to use a slightly different
version of Theorem [D.2, involving the quantity (u) .. .u(p_l))_l {QF , M™} (ug)- - .u(n))_l
instead of (u() ... ug)) - {QF . M} (wips1) - - Um)) ! This yields the g-Poisson-Serre relation

{Qi”{Qfﬁ"W{Qij gj}q"'}q}qzo- (522)

1-A;; times

Applying the same method as above to the Poisson bracket in (5.8d]) involving M ~, one finds
that the charges Qfm also verifiy ¢-Poisson-Serre relations, but with respect to the deformed
bracket {-,-},-1, defined for two negative roots o and /3 as

{Qf?@?}qﬂ - {QaEan} - CV(%B)Q@EQE-

5.3.5 Reality conditions
The Poisson brackets (5.10), (5.12) and (5.15]), together with the g-Poisson-Serre relations

stated above are the defining Poisson bracket relations of the semiclassical limit %,(g) of the
quantum group Uz(g) with § = ¢". It only remains to check that the required reality conditions
are verified by the charges Q¥ and QF. We shall address this question in the present subsection,
first in the split case and then in the non-split one.

Split case. When ¢ = 1, the deformation parameter (B.13]) becomes
g=e",

so that |¢| = 1, i.e. ¢ is a phase. Now the moment map (I'*, ') takes values in the real double
G x (G, therefore the reality condition is simply

O(I'*) =1+,

with @ the split semi-linear automorphism described in appendix[Bland lifted to the complexified
group G®. As 0 stabilises the Cartan and the unipotent subgroups and since the decomposition
(5.1)) is unique, one has

O(D)=D and O(M*) =M=

We recall (cf. appendix [B]) that in the split case (F;) = P; for i € {1,...,1} (since P, is a real
linear combination of the H;) and §(E,) = E, for any root a. Considering the extraction of
charges (5.2)) and (5.4) with ¢ = 1, the above reality condition gives

H
Qf{ = _Q@ )
E
A:I:aiQ:IE:‘ai = _A:taiQ:tai'
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The normalisation constants A.,, are given by equation (5.14)), which in the split case reads

Apo = (M)
Y

We will restrict attention to the case where
-7 <~d; <,
for any ¢, so that the Ay,, are real numbers. As a result, the reality conditions are simply
=1, QF =—Q" and QL —-QF,. (5.23)

These are the reality conditions for the split real form %(g), which correspond precisely to the
semiclassical counterpart of the reality conditions on Uz(g) as given in [34].

Non-split case. For ¢ =i, the deformation parameter (5.13)) now reads
q=e,

which is a real number. As explained in subsection 3] the two moment maps I'" and I'™ are
not independent. They are related by the reality condition

O(Ir*) =T'F,

where 6 is the non-split semi-linear automorphism described in appendix Bl lifted to the com-
plexified group G®. Since § stabilises the Cartan subgroup H but exchanges the unipotent
subgroups N, applying 6 to the decomposition (5.I]) we get

6(I'*) = 9(M*)8(D) = 6(D) (D) '9(M*)8(D),

ol o
O(T™) = (D)~6(M") = 9(D)"6(M_)6(D) 6(D) !,

where we used the fact that an adjoint action of a Cartan element on a element of N, is still
in N.. Equating §(T'") with [~ = D™*M~ and 6(I'") with I'" = M ™D we obtain

O(D)=D"' and O(M*F)=D'MTD. (5.24)

Recall (cf. appendix [B)) that 0(P;) = —P;. Using the extraction of Cartan charges (5.2)), with
c =1, we find

Qff = Q.
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From the decomposition (5.4]), we have

D'M*D = [ [ exp (F7A15,Q%5, D' Ess,D) .
k=1

Moreover, since D = exp(Z) with Z defined in (5.3]),
!
D™'Eip, D = exp(FA(2)) Exp, = exp(£7 Y QF Bu(P))) Bsp,
j=1

In particular, for k = k;, i.e. for 3 the simple root «;, using (C.2)) we get
D7'Eyo D = g™ %@ By, .

