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A B S T R A C T

C u r re n t  design  m e th o d s  fo r  p a n e ls  in  s tif fe n e d  p la te  s tru c tu re s , u n d e r  c o m b in a tio n s  o f 

i n - p la n e  fo rces  a n d  la te ra l  p re ssu re  a re  lim ite d  in  sco p e  a n d  a c c u ra c y . In  a d d itio n , 

th e r e  a re  m a n y  a sp e c ts  o f  p la te  b e h a v io u r , e sp ec ia lly  in  th e  e la s to -p la s t ic  ra n g e , 

w h ic h  a re  n o t  w ell u n d e rs to o d . T h e  p u rp o s e  o f  th is  th es is  is to  fu r th e r  b e h a v io u ra l 

u n d e rs ta n d in g  a n d  to  fo rm u la te  ra tio n a l m o d e ls  w h ich  e n a b le  th e  re su lts  o f  n u m e ric a l 

an a ly s is  to  b e  g e n e ra liz e d  fo r  p u rp o se s  o f  d es ig n  o f  p la te  p a n e ls .

T h e  s tru c tu ra l a n d  d es ig n  im p lic a tio n s  o f  th e  basic  a ssu m p tio n s  o f  p re v io u s  n u m e ric a l 

an a ly se s  a re  e x a m in e d  (w ith  p a r tic u la r  a t te n t io n  p a id  to  th e ir  b o u n d a ry  c o n d itio n s ) ,

a n d  w h e re  n e c e ssa ry  im p ro v e m e n ts  a re  m a d e  to  th e  a ssu m p tio n s , th is  b e in g  assisted

b y  th e  la te s t n o n - l in e a r  e la s to -p la s t ic  an a ly s is  to o ls . N ew  a n a ly ses  a re  c a r r ie d  o u t 

w h ic h  re p la c e  so m e p re v io u s  ana ly ses , a n d  a u g m e n t o th e rs , in  o rd e r  to  c la rify  c e r ta in  

a sp e c ts  o f  b e h a v io u r . S o m e  n ew  c o n c e p tu a l th in k in g  is u se d , n o t  o n ly  to  sp ec ify  th e  

d e ta ils  o f  th e  n u m e ric a l m o d e llin g , b u t a lso  to  d e fin e  h o w  th e  an a ly ses  sh o u ld  b e  

in te rp re te d  a n d  g e n e ra liz e d , in tro d u c in g  th e  c o n c e p t o f  lim itin g  s tra in , as w ell as

m a x im u m  re s is ta n c e , as a n  a p p ro p r ia te  d es ig n  u ltim a te  lim it s ta te . T h e  m a x im u m  

re s is ta n c e  o f  th e  p a n e l  m a y  b e  a tta in e d  a t  a  s tra in  a t  w h ich  th e  re s is ta n c e  o f  th e  

r e m a in d e r  o f  th e  s tru c tu re  h a s  a lre a d y  d im in ish e d , a n d  th is  is av o id e d  w h en  a  lim itin g  

s tra in  c r i te r io n  is u se d . T h e  lim itin g  s tra in  c r i te r io n  also  p ro v id e s  a  c o n s is te n t basis 

fo r  th e  in te ra c tio n  b e tw e e n  th ru s t  a n d  la te ra l  p re ssu re . A  n e w  e lastic  ana ly sis  is

d e r iv e d , fo r  p a n e ls  su b je c te d  to  b iax ia l c o m p re ss io n  a n d  la te ra l  p re s su re , a n d  th is  is

u se d  as a  basis fo r  g e n e ra liz in g  th e  n u m e ric a l s tu d ies .

E x a m in a tio n  o f  th e  s tru c tu ra l  b e h a v io u r re v e a le d  by  th e  an a ly ses  is u sed  to  c o n s tru c t 

c o n c e p tu a l  m o d e ls  o f  th e  b e h a v io u r  o f  th e  p a n e l . T h e se  a re  th e n  u sed  to  p ro v id e

ra tio n a l  d esign  m o d e ls  fo r  p a n e l sh e a r  a n d  c o m p ress iv e  s tre n g th , a n d  also  fo r  th e

in te ra c tio n  b e tw e e n  b ia x ia l c o m p re ss io n s , w ith  o r  w ith o u t c o e x is te n t sh e a r  o r  la te ra l 

p re s s u re . T h e se  m o d e ls  give a  m u c h  b e t te r  re p re s e n ta tio n  o f  b e h a v io u r  th a n  do

ex is tin g  d esign  m e th o d s  fo r  co m b in e d  lo a d in g .

T h e  p ro p o se d  d esig n  m o d e ls  a re  su m m a riz e d  fo r  ea se  o f  re fe re n c e  a n d  a p p lic a tio n .
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m o d e

^ x q ’^ y q re d u c e d  u n iax ia l c o m p re ss io n  d esig n  re s is ta n c e s , d u e  to  c o e x is te n t p re ssu re
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Tcu d esig n  sh e a r  re s is ta n c e  o f  C U C C  o r  C U C U  p a n e ls

Tu u d esig n  sh e a r  re s is ta n c e  o f  U U C C , U U C U  o r  U U U U  p a n e ls

Tu d esig n  sh e a r  re s is ta n c e
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C H A P T E R  1 IN T R O D U C T IO N

1 .1  B ackground

T h e r e  h a s  b e e n  a g re a t d e a l o f  re se a rc h , o v e r  r e c e n t  y ea rs , in to  th e  design  o f 

s tif fe n e d  p la te  s tru c tu re s , f ro m  w h ich  a n u m b e r  o f  tre n d s  h av e  b e c o m e  a p p a re n t .  It 

w ill b e  u se fu l b rie fly  to  d e sc rib e  th ese  tre n d s , a n d  to  m a k e  so m e  c o m m e n t on  th e  

d ire c tio n  in  w h ich  th e y  se e m  to  b e  le a d in g , in  o rd e r  to  p u t th is  th e s is  in to  a p ro p e r  

c o n te x t .

T h e  f irs t  t r e n d  is th e  a p p lic a tio n  o f  re lia b ility  m e th o d s  to  th e  d es ig n  o f sh ip  and

o ffsh o re  s tru c tu re s . A lth o u g h  th e  a p p lic a tio n  o f  re lia b ility  m e th o d s  to  p la te  s tru c tu re s  

(as  o p p o se d  to  tu b u la r  s tru c tu re s )  is in  its re la tiv e  in fa n c y , so m e  p o te n tia lly  usefu l 

s ta tis tic a l m o d e ls  o f  th e  re s is ta n c e  o f  p la te  p a n e ls  to  sing le  s tress  c o m p o n e n t loads 

h a v e  b e e n  d e v e lo p e d . T h e se  ta k e  as th e ir  s ta r tin g  p o in t  s ta tis tica l m o d e ls  o f  m a te r ia l 

a n d  g e o m e tr ic  v a ria b ility  (see  re fe re n c e s  (1 ) to  (6 )) a n d  a p p ly  th e m  to  s tre n g th  

fu n c tio n s  o f , fo r  in s ta n c e , lo n g itu d in a l co m p re ss iv e  s tre n g th  (7) a n d  s h e a r  s tre n g th  (8 ), 

w h ich  in c lu d e  so m e o f  th e se  p a ra m e te rs  as  in p u t v a riab le s . R e fe re n c e  (7 ), in  

p a r t ic u la r ,  c o n ta in s  a g ood  p re s e n ta tio n  o f  th e  te c h n iq u e . U sefu l r e c e n t  overv iew s o f 

th e  a p p lic a tio n  o f  re lia b ility  m e th o d s  to  p la te d  s tru c tu re s  a re  to  b e  fo u n d  in  (9) an d  

(10) .

T h e  se c o n d  tr e n d  w h ich  is b e in g  d e v e lo p e d  m a in ly  fo r  sh ip  a n d  o ffsh o re  s tru c tu re s ,

h a s  c o m e  to  be  kno w n  e i th e r  as th e  Id e a liz e d  S tru c tu ra l U n it M e th o d  o r  th e  S u p e r 

E le m e n t  M e th o d . T h is  in v o lv es d isc re tiz in g  a  la rg e  th re e  d im e n s io n a l p la te d  s tru c tu re ,

su c h  a s  a s h ip 's  h u ll, in to  " id e a liz e d  s tru c tu ra l u n its " , w h ich  m a y  b e  p la te  p an e ls

b e tw e e n  th e  o rth o g o n a l s tiffe n in g , o r  ev en  g ro u p s  o f  p a n e ls  w ith  th e ir  a sso c ia ted

s tif fe n e rs . T h e  lo a d -d is p la c e m e n t c h a ra c te r is tic s  (in  p a r t ic u la r  th e  co m p ressiv e

s t r e s s - s tr a in  c u rv es) o f  e a c h  o f  th e se  s tru c tu ra l u n its  is p rev io u sly  d e f in e d  by  a m u ch  

f in e r  d isc re tiz a tio n  o f  th e  s tru c tu ra l u n it  in  n o n - l in e a r  e la s to -p la s t ic  f in ite  e le m e n t 

an a ly se s . T h e  n o n - l in e a r i t ie s  in  lo ad  re sp o n se  th a t  a re  re v e a le d  by  th e se  d e ta ile d  

an a ly se s  a re  th e n  in c o rp o ra te d  in  th e  lo a d -d is p la c e m e n t cu rv e  o f  a s ing le  s tru c tu ra l

u n i t  in  a  g lo b a l g rillage  o r  g ird e r  ty p e  o f  ana ly sis  (1 1 ) - (1 4 ) , w ith  c o n s id e ra b le

e c o n o m y  o f  ana ly sis . T h is  has  b e e n  show n  to  p ro v id e  a p o w e rfu l te c h n iq u e  fo r 

p re d ic tin g  h u l l-g ird e r  b e n d in g  s tre n g th s , a n d  h as  b e e n  u sefu l in  id en tify in g  

c o n tr ib u to ry  fa c to rs  to  a n u m b e r  o f  sh ip  fa ilu re s  (15 ). A  g e n e ra l rev iew  o f  th e

l i te r a tu re  o n  th is  te c h n iq u e  is g iven  in  (16).

T h e  th ird  n o te -w o r th y  tr e n d  is th e  use o f  fo rm a l o p tim iz a tio n  te c h n iq u e s  in  s tru c tu ra l
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d esig n . T h e se  te c h n iq u e s , w h ich  a re  b rie f ly  r e p o r te d  in  (1 7 ), ta k e  in to  a c c o u n t th e  

c o n se q u e n c e s  o f  d esign  dec is ions o n  th e  p ro d u c tio n  costs  ( la b o u r , o v e rh e a d s , e t c . , )  and  

m a te r ia l co sts  o f  th e  fa b r ic a te d  s tru c tu re . In  o n e  s tu d y  re fe r re d  to  in  (1 7 ), an  

e la s tic  s tre ss  an a ly sis  o f  a  s tiffe n e d  g rillag e  w as lin k e d  to  o p tim iz a tio n  a lg o rith m s , 

u sing  d a ta  o f  sh ip y a rd  fa b r ic a tio n  p ra c tic e . E v e n  w ith  o n ly  six  d esign  v a ria b le s  (such 

as s tif fe n e r  sp a c in g , s tif fe n e r  g e o m e try , a n d  so o n ) , th is  p ro d u c e d  a n  e x tre m e ly  

c o m p le x  c a lc u la tio n , b u t w h en  th e  o p tim iz a tio n  w as a p p lie d  to  a n  u ltim a te  s tre n g th  

c a lc u la tio n  th e  m e th o d  b e c a m e  m u c h  less c u m b e rso m e . A  d e v e lo p m e n t w h ich  is 

r e p o r te d  in  (17) w h ich  m a y  re su lt in  a  g re a te r  a p p lic a tio n  o f  th e se  te c h n iq u e s  is th e  

lin k in g  o f  re lia b ility  m o d e llin g  w ith  th e  o p tim iz a tio n  p ro cess .

I t  is c le a r  th a t  th e re  a re  a n u m b e r  o f  s tra n d s  o f  re se a rc h  th a t  a r e ,  m o re  o r  less,

ev o lv ing  s e p a ra te ly , w hose syn th esis  (a lo n g  th e  lines o f  th a t  m e n tio n e d  a t  th e  e n d  o f 

th e  p re v io u s  p a ra g ra p h )  w ill h av e  a  s ig n ific a n t im p a c t o n  d esign  p ra c tic e , le a d in g  to  

c o n s is te n t s tru c tu ra l  sa fe ty  o n  th e  o n e  h a n d , a n d  s tru c tu ra l a n d  d esig n  e c o n o m y  on  

th e  o th e r .

O n e  th in g  w h ich  is c o m m o n  to  a ll o f  th e se , h o w e v e r, is th e ir  p a r t ia l  re lia n c e  on

(d e te rm in is tic )  u ltim a te  s tre n g th  (a n d  s tiffn ess) m o d e ls . A  lo t o f  w o rk  h as  b een

c a rr ie d  o u t o v e r  th e  p a s t tw o d e c a d e s , a n d  m o re , in to  d e v e lo p in g  a n d  im p ro v in g  such  

m o d e ls , fo r  th e  w ide  ra n g e  o f lo a d  c o n d itio n s  th a t  p a n e ls  m a y  b e  s u b je c t to . T h e  

d iscu ssio n  in  th is  se c tio n  w ill b e  lim ite d  to  th e  su b je c t  o f  p a n e ls  u n d e r  sh e a r , b iax ia l 

c o m p re ss io n  a n d  la te ra l p re ssu re .

C o n s id e r in g  th e  sh e a r  s tre n g th  o f  s le n d e r  w eb  p a n e ls , civil e n g in e e r in g  d es ig n  p ra c tic e  

u n til th e  n in e te e n -s ix t ie s  w as la rg e ly  b ased  o n  th e  th e o re tic a l  c r itic a l b u ck lin g  c a p ac ity  

o f  th e  p a n e l (as c u r re n t  sh ip  a n d  o ffsh o re  d esign  p ra c tic e  still is), ev en  th o u g h , in 

th e  a e ro n a u tic s  f ie ld , th e  p o s t- c r i t ic a l  b u ck lin g  re se rv e  o f  sh e a r  p a n e ls  h a d  lo n g  b een  

ex p lic itly  re c o g n iz e d  (18 ), by  u tiliz in g  a n  in c lin e d  te n s io n  th ro u g h o u t th e  p la te  to  

d e fin e  th e  w eb  s h e a r  c a p a c ity . T h is  c o n c e p t w as in tro d u c e d  in to  th e  civil e n g in e e rin g

fie ld  by  B a s le r  (1 9 ), w ho  d e v e lo p e d  a te n s io n  fie ld  m o d e l a p p ro p r ia te  to  tra n sv e rse ly

s tiffe n e d  s te e l p la te  g ird e r  w ebs. B a s le r 's  m o d e l en v isag ed  a  s ta te  o f  u n ifo rm  sh e a r  

s tre ss  in  th e  w eb  u p  to  a v a lu e  o f  sh e a r  s tre ss  eq u a l to  th e  c r itic a l b u ck lin g  stress. 

T h e r e a f te r  a P r a t t - t r u s s  m o d e  o f  b e h a v io u r  d e v e lo p e d  in  th e  p la te  w h e re  a n  in c lin ed  

" te n s io n  f ie ld "  d e v e lo p e d  (a t a n  an g le  eq u a l to  h a lf  th e  an g le  o f  th e  d ia g o n a l) , w hich  

w as re a c te d  by  co m p re ss io n s  in  th e  f lan g es a n d  s tiffe n e rs . T h is  in c lin e d  ten sio n  

sy stem  w as su p e r im p o se d  o n  th e  u n d e rly in g  u n ifo rm  c ritic a l sh e a r  s tre ss , a n d  th e  

m a g n itu d e  o f  th e  te n s io n  w as such  th a t  y ie ld  o c c u re d  w ith in  th e  d iag o n a l b a n d . I t is 

in te re s tin g  to  n o te  th a t  th is  m a x im u m  s tre n g th  m o d e l p re d a te s  by  m a n y  y ea rs  th e  

a d o p tio n  o f  u ltim a te  lim it s ta te  c o n c e p ts  in  c iv il e n g in e e rin g  s tru c tu re s .
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T h is  v e ry  n e a t  ana ly sis  has  s in ce  s tim u la te d  a w ide v a rie ty  o f  e n h a n c e m e n ts  a n d  

v a r ia tio n s  to  th e  basic  th e m e . T h e  f irs t th a t  sh o u ld  be  m e n tio n e d  is g iven  in  (20), 

w h e re  a n  e r r o r  in  th e  o rig in a l fo rm u la tio n  o f  (19) is c o r re c te d , a n d  th e  su ggestion  is 

m a d e  th a t  th e  c r itic a l b u ck ling  s tre ss  sh o u ld  b e  th a t  fo r  a p a n e l w ith  c la m p e d  

b o u n d a r ie s , r a th e r  th a n  ro ta tio n a lly  f re e  b o u n d a r ie s . T h is  w as sh o w n  to  re d u c e  a 

c o n se rv a tism  (re la tiv e  to  te s t  d a ta )  in  th e  c o rre c te d  B a sle r m o d e l w h ich  w as n o t 

p re s e n t  in  th e  o rig in a l in c o rre c t v e rs io n .

A  s ig n ific a n t c o n c e p tu a l a d d itio n  w as d u e  to  (21) a n d  la te r  (2 2 ), w h e re  th e  in flu e n c e  

o f  th e  b e n d in g  r ig id ity  o f  th e  flan g es  is e x p lic itly  a llo w ed  fo r ,  by  p e rm ittin g  th e  

te n s io n  fie ld  to  re a c t  a g a in s t th e  h o r iz o n ta l b o u n d a r ie s  o f  th e  w eb  p a n e l. T h is  resu lts  

in  a  s te e p e n in g  o f  th e  te n s io n  fie ld  (an d  h e n c e  a g re a te r  v e r tic a l c o m p o n e n t) ,  a n d  

th e  m o b iliz a tio n  o f  a  p la s tic  fra m e  m e c h a n ism  in  th e  V ie re n d e e l p a n e l  fo rm e d  by  th e  

s tif fe n e rs  a n d  f la n g e s , a c tin g  w ith  a n  e ffe c tiv e  p o r tio n  o f  w eb . T h e  o b se rv a tio n  was 

m a d e  in  (2 1 ) th a t  th e  te n s io n  fie ld  o b se rv e d  in  te s ts  lies m u c h  c lo se r  to  th e  d iag o n a l 

th a n  to  th e  h a lf  th e  an g le  o f th e  d ia g o n a l p re d ic te d  by  B a s le r . T h e  m o d e l o f  (22 ), 

h a s  b e e n  sh o w n  (fo r  in s ta n c e  in  (23 )) to  g ive  good  a g re e m e n t w ith  la rg e  sca le  p la te  

g ird e r  te s ts , a n d  w ith  so m e sm all re f in e m e n ts , has  b e e n  in c o rp o ra te d  in  m a n y  re c e n t 

d es ig n  co d es (2 4 ) ,(2 5 )  a n d  (26).

W h e n  n o  a c c o u n t is ta k e n  o f f le x u ra l r ig id ity  o f  th e  f la n g e s , th e  m o d e l o f  (22) 

b as ica lly  y ie lds th e  B asle r m o d e l ( th e re  is a  sm all r e f in e m e n t w h e re  th e  V o n  M ises

(27 ) y ie ld  c r i te r io n  is a d o p te d  in  (22 ) r a th e r  th a n  T re sc a  (2 8 ), as in  (19 )). T h e re

a r e ,  h o w e v e r, q u ite  a  v a rie ty  o f  T e n s io n  F ie ld  m o d e ls , a n d  a  d e ta ile d  su m m a ry  o f 

th e se  is to  b e  fo u n d  in  (29 ). O n ly  o n e  o f  th e  a lte rn a tiv e  m o d e ls  w ill be  m e n tio n e d  

h e r e ,  a n d  th a t  is d u e  to  D u b as  (30 ). T h is  m o d e l a lso  a ssu m es th a t  a u n ifo rm  sh e a r  

s tre ss  eq u a l to  th e  b u ck lin g  sh e a r  s tre ss  ex is ts  in  th e  p la te , o n  w h ich  a te n s io n  field  

is su p e r im p o se d , b u t  th e  in c lin a tio n  a n d  w id th  o f  th e  te n s io n  fie ld  is o b ta in e d  by 

assu m in g  th a t  a g u sse t o f  y ie ld ing  p la te  ex is ts  in  th e  c o rn e r  o f  th e  p a n e l. T h e  size 

o f  th e  y ie ld in g  gu sse t is o b ta in e d  by  a ssu m in g  th a t  it  has a n  a sp e c t ra tio  eq u a l to  

th a t  o f  th e  o v e ra ll w eb  p a n e l, a n d  th a t  i t  is o f  such  a n  e x te n t  th a t  its c ritica l

b u ck lin g  s tre ss  (assu m in g  th e  sam e  s im p ly  s u p p o r te d  b o u n d a ry  c o n d itio n s  as th e  o v era ll 

p a n e l)  is eq u a l to  th e  y ie ld  s tress . T h is  p ro d u c e s  a m u ch  s im p le r  ana ly sis  th a n  th a t 

d u e  to  (2 2 ), a lth o u g h  it d o es n o t  d is tin g u ish  b e tw een  th e  s h e a r  s tre n g th  o f  long  an d  

ta ll  p a n e ls , a n d  in  th is  re sp e c t is n o t  so  re p re se n ta tiv e  o f  th e  a c tu a l b e h a v io u r o f 

tra n sv e rse ly  s tiffe n e d  sh e a r  w ebs. A  d e v e lo p m e n t o f th is  m e th o d  h a s , h o w e v e r, b een  

o f fe re d  in  th e  la te s t d ra f t  o f  E u ro c o d e  3 (2 6 ), w h ere  it is d e sc r ib e d  as th e  "s im p le  

p o s t- c r i t ic a l  m e th o d "  to  d is tingu ish  it f ro m  th e  " te n s io n  fie ld  m e th o d "  fro m  (2 2 )

w h ich  is a lso  o f fe re d  in  th a t  d o c u m e n t.
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A n o th e r  in te re s tin g  sh e a r  s tre n g th  c o n c e p tu a l m o d e l is p re se n te d  in  (31 ) & (32). In  

th is  m o d e l a se ries  o f  s tru ts  ru n n in g  a t  45  d e g re e s  to  th e  p a n e l b o u n d a r ie s  a re  

en v isa g e d  w h ich  a re  re a c te d  by  o r th o g o n a l te n s io n s  o f th e  sa m e  m a g n itu d e  as th e  

s t ru t  c a p a c itie s , a n d  w h ich  th e re fo re  d o  n o t  im p o se  n o rm a l fo rc e s  o n  th e  p a n e l 

b o u n d a r ie s . S ince  th e  le n g th  o f th e se  s tru ts  re d u c e s , as th e y  m o v e  n e a re r  to  th e

c o rn e rs  a t  e i th e r  e n d  o f  th e  te n s io n  d ia g o n a l, th e n  th e ir  s tru t  c a p a c ity  in c re a se s , w ith  

a  c o m m e n su ra te  in c re a se  in  th e  m a g n itu d e  o f  th e  o rth o g o n a l te n s io n s . In  th is  

m a n n e r ,  a n  a lte rn a tiv e  c o n c e p tu a l a p p ro a c h  c a n  b e  used  to  d e sc r ib e  th e  m ec h a n ism  

w h e re b y  d ia g o n a l te n s io n  fie ld s  d e v e lo p , a lth o u g h  th e  te n s io n  fie ld  is n o t  u n ifo rm  an d  

d is tin c t f ro m  th e  r e m a in d e r  o f  th e  p la te , as in  th e  p rev io u sly  m e n tio n e d  m o d e ls . 

T h e  b asic  c o n c e p t o f  o r th o g o n a l s tru ts  a n d  tie s  a t  45 d e g rees  to  th e  p a n e l b o u n d a rie s  

is th e  sa m e  as th a t  d e sc r ib e d  a t  th e  e n d  o f  B a s le r 's  o rig in a l p a p e r  (19 ).

T h e  m o d e l p re se n te d  in  (22) was a lso  in te n d e d  fo r  use in  lo n g itu d in a lly  s tiffe n e d  

w eb s, w h ich  it d id  by  c o n s id e rin g  th e m  as w ebs w ith  tra n sv e rse  s tiffe n e rs  o n ly , b u t 

w h o se  c ritic a l s tre ss  is g iv en  by th e  le a s t c r itic a l buck ling  s tre ss  o f  th e  v a rio u s

s u b - p a n e ls  b o u n d e d  by  th e  lo n g itu d in a l s tif fe n e rs . T h is  a p p ro a c h  is based  o n  th e

o b se rv a tio n  o f  te s ts  o n  lo n g itu d in a lly  s tif fe n e d  p la te  g ird e rs , w h e re , in  th e  u ltim a te

c o n d it io n , a  sing le  te n s io n  fie ld  e x te n d in g  o v e r  a ll th e  s u b -p a n e ls  is r e p o r te d . T h is  

a p p ro a c h  is d if fe re n t f ro m  a n  e a r lie r  m o d e l d e sc rib e d  in  (3 3 ), w h e re  te n s io n  fie ld  

m o d e llin g  is a p p lie d  to  e a c h  o f  th e  s u b -p a n e ls  in  tu rn ,  a n d  w h e re  in te rn a l b o u n d a rie s  

a re  id e a liz e d  as a  fla n g e  s tiff  e n o u g h  to  fo rc e  th e  fra m e  m e c h a n ism  h in g e  o n to  th e  

m id - p o in t  o f  th e  in te rn a l  b o u n d a ry .

T h e  o n ly  a p p ro a c h  to  lo n g itu d in a lly  s tif fe n e d  w ebs w hich  h as  b e e n  u tilized  in  re c e n t 

U K  c o d e s  is b ased  o n  e la s to -p la s t ic  an a ly se s , a n d  is d e sc r ib e d  in  (34). T h e se  

a n a ly se s , w h ich  a re  d e sc r ib e d  in  d e ta il in  (35 ) a n d  (36 ), in v o lv ed  c a rry in g  o u t a la rge  

p a ra m e tr ic  s tu d y  o f  w ebs su b je c te d  to  sh e a r  w ith  d ire c t a n d  b e n d in g  s tresses , using  a 

n o n - l in e a r  e la s to -p la s t ic  f in ite  d if fe re n c e  an a ly sis . T h is  an a ly s is  w as esp ec ia lly  

p o w e rfu l in  th a t  th ro u g h - th ic k n e s s  y ie ld ing  w as c o rre c tly  m o d e lle d  by  a m u lt i- la y e r  

V o n  M ises a p p ro a c h , r a th e r  th a n  th e  Ily u sh in  (37) sing le la y e r  y ie ld  c r ite r io n  u sed  in  

p re v io u s  w o rk . T h e  a d o p tio n  o f  th e  m u lt i - la y e r  a p p ro a c h  w as r e n d e re d  feasib le  as a 

re s u lt  o f  u tiliz in g  th e  D y n a m ic  R e lax a tio n  (D R ) m e th o d  (38 ), w h ich  is very  eco n o m ic  

in  te rm s  o f  c o m p u te r  s to ra g e . T h e  b o u n d a ry  c o n d itio n s  e m p lo y e d  in  th e  ana ly ses 

w e re  u sed  to  re p re s e n t  in te rn a l  an d  e x te rn a l p a n e ls  in  lo n g itu d in a lly  s tiffe n e d  w ebs.

M a n y  la rg e  sca le  te s ts  o n  p la te  an d  box  g ird e r  w ebs have  a lso  b e e n  c a rr ie d  o u t, a n d  

th e s e  h a v e  b e e n  u sed  to  v e rify  th e  tra n sv e rse ly  a n d  lo n g itu d in a lly  s tiffe n e d  m o d e ls  o f 

(2 2 ) a n d  a re  re p o r te d  in , fo r  in s ta n c e , (3 9 ) a n d  (40). A  su m m a ry  o f  all th e
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av a ila b le  p la te  g ird e r  te s ts  is in c lu d e d  in  (4 1 ). M ost o f  th e  p la te  g ird e r  te s ts  w ere  

fo r  cases  w ith  little  c o e x is te n t b e n d in g  m o m e n t, as p o in te d  o u t in  (42). R e fe re n c e  

(4 2 ) p re se n ts  th e  few  av a ilab le  te s t re su lts  fo r  w ebs su b je c te d  to  s ig n ific a n t a m o u n ts  

o f  b e n d in g  a n d  s h e a r . T h e se  te s ts  suggest th a t  th e  n u m e ric a lly  d e r iv e d  ru le s  in  (24) 

fo r  sh e a r  a n d  b e n d in g  in  lo n g itu d in a lly  s tif fe n e d  w ebs a re  to o  c o n se rv a tiv e , a n d  a less 

c o n se rv a tiv e  m o d e l is suggested .

A  d if fe re n t a sp e c t o f  sh e a r  w eb  design  is th e  q u es tio n  o f  fa tig u e  c ra c k in g  d u e  to  w eb  

" b re a th in g " . A  s le n d e r  sh e a r  w eb  w ill e x p e r ie n c e  s ig n ifican t b u c k lin g  d isp la c e m e n ts  a t 

lo a d s  b e lo w  its  u ltim a te  c a p ac ity . I f  r e p e a te d  cycles o f  lo a d in g  o c c u r  , su ff ic ie n t to

c a u se  th e se  b u ck lin g  d isp la c e m e n ts , th e n  th is  m ay  give r ise  to  a  re p e a te d  fle x u ra l 

y ie ld in g  a t th e  e n d s  o f  th e  te n s io n  d ia g o n a l (o r  a t  th e  fo o t o f  a  tru n c a te d  tra n sv e rse  

s t if fe n e r ) ,  w h ich  c a n  p re c ip ita te  a fa tig u e  c ra c k . A  th e o re tic a l ana ly sis  is p re se n te d

in  (43) w h ich  e s ta b lish e s  th e  re la tio n sh ip  b e tw e e n  th ese  f le x u ra l s tresses  a n d  th e  

a p p lie d  lo ad s . T h e  m e th o d  is b a se d  o n  a n  e lastic  so lu tio n  o f  th e  M a rg u e rre

e q u a tio n s  (44) fo r  im p e rfe c t  re c ta n g u la r  p la te s  su b je c t to  s h e a r . T h e  p ro b le m  o f

fa tig u e  c ra c k in g  d u e  to  w eb  b re a th in g  is o f  p a r tic u la r  c o n c e rn  in  th e  s le n d e r  

a lu m in iu m  w ebs fo u n d  in  a irc ra f t  s tru c tu re s , a n d  (45) re p o r ts  a  r e c e n t e x p e r im e n ta l

s tu d y  o f  th is  p ro b le m .

