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Abstract

We consider shear flows that comprise of step changes in the shear rate. For these flows, we derive

analytic solutions of the Rolie-Poly constitutive equation. Our method involves piecing together

solutions for constant rate shear in a variety of flow rate regimes. We obtain solutions for interrupted

shear, recoverable strain and non-linear relaxation following cessation of flow. Whenever strong

flow is present we neglect reptation, as other mechanisms dominate and for interrupted shear our

solution is approximate as we neglect convective constraint release. Our analytic solutions provide

new insight in several ways. These include revealing the mechanism of some experimental features

of these flows; suggesting a method to extract the polymer contribution to the normal stress in the

velocity gradient direction (σyy) from shear stress measurements alone; and a method to isolate the

influence of convective constraint release (CCR) from damping function measurements. We also

run complementary GLaMM model calculations to verify that insight from our analytic approach

translates to this more detailed model.

1 Introduction

Since the late 1970s, the Doi-Edwards Tube theory has been the key idea in the modelling of entangled

polymer fluids, due to its simplicity, its parameter free prediction of the damping function, and its

development into an accessible constitutive equation for the stress tensor [1]. It is built on the premise

of reducing a many body problem to that of a single body in an effective mean field; encapsulating the

constraints imposed upon an individual chain in a melt by its surrounding chains through the imposition

of a hypothetical tube spanning the contour of the chain. Lateral movement is inhibited within the

tube but the test chain is free to move diffusively along its contour; chain ends that have escaped the

tube are free to explore any configuration. Both the motion of the tube and the chain within it are

modelled as a random walk, with Z steps (or segments) at equilibrium [2]. The ensuing incarnations of

the Tube Model are complex constitutive equations but are all still built on the simple basic idea of two

types of relaxation acting on the chain in the tube: a) relaxation of polymer stretch, occurring along the

contour with a timescale of the chain Rouse time τR and b) relaxation of the polymer orientation, which

occurs at a much slower timescale of the reptation time τd ≈ 3ZτR [2]. In recent years a wide range

of modelling and simulation techniques, across many length and timescales, have been developed that

both implement the tube idea and enable microscopic testing of its founding assumptions. These include
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Molecular Dynamics, Brownian Dynamics, slip-link simulations, full chain constitutive models (such as

the GLaMM model) and simpler single mode constitutive models [1]. Slip-link approaches are distinct

from tube models as they make different assumptions about the confining effect of surrounding chains. A

benchmark problem in this field is the description of start-up non-linear flow, at a constant deformation

rate, for monodisperse entangled linear polymers.

In this paper we turn our attention to the Rolie-Poly Model, a single mode constitutive equation

that was derived from more comprehensive full chain model [3]. The original intended use for this

model was for computationally demanding calculations such as complex flow geometries. Indeed the

model’s computational simplicity has been exploited in numerical studies of polymer processing [4–9],

flow instabilities [10, 11], and shear banding [12–16]. However, the relative simplicity of the Rolie-Poly

model also makes it amenable to analytic calculation. Analytic results are, in most cases, more useful

than numerical results. Analytics often make analysis and interpretation more direct, more general and

computationally cheaper. They are particularly useful when model parameters can be left as arbitrary

constants, so that their effect can be explored directly from the analytic solution. Analytic solutions of

the Rolie-Poly model have not been widely explored and are the focus of this paper. In this work we

demonstrate a range of flow regimes in which the Rolie Poly Model can be solved analytically and then

combine these solutions to describe the stress response to some non-standard flow histories, in which the

shear rate varies with time. Such time-dependent shear flows, including interrupted shear, recoverable

shear and relaxation following a step strain, have recently been explored for monodisperse entangled

linear polymers [17]. Through careful analytic calculations with the Rolie-Poly model, we manage to

shed greater light on the stress response in these flow experiments than has been achieved with numerical

calculations alone. We then use these analytic Rolie-Poly results to guide more detailed GLaMM model

calculations, to confirm that the understanding unearthed by our analytic approach translates to this

more detailed model.

2 The Rolie-Poly model

We use a standard implementation of the tube model, in the form of a constitutive equation known as

the Rolie-Poly model [18]. This is a single mode approximation to the tube model, which includes the

three key relaxation mechanisms of reptation, retraction and convective constraint release (CCR). The

Rolie-Poly model is given by,

dσσσ

dt
= κκκ.σσσ + σσσ.κκκT − 1

τd
(σσσ − I)−

2(1−
√

3/Trσσσ)

τR

(
σσσ + β

(
Trσσσ

3

)δ
(σσσ − I)

)
, (1)

where σσσ is the polymer stress (in units of the plateau modulus), κκκ is the velocity gradient tensor, β sets

the CCR strength, δ controls the suppression of CCR with chain stretch and
√

Trσσσ/3 corresponds to the

chain stretch ratio. The two key relaxation times are the chain Rouse time τR, which relaxes chain stretch

and the reptation time τd. The ratio these relaxation times obeys τd/τR ≈ 3Z, where Z is the number

of entanglements. Contour length fluctuations mean that higher order corrections to τd are important

for weak to moderately entangled chains [19]. Throughout this article we report stress in units of the

plateau modulus. The stress predictions for this model have been shown to agree well with both more

detailed implementations of the tube model and experimental data [18]. A non-stretching version of the
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model, where retraction is assumed to be instantaneous, is given by,

dσσσ

dt
= κκκ.σσσ + σσσ.κκκT − 1

τd
(σσσ − I)− 2

3
Tr(κκκ.σσσ)(σσσ + β(σσσ − I)). (2)

For both versions of the Rolie-Poly model, start-up calculations from quiescent conditions are begun with

the stress in the equilibrium state (σσσ0 = I).