The term corresponding to the simple root o; in D~'M¥ D therefore reads
exp (i7A¥aiq$diQ{{ Qiai EJF%') :

Yet we have 0(E1,,) = —\;iE+a,, so that the corresponding term in 6(M®*) is

exp (ivAiai Qijal )\iEjFai) )
It now follows from the second equality in (5.24]) that

E  _ FdiQF E
AiaiQﬂ:ai - )‘iq ¢ AJF%' Foy*

The normalisation constants A.,, are given by (5.14]), which for ¢ = i take the form

Ao = (4sinh(7di))é
v

and are therefore real numbers. Hence, the reality conditions are

geR, QF=QF and QF, = \g™'QF, .

(2

According to [34], these are the reality conditions of the non-split real form %,(g).

5.4 Sklyanin bracket and 7%, (g*) algebra

(5.25)

As in subsection 1.4} in what follows we consider only the split case. We start from the Poisson
bracket (4.I1]) with the central quantity M;a set to zero. In other words, U satisfies the Sklyanin

Poisson bracket
{U1, Uz} = v [Ry2, UrUy] .
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Let us decompose U as

U=M DM,

with D € H and M* € N.. Using Theorem [D.I], we can extract the Poisson brackets between
D, M* and M~ from equation (5.26) to find

{Dla DZ} = 07 (527&)
{Dy, Mz} = +yDy [Hia, M5 ], (5.27b)
{Mf My} =0, (5.27¢)
{Mi, My} = 7([3@ MEM;5] F M Hia My £ MgHQMf) (5.27d)

We notice that these Poisson brackets are very similar to (5.8]), the main difference being that
M and M~ Poisson commute in the present case.

The methods of subsection can be applied to this case. For each positive root a, we
extract the positive nilpotent charge QF from M* and negative nilpotent charge QF_ from M~
as we did before using the decomposition (5.4)). Likewise, we extract Cartan charges Qf from
D as we did in equation (5.2).

From equation (0.27d)), following the same procedure outlined in subsection [.3.4, we find
that the nilpotent charges QF and Q¥ satisfy the g-Poisson-Serre relations. In other words,
these charges span nilpotent g-deformed Poisson algebras %, (ny) and % (n_). Moreover, it is
clear from (5.27d) that elements from these two algebras Poisson commute.

Similarly, we can apply the methods of subsection to the Poisson bracket (5.27h).
Doing so, we find that, for any positive root «,

H{Qi' Quy = a(e))Qy  and  {Q]",QL} = a(a))QL,.

This implies that the Cartan charges QF for i = 1,...,n together with the charges QF for
a > 0 span a g-deformed positive Borel algebra %, (b ). In the same way, the charges —QF
for i = 1,...,n together with the charges Q¥ for a > 0 span a g-deformed negative Borel
algebra %,(b_). The combination of all the charges Q¥ for i =1,...,n and QF for all roots «
therefore span a g-deformed Poisson algebra which we could call %, (gpr).

Since U takes value in the split real form G we have §(U) = U, with 6 the split semi-linear
automorphism of appendix [Bl Moreover, since 6 stabilises the subgroups H and N4, we deduce
that (D) = D and §(M*) = M*. The reality conditions are then identical to those of the
split case in the subsection [5.3.5] so that

|Q| = 17 QzH - _QzH and an = _Qia' (528)
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6 Application to Yang-Baxter type models

6.1 Yang-Baxter type models

In this section we will apply the formalism of Poisson-Lie groups and non-abelian moment maps
to discuss the symmetries of Yang-Baxter type models. The latter can be defined as the result
of applying a general procedure for constructing integrable deformations of a broad family of
integrable models. We briefly recall the construction below, referring to [12] for details.

We consider models whose classical integrable structure is described by a Lax matrix L(\, o)
which is rational in the spectral parameter A € C and taking values in the space of g€-valued
fields on the real line (parameterised by o). We require the Poisson bracket of the Lax matrix
with itself to take the following general non-ultralocal form [35]30]

{L1(X,0), La(p,0')} = [F12(N, 1), L1(X, 0)] 000 — [F21 (11, A), Lo, )]500,
— (Ra2(\, 1) + R (1. V) 0

where d,,- denotes the Dirac o-distribution and 6! , = 0,0,,-. Here Z12(\, 1) is a non-skew-
symmetric g© ® g®-valued rational function of A and u satisfying the classical Yang-Baxter
equation with spectral parameter

[‘@Q<)‘v N)7%1_3()‘7 V)] + [%ﬂ<)‘7 ,LL),%@(ILL, V)] + [‘@Q<V7 M>7‘@E<)‘7 V)} =0.