R e g a rd in g  p la te s  s u b je c t to  c o m b in e d  lo a d s , th e  n u m e ric a l s tu d y  o f  p la te s  u n d e r  

s h e a r , c o m p re ss io n  a n d  b e n d in g  in  (35) a n d  (3 6 ), a n d  th e  p la te  g ird e r  te s ts  u n d e r

b e n d in g  a n d  s h e a r  (42) h av e  a lre a d y  b e e n  m e n tio n e d .

A n  in te ra c tio n  m o d e l su ita b le  fo r  use  in  d e s ig n , fo r  b iax ia l c o m p re ss io n  in  sq u a re  a n d  

re c ta n g u la r  p la te s  w as p re se n te d  in  (4 6 ), w h ich  w as v a lid a te d  b y  so m e  fin ite  e le m e n t

a n a ly ses . T h is  w as sh o w n  in  (4 7 ) - (4 9 ) , h o w e v e r, to  g ive a  v a ria b le  d e g re e  o f

c o rre s p o n d e n c e  w ith  a  m u c h  w id e r ra n g e  o f  e la s to -p la s t ic  a n a ly ses . T h e se  ana ly ses

fo rm e d  a d e ta ile d  in v e s tig a tio n  in to  th e  b e h a v io u r  o f  sq u a re  a n d  re c ta n g u la r  p la te s

u n d e r  b iax ia l c o m p re ss io n  a n d  la te ra l p re s s u re , c a rr ie d  o u t o n  b e h a lf  o f  th e  B ritish  

S h ip  R e se a rc h  A sso c ia tio n  a n d  th e  A d m ira lty  M a rin e  T e c h n o lo g y  E s ta b lish m e n t 

(D u n fe rm lin e )  -  n o w  A d m ira lty  R e se a rc h  E s ta b lish m e n t (A R E ). T h e  D y n am ic  

R e la x a tio n  m e th o d  w as used  fo r  th is  in v e s tig a tio n , ag a in  u s in g  a m u lt i - la y e r  V on  

M ises m o d e l o f  th ro u g h - th ic k n e s s  y ie ld in g , a n d  th e  resu lts  o b ta in e d  still r e p re s e n t  th e  

m o s t th o ro u g h  a n d  re le v a n t d a ta  av a ila b le  o n  th e  p ro b le m  o f  b iax ia l co m p re ss io n  a n d  

la te ra l  p re ssu re . A lth o u g h  o n ly  th re e  s le n d e rn e sse s  a n d  tw o  a sp e c t ra tio s  w ere

c o n s id e re d  in  (47 ) a n d  (48 ), th e  a n a ly ses  w ere  la te r  e x te n d e d  to  d e riv e  b iax ia l 

c o m p re ss io n  in te ra c tio n s  in  th e  a b se n c e  o f  la te ra l p re ssu re , o v e r  a w ider ra n g e  o f 

s le n d e rn e sse s , a n d  th is  was re p o r te d  in  (49). R e fe re n c e  (47) a lso  c o n ta in s  a 

c o m p re h e n s iv e  re v ie w  o f  th e  li te ra tu re  in  th e  fie ld  o f  co m b in e d  lo a d in g , up  to  1981 ,



Sect ion 1.1 Page 1.6

to  w h ic h  th e  in te re s te d  re a d e r  is r e fe r re d .

C o n te m p o ra ry  w ith  th e  s tu d ie s  p re s e n te d  in  (47 ) -  (4 9 ), a n o th e r  in v e s tig a tio n  in to

b iax ia l c o m p re ss io n  a n d  la te ra l p re ssu re  w as c a r r ie d  o u t  in  N o rw ay  (5 0 ) ,(5 1 ) , u sing  an  

e la s to -p la s t ic  R a y le ig h -R itz  ana ly sis . P a n e ls  w ith  v a rio u s  im p e rfe c tio n  a n d  residual 

s tre ss  m a g n itu d e s  a re  an a ly se d , a n d  th e  in f lu e n c e  o f  p re ssu re  a n d  im p e rfe c tio n s  o n  th e  

b iax ia l c o m p re ss io n  b e h a v io u r  o f  p la te s  is d e m o n s tra te d . T h is  r a th e r  e le g a n t analysis 

p ro d u c e s  s im ila r  re su lts  to  th o se  o f  (47) -  (49 ).

M u c h  o f  th e  w o rk  th a t  h a s  b e e n  p u b lish ed  in  th e  p e r io d  s in ce  th e n  h as  re lie d  on  

e la s tic  c r it ic a l b u ck lin g  th e o ry , o r  e lastic  p o s t-b u c k lin g  th e o ry . F o r  in s ta n c e , in  (52) 

a n  e la s tic  ana ly sis  is d e riv e d  fo r  th e  p o s t-b u c k lin g  o f  s im p ly  s u p p o r te d  im p e rfe c t

p la te s  u n d e r  b iax ia l c o m p re ss io n , w ith  edges c o n s tra in e d  to  re m a in  s tra ig h t b u t fre e  to  

d ra w  in , a n d  fo r  p re ssu re  lo a d e d  p la te s  w ith  ed g es  s im p ly  su p p o r te d  b u t re s tra in e d  

a g a in s t d ra w in g  in . T h e  s tre ss  sy stem s f ro m  e a c h  ana ly sis  a r e  th e n  c o m b in e d  an d  

in c o rp o ra te d  in to  a s tre n g th  c r i te r io n  b ased  o n  V o n  M ises y ie ld .

In  (53) a n d  (54) e la s tic  p o s t-b u c k lin g  so lu tio n s  a re  d e riv e d  fo r  lo n g  re c ta n g u la r

iso tro p ic  a n d  o r th o tro p ic  p la te s  u n d e r  b iax ia l c o m p re ss io n , lo n g itu d in a l co m p re ss io n  

w ith  c o e x is te n t s h e a r , a n d  tra n sv e rse  c o m p re ss io n  w ith  sh e a r . T h e  sa m e  a u th o r  

p ro d u c e d  th e  e a r lie s t  g e n e ra l so lu tio n s  fo r  th e  e la s tic  c ritic a l b u ck lin g  o f  re c ta n g u la r  

p la te s  u n d e r  u n ia x ia l lo n g itu d in a l o r  tra n sv e rse  c o m p re ss io n  w ith  c o e x is te n t s h e a r , in

(55) a n d  (56 ).

E la s tic  c r it ic a l b u ck lin g  in te ra c tio n s  w ere  a lso  d e r iv e d  in  (57) a n d  (58) fo r  p la tes  

u n d e r  b iax ia l c o m p re ss io n , b iax ia l b en d in g  a n d  s h e a r . D u e  to  m o d e  c h a n g e s  m an y  o f 

th e  th e o re tic a l  c r itic a l b u c k lin g  in te ra c tio n s  w e re  fo rm e d  fro m  th e  in te rs e c tio n  of 

in te ra c tio n s  fo r  d if fe re n t m o d e  ty p e s , so s ing le  in te ra c tio n  cu rv es w e re  a p p ro x im a te ly  

f i t te d  to  th e  in n e r  e n v e lo p e  o f  th e  in te rse c tin g  c ritic a l in te ra c tio n s , by  d e fin in g  an  

in te ra c t io n  e q u a tio n  w h ich  in c o rp o ra te s  e x p o n e n t te rm s  w h ich  w e re  d e fin e d  as 

fu n c tio n s  o f  a sp e c t ra tio . T h e se  w ere  th e n  u sed  as c o m p o n e n ts  in  u ltim a te  s tre n g th

in te ra c tio n s  to g e th e r  w ith  V o n  M ises c r ite r ia  a p p lie d  a t  v a rio u s p o in ts  in  th e  p la te , 

u sin g  s im p le  m o d e ls  o f  lo ca l s tre ss  v a ria tio n s . In  (5 9 ), th e se  in te ra c tio n s  w ere  th e n  

sca led  to  e n d  a t in te ra c tio n  e n d - p o in ts  w h ich  w ere  o b ta in e d  as th e  m e a n  o f 

e x p e r im e n ta l  re su lts  fo r  sing le  s tre ss  c o m p o n e n t lo a d  cases . T h e  u ltim a te  s tre n g th  

in te ra c tio n  b e tw e e n  sh e a r  a n d  co m p re ss io n  w as ta k e n  to  be  th e  p a ra b o la  fo u n d  in

(56 ) fo r  lo n g itu d in a l c o m p re ss io n  a n d  sh e a r , a n d  w h ich  is also  used  in  (24).

In  (6 0 ) - (6 2 )  a  q u ite  d if fe re n t  a p p ro a c h  to  d e fin in g  u ltim a te  s tre n g th  in te ra c tio n  cu rves 

fo r  b iax ia l c o m p re ss io n  a n d  s h e a r  is p re se n te d . T h is  uses as its basis  th e  V o n  M ises
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y ie ld  su rfa c e  fo r  b iax ia l c o m p re ss io n  a n d  s h e a r , w ith  c o rre c tio n  fa c to rs  a p p lie d  to  it 

w h ich  v a ry , n o t  o n ly  w ith  s le n d e rn e ss  a n d  a sp e c t r a t io , b u t  a lso  w ith  s tre ss  ra tio , 

w h ich  gives r ise  to  a n  in te ra c tio n  sh a p e  d if fe re n t f ro m  V o n  M ises. F in ite  e le m e n t 

an a ly ses  a re  e m p lo y e d  in  o rd e r  to  d e f in e  th e se  c o rre c tio n  fa c to rs . A  fe a tu re  o f  th e  

in te ra c tio n s  w h ich  a re  p ro d u c e d  is th a t  th e ir  n o n -d im e n s io n a lis e d  fo rm  is alw ays 

sy m m e tric  (as is V o n  M ises), u n lik e  th e  in te ra c tio n s  in  (2 4 ) ,(4 7 )  a n d  (5 3 )- (5 9 ) .

1.2 Aims and Scope of this Thesis

T h e  ex is tin g  s tu d ie s  o f  th e  b e h a v io u r  o f  s h e a r  p a n e ls  a ll h a v e  th e  c o m m o n  fe a tu re  o f 

re ly in g  o n  th e  s tif fe n e rs  (an d  flan g es) w h ich  su rro u n d  th e  p a n e l b e in g  ab le  to  su p p ly  

ta n g e n tia l fo rc e s  a n d  re s tra in t  to  th e  p a n e l b o u n d a r ie s . T h is  a p p lie s  to  th e  n u m e ric a l 

s tu d y  o f  (34 ) to  (3 6 ), to  th e  v a rio u s  c o n c e p tu a l design  m o d e ls , a n d  to  so m e  e x te n t, 

to  th e  la rg e  sca le  e x p e r im e n ta l in v es tig a tio n s .

F o r  th e  p a n e l sh e a r  re s is ta n c e s  w h ich  a re  in d ic a te d  by  th e se  s tu d ie s  to  b e  sa fe ly  used  

in  d es ig n , th e  s tif fe n e rs  a n d  flan g es m u s t h a v e  re se rv e  a x ia l s tiffn ess  a n d  s tre n g th , 

a d d itio n a l to  th a t  re q u ire d  by  th e ir  re s is ta n c e  to  g lo b a l fo rc e  e ffec ts . T h is  is also

a d d itio n a l to  th e  p ro v is io n  o f  o u t - o f - p la n e  re s tra in t  to  th e  p a n e l  b o u n d a rie s  (b y  v ir tu e  

o f  th e  f le x u ra l s tiffn ess  a n d  s tre n g th  o f  th e  s tif fe n e r)  w h ich  is o n e  o f  th e  p r im a ry  

p u rp o se s  o f  th e se  e le m e n ts .

T ra n sv e rse  s tif fe n e rs  in  a  p la te  g ird e r  v e ry  o f te n  h a v e  n o  o th e r  fu n c tio n  th a n  to  

p ro v id e  th e  n e c e ssa ry  re s tra in ts , a n d  a lth o u g h  design  c o d es  v a ry  in  th e  d e ta ils  o f  th e  

m e th o d  th e y  u se  to  e n su re  th a t  th e  tra n sv e rse  s tif fe n e r  c a n  p ro v id e  th is  re s tra in t ,

th e re  is, in  p r in c ip le , a c o n s is te n c y  b e tw e e n  design  p ra c tic e  as it  is a p p lie d  to

tra n sv e rse  w eb  s tif fe n e rs , a n d  to  th e  s h e a r  c a p a c ity  o f  th e  w eb  p a n e ls  th em se lv es .

F la n g e s  in  a  p la te  o r  bo x  g ird e r , h o w e v e r, m ay  b e  fu lly  m o b iliz e d  in  th e ir  p r im a ry

p u rp o se  o f  re s is tin g  g lo b a l b e n d in g  m o m e n ts  so th a t  th e  c o m p re ss io n  flan g e  m a y  n o t

b e  ab le  to  su p p ly  th e  a d d itio n a l c o m p re ss io n  n e e d e d  to  re a c t  th e  h o r iz o n ta l

c o m p o n e n t o f  th e  in c lin e d  te n s io n  fie ld . T h is  is p a r tic u la r ly  th e  case  s in ce  th e  n eed  

to  d esig n  th e  flan g es  to  w ith s ta n d  th e  te n s io n  fie ld  fo rc e s  (as d is tin c t f ro m  fra m e  

a c tio n s )  is n o t  s ta te d  in  design  c o d es .

In  sh ip  a n d  o ffsh o re  s tru c tu re s , th e  s tif fe n e rs  a re  m o re  likely  to  be  e x p e c te d  to  resist

g lo b a l fo rc e s , e i th e r  c o n tr ib u tin g  to  th e  flan g e  o f  a h u ll g ird e r , o r  by  re s is tin g  la te ra l

lo a d s  th ro u g h  g rillag e  a c tio n . A s a  c o n se q u e n c e , a design  s h e a r  ca p a c ity  w h ich  re lied  

o n  th e  p re s e n c e  o f  a d d itio n a l s tif fe n e r  fo rc e s  will se v e re ly  c o m p lic a te  th e  d esig n  o f
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th e se  s tiffe n e rs .

O n  th e  o th e r  h a n d , th e  lim ita tio n  o f  p a n e l s h e a r  c a p a c itie s  to  th e  c ritic a l buck ling  

s tre ss  in  (6 3 ), o r  th e  re s tr ic tio n s  o n  p a n e l s le n d e rn e ss  in  (64) a n d  (65 ) w h ich  e n su re  

th a t  s h e a r  b u ck lin g  w ill n o t  ta k e  p la c e , a re  lik e ly  to  b e  o v erly  c o n se rv a tiv e .

O n e  a im  o f  th is  th es is , th e re fo re , is to  in v e s tig a te  th e  p a n e l s h e a r  re s is ta n c e  w hich

c a n  b e  m o b iliz e d  in  th e  a b se n c e  o f  ta n g e n tia l r e s tra in t ,  a n d  to  p ro d u c e  a design  

m o d e l fo r  p a n e l sh e a r  re s is ta n c e  w h ich  sh o u ld  re a so n a b ly  a llo w  th e  ax ia l fo rces  in  th e  

s tif fe n e rs  (a n d  flan g es) d u e  to  te n s io n  fie ld  e ffe c ts  to  b e  ig n o red .

C o n s id e r in g  b iax ia l c o m p re ss io n , th e  r e c e n t s tu d ie s , a n d  in  p a r t ic u la r  th e  e la s to -p la s tic  

n u m e r ic a l  in v es tig a tio n s , h a v e  c lea rly  id e n tif ie d  th e  m a in  fe a tu re s  o f  th e  in te ra c tio n

b e tw e e n  b iax ia l co m p re ss io n s  in  sq u a re  a n d  re c ta n g u la r  p la te s . C o d es  o f  p ra c tic e , 

h o w e v e r , fo r  th e  design  o f  b rid g es , o r  o f  o ffsh o re  s tru c tu re s , u se  in te ra c tio n  m odels

w h ic h  h a v e  th e  g re a t m e r it  o f  s im p lic ity , b u t  w h ich  o ffe r , a t  b e s t, o n ly  passing  

re se m b la n c e  to  th e  b e h a v io u r  d e m o n s tra te d  by  th e  v a rio u s s tu d ie s . P a r t  o f  th e  

d iff ic u lty  in  in c o rp o ra tin g  th e  re su lt o f  th e  b iax ia l c o m p re ss io n  in v es tig a tio n s  in to  

d es ig n  c o d es  is th a t  th e se  in v es tig a tio n s  h av e  e i th e r  p ro d u c e d  w ide  ra n g in g  p a ra m e tr ic  

s tu d ie s , w ith o u t p ro v id in g  g e n e ra liz ed  m o d e ls , o r  h av e  p ro d u c e d  a  w ide ra n g e  o f 

e m p ir ic a l  c u rv e  f it  m o d e ls  w h ic h , lack in g  a  ra t io n a l  c o n c e p tu a l b a s is , c a n  o n ly  b e  said  

to  b e  tru ly  valid  fo r  th e  p a r t ic u la r  s le n d e rn e sse s  a n d  a sp e c t ra tio s  fo r  w h ich  th e y  

h a v e  b e e n  v a lid a ted .

A s a re s u lt , a  se co n d  a im  o f  th is  th es is  is to  use  th e  in v e s tig a tio n  o f  (47) -  (49) as 

th e  basis  fo r  d ev e lo p in g  a n d  v a lid a tin g  a ra t io n a l  in te ra c tio n  m o d e l w h ich  will o ffe r

th e  p ro s p e c t  o f  a w id e r va lid ity  th a n  th e  p a r t ic u la r  s p o t- c h e c k s  w h ich  m ay  be 

a v a ila b le . A s p a r t  o f  th is  ta sk , a n d  in  o rd e r  to  b e  a b le  to  p re s e n t  m ean in g fu l 

c o m p a riso n s  b e tw e e n  th e  p ro p o se d  m o d e l a n d  th e  n u m e ric a l d a ta , it  will b e  n ecessa ry  

to  p ro v id e  a  design  m o d e l fo r  lo n g itu d in a l a n d  tra n sv e rse  u n ia x ia l c o m p re ss io n  w hich  

w ill b e  c o n s is te n t w ith  th e  e n d - p o in ts  o f  th e  b iax ia l in te ra c tio n s  o f  (47) -  (49 ).

I t is a lso  th e  p u rp o se  o f  th e  th es is  to  d e fin e  a d esign  m o d e l w h ich  w ill e s tim a te  th e  

b iax ia l c o m p re ss io n  re s is ta n c e  w h en  th e  m a x im u m  av e ra g e  d ire c t s tra in  in  th e  p a n e l is 

e q u a l to  th e  y ie ld  s tra in . T h is  will h av e  b e n e fic ia l im p lica tio n s  fo r  c o m p a c tn e ss  lim its 

fo r  th e  s tif fe n e rs  w h ich  w ill n o t  th e n  be  re q u ire d  to  m a in ta in  th e ir  f le x u ra l stiffness 

in  th e  p re se n c e  o f  p la s tic  a x ia l s tra in s  w h ich  m ay  be to  tw o  o r  th re e  tim es yield 

s tra in . I t  w ill a lso  a llo w  th e  sim p le  e v a lu a tio n  o f  a s tiffe n e d  fla n g e  co m p ress io n  

c a p a c ity , by  m e a n s  o f  ad d in g  th e  design  re s is ta n c e s  o f  th e  in d iv id u a l p a n e ls  in  th e  

f la n g e , s in ce  a ll th e  re s is ta n c e s  w ill b e  d e f in e d  as o cc u rin g  a t  th e  sam e  a p p lied
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co m p re ss iv e  s tra in . T h e  y ie ld  s tra in  c r i te r io n  w ill a lso  p ro v id e  a c o n s is te n t basis fo r 

in te ra c tin g  p re s su re  w ith  th ru s t.

A  fu r th e r  a im  o f  th e  th es is  is to  p ro d u c e  a m o d e l o f  th e  in te ra c tio n  b e tw e e n  sh e a r  

a n d  b iax ia l c o m p re ss io n , a n d  o f  th e  in flu e n c e  o f  c o e x is te n t la te ra l p re s su re  on  th e  

b iax ia l c o m p re ss io n  b e h a v io u r o f  th e  p a n e l. T h e  case  o f  b iax ia l c o m p re ss io n  w ith 

la te ra l p re s su re , in  p a r tic u la r , h a s  b e e n  show n  in  p re v io u s  s tu d ie s  to  c o n ta in  som e 

q u ite  c o m p lic a te d  tre n d s  o f  b e h a v io u r , a n d  in  (6 6 ) it  w as sh o w n  th a t  th e  d es ig n  ru les 

o f (63) fo r  th is  lo a d  co n d itio n  b o re  v e ry  little  re se m b la n c e  to  th e  b e h a v io u r  re v e a le d  

in  (47) a n d  (4 8 ). P a r t  o f  th e  ta sk  o f  th is  th es is  is, th e re fo re , to  c a r ry  o u t  fu r th e r  

an a ly ses  (a n d  th e se  will b e  b o th  th e o re tic a l  a n d  n u m e ric a l)  in  o rd e r  to  fu r th e r  

u n d e rs ta n d in g  o f  th e  p h e n o m e n a , a n d  to  p e rm it  a  ra t io n a l ,  c o n c e p tu a lly -b a s e d , m o d e l 

fo r  th e  in te ra c tio n  b e tw e e n  la te ra l p re ssu re  a n d  b iax ia l c o m p re ss io n  to  b e  d e v e lo p e d .

T h e  d e v e lo p m e n t o f  th e  design  m e th o d s  beg in s in  th e  n e x t c h a p te r  w ith  th e  tre a tm e n t  

o f  th e  s h e a r  re s is ta n c e  o f  p la te  p a n e ls .
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CHAPTER 2 SHEAR

2.1 Choice of Boundary Conditions

W h e n  d e f in in g  th e  s tre n g th  o f  p la te  p a n e ls  in  iso la tio n  fro m  th e  re s t  o f  th e  s tru c tu re , 

it  is n e c e ssa ry  to  ta k e  in to  a c c o u n t th e  re s tr a in t  a ffo rd e d  to  th e  p a n e l  b o u n d a r ie s  by  

th e  s u r ro u n d in g  s tru c tu re . T h is  is e sp ec ia lly  im p o r ta n t  fo r  s h e a r  s tre n g th  w h ich , it 

w ill b e  se e n , is sensitive  to  th e  r e s tra in t  c o n d itio n s  a t  th e  b o u n d a r ie s . T h e re fo re , 

b e fo re  a  s h e a r  s tre n g th  design  m o d e l c a n  b e  d e v e lo p e d  it is n e c e ssa ry  to  se le c t th e  

b o u n d a ry  c o n d itio n s  to  be  assu m ed  in  th e  m o d e l. T h e se  b o u n d a ry  c o n d itio n s  a re  

m a d e  u p  o f  b o th  in - p la n e  a n d  o u t - o f - p la n e  re s tra in ts  o n  th e  ed g es  o f  th e  p a n e l.

C o n s id e r in g  th e  o u t - o f - p la n e  r e s tra in t  f irs t, th e  p r im a ry  p u rp o se  o f  th e  s tif fe n e rs  is to  

p re v e n t o u t - o f - p la n e  d isp la c e m e n ts  o f  th e  b o u n d a r ie s  o f  th e  p a n e l (w h ich  th e y  do  by 

h a v in g  su ff ic ie n t f le x u ra l s tiffn ess  a n d  s tre n g th ) . T h e y  will a lso  p ro v id e  a  d e g re e  o f 

ro ta t io n a l  r e s tra in t .  T h e  n o n - u n if o r m  to rs io n s  th a t  w ill be  im p o se d  o n  th e  s tiffen e rs  

w ill b e  tra n s m itte d  as e n d -m o m e n ts  to  th e  o r th o g o n a l s tiffe n e rs  (o r  flan g es) a t  th e  

p a n e l c o rn e rs . T h e re  w ill a lso  b e  e i th e r  p o s itiv e  o r  n eg a tiv e  ro ta t io n a l  re s tra in t  on  

th e  p a n e l  b o u n d a r ie s  fro m  a d ja c e n t  p a n e ls  w h ich  m a y  be in  a m o re  o r  less stab le  

c o n d itio n .

A  d es ig n  m e th o d  w hich  so u g h t to  inv o k e  th is  ro ta t io n a l  r e s tra in t  in  e v a lu a tin g  th e  

s h e a r  s tre n g th  o f  th e  p a n e l w ou ld  n o t  o n ly  b e  c o m p lic a te d  in  itse lf , b u t  w ou ld  also 

re q u ire  th e  c o n se q u e n tia l to rs io n s  a n d  e n d  m o m e n ts  to  be  in c lu d e d  in  th e  s tiffe n e r 

d es ig n . A s a  re su lt, it is a p p ro p r ia te  to  a ssu m e  th a t  th e  p a n e l b o u n d a r ie s  a re  sim ply  

s u p p o r te d , a n d  th is  a s su m p tio n  w ill b e  m a d e  in  th e  p re s e n t  w ork .

W h e re  th e  b u ck lin g  d isp la c e m e n ts  o f  th e  p a n e l a r e  e x p e c te d  to  b e  s ig n ific a n t it  will 

b e  n e c e ssa ry  to  ta k e  in to  a c c o u n t th e  in - p la n e ,  o r  'm e m b r a n e ',  b o u n d a ry  co n d itio n s . 

T h e  b o u n d a r ie s  o f  a sh e a r  p a n e l d ev o id  o f  a n y  in - p la n e  re s tra in t  w ill d e fo rm  in  th e  

d o u b ly  c u rv e d  m a n n e r  sh o w n  in  fig u re  2 .1 . T h is  f ig u re  is a t  m a x im u m  re s is ta n c e  fo r 

a  sq u a re  m ild  s te e l p a n e l (o"0=245 N /m m 2), w ith  b /t= 1 8 0  a n d  a n  im p e rfe c tio n  g iven 

by  a s ing le  h a lf  s in e -w a v e  in  b o th  d ire c tio n s  o f  a m p litu d e  w Q= b /2 0 0 . N o  residua l 

s tre sse s  w e re  in c lu d e d  in  th e  ana ly sis . T h e  sh e a r  is a p p lie d  as a u n ifo rm  sh e a r  stress 

o n  th e  p a n e l edges.

M e m b ra n e  b o u n d a ry  c o n d itio n s  co n sis t o f  in - p la n e  re s tra in ts  b o th  n o rm a l and  

ta n g e n tia l  to  th e  p a n e l b o u n d a r ie s . T h e  p re se n c e  o f  a n  a d ja c e n t  p a n e l a t  th e
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b o u n d a rie s  will se rv e  to  re d u c e  th e  n o rm a l d isp la c e m e n ts  a t th e  b o u n d a ry , a n d  it has 

b e e n  a ssu m ed  in  p re v io u s  an a ly ses  (34) -  (36 ) th a t  su ch  a b o u n d a ry  re m a in s  s tra ig h t, 

im p ly in g  a  n o n - u n if o r m  system  o f n o rm a l re s tr a in t  fo rces . T h e  b o u n d a ry  s tiffen e rs  

(a n d  flan g es) w ill a lso  o f fe r  n o rm a l re s tr a in t ,  as th e y  b e n d  in  th e  p la n e  o f th e  p la te , 

p ro v id e d  th e y  a re  n o t  fu lly  m o b ilized  in  th e ir  p r im a ry  p u rp o s e  o f  p re v e n tin g  

o u t - o f - p l a n e  d isp la c e m e n ts  o f  th e  p a n e l b o u n d a r ie s  a n d , in  th e  ca se  o f  f lan g es, 

re s is tin g  p r im a ry  b e n d in g  fo rc e s  in  th e  s tru c tu re  as a w h o le . T h e  e ffe c tiv e  sec tio n  o f 

th e  s tif fe n e r  (o r  f la n g e ) b e n d in g  in  th e  p la n e  o f  th e  p la te  w ill in c lu d e  an  a m o u n t o f 

p la te  p a n e l ,  to  fo rm  a n  e ffec tiv e  c ru c ifo rm  o r  te e  sec tio n  (if f la t  b a r  s tiffe n e rs  a re  

b e in g  u se d ). A lth o u g h  th e  re s tra in t  o f fe re d  by  th e  a d ja c e n t  p a n e ls  will n o t, in  

g e n e ra l ,  m a in ta in  th e  ed g es c o m p le te ly  s tra ig h t , it seem s re a so n a b le  to  assum e th a t  it 

d o e s  if th e  ro ta t io n a l  r e s tra in t  in tro d u c e d  by  th e  a d ja c e n t p a n e ls  is b e in g  ig n o re d  a t 

th e  sa m e  tim e . S o m e  e v id e n c e  to  su p p o r t  th is  w ill b e  o ffe re d  la te r .

T h e r e  is a lso  so m e  ta n g e n tia l re s tra in t  o f fe re d  by  th e  a d ja c e n t p a n e ls , b u t it is th e  

b o u n d a ry  s tiffe n e rs  a n d  f lan g es  w h ich  c a n  b e  e x p e c te d  to  su p p ly  th e  g re a te r  ta n g e n tia l 

r e s tr a in t ,  a lb e it  w ith  th e  sa m e  p ro v iso  as a b o v e , th a t  th e y  a re  n o t  fu lly  m o b ilized  in  

th e i r  p r im a ry  p u rp o se .