We also compare our analytic results from the Rolie-Poly model with numerical solutions of the

GLaMM (Graham, Likhtman and Milner, McLeish) model [3] which is a detailed implementation of

all of the standard relaxation mechanisms in the tube model. The GLaMM model retains deformation

information along the chain contour and so provides the most detailed stress predictions, in addition

to enabling predictions of neutron scattering patterns. This model has been shown to give quantitative

non-linear predictions for the shear stress and first normal stress difference of entangled linear polymers

for γ̇τR . 15 [3–5]. The GLaMM and Role-Poly models, however, both predict a zero second normal

stress difference. In our GLaMM model results the stress is reported in units of the plateau modulus and

times are reported in terms of either τe, the Rouse time of an entanglement segment, or τR = Z2τe, the

overall chain Rouse time.

3 Flows with time-dependent shear rate

Although start-up of constant rate shear is a widely used benchmark flow, flows where the shear rate

changes abruptly with time have also been studied experimentally. In this section we summarise prior

work on three such time-dependent protocols, which are the focus of our analytic work later in the paper.

3.1 Interrupted shear

This shear protocol involves an initial start-up shear of a quiescent melt, followed by a shear-free waiting

period and then a second shear period, potentially at a different rate. By varying the rate and strain of

the first shear period and the waiting time, one can explore the effect of non-quiescent initial conditions

on the transient of the second shear period. For this flow protocol we denote the shear rate, time and

strain for the first shear period as γ̇1, t1 and γ1, respectively (and similarly for the second shear period)

and we denote the waiting time as tw. Wang et al. [17] performed interrupted shear experiments on an

entangled melt. Both shear rates were fast with respect to the reptation time γ̇τd > 1, with γ̇2 being

twice γ̇1. Wang et al. [17] showed that the peak shear stress during the second shear (denoted σmax
xy ) first

decreased with tw before beginning to increase with tw. The experiments showed a ∼ 2.3% drop of σmax
xy

when comparing the lowest value with the value from tw = 0. Standard tube models can predict this non-

monotonic behaviour, as shown by numerical solutions of the stretching Rolie-Poly model Graham et al.

[20]. Graham et al. [20] attributed the monotonic behaviour to accumulation of weak stretching during

the first shear, in an echo of the non-monotonic behaviour seen in SANS following a step extensional

strain [21]. However, Ianniruberto and Marrucci [22] subsequently observed the same effect in numerical

calculations with the classical, purely orientational, integral equation of Doi and Edwards. They observed

a dip of comparable size to the experiments [17] using matched shear conditions. Thus, Ianniruberto and

Marrucci [22] concluded that, although chain stretch may affect the dip, it is not an essential ingredient

for the non-monotonic behaviour. In section 4.1 we use analytic solutions of the non-stretching Rolie-Poly
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model to confirm the non-stretching result of Ianniruberto and Marrucci [22], determine shear conditions

that maximise the dip and to explain the mechanism of the non-monotonic behaviour.

3.2 Recoverable shear

Recoverable strain experiments have been conducted by rheologists for many years now. For example

reference [23] measured the recoverable shear strain of an LDPE melt. We focus on experiments by

Wang et al. [17] in which a start up shear of a monodisperse fluid was performed for a variety of strains

and waiting times tw, before the recoverable strain, γr, was measured. When γ̇τR < 1 or tw > τR

full chain retraction is expected to occur before the recovery, nevertheless the measured the recoverable

strain was almost identical to the imposed strain (thus complete elastic recovery occurred). Wang et

al. [17] claimed that retraction should substantially reduce the recoverable strain and hence that the

absence of this reduction is evidence that retraction does not occur. Instead they proposed a barrier to

this retraction in the Tube Model. In contrast, by computing γr from the Rolie-Poly model, Graham

et al. [20] showed that Wang et. al’s experimental recoverable strain results could be predicted without

requiring a barrier to chain retraction. Using a toy analytic calculation they proposed a qualitative reason

for this lack of effect on elastic recovery. In section 4.2 we extend this result before offering a new way

to utilise recoverable strain measurements to learn about the normal stress response.

3.3 Damping function

It is well established experimentally that many polymer melts obey time-strain separability following a

step shear of size γ. That is, the non-linear shear relaxation modulus, G(t, γ) can be factorised as follows,

G(t, γ) = h(γ)G(t), (3)

where, G(t) is the linear relaxation modulus and h(γ) is the damping function [24]. Thus the damping

function is a measure of the shear thinning in response to a step strain.

Einaga et al. [25] had previously shown experimentally that the nonlinear relaxation moduli for vary-

ing strains can be superimposed for large enough t, hinting at the emergence of time-strain separability

following a characteristic timescale. With the integral version of their Tube Model, Doi and Edwards

[26] went on to explicitly show this decomposition of G(γ, t) at longer times, by calculating the damping

function for varying γ, which agreed with measurements on monodisperse melts. This early success of

the original Doi-Edwards tube model in making a parameter-free prediction of the damping function was

a key factor in its acceptance as an effective model for the non-linear response entangled polymers. This

quantitative success of the original Doi-Edwards model turned out to be an exception rather than rule.

In particular, producing quantitative agreement with direct stress measurement, even in linear response,

required significant refinement of the tube model over subsequent decades. In particular, mathematically

detailed treatments of contour length fluctuations, constraint release (both thermal and convective) and

chain retraction, were necessary [3, 18]. In section 4.3 we provide some analytic insight into why the

damping function was particularly amenable to prediction with early implementations of the tube model,

whereas direct stress measurements were not.
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4 Analytic modelling results

In the following section we employ analytic techniques and obtain closed form solutions to the Rolie-Poly

model for the shear protocols described in section 3. These analytic results lead to greater insight into the

dynamics of the melt in these shear regimes than numerical results alone. We solve the Rolie Poly Model

for affine shear (γ̇τR � 1), a fast non-stretching shear ( 1
τd

< γ̇ < 1
τR

) and stress relaxation following

shear cessation for t > τR. Building on these solutions, we derive some useful results that give us greater

insight into the experimental data discussed previously. In this section we use σσσ0 to denote an arbitrary

initial stress configuration, imposed by prior parts of the flow protocol.

4.1 Interrupted Shear

A typical stress transient for interrupted shear is shown in figure 1. For calculations herein, we denote

the stress tensor at the end of the first shear as σσσ(t1) = σσσ1 and the value at the end of the waiting period

as σσσ(t1 + tw) = σσσW . The peak shear stress in the second shear is denoted σmax
xy and we aim to find an

analytic expression for how this depends on the shear history (ie γ̇1, t1, tw and γ̇2).