We will assume that its leading order behaviour in the limit A — g is of the following form

Rial\p) = <220+ O((0 - ),

where () is called the twist function, which is rational in A and plays a central role in the
construction. For certain models the Lax matrix £(\, o) may be twisted by some automorphism
of the complex Lie algebra g, e.g. for symmetric space o-models, and the construction of Yang-
Baxter type deformations applies equally to these. However, to keep the presentation concise
we will not discuss the subtleties relating to this case. We note however that the main equations
(61) and (6.2) below remain valid.

In the original undeformed integrable model, we assume that the twist function ¢(A) has a
double pole at some point A\g € R. One can show that, associated with this double pole is a
pair of fields g valued in G and X valued in g with the following Poisson brackets

{91(0), g2(0")} = 0, (6.1a)
{X1(0),92(0")} = g2(0) C12 050, (6.1b)
{X1(0), X2(0")} = — [Cr2, X2(0)] dso- (6.1c)

To construct a Yang-Baxter type model we begin by modifying the twist function ¢(\) of the
undeformed model, by deforming its double pole at Ag to a pair of simple poles which we denote
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A4, while keeping all other poles and zeroes fixed. In order to preserve certain reality conditions
of the Lax matrix, we should take either AL both real or A, and A_ complex conjugate of one
another. We refer to these two cases as the real and complex branches respectively. Finally,
we require also that the deformed twist function ¢(A) has opposite residues at the simple poles
A and A_, which allows us to define a single real deformation parameter v € R by

C

5 = s P(A)dX = —resy, p(N)dA,
7

with ¢ = 1 in the real branch and ¢ = 7 in the complex branch.

The Yang-Baxter type model may now be defined as follows. We fix a choice of R-matrix
R : g — g which is a split or non-split solution of the mCYBE on g, depending on whether
the twist function ¢(A) has been deformed in the real or complex branch. Keeping the same
Lax matrix £(A, o) as in the original undeformed model, one can show [3|[12] that the G-valued
field g and g-valued field X such that

LI(\g,0) = YRTX (o), (6.2)

where L£9(\, o) denotes the gauge transformation of L(\, o) by g, satisfy the same fundamental
Poisson brackets (6.1]) as in the undeformed case. In other words, the underlying phase space
is still the same after the deformation process, but the expression of the Lax matrix in terms
of the new fields g and X, and hence also the Hamiltonian, is now modified. In the following
analysis, we shall take the equations (6.1]) and (6.2)) as our starting point for studying the
symmetries in Yang-Baxter type models.

For any o > ¢’ we define the transition matrix

T9(\s;0,0") = Péxp (— / dpcf’(Ai,p)) . (6.3)

The main properties of path-ordered exponentials we shall need are recalled in appendix [El In
particular, we have
(0:T9(As50,0"))T9 (A ;0,0" ) = =LAy, 0), (6.4a)
TI( Ay ;0,0") (0, TI( Ay 50,0")) = LI(Ay, o). (6.4b)

Moreover, we suppose that the different currents of the models (such as X and g~'d,g) vanish
when o tends to +00. Therefore, since £9(Ay, o) is the spatial component of a flat connection,

TI(A\y) =TY ()\i ; +00, —oo)

is conserved (cf. appendix [El).
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6.2 Poisson brackets of TY(\.)

In this subsection, we will compute the Poisson bracket of T9(Ay) with itself and with 79(\5).
In general, when a Lax matrix obeys Poisson brackets of the r/s-type, the Poisson bracket of
its path-ordered exponential is ill-defined, due to the presence of non-ultralocal terms.