S h e a r  p a n e ls  m a y  b e  fo u n d  in  a w ide ra n g e  o f  s itu a tio n s , f ro m  a n  in te rn a l p a n e l in  

a n  o rth o g o n a lly  s tif fe n e d  assem b lag e , su ch  a s  a s h ip 's  side  in  to rs io n , to  a to ta lly  

'e x te r n a l ' p a n e l (in  th e  sen se  th a t  th e re  a re  n o  a d ja c e n t  p a n e ls ) , such  as an  

u n s tif fe n e d  d ia p h ra g m  in  a  b o x  b e a m  o r  co lu m n  also  s u b je c t to  to rs io n . T h e re  can  

b e , as a  re su lt , a v a rie ty  o f  re s tra in ts  th a t  c a n  b e  a ffo rd e d  to  th e  p a n e l  b o u n d a rie s .

T h is  w ou ld  n o t  b e  so  s ig n if ic a n t fo r  d esign  w e re  it  n o t  fo r  th e  c o n s id e ra b le  sensitiv ity  

o f  th e  c a lc u la te d  sh e a r  s tre n g th  to  th e  m e m b ra n e  b o u n d a ry  c o n d itio n s . F ig u re  2 .2  

show s s tr e s s - s tr a in  c u rv es  fo r  th e  sa m e  p a n e l  as in  figu re  2 .1 , b u t w ith  a ra n g e  o f 

d if fe re n t  m e m b ra n e  b o u n d a ry  co n d itio n s , g iv ing  rise  to  a v a r ia tio n  in  sh e a r  s tre n g th  

f ro m  55%  to  100%  o f  sh e a r  y ie ld . T h e  g re a te s t sh e a r  s tre n g th  resu lts  fro m

b o u n d a r ie s  w h ich  a re  to ta lly  rig id , a n d  w h ich  m e re ly  ro ta te  a n d  tra n s la te  in  a 

'lo z e n g in g ' m o d e , w h e re a s  th e  low est sh e a r  s tre n g th  resu lts  f ro m  b o u n d a r ie s  d evo id  o f  

a n y  m e m b ra n e  re s tr a in t ,  as  in  f ig u re  2 .1 . T h e  s tra in  w h ich  is p lo tte d  is th e  av e rag e  

s h e a r  s tra in  in  th e  p la te  m e a su re d  f ro m  th e  re la tiv e  d isp la c e m e n ts  o f  th e  fo u r c o rn e rs  

o f  th e  p a n e l.

S tr e s s - s tr a in  c u rv es  I a n d  III o f  f ig u re  2 .2  a re  fro m  th e  in v e s tig a tio n  in to  th e  

in te ra c tio n  b e tw e e n  s h e a r  a n d  d ire c t s tre sse s  in  (35 ), b u t th e  re m a in d e r  o f  th e  

s t r e s s - s tr a in  c u rv es  h a v e  b e e n  p ro d u c e d  as p a r t  o f th e  p re s e n t  w o rk . A ll o f  th e  

s t r e s s - s tr a in  cu rv es  a re  f ro m  n o n - l in e a r  e la s to -p la s t ic  an a ly ses  w ith  m u lt i - la y e r  V on
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M ises re p re s e n ta tio n s  o f  p la s tic ity . T h e  tw o cu rv e s  f ro m  (35) w e re  b ased  o n  a fin ite  

d if fe re n c e  re p re s e n ta tio n  o f  th e  p la te , so lved  by  th e  D y n am ic  R e la x a tio n  m e th o d , 

w h e re a s  th e  re m a in d e r  a re  f ro m  fin ite  e le m e n t an a ly ses  using  th e  p a c k ag es  A SA SN L

(6 7 ) (a t A R E , D u n fe rm lin e )  a n d  th e  Im p e ria l C o lleg e  p ro g ra m , F IN A S  (6 8 ). A n  

im p o r ta n t  d iffe re n c e  b e tw e e n  th e  fin ite  d if fe re n c e  a n d  fin ite  e le m e n t an a ly ses  w as th e  

m e a n s  b y  w hich  lo ad  w as a p p lie d . In  (35) th e  lo a d in g  w as a p p lie d  to  th e  p a n e ls  as

in c re a s in g  m a g n itu d e s  o f  h o r iz o n ta l a n d  v e rtic a l b o u n d a ry  d isp la c e m e n ts , su ch  th a t  th e

a p p lie d  s h e a r  a n d  d ire c t s tra in s  w ere  k e p t in  a  fix ed  ra tio  to  o n e  a n o th e r . T h is  

p ro p o r t io n a l  s tra in in g  gave r ise  to  a  v a ry in g  p ro p o r t io n  o f a v e ra g e  s h e a r  a n d  d ire c t

s tre sse s  in  th e  p a n e l as th e  s tra in s  a re  in c re a se d . T h e  lo ad in g  in  th e  f in ite  e le m e n t 

c a se s  w as a p p lie d  as p ro p o r tio n a l  stresses .

In  (3 5 ), p a n e ls  w ith  tw o d if fe re n t  c o m b in a tio n s  o f  m e m b ra n e  b o u n d a ry  c o n d itio n s  

w e re  c o n s id e re d  fo r  sh e a r  lo a d in g , th e se  p a n e ls  b e in g  d e sc rib e d  as  " re s tra in e d "  a n d  

" u n re s tra in e d " . In  b o th  cases  th e  v e rtic a l ed g es  o f  th e  p a n e ls  w ere  re q u ire d  to

re m a in  s tra ig h t, a n d  w e re  p re v e n te d  f ro m  sh o r te n in g , a lth o u g h  th e y  cou ld  be  

tra n s la te d  by  a m o u n ts  sp e c if ie d  in  th e  lo a d in g  c o n d itio n . In  th e  case  o f  re s tra in e d

p a n e ls  th e  h o r iz o n ta l ed g es a lso  re m a in  s tra ig h t, w h ile  ro ta tin g  in  th e  p la n e  o f  th e  

p a n e l  in  a c c o rd a n c e  w ith  th e  sh e a r  d e fo rm a tio n s  sp ec ified  in  th e  lo a d in g  c o n d itio n .

T h e  h o r iz o n ta l  ed g es w ere  a lso  re q u ire d  to  sh o r te n  by  a n  a m o u n t sp ec ified  in  th e  

lo a d in g  c o n d itio n , th e  h o r iz o n ta l  s tra in  b e in g  c o n s ta n t  a lo n g  th e  e d g e . T h is  c o n d itio n  

th a t  8 u / 8 x  is c o n s ta n t a lo n g  th e  h o r iz o n ta l ed g es  w as also  d e e m e d  to  ex is t in  th e  

u n re s tra in e d  p a n e ls , b u t in  th is  case  th e  h o r iz o n ta l  ed g es w e re  d ev o id  o f  a n y  n o rm a l 

re s tr a in t .  I t  sho u ld  b e  e m p h a s iz e d  th a t  th e  d e sc r ip tio n  o f  re s tra in e d  o r  u n re s tra in e d  

in  (35 ) is a p p lie d  to  th e  p a n e l  as a  w h o le , e v e n  th o u g h  th e  d is tin c tio n  b e tw een  

re s tra in e d  a n d  u n re s tra in e d  p a n e ls  is o n ly  in  th e  n o rm a l r e s tra in t  c o n d itio n  on  th e  

h o r iz o n ta l  ed g es. I t sh o u ld  also  b e  e m p h a s iz e d  th a t  th e  h o r iz o n ta l edges in

'u n r e s t r a in e d ' p a n e ls  a r e  n o t  w ho lly  dev o id  o f  in - p la n e  re s tra in t  s in ce  th e  ta n g e n tia l 

s tra in s  a re  re q u ire d  to  b e  u n ifo rm . N e v e rth e le ss , in  th e  d iscu ssio n  o f  th e  resu lts  o f 

(3 5 ) a n d  (36 ) th e  sam e  te rm in o lo g y  w ill b e  a d o p te d .

C u rv e s  I  a n d  III o f  fig u re  2 .2  a re  p a r t ic u la r  cases  o f  th e  re s tra in e d  a n d  u n re s tra in e d  

p la te  a n a ly se s , fo r  w h ich  th e re  was n o  d ire c t s tra in  a p p lie d  to  th e  p la te , th a t  is th e  

v e r tic a l e d g es  w ere  k e p t th e  sam e  d is ta n c e  a p a r t  w h ile  th e  sh e a r  s tra in  w as a p p lied . 

C u rv e s  la  a n d  I l ia  w ere  p ro d u c e d  using  A S A S N L , fo r  th e  sa m e  b o u n d a ry  co n d itio n s 

as  c u rv e s  I a n d  III a n d  g ive q u ite  good  a g re e m e n t.

T h e  p u rp o se  o f  th e  re s tra in e d  b o u n d a ry  c o n d itio n  w as to  m o d e l th e  ca se  o f  in te rn a l 

p a n e ls  in  a tra n sv e rse ly  a n d  lo n g itu d in a lly  s tiffe n e d  b o x -g ird e r  w eb , w h ereas  th e  

p u rp o s e  o f  th e  u n re s tra in e d  c o n d itio n  w as to  m o d e l th e  edge  p a n e l in  su ch  a w eb  (o r
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th e  ca se  o f  a w eb  w ith o u t lo n g itu d in a l s tif fe n e rs ) . T h e  d a ta  fo rm e d  th e  basis o f  th e  

c u r re n t  U K  d esig n  ru les  fo r  lo n g itu d in a lly  s tiffe n e d  w ebs in  (24 ), as d e sc r ib e d  in  (34).

P ro p o r tio n a l  s tra in in g  w as u sed  in  th e  D y n a m ic  R e la x a tio n  an a ly ses  b e c a u se  it tu rn s  

o u t  to  b e  m o re  c o n v e n ie n t f ro m  a c o m p u tin g  p o in t  o f  v iew , th a n  th e  m o re  

re p re s e n ta tiv e  case  w h e re  th e  a p p lie d  s tresses  a re  k e p t in  a  fix ed  p ro p o r t io n  to  o n e  

a n o th e r .  S u ch  a  p ro p o r tio n a l  s tre ss  lo ad in g  w ou ld  h a v e  su b s ta n tia lly  in c re a se d  th e  

c o m p u te r  p ro c e ss in g  tim e  ta k e n  in  th e  an a ly sis . (P ro p o r tio n a l s tra in in g  w as also  a 

fe a tu re  o f  th e  D R  an a ly ses  in  ( 4 7 ) - (4 9 ) ,  a lth o u g h  a  m o d ific a tio n  to  th e  m e th o d  was 

m a d e  in  (49 ) to  a llo w  p ro p o r tio n a l  s tress  lo a d in g  fo r  th e  sp ec ia l ca se  o f  un iax ia lly  

c o m p re sse d  p la te s .)

If , h o w e v e r , it  is a ssu m ed  th a t  th e  o rd e r  o f  lo a d in g  d o es n o t  g re a tly  in f lu e n c e  th e  

s tre sse s  a t  a n y  va lue  a n d  p ro p o r tio n  o f  a p p lie d  s tra in , w h a te v e r th e  s tra in  (a n d  s tress) 

h is to ry  to  th a t  v a lu e , th e n  w ith  su ff ic ie n t, a n d  su ffic ie n tly  c lo se , p ro p o r tio n a l  s tra in  

lo a d  cases  it  b e c o m e s  p ossib le  to  u se  th e  re su ltin g  s tre s s - s tra in  cu rv e s  to  o b ta in  a 

s tr e s s - s tr a in  c u rv e  c o n s is te n t w ith  th e  lo ad in g  b e in g  a p p lie d  as p ro p o r tio n a l  stresses . 

T h is  is d o n e  by  in te rp o la tin g  b e tw e e n  th e  s tre ss  ra tio s  w h ich  ex is t a t  a  g iven  leve l o f 

s tra in  in  e a c h  o f  th e  p ro p o r tio n a l  s tra in  s t r e s s - s tr a in  cu rv e s , to  o b ta in  th e  m ag n itu d es  

o f  th e  s tre sse s  w h ich  w ou ld  ex is t if  th e y  w ere  in  so m e sp e c if ie d  r a t io . T h is  

'c r o s s - p lo t t in g ' p ro c e d u re , b e in g  re p e a te d  a t  su ffic ie n tly  c lo se  in c re m e n ts  o f  s tra in , 

w ill e n a b le  s h e a r  a n d  d ire c t  s tre ss  s t re s s - s tra in  c u rv e s  to  b e  in fe r re d  fo r  th e  case 

w h e re  th e  s tre sse s  a re  a p p lie d  p ro p o rtio n a lly .

T h is  p ro c e d u re  h as  b e e n  a p p lie d  to  th e  o rig in a l d a ta  fo r  th e  b /t= 1 8 0  p la te  w ith  

u n re s tra in e d  ed g es  fro m  (3 5 ), fo r  a  v a rie ty  o f  ra tio s  o f  d ire c t to  s h e a r  s tre ss , in  

f ig u re  2 .3 . A lso  show n  a re  th e  o rig in a l p ro p o r tio n a l  s tra in in g  s tr e s s - s tr a in  cu rv es .

A  sp e c ia l ca se  o f  th e  c ro s s -p lo t te d  s tre s s - s tra in  c u rv e s , a n d  th e  o n e  o f  in te re s t  in  th e  

p re s e n t  c o n te x t ,  is th e  ca se  w ith  z e ro  n e t  d ire c t s tre ss . T h e  s tr e s s - s tr a in  c u rv es  fo r  

th is  case  h a v e  b e e n  c ro s s -p lo t te d  fo r  b o th  re s tra in e d  a n d  u n re s tra in e d  b o u n d a r ie s  an d  

a re  sh o w n  as  c u rv es  II a n d  IV , re sp e c tiv e ly , o n  f ig u re  2 .2 .

F o r  th e  ca se  o f  b iax ia l c o m p re ss io n , it w as sh o w n  in  (4 7 ), th a t  o rd e r  o f  lo a d in g  did 

n o t  s ig n ific a n tly  a ffe c t th e  u ltim a te  b iax ia l s tre n g th  o f  p la te s . T o  v e rify  th a t  th is  is 

th e  ca se  fo r  p la te s  in  sh e a r , a n d  a lso  th a t  th e  s tre ss  c a n  b e  in te rp o la te d  a t  d if fe re n t 

s tra in  lev e ls , a  p ro p o rtio n a lly  s tre sse d  analysis  h as  b e e n  c a rr ie d  o u t w ith  b o u n d a ry  an d  

lo a d  c o n d itio n s  e q u iv a le n t to  th e  c ro s s -p lo tte d  u n re s tra in e d  c u rv e , c u rv e  VI o f  figu re  

2 .2 . T h is  ana ly sis  (g iv ing  c u rv e  VI a o n  fig u re  2 .2 )  w as c a r r ie d  o u t u sing  A SA SN L , 

a n d  v e ry  g o o d  a g re e m e n t w as fo u n d  w ith  th e  c ro s s -p lo t te d  c u rv e . T h e  v e ry  close
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a g re e m e n t m a y  b e  to  so m e  e x te n t  fo r tu ito u s  s in ce  th e  n u m e ric a l m e sh e s  w ere  

d if fe re n t  in  th e  2 ana ly ses . T h e  in te r la c e d  m e sh  u sed  in  (35) h a d  a n  8 x 8  N x y  m esh , 

w h e re a s  th e  6 x 6  e le m e n t m esh  u sed  in  th e  A S A S N L  an a ly ses  h a d  a  12x12  a r r a y  o f 

s tre ss  in te g ra tio n  p o in ts . H o w e v e r, it  is n o t  p o ssib le  to  m a k e  d ire c t  c o m p a riso n s  

b e tw e e n  th e  re su lts  o b ta in e d  by  F E  a n d  F D  m e sh e s , b e c a u se  th e  e r ro rs  asso c ia ted  

w ith  th e  tw o  te c h n iq u e s  a rise  f ro m  d if fe re n t  cau ses. O th e r  c h eck s  o n  th e  

c ro s s -p lo tt in g  p ro c e d u re  w ill be  p re s e n te d  in  C h a p te r  4 .

T h e  re s tra in e d  ca se  w ith  n o  d ire c t s tra in  in c lu d e d  in  th e  a p p lie d  lo a d in g  im p lie s  no

d e fo rm a tio n  o f  a n y  o f  th e  fo u r  b o u n d a r ie s , m e re ly  rig id  b o d y  in - p la n e  tra n s la tio n s  

a n d  ro ta tio n s . A s a  re su lt, w h en  th e  s h e a r  b u ck le  d ev e lo p s  a n d  it tr ie s  to  d ra w  th e  

ed g es  to g e th e r , th e  fa c t th a t  th e y  a re  p re v e n te d  f ro m  d o in g  so  m e a n s  th a t  a n e t

b iax ia l te n s io n  is a p p lie d  to  th e  p la te . T h is  w ill te n d  to  su p p re ss  th e  b u ck ling  

d isp la c e m e n ts , a n d  a  h ig h e r  s tre n g th  c a n  be  e x p e c te d  to  re su lt , c o m p a re d  to  th e  case  

w h e re  a t  le a s t o n e  p a ir  o f  edges is a llo w ed  to  d ra w  to g e th e r . T o  so m e  e x te n t  th is  

c a n  b e  se e n  by  c o m p a rin g  cu rv es  I a n d  II o f  fig u re  2 .2 , b u t th e  e ffe c t is n o t

s ig n ific a n t in  th is  c a se , s in ce  ev e n  th e  s tr e s s - s tr a in  c u rv e  fo r  n o  n e t  h o r iz o n ta l fo rc e  

re a c h e s  98%  o f  s h e a r  y ie ld .

I f , o n  th e  o th e r  h a n d , th e  p a n e l is u n re s tra in e d  (ie  n o  n o rm a l s tre ss  o n  th e  

h o r iz o n ta l  e d g e s ) , a  m o re  s ig n ific a n t re d u c tio n  in  s tre n g th  re su lts  f ro m  a llow ing  th e  

h o r iz o n ta l  ed g es to  sh o r te n . T h e  case  w ith  n o  a p p lie d  d ire c t  s tra in  (III) h as  a

m a x im u m  s tre ss  o f  8 8 %  o f y ie ld  b u t th is  is re d u c e d  to  a b o u t 71%  o f  y ie ld  w h e n  th e  

h o r iz o n ta l ed g es  a re  a llo w ed  to  sh o r te n  su ffic ien tly  fo r  th e re  to  b e  n o  n e t  d ire c t 

s tre s s , in  c u rv e  IV .

T h e  a c tu a l sh o r te n in g  o f  th e  ed g es w ill in  fa c t  d e p e n d  o n  th e  s tiffn ess  o f  th e  flanges 

w h ich  m u s t e x is t o n  th e se  h o r iz o n ta l ed g e s , a n d  th e  e x te n t  to  w h ich  th e y  h av e  

re se rv e  c a p a c ity  b e y o n d  th e ir  re s is ta n c e  to  o v e ra ll b en d in g  a n d  ax ia l fo rc e s , b u t  m u st 

fa ll so m e w h e re  b e tw e e n  th e se  tw o e x tre m e s  o f  z e ro  o r  fu ll ta n g e n tia l re s tra in t .

I t  sh o u ld  b e  n o te d  th a t  th e  te n s io n  fie ld  m o d e l d u e  to  B a sle r (1 9 ), a n d  its su b seq u en t 

d e riv a tiv e s , in c lu d in g  th e  m o d e l o f (2 2 ), d o  n o t  a p p ly  a  n e t sh e a r  a lo n e  to  th e  p a n e l. 

D u e  to  th e  h o r iz o n ta l  c o m p o n e n t o f  th e  d ia g o n a l te n s io n , a n e t  h o r iz o n ta l te n s io n  is 

a lso  b e in g  a p p lie d  to  th e  p a n e l ,  in  a d d itio n  to  th e  sh e a r  fo rc e . T h is  h o r iz o n ta l 

te n s io n  is n o t  sy m m e tric a lly  d isposed  a b o u t th e  v e rtic a l ed g es a n d  is th u s  re a c te d  by 

u n e q u a l ax ia l c o m p re ss io n s  in  th e  to p  a n d  b o tto m  flan g es. T h e  o rig in a l fo rm u la tio n  

o f  (19) w as in c o r re c t  in  d is re g a rd in g  th e  fla n g e  fo rc e s , as p o in te d  o u t in  (2 0 ), a n d , 

a s  a  re su lt , u sed  a n  e r ro n e o u s  fo rm u la tio n  o f  h o r iz o n ta l e q u ilib riu m . A s a lso  p o in te d  

o u t in  (2 0 ) , th is  n e g le c t o f  th e  a d d itio n a l f lan g e  co m p re ss io n s  o v e r  an d  ab o v e  any
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p r im a ry  b e n d in g  fo rces  is n o n -c o n s e rv a tiv e  as fa r  as th e  c o m p re ss io n  f lan g e  is

c o n c e rn e d , a n d  m ay  e v e n  give r ise  to  a n e t  c o m p re ss io n  in  th e  f la n g e  w h ich  ca rr ie s  

th e  te n s io n  d u e  to  o v e ra ll b e n d in g . A lth o u g h  th e  e f fe c t o f  th e se  f la n g e  c o m p ress io n s  

o n  th e  p la s tic  h in g e  m o m e n t in  th e  flan g e  w as ta k e n  in to  a c c o u n t in  (2 2 ) , th e  design 

ru le s  o f  (2 4 ) - (2 6 )  w h ich  a re  based  o n  (22) d o  n o t ta k e  th is  e ffe c t in to  a c c o u n t, an d  

n e i th e r  d o  th e y  re q u ire  th e  flan g es  to  b e  d e s ig n e d  to  res is t th e  f la n g e  c o m p ress io n s  

d u e  to  th e  te n s io n  fie ld . T h a t  th e y  n e e d  to  d o  so  h a s  re c e n tly  b e e n  p o in te d  o u t in 

(69 ) a n d  (70 ).

B y c o n s id e r in g  h o r iz o n ta l eq u ilib riu m  o f  th e  v e r tic a l ed g e  in  th e  n u m e ric a l an a ly ses  of 

(3 5 ), it  is p o ssib le  to  d e d u c e  th e  flan g e  ax ia l fo rc e s  w h ich  h av e  to  b e  su p p lie d  a t th e  

e n d s  o f  th e  s tiffe n e rs  to  r e a c t  th e  n e t  fo rc e s . T h e s e  fo rces  w ill v a ry  a lo n g  th e

le n g th  o f  th e  flan g e  d u e  to  th e  sh e a r  flow s w h ich  e x is t on  th e  h o r iz o n ta l  ed g e  o f  th e  

p a n e l .  T h e  e n d - fo rc e s  im p o se d  o n  th e  flan g e  b y  v a rio u s  ra tio s  o f  a p p lie d  s tra in s  can  

b e  c o m p a re d  w ith  th e  fla n g e  fo rc e s  im p lic it in  th e  te n s io n  fie ld  m o d e l. A lth o u g h  

te n s io n  fie ld  m o d e ls  say  n o th in g  a b o u t th e  s h e a r  a n d  d ire c t s tra in s  in  th e  p la te , th ey  

do  re q u ire  a n e t  te n s io n  fo rc e  to  be  a p p lie d  to  th e  p la te . I t  is, th e re fo re , o f

in te re s t  to  c o m p a re  th e  fla n g e  fo rc e s  in  th e  te n s io n  fie ld  m o d e l w ith  th o se  d ed u ced

fro m  th e  ex ' = 0  case  ( e x ,= ex/ e 0), s n̂ ce  th is  a lso  im p o se s  a n e t  te n s io n  o n  th e  p a n e l.

F ig u re  2 .4  show s th e  d is tr ib u tio n  o f  h o r iz o n ta l s tre ss  o n  th e  v e rtic a l ed g e  o f  th e

sq u a re  b /t= 1 8 0  p la te  a t a  s h e a r  s tra in  o f 2 .5  tim e s  th e  sh e a r  y ie ld  s tra in . A t th is 

s tra in , th e  a v e ra g e  sh e a r  s tre ss  in  th e  p a n e l is 8 8 %  o f  sh e a r  y ie ld , a n d  th e  av erag e  

d ire c t  s tre ss  is a  te n s io n  o f  36%  o f  ten s ile  y ie ld . B y  e q u ilib riu m , th e  flan g e  en d

c o m p re ss io n s  a re  fo u n d  to  b e  1 3 .0  a n d  1 4 .9  k N , w h e re a s  th e  flan g e  fo rc e s  im p lied  by

th e  B a s le r  m o d e l a re  7 .2  a n d  1 7 .3  k N , re sp e c tiv e ly . T h e  n e t  te n s io n s  a p p lie d  to  th e  

p la te  a re  th e re fo re  2 7 .9  kN  fro m  th e  an a ly sis , a n d  2 4 .5  kN  fro m  th e  te n s io n  field

m o d e l. T h e s e  fo rc e s  a re  c a lc u la te d  o n  th e  basis  o f  th e  p la te  d im e n s io n s , u sed  in  

(3 5 ), o f  2 4 0 m  x 2 4 0 m m  x 1 .3 3 3 m m . A s e x p la in e d  a b o v e , th e  in e q u a lity  o f  flange 

fo rc e s  is a  re su lt  o f  n o rm a l fo rc e s  w hich  a re  n o t  d is tr ib u te d  sy m m e tric a lly  a lo n g  th e  

v e r tic a l e d g es . T h e  g re a te r  in e q u a lity  in  th e  B a s le r  m o d e l is a re su lt  o f  th e  n o rm a l 

fo rc e s  b e in g  c o n c e n tra te d  la rg e ly  in  o n ly  o n e  h a lf  o f  th e  v e rtica l e d g e .

If  th e  v e r tic a l ed g es a re  a llo w ed  to  d raw  to g e th e r  su ch  th a t  th e re  is n o  n e t  n o rm a l 

s tre ss  o n  th e m , th e n  th e  d ia g o n a l te n s io n  fie ld  w ill be  e q u ilib ra te d  by  edge

c o m p re ss io n s  w ith in  th e  p la te  itse lf. F ig u re  2 .5  is a  s im ila r  p lo t to  f ig u re  2 .4 ,  o f  th e  

h o r iz o n ta l  s tre ss  o n  th e  v e r tic a l edges w hen  y '  =2 .5 , b u t in  th is  case  w ith  a c o e x is ten t 

d ire c t  co m p re ss iv e  s tra in  o f  1 .2 5  tim es  th e  d ire c t  y ie ld  s tra in . T h is  p ro p o rtio n a l

s tra in  ca se  is th e  n e a re s t to  th e  c ro s s -p lo tte d  case  fo r  n o  n e t d ire c t  s tre ss . T h e

a v e ra g e  sh e a r  s tress  has b e e n  re d u c e d  fro m  8 8 %  to  72%  o f  sh e a r  y ie ld , b u t th e
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ten s ile  d ire c t  s tre ss  has  re d u c e d  fro m  36%  o f  y ie ld  to  a c o m p re ss io n  o f  8 %  o f  y ield . 

T h e  flan g e  a x ia l fo rces  c a lc u la ted  f ro m  h o r iz o n ta l eq u ilib riu m  in  f ig u re  2 .5  a re  now  

0 .9  kN  c o m p re s s io n , a n d  7 kN  te n s io n . I t c a n  b e  se e n  th a t  a n e t  te n s io n  n e e d s  to  

b e  su p p lie d  by  th e  flanges in  o rd e r  to  re a c t  th e  n e t  c o m p re ss io n  e x p e r ie n c e d  by  th e  

p a n e l.

P r in c ip a l s tre ss  d is tr ib u tio n s  th ro u g h o u t th e  p la te  fo r  b o th  th e  cases  re p re s e n te d  by 

fig u res  2 .4  a n d  2 .5 ,  b u t w ith  a  u n ifo rm  c ritic a l sh e a r  s tre ss  su b tra c te d  f ro m  th e  ac tu a l 

s h e a r  s tre ss  th ro u g h o u t th e  p la te  a re  p re s e n te d  in  fig u re  2 .6 . B y  su b tra c tin g  th e  

c r itic a l s h e a r  s tre sse s , th e  e q u iv a le n t o f  th e  p o s t-b u c k lin g  s tress  d is tr ib u tio n  a ssu m ed  in 

te n s io n  f ie ld  m o d e ls  c a n  b e  e x a m in e d . A  n u m b e r  o f  in te re s tin g  fe a tu re s  a re  a p p a re n t  

in  th e  se c o n d  c a se . C lea rly  v isib le  is th e  p re se n c e  o f  a d ia g o n a l te n s io n  f ie ld , o f 

o f f -d ia g o n a l re g io n s  w ith  v e ry  little  p o s t- c r i t ic a l  s tre ss , a n d  o f  th e  ed g e  co m p re ss io n s  

a lo n g  th e  h o r iz o n ta l  b o u n d a rie s . T h e se  e ffe c ts  te n d  to  b e  o b sc u re d  b y  th e  o v e ra ll 

n e t  te n s io n  in  th e  ex ' = 0  c a se , e v e n  th o u g h  th is  n e t  te n s io n  is c o m p a ra b le  to  th a t  in  

th e  te n s io n  fie ld  m o d e l.

I t is w o rth  m e n tio n in g  th a t  a lth o u g h  th e  in fe re n c e  o f  a z e ro  n e t  d ire c t  s tre ss  so lu tio n  

f ro m  th e  D R  a n a ly ses  c o rre sp o n d s  to  th e  sh e a r  e n d - p o in ts  o f  a s h e a r -c o m p re s s io n  o r 

s h e a r -b e n d in g  in te ra c tio n , th e  z e ro  n e t  d ire c t s tre ss  c o n d itio n  is, n o n e  th e  less, a 

little  a n o m a lo u s  fo r  th e  b o u n d a ry  c o n d itio n s  u sed  in  (35). H o r iz o n ta l s tif fe n e rs  o r 

flan g es  w h ich  h a v e  n o  re se rv e  a x ia l s tiffn ess  to  e n a b le  th e m  to  r e a c t  a  n e t  te n s io n  on  

th e  p a n e l w o u ld  n o t  be  in  a  p o s itio n  to  im p o se  th e  u n ifo rm  s tra in in g  o n  th e  

h o r iz o n ta l b o u n d a r ie s  th a t  is a ssu m e d  in  th e  an a ly ses .