4.1.1 Analytic calculation

0 0.5 1
t/τd

0

0.2

0.4

0.6

0.8

σ
xy

σxy
1

σxy
W

σxy
max

Figure 1: An interrupted shear flow, modelled using the non-stretching Rolie Poly Model, with γ̇1τd =

γ̇2τd = 5, γ̇1t1 = 1 and tw = 0.3τd. As the flow rates are large compared to 1/τd we have neglected

the reptation term during the two flow periods, but reptation is included during the waiting period. We

have also neglected CCR for these analytic calculations. We are interested in the transient shear stress

maximum in the second shear period, which we call σmaxxy .

We model the shear periods using the non-stretching Rolie-Poly, neglecting reptation and CCR. Ne-

glecting reptation is justified when γ̇ � 1
τd

and the neglect of CCR is qualitatively wrong in steady state,

but is less serious through the transient overshoot which is the focus for interrupted shear. Removing

these assumptions creates small corrections but does not change the overall interpretation.

We first solve the non-stretching Role-Poly model for arbitrary initial conditions, to model the first

and second shear periods. With the approximations above, the Rolie-Poly model can be written with
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strain as the independent variable, meaning that our results depend only on strain, not independently on

the shear rate and shear time, γ̇1 and t1. That is,

dσxy
dγ

= σyy −
2

3
σ2
xy,

dσyy
dγ

= −2

3
σxyσyy. (4)

This nonlinear system corresponds to the rotation under shear of a rigid, slender, non-Brownian rod.

Hence it can be solved via the transformation R(γ) =
σxy

σyy
, which gives dR

dγ = 1. Solving for R and

substituting into equation (4) gives a separable differential equation for σyy, which can be solved and

combined with the solution for R(γ) to give,

σxy(γ) =
3(σ0

xy + σ0
yyγ)

3 + 2σ0
xyγ + σ0

yyγ
2
, σyy(γ) =

3σ0
yy

3 + 2σ0
xyγ + σ0

yyγ
2
. (5)

The expression for σxy can be maximised over γ to give,

σmax
xy =

3σ0
yy

2
√

3σ0
yy − (σ0

xy)2
. (6)

This maximum only occurs at a positive strain if σ0
xy <

√
3σ0

yy − (σ0
xy)2.

We obtain a solution for the first shear period by substituting quiescent initial conditions (σσσ0 = I),

into equation (5),

σ1
xy =

3γ1
3 + γ21

, σ1
yy =

3

3 + γ21
. (7)

During the waiting time the material is allowed to relax at a fixed strain for a time tw. In this case,

relaxation of unstretched chains proceeds exponentially towards σσσ = I, which can be seen by considering

equation (2) with κκκ = 0. Hence the stress state at the end of the waiting period is,

σWxy(γ1, tw) =
3γ1e

−tw

3 + γ21
, σWyy(γ1, tw) =

3 + γ21(1− e−tw)

3 + γ21
. (8)

These stress values provide the initial conditions for the second shear period. Hence, σmax
xy in the second

shear is obtained by substituting equation (8) into equation (6),

σmaxxy (γ1, tw) =

√
3

2

[
etw(3 + γ21)− γ21√

etw(3 + γ21)(etw(3 + γ21)− γ21)− 3γ21

]
. (9)

This maximum must occur at a positive strain and, using the condition below equation (6), this requires,

σWxy >

√
3σWyy

2
⇐⇒ 18γ21e

−2tw

3 + γ21
> 9 + 3γ21(1− e−tw). (10)

If this condition is not met then the shear stress in the second shear decreases monotonically to its steady

value so the maximum during the second shear is just the starting value σWxy . We cover these two cases

with a piecewise expression,

σmaxxy (γ1, tw) =


3γ1e

−tw

3+γ2
1

if σWxy <

√
3σW

yy

2
√
3
2

[
etw (3+γ2

1)−γ
2
1√

etw (3+γ2
1)(e

tw (3+γ2
1)−γ2

1)−3γ2
1

]
if σWxy >

√
3σW

yy

2

. (11)

This expression is plotted in figure 2(a) and compared to direct evaluations of σmax
xy from numerical

solutions of the Rolie-Poly model. Our results show a minimum of comparable size to that seen by Wang

et al. [17] experimentally, and in the classical Doi-Edwards calculations by Ianniruberto and Marrucci

[22] from their Tube Model calculations.
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Figure 2: (a) Our piecewise Rolie-Poly solution (equation (11)), normalised by σmaxxy (γ, 0) for each strain.

An initial strain of γ ≈ 2.45 admits a drop of ≈ 13%, which is in fact a little larger than that seen

experimentally. (b) GLaMM model predictions comparing the strain used in the experiments of Wang et

al. [17] (γ = 1.5) with a strain close the optimum predicted by our analytic model.

As we have an analytic expression for σmax
xy , we can readily optimise the depth of the minimum with

respect to γ1 and tw. Our numerical minimisation of
σmax
xy (tw)

σmax
xy (tw=0) from equation (11) shows that an initial

strain of ≈ 2.45 admits the deepest minimum of ∼ 13%, occurring at tw ≈ 0.25. This result suggests

that a somewhat deeper minimum might have been found in the experiments of Wang et al. [17] by

extending γ1 from 1.5 to ∼ 2.5. However, we note that the approximations in our calculations, namely

using the Rolie-Poly model and neglecting reptation and CCR during shear, generally produces sharper

features than seen experimentally so the measured dip may be smaller than we predict. Indeed, we

checked that this prediction of our analytic model is obeyed by the more detailed GLaMM model, which

has been shown to give quantitative predictions for non-linear shear rheology [3]. For these GLaMM

model calculations we used Z = 40, γ̇1τR = γ̇2τR = 0.16 and retained all processes, including contour

length fluctuations, CCR and chain stretching. Figure 2(b) shows that, as anticipated, γ1 = 1.5 gives a

shallower minimum of ∼ 6% compared to γ1 = 2.5 which gives a minimum of ∼ 9%.