However, in our present case, as £9(A+, o) depends only on the field X, the Poisson bracket
of L9(Ay, o) with itself is ultralocal. More precisely, starting from (6.1d) and (6.2) we find

{‘Ci()\:ln 01)7 ‘Cg(Aﬂn 02)} =7 [Li(Ai7 Ul) + LE(A:IU 02)7 RQ} 5010’27 (65)

where we have used the mCYBE equation ({1]). According to equation (E.2]) we have

+o0 +oo
{Tlg<)\:|:>7ng<)\:|:>} :/ dO’l/ dO’Q Tlg()\i;—i-OO,O'l)TZg<)\i;+OO,O'2)
X {Ei()\i,al),ﬁg(Ai,Ug)}Tf()\i 01, —OO)qu()\i ;0'2,—00).

Inserting (G.0]) into the latter and integrating the J-distribution, we obtain an expression for
{T{(X\s),T§(A+)} as a single integral. Using the differential equations (64) to re-express
L£9(\s,0) in terms of the transition matrices (G.3)), we recognise the total derivative of a product
and obtain, after integration,

{T{(A20), TI(As) } =7 [Raa, TT (M) T3 (A0)] -

Similarly, we can compute the Poisson brackets between 79(\;) and 79(A_) to find

(T30, TIO0)} = [Ri, TEO)TEO )] -

In conclusion, T9(\;) and TY9(A_) satisfy the Semenov-Tian-Shansky Poisson brackets (4.7]).

6.3 Poisson-Lie G-symmetry

For the remainder of this section we shall restrict attention to the non-split case. The treatment
of the split case is completely analogous.

6.3.1 The non-abelian moment map

According to ([6.2)), £9(\+, o) take values in the subalgebras gi of the complex double g€ (cf.
subsection [L.2]). Hence the path-ordered exponentials T9(\L ; o, 0’) belong to the subgroups G,
which are realisations of the dual group G*. Moreover, we proved in the previous subsection
that T9(\y) satisfies the Semenov-Tian-Shansky bracket. It follows from subsection that
T9(A+) has the right Poisson brackets for being the non-abelian moment map of a Poisson-Lie
action of G. In the notations of the previous sections, we therefore consider

I =T9\y). (6.6)
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as the two realisations of a non-abelian moment map in G4, embedded in the complex double
GC. Tt is natural to also look for the expression of this non-abelian moment map in the other
realisation of the dual group G*, namely the group Gz described in subsection 4.1l This is given
by I'r = A;l(Tg ()\i)), with Ay : Gp — G+ the automorphisms described in subsection [£.2
In order to evaluate this explicitly we note that (62)) can be written as L9(A\y,0) = AL X (o).
Therefore, according to equation (E.3)), the non-abelian moment map seen in G simply reads

I'y = P&pe, (— / do X(a)) . (6.7)
In this expression, X (o) is seen as an element of gr and the path-ordered exponential is taken
in the group Gg.

6.3.2 Transformation law of g and X

As motivated in the previous subsection, we consider the Poisson-Lie action of G' generated
by the non-abelian moment map 79(Ay) € G+. According to equation (49]), the infinitesimal
form of this action is given by

0uf = =5 (€T LT ). 1} = TP (TP 1Y) = =r(e TR (T ). (63)

In the undeformed case v = 0, the group G is abelian and, from the expression ([6.7)) of the
non-abelian moment map I'g, the transformation (6.8]) becomes the usual Hamiltonian action
with moment map Q = fj;o do X (o), namely

o0 f = k(e {Q, f}).
This corresponds to the action of G by right multiplication on g since
deg(o0) =g(o)e and 6.X(0) =[X(0),¢€l. (6.9)

We will see in the rest of this subsection that, for v # 0, the Poisson-Lie action generated by
T9(\y) is still a right multiplication of g, but with a more complicated parameter.

Since the Poisson bracket of £9(A4, o) with the fields g and X is ultralocal, we can compute
the Poisson brackets of T9()\.) with ¢ and X using equation ([E.2]), without the need for any
regularisation. We find

{T{(\2), 92(0) } = —7T{ (A& 3 +00,0) g2(0) Ry T{ (As 3 0, —00),
{TY(As), X2(0)} = —T{ (A& s +00,0) [Xa(0), Rig] T{ (As ; 0, —00).