T h e  b o u n d a ry  c o n d itio n  assu m ed  o n  th e  v e rtic a l ed g es o f  b o th  re s tra in e d  and  

u n re s tra in e d  p la te s , re q u ire d  n o t o n ly  th a t  th e  ed g es re m a in e d  s tra ig h t, b u t  a lso  th a t  

th e y  d id  n o t  s h o r te n . T h is  im p lie s  th e  p re se n c e  o f  in c o m p re ss ib le  s tif fe n e rs  a t  th e  

p a n e l v e r tic a l b o u n d a r ie s , a n d  g ives rise  to  a  sy stem  o f  n o n - u n if o r m  s h e a r  s tre sse s  on  

th e  v e rtic a l e d g e . F ig u re  2 .7  show s th e  d e v e lo p m e n t o f  th e se  n o n -u n if o r m  sh e a rs  a t 

v a rio u s  lev e ls  o f  a p p lie d  sh e a r  s tra in  fo r  th e  u n re s tra in e d  sq u a re  p la te  w ith  b /t= 1 8 0 , 

w ith  a  c o e x is te n t c o m p ress iv e  s tra in  o f  ex '= 0 .5 7 ' (w h e re  y ' = y l y Q)- I f  a n  id en tica l 

p a n e l ex is ts  o n  th e  o th e r  s id e  o f  th e  v e rtic a l b o u n d a ry , th e n  a n  id e n tic a l, b u t 

in v e r te d , sy s tem  o f  sh e a r  s tre sse s  w ill ex is t in  th e  a d ja c e n t  p a n e l a t  th e  b o u n d a ry . 

S in ce  th e  s h e a r  flow s a re  n o t  sy m m e tric a l a b o u t th e  m id -h e ig h t  (d u e  to  th e  

c o n c e n tra t io n  o f  d iag o n a l te n s io n s  a t  o n e  e n d  o f  th e  v e rtic a l ed g e ) th e y  w ill n o t  be 

b a la n c e d  b y  th e  sh e a r  flow s in  th e  a d ja c e n t p a n e l. C o n s id e ra tio n  o f  sh e a r  

eq u ilib riu m  o n  th e  v e rtic a l ed g e  w ill su p p ly  th e  tra c tio n s  w h ich  ex is t a lo n g  th e  le n g th  

o f  th e  s t if fe n e r , a n d  h e n c e  th e  s t if fe n e r  ax ia l fo rc e , in  a s im ila r  m a n n e r  to  th e  

s tif fe n e r  fo rc e s  c a lc u la te d  fro m  te n s io n  fie ld  m o d e ls .
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F ig u re  2 .8  show s th e  d is tr ib u tio n  o f  a x ia l fo rc e  in  th e  s t if fe n e r , in fe rre d  f ro m  th e  

s h e a r  flow s o f  f ig u re  2 .7 , a t  y '= 2 .5 , w ith  th e  e q u iv a le n t s t if fe n e r  fo rc e  d is tr ib u tio n

d u e  to  B a s le r 's  te n s io n  fie ld  m o d e l. T h e  m a x im u m  s tif fe n e r  fo rc e  d e d u c e d  fro m  th e  

an a ly sis  is 1 0 .2 k N  w h e re a s  th e  te n s io n  fie ld  m o d e l gives a  s t if fe n e r  fo rc e  o f 7 .2 k N .

C lo se  c o rre sp o n d e n c e  b e tw e e n  th e  s t if fe n e r  fo rc e  d e d u c e d  f ro m  th e  analysis  a n d  th e

s tif fe n e r  fo rc e  im p lie d  by  th e  te n s io n  f ie ld  m o d e l, is n o t to  b e  e x p e c te d , s in ce  th e

c h o ic e  o f  a p p lie d  s tra in  ra tio  fro m  th e  an a ly ses  is so m e w h a t a rb itra ry . T h e  te n s io n  

f ie ld  m o d e l d o e s , h o w e v e r, p re d ic t a  s tif fe n e r  fo rc e  o f  th e  sa m e  o rd e r  as th a t  in  th e  

n u m e ric a l an a ly sis . F u r th e rm o re , te n s io n  fie ld  p re d ic tio n s  o f  s tif fe n e r  fo rc e  w ere

sh o w n  in  (23) a n d  (40) to  give g o o d  c o rre sp o n d e n c e  w ith  th e  s tif fe n e r  fo rces

m e a su re d  in  la rg e - s c a le  la b o ra to ry  te s ts  o n  p la te  g ird e rs .

F ig u re  2 .9  p lo ts  th e  v a ria tio n  in  m a x im u m  s tif fe n e r  fo rc e  w ith  a p p lie d  s h e a r  s tra in  

f ro m  th e  sh e a r  flow s o f  figu re  2 .7 . T h e  s tif fe n e r  fo rc e  has b e e n  n o n -d im e n s io n a lis e d  

b y  d iv id ing  it  by  th e  p lastic  sh e a r  c a p a c ity  A o f  th e  p la te . A lso  show n  a re  th e  

v a ria tio n s  in  s tif fe n e r  fo rc e  f ro m  th e  ex '= 0  so lu tio n s  fo r  b /t= 1 2 0 , 180 a n d  240 . A t 

ex '= 0  a n d  y '= 2 .5  th e  b /t= 1 8 0  p la te  h a s  a  s tif fe n e r  fo rc e  o f  3.1 lk N  c o m p a re d  to  

1 0 .1 9 k N  fo r  th e  sa m e  p la te  w ith  ex '= 0 .5  y \  I t is a lso  e v id e n t th a t  a ll th e  ex '= 0  

re su lts  sh o w  a  p e a k  in  th e  s tif fe n e r  fo rc e  a t  a ro u n d  th e  y ie ld  s tra in , w h e re a s  th e  

ex '= 0 .5  y % ca se  h a s  a  s tif fe n e r  fo rc e  th a t  is still in c re a s in g  a t  y '= 2 .5 .  T h e  fa c t th a t  

th e  ex ' = 0  so lu tio n  fo r  b /t= 1 8 0  has less s tif fe n e r  fo rc e  th a n  th e  ex ,= 0 .5 7 ' so lu tio n  is a 

re f le c tio n  o f  th e  sh a llo w e r a n g le  o f  th e  d ia g o n a l te n s io n  f ie ld , a n d  its  less lo ca lized  

e x te n t ,  w h en  n e t  te n s io n  is a p p lie d , as se e n  in  fig u re  2 .6 .

F ig u re  2 .1 0  p re s e n ts  th e  s tif fe n e r  fo rc e s  c a lc u la te d  f ro m  th e  u n re s tra in e d  n u m e ric a l 

an a ly se s , a t  ex '= 0  a n d  y %- 2 . 5 , fo r  a sp e c t ra tio s  fro m  0 .5  to  3 , fo r  p la te s  w ith  

b /t= 1 2 0  a n d  180  (a /t= 1 2 0  a n d  180 , if  a /b = .5 ) . In  a d d itio n , w h e re  th e re  w ere

su ffic ie n t d a ta , th e  s tif fe n e r  fo rc e s  h a v e  b e e n  in te rp o la te d  a t  y '= 2 .5  fo r  th e  case  w ith  

n o  n e t  d ire c t s tre ss . T h e  s tif fe n e r  fo rc e s  a re  p re se n te d  as f ra c tio n s  o f  th e  u ltim a te  

s h e a r  s tre n g th s  o f  th e  p a n e ls , a n d  th e  sa m e  c a lc u la tio n  has b e e n  c a rr ie d  o u t u sing  th e  

d es ig n  ru le s  o f  (2 4 ), a n d  th e  te n s io n  fie ld  m o d e ls  o f  (30) a n d  (19) (as c o r re c te d  in  

(2 0 )) . T h e  p lo t  show s o ccas io n a l a g re e m e n t b e tw e e n  e i th e r  th e  ex '= 0  o r  th e  I ^ x =0 

c a se , a n d  th e  v a rio u s  d esign  m e th o d s . A c c o rd in g  to  th e  a n a ly se s , th e  s tif fe n e r  fo rce  

is sm a lle r  re la tiv e  to  th e  p a n e l sh e a r  c a p a c ity  fo r  sq u a re  p la te s  th a n  it is fo r  long  o r  

ta ll  p la te s , a n d , in  g e n e ra l, th is  is a lso  e v id e n t fro m  all th e  d es ig n  m e th o d s .

I t  h a s  b e e n  o f  so m e  in te re s t  to  see  h o w  th e  b o u n d a ry  c o n d itio n  a ssu m p tio n s  o f  (35) 

c a n  b e  m a d e  to  p ro d u c e  in fo rm a tio n  a b o u t s tif fe n e r  fo rc e s . H o w e v e r, th e se  fo rces
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a r e  a fu n c tio n  o f  th e  in fin ite  ax ia l s tiffn ess  in  th e  v e rtic a l s tif fe n e r  w h ich  h as b e e n  

a ssu m e d  in  th e  an a ly ses . If  th e  ax ia l s tiffn ess  o f  th e  s t if fe n e r , a n d  h e n c e  th e  

ta n g e n tia l r e s tra in t  o n  th e  v e rtica l e d g e , is less th a n  in f in ite , th e n  th e  sh e a r  flow s will 

b e  m o re  u n ifo rm , g iv ing  rise  to  a  re d u c e d  b u ild  u p  o f  s tif fe n e r  fo rc e . W h e n  th e re  

is a  to ta l  lack  o f  ta n g e n tia l re s tra in t , th e n  th e  sh e a r  s tress  o n  th e  b o u n d a ry  w ill be  

u n ifo rm , a n d  th e re  w ill b e  n o  a x ia l fo rc e  in  th e  s tif fe n e r . T h is  case  w as also  

a n a ly se d  u sing  A S A S N L , fo r  th e  s itu a tio n  w h e re  th e  h o r iz o n ta l ed g es  do  n o t sh o r te n  

(ie  cx '= 0 ) . In  a d d itio n , th e  sam e analy sis  w as c a r r ie d  o u t  w ith  a  v e rtica l s tiffe n e r  

h a v in g  a  c ro s s -s e c tio n a l  a re a  eq u a l to  1 0 %  o f  th e  w eb  c ro s s - s e c tio n a l  a re a  (th is  

f ig u re  b ased  o n  c a lc u la tio n s  using  (2 4 )). T h e  s tre s s - s tra in  c u rv e s  p ro d u c e d , a re  

sh o w n  in  fig u re  2 .2 , as  c u rv es  VI a n d  V , re sp e c tiv e ly . T h e  su rp r is in g  th in g  to  n o te  

is th a t  c u rv es  V  a n d  V I a re  a lm o st c o in c id e n t w ith  cu rv e  I l ia .  I t  is a p p a re n t  th a t  

th e  ta n g e n tia l r e s tr a in t  o n  th e  v e rtic a l e d g es  h as  a lm o s t n o  e f fe c t o n  th e  sh e a r  

s tre n g th  o f  th e  p a n e l ,  e v e n  th o u g h  in  o n e  lim it th e  v e rtic a l ed g e  is p re v e n te d  fro m  

sh o r te n in g , a n d  in  th e  o th e r  lim it th e  ed g e  is to ta lly  u n re s tra in e d  f ro m  sh o rte n in g . A  

s im ila r  e ffe c t w ill b e  sh o w n  la te r  in  th is  se c tio n  fo r  a d if fe re n t  se t o f  b o u n d a ry  

c o n d itio n s .

A  p a r t ic u la r  fe a tu re  o f  th e  b o u n d a ry  c o n d itio n s  assu m ed  in  th e  an a ly ses  o f (35), was 

th e  re q u ire m e n t th a t  ta n g e n tia l s tra in s  o n  th e  b o u n d a rie s  h a v e  to  b e  u n ifo rm  (o r 

u n ifo rm ly  z e ro ) . I t  h a s  b e e n  p o in te d  o u t th a t  th is  is a n o m a lo u s  fo r  s itu a tio n s  w h ere  

th e r e  a re  n o  n e t  d ire c t  s tresses  o n  th e  p a n e l . F u r th e rm o re ,  it g ives rise  to

n o n - u n if o r m  ax ia l fo rc e  e ffe c ts  in  th e  s tif fe n e rs  (a n d  flan g es) w h ich  w ould  n eed  to  be  

in c lu d e d  in  th e ir  d e s ig n , if  th e  p a n e l s tre n g th s  used  in  d esig n  a re  b ased  o n  th e  

b o u n d a ry  m e m b e rs  p ro v id in g  th e se  m e m b ra n e  re s tra in t  fo rces .

T h e  use  o f  f in ite  e le m e n t ana ly ses , h o w e v e r, fac ilita te s  th e  a d o p tio n  o f  b o u n d a ry  

c o n d itio n s  w h ich  d o  n o t  im p o se  ta n g e n tia l r e s tr a in t .  A lth o u g h  th e  o rig in a l in te n tio n

h a d  b e e n  p rin c ip a lly  to  m a k e  use o f  th e  n u m e ric a l re su lts  o f  (35) to  p ro d u c e  a 

d es ig n  m o d e l, it  w as fe lt  th a t  th e  b o u n d a ry  co n d itio n s  o f  (35) re p re s e n te d  u p p e r  

b o u n d  a ssu m p tio n s  a b o u t th e  ta n g e n tia l r e s tr a in t  o ffe re d  to  th e  p a n e l by  th e  s tiffen e rs  

(a n d  f lan g es). I t  w as th e re fo re  d ec id ed  th a t  n e w  an a ly ses , u sing  a less re s tra in in g  se t 

o f  b o u n d a ry  c o n d itio n s , sh o u ld  b e  c a r r ie d  o u t  to  p ro v id e  th e  basis  o f  a  design  m o d e l. 

In  th e  n e w  se t o f  b o u n d a ry  c o n d itio n s , a ll th e  p a n e l b o u n d a r ie s  a re  a ssu m ed  to  be 

f r e e  f ro m  ta n g e n tia l r e s tr a in t  (an d  a re  s u b je c te d  to  a u n ifo rm  s h e a r  s tre ss ) . E x te rn a l 

b o u n d a r ie s  w o u ld , in  a d d itio n , b e  f re e  o f  a n y  n o rm a l re s tra in t  (so th a t  th e  n o rm a l 

s tre s s  will be  e v e ry w h e re  z e ro  on  th e  e x te rn a l  e d g e ), w h e re a s  in te rn a l b o u n d a rie s  

w o u ld  b e  c o n s tra in e d  to  re m a in  s tra ig h t w h ile  b e in g  f re e  to  tra n s la te  such  th a t  th e re  

w ill b e  n o  n e t  n o rm a l fo rc e  (w hich  will g ive rise  to  a  s e lf -e q u il ib ra t in g  system  o f 

n o rm a l s tre sse s). I t  w as fe lt  th a t  su ch  b o u n d a ry  c o n d itio n s  w ou ld  n o t o n ly  o ffe r  a
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sa fe  lo w er b o u n d  to  th e  a c tu a l ta n g e n tia l r e s tr a in t ,  th e y  co u ld  also  s im p lify  th e  design  

o f  th e  s tiffe n e rs  a n d  flan g es . I t  seem s re a so n a b le  to  assu m e  th a t  p a n e l sh e a r  

s tre n g th s  b a se d  o n  th e se  b o u n d a ry  c o n d itio n s , d o  n o t  re q u ire  e i th e r  ta n g e n tia l  fo rces

o r  o v e ra ll ax ia l fo rces  to  b e  in c lu d e d  in  th e  d es ig n  o f  th e  b o u n d a ry  s tif fe n e rs  (and  

f la n g e s) . N e ith e r  d o  th e y  re q u ire  th e  b o u n d a ry  s tiffe n in g  e le m e n ts  to  h a v e  re se rv e

a x ia l s tiffn ess  b ey o n d  th e ir  re s is ta n c e  to  o u t - o f - p l a n e  f le x u re  a n d  g lo b a l fo rc e  e ffec ts .

W h a t w ou ld  b e  re q u ire d , o f  c o u rse , is su ff ic ie n t d u c tility  in  th e  s tif fe n e rs  to  p e rm it

a n y  re d is tr ib u tio n  th a t  m a y  b e  n e e d e d . V e rif ic a tio n  o f  th is  basic  a s su m p tio n  a b o u t 

th e  e f fe c t o f  z e ro  ta n g e n tia l r e s tra in t  o n  th e  d es ig n  o f  s tiffe n e rs  fo rm s  p a r t  o f a

s e p a ra te  re se a rc h  p ro je c t ,  w h ich  is p re se n te d  in  (71 ).

T h e s e  b o u n d a ry  c o n d itio n s  h a v e  th e  a d d itio n a l a d v a n ta g e  o f  b e in g  c o n s is te n t w ith 

th o s e  u se d  in  th e  b iax ia l c o m p re ss io n  a n d  la te ra l  p re ssu re  s tu d ie s  o f  (4 7 ) to  (49),

w h ich  w ill b e  u sed  in  c h a p te rs  3 , 4 a n d  6 .

T h e  ed g es  w h ich  a re  c o n s tra in e d  to  re m a in  s tra ig h t w ill b e  r e fe r r e d  to  as

'c o n s tr a in e d ' ed g es , w h e re a s  th e  edges w h ich  a re  f re e  o f  a n y  m e m b ra n e  re s tra in t  will 

b e  te rm e d  'u n c o n s tr a in e d '.  T h e  le tte rs  C  a n d  U  will b e  u sed  as a  s h o r t - h a n d

n o ta t io n  to  d e n o te  th e se  b o u n d a ry  c o n d itio n s , a n d  e a c h  o f  th e  b o u n d a r ie s  o f  th e

p a n e l  w ill b e  g iven  o n e  o f  th e se  le tte rs , s ta r tin g  w ith  th e  le f t h a n d  v e r tic a l b o u n d a ry  

a n d  g o in g  ro u n d  th e  b o u n d a r ie s  in  a c lockw ise  d ire c tio n . A  p a n e l  w h ich  is

c o n s tra in e d  o n  a ll fo u r  ed g es  w ill h a v e  its b o u n d a ry  c o n d itio n s  d e n o te d  a s  'C C C C ';  a

p a n e l  u n c o n s tra in e d  o n  a ll fo u r  ed g es will b e  d e n o te d  'U U U U ';  w h e re a s  a  p a n e l 

c o n s tra in e d  o n  th e  v e rtic a l ed g es o n ly  w ill b e  d e n o te d  'C U C U '. C u rv e s  V II, V III,

a n d  IX , o n  fig u re  2 .2 , c o r re sp o n d  to  th e se  b o u n d a ry  co n d itio n s , a n d  a re  b ased  on

an a ly se s  c a r r ie d  o u t u sing  F IN A S . T h e  m e sh  sizes w e re  8 x 8 , ( c o m p a re d  to  6 x 6  fo r 

A S A S N L , a n d  8 x 8  fo r  th e  N x y  m e sh  in  th e  D R  an a ly ses) b u t p la te  g e o m e tr ie s  w ere  

e x a c tly  th e  sa m e  as in  th e  o th e r  ana ly ses  r e p re s e n te d  o n  fig u re  2 .2 . F ig u re  2.11 

d e sc rib e s  in  d e ta il th e  b o u n d a ry  c o n d itio n s  o f  sq u a re  U U U U , C U C U  a n d  C C C C  

p a n e ls .

In  th e  a b se n c e  o f  ta n g e n tia l r e s tra in t  o n  th e  h o r iz o n ta l ed g es, a n d  o f  a  n e t  h o riz o n ta l 

fo rc e  o n  th e  p a n e l , i t  is u se fu l to  ch e c k  th e  e f fe c t o f  th e  in c o m p re ss ib le  v ertica l 

s t if fe n e r  o n  th e  p a n e l re s is ta n c e . If  th e  e x is te n c e  o f  su ch  a s tif fe n e r  o n  a n  o th erw ise  

c o n s tra in e d  ed g e  is d e n o te d  by  th e  le t te r  S , th e n  th e  p a n e l b o u n d a ry  c o n d itio n s  a re  

d e n o te d  by  'S U S U '. F ig u re  2 .1 2  c o m p a re s  S U S U  a n d  C U C U  fo r  b o th  a  sq u a re  an d  

a ta ll 2:1 p a n e l, w ith  a /t= 1 8 0 . A g a in , z e ro  ta n g e n tia l re s tra in t  re d u c e s  th e  p an e l 

s tre n g th  b y  o n ly  tw o  o r  th re e  p e rc e n t o f  th e  p a n e l s tre n g th  w ith  in f in ite  ta n g e n tia l 

r e s tr a in t .  F ig u re  2 .1 3  c o m p a re s  th e  v e rtic a l s h e a r  stress  d is tr ib u tio n s  a t  tw o s tra in  

lev e ls , fo r  th e  sq u a re  p la te s  o f  fig u re  2 .1 2 , a t  th e  ed g e  o f  th e  p la te , a n d  dow n its
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v e rtic a l c e n t r e - l in e .  A lth o u g h  th e  sh e a r  s tre ss  d is tr ib u tio n s  w ith  a n d  w ith o u t

ta n g e n tia l r e s tra in t  a re  n a tu ra lly  q u ite  d if fe re n t  o n  th e  b o u n d a r ie s , th e  s h e a r  stress 

d is tr ib u tio n s  a re  a lm o s t id e n tic a l, re m o te  f ro m  th e  b o u n d a rie s .

T h e  im p lic a tio n s  fo r  p a n e l s tre n g th , o f  th e  a ssu m p tio n  th a t  in te rn a l  b o u n d a r ie s  re m a in  

s tra ig h t w ill n o w  b e  e x a m in e d . 3:1 C U C U  p la te s  w h ich  h av e  b e e n  su b d iv id ed  in to  3 

sq u a re  p a n e ls  by  su p p ress in g  th e  o u t - o f - p la n e  d isp la c e m e n ts  o n  v e rtic a l se c tio n s  a /3  

a p a r t ,  h a v e  b e e n  an a ly z e d  fo r  s le n d e rn e sse s  o f  b /t= 8 0 , 120 a n d  180 . A  m e sh  size  o f 

24x8  w as u se d , in  o rd e r  to  m a k e  d ire c t  c o m p a riso n  w ith  sq u a re  p la te  a n a ly ses  w ith  

8 x 8  m e sh e s . T h e  m a x im u m  re s is ta n c e s  o f  th e  m u lt i -p a n e ls  w ere  0 .9 8 2 , 0 .831 an d  

0 .6 1 6  fo r  b /t= 8 0 , 1 2 0  a n d  180 re sp e c tiv e ly , w h ich  a re  s lig h tly  g re a te r  th a n  th e  

c o rre sp o n d in g  v a lu es fo r  sq u a re  C U C U  p a n e l an a ly ses  o f 0 .9 7 2 , 0 .8 0 3 , a n d  0 .5 9 7 , 

re f le c tin g  th e  in f lu e n c e  o f  ro ta tio n a l c o n tin u ity  a t  th e  in te rn a l  p a n e l b o u n d a r ie s  in  th e  

m u lt i -p a n e l  ana ly ses .

In  th is  se c tio n , th e  im p lic a tio n s  o f  th e  b o u n d a ry  c o n d itio n s  assu m ed  in  th e  fin ite  

d if fe re n c e  a n a ly ses  o f  (35) h av e  b e e n  c o n s id e re d . I t  h a s  b e e n  n o te d  th a t  m e m b ra n e  

fo rc e s  w e re  tra n s fe r re d  to  th e  b o u n d a ry  m e m b e rs , a n d  it is fe lt  th a t  th e  n e e d  to  tak e  

th is  in to  a c c o u n t in  th e  d esig n  o f  th e se  m e m b e rs  is u n d e s ira b le  in  a  d es ig n  m e th o d . 

I t  h a s  a lso  b e e n  n o te d  th a t  s im ila r  m e m b ra n e  fo rc e s  a re  tra n s fe r re d  to  th e  b o u n d a ry  

m e m b e rs  in  th e  te n s io n  fie ld  m o d e ls  o f  (19) to  (2 2 ), a n d  (3 0 ), a n d  th a t  in  c u r re n t  

p ra c tic e  n o t  a ll o f  th e se  m e m b ra n e  fo rc e s  a re  b e in g  c o n s id e re d  in  th e  d es ig n  o f  th e  

b o u n d a ry  m e m b e rs . H av in g  c h o se n  b o u n d a ry  co n d itio n s  w h ich  d o  n o t tra n s fe r  

m e m b ra n e  fo rc e s  to  th e  s tif fe n e rs  (a n d  f la n g e s) , n u m e ric a l an a ly ses  c a n  n o w  be 

p re s e n te d  w h ich  w ill fo rm  th e  basis  o f  th e  d esig n  m o d e l.

2.2 Numerical Analysis

2.2.1 Numerical Modelling

B e fo re  d iscussing  th e  re su lts  o f  th e  n u m e ric a l an a ly ses  w h ich  w ere  c a r r ie d  o u t ,  it is 

w o rth  d e sc rib in g  th e  n u m e ric a l m o d e llin g  w h ich  w as u se d , p a r tic u la r ly  s in c e  m u ch  

e f fo r t  w as e x p e n d e d  o n  its  d e v e lo p m e n t.

T h e  a n a ly ses  w ere  c a rr ie d  o u t  u sing  th e  e ig h t-n o d e d  is o -p a ra m e tr ic  sh e ll e le m e n t in 

F IN  A S, w ith  2x2  gaussian  in te g ra tio n , th e  s tre sse s  b e in g  e v a lu a te d  a t  6  s ta tio n s 

th ro u g h  th e  th ic k n e ss . I t w as p r im a rily  in  th e  a re a  o f  c o n s tra in t m o d e llin g  th a t  th e  

d iff icu ltie s  a ro se . F IN  AS c u rre n tly  lacks m a n y  o f  th e  fe a tu re s  w h ich  a re  av a ila b le  in

c o m m e rc ia l p a c k a g e s . O n e  su ch  fe a tu re  is th e  av a ilab ility  o f  c o n s tra in t e q u a tio n s , o r
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so m e  o th e r  g e n e ra l m e th o d  o f  c o n s tra in t m o d e llin g .

T h e  b e a m  e le m e n t w h ich  is av a ilab le  in  F IN A S  w as d e v e lo p e d  (72) fo r  use  as an  

o p e n - s e c t io n  s tif fe n e r  in  s tiffe n e d  sh e ll p ro b le m s . C o n n e c tin g  su ch  a b e a m  to  th e  

b o u n d a r ie s , w ith  su ffic ien tly  h ig h  b e n d in g  a n d  sh e a r  m o d u li to  k e e p  th e  ed g e  s tra ig h t 

w ill o v e r -c o n s tr a in  th e  ed g e , su p p re ss in g  th e  sh e a r  s tra in s  o n  th e  b o u n d a ry . In 

a d d itio n , if  su ch  b e a m s  w ere  to  b e  a p p lie d  to  a ll fo u r  ed g es , th e  m o m e n t co n tin u ity  

th e y  w ou ld  h a v e  a t  th e  c o rn e rs  w ou ld  fo rm  a rig id  V ie re n d e e l p a n e l a ro u n d  th e  

p la te . T h is  w ou ld  c le a rly  n o t  be  su ita b le  as a  c o n s tra in t m o d e l.

C onsiderable tim e and effort was th erefore  exp en d ed  on  d evelop in g  constraint m odels  

w hich  would be suitable for p lates in  shear.

A  sim p le  ax ia l a n d  tra n sv e rse  sp rin g  m o d e l w as av a ilab le  w h ich  c o u ld  b e  u sed  in  tw o 

d if fe re n t  w ays to  m o d e l u n - r o ta t in g  c o n s tra in e d  b o u n d a rie s . O n e  w ay  w as to  se t up  

a  rig id  b e a m  p a ra lle l  to  th e  tra n s la tin g  b o u n d a ry , a n d  to  c o n n e c t  i t  to  e a c h  n o d e  on  

th e  b o u n d a ry  by  h ig h  stiffn ess  a x ia l sp rin g s , th u s  k e e p in g  th e  ed g e  s tra ig h t w hile  

d e -c o u p lin g  th e  s h e a r  re s tra in t  o f  th e  b e a m  fro m  th e  p la te , a llow ing  th e  p la te  

b o u n d a ry  to  s tra in  in  sh e a r . A  s im p le r  w ay  to  use  th e  sp rin g s  w as to  c o n n e c t th e m  

e n d - t o - e n d  a lo n g  th e  n o d e s  o n  th e  ed g e  o f  th e  p la te , se ttin g  th e ir  ax ia l s tiffn ess  to  

z e ro , b u t g iv ing  th e m  a h ig h  tra n sv e rse , o r  sh e a r , s tiffness . (T h e  a x ia l s tiffn ess  cou ld  

a lso  be  s e t h ig h  if  a n  in c o m p re ss ib le  s t if fe n e r  w as to  be  m o d e lle d ) . T h e  h ig h  sh e a r  

s tiffn ess  o f  th e  sp rin g s  c o n s tra in s  a d ja c e n t  n o rm a l d isp la c e m e n ts  o f  th e  ed g e  o f  th e  

p la te  to  be  e q u a l. T h is  m e th o d  o f  c o n s tra in t  w as by  fa r  th e  b e t te r  c o n d itio n e d  o f 

th e  tw o , g iv ing  a  so lu tio n  less likely  to  b re a k  dow n  th ro u g h  la c k  o f  c o n v e rg e n c e .