4.1.2 Explanation of the mechanism

We now turn our attention to explaining the mechanism that produces the non-monotonic behaviour in

σmax
xy with increased relaxation time. We will show that relaxation and flow together allow access to a

wider region of the initial conditions for shear 2 (σWxy and σWyy ) than flow alone. Some of these regions give

a weaker σmax
xy than those that can be accessed by the shear 1 alone. From the differential equation for

σxy, equation (4), we can see that the first term on the RHS, which corresponds to convection, controls

the growth of σxy and this growth is proportional to σyy. σyy reduces as shear flow progresses and

increases during the waiting period. This recovery of σyy during waiting period the gives stronger and

more sustained growth in σxy during the second shear, leading to a larger σmax
xy . In summary, too much

pre-alignment of σyy leads to a weak maximum and which is improved by relaxation. Considering now

the effect of initial value of σxy at the start of the second shear, a larger initial value, σWxy , produces a

larger maximum simply because σxy starts from a higher value. However, some of this gain is offset by an
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Figure 3: (a) A phase portrait of (σyy, σxy) during shear and relaxation, overlaid on a contour plot of

the maximum in σxy achieved during shear period 2 from the initial conditions σyy, σxy. The thick lines

correspond to the evolution of (σyy,σxy) during a start-up shear from rest (curved line) and relaxation

following shear (diagonal lines). The strain during shear 1 for these diagonal lines are γ = 20, 2.45, 1

from left to right, respectively. The grey dashed lines are contours of the maximum in σxy achieved

during the second shear period, corresponding to σmax
xy = 0.1...0.85 in evenly spaced intervals of 0.05,

with the smaller contours occurring closer to the origin. (b) Similar results from the GLaMM model, for

γ1 = 1.5, 2.5 and 5.0. The stars correspond to the σyy- σxy values that leads to the lowest σmax
xy .

increase in the retraction term, which is proportional to -σ2
xy, giving a comparatively weak dependence

of the maximum on σxy at larger values. In summary, the decrease in σxy during relaxation reduces the

maximum, but this effect is weak at large σxy.

In the paragraph above we explain the contributions of σW
xy and σW

yy to σmax
xy . We now explain how

shear and relaxation work together to produce a smaller σmax
xy . In fig 3(a) the solid lines represent the

evolution of σxy and σyy during shear 1 (circular red line) and the waiting period (diagonal lines, other

colours). The analytic solutions in equations (4) and the exponential relaxation during the waiting period

provide the forms of these lines in the phase-plane. The dashed lines are contours of σmax
xy obtained from

taking σyy, σxy as the initial conditions. The strain in shear 1 (red line) determines the exit point from

the flow-circle and this determines the angle in the σxy-σyy plane by which the system returns to the

quiescent state (σxy = 0, σyy = 1). This angle determines the relative rate of change of σxy compared

to σyy during relaxation. The purple line in fig 3(a) illustrates a strain that is too large to produce

non-monotonic behaviour in σmax
xy . Here the decrease in σxy during relaxation is small compared to the

increase in σyy, meaning that the maximum grows with increased waiting time. Note how the purple line

slices through several contours of σmax
xy but this corresponds to increasing σmax

xy as σyy is increasing at

roughly fixed σxy. Conversely, following a small strain in shear 1 (green line) σxy has the further of the two

stresses to relax and so changes faster than σyy, giving a reduction in the achieved maximum. However,

this reduction is modest as σ1
xy itself is small. The deepest maximum occurs at a point intermediate to

these two exemplars (blue line), which is just beyond the quiescent transient maximum in σxy. The angle

of this relaxation period cuts through the optimum number of σmax
xy contours in the decreasing direction.

In summary, during the first shear the chains deform as rigid rods and this deformation can access
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only a very limited range of initial conditions for the second shear period. The waiting period corresponds

to exponential relaxation, which, when combined with different choices of the strain allow access to a

far wider region of the σxy-σyy plane as initial conditions for shear 2. Some the regions of this space

that are only accessible by relaxation give a weaker shear 2 maximum than those that can be accessed

by the first shear period alone. We confirm that the mechanism is the same in the GLaMM model by

plotting our results as a phase-portrait in figure 3(b). This shows very similar behaviour to figure 3(a),

namely that the shear causes an arc in σxy-σyy, γ1 determines the point of exit from this arc, the waiting

period causes a linear return to the quiescent state and that the point in the σxy-σyy plane that gives

the lowest σmax
xy occurs in very similar places for both models. There are two minor differences: the arc

is incomplete for the GLaMM model because CCR leads to non-zero steady state values for σxy and σyy;

and the initial behaviour of σxy-σyy during the waiting period is not linear due to some fast processes

that are neglected in our analytic calculations (retraction, CCR and contour length fluctuations).

We have solved analytically the non-stretching Rolie-Poly model in the absence of CCR and reptation,

for the entire interrupted shear transient. We also derived an analytic expression for the second shear

maximum. We used this analytic expression in a numerical optimisation to find the shear conditions

that lead to the deepest reduction in σmax
2 . Our analytic result also explains the mechanism of the non-

monotonic behaviour seen the GLaMM model, suggesting that this mechanism explains the experiments

of Wang et al. [17].

4.2 Recoverable strain

In this section we propose an analytic approach for recoverable strain in well-entangled polymers. During

a recovery flow the shear rate varies with time according to a balance between the polymer stress and

the Newtonian viscosity from the fast modes of the melt. We model this by a rapid reversing shear flow,

which is valid for the following reasons: the ratio of the polymer zero shear viscosity and the Newtonian

viscosity is very large for entangled melts [13, 27], meaning that, the majority of the strain recovery occurs

at very high shear rates. For these high shear rates the time-dependence of the shear rate is unimportant

and the polymer configurations depend only on the total strain. This has been confirmed numerically for

the Rolie-Poly model [20]. Thus we model recoverable strain by a rapid, reversing shear and define the

recoverable strain as the strain at which σxy passes through zero.