Inserting these expressions into (6.8]), we obtain the transformation law of g and X,

deg(o) = g(0)K(o) and §.X(0)=[X(0), K(0)], (6.10)
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where we have defined
Lo, -1
K(o) = =R (Tg()\_ 0, —00) eTI(A_;0,—00) )
21
1
— 2—Z,R’ (Tg()\+;a,—oo)eTg()\+;a,—oo)’1). (6.11)

We note that this transformation law has the same structure as the undeformed one (6.9) but
with € replaced by a more complicated (and non-constant) expression K (o). In particular, this
field is non-local, as it contains T9(\y ;0, —00). Since TY9(Ay; 0, —00) becomes equal to the
identity when v = 0, we see that K turns back into € in the undeformed case.

According to the paragraph following equation (B.1), the transformation (6I0) must pre-
serve the Poisson brackets on (g, X) if € possesses a Poisson bracket with itself, coming from
the linearisation of the Sklyanin Poisson bracket on GG, namely

{€l7 62} = ’)/[RQ, El + 62]. (612)

For coherence, one can check this directly from the expression (6.11) of K (o). This (slightly
long) computation involves some algebraic manipulations to simplify the expressions, in par-
ticular the identity

Adro(r,) oR* = R* o Ad{F,

which is a consequence of equation (E.3)), applied to the automorphism A..

The transformation law (6.I0) may seem complicated because of the non-local expression
(6.11) for K (o). However, it can be re-interpreted in a simpler way by introducing the more
adapted variables [I1,3]12]

Uy(o)=g(o)xL(o), with 24(0)=T9A\y;0, —00).

In terms of these, the quantity (6I1]) may be then rewritten as

K(o) = %m (:p_(a) ex_(a)_1> - %R‘ <x+(cr) ex+(cr)_1>. (6.13)

If we also introduce

2(0) = &= (w(0) ex(0) T —a_(0) ca_(0)).

i
then one checks that
1
65X (0) = [X(0), K(0)] = —;@,Z(a) +[X (o), Z(a)}R).
Using this identity and equation (E.2)), we find that the transformation law of z1 reads

Sexi(o) = REZ(0) 21 (0).
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Finally, it follows that the pair of fields ¥, simply transform as
0 Vi(0) =Vyi(o)e.

It was observed in [3] that for Yang-Baxter type deformations with standard R-matrices, the
Cartan part of the G-symmetry is preserved. This can be checked here explicitly: indeed, for
¢ € b we find that the definition (6.11]) of K reduces to €, so that the infinitesimal transformation
in the Cartan direction remains undeformed, as in (69). This fact can also be seen in terms
of Poisson-Lie actions. For standard R-matrices, the Sklyanin bracket (612 vanishes when
restricted to the Cartan subalgebra . The corresponding action is then a usual Hamiltonian
symmetry.

6.3.3 Poisson-Lie symmetry: variation of the Hamiltonian and first order action

In this section, we consider the case of the Yang-Baxter o-model. The conservation of T9(\y)
can be seen as the fact that it has a vanishing Poisson bracket with the Hamiltonian H of the
model. This implies that the Hamiltonian is invariant under the Poisson-Lie action generated
by T9(A4), namely

0.H = 0.

Thus, the transformation (6.10) is a symmetry of the Hamiltonian.

Let us now compute the variation of the first order action under the transformation. In the
case of a Hamiltonian action (G* abelian), the transformation is canonical and the invariance
of the Hamiltonian is then equivalent to the invariance of the action. The situation is slightly
more involved in the case of a Poisson-Lie action. The first order action is given by

S = /drda k(97'0:9,X) — /dr H. (6.14)
Consider the transformation (6.I0) of ¢ and X and, at first, let us allow the parameter € to

be a function of the time parameter 7 with compact support. Since H is invariant under this
transformation, the variation of the action becomes

5.8 = /deaée <n(gflaTg,X)>.
We have 0, (9*1879) =0, K + [gflaTg, K}, so that
(197 0r9, X)) = K(0:K, X) = 0: (k(K, X)) = (K, 0, X)),

Using expression (6.13) for K, the skew-symmetry of R and the invariance of x under the
adjoint action, one finds

k(K,0.X) = %H(E, 0 (RYX)zy — 22'0, (R~ X)z_).
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Discarding the boundary terms at initial and final times, we get