N e ith e r  m e th o d  is su ita b le  fo r  ro ta t in g  c o n s tra in e d  ed g es. T h e  b e a m -s p r in g  m o d e l

c o u ld  in  p r in c ip le  b e  u sed  o n  ro ta tin g  ed g es b u t tu rn s  o u t to  b e  v e ry  i l l-c o n d itio n e d  

w h e n  its  s tiffn ess  is su ffic ien t to  k e e p  th e  ed g e  s tra ig h t, w h e re a s  th e  s h e a r - s p r in g  

w ou ld  a c tu a lly  su p p re ss  ro ta tio n s . I t  w as th e re fo re  n e c e ssa ry  to  d e v e lo p  a spec ia l 

e le m e n t fo r  ro ta t in g  c o n s tra in e d  edges.

T w o  e le m e n ts  w e re  d e v e lo p e d  fo r  th is  b o u n d a ry  c o n d itio n . T h e  f irs t w as a 

tw o -n o d e d  p la n e  f ra m e  b e a m , using  s im p le  b e a m  th e o ry . S u ch  e le m e n ts  c o n n e c te d

e n d - t o - e n d  k e e p  th e  ed g e  s tra ig h t by  v ir tu e  o f  th e ir  h igh  b e n d in g  stiffness  a lo n e . It 

w as fo rm u la te d  w ith  th e  o p tio n  o f a p in  a t  e i th e r  e n d , to  p re v e n t  m o m e n t co n tin u ity  

a t  th e  c o rn e rs  o f  th e  p a n e l. T h e  se c o n d  m o d e l w as s e t u p  as a n  o p tio n a l 

m o d if ic a tio n  to  th e  b e a m -s t i f f e n e r  e le m e n t, in  asso c ia tio n  w ith  th e  a u th o r  o f  th e  

b e a m -s t i f f e n e r .  T h is  m o d e l used  th e  f in ite  d iffe re n c e  fo rm u la tio n  fo r  c u rv a tu re  o v er 

th r e e  n o d e s  to  c o n s tra in  th e  m id d le  n o d e  to  lie o n  a s tra ig h t lin e  b e tw e e n  th e  o u te r
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n o d e s . O n  its  o w n , th is  m e re ly  p ro d u c e d  a  rig id  th re e  n o d e d  lin k , w ith  p in n e d  en d s , 

so n o t  o n ly  w ere  th e y  c o n n e c te d  e n d - t o - e n d  a lo n g  th e  b o u n d a ry  o f  th e  p la te , b u t a 

se c o n d  la y e r  o f  e le m e n ts  w as se t u p  w h ich  o v e r - la p p e d  th e  f irs t  la y e r , so  th a t  th e  

m id d le  n o d e s  o f  th e  o v e r la p p in g  links c o in c id e d  w ith  th e  e n d  n o d e s  o f  th e  f irs t lay e r 

o f  th e  links.

F o r  n o n - r o ta t in g  s tra ig h t e d g e s , a ll fo u r  c o n s tra in t  m o d e ls  g ive th e  sa m e  answ ers , 

a lth o u g h  w ith  w idely  v a ry in g  e ffic ien c ie s . F ig u re  2 .1 4  show s a  s h e a r  s tre s s - s tra in  

c u rv e  fo r  th e  b /t= 1 8 0  C U C U  p la te  w ith  a  6 x 6  m e sh . T h e  r ig h t  h a n d  c o n s tra in e d  

ed g e  is s im p ly  m o d e lle d  by  su p p re ss in g  n o rm a l d isp la c e m e n ts , w h e re a s  o n  th e  le ft 

h a n d  ed g e  e a c h  o f  th e  fo u r  c o n s tra in t m o d e ls  h a v e  b e e n  u sed  in  tu rn . T h e  cu rv e  

w h ich  is d ra w n  is d u e  to  th e  o v e r - la p p in g  lin k  m o d e l, w ith  th e  re su lts  o f  th e  o th e r  

th r e e  m o d e ls  show n  as  d a ta  p o in ts . I t  is in te re s tin g  to  n o te  th a t  th e  tw o -n o d e d  

b e a m  e le m e n t w as a lm o s t id e n tic a lly  c o n d itio n e d  to  th e  s h e a r - s p r in g  e le m e n t a n d  

fo llo w ed  a lm o s t th e  sa m e  a u to m a tic a lly  se le c te d  lo a d  in c re m e n ts . T h e  o v e r- la p p in g  

lin k  e le m e n t w as less w e ll-c o n d it io n e d , w ith  th e  b e a m -s p r in g  m o d e l b e in g  th e  least 

w e l l- c o n d it io n e d .

F o r  ro ta t in g  s tra ig h t ed g e s , th e  tw o -n o d e d  b e a m  tu rn e d  o u t to  b e  p o o rly  

c o n d it io n e d , w h e re a s  th e  o v e r - la p p in g  lin k  w as e n tire ly  sa tis fa c to ry . O b ta in in g  o v era ll 

g o o d  p e r fo rm a n c e  f ro m  th e  o v e r - la p p in g  lin k  te rm in a te d  th e  d e v e lo p m e n t a n d  

im p ro v e m e n t o f  th e  tw o -n o d e d  b e a m , a n d  th is  e le m e n t w as n o  lo n g e r  u sed .

C h e c k s  w ere  c a r r ie d  o u t  o n  th e  c o n s tra in t m o d e llin g  such  as m o d e llin g  a p la te  w ith  

o n ly  tw o  o p p o s ite  b o u n d a r ie s  c o n s tra in e d , b o th  as  C U C U  (using  s h e a r - s p r in g s  on  th e  

le f t  h a n d  u n - r o ta t in g  c o n s tra in e d  ed g e ) a n d  as U C U C  (using  o v e r - la p p in g  links o n  

b o th  th e  ro ta t in g  c o n s tra in e d  ed g es). T h e se  an a ly ses  gave id e n tic a l re su lts . In te rn a l 

c h e c k s  a re  a lso  p o ss ib le . In  th e  C U C U  ca se  th e  le f t h a n d  ed g e  is m o d e lled  using 

th e  c o n s tra in t  m o d e ls , w h e re a s  th e  r ig h t h a n d  ed g e  can  b e  m o d e lle d  s im ply  by 

su p p re ss in g  n o rm a l d isp la c e m e n ts  (see  f ig u re  2 .1 1 ) . T h is  la t te r  c o n d itio n  does

p re c ise ly  a n d  e x p lic itly  w h a t is re q u ire d  o f  th e  c o n s tra in t c o n d it io n , so th e  fa c t th a t  

th e  so lu tio n s  p ro d u c e d  a re  e n tire ly  sy m m e tr ic , in d ic a te s  th a t  th e  c o n s tra in t  m o d e ls  a re  

a lso  b e h a v in g  e x a c tly  a s  re q u ire d .

T h e  re su lt  o f  th is  m o d e llin g  d e v e lo p m e n t w o rk  w as th a t  c o n s tra in e d  e d g es  w hich  w ere  

n o t  re q u ire d  to  ro ta te  w ere  m o d e lle d  u sing  s h e a r  sp rin g s, w h e re a s  c o n s tra in e d  edges 

w h ich  w e re  re q u ire d  to  ro ta te  w ere  m o d e lle d  u sing  th e  o v e r - la p p in g  links. T h e se  

an a ly se s  c a n  n o w  b e  d iscussed .



Sect  i on 2 . 2 . 2 Page 2 . 14

2.2.2 Numerical Results

T h e  u se  o f  th e  f in ite  e le m e n t p ack ag e  w as b u ilt u p  in  s tag es . F ir s t  o f a ll, l in e a r  

e ig e n  an a ly ses  w ere  c a r r ie d  o u t fo r  f la t  p la te s  su b je c te d  to  u n ifo rm  sh e a r . T h e se  

w e re  c o m p a re d  w ith  th e  resu lts  o f  b u ck lin g  an a ly ses  using  a  F o u r ie r  se ries  p ro g ra m , 

b a se d  o n  th e  G a le rk in  m e th o d , ta k e n  w ith  su ffic ie n t te rm s  fo r  fu ll c o n v e rg e n c e .

T w e lv e  te rm s  w ere  u sua lly  su ffic ien t fo r  c o n v e rg e n c e  b u t 32  te rm s  w ere  u sed  in  

g e n e ra l (th is  b e in g  th e  m a x im u m  a llo w ed  b y  th e  m ic ro -c o m p u te r  m e m o ry ) . T h is  

G a le rk in  p ro g ra m , w h ich  in c lu d es  b iax ia l c o m p re ss io n  as w ell as s h e a r , is in c lu d e d  in  

A p p e n d ix  A , w h ich  se ts  o u t  th e  th e o ry .

D if fe re n t  m e sh  sizes w ere  u sed  in  th e  F IN A S  e ig en  ru n s  to  e n a b le  th e

m e s h -se n s itiv ity  to  b e  s tu d ied . W ith  su ff ic ie n t e le m e n ts  th e  F IN A S  e ig en v a lu es

c o n v e rg e d  to  w ith in  3 s ig n ifican t fig u res  o f  th e  G a le rk in  re su lts . T h e  buck ling  m o d e s , 

p lo tte d  as  c o n to u rs , w ere  id e n tic a l. F ig u re  2 .1 5  p lo ts  th e  ra t io  o f  th e  FIN A S

e ig e n v a lu e s  to  th e  G a le rk in  e ig en v a lu es fo r  d if fe re n t  m esh  s izes , fo r  a  sq u a re  p la te  in  

c o m p re s s io n , a n d  a  sq u a re  a n d  2 : 1  p la te  in  s h e a r .

I t  c a n  b e  se e n  th a t  fo r  co m p ress iv e  b u ck lin g  in  sq u a re  p la te s  a  4x4 m e sh  is p e rfe c tly  

c o n v e rg e d , w h e re a s  fo r  th e  sam e  d e g re e  o f  c o n v e rg e n c e  in  a sq u a re  p la te  lo a d e d  in  

s h e a r  a n  8 x8  m e sh  w ou ld  n e e d  to  b e  u se d . A  6x12 m e sh  w o u ld  give th e  sam e

a c c u ra c y  in  a  2:1 p la te  su b je c te d  to  s h e a r . T h e  re q u ire m e n t fo r  a  f in e r  e le m e n t 

m e sh  fo r  sq u a re  p la te s  in  sh e a r  th a n  in  c o m p re ss io n , o r  fo r  sq u a re  sh e a r  p la te s  th a n  

fo r  re c ta n g u la r  s h e a r  p la te s , is d u e  to  th e  m o re  loca lised  b e n d in g  c u rv a tu re s  w h ich  

h a v e  to  b e  m o d e lle d  in  th e  b u ck ling  m o d e . F ig u re  2 .1 6  p re s e n ts  th e  c o n to u rs  fo r  

th e  f irs t a n d  se c o n d  b u ck lin g  m o d es  in  sh e a r  fo r  sq u a re  a n d  2:1 p la te s . T h e  FIN A S 

a n d  G a le rk in  e ig e n v a lu e s  a re  a lso  lis ted  o n  th e  fig u re .

A  c o m p a riso n  in  th e  n o n - l in e a r  e la s tic  ra n g e  o f  b e h a v io u r  is m a d e  in  fig u re  2 .17  

b e tw e e n  F IN A S  a n d  th e  fin ite  d if fe re n c e  an a ly se s  o f  (73 ), o f  sq u a re  im p e rfe c t p la te s  

w ith  a ll fo u r e d g es  u n c o n s tra in e d . A lso  sh o w n  is th e  p e r fe c t  p la te  p o s t-b u c k lin g

c u rv e  p ro d u c e d  in  (74 ) fo r  th e  sam e p la te , a lso  using  fin ite  d if fe re n c e s . T h e  F IN A S  

so lu tio n s  give g o o d  a g re e m e n t, a n d  h e lp  to  g ive  c o n fid e n c e  in  th e  use  o f  F IN A S .

F ig u re  2 .1 8  p re s e n ts  e la s to -p la s t ic  sh e a r  s tr e s s - s tr a in  cu rv es fo r  a  sq u a re  a n d  long  2:1 

C U C U  p la te , w ith  d if fe re n t  m esh  sizes. I t  is c le a r  th a t  m a n y  m o re  e le m e n ts  a re

n e e d e d  fo r  fu ll c o n v e rg e n c e  in  th e  e la s to -p la s t ic  ana ly ses  th a n  in  th e  e lastic  buck ling  

a n a ly se s . 1 2 x 1 2  e le m e n ts  a re  n e e d e d  fo r  c o n v e rg e n c e  a t  th e  m a x im u m  sh e a r  s tre n g th  

o f  th e  sq u a re  p la te  (c o m p a re d  to  8 x 8  fo r  th e  e lastic  b u ck lin g  lo a d ) , a n d  1 0 x 2 0  is



Sect  i on 2 . 2 . 2 Page 2 . 15

n e e d e d  fo r  th e  2:1 p la te  (c o m p a re d  to  6 x 1 2 ). I t  a lso  a p p e a rs  th a t  e v e n  th e se  m u ch  

f in e r  m e sh e s  m ay  n o t b e  fin e  e n o u g h  to  d e sc rib e  th e  u n lo a d in g  p a r t  o f  th e  

s t r e s s - s t r a in  cu rv e .

T h e  re a so n  fo r  th is  is th e  sam e  as fo r  th e  d iffe re n c e s  in  f ig u re  2 .1 5 . In  th e  

e la s to -p la s t ic  an a ly ses  th e  b e n d in g  c u rv a tu re s  a re  e v e n  m o re  lo c a liz e d  th a n  in  th e  

e ig e n  m o d e s , as ca n  b e  se e n  by  c o m p a rin g  th e  e la s to -p la s t ic  b u c k lin g  m o d e s  o f figu re  

2 .1 9  w ith  th e  c ritic a l b u ck lin g  m o d es  o f  f ig u re  2 .1 6 , a n d  as  a  re su lt  n e e d  m o re  

e le m e n ts . T h e  m o d e s  o f  f ig u re  2 .1 9  a re  fo r  sq u a re  a n d  2:1 p la te s  (b o th  long  an d  

ta ll)  o f  s le n d e rn e ss  b /t= 1 8 0  (a /t= 1 8 0  fo r  th e  ta ll p la te ) . T h e  c o rre sp o n d in g  sh e a r  

s tra in s  in  th e  p la te  a re  a t  a p p ro x im a te ly  o n c e  a n d  tw ice  th e  y ie ld  s tra in . T h e  p la te

m a x im u m  re s is ta n c e  is a p p ro x im a te ly  a t  th e  fo rm e r  s tra in  lev e l. T h e  fig u re  also 

show s th a t  th e  c u rv a tu re s  b e c o m e  in c re a s in g ly  lo ca lized  in  th e  p o s t - p e a k  p h ase  o f 

b e h a v io u r , so  th a t  m o re  e le m e n ts  w ould  b e  n e e d e d  fo r  c o n v e rg e n c e  in  th e  u n lo ad in g  

p a r t  o f  th e  s t re s s - s tra in  c u rv e  th a n  is n e e d e d  in  th e  reg io n  o f  th e  m a x im u m  stress.

T h e  sa m e  a rg u m e n t a p p lie s  to  th e  p re se n c e  o f  lo c a liz e d  s tre s s -g ra d ie n ts ,  a n d  loca lized  

p la s tic ity . F ig u re  2 .2 0  p re se n ts  th e  z o n es  o f  m id - th ic k n e s s  y ie ld in g  in  th e  sam e 

p la te s  as in  fig u re  2 .1 9 . G au ss  p o in ts  (w ith  th e ir  c o rre sp o n d in g  q u a r te r - e le m e n t)  

w h e re  m id - th ic k n e s s  y ie ld  e x is ts , a re  in d ic a te d  o n  th is  figu re .

P r in c ip a l  s tre sse s  fo r  th e se  p la te s , a t  m a x im u m  re s is ta n c e  o n ly , a r e  sh o w n  o n  figu re  

2 .2 1 , b o th  w ith  a n d  w ith o u t th e  c ritic a l s h e a r  s tre ss  su b tra c te d  f ro m  th e  a c tu a l sh e a r  

s tre sse s . In  a  s im ila r m a n n e r  to  fig u re  2 .6  th e  re m o v a l o f th e  c r it ic a l buck lin g  stress 

e n a b le s  th e  p o s t-b u c k lin g  s tre ss  fie ld  to  be  e x a m in e d , and  re v e a ls  th e  sam e  fe a tu re s  

as  in  f ig u re  2 .6 . F o r  a ll th r e e  a sp e c t ra tio s , in c lin e d  te n s io n  fie ld s  a re  v isib le , w ith  

th e  re g io n s  o u ts id e  th e  te n s io n  fie ld  c o n ta in in g  little  p o s t-b u c k lin g  s tre ss  e x c e p t fo r 

th e  e d g e  c o m p re ss io n s  a lo n g  th e  b o u n d a rie s . T h e  d iag o n a l te n s io n s  a re  m o re  s teep ly  

in c lin e d  th a n  th e  h a lf  th e  an g le  o f  th e  d ia g o n a l w h ich  is p re d ic te d  by  th e  B asler 

m o d e l. T h e  te n s io n  fie ld  w id th s  a n d  in c lin a tio n s  d u e  to  B asler*s m o d e l, a n d  d u e  to  

th e  m o d e l o f  (3 0 ), a r e  sh o w n  o n  th e  fig u re . I t  m ay  b e  re m a rk e d  th a t  ten s io n  

f ie ld s  s te e p e r  th a n  h a lf  th e  a n g le  o f  th e  d ia g o n a l ca n  on ly  o c c u r  in  th e  ten s io n  fie ld  

m o d e l o f  (22 ) a n d  (2 4 ), by  v ir tu e  o f  f ra m e  a c tio n  in  th e  fla n g e s , w h e re a s  th e re  a re  

n o  fla n g e s  in  th e  n u m e ric a l an a ly ses .

A s th e  b u ck lin g  d e fo rm a tio n  in c re a se s , a n d  th e  z o n e  o f d ia g o n a l y ie ld in g  d ev e lo p s, 

th e r e  c o m e s  a  p o in t w h en  th e  ab ility  o f  th e  p la te  to  su sta in  a d d itio n a l sh e a r  is lost 

a n d  th e  s h e a r  c a p a c ity  o f  th e  p la te  re d u c e s . M ean w h ile , th e  loss o f  m e m b ra n e  

s tiffn ess  d o w n  th e  y ie ld ed  d ia g o n a l gives r ise  to  an  in c re a se  in  th e  av e ra g e  sh e a r  

s tra in . H o w e v e r, th e  o f f -d ia g o n a l reg io n s  o f  th e  p la te  a re  s till e la s tic  a t th e ir
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m id - th ic k n e s s , a n d  as th e  sh e a r  s tre ss  w h ich  is b e in g  a p p lie d  to  th e se  e la s tic  reg io n s 

re d u c e s  in  a c c o rd a n c e  w ith  th e  re d u c tio n  in  th e  a p p lie d  s h e a r  s tre ss , th e  lo ca l sh e a r  

s tra in  a lso  re d u c e s , e v e n  th o u g h  th e  o v e ra ll sh e a r  s tra in  is in c re a s in g .

T h is  m e a n s  th a t  th e  o v e ra ll sh e a r  d e fo rm a tio n  w ill b e  in c re a s in g ly  c o n c e n tra te d  in  th e  

y ie ld ed  le n g th  o f  th e  u n c o n s tra in e d  e d g e , g iv ing r ise  to  th e  lo ca lized  b o u n d a ry  

d e fo rm a tio n  se e n  in  fig u re  2 .2 2 . T h is  f ig u re  is fo r  th e  sa m e  sq u a re  p la te  a n d  s tra in  

leve ls as in  f ig u re  2 .2 0 . If  th e  a p p lie d  sh e a r  s tre ss  is p lo tte d  ag a in s t th e  a v e rag e

sh e a r  s tra in  in  th e  o f f -d ia g o n a l e la s tic  re g io n s  (c a lc u la ted  f ro m  th e  d e fo rm a tio n  o f  th e  

e la s tic  h a lf  o f  th e  u n c o n s tra in e d  e d g e ) , as in  fig u re  2 .2 3 , th e n  it c a n  be  seen  th a t

th e  loca l s h e a r  s tra in  d o es in  fa c t re d u c e .

T h e  lo c a liz e d  d e fo rm a tio n  in  f ig u re  2 .2 2  o n ly  o c c u rs  in  B a s le r -d e r iv e d  te n s io n  fie ld  

m o d e ls  by  v ir tu e  o f  p la s tic  h in g e  m e c h a n ism s  in  th e  f la n g es . T h e s e  h in g e  

m e c h a n ism s  a re  u sed  to  e n h a n c e  th e  s h e a r  s tre n g th  o f  th e  p a n e l  b e y o n d  its  c ritica l 

b u ck lin g  a n d  te n s io n  fie ld  c a p a c itie s  in  th e  a b se n c e  o f  f ra m e  a c tio n . I t  sh o u ld  be 

n o te d , h o w e v e r , th a t  th e  lo ca lized  p a n e l d e fo rm a tio n s , w h ich  im p o se  th e  p la s tic  h inges 

o n  th e  fla n g e s , o n ly  o c c u r  as th e  p a n e l itse lf  is u n lo a d in g .

If  th e  p a n e l is c o n s tra in e d  to  re m a in  s tra ig h t o n  a ll fo u r  e d g e s , th e n  th e re  w ill n o t 

b e  a n  o p p o r tu n ity  fo r  th e  sh e a r  s tra in  to  lo ca lize  in  th e  p a n e l  c o rn e rs  a d ja c e n t  to

th e  te n s io n  d ia g o n a l. T h e  sh e a r  s tra in  in  th e  e la s tic  re g io n  w ill still b e  re d u c in g , 

h o w e v e r. A s a  re su lt , th e  o v e ra ll s h e a r  s tra in  w ill a lso  re d u c e , s in ce  th e  s tra ig h t

e d g e  b o u n d a ry  c o n d itio n  c o n s tra in s  th e  y ie ld ed  zo n e  o f  th e  h o r iz o n ta l ed g es to  have  

th e  sam e  s h e a r  d e fo rm a tio n  as th e  e la s tic  z o n e . F ig u re  2 .2 4  p re se n ts  s t re s s - s tra in  

c u rv es  fo r  a  c o n s tra in e d  sq u a re  p la te  w ith  b /t= 1 8 0  fo r  m e sh  sizes fro m  6 x 6  to  1 2 x 1 2 . 

A lth o u g h  th e  10x10  a n d  12x12  m esh es  sh o w  th e  re d u c tio n  in  th e  sh e a r  s tra in  w hich

h a s  b e e n  d e sc r ib e d , th e  sh e a r  s tra in  d o e s  n o t  re d u c e  w ith  th e  8 x 8  a n d  6 x6  m e sh es .

F ig u re  2 .2 5  show s th e  m id - th ic k n e s s  y ie ld  p a tte rn s  a t  v a rio u s  s tra in  levels fo r  b o th

th e  8 x 8  a n d  10x10  m esh es . T h e  c o rre sp o n d in g  s tra in s  a re  in d ic a te d  o n  fig u re  2 .2 4 .

\

B o th  m e sh e s  sh o w  lo ca lized  m e m b ra n e  y ie ld  a t  th e  c o rn e r  o f  th e  p la te  in  th e  

o f f -d ia g o n a l e la s tic  re g io n , a t  lo ad s in  th e  re g io n  o f  m a x im u m  stre ss . T h is  p e rm its

th e  o v e ra ll s tra in  to  c o n tin u e  to  in c re a se , ev en  th o u g h  th e  s tress  in  th e  p la te  has 

b e g u n  to  re d u c e . T h e  10x10  m e sh , h o w e v e r, is b e t te r  a b le  to  m o d e l loca l stress 

g ra d ie n ts  a n d  is th u s  ab le  to  r e p re s e n t  th e  c o rn e r  o f  th e  p la te  b e c o m in g  e lastic  ag a in , 

w h e re a s  th e  c o a rs e r  8 x 8  m esh  d o e s  n o t  d e te c t th is , a n d  m a in ta in s  y ie ld in g  in  th e  

c o rn e r . T h is  c o rn e r  y ie ld  p e rm its  th e  o v e ra ll s tra in  to  c o n tin u e  to  in c re a se , fo rc in g  

p la s tic  s h e a r  s tra in s  a lo n g  th e  b o u n d a r ie s  a n d  cau sin g  a s p re a d  o f  p la s tic ity  a lo n g
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th e m . T h e  f in e r  m e sh  re d u c e s  th e  o v e ra ll s h e a r  s tra in  as b u c k lin g  p ro c e e d s , w hile  

g iv ing  rise  to  v e ry  la rg e  d ire c t s tra in s  in  th e  p la te . T h e  10x10  so lu tio n  h as  a  d ire c t 

s tra in  n e a r ly  tw e n ty  tim e s  th e  y ield  s tra in , w h e n  th e  sh e a r  s tra in  h a s  re d u c e d  to  th e  

s h e a r  y ie ld  s tra in .

H a v in g  e x p lo re d  th e  basic  b e h a v io u r w h ich  is in d ic a te d  by th e  n u m e ric a l an a ly ses , th e  

n e x t ta sk  w as to  c a r ry  o u t  a  ra n g e  o f  s h e a r  an a ly ses  fo r  a sp e c t ra tio s  f ro m  1 to  5 , 

w ith  s le n d e rn e sse s  o f  b /t= 8 0 , 120 a n d  1 8 0 , a n d  b o u n d a ry  c o n d itio n s  fro m  U U U U  to  

C C C C . T h e  im p e rfe c tio n  u sed  in  a ll cases  w as th e  sa m e  as th a t  u sed  in  (3 5 ), w h ich  

h a s  a n  a m p litu d e  e q u iv a le n t to  th a t  in  (24 ). T h a t  is, r ip p le  s in u so id a l im p e rfe c tio n s  

h a v in g  a  h a lf -w a v e le n g th  eq u a l to  th e  s h o r te s t  p la te  d im e n s io n  w e re  u sed , w ith  a n  

a m p litu d e  eq u a l to  w 0 = b /2 0 0 . T h e  y ie ld  s tre ss  w as ta k e n  to  b e  o"0=245 N /m m 2, a n d  

Y o u n g 's  M o d u lu s, as  E = 2 0 5 ,0 0 0  N /m m 2.

T h e  s tu d ie s  in  (35 ) a n d  (75) in d ic a te d  th a t  th e  sh e a r  s tre n g th  w as n o t  ve ry  sensitive  

to  th e  m o d e  o r  a m p litu d e  o f  im p e rfe c tio n s . F ig u re  2 .2 6  show s th e  8 x 8  C C C C  re su lt 

f ro m  fig u re  2 .2 4  w ith  th e  re su lt o f  a n  ana ly sis  o f  th e  sa m e  p a n e l w ith  a n  

im p e rfe c tio n  a ff in e  to  th e  in c lin ed  c ritic a l b u c k lin g  m o d e . A s w ou ld  b e  e x p e c te d  th is  

m o d e  gives rise  to  less s tiffn ess  in  th e  e a r ly  s tag es o f  lo a d in g , b u t  it  h as  little  e ffe c t 

o n  th e  m a x im u m  s tre s s , o r  o n  th e  o v e ra ll s tr e s s - s tr a in  b e h a v io u r .

F ig u re  2 .2 7  show s th e  re su lt  o f h a lv in g  a n d  d o u b lin g  th e  w 0 = b /2 0 0  p la te  im p e rfe c tio n  

o n  th e  s tr e s s - s tr a in  re sp o n se  o f sq u a re  C U C U  p la te s  w ith  b /t= 1 2 0  a n d  180 . T h is  

su p p o r ts  th e  o b se rv a tio n  in  (35) th a t  th e  im p e rfe c tio n  sen sitiv ity  o f  sh e a r  p la te s  is n o t 

g re a t  ( it  is m u c h  less th a n  w ill be  se e n  la te r  fo r  co m p re sse d  p la te s ) , a n d  th e  q u e s tio n  

o f  o th e r  im p e rfe c tio n  m a g n itu d e s  w as n o t  e x a m in e d  fu r th e r .

R e s id u a l s tresses  a re  n o t  re a d ily  m o d e lle d  u sing  F IN A S , a n d  a t  a tim e  w h en  th e  

p ro g ra m  w as h a v in g  d ifficu lty  in  m o d e llin g  e v e n  re s id u a l s t r e s s - f r e e  p la te s  w ith  th e  

d e s ire d  b o u n d a ry  c o n d itio n s , it  w as d e c id e d  n o t to  in c lu d e  a r in  th e  an a ly ses . 

F u r th e rm o re ,  it  w as fo u n d  in  (35) a n d  (7 5 ), th a t  th e  sh e a r  s tre n g th  o f  p la te s  w as n o t 

v e ry  sen sitiv e  to  re s id u a l s tre sse s , a  re s id u a l s tre ss  o f  a r ’=0 .3  g iv ing  rise  to  o n ly  a 

5 %  re d u c tio n  in  s tre n g th  c o m p a re d  to  a  p la te  w ith o u t re s id u a l s tre sse s . W h e n  th e  

re s id u a l s tress  w as 0 . 1  a 0 th e  sh e a r  s tre n g th  w as re d u c e d  by  o n ly  2 % .

F ig u re  2 .1 8  re v e a le d  th a t  a  g re a t m a n y  e le m e n ts  w ould  b e  n e e d e d  in  o rd e r  to  

p ro d u c e  c o n v e rg e d  so lu tio n s . F o r  a  5:1 p la te  th e  10x50 m e sh  w hich  w ould  be  

n e e d e d  fo r  c o n v e rg e n c e  is to ta lly  im p ra c tic a l. A  6x30  m e sh  h o w e v e r is p o ss ib le , 

a lth o u g h  e v e n  th a t  p ro v e s  v e ry  ex p en siv e  in  te rm s  o f  c o m p u te r  re so u rc e  a n d  C P U  

tim e . A  m esh  o f  th is  size  w as an a ly sed  o n  a  V A X  782 a t  A R E , D u n fe rm lin e , u sing
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A S A S N L , a n d  o c c u p ie d  30%  o f  th e  C P U  re so u rc e  o v e r  8  days! T h e  6x30  m e sh  was 

ju s t  p ra c tic a l ,  h o w e v e r, in  F IN A S  o n  th e  Im p e ria l C o lleg e  C y b e r m a in fra m e .