Care must be exercised over the generality of this correspondence between recoverable strain and rapid

reversing flow. It relies upon separating all relaxation processes as either strongly non-linear (γ̇τ � 1)

or Newtonian (γ̇τ � 1). Any process for which γ̇τ ∼ 1 must make a negligible contribution to the total

stress. This is equivalent to a strong separation of relaxation times in the materials relaxation spectrum.

This is demonstrably true for well-entangled linear polymers, as can be seen by the long elastic plateau in

G′(ω). However, if the linear relaxation spectrum contains important relaxation modes for all timescales

shorter than the terminal time, as will be the case for weakly entangled polymers, polydisperse polymers

and many other rheological fluids, then the correspondence does not hold.

Modelling recoverable strain as a fast (affine) reversing flow, means we retain only the convection

terms in the constitutive model, which becomes (see Appendix A.1),

dσxy
dt

= −γ̇(t)σ0
yy =⇒ dσxy

dγ
= −σ0

yy. (12)
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That is, the gradient of the shear stress with reversing strain is simply σ0
yy, namely the value of σyy at

the end of the first shear period. We note here that σσσ denotes the polymer contribution to the stress, not

the total stress. Since the recoverable strain γr, is the strain at which σxy passes through 0 we obtain,

γr =
σ0
xy

σ0
yy

. (13)

4.2.1 The effect of retraction

In this section we show that chain retraction has no direct effect on the recoverable strain. The contri-

bution to the stress relaxation from retraction is given by,

dσσσ

dt
= ....−

2
(

1−
√

3
trσσσ

)
τR

σσσ. (14)

We note that this can be written as,
dσσσ

dt
= ...− f(Trσσσ)σσσ, (15)

where the form of the function f(Trσσσ) will be unimportant to the argument in this section. From

equation (15) we see that retraction scales all components of σσσ down at an equal rate, so under its effect

alone the ratio γr = σxy/σyy is unchanged. More explicitly, we can obtain the same result by directly

differentiating the this ratio and (and using equation 15),

dγr
dt

= ...+
σyyσ̇xy(t)− σ̇yy(t)σxy

σ2
yy

= ....+ 0. (16)

Thus we can see from the above argument that retraction, either during or after flow, does not directly

affect the recoverable strain and that this result is insensitive to the form of the retraction function. In

appendix A.2.1 we use a similar argument, involving the mathematical structure of the retraction term,

to show that the damping function is also independent of the form of f(Trσσσ).

An alternative way of interpreting this result was recently proposed by Larson [28], which is as follows.

The recoverable strain corresponds to the reversing strain required to return the shear stress to zero. This

strain is set entirely by the orientation, and stretching or compressing the chains at fixed orientation has

no effect on the strain required to reset the shear stress. Hence chain retraction has no effect on the

recoverable strain.

4.2.2 Application to experiments and simulations

The argument above motivates us to propose an alternative experimental protocol that accesses the same

information as recoverable shear in well-entangled polymers, but in a more controlled way. We suggest,

rather than switching off the external stress and allowing the polymer fluid to recover spontaneously, to

instead impose a rapid reversing flow and report the strain at which the shear stress passes through zero,

as the “recovered strain”. Additionally, we suggest checking that this “recovered strain” is independent

of the imposed reversing shear rate for sufficiently large flow rates. For this approach to correspond to

traditional recoverable strain experiments the material must satisfy the separation of timescales discussed

at the start of this section. Furthermore, this suggested protocol can also be applied to molecular

dynamics simulations of entangled polymers, leading to a method to extract the recoverable strain from

such simulations.

10
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Figure 4: Results for the GLaMM model, comparing the direct transient calculation of σyy with values

inferred from a rapid reversing shear.

We note that our results above offer an in-principle method to access experimentally the polymer

contribution to the normal stress component σyy from measurements made only on the shear stress (via

a simple rearrangement of equation (13)). This is attractive as normal stresses are significantly more

difficult to measure than shear stress. To test that the result holds when we resolve faster processes in

tube model, such as contour length fluctuations and higher retraction modes, we applied the technique

to the GLaMM model. We ran a start-up shear calculation with Z = 40 and γ̇τR = 4.8, to produce

the transient stress curve shown in figure 4. At selected points along the transient we began a rapid

reversing shear and obtained the recoverable strain from the strain required to return σxy to zero. From

this recoverable strain we estimated σyy at the start of the reversing flow via equation (13). Figure 4

shows that σyy estimated from the reversing flow agrees very well with the directly calculated value,

indicating that our result derived from the Rolie-Poly model also holds for the GLaMM model. These

calculations show that, even when we include the full gamut of tube model processes, the GLaMM model

still predicts that σyy can be extracted from σxy measurements alone. This provides a strong imperative

for further testing via molecular dynamics and experiments. Finally, recoverable strain experiments by

Wang et al. [17], showing that retraction has no effect on the recoverable strain, are consistent with our

results on reversing flow, and hence provide indirect experimental support

To further support this proposed experimental approach, it would be useful to verify that our result

holds for Molecular Dynamics (MD) simulations. MD offers a way to verify the connection between rapid

reversing flow and normal stress components. We have in mind a flow geometry in which shear is applied

in the usual xy direction and is then followed by a two separate rapid shear flows, the first a reversing

flow in the usual shear geometry and the second in an orthogonal direction. In appendix B we show that

an affine shear in the α-β direction leads to the stress response

σαβ(γ) = σ0
αβ + γσ0

ββ . (17)

Thus shearing in a new geometry with velocity gradient direction β, reveals information about the ββ

normal stress from the previous shear. Hence to access σxx one must shear in the yx or zx direction, which

can readily be achieved in MD. These two flow geometries lead to σ0
xx and σ0

yy, allowing a comparison

11



with the first normal stress difference extracted from MD in the usual way, by considering all pairwise

interactions. This comparison would provide further support for the connection between σyy and reversing

shear, to motivate experiments to extract σyy from shear stress measurements that are achievable in

standard rheometers.