0e8 = —/dT 2#/@ <e, Tg()\+)1/ doT9(\; ;+00,0)0; LY N, 0)T (N ; 0, —oo))
iy oo

+ / dT%K (e,Tg()\_)_l / do TI(A_;400,0)0,LI(A_,0)TI(A_; 0, —oo))-
vy —o0

Using equation ([E.2), this may be rewritten as

5.8 = —% dr k(e, TI(A+) 10, T9(Ay) — TI(A_) 'O, T(A\L)). (6.15)

In terms of the “abstract” non-abelian moment map I'; seen as a G*-valued map, this is simply
5.5 = —/dT (e(r),I7"0,T). (6.16)

By the principle of least action, 6.5 must be zero for any function €(7), as long as the fields are
on-shell. Thus, we recover the fact that I" is conserved.

It is worth noticing that, if G* is non-abelian, I'"*9,I" is not a total time derivative. Thus,
when we choose a constant parameter €, we cannot conclude that 6.5 = 0. That is to say, the
action is not invariant under the Poisson-Lie symmetry. However, the latter is still a symmetry
of the model since the Hamiltonian is invariant.

7 Conclusion

A deformation of Yang-Baxter type, with respect to either a split or non-split R-matrix, has the
effect of g-deforming a global G-symmetry of the original integrable models. In this article we
showed at the Hamiltonian level that such a ¢g-deformation can be understood as a deformation
of the Poisson structure on the symmetry group G, from the trivial one to a multiple of the
Sklyanin bracket defined by the R-matrix. Indeed, the non-abelian moment map I'" : M — G*
which generates this Poisson-Lie symmetry is given explicitly in terms of the monodromy matrix
evaluated at the poles of the twist function, and its Poisson bracket is found to coincide with
the pullback of the Semenov-Tian-Shansky bracket on G* ~ GGr. We then showed, in the case
of a standard R-matrix, that the various charges constituting I' span the Poisson algebra %,(g).

It is expected that Yang-Baxter type models possess a larger infinite dimensional symmetry
which we could call %,(g), defined as a semiclassical limit of the quantum affine algebra Uz(g)
with ¢ = ¢". This idea has indeed been realised explicitly in [14] where the Yang-Baxter o-

model for su(2) was shown to have a %, (su(2)) symmetry (see also [37]). However, even in
these rank one cases, deriving the full infinite dimensional symmetry algebra requires using the
algebra of the monodromy matrix for arbitrary values of the spectral parameters, as opposed
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to its evaluation at the poles of the twist function. Yet the former is notoriously plagued
with ambiguities due to the non-ultralocality in the Poisson bracket of the Lax matrix of these
models.

Another important class of integrable deformations of integrable o-models, which applies
in particular to the principal chiral model and (semi)-symmetric space o-models, is given by
the A-deformations (sometimes also called k-deformations or deformations of the gauged WZW
type) [38-41], see also [42H44[T2/45H49]. There are results [50,47] indicating that these deformed
models possess a %,(g) symmetry with ¢ a phase. It would therefore be interesting to also relate
this type of ¢g-deformation to Poisson-Lie symmetries. However, the study of the symmetries
of these models along the lines of the present article is more difficult. For instance, contrary to
the setting of section [l for Yang-Baxter type models where the Poisson bracket of the quantity
T9(Ay) with itself is well defined, it appears that one would have to deal with the issue of
non-ultralocality.
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comments on the draft. This work is partially supported by the program PICS 6412 DIGEST
of CNRS and by the French Agence Nationale de la Recherche (ANR) under grant ANR-15-
CE31-0006 DefIS.