I t w as th e re fo re  d ec id e d  to  use 8 x 8  m esh es  fo r  sq u a re  p la te s , a n d  6 x 6 a  (w h e re  a  is 

th e  a sp e c t ra t io )  m esh es  fo r  re c ta n g u la r  p la te s . R esu lts  su ch  as th o se  o f  f ig u re  2 .18  

th e n  p e rm it  m e sh  c o rre c tio n  fa c to rs  to  be  in fe r re d . I t  w as fo u n d , h o w e v e r, th a t  th e  

8 x 8  a n d  6 x 1 2  m esh es  a re  fu lly  c o n v e rg e d  a t  m a x im u m  s tre ss  fo r  a b /t= 8 0  p la te , 

w h ich  d o es  n o t  d ev e lo p  su ch  h ig h ly  lo ca lized  c u rv a tu re s  as th e  b / t = l 80 p la te . A s a 

re su lt , n o  c o rre c tio n  fa c to r  n e e d e d  to  b e  a p p lie d  to  b /t= 8 0  p la te s . T h e  c o rre c tio n  

fa c to r  th a t  w as a p p lie d  to  b / t = 1 2 0  p la te s  w as a p p ro x im a te ly  in fe r re d  by  in te rp o la tio n  

b e tw e e n  th e  fa c to rs  a t  b /t= 1 8 0  a n d  u n ity  a t b /t= 8 0 .

F ig u re  2 .2 8  p re se n ts  th e  s t re s s - s tra in  cu rv es w h ich  re su lte d  f ro m  th e se  an a ly se s , fo r 

U U U U , C U C U  a n d  C C C C  p la te s . F o r  U U U U  a n d  C C C C  b o u n d a rie s  th e re  is no  

d if fe re n c e  in  b e h a v io u r  b e tw e e n  lo n g  a n d  ta ll p a n e ls , b u t fo r  C U C U  b o u n d a rie s  long  

a n d  ta ll p a n e ls  b e h a v e  d iffe re n tly .

I t is w o rth  n o tin g  a t  th is  p o in t th e  c o n s id e ra b le  p a n e l sh e a r  p o s t-b u c k lin g  re s is ta n c e  

w h ich  c a n  b e  m o b iliz e d  e v e n  in  th e  a b se n c e  o f a n y  n o rm a l o r  ta n g e n tia l r e s tra in t  on  

th e  p a n e l b o u n d a r ie s . C o n s id e rin g , fo r  e x a m p le , th e  sq u a re  b /t= 1 8 0  p la te  w h ich  has 

a c r it ic a l s h e a r  s tre ss  o f  r c r '= 0 .3 7 8 , th e  m a x im u m  s tre ss  o n  th e  U U U U  s tre s s - s tra in  

c u rv e  is 0 .5 5 5 r 0 .

T e n s io n  fie ld  m o d e ls  c a n  o n ly  p re d ic t  a  p a n e l re s is ta n c e  g re a te r  th a n  th e  c ritica l 

b u ck lin g  c a p a c ity  by  v irtu e  o f  e x te rn a lly  a p p lie d  d ire c t fo rc e s . T h e  n u m e ric a l 

an a ly s is , h o w e v e r , show s th a t  an  in te rn a lly  e q u ilib ra te d  d iag o n a l te n s io n  fie ld  is se t 

u p ,  w h ich  is re a c te d  by  in te rn a l  ed g e  c o m p re ss io n s , w h ich  c a n  b e  se e n  o n  th e  

p r in c ip a l s tre ss  d ia g ra m  o f  f ig u re  2 .2 9 . In  th is  f ig u re  th e  p o s t- c r i t ic a l  s tre ss  fie ld  is 

d isp lay ed  by  su b tra c tin g  th e  c r itic a l sh e a r  s tre ss  f ro m  th e  a c tu a l s h e a r  stress 

d is tr ib u tio n , in  a m a n n e r  s im ila r  to  fig u re  2 .6 .

T h is  is a n  in te re s tin g  c o m m e n t o n  th e  sh e a r  m o d e l o f  (31) a n d  (3 2 ), w h e re  th e  

in tro d u c tio n  o f  n o rm a l r e s tra in t  fo rc e s  in  te n s io n  fie ld  m o d e ls  is av o id e d . An 

a lte rn a tiv e  s h e a r  s tre n g th  m o d e l is suggested  w h ich  is in te rn a lly  e q u ilib ra te d , a n d  th is  

is sh o w n  to  a llo w  p a n e l sh e a r  c a p a c itie s  m u ch  in  ex cess  o f  th e  c r itic a l s h e a r  stress. 

In  (32) a  p h o to -e la s t ic  te s t is c a rr ie d  o u t o f  a  sq u a re  p a n e l w ith  flex ib le  flanges 

(w h ich  a lth o u g h  th e y  p ro v id e  little  n o rm a l re s tra in t ,  do  p ro v id e  ta n g e n tia l re s tra in t) . 

T h e  sh e a r  s tre ss  d is tr ib u tio n s  f ro m  b o th  th e  p ro p o se d  th e o ry  a n d  th e  te s t  d e m o n s tra te  

th e  c o n c e n tra t io n  o f  sh e a r  s tre ss  d o w n  th e  d iag o n a l w h ich  re su lts  f ro m  a d iag o n a l 

te n s io n  fie ld .
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T a b le  2 .1 a  p re se n ts  th e  p e a k  stresses  f ro m  fig u re  2 .2 8 , a n d  T a b le  2 .1 b  p re se n ts  th ese  

p e a k  s tresses  re d u c e d  by  th e  a p p ro p r ia te  m e sh  c o rre c tio n  fa c to rs . T h e  va lues in  

T a b le  2 .1 b  w ill b e  u sed  as th e  basis o f  th e  e m p ir ic a l d esig n  m o d e l w h ich  w ill n o w  be 

p re s e n te d .

2.3 Design Model

B a s le r 's  T e n s io n  F ie ld  m o d e l (1 9 ), as c o r re c te d  in  (2 0 ), gives th e  fo llow ing  ex p re ss io n  

fo r  th e  sh e a r  s tre n g th  o f  tra n sv e rse ly  s tif fe n e d  w eb  p a n e ls  o f  a sp e c t r a t io , o = a /b :

ru ‘ - Tcr' +  [ /I +  a 2 -  a]( l  -  rcr') . . .  2.1

W h e re  t u ' = t u / t 0. In  (1 9 ), th e  e x p re ss io n  fo r  th e  c r itic a l b u ck lin g  s tre ss , r c r , was

m o d ifie d  in  th e  lo w  s le n d e rn e ss  re g io n , to  a c c o u n t fo r  s tra in  h a rd e n in g . S tra in  

h a rd e n in g  h a s  n o t  b e e n  a llow ed  fo r  in  th e  an a ly ses  so th is  m o d ific a tio n  to  th e  c ritica l 

b u c k lin g  s tre ss  w ill n o t  b e  u sed  in  th e  c o m p a riso n  b e tw e e n  th e  b e h a v io u r  o f  th e  

d es ig n  m o d e l a n d  th e  d a ta . T h e  c ritic a l b u ck lin g  s tre ss  to  b e  u sed  in  e q u a tio n  2.1

is th e re fo re  th e  le sse r  o f  th e  th e o re tic a l b u ck lin g  s tre ss  a n d  th e  y ie ld  s tress . T h a t  is:

, _ k t2E rti2 1
CV 12(1 - „2) LbJ T 0

r 5.34 + 4/ct2 
where k *= j

l 4 + 5.34/a2

> 1.0

a > 1

a  <  1

2.2

T h e  e x p re ss io n  fo r  k  is a n  a p p ro x im a tio n  to  th e  e la s tic  c r itic a l b u ck lin g  fa c to r . 

F ig u re  2 .3 0  p re s e n ts  th e  v a lues o f  k  c a lc u la te d  u sing  th e  G a le rk in  p ro g ra m , fo r  b o th  

sy m m e tric  a n d  a n t i- s y m m e tr ic  b u ck lin g  m o d e s , in  p la te s  o f  a sp e c t ra tio s  1 to  5 . T h e  

fa c t  th a t  th e  b u ck lin g  lo ad s  fo r  th e  f irs t  a n d  se c o n d  m o d e s  b e c o m e  v e ry  c lo se  fo r 

re c ta n g u la r  p la te s  c a n  be  se e n  o n  th is  f ig u re . A lso  o f  in te re s t  is th e  fa c t th a t  th e  

p re fe r r e d  b u c k lin g  m o d e  a lte rn a te s  b e tw e e n  sy m m e tric  a n d  a n ti- s y m m e tr ic  m o d e s  as 

p la te s  g e t lo n g e r.

T h e  e x p re ss io n  fo r  k  in  e q u a tio n  2 .2  is a lso  show n  o n  th e  f ig u re , a n d  c a n  b e  seen  

to  g ive v e ry  g ood  a g re e m e n t.

O n  F ig u re  2 .3 1 , e q u a tio n s  2.1 a n d  2 .2  a re  c o m p a re d  w ith  th e  C U C U  d a ta  o f  T a b le  

2 .1 b , fo r  b /t= 8 0 , 120  a n d  180 . T h e  m o s t s tr ik in g  c o n tra s t  b e tw e e n  th e  d a ta  a n d  th e  

B a s le r  m o d e l is th e  fa c t th a t  th e  la t te r  p re d ic ts  a fa r  g re a te r  d if fe re n c e  b e tw e e n  th e  

s tre n g th s  o f  ta ll a n d  lo n g  p la te s  o f  th e  sa m e  s le n d e rn e ss , th a n  do  th e  d a ta . A s a
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c o n se q u e n c e  o f  th is , a lth o u g h  th e  B a sle r m o d e l g ives re a so n a b ly  g o o d  a g re e m e n t w ith  

th e  n u m e ric a l d a ta  fo r  lo n g  C U C U  p a n e ls , i t  se v e re ly  o v e re s tim a te s  th e  re s is ta n c e  o f 

ta ll  p a n e ls . T h e  B a sle r re s is ta n c e  o f  0 .7 7 4  fo r  a  ta ll 5:1 b /t= 1 8 0  p a n e l  b e in g  a lm o st 

d o u b le  th e  c o m p u te d  re s is ta n c e  o f 0 .4 3 1 . D u e  to  th e  use o f  th e  th e o re tic a l  c ritica l 

b u c k lin g  s tress  (e q u a tio n  2 .2 ) w h e n e v e r th is  is less th a n  th e  y ie ld  s tre ss , w ith o u t any  

a d ju s tm e n t in  th e  re g io n  o f  th e  c r itic a l s le n d e rn e s s , th e  B asle r m o d e l p re d ic ts  th a t  a 

b /t= 8 0  p a n e l o f  a n y  a sp e c t ra tio  is fu lly  e ffe c tiv e , w h e re a s , a c c o rd in g  to  th e  an a ly ses , 

a  lo n g  5:1 p a n e l c a n  o n ly  su sta in  83%  o f  s h e a r  y ie ld .

T h e  te n s io n  fie ld  m o d e l d u e  to  D u b a s  (3 0 ), d e fin e s  th e  in c lin e d  te n s io n  fie ld  by 

a ssu m in g  th a t  th e  c o rn e r  o f  th e  p la te  c o n ta in s  a re c ta n g u la r  re g io n  a t  y ie ld , w ith  an  

a s p e c t  ra tio  eq u a l to  th e  p a n e l a sp e c t r a t io , w hose  size is su ch  th a t  its  c ritica l 

b u c k lin g  s tre ss , g iven  by  e q u a tio n  2 .2 , is ju s t  eq u a l to  th e  y ie ld  s tre ss . T h e  sh e a r  

s t re n g th , g iven  by  th is  m o d e l, is:

Tu' = 7cr' + (1 Tcr') /7cr' • • • .̂3
E q u a tio n  2 .3  is a lso  c o m p a re d  w ith  th e  C U C U  d a ta  o n  f ig u re  2 .3 1 . B ecau se  th is

m o d e l m ak es  n o  d is tin c tio n  b e tw e e n  th e  b o u n d a ry  c o n d itio n s  th a t  ex is t o n  th e  

v e r tic a l a n d  h o r iz o n ta l e d g es  o f  th e  p a n e l, it  d o es  n o t  p re d ic t a n y  d if fe re n c e  b e tw een  

th e  s tre n g th s  o f  lo n g  a n d  ta ll p la te s . T h e  te n s io n  fie ld  w id th s a n d  in c lin a tio n s ,

a c c o rd in g  to  th e  2  m o d e ls , fo r  long  a n d  ta ll 2 : 1  p la te s  (o f  b / t  o r  a /t= 1 8 0 )  a re  

in d ic a te d  o n  F ig u re  2 .3 2 .

T h e  c rit ic a l b u ck lin g  s tre ss  o f  e q u a tio n  2 .2  c a n  a lte rn a tiv e ly  b e  w ritte n  as:

w h e re  /3 is th e  n o n -d im e n s io n a liz e d  s le n d e rn e ss  (|3 = b / ty ( ( r 0 /E ) ) ,  a n d  ^Cr iv

c r itic a l s le n d e rn e ss , is th e  v a lu e  o f  s le n d e rn e ss  (fo r  a  p a r tic u la r  a sp e c t ra t io )  a t  w h ich  

th e  c ritic a l b u ck lin g  s tre ss , c a lc u la ted  f ro m  e q u a tio n  2 .2 , is eq u a l to  th e  y ie ld  stress. 

X is th e  ra tio  o f  th e  a c tu a l s le n d e rn e ss  to  th e  c ritic a l s le n d e rn e ss . U sin g  th is 

n o ta t io n ,  e q u a tio n  2 .3  b e c o m e s :

r ' = -  + —  - —  25T u  X X2 X3 * • •

T h is  s ing le  e x p re ss io n  a p p lie s  to  p la te s  o f  a n y  a sp e c t ra tio  b e c a u se  th e  e ffe c t o f 

a sp e c t ra t io  is a lre a d y  in c o rp o ra te d  in  X, a n d  n o  o th e r  a sp e c t ra t io  te rm s  a re

p re s e n t .

I t  seem s p ossib le  th a t  su ch  a p o ly n o m ia l m a y  b e  used  to  fit th e  n u m e ric a l d a ta  fo r
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C C C C  a n d  U U U U  p la te s , s in ce  th e re  is n o  d is tin c tio n  b e tw e e n  " lo n g "  a n d  " ta ll"  

p a n e ls  w ith  th e se  b o u n d a ry  c o n d ito n s . F o r  in s ta n c e , f ig u re  2 .3 3  p lo ts  a g a in s t |3 th e  

C C C C  d a ta  fo r  sq u a re , 2:1 a n d  5:1 p la te s , w ith  s e p a ra te  b ro k e n  lin e s  fo r  e a c h  a sp e c t 

ra t io  d ra w n  to  lin k  th e  d a ta . W h e n  th e se  a re  r e - p lo t te d  a g a in s t X, in  f ig u re  2 .3 4 , 

th e  sq u a re  a n d  2:1 d a ta  fo llow  th e  sam e  c u rv e . H o w e v e r, th is  d o e s  n o t  a p p ly  to  

th e  5:1 d a ta , so p o ly n o m ia l fu n c tio n s  su ch  as  e q u a tio n  2 .5  w ou ld  n e e d  ad d itio n a l 

a sp e c t ra tio  d e p e n d e n t te rm s  in  o rd e r  to  f it  th e  d a ta . T h is  is a lso  th e  case  fo r  th e  

U U U U  d a ta , w h ich  a re  p lo tte d  ag a in s t X in  f ig u re  2 .3 5  in  a s im ila r  fo rm a t to  figu re  

2 .3 4 .

T h e  so lu tio n  w h ich  h as  b e e n  a d o p te d  is to  u se  a  s im p le r  p o ly n o m ia l, o f  th e  fo rm :

to  fit th e  d a ta  o n  fig u res  2 .3 4  a n d  2 .3 5 . S im p le  l in e a r  ex p re ss io n s  fo r  th e  

c o e ff ic ie n ts , c ,  a n d  c 2, h a v e  b e e n  fo u n d , a n d  a re  p lo tte d  a g a in s t a sp e c t ra tio  fo r 

C C C C  a n d  U U U U  p la te s , in  fig u re  2 .3 6 . T h e s e  a re ,  fo r  C C C C  p la te s :

_  r 1 . 3  -  .0 5  a  ; a < 5  t

Cl “  1 1 . 0 5  ; a  > 5 . . .  2 . 7
c  2 =  0 . 8 5  -  c 1 J
a n d  fo r  U U U U  p la te s :

C , = f 1 . 1 2  -  .1 5  a a < 3
1 L 0 . 6 7 a > 3

f 0 . 1 4  a  -  .3 a < 3
C 2 - L 0 . 1 2 a > 3

2.8

I t  w as a lso  d e c id e d  to  m a k e  th e  u p p e r  p a r t  o f  th e  design  cu rv e  m e rg e  sm o o th ly  

w ith  th e  y ie ld  p la te a u . T h is  w as d o n e  by  d e fin in g  a  s e p a ra te  fu n c tio n  fo r  r u ' fo r 

v a lu es  o f  X less th a n  u n ity , w h ich  m erg es  w ith  th e  cu rv es g iven  by  e q u a tio n s  2 .6  to  

2 .8 , a t  X = l, a n d  w ith  th e  y ie ld  s tress  a t  X=0.5. T h e  fo u r  g e o m e tr ic  b o u n d a ry  

c o n d itio n s  w h ich  su ch  a  fu n c tio n  m u st sa tisfy  su g g ested  th e  use  o f  th e  fo llow ing  

e q u a tio n :

x u ' =  c 3 +  c 4 X+ c 5 X2+  Cg X3 ; 0 . 5  < X < 1 . . .  2 . 9

T h e  c o e ff ic ie n ts  c 3 to  c e a re  d e f in e d  in  te rm s  o f  th e  c ,  a n d  c 2 c o e ff ic ie n ts  used  in  

e q u a tio n  2 .6  fo r  X > 1 , as fo llow s:
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c 3 = - 4 + 6 c 1 + 7 c 2
c 4 = 24 -  29 c 1 -  34 c 2 2 in
c 5 = - 36 + 44 Cl + 52 c 2 . . . .
c 6 = 16 -  20 c 1 -  24 c 2

C u rv es  b ased  o n  eq u a tio n s  2 .6  to  2 .1 0  a re  c o m p a re d  w ith  th e  d a ta  o n  fig u res  2 .34  

a n d  2 .3 5 , a n d , in  g e n e ra l, g ive good  a g re e m e n t.

F ig u re  2 .3 7  p lo ts  th e  C C C C , C U C U  a n d  U U U U  d a ta  f ro m  T a b le  2 .1 b , a g a in s t a sp ec t 

ra tio  fo r  b / t= 8 0 , 120 a n d  180 . I t  is c le a r  th a t  as a  ta ll C U C U  p la te  ge ts  ta l le r ,  th e  

p re se n c e  o f  c o n s tra in t  o n  th e  lo n g  e d g es  m ak es  th e  s tre n g th  o f  th e  p la te  a p p ro a c h

th a t  o f  th e  C C C C  p la te . C o n v e rse ly , as th e  a sp e c t ra t io  o f  th e  lo n g  p la te  in c reases

th e  s tre n g th  a p p ro a c h e s  th a t  o f  th e  U U U U  p la te . T h e  la t te r  e ffe c t o c c u rs  fo r  a 

sm a lle r  a  th a n  d o e s  th e  fo rm e r , to  th e  e x te n t  th a t ,  a t  a n  a sp e c t ra tio  o f  2 , th e  

s tre n g th  o f  a  lo n g  C U C U  p la te  is a lm o s t in d is tin g u ish ab le  f ro m  th a t  o f  a  U U U U  

p la te . A  sq u a re  C U C U  p la te  h as  a  s tre n g th  a p p ro x im a te ly  h a lf -w a y  b e tw e e n  th a t  o f 

th e  C C C C  a n d  U U U U  p la te s .

T h e se  tre n d s  in  th e  s tre n g th  o f  a C U C U  p la te , suggest th a t  th e  s tre n g th  o f  C U C U  

p la te s  co u ld  b e  o b ta in e d  by  in te rp o la tin g  b e tw e e n  th e  c o rre sp o n d in g  s tre n g th s  o f 

C C C C  a n d  U U U U  p la te s . I t  is a lso  n e c e ssa ry , h o w e v e r, to  c o n s id e r  o th e r

c o m b in a tio n s  o f  c o n s tra in e d  a n d  u n c o n s tra in e d  b o u n d a r ie s  th a n  C U C U .

F ig u re  2 .3 8  p re s e n ts  s t re s s - s tra in  c u rv e s  fo r  a n  a /b = l ,  b /t= 1 8 0  p la te  w ith  th e  full 

ra n g e  o f  a sy m m e tr ic  c o m b in a tio n s  o f  u n c o n s tra in e d  a n d  c o n s tra in e d  b o u n d a r ie s  -  th a t 

is, U U C C , U U C U  a n d  U C C C , in  a d d itio n  to  th e  U U U U , C U C U  a n d  C C C C  cases

p re v io u sly  p re s e n te d .

A  re a so n a b le  basis  fo r  a n  in te rp o la tio n  fu n c tio n  w ould  be  to  u se  th e  ra tio  o f  th e

le n g th s  o f  th e  c o n s tra in e d  a n d  u n c o n s tra in e d  b o u n d a r ie s . H o w e v e r , th is  ra tio  is th e  

sa m e  fo r  a  sq u a re  C U C U  p la te  as it  is fo r  a  sq u a re  U U C C  p la te , a n d  it  is a p p a re n t

f ro m  fig u re  2 .3 8  th a t  th e  la t te r  p la te  h a s  a  s tre n g th  m u c h  n e a r e r  to  th e  U U U U  case

th a n  is th e  C U C U  p la te . A  re f in e m e n t to  th is  p o s tu la te , th e re fo re ,  w h ich  is based  

o n  th e  fa c t th a t  th e  u ltim a te  s h e a r  s tre n g th  re lie s  o n  th e  c a p a c ity  o f  th e  p a n e l 

c o rn e rs  a t  e i th e r  e n d  o f th e  te n s io n  fie ld  to  w ith s tan d  th e  te n s io n  fo rc e s , w ould  b e  to  

u se  th e  ra t io  o f  c o n s tra in t to  u n c o n s tra in t  o n  th e  le a s t c o n s tra in e d  p a ir  o f  a d ja c e n t 

b o u n d a r ie s . A s a  re su lt, th e  U U C C  a n d  U U U C  p la te  w ou ld  be  g iven  th e  sam e

s tre n g th  as a  U U U U  p la te , a n d  a  C U C C  p la te  w ou ld  b e  g iven  th e  s tre n g th  o f a

C U C U  p la te . T h is  re d u c e s  th e  n u m b e r  o f  c o m b in a tio n s  o f  b o u n d a ry  co n d itio n s  to  

o n ly  th r e e ,  a n d  re a so n a b ly  re p re s e n ts  th e  a c tu a l e ffe c t o f  th e  b o u n d a ry  co n d itio n s .

W h e re  th e r e  a re  o n ly  tw o a d ja c e n t  u n c o n s tra in e d  e d g e s , a n d  th e se  m e e t a t  a 

c o m p re ss io n  d ia g o n a l ( ra th e r  th a n  a t a  te n s io n  d ia g o n a l) , th e n  th is  case  c a n  also  be
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co n se rv a tiv e ly  d e e m e d  to  be  e q u iv a le n t to  th e  U U U U  case .

T h e  u p p e r  b o u n d  case  is w h ere  a ll ed g es  a re  c o n s tra in e d . T h e  lo w er b o u n d  case  is 

w h e re  th e re  a re  a t  le a s t 2 a d ja c e n t u n c o n s tra in e d  ed g es , a n d  th e  in te rm e d ia te  ca se  is 

w h e re  a n  u n c o n s tra in e d  ed g e  o n ly  ex ists  b e tw e e n  a d ja c e n t c o n s tra in e d  ed g es , w h e th e r  

o r  n o t  it  is th e  o n ly  u n c o n s tra in e d  e d g e .

A n  in te rp o la tio n  fu n c tio n  w hich  is su ita b le  fo r  th is  in te rm e d ia te  c a se , tu rn s  o u t  to  b e :

1 + l / o  
1

1 + a 3

a < 1

ot > 1
2.11

I f  7 CU is th e  s tre n g th  o f  C U C U  o r  C U C C  p la te s , a n d  r cc a n d  r uu  th e  s tre n g th s  o f 

C C C C  a n d  U U U U  (o r  U U C C  a n d  U U U C ) p la te s , th e n :

Tc u  P i ( Tc c  Tu u )  +  Tu u  • • * 2 . 1 2

F o r  sq u a re  p la te s  p 1 is eq u a l to  0 .5 , g iv ing  a r cu  s tre n g th  w h ich  is th e  a v e ra g e  o f 

th e  r cc  a n d  r u u  s tre n g th s . r cu  fo r  sq u a re  p la te s  is p lo tte d  ag a in s t b / t  o n  fig u re

2 .3 9 , w h e re  it is c o m p a re d  w ith  th e  re su lts  o f  n u m e ric a l a n a ly ses , n o t o n ly  fo r  

b /t= 8 0 , 120 a n d  1 8 0 , b u t also  fo r  b /t= 6 0 , 90  a n d  100 . T h e  c ritic a l s le n d e rn e ss  (fo r 

m ild  s te e l)  is b / t= 1 1 0 .6 , so th is  p ro v id e s  a  u se fu l c h e c k  o n  th e  u se  o f  e q u a tio n  2 .9  

fo r  X <  1.

F ig u re  2 .4 0  p re s e n ts  a  co m p a riso n  b e tw e e n  th e  C C C C , C U C U  a n d  U U U U  d a ta  in

th e  sam e  fo rm a t as in  fig u re  2 .3 7 , a n d  th e  design  m o d e l. T h e  m o d e l c a n  b e  seen

to  give g ood  a g re e m e n t th ro u g h o u t th e  ra n g e  o f  a sp e c t ra t io s , s le n d e rn e sse s  a n d  

b o u n d a ry  c o n d itio n s .

F ig u re  2.41 p re s e n ts  s tre n g th  cu rv es  su ita b le  fo r  use in  d es ig n  fo r  C C C C  p la te s , long

a n d  ta ll C U C U  p la te s , a n d  U U U U  p la te s  fo r  a sp e c t ra tio s  1 ,2 ,3 ,4  a n d  5 . T h e

s tre n g th s  a re  p lo tte d  ag a in s t b / t  in  th is  f ig u re , w h ereas  f ig u re  2 .4 2  p re se n ts  th e  sam e  

cu rv e s  as a fu n c tio n  o f  X.

T a b le  2 .2  c o m p a re s  th e  F IN A S  d a ta  a n d  th e  p ro p o se d  d esign  m o d e l fo r  C U C U  p la te s  

o f  v a rio u s  a sp e c t ra tio s , w ith  th e  sh e a r  s tre n g th s  g iven  by a ra n g e  o f  d if fe re n t design  

m o d e ls  (1 9 ) ,(2 0 ) ,(3 0 )  a n d  co d es (2 4 ) ,(2 5 ) ,(2 6 ) ,(7 6 ) ,(7 7 )  &  (78 ).

O f  p a r t ic u la r  in te re s t  is th e  c o m p a riso n  b e tw e e n  th e  p ro p o se d  m e th o d  a n d  th e  

'S im p le  P o s t - C r i t ic a l ' a n d  'T e n s io n  F ie ld ' m e th o d s  g iven  in  5 .6 .4  a n d  5 .6 .5  o f  th e
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la te s t  d ra f t  E u ro c o d e  (26 ). T h e  'S im p le  P o s t - C r i t ic a l ' m e th o d  is d e riv e d  f ro m  th a t  

o f  (3 0 ), w h e reas  th e  'T e n s io n  F ie ld ' m e th o d  is d e riv e d  fro m  th a t  o f  (2 2 ). T h e se  tw o 

m o d e ls  re p re s e n t  th e  c u r re n t  's t a t e - o f - t h e - a r t '  in  a p p lie d  sh e a r  d es ig n  m o d e ls , fo r 

w eb s w ith  tra n sv e rse  s tif fe n e rs  on ly .

T h e  fo rm e r  m o d e l d o es  n o t  d is tingu ish  b e tw e e n  long  a n d  ta ll w eb  p a n e ls , b ecau se  it 

d o e s  n o t  re ly  o n  th e  e x is te n c e  o f  n o rm a l b o u n d a ry  fo rces  to  d e v e lo p  th e  p a n e l sh e a r  

re s is ta n c e , w h e re a s  th e  la t te r  m o d e l d o es  re q u ire  su ch  fo rc e s , as  h a s  a lre a d y  b e e n  

d iscu ssed . T h e  'S im p le  P o s t-C r i t ic a l ' g ives q u ite  g ood  a g re e m e n t w ith  th e  m e th o d

p ro p o se d  in  th is  C h a p te r  fo r  ta ll p la te s , b u t  is n o n -c o n s e rv a tiv e  fo r  lo n g  p la te s . T h e  

'T e n s io n  F ie ld ' m o d e l, b e in g  based  o n  th e  sa m e  c o n c e p ts  as in  (1 9 ), (20) a n d  (22), 

im p lie s  th e  e x is te n c e  o f  e x te rn a l fo rc e  sy stem s to  a n c h o r  th e  te n s io n  fie ld , a n d  th u s  

d is tin g u ish e s  b e tw e e n  lo n g  a n d  ta ll p a n e ls . W h e re a s  th e  T e n s io n  F ie ld  m o d e l is

n o n -c o n s e rv a t iv e , re la tiv e  to  th e  d a ta , fo r  ta ll  p a n e ls , it is m u c h  less so fo r  long  

p a n e ls  (fo r  w h ich  i t  is n o  w orse  th a n  a b o u t 12%  n o n -c o n s e rv a tiv e ) .  T h e  sim p le

p o s t - c r i t ic a l  m e th o d , o n  th e  o th e r  h a n d , g ives a  good  r e p re s e n ta tio n  o f  th e  F IN  AS 

d a ta  fo r  ta ll p a n e ls , w h ile  b e in g  n o n -c o n s e rv a tiv e  fo r  long  p a n e ls . A g a in , th e  flan g e  

fo rc e s  d u e  to  th e  a n c h o r in g  o f  th e  te n s io n  fie ld  a re  n o t  ta k e n  in to  a c c o u n t.