Regarding experiments, we note that an orthogonal shear geometry has been realised in the experi-

ments of references [29] and [30]. However, in these experiments the velocity gradient direction remains

in the y-direction so then they are sensitive to σyy, the same as reversing shear. It is not presently clear

how such a flow geometry, with a change in velocity gradient could be realised in experiments.

4.3 Shear damping function

In this section we derive an analytic expression for the shear damping function predicted by the Rolie-Poly

model for well entangled polymers.. Following a large step strain, for t . τR the shear stress initially

drops rapidly, due to retraction. At later times t & τd the remaining stress relaxes according to the

linear relaxation spectrum. Between these two timescales the stress remains approximately constant at a

plateau value and this plateau value directly determines the damping function. We compute the plateau

from the Rolie-Poly model based on the following physical ideas: chain stretch is fully relaxed at the

plateau, no reptation occurs until after the plateau, the time dependence of the chain retraction does not

affect the plateau, provided it fully relaxes chain stretch on a timescale of τR.

We consider a long-chain polymer melt (Z � 1, so τd and τR are well separated) and apply a fast

step strain (γ̇ >> 1/τR), with a total strain of γ. As the flow is affine the stress tensor immediately after

the flow is given by σ0
xy = γ, Trσσσ0 = γ2 + 3 and A0

xy =
σ0
xy

Trσσσ0 = 3γ
γ2+3 (see appendix A.1). Following the

flow, the material will relax via retraction and CCR to reach some plateau σ∞xy at t ≈ τR. We found an

analytic expression for this plateau in appendix A.2 by neglecting reptation and considering long-time

solutions of the Rolie-Poly model. Using equation (38) with the affine initial conditions above gives,

σ∞xy =
3γ

3 + γ2
Θ(γ), (18)

where,

Θ(γ) = exp

(
β

∫ 3

γ2+3

(u/3)
δ−1

u+ β(u/3)δ(u− 3)
du

)
. (19)

Note that this result for σ∞xy is independent of the time dependence of the relaxation due to retraction, in

accord with our expectation above. We only require that retraction scales down equally all components

of the stress and relaxes Trσσσ to reach its equilibrium value of 3 before significant reptation occurs (see

appendix A.2 for mathematical details). Once the plateau is achieved the stress relaxes exponentially

from a stretch-free state as detailed in section 4.1, so can be written as,

σxy(t) = σ∞xy =
3γ

3 + γ2
Θ(γ)G(t), (20)

where G(t) = exp
(
− t
τd

)
is the linear relaxation function.

We now compare equation (20) with the expression for time-strain separability (valid for t > τR),

G(t, γ) =
σxy(t)

γ
= h(γ)G(t), (21)
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where h(γ) is the damping function. Rearranging equation (21) substituting into this equation (20) leads

to our expression for the damping function,

h(γ) =
σ∞xy
γG(t)

=
3

3 + γ2
Θ(γ). (22)

We see that h(γ) is the product of two factors. The term 3
3+γ2 corresponds to the direct retraction

contribution, in the absence of CCR, as predicted by the differential approximation to the Doi-Edwards

model [31, 32] and Θ(γ), which is the CCR correction.

4.3.1 Evaluating the CCR integral for δ = − 1
2 and β = 1

To obtain a closed-form expression for the damping function we are required to perform the integral in

equation (19). This is straightforward in some cases, such as δ = 0 (see appendix A.2), which leads to

the following direct expression for the damping function,

h(γ) =
3

3 + γ2(1 + β)
. (23)

However, when δ = −1/2 and β = 1, which are the values recommended for the Rolie-poly model [18],

the integral is possible but more involved. Substituting the values for δ and β into equation (19) and

following the integration strategy in appendix A.2.5 leads to,

Θ(γ) =
(γ2 + 3)

(D +
√
γ2 + 3)C(G2 + (F +

√
γ2 + 3)2)E

exp

(
B −A arctan

(
G

F +
√
γ2 + 3

))
. (24)

All of the lettered quantities are constants, given in table I.

Table I: Numerical evaluation of the constants in equation (24). For details of their derivation see

appendix A.2.5

A B C D E F G

-0.5524 -0.53834 0.82299 -1.30749 0.5885 1.51977 1.29014

0.1 1 10
γ
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h(
γ)

Experiments
β=0
β=1
Numerics

(a)

0.1 1 10
γ
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1

h(
γ)
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Cv=0.1

(b)
10-2 10-1 100 101 102

γ
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 (γ
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)/3

Numerics
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Figure 5: Damping function plots, with and without CCR, compared to experiment data from Osaki

et al. (1982)[33] (symbol fills indicate different molecular weights). (a) Rolie Poly results for analytics

(equation (22)) and numerics (δ = − 1
2 , β = 1). (b) GLaMM model results. (c) Rolie Poly results for the

CCR contribution.
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4.3.2 Discussion

Figure 5(a) compares our analytic approach with numerical results for the Rolie-Poly damping function,

and includes experimental data. Figure 5(b) compares the GLaMM model predictions, with and without

CCR, with experimental data. For both models the predictions without CCR are already somewhat

lower than the experiments, and including CCR further worsens the agreement. Thus, it appears that

improving the self-consistency of the tube model through CCR diminishes its predictive ability. However,

primitive chain network simulations by Furuichi et al [34] have produced quantitative agreement with

these damping function measurements. These simulations include all standard tube model relaxation

processes, and also include a force balance around entanglements (FB), which is absent from the GLaMM

and Rolie-Poly models. As the GLaMM model predicts well the start-up of constant rate shear, it seems

likely that the effect of FB is particularly important to describe the very rapid step strain required for

damping function measurements, but is less important for continuous flow. Thus, our analytic approach

may find use in computing analytic expressions for the damping function for future models that include

both CCR and FB. We note also that our analytic approach can describe stress relaxation from arbitrary

initial conditions so may be useful, in its current form, to describe the non-linear relaxation following

deformation from fast, but not instantaneous, strain rates.