A Semisimple complex Lie algebras

Let § be a semisimple complex Lie algebra. Fix a Cartan subalgebra h of f and let A C bh*
denote the associated set of roots. We choose a set of simple roots aq,...,q; € A, with [ the
rank of f. Let f = h @ ny @ n_ be the associated Cartan-Weyl decomposition, and {E,,« > 0}
and {E_,, a > 0} the associated bases of the nilpotent subalgebras n.. We choose to normalise
the latter such that

K (Ea, Eg) = 0a,-p,

where « is the Killing form on §. For a € A, we define H, € § via the Killing form isomorphism
between h and h*, namely we set

K(Hy, X) = a(X). (A.1)
for all X € h. In particular, for simple roots «; we use the shorthand notation H; = H,,. Then,
{H;,i=1,...,1} forms a basis of . The Killing form induces a symmetric bilinear form on h*

that we shall note (-, ).
By definition, we have the following commutation relations

(X, E,] = a(X)E,. (A.2)
for all X € h. Moreover,

[Ea, E,a] = Ha and [Eai, E,aj:| = 5ZJHZ (A?))
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Finally, the Lie algebra structure of ny is given by
[Eo, Egl = NagEoys, (A.4)

with IV, g a real skew-symmetric normalisation constant. Moreover, one has N_, _g = —N, .

B Split and non-split real forms

Let § be a semisimple complex Lie algebra of dimension n. We will use the notations introduced
in appendix [A] We want to describe the real forms of f, i.e. the subalgebras of § which are also
real vector space of dimension n.

The real forms of § are in one-to-one correspondence with the fixed-point subalgebras ¢ of
semi-linear involutive automorphisms 6 of f, i.e. maps 6 : § — f such that #? = Id and

O(AX 4+ pY) = M(X)+m(Y) and 0([X,Y]) = [0(X),0(Y)],

for all A\, p € C and X, Y €.

Consider the Cartan-Weyl basis {H;, E,} of f (cf. appendix [A]). Since the E.,,’s generate
the Lie algebra §, the automorphism 6 is completely described by its action on these. In the
following, we consider two “natural” ways to act on the E,,’s, that correspond to the so-called
split and non-split real forms.

Split real form. Let us consider the semi-linear involutive automorphism 6 defined by
0 (F+ia,) = Eta,- (B.1)
As the normalisation constants N, s in equation (A.4]) are all real, we find for any root « that
0 (Ey) = E,.

Hence, one also has
0 (H,) = H,.

As a consequence, a basis of the real subalgebra fixed by 6 is given by the Cartan-Weyl basis
{H;, E,} of f itself. This way, we obtain the so-called split real form

l
g: {ZaiHi+ZbaEaa aiuba ER} . (BQ)

i=1 aEA
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Non-split real forms. Another possibility for defining 6 is to let

0 (Fea)) = —\iFra, (B.3)
where \; = +1. Using equation (A.4]), for any positive root o = pyay + ... + pjoy we obtain

0(E.) = —AoF_q, (B.4)
with Ao = A" ... A € {+1, —1}. In the same way, using (A.3]), one has

0(H,) = —H,. (B.5)

The real subalgebra g of elements fixed by 6 is called a non-split real form of f. A basis of g is
given by .
% (Bat AoFEa), Co= %

If one choose \; = ... = )\, =1, then A\, = 1 for any root o and we get the so-called compact
real form of §.

T, = il;, B, = (Ba — MaE_a). (B.6)

C Roots, co-roots, weights and co-weights

In this appendix, we recall the main properties of some bases of the Cartan subalgebra . As
it is equipped with the non-degenerate Killing form (-, -), there exists a natural isomorphism

C:h” =,
between h and its dual h*. It is characterised by the relation
K(CN), X) = MX),

for all A € h* and X € b (cf. (Ad)). This isomorphism induces a bilinear form (-,-) on h*,
given for all A\, u € b* by

(A, 1) = K(CN), ¢(w)-

C.1 Roots and co-roots

A basis of b* is given by the simple roots aq,...,q;. Using the notations of appendix [A] the
corresponding basis {((a;)} of b is {Hy, ..., H;}. We will often use

d — (Oéi,Oéi) . K(Hi,Hi)
o2 2
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We define the simple co-roots as

2H;
Oz;/ = = d;lHZ‘,
(Oéi,Oéi)

which forms another basis of h. The Cartan matrix is then given by

2(0@', Ozj)

Aij = Oéj(Oé\/) = (a_ a_) .