N e v e r th e le ss , th e  e x is te n c e  o f  b o th  th e se  m o d e ls  in  th e  o n e  c o d e , d o e s  suggest th a t  

th e  p ro p o se d  m e th o d  a n d  th e  w e ll-e s ta b lish e d  te n s io n  fie ld  m o d e l c a n  b e  usefu lly  

o f fe re d  to  th e  d e s ig n e r  as a lte rn a tiv e s  fo r  f u l l - d e p th  w ebs. I f  th e  d e s ig n e r e lec ts  to  

c h o o se  th e  re d u c e d  p a n e l sh e a r  s tre n g th  g iv en  by  th e  p ro p o se d  m e th o d  th e n  n o  ax ia l 

fo rc e  e ffe c ts , o th e r  th a n  th o se  d u e  to  g lo b a l fo rc e s , n e e d  b e  ta k e n  in to  a c c o u n t in

th e  d esig n  o f  th e  f lan g es  a n d  s tiffe n e rs . T h e  design  o f  th e se  e le m e n ts  sh o u ld , 

h o w e v e r , ta k e  in to  a c c o u n t th e ir  f le x u ra l ro le  in  p re v e n tin g  o u t - o f - p l a n e  d isp la c e m e n t 

a t  th e  p a n e l b o u n d a r ie s .

I f , o n  th e  o th e r  h a n d , th e  d e s ig n e r c h o o ses  th e  g re a te r  p a n e l s h e a r  s tre n g th  g iven  by 

th e  te n s io n  fie ld  m o d e l, th e n  a ll th e  ax ia l fo rc e  e ffe c ts  in  th e  flan g es  a n d  s tiffe n e rs , 

w h ic h  th is  e n h a n c e d  s h e a r  c a p a c ity  re lie s  u p o n , w ould  th e n  n e e d  to  be  ta k e n  in to  

a c c o u n t in  th e  d es ig n  o f  th e  flan g es a n d  s tif fe n e rs  (in  a d d itio n  to  th e ir  f le x u ra l ro le , 

a n d  th e ir  re s is ta n c e  to  g lo b a l e ffe c ts ) , w h ich  is likely  to  re su lt  in  a  h e a v ie r  s tiffe n e r  

(a n d  p ro b a b ly  h e a v ie r  w e ld in g  as a  re su lt) . T h e  o p tio n  is th e n  g iv en  to  th e  d es ig n e r 

to  m a k e  a ch o ic e  a p p ro p r ia te  to  th e  p a r t ic u la r  c irc u m s ta n c e , o n  e c o n o m ic  g ro u n d s .

T h is  d esig n  m o d e l w ill b e  u sed  a g a in , in  C h a p te r  5 , w h en  th e  in te ra c tio n  b e tw een  

b ia x ia l c o m p re ss io n  a n d  s h e a r  will be  d iscu ssed . B e fo re  th a t ,  it  is n e cessa ry  to

d e v e lo p  u n iax ia l a n d  b iax ia l c o m p re ss io n  m o d e ls . T h e  u n ia x ia l c o m p re ss io n  m o d e l is 

th e  su b je c t o f  th e  n e x t c h a p te r .



b / t a / b (3 X CCCC UCUC CUCU UUUU

80 1 2 .7 7 0 . 7 2 .9 7 7 .9 7 2 .9 7 2 .9 6 5
2 0.88 .9 2 5 .9 1 2 .8 9 6 .8 9 2
3 0 . 9 2 - .8 9 5 .8 5 2 -

5 0 . 9 4 .8 7 5 .8 7 5 .8 3 2 .8 3 0

120 1 4 . 1 5 1 . 0 9 .8 3 5 .8 0 3 .8 0 3 .7 7 2
2 1 .3 2 .7 4 2 .7 1 0 .6 3 8 .6 3 0
3 1 .3 8 - .6 7 8 .5 8 1 -

5 1 .4 1 .6 6 0 .6 5 0 .5 5 2 .5 5 2

18 0 1 6 . 2 3 1 .6 3 .6 7 2 .5 9 7 .5 9 7 .5 5 5
2 1 .9 8 .5 6 0 * .5 3 0 .4 5 0 .4 4 2
3 2 . 0 7 - .4 9 6 .3 9 0 -

5 2.12 .4 9 0 .4 6 1 .3 6 1 .3 6 1

*  m e s h  s i z e  8 x 1 6  r a t h e r  t h a n  6 x 1 2

Maximum Shear Resistance without Mesh Correction
Table 2.1 (a)

b / t a / b (3 X CCCC UCUC CUCU UUUU

80 1 2 . 7 7 0 . 7 2 .9 7 7 .9 7 2 .9 7 2 .9 6 5
2 0.88 .9 2 5 .9 1 2 .8 9 6 .8 9 2
3 0 . 9 2 - .8 9 5 .8 5 2 -

5 0 . 9 4 .8 7 5 .8 7 5 .8 3 2 .8 3 0

120 1 4 . 1 5 1 .0 9 .8 2 5 .7 9 3 .7 9 3 .7 6 2
2 1 .3 2 .7 1 8 .6 8 7 .6 1 8 .6 1 0
3 1 .3 8 - .6 5 6 .5 6 2 -

5 1 .4 1 .6 4 0 .6 2 9 .5 3 4 .5 3 4

1 8 0 1 6 . 2 3 1 .6 3 .6 5 2 .5 7 8 .5 7 8 .5 3 7
2 1 .9 8 .5 4 5 .4 9 5 .4 2 0 .4 1 3
3 2 . 0 7 - .4 6 3 .3 6 4 -

5 2.12 . 4 6 0 .4 3 1 .3 3 7 .3 3 7

N o t e  : UCUC i m p l i e s  c o n s t r a i n t s  o n  l o n g  e d g e s  o n l y
CUCU i m p l i e s  c o n s t r a i n t s  o n  s h o r t  e d g e s  o n l y

Maximum Shear Resistance corrected for mesh size
Table 2.1 (b)



h/t| d/tt h/dt Mode 1 FI NAS BS5400 BS2573 BS5950 Basler* Dubas* SIA161 Eurocode 3 AASHTO(a) (b)

80 .20 .875 .875 .839 .947 1.0 1.0 .992 .913 .973 .942
.33 .880 .895 .839 .997 .945 1.0 1.0 .995 .927 .970 .932
.50 .897 .912 .875 1.0 .951 1.0 1.0 1.018 .953 .976 .931
1 .957 .972 .982 1.0 .977 1.0 1.0 1.155 1.00 .998 .971
2 .886 .896 .963 1.0 .945 1.0 1.0 1.018 .953 .967 .882
3 .857 .852 .935 .997 .921 1.0 1.0 .980 .927 .947 .845
5 .838 .832 .910 — .899 1.0 1.0 .963 .913 .931 .818

120 .20 .633 .629 .747 .851 .855 .854 .925 .639 .835 .848
.33 .652 .656 .722 — .822 .822 .870 .915 .655 .804 .816
.50 .682 .687 .714 .874 .807 .803 .898 .905 . 686 .792 .798
1 .787 .793 .869 .980 .863 .904 .988 .932 .824 .892 .840
2 .623 .618 .650 .874 .682 .663 .898 .741 .686 .683 .655
3 .553 .562 .566 — .608 .593 .870 .656 .655 .613 .579
5 .534 .534 .504 — .551 .543 .854 .637 .639 .561 .519

180 .20 .443 .431 .672 .764 .774 .589 .883 .476 .719 .771
.33 .461 .463 .624 — .706 .712 .604 .863 .437 .664 .709
.50 .490 .495 .577 — .654 .654 .633 .832 .457 .617 .653
1 .582 .587 .566 .820 .616 .601 .760 .759 .555 .595 .619
2 .423 .420 .371 — .421 .408 .633 .544 .457 .410 .406
3 .357 .364 .304 — .350 .342 .604 .444 .437 .346 .334
5 .343 .337 .250 — .294 .289 .589 .435 .426 .294 .278

* Elastic rcr assumed, whenever this is less than the yield stress. d̂ is web depth, h is stiffener spacing.
(a) Simple Post-Critical Method - 5.6.4 of (26) (The quoted slenderness is in terms of
(b) Tension Field Method - 5.6.5 of (26) the lesser of d and h)

Comparison Between Proposed Model for CUCU Plates and Design Models for Transversely Stiffened Webs
Table 2.2



FIGURE 2.1 - Boundary deformation of shear panel, a/b=l, b/t=180, in the absence
of any in-plane restraint at the panel boundaries

FIGURE 2.2 - Shear stress-strain curves for square simply supported panel, b/t=180
with various in-plane boundary conditions



FIGURE 2.3 - Proportional strain stress-strain curves from (35) for various strain
ratios, and cross-plotted proportional stress stress-strain curves for 
various stress ratios - a/b=l, b/t=180

ax on vertical edge of 
unrestrained plate, a/b=l, b/t=180 
V=0. V=2.5

<rx on vertical edge of 
unrestrained plate, a/b=l, b/t=l80 
ex*=1.25, 7'=2.5

FIGURE 2.4 FIGURE 2.5
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FIGURE 2.6 - Post-critical principal stress distributions for unrestrained plate
a/b=l, b/t=180, corresponding to figures 2.4 and 2.5 
(heavy line denotes principal tension)

FIGURE 2.7 Distribution of r on vertical edge at various levels of applied 7 ' 
unrestrained square plate, b/t=180 (ex/e 0 = 0.5 y / y 0)



----- stiffener force due to Basler

"----- stiffener force from analysis

FIGURE 2.8 - Axial force in stiffener,̂ inferred from fig.2.7 at y / y 0=2.5
and from Basler *s model

FIGURE 2.9 Variation in maximum stiffener force with applied y '  
from the analyses of (35) for square plates
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FIGURE 2.10 Maximum stiffener forces at y'= 2.5 , expressed as a fraction of 
panel shear resistance, compared to BS5400, Basler and Dubas



uuuu cucu cccc

FIGURE 2.11 Description of UUUU, CUCU and CCCC in-plane boundary condtions. 
All edges simply supported



10

FIGURE 2.12 - Effect of in-compressible stiffener (USUS) on UCUC panel,
a/b=l & 2, b/t=180 (ie stiffener on long boundaries)

FIGURE 2.13 Vertical shear distributions for square SUSU and CUCU, b/t=180 
panels - on vertical boundary and on vertical centre-line
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FIGURE 2.14 - Comparison between constraint models
r—y for a/b=l, b/t=180 CUCU 6x6 mesh

n
FIGURE 2.15 - Ratio of FINAS eigenvalues, kf, for different

mesh sizes (nxn for a/b=l, and nx2n for a/b=2) 
to Galerkin eigenvalues, kg, (k'=kf/kg)



kg =9-345 

kF= 9-343

kg= 6-551

Kg=11-549 

kp=11-568

k9=6-574

FIGURE 2.16 - First and second elastic critical shear buckling modes for a/b=l & 2

ITlcr
-----Ref (74)
-— Ref (73) 
---- FINAS

FIGURE 2.17 Comparison between non-linear elastic 
behaviour predicted by FINAS, and finite 
difference analyses in (73) and (74)
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FIGURE 2.18 - Effect of mesh size on r-7 , a/b=l &  2, b/t=180 UCUC

FIGURE 2.19 Elasto-plastic shear buckling modes from FIN AS 
a/b=l & 2, b/t=180, CUCU and UCUC
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FIGURE 2.20 Zones of mid—thickness yielding corresponding to fig.2.19 
a/b=l & 2, b/t=180, CUCU and UCUC
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FIGURE 2.21 Principal stresses corresponding to fig.2.19 
(heavy line denotes principal tension) 
a/b=l &  2, b/t=180, CUCU and UCUC



T =1 *91 T=-53

FIGURE 2.22 - Deformation of boundaries in the square panel of fig.2.19
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FIGURE 2.23 Effect of shear strain localization on shear strain 
in off-diagonal region



FIGURE 2.24 - r—y for CCCC square plate, b/t=180
effect of mesh size

J • •
• •

~E
•I •

• • •
• • 
• •

**
•

• » ■qL
• ♦

•
•
# • * *
• • • • •

• |*
IL .  . • . _E

f=0.666 ■y'=1.£9
( i )

~E
• • i r •

F"I- • •
;L

• •

T
* •1

I-
• •i

-J J
*  ,

L
F ~i-

IL _L
1' = 0.577 y' = 1.74

(II)

“ET “l-•1 • .
• • •• ••L

i* 2_ _ •I* * *
** # #

. • * # #
• •# • •
• •

i*
IL .. •Lj 7

. • • •
• • ;L

• • •L
I- •

• • •L • •
"1*• • :L

• •
i - • • #

• • • •

X'=0.635 Y'= 1.346 t'=0.608 y' =1332
(III) (IV)

FIGURE 2.25 - Zones of mid-thickness yielding corresponding to points
indicated on figure 2.24



FIGURE 2.26 - Effect of imperfection affine to
critical buckling mode 
a/b=l, b/t=180 CCCC 8x8 mesh

FIGURE 2.27 Effect of imperfection magnitude on r—y 
a/b=l, b/t=120 & 180, CUCU, 8x8 mesh
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FIGURE 2.28 S tre ss  s tra in  c u rv e s  f ro m  F IN  A S, fo r  a /b = l  to  5 ,  b /t= 8 0 , 120  &  180 
C C C C , C U C U /U C U C , &  U U U U
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F IG U R E  2 .2 9  -  P o s t- c r i t ic a l  p r in c ip a l  s tre sse s
a / b = l ,  b /t= 1 8 0  U U U U  a t  m a x im u m  r

FIGURE 2.30 S h e a r  b u c k lin g  c o e ff ic ie n t f ro m  
G a le rk in  an a ly s is  a n d  e q u a tio n  2 .2
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FIGURE 2.31 - Comparison between Basler and Dubas
models and numerical data CUCU/UCUC

FIGURE 2.32 Tension field widths and inclinations from Basler and Dubas
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FIGURE 2.33 — CCCC data plotted against /3
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FIGURE 2.34 - CCCC data plotted against X

FIGURE 2.35 U U U U  data plotted against X



F IG U R E  2 .3 6  -  C o e ff ic ie n ts  in  e q u a tio n s  2 .6  to  2 .8

5 3 1 3 5 a/b
TALL PANELS LONG PANELS

F IG U R E  2 .3 7 N u m e ric a l d a ta  p lo t te d  a g a in s t a sp e c t ra t io  fo r  lo n g  a n d  ta l l  p a n e ls



F IG U R E  2 .3 8  -  r ~ y  f o r  a ll  p o ss ib le  c o m b in a tio n s  o f
c o n s tra in e d  a n d  u n c o n s tra in e d  eg d e s  
a / b = l ,  b /t= 1 8 0  8 x 8  m e sh

FIGURE 2.39 C o m p a riso n  b e tw e e n  p ro p o se d  C U C U  m o d e l 
fo r  sq u a re  p la te s , a n d  n u m e ric a l d a ta
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FIGURE 2.40 - Proposed models for CCCC, CUCU/UCUC and U U U U  plotted against
aspect ratio, and compared to numerical data
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FIGURE 2.41 Design curves from the proposed model



FIGURE 2.42 Design curves from the proposed model
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CHAPTER 3 UNIAXIAL COMPRESSION

3.1 Longitudinal Strength

In  la te r  c h a p te rs  o f  th is  th esis  design  m o d e ls  will b e  p ro p o se d  w h ich  w ill d e sc rib e  th e  

s tre n g th  o f  p la te  p a n e ls  w hich  a re  s u b je c t to  v a rio u s lo ad  c o m b in a tio n s . T h e se  load 

c o m b in a tio n s  w ill in c lu d e  b iax ia l c o m p re ss io n , b iax ia l co m p re ss io n  w ith  s h e a r , and  

b iax ia l c o m p re ss io n  w ith  p re ssu re . A  p re - r e q u is i te  fo r  th e  d e v e lo p m e n t o f  th e  load  

c o m b in a tio n  m o d e ls  is to  h av e  a  c o n s is te n t u n ia x ia l co m p re ss io n  m o d e l. T h e  p u rp o se  

o f  th is  c h a p te r  is to  d e sc rib e  su ch  a d esig n  m o d e l, w h ich  will d e f in e  th e  u n iax ia l 

lo n g itu d in a l a n d  tra n sv e rse  co m p ress iv e  s tre n g th  o f  re c ta n g u la r  c o n s tra in e d  p la te s , 

b ased  o n  th e  re su lts  o f  b o th  p u b lish e d  a n d  n e w  e la s to -p la s t ic  n u m e ric a l ana ly ses . 

T h is  f irs t se c tio n  o f  th e  c h a p te r  w ill d e a l w ith  lo n g itu d in a l c o m p re ss io n .

T h e  c o n s tra in e d  b o u n d a ry  co n d itio n  a ssu m ed  in  th is  c h a p te r  is th e  sam e  as th e  

c o n s tra in e d  b o u n d a ry  used  fo r  sh e a r  p a n e ls  in  C h a p te r  2 . In  th a t  c o n te x t , th e  

c o n s tra in t c o n d itio n  re q u ire d  th e  sh e a r  s tre ss  ap p lie d  to  th e  b o u n d a rie s  to  b e  u n ifo rm . 

In  th e  c o n te x t  o f  co m p re ss io n  in  p la te s  th e  sh e a r  s tre ss  o n  th e  b o u n d a ry  h as  to  be 

u n ifo rm ly  z e ro , w h ich  re su lts  f ro m  th e  lack  o f  ta n g e n tia l re s tra in t  o n  th e  ed g es.

M o st o f  th e  d a ta  o n  w h ich  th is  c h a p te r  is b ased  w ere  p u b lish ed  in  (47) to  (4 9 ), a n d

w ere  o b ta in e d  f ro m  fin ite  d if fe re n c e  m u lt i - la y e r  e la s to -p la s t ic  a n a ly ses , u sing  th e  

D y n a m ic  R e la x a tio n  m e th o d . A ll th re e  re fe re n c e s  w ere  fo r  p la te s  s u b je c t to  b iax ia l 

c o m p re ss io n , w ith  (47) a n d  (48) a lso  in c lu d in g  la te ra l p re ssu re . In  a s im ila r m a n n e r  

to  th e  D y n a m ic  R e la x a tio n  an a ly ses  o f  (3 5 ), fo r  p la te s  in  s h e a r , w h ich  w ere  re fe r re d  

to  in  th e  p re v io u s  c h a p te r ,  th e  in - p la n e  lo ad in g  w as a p p lie d  as  b o u n d a ry  

d isp la c e m e n ts  in  fix ed  p ro p o r tio n  to  o n e  a n o th e r . A s th e se  p ro p o r tio n a l  b iax ia l

s tra in s  w e re  in c re a se d , th e n  th e  ra tio  o f  b iax ia l s tresses  a p p lie d  to  th e  p la te  v aries .

In te ra c tio n s  w e re  d ra w n  as o u te r  en v e lo p e s  to  th e  re su ltin g  a x -(Ty t r a je c to r ie s , an d  

th e  u n iax ia l s tre n g th s  in fe rre d  f ro m  (47) to  (49 ) a re  o b ta in e d  fro m  th e  e n d - p o in ts  o f 

th e se  in te ra c tio n s . T h e  re su lts  o f  so m e  d ire c t u n iax ia l lo ad in g  an a ly ses  w ere  also

p re s e n te d  in  (4 9 ), a n d  th e se  w ill b e  d e sc rib e d  la te r .  F u r th e rm o re ,  a d d itio n a l 

u n iax ia lly  s tre sse d  an a ly ses , u sing  F IN A S , hav e  b e e n  c a rr ie d  o u t as p a r t  o f  th e

p re s e n t w ork .

T h e  b u lk  o f  th e  an a ly ses  in  (47) to  (49) w ere  fo r  sq u a re  a n d  3:1 re c ta n g u la r  p la te s , 

w ith  a  few  1 .5 :1 , 2:1 a n d  5:1 p la te s  in  a d d itio n . T h e  o u t - o f - p la n e  im p e rfe c tio n

a ssu m ed  in  th e  ana ly sis  o f  re c ta n g u la r  p la te s  w as c o m p o se d , in  g e n e ra l, o f  th e  

b u ck lin g  m o d e  o f  th e  p a n e ls  w hen  su b je c te d  to  tra n sv e rse  c o m p re ss io n , w ith  an
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a d d itio n a l, b u t se c o n d a ry , c o m p o n e n t o f  th e  b u ck lin g  m o d e  d u e  to  lo n g itu d in a l 

c o m p re ss io n . T h e  m a g n itu d e  o f  th e  la t te r  m o d e  c o m p o n e n t w as o n e  h a lf  th a t  o f  th e  

fo rm e r  c o m p o n e n t. T h e  im p e rfe c tio n  m o d e  fo r  3:1 p la te s  is illu s tra te d  in  F ig u re  3 .1 .

In  th is  w ay , a  sing le  p la te  im p e rfe c tio n  c a n  b e  u sed  to  an a ly se  re c ta n g u la r  p la te s  w ith  

b iax ia l lo ad s ra n g in g  fro m  p re d o m in a n tly  tra n sv e rse  c o m p re ss io n  to  p re d o m in a n tly  

lo n g itu d in a l c o m p re ss io n , w ith  a re a so n a b le  e x p e c ta tio n  th a t  th e  p a n e l will b e  ab le  to  

d e v e lo p  th e  d if fe re n t  m o d es  p re fe r re d  to w a rd s  th e  e n d s  o f  th e  b iax ia l c o m p re ss io n  

in te ra c tio n .

F u r th e rm o re ,  a n  im p e rfe c tio n  p ro file  b ro a d ly  o f  th is  ty p e  is a lso  th e  likely  m o d e  d u e  

to  th e  fa b r ic a tio n  p ro cess . T h e  m a in  fe a tu re s  o f  th e  p ro c e ss  by  w h ich  th e  m o d e  is 

fo rm e d  a re  th e  "d ra w  d o w n "  d u e  to  a n g u la r  sh rin k a g e  o f th e  c ro s s -s e c tio n  o f  th e

lo n g itu d in a l w elds , a n d  also  a  d e g re e  o f  lo n g itu d in a l co m p ress iv e  b u ck lin g  in  th e

p la te  c au sed  by  th e  lo n g itu d in a l sh rin k a g e  o f  th e se  w elds. T h e re  w ill also  be  a  

c o n tr ib u tio n  to  th e  im p e rfe c tio n  p ro file  f ro m  tra n sv e rse  co m p ress iv e  b u ck lin g , cau sed

by  th e  sh rin k a g e  o f  th e  w elds o n  th e  sh o r t edges o f  th e  p a n e l , b u t th is  e ffe c t m ay  

n o t b e  v e ry  g re a t  fo r  re c ta n g u la r  p la te s .

H o w e v e r, th e re  is a  possib ility  (a t le a s t fo r  re a so n a b ly  s le n d e r  p la te s )  th a t  th e  sing le 

h a lf -w a v e  "h u n g ry  h o rse "  c o m p o n e n t o f  th e  a s -w e ld e d  m o d e  m a y  be  su b sta n tia lly  

s h a k e n  o u t if  th e  p a n e l is su b je c te d  to  re p e a te d  cyc les o f lo n g itu d in a l c o m p re ss io n . 

T h is  w ou ld  re q u ire  th e re  to  b e  su ff ic ie n t o f  th e  " r ip p le "  m o d e  c o m p o n e n t in  th e

a s -w e ld e d  im p e rfe c tio n  fo r  th is  m o d e  to  a m p lify  w h e n  lo ad  is a p p lie d . I f  th e  

b u ck lin g  d e fo rm a tio n  th a t  o c c u rs  w h en  lo ad  is a p p lie d  is su ff ic ie n t to  cau se  a t least 

su rfa c e  y ie ld in g  th e n  w h en  th e  lo a d  is re m o v e d  th e re  w ill b e  a n  in c re a se d  c o m p o n e n t 

o f  th e  r ip p le  m o d e  in  th e  in itia l im p e rfe c tio n  p r io r  to  th e  n e x t cycle  o f  lo ad in g . 

T h is  co u ld  g ive r ise  to  a cu m u la tiv e  " s h a k in g - in "  o f  th e  a ff in e  im p e rfe c tio n , a n d  a 

sh ak in g  o u t o f th e  a s -w e ld e d  m o d e , w ith  re p e a te d  a p p lic a tio n s  o f  lo a d , so th a t  fo r  

la te r  cycles o f  lo ad  th e  o u t - o f - p la n e  im p e rfe c tio n  is c lo se r  to  th e  p re fe r re d  m o d e . 

A  lo n g  p la te  w ith  a  p re fe r re d  m o d e  im p e rfe c tio n  w ill b e h a v e  like  a sq u a re  p la te , as 

d e m o n s tra te d  in  (7 9 ), a n d  will be  w e a k e r th a n  th e  sa m e  p la te  w ith  a  s ig n ifican t 

h u n g ry  h o rse  c o m p o n e n t o f  im p e rfe c tio n . In  (80) a re  r e p o r te d  th e  re su lts  o f  cyclic 

c o m p re ss io n  te s ts  o f  long  p a n e ls  w h ich  show ed  a loss o f  c o m p ress iv e  c a p a c ity  a f te r  

se v e ra l lo ad  cyc les. I t  is n o t r e p o r te d , h o w e v e r, w h e th e r  th is  w as a sso c ia te d  w ith

m o d e  c h a n g e  e ffe c ts .

E v e n  if th is  s h a k in g - in  e ffe c t d id n ’t  o c c u r , it o n ly  re q u ire s  th e  a s -w e ld e d  p ro file  to  

h av e  less o f  th e  h u n g ry  h o rse  m o d e  re la tiv e  to  th e  r ip p le  m o d e  th a n  is a ssu m ed  in 

th e  an a ly ses  o f  (47) fo r  th e  re su lts  o f  th e  an a ly ses  to  b e  n o n -c o n s e rv a tiv e .
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A s-w e ld e d  p ro file s  a re  n o to rio u sly  v a ria b le , a n d  a lth o u g h  th e  p r in c ip a l c o n tr ib u tio n s  to  

th e s e  p ro file s  a re  as  d esc rib e d  a b o v e , th e ir  re la tiv e  m a g n itu d e  is c ru c ia lly  d e p e n d e n t 

o n  th e  w eld ing  p ro c e ss , as w ell as o n  th e  in itia l p la te  fa irn ess .

S in c e  th e  a s su m p tio n  o f  a c o m p o site  m o d e  c a n  lead  to  n o n -c o n s e rv a tiv e  e s tim a te s  o f 

lo n g itu d in a l s tre n g th  re la tiv e  to  sq u a re  p la te  s tre n g th s , it  m ig h t b e  sa fe r  to  m a k e  th e  

a s su m p tio n  th a t  th e  im p e rfe c tio n  is in  th e  p re fe r re d  m o d e , th a t  is, th e  c ritica l 

b u c k lin g  m o d e . A  c a v e a t to  th is  a ssu m p tio n  w ill b e  d iscussed  in  se c tio n  3 .3 .

T h e  m a x im u m  d isp la c e m e n t in  th e  im p e rfe c tio n  m o d e  used  in  (47) to  (49) is g iven  

by  w 0 / t= 0 .1 /3 2, (<5=b/t y(<r 0 /E ) ) ,  w h e re a s  in  (35) th e  p la te  im p e rfe c tio n  h a d  a

m a g n itu d e  g iven  by  0.145/3 , w h ich  fo r  m ild  s te e l resu lts  in  w Q= b /2 0 0 . T h e  s tre n g th  

ru le s  o f  th e  c u r re n t  U K  b rid g e  c o d e , (2 4 ), a ssu m e th is  la t te r  leve l o f  im p e rfe c tio n , 

( th e  analysis  o f  (3 5 ), fo r  in s ta n c e , is th e  basis  o f  th e  B S5400 ru le s  fo r  lo n g itu d in a lly  

s tif fe n e d  w ebs). H o w e v e r, th e  d ifficu lty  w h ich  a rises  w hen  try in g  to  m e a su re  re a l 

p la te  im p e rfe c tio n  p ro file s  is to  id e n tify  th e  c o n tr ib u tio n  to  th e  to ta l im p e rfe c tio n  

f ro m  th e  r ip p le  m o d e  assu m ed  by  th e  d es ig n  ru le s . S ince  fo r  lo n g itu d in a lly  lo a d e d  

p la te s  it will b e  a n  excessive  m a g n itu d e  o f  th e  r ip p le  c o m p o n e n t w hich  will re d u c e  

th e  p la te  s tre n g th , th e  to le ra n c e  sp e c if ic a tio n  se ts  o u t to  m e a su re  th e  a m p litu d e  o f 

th e  r ip p le  by  u sing  a g auge  le n g th  in h e r ite d  f ro m  th e  so -c a lle d  M e rriso n  ru le s  (81). 

T h e s e  ru le s  re q u ire d  a  gauge  le n g th  tw ice  as long  as th e  s h o r te r  p a n e l d im e n s io n , b , 

to  be  u sed  in  th e  lo n g itu d in a l d ire c tio n  o f  p a n e ls  lo n g e r th a n  3 :1 . F ig u re  3 .2  

re p ro d u c e s  th e  d ia g ra m s e x p la in in g  th e  use  o f  th e  gauge  fro m  T a b le  23.1 o f  (81). 