The damping function is strongly strain dependent, dropping off nearly two decades for strains between

1 and 10, largely due to the direct retraction contribution. To expose the effect of CCR in the Rolie-

Poly model, in figure 5(c) we have extracted directly the CCR contribution Θ(γ) by dividing through by

3
3+γ2 . In this plot the y-axis is much more compressed, which exposes both the CCR contribution and

finite Z effects at large strain, where the analytics and numerics begin to disagree slightly. Numerical

results were run with Z ≈ 300, whereas full suppression of reptation (Z = ∞) would be needed for

complete agreement with the analytic results. This may develop into a useful way to extract the CCR

parameters from non-linear stress relaxation experiments or molecular dynamics simulations, particularly

if the influence of FB can be controlled by reducing the flow rate used to impose the initial strain.

Our analytic approach shows how the damping function is insensitive to the exact mathematical form

of the retraction function. Furthermore, the damping function is also somewhat insensitive to CCR. This

can be contrasted with start-up non-linear flows that are sensitive to the details of both retraction and

CCR. Thus early versions of the Doi-Edwards model predicted the damping function without requiring

detailed treatment of constraint release, contour length fluctuations and retraction, even though a full

treatment of these processes was required for quantitative agreement for most other stress measurements.

The simulations of Furuichi et al [34] also suggest that errors due to omitting CCR and FB cancel to

some extent in the Doi-Edwards model.

5 Conclusions

In this paper we performed analytic calculations on the Rolie Poly Model in several time-dependent shear

flow histories, to gain a deeper understanding of the stress response of entangled polymers. We located

analytic solutions for the following constant rate shear flows: affine flow, transient shear without stretch,

relaxation from a stretch-free state and retraction following a rapid flow. By combining these solutions in

series we obtained analytic solutions for interrupted shear, recoverable strain and the damping function.
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Interrupted shear measurements by Wang et al. [17] of the second shear stress maximum (σmax
xy )

show a non-monotonic dependence on the waiting time. Our analytic solution illustrates that this non-

monotonic behaviour occurs because relaxation and flow together allow access to a wider region of the

initial conditions for shear 2 than flow alone. The non-monotonic response arises because some of these

regions give a lower σmax
xy than those accessible by the shear 1 alone. By minimising our analytic expression

for σmax
xy we could find the interrupted shear conditions that give the most strongly monotonic behaviour.

Our analytic results for recoverable strain, valid for well entangled polymers, suggest that recoverable

strain can be found equivalently by a rapid reversing flow. This result illustrates why chain retraction

has no direct effect on the recoverable strain. Furthermore our approach suggests a method to access

σ0
yy (the polymer contribution to the yy stress at the beginning of the reversing shear) through shear

stress measurements alone. We showed that this result hold for the more detailed GLaMM model. We

also proposed a further validation of this result using molecular dynamics simulations to establish a link

between the normal stress and orthogonal shear. These results together would provide a strong imperative

for further testing via experiments.

In deriving an analytic expression for the damping function in the Rolie-Poly model we showed that

the damping function is insensitive to the time-dependence of the retraction term and only moderately

sensitive to CCR. This explains how early versions of the Doi-Edwards model could capture quantitatively

measurements of the damping function despite missing details that are necessary to describe other stress

measurements. Our calculation suggests a new plot of data for non-linear stress relaxation following

cessation of flow that isolates the CCR contribution. This plot is potentially useful as it is sensitive to

details of CCR but is comparatively insensitive to other relaxation processes such as retraction, contour

length-fluctuations and reptation. Results for this plot, from either experiments or molecular dynamics

simulations, could be used to test and improve CCR assumptions and parameters in constitutive models.

Simulation results [34] suggest that the force balance at entanglement points also needs to be considered

to fully capture damping function measurements, but this may be alleviated by considering relaxation

following a non-instantaneous deformation.

As the Rolie-Poly model incorporates the key non-linear mechanisms of the tube model, its results are

strongly representative of the tube model, in general. To highlight this we produced for all calculations,

complementary GLaMM model calculations. It is important to note that our choice of flow conditions

for these more expensive calculations was specified by our analytic results. That is, from the analytic

results, we knew which longer calculations to run with the more detailed model. Furthermore, the key

features from our Rolie-Poly results were also seen in the GLaMM model calculations. Thus, as the

GLaMM model accurately captures non-linear shear experiments, this establishes a link to rheological

experiments.

Beyond the applications explored herein, we anticipate that our analytic results will enable other

future analyses. Here, the advantages of analytic results over numerics alone, namely the directness,

computational cheapness and greater generality of results with respect to parameter values, is likely to

prove useful. We hope that all of the above can be explored in conjunction with future experiments and

molecular simulations.
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A Analytic solutions from arbitrary initial conditions

Many of the calculations in this paper involve step changes in the shear rate, between periods of constant

rate shear. We can model this piecewise constant shear history as a series of constant rate shear flows, in

which the ending stress-state of the system becomes the initial condition for the next shear period. Thus

throughout this appendix, we model a system that has experienced some pre-shear in the xy direction

that leads to the following stress-state,

σσσ =


σ0
xx σ0

xy 0

σ0
xy σ0

yy 0

0 0 σ0
zz

 , (25)

which we take as the initial condition for the next shear period, which is also in the xy direction but

with a new rate. We leave the values of the components of the initial stress state as arbitrary numbers

throughout. Starting with these initial conditions we then consider separately three scenarios: affine

shear, relaxation following a non-stretching flow and retraction and CCR following flow. These are

detailed individually below.

A.1 Affine Shear

This affine shear calculation will be useful in deriving expressions for the recoverable strain. Suppose a

melt is sheared at a very high rate |γ̇| � 1
τR

. Then all relaxation (and so all the nonlinear terms) can

then be ignored, and the system reduces to

dσxy
dγ

= σyy,
dσyy
dγ

= 0, (26)

which has the solution

σxy(γ) = σ0
xy + γσ0

yy, σyy = σ0
yy. (27)

for arbitrary initial values.

A.2 Retraction and CCR following flow

Here we consider relaxation following a large arbitrary shear flow. We consider a highly entangled

material so that there is a clear plateau in the stress relaxation, occurring when retraction is complete

but reptation has not yet begun (τR < t < τd). We derive an analytic expression for this stress plateau,

which can be used to calculate the damping function of the Role-Poly model.