)

C.2 Fundamental weights and co-weights

We define the fundamental weights w; € h* as the dual basis of the co-roots «, namely

By the Killing form duality, the
P = ((wi) (C.1)

form a basis of . Moreover, we have the relation

In the same way, one defines the fundamental co-weights w,” € b as the dual basis of the simple
roots

aj(w) = di,
which relates them to the basis elements (C.IJ) simply by

V_ g-1p
w; =d; P,

D Poisson brackets extraction theorems

In this appendix, we state and prove two theorems allowing to extract the Poisson brackets of
the factors of a Lie-group-valued quantity.

Theorem D.1. Let Fy and F, be two Lie groups, that are decomposable into two subgroups:
F, = G;H;. This group factorisation corresponds to a direct sum of Lie algebras f; = g; ® b;.
We denote by my, and my, the associated projections. We consider A € Iy and B € F» that we
factorise as

A=wv, and B =y,

for (u,v) € Gy x Hy and (z,y) € Go X Hy. We define
Pi2 = uy 'z {A1, BoaYvi gyt € F1 ® o
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Then, we have

{ur, w2} = waws Ty, ® mg, (732)7
{ur, y2} = wa 7y, ® My, (PQ) Y2,
{v1, 22} = 22 My, ® Ty, (Pg) U1,
{v1,y2} = T, © 7, (Pr2) v1y2.

Proof. Using the Leibniz rule, we have

{Ay, Ba} = {ug, z2}v1ys + va{ug, y2}vr + us{vy, v2}ys + urra{vy, ya},

so that
11 -1 -1 -1 —1 —1 -1
Pra = uy vy {ug,va} +uy {ug, y2}ys + 3 {v, v2tvy +{ve, y2}vy y2 o,
€910 € g1 Qb € b ®go € b1 @b,
and hence the theorem. O

Theorem D.2. Let G be a Lie group that factorises into subgroups as G = G;...G,. This
group factorisation corresponds to a direct sum of Lie algebras g = g1 ®...Dg,, with associated
projections ;. Suppose this decomposition is such that, for alli € {1,...,p},

i—1 P
gi=Por  and  gi= P o
k=1

k=i+1

are subalgebras of g and [g;, 9<i] C g<;.
Let f be a R-valued function and A a G-valued function, that we factorise as

A=AW AP with (AY L AP) € Gy x L. x G,

If we define
PO = (AW AOYTHA, £} (ATD AP T e g,

then we have

(A(z'))*l {AD fY = 7, (PD).
Proof. Let B =AW . . AG=1) and C = AW AP Using the Leibniz rule, we have
pli) — (Au))*l {AD f1 4 (A(n)*l (BB, f}) AD +{C, f}C .
< — _ N ————

€9 €0<i €9>i

Since B™'{B, f} belongs to g.;, the assumption on the Lie subalgebras g tells us that the
adjoint action

(Aa))—l (B {B, [})A®
still belongs to g.;, hence the theorem. O
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E Path-ordered exponentials

In this appendix, we recall some properties of path-ordered exponentials. Consider a g-valued
field £(o) and the path-ordered exponential

T(0,0') = P&p <— / dpc(p)) . (E.1)
This is a G-valued field verifying the differential equations

(&,T(a, o"))T(o,0")" = —L(0),
T(0,0") (85T (0,0")) = L(c").

Under an infinitesimal transformation £ of £, the path-ordered exponential is transformed by
1(0,0) =~ [ Ao T(0:0)3L(p)T(p. 7). (E2)

This formula allows one to compute the variations of T'(¢,¢’) or Poisson brackets of T'(o,0”)
with other observables.
In particular, if £ is the spatial component of a zero curvature equation

0L — 0p M+ M, L] =0,
we find from equation (E.2)) that
0,T(0,0") =T(0,0"Y\M(c') — M(c)T(0,0").

Thus, if we consider fields that decrease rapidly at infinity, so that M(o) — 0 when o — +00,
the path-ordered exponential T'(+00, —00) is conserved.

Suppose now that we are given a Lie group homomorphism 7 : G — F', from G to another
Lie group F'. It induces a Lie algebra homomorphism 7, : g — §. The image of the path-ordered
exponential (E.I) by the homomorphism 7 is simply

r(1(0:0) = P (~ [ dpra(c(0) ). (E3)

where P% r denotes the path-ordered exponential in the group F'.
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