T h e  logic o f  u sing  a  gauge  le n g th  o f  2 b  fo r  p a n e ls  lo n g e r th a n  3:1 is th a t  it  is o n ly  

fo r  su ch  p a n e ls  th a t  2  d is tin c t p eak s c a n  o c c u r  in  th e  im p e rfe c tio n  m o d e  w h ich  is

a f f in e  to  lo n g itu d in a l b u ck lin g . T h e  p la te  d e fo rm a tio n  m e a su re d  re la tiv e  to  th is  gauge 

w ill id e n tify  n o t  th e  r ip p le  a m p litu d e  b u t its  d o u b le -a m p litu d e , th a t  is th e

m e a s u re m e n t f ro m  p e a k  to  tro u g h  o f  th e  p e r io d ic  w ave (=  2 w 0). T h e  e q u iv a le n t 

p la te  w ith  o n ly  a r ip p le  im p e rfe c tio n  w ill th e re fo re  h av e  a  r ip p le  a m p litu d e , w Q, 

e q u a l to  o n e  h a lf  th e  g auge  to le ra n c e . F ig u re  3 .3  p lo ts  o n e  h a lf  o f  th e  gauge 

to le ra n c e  d u e  to  M e rr iso n , as w 0/b  a g a in s t b / t  fo r  long  p la te s . S in ce  th e  M erriso n  

to le ra n c e  is a fu n c tio n  o f  p la te  th ick n ess  fo r  p la te s  less th a n  25 m m  th ic k , it is 

p lo tte d  o n  th e  f ig u re  fo r  th ick n esses  o f  1 0 , 1 5 , 20 a n d  25 m m .

T h e  basis fo r  th e  to le ra n c e  ru le s  fo r  p la te s  s h o r te r  th a n  3:1 is n o t  c le a r . In  th ese  

p la te s  th e  gauge  le n g th  is ta k e n  to  b e  th e  long  p a n e l d im e n s io n , w h ich  fo r  sq u a re  

p la te s , a t  le a s t, id e n tif ie s  a n  im p e rfe c tio n  o f  th e  sam e  w av e len g th  a n d  a m p litu d e  as

fo r  p la te s  lo n g e r th a n  3 :1 . F o r  in te rm e d ia te  a sp e c t ra tio s , h o w e v e r, w h a t is be ing  

m e a su re d  by  su ch  a  g au g e  le n g th  is n o t o b v io u s. F irs tly , th e re  is a 50%  in c re a se  in 

w 0 m a g n itu d e  a t a sp e c t ra tio  3 , w h ich  w as c o rre c te d  in B S5400 by d e fin in g  th e
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c h a n g e -o v e r  in  g a u g e - le n g th s  to  o c c u r  a t  a sp e c t ra tio  2 , r a th e r  th a n  3 . H o w e v e r, 

th e  ju s tif ic a tio n  o f  th e  long  gauge le n g th  is th a t  it c a n  p ick  o u t th e  a m o u n t o f  r ip p le  

im p e rfe c tio n  in  a c o m p le x  im p e rfe c tio n  p ro f ile , by  sp a n n in g  b e tw e e n  a d ja c e n t p eak s 

(o r  tro u g h s) . T h is  it  c lea rly  c a n n o t do  fo r  p la te s  s h o r te r  th a n  a b o u t 2 .5 :1 , e x c e p t 

fo r  r ip p le s  o f  m u c h  sh o r te r  w av e len g th  th a n  th e  c ritic a l m o d e . A  b e tte r  a p p ro a c h  

m ig h t b e  to  use  a gauge  len g th  eq u a l to  b  fo r  p a n e ls  less th a n  3 :1 . N o d isc o n tin u ity  

w ill th e n  ex is t a t  3 :1 , a n d  a re a so n a b le  in d ic a tio n  o f  th e  d e g re e  o f  r ip p le  m o d e  

w ou ld  still be  o b ta in e d . E v e n  so , it is still a  ro u g h  a n d  re a d y  m e a su re , w h ich  w ould  

c e r ta in ly  b e n e f it  f ro m  c a lib ra tio n  w ith  re a l im p e rfe c tio n  p ro f ile s , w ith  F o u r ie r  analysis 

o f  th e  p ro file s  id e n tify in g  th e  a c tu a l a m o u n t o f  th e  c r itic a l b u ck lin g  m o d e , c a r r ie d  o u t 

in  a  s im ila r m a n n e r  to  th a t  re p o r te d  in  (4 ).

T h e  B S5400 to le ra n c e  fo r  m ild  stee l is a lso  show n  o n  fig u re  3 .3 ,  a n d  it c a n  b e  seen  

th a t  it is n o t  o n ly  m o re  sim p ly  d e fin e d  th a n  M e rriso n , b u t it is a lso  se t a t  a h ig h e r  

lev e l fo u n d  to  be  re p re se n ta tiv e  o f  g ood  b rid g e  fa b r ic a tio n  p ra c tic e  in  th e  U K . T h e  

o ffsh o re  D N V  ru le s  (6 3 ), re q u ire  im p e rfe c tio n s  to  b e  n o t  g re a te r  th a n  w 0 = b /1 0 0 , 

re f le c tin g  th e  g e n e ra lly  g re a te r  im p e rfe c tio n s  fo u n d  in  sh ip  a n d  o ffsh o re  s tru c tu re s  

th a n  in  b rid g es . T h is  im p e rfe c tio n  m a g n itu d e  is also  show n  o n  th e  fig u re .

O n  fig u re  3 .3 , it  c a n  b e  se e n  th a t  w o=b/20O a n d  w 0 / t= 0 .1 /3 2 in te rs e c t a t  b /t= 4 2  (fo r 

( r 0=245 N /m m 2). S in ce  th e  c r itic a l s le n d e rn e ss  (fo r th e  sa m e  s tee l)  is b /t= 5 5 , it 

fo llow s th a t  w h e re  th e  m a g n itu d e  o f  im p e rfe c tio n  is like ly  to  h a v e  a s ig n ifican t 

in f lu e n c e  o n  p la te  c o m p ress iv e  s tre n g th  (in  th e  im p e rfe c tio n  sen s itiv e  re g io n , th a t  is in  

th e  v ic in ity  o f  th e  c r itic a l s len d e rn e ss )  th e re  is n o t a g re a t  d e a l o f  d iffe re n c e  b e tw e e n  

th e  tw o  w Q sp e c if ic a tio n s . T h e y  a re  a t  th e ir  m o st d iv e rg e n t a t  s len d e rn esses  re m o te  

f ro m  th e  im p e rfe c tio n  sensitive  ra n g e .

F ig u re  3 .4  p re se n ts  re su lts  p u b lish ed  in  (82) fo r  co m p ress iv e  s tre n g th  o f  sq u a re  p la te s  

w ith  b /t= 4 0 , 60  a n d  80 . T h e se  re su lts  w ere  o b ta in e d  u sing  a n  e a r l ie r  v e rsio n  o f  th e  

D y n a m ic  R e la x a tio n  p ro g ra m  re fe r re d  to  a lre a d y  in  th is  c h a p te r ,  b u t  o n e  w h ich  re lie d  

o n  a sing le  la y e r  id ea lisa tio n  o f p la te  y ie ld in g . T h e  m a x im u m  co m p ressiv e  s tre n g th  

o f  p la te s  w ith  d if fe re n t  levels o f  w 0  a n d  re s id u a l s tress  a re  p lo tte d  ag a in st w Q/b , a n d  

c u rv e s  d ra w n  th ro u g h  to  f it th e se  p o in ts .

In c lu d e d  o n  th is  f ig u re  a re  th e  re su lt o f  3 FIN A S an a ly ses  w ith  w 0 = b/200  a n d  no  

re s id u a l s tre ss , a n d  th e  e n d - p o in ts  o f  th e  sq u a re  p la te  in te ra c tio n  cu rv es fo r  th e  sam e 

s le n d e rn e sse s  fro m  (4 8 ), (fo r  w h ich  w 0 /t= 0 .1  (32 a n d  th e  re s id u a l s tress  w as 0 .2  cr0). 

T h e  fo rm a t o f  th is  f ig u re  allow s th e  v a rio u s  re su lts  to  b e  c o m p a re d  w ith  o n e  a n o th e r , 

n o tw ith s ta n d in g  th e  d if fe re n c e s  in  w 0 a n d  crr , an d  it c a n  be  seen  th a t  th e  th re e  

d if fe re n t  an a ly ses  a ll a g re e  w ith  o n e  a n o th e r  v e ry  w ell.
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A lso  in d ic a te d  o n  th e  fig u re  a re  th e  w 0 = b /2 0 0  a n d  0.1 /32 im p e rfe c tio n  leve ls, w h ich  

d e m o n s tra te  th a t  if  th e  re s id u a l stresses a re  in  th e  reg io n  o f  0 .1 5  to  0 .3  a Q th e n

th e r e  is o n ly  a  1 - 2 %  d iffe re n c e  in  p a n e l s tre n g th  as a  re su lt  o f  th e  d if fe re n t w Q 

sp e c if ic a tio n  m ag n itu d es .

T h is  o b se rv a tio n  ca n  b e  u sed  to  ju s tify  u se  o f  th e  an a ly ses  o f  (47) to  (49) to  

fo rm u la te  a design  m o d e l ev en  w hen  th e  im p e rfe c tio n  m a g n itu d e  is sp ec ified  to  be  

n o t  g re a te r  th a n  w Q= b /2 0 0 .

I t  h a s  a lre a d y  b e e n  m e n tio n e d  th a t  th e  D R  p ro g ra m  a p p lie d  lo ad  as p ro p o r tio n a l 

s tra in s . In  C h a p te r  2 , p ro p o rtio n a lly  s tre sse d  s tre s s - s tra in  cu rv e s  w e re  in fe r re d  fro m  

p ro p o r t io n a l  s tra in  d a ta  (p re se n te d  as f ig u re  2 .3 )  by  a  p ro c e ss  o f  in te rp o la tio n ,

d e sc r ib e d  in  S ec tio n  2 .1 . I t is possib le  to  u se  th e  sam e  p ro c e d u re  w ith  th e  b iax ia l 

s tra in in g  d a ta , a n d  th is  h a s  b e e n  c a r r ie d  o u t fo r  a /b = l ,  b /t= 6 0 , to  p ro d u c e  th e  

p ro p o r tio n a lly  s tre ssed  b iax ia l s tre s s - s tra in  cu rv e s  o f  fig u re  3 .5 .

P ro p o r tio n a l  stress  so lu tio n s  fo r  th e  sam e  p la te  w ith  u n iax ia l s tre ss , a n d  b iax ia l

s tre sse s  in  th e  ra tio s  o f  1:1 a n d  2 :1 , h av e  b e e n  d ire c tly  c a lc u la ted  u sing  F IN A S , b u t 

w ith o u t re s id u a l s tre sse s , a n d  th e se  a re  a lso  sh o w n  o n  figu re  3 .5 . T h e  in flu e n c e  o f 

re s id u a l s tresses  o n  c o m p re ss io n  s tre s s - s tra in  cu rv e s  has  b e e n  d e sc r ib e d  in  (82) a n d  

(8 3 ). T h e  in itia l lo a d in g  a n d  la te r  u n - lo a d in g  p a r ts  o f  th e  s t r e s s - s tr a in  cu rv e  a re  

e x p e c te d  to  b e  o n ly  s lig h tly  a ffe c ted  by  re s id u a l stress . T h e  m a in  in flu e n c e  o f 

re s id u a l s tress  is to  tru n c a te  th e  p e a k  a re a  o f  th e  s t re s s - s tra in  c u rv e  fo r  (rr =0 , d u e  to  

a  su d d e n  re d u c tio n  in  ta n g e n t m o d u lu s in  th e  lo ad in g  p a r t  o f  th e  c u rv e . T h is  c a n  

b e  se e n  in  fig u re  3 .5 . A p a r t  fro m  th is  e x p e c te d  cau se  fo r  d is a g re e m e n t b e tw e e n  th e  

c ro s s -p lo t te d  D y n am ic  R e la x a tio n  resu lts  a n d  F IN A S , th e re  is v e ry  g ood  a g re e m e n t 

b e tw e e n  th e  tw o an a ly ses . I t  sh o u ld  b e  p o in te d  o u t th a t  th e  eq u a l b iax ia l s tress  case  

d o e s  n o t  n e e d  to  b e  c ro s s -p lo t te d  f ro m  th e  D y n a m ic  R e la x a tio n  an a ly ses  s ince  eq u a l 

b ia x ia l s tra in in g  is th e  sa m e  as eq u a l b iax ia l s tress in g  fo r  a  d ia g o n a lly  sy m m etric

p la te .

T h is  g o o d  c o rre sp o n d e n c e  b e tw een  th e  f in ite  d iffe re n c e  so lu tio n s  m o d ified  by 

c ro s s -p lo t t in g ,  a n d  th e  p ro p o rtio n a lly  s tre sse d  f in ite  e le m e n t an a ly se s , w as a lre a d y  

n o te d  in  C h a p te r  2 fo r  s h e a r  lo ad in g .

F ig u re  3 .6  su m m a riz e s  th e  m a x im u m  s tre n g th  lo n g itu d in a l c o m p re ss io n  d a ta  fro m  (47) 

to  (4 9 ), p lo tte d  a g a in s t s le n d e rn e ss . T h e  lo n g itu d in a l co m p re ss io n  e n d - p o in ts  o f 3:1 

p la te  in te ra c tio n  cu rv e s  a re  c o m p a re d  w ith  th e  e n d -p o in ts  o f  th e  sq u a re  p la te  

in te ra c t io n  cu rv es a n d  it is c le a r  th a t  th e  lo n g itu d in a l s tre n g th  o f  a re c ta n g u la r  p la te
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w ith  a c o m p o s ite  im p e rfe c tio n  m o d e  is g re a te r  th a n  th a t  o f  a sq u a re  p la te , fo r  

s le n d e rn e sse s  in  th e  im p e rfe c tio n  sen s itiv e  ra n g e  (40 < b / t  < 60). In  (4 9 ), a 

m o d ific a tio n  to  th e  D y n am ic  R e la x a tio n  p ro g ra m  w as u sed  w h ich  a llow ed  th e  case  o f 

p u r e  u n iax ia l c o m p re ss io n  to  be  an a ly se d . T h e  c o n s tra in t c o n d itio n  on  th e  u n lo a d e d  

ed g es  w as in c o rp o ra te d  in  th e  ana ly sis  by  ite ra tiv e ly  so lv ing  th e  a m o u n t o f  d ra w - in  o f 

th o se  edges su ch  th a t  th e  n e t s tress  o n  th e m  is close  to  z e ro . T h e  d a ta  w h ich  w ere  

p ro d u c e d  in  th is  w ay  fo r  sq u a re  p la te s  a re  also  sh o w n . T h e s e  d a ta  a re  g en e ra lly  

s lig h tly  h ig h e r  th a n  th e  eq u iv a le n t sq u a re  p la te  in te ra c tio n  e n d - p o in ts ,  d u e  to  resid u a l 

s tre ss  o n ly  b e in g  a p p lie d  in  th e  d ire c tio n  o f  lo ad in g  in  th e  u n iax ia l cases , w h e reas  

re s id u a l s tre sse s  w ere  a p p lie d  in  b o th  lo n g itu d in a l a n d  tra n sv e rse  d ire c tio n s  in  th e  

b iax ia l s tra in in g  cases.

T h e  re su lt o f  a F IN A S  analysis o f  a  sq u a re  p la te  w ith  b /t= 1 8 0 , b u t w ith o u t re s id u a l 

s tre s s , is a lso  sh o w n  in  o rd e r  to  e x te n d  th e  ra n g e  o f  th e  so lu tio n s. A t th is

s le n d e rn e ss , re s id u a l s tresses  will h av e  a n  in s ig n ifican t e ffe c t o n  m ax im u m  s tre n g th .

F o r  th e  re a so n s  a lre a d y  d e sc rib e d , th e  sq u a re  p la te  in te ra c tio n  e n d - p o in ts ,  a u g m e n te d  

by  F IN A S  re su lts , w ill b e  used  as th e  basis  o f a n  e m p ir ic a l design  fu n c tio n  fo r  

lo n g itu d in a l co m p re ss iv e  s tre n g th .

T h e  s im p les t a p p ro a c h  to  a design  fu n c tio n  is to  say  th a t  th e  s tre n g th  o f  th e  p la te  is 

g iv en  by  v isu a liz in g  a n  e ffec tiv e  w id th  o f  p la tin g  w h ich  d o es  n o t v a ry  w ith  

s le n d e rn e ss . T h a t  is, as th e  p la te  is m a d e  w id e r, th e  sam e  a m o u n t o f  e ffe c tiv e  p la te  

is a ssu m ed  to  e x is t, w ith  th e  a d d itio n a l p la te  m a te r ia l d e e m e d  to  hav e  n o  e ffe c t o n  

th e  n e t fo rc e  w h ich  th e  p la te  c a n  re s is t ( th e re  w ill, o f  c o u rse , b e  a re d u c tio n  in 

a v e ra g e  s tre ss  c o m m e n su ra te  w ith  th e  in c re a se  in  to ta l p la te  c ro s s -se c tio n a l a re a ) . 

S u c h  a ru le  w as p ro p o se d  in  (8 4 ), a n d  re su lts  in  an  e x p re ss io n  o f  th e  fo rm :

^xu'  = ) • • - 3 . 1

w h e re  crx u ' = crx u /(T0. T h is  ty p e  o f  e x p re ss io n  is also  u sed  in  T a b le  8  o f  th e  la te s t 

U K  s tee l b u ild in g  c o d e , B S5950 (2 5 ), to  d e f in e  th e  s tre n g th  o f  s le n d e r c o m p re ss io n  

e le m e n ts  o f  a c ro s s - s e c tio n . T h is  fo rm  o f  e q u a tio n  w as d e v e lo p e d  fu r th e r  (8 5 )- (8 7 )  

by  in c lu d in g  a 2 nd  o rd e r  te rm  to  g ive b e t te r  a g re e m e n t w ith  te s t re su lts , a n d  s ince  

th e  c ritica l b u ck lin g  s tre ss  o f  th e  p la te , w h ich  m u s t h av e  so m e  in flu e n c e  o n  p la te  

b e h a v io u r , is itse lf  a 2 nd  o rd e r  te rm , th e re  is also  a n  in tu itiv e  basis fo r  its in c lu sio n . 

T h is  ca n  be  w ritte n  as:

, r /  1 1 \
a xu 1 ' |g » p  2' . . 3 . 2
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In  (88 ) a  c o n s ta n t te rm  w as a d d e d  to  e q u a tio n  3 .2 , w h e re a s  in  (51) a 3 rd  o rd e r  te rm  

w as a d d e d , o n c e  ag a in  ju s tif ie d  e m p irica lly . I t  is fo u n d  th a t  v e ry  good  a g re e m e n t

w ith  th e  d a ta  o f  fig u re  3 .6  req u ire s  b o th  a  c o n s ta n t a n d  a th ird  o rd e r  te rm  to  be  

in c lu d e d  in  th e  d esign  e q u a tio n . T h is  re su lts  in :

a xu* 0 . 2 3
1 . 1 6 0 . 4 8  , 0 . 0 9

(32 + /33 3 . 3

a n d  th is  is show n  o n  fig u re  3 .6 . A n  e q u a tio n  o f  th is  fo rm  w as a lso  fo u n d  in  (89) to  

g ive  a  good  re p re s e n ta tio n  o f  th e  m e a n  m in u s  tw o  s ta n d a rd  d e v ia tio n s  c u rv e , based  

o n  383 e x p e r im e n ta l re su lts . E q u a tio n  3 .3  h a s  o n ly  b e e n  ju s tif ie d  u p  to  b /t= 1 8 0  a n d  

sh o u ld  n o t  be  used  w ith o u t fu r th e r  v e rif ic a tio n  fo r  h ig h e r  s le n d e rn e sse s . A  p a r tic u la r  

p o in t  to  n o te  is th a t  d u e  to  th e  in c lu s io n  o f  th e  c o n s ta n t te r m , e q u a tio n  3 .3  is 

a sy m p to tic  to  (rx u '= 0 .2 3 , n o t  to  z e ro . A s a n  a l te rn a tiv e , s im p le r  e q u a tio n s  w ith o u t 

th e  c o n s ta n t te rm , a n d  e v e n  w ith o u t th e  cu b ic  te rm  (ie in  th e  fo rm  o f  e q u a tio n  3 .2 ) , 

c o u ld  b e  u sed , b u t a t  th e  e x p e n se  o f  a c c u ra c y  in  th e  p ra c tic a l ra n g e  o f  s len d e rn esses . 

S in c e  a  p r in c ip a l p u rp o se  o f  th e  u n iax ia l m o d e l w h ich  is p ro p o se d  in  th is  c h a p te r  is 

to  p ro v id e  a  re a so n a b ly  a c c u ra te  in p u t to  th e  in te ra c tio n  m o d e ls , w h ich  w ill be  

p ro p o se d  in  la te r  c h a p te rs ,  so th a t  th e y  c a n  b e  c o m p a re d  w ith  th e  n u m e ric a lly  

d e r iv e d  in te ra c tio n s , th e n  th e  m o re  c o m p lic a te d , b u t m o re  a c c u ra te , e x p ress io n  o f 

e q u a tio n  3 .3  w ill b e  u sed .

A lth o u g h  th e  sh e a r  re s is ta n c e  m o d e l w h ich  w as p ro p o se d  in  th e  p re v io u s  c h a p te r  

m e rg e d  w ith  th e  sh e a r  y ie ld  s tress in  th e  lo w  s le n d e rn e ss  re g io n , it  is n o t p ro p o se d  

to  in c o rp o ra te  a  s im ila r  fe a tu re  in  th e  c o m p re ss io n  re s is ta n c e  m o d e l. C le a rly  th e  

v a lu e  o f  o-x u ' p re d ic te d  by  e q u a tio n  3 .3  c a n  o n ly  be  u sed  to  d e f in e  th e  u n iax ia l

c o m p re ss io n  re s is ta n c e  w h en  it  is less th a n  u n ity . H o w e v e r, it  w ill b e  seen  in  th e

fo llo w in g  c h a p te r ,  th a t  v a lu es o f crx u * g re a te r  th a n  u n ity  (as p re d ic te d  by  e q u a tio n  

3 .3 )  w ill be  u sefu l w h e n  d iscussing  b iax ia l c o m p re ss io n  in te ra c tio n s .

E q u a tio n  3 .3  is c o m p a re d  in  F ig u re  3 .7  w ith  c u r re n t  d esig n  m o d e ls  o f  p la te  

c o m p re ss iv e  s tre n g th  (2 4 ),(6 3 ) a n d  w ith  m e a n  a n d  lo w er b o u n d  s tre n g th  cu rv es fro m

(8 8 )  , w h ich  a re  d ra w n  th ro u g h  a m o re  r e c e n t  su m m a ry  o f  e x p e r im e n ta l d a ta  th a n

(8 9 )  . T h e  lo w er b o u n d  e x p e r im e n ta l c u rv e  o f (88) c a n n o t b e  m e re ly  d u e  to  th e

w o rs t p ossib le  c o m b in a tio n  o f  w 0 a n d  <rr , s in ce  th e  e x p e r im e n ta l cu rv e s  a re  a t  th e ir  

m o s t d iv e rg e n t re m o te  f ro m  th e  im p e rfe c tio n  sen sitiv e  reg io n . A  p o ssib le  e x p la n a tio n  

o f  th is  d iv e rg e n c e  will b e  suggested  la te r  in  th is  c h a p te r ,  in  se c tio n  3 .4 .
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3.2 Transverse Strength

In  (49 ) th e  tra n sv e rse  s tre n g th  o f  re c ta n g u la r  p la te s  w as also  c o n s id e re d . In te ra c tio n  

e n d - p o in t  d a ta  w ere  ag a in  c o m p a re d  to  d ire c t u n ia x ia l lo ad in g  c ases , w ith  th e  sam e 

d if fe re n c e  b e tw e e n  th e  re s id u a l s tress  fie lds a p p lie d  to  un iax ia lly  a n d  b iax ia lly  loaded  

re c ta n g u la r  p la te s , as fo r  sq u a re  p la te s . T h e  c o n se q u e n t d is a g re e m e n t b e tw e e n  th e  

in te ra c tio n  e n d - p o in ts  a n d  th e  u n iax ia l d a ta  is less th a n  fo r  sq u a re  p la te s , as can  be 

s e e n  in  f ig u re  3 .8  w h ich  p lo ts  b o th  ty p es o f  d a ta  fo r  sq u are  a n d  3:1 p la te s , b u t th is 

is to  b e  e x p e c te d  s in ce  th e  a b se n c e  o f  a re s id u a l s tre ss  p e rp e n d ic u la r  to  th e  d ire c tio n  

o f  lo a d in g  w ill h av e  less in flu e n c e  o n  tra n sv e rse ly  lo a d e d  re c ta n g u la r  p la te s  th a n  on  

sq u a re  p la te s . A  p a r t ic u la r  p o in t to  b e  n o te d  a b o u t th e  re s id u a l s tre ss  assu m p tio n s  

u sed  in  (47 ) to  (4 9 ), is th a t  th e  tra n sv e rse  re s id u a l s tresses w ere  c a lc u la te d  o n  th e

a ssu m p tio n  th a t  th e  re s id u a l ten s ile  yield  b lo ck  a lo n g  th e  sh o r t ed g es o f  th e  p a n e l a re

o n ly  h a lf  th e  w id th  o f  th e  re s id u a l ten s ile  y ie ld  b locks a lo n g  th e  lo n g  ed g es o f  th e

p a n e l .  T h is  m e a n s  th a t  a  tra n sv e rse  re s id u a l c o m p re ss io n  o f  0 .0 2 8 6 c r0 w as u sed  fo r

3:1 p la te s . F o r  b iax ia lly  lo a d e d  p la te s  th is  w ou ld  be  in  c o n ju n c tio n  w ith  a 

lo n g itu d in a l re s id u a l c o m p re ss io n  o f  0 . 2 a Q.

F ig u re  3 .9  show s th e  p ro file s  a t  p e a k  lo ad  o f  th e  a d d itio n a l o u t - o f - p la n e  d e flec tio n  

a lo n g  th e  lo n g itu d in a l c e n t r e - l in e  o f  3:1 p la te s  w ith  b /t= 4 0 , 60 a n d  8 0 , p rim a rily  

lo a d e d  in  th e  tra n sv e rse  d ire c tio n . I t  c a n  b e  s e e n  th a t  th e  p la te  d e fo rm a tio n  is 

a p p ro x im a te ly  c o n s ta n t o v e r  th e  m id d le  p o r t io n  o f  th e  p la te  w ith  th e  d o u b le  c u rv a tu re  

c o n c e n tra te d  to w ard s  th e  e n d s  o f  th e  p la te .

In  (60 ) a n d  (90) a d esig n  m o d e l fo r  tra n sv e rse  s tre n g th  is u sed  w h e re  th e  c e n tra l

p o r t io n  o f  th e  p la te  w h ich  is d e fo rm in g  w ith  s ing le  c u rv a tu re  is id ea lised  as  a series

o f  tra n sv e rse  s tru ts , a n d  th e  d o u b ly  c u rv e d  e n d  re g io n s  a re  id ea lised  as  th e  tw o 

h a lv es  o f  a  sq u a re  p la te  s u b je c t to  u n ia x ia l c o m p re ss io n . T h is  id ea lisa tio n  is 

i l lu s tra te d  in  fig u re  3 .1 0 .

If  a c  is th e  s tru t  s tre n g th , th e n  th is  id e a lisa tio n  re su lts  in  a tra n sv e rse  s tre n g th  o f th e  

p a n e l g iv en  by :

b
^yu = +  Q  (^xu “ crc ) • • • 3.4

w h e re  <j xu is th e  sq u a re  p la te  s tre n g th  fro m  e q u a tio n  3 .3 . In  o rd e r  fo r  th is  m odel 

to  b e  u se d , a  su ita b le  s tru t  s tre n g th  c u rv e  n e e d s  to  b e  d e fin e d . T h e  a sp e c t ra tio s

a n a ly se d  in  (49) in c lu d e d  in fin ity , th is  an a ly sis  b e in g  based  o n  a p la te - s t r ip  s tru t 

a n a ly s is , c o n s is te n t w ith  th e  re c ta n g u la r  p la te  an a ly ses .
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Perry's analysis (91) o f  im perfect struts, w h en  applied  to a p late strip gives:

c e 1 . . 3 . 5

w h e r e  a e ' 12 (l-i<2) IbJ o q12 (l-i<2) l  bJ o
x 2e  m  2 l

w hich  is based on  the extrem e com p ressive  fibre reaching yield . H ow ever, it is 

possib le to  m ake a sim ple adjustm ent to equation 3 .5  to take into  accou n t the  

residual com p ression  stress w hich acts at right angles to the d irection  o f  the strut 

com p ression , w hich  will have the e ffe c t  o f  increasing the ex trem e fibre stress n eeded  

to cause y ield  (sin ce a state o f  biaxial com p ression  w ill ex ist). a 0 in equation  3 .5  

should  th erefore be rep laced  by (Tor, in accord an ce w ith V on M ises, such that:

S in ce a r ' is 0 .2  in  th e analyses o f  (47 ) -  (4 9 ), then  a 0Y/ a 0 is 1 .0 8 .

T h e  strut strength  given by equations 3 .5  and 3 .6  is p lotted against b /t on  figure 

3 .1 1 , w here it is com pared to the data o f  (49). T h ere is very good agreem ent 

b etw een  equations 3 .5  and 3 .6  and the data for b /t= 110 , 80 and 6 0 , w hereas for  

m ore stocky p lates the curve is increasingly  conservative as th e slenderness is reduced , 

until at b /t= 20  it predicts a strength o f  0 .7 4 , com pared  to 0 .8 4  from  (49 ).

A n  alternative approach  to the strut curve would be to use a polyn om ial function  

w hich  w ill be less conservative in  the stocky p late region  w hile still giving good  

agreem en t w ith the slender p late data. Such a function  is:

and this is sh ow n