Consider the stretching Rolie-Poly model following a shear strain in the limit of τd →∞, we analyse

the long-time stress plateau of this model following this strain. The overall equation is,

dσσσ

dt
= −f(Trσσσ)

(
σ + β (Trσσσ/3)

δ
(σσσ − I)

)
, (28)
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where f(Trσσσ) is the retraction rate. In the original Rolie-Poly model f(Trσσσ) = 2(1−
√

3/Trσσσ)/τR but

our results here will turn out to be independent of f (provided f(3) = 0). The absence of flow removes

much of the coupling. In particular, taking the trace of eqn (28) gives a closed equation for Trσσσ. If a

solution for Trσσσ(t) can be found then, the remaining components of σσσ each obey an independent linear

ODE.

A.2.1 Trace equation

Taking the trace of eqn (28) gives a differential equation for Trσσσ,

dTrσσσ

dt
= −f(Trσσσ)

[
Trσσσ + β(Trσσσ/3)δ(Trσσσ − 3)

]
. (29)

We will see later that we do not need to solve this equation for Trσσσ(t), we just need to note that Trσσσ(t)

obeys this equation.

A.2.2 Orientation equation

We suppose here that we have a solution for Trσσσ(t) from equation (29), which we denote T (t). We now

define the orientation tensor,

A =
3σσσ

Trσσσ
. (30)

Following a shear strain the long-time solution of eqn (28), after all chain stretch has relaxed, will be

σσσ = A. Implicitly differentiating equation (30) gives,

dA

dt
=

3

Trσσσ

[
dσσσ

dt
− σσσ

Trσσσ

dTrσσσ

dt

]
. (31)

Substituting in equations (28) and (29) and, as Trσσσ is a known function of time, T (t), we obtain a

diagonal, linear set of ODEs for A,
dA

dt
= −Ψ(t)(A− I), (32)

where,

Ψ(t) = βf [T (t)]

(
T (t)

3

)δ−1
. (33)

A.2.3 Long-time solution

Eqn (32) can be solved by the integrating factor method. We examine here just the shear component

Axy in the limit t→∞ (the full time-dependence and other components are readily obtained in the same

way),

A∞xy = A0
xy exp

(
−
∫ ∞
0

Ψ(t)dt

)
. (34)

Here A0
xy is the shear orientation immediately following some previous shear period.

A.2.4 Simplifying the integral

We now consider the integral

I =

∫ ∞
0

Ψ(t)dt,

=

∫ ∞
0

βf [T (t)]

(
T (t)

3

)δ−1
dt.

(35)
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We can make the change of integration variable u = T (t). This gives dt = 1
T ′(t)du, with the new limits

u = T0 and u = 3, being the initial conditions and the long-time solution to equation (29). This gives,

I = β

∫ 3

T0

1

T ′(t)
f [u]

(u
3

)δ−1
du. (36)

Now using eqn (29) for T ′(t) cancels out the f [u] to give,

I = −β
∫ 3

T0

(u/3)
δ−1

u+ β(u/3)δ(u− 3)
du. (37)

Thus we see that the long-time plateau is given by

A∞xy = A0
xy exp

(
β

∫ 3

T0

(u/3)
δ−1

u+ β(u/3)δ(u− 3)
du

)
. (38)

A.2.5 Carrying out the integral

Integer δ

We note that when δ is an integer then the integrand in equation (37) is a ratio of polynomials. Thus

the integrand can be separated by partial fractions into a sum of simpler rational functions that can be

integrated individually. Once |δ| > 2 then the order of the polynomials becomes large enough that the

factorisation required for partial fractions becomes awkward to express in a convenient closed form, but

nevertheless the analytic method still exists. We show here as an exemplar δ = 0. When δ = 0 the

integral reduces to,

I = ln(1 + β − 3β/T0). (39)

We obtain an expression for the long time value of Axy by combining equations (34) and (39), to get the

remarkably simple result,

A∞xy =
A0
xy

1 + β − 3β/T0
. (40)

Rational δ

If δ is a rational number then the strategy for integer δ above, can be used once a change of integration

variable (such as v = u−δ) has been applied. If the either the numerator or denominator of the irreducible

form of δ are much larger than one, then the integration will involve factorising a high order polynomial.

Here we present δ = −1/2 as an exemplar since this is the value recommended for the Rolie-poly model

[18]. Substituting δ = −1/2, β = 1 and v = u1/2 into equation (37) gives,

I =

∫ √T0

√
3

6.33/2

v4 +
√

3v(v2 − 3)
dv. (41)

Factorising the denominator, applying partial fractions and integrating leads to

I =

[
2 ln v − 2

3∑
i=1

√
3 + λi

2
√

3 + 3λi
ln(v − λi)

]√T0

3

, (42)

where the λi are the roots of the following cubic equation: x3 +
√

3x2− 3
√

3, of which two are a complex

conjugate pair. Taking decimal values of these roots and using the identity connecting complex logarithms

and the hyperbolic functions leads to the expression in equation (24).
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B Orthogonal Strain in the α-β direction

We now consider orthogonal shear flow. That is, shearing in a plane at a right angle to the usual xy

shear direction. This is motivated by our observation that reversing shear in the xy provides information

about the normal stress component σyy and also by the orthogonal shear experiments of references [29]

and [30]. Suppose we begin with an arbitrary, symmetric stress tensor and apply an affine shear in a new

plane that we call the α-β direction, where α and β are one of the usual Cartesian axes and α 6= β. That

is, we impose a velocity gradient tensor κκκ such that καβ = γ̇ and all other components of κκκ are zero. We

now consider the rate of change of the shear stress in the α-β direction. For an affine flow we have,

dσαβ
dt

=
(
κκκ.σσσ + σσσ.κκκT

)
αβ

= γ̇σββ , (43)

where we have substituted the form of κκκ described above. Solution of this equation takes the form

(substituting γ = γ̇t),

σαβ(γ) = σ0
αβ + γσ0

ββ . (44)

That is, in the new shear plane the shear stress gradient with respect to strain is the normal stress

component in the velocity gradient direction.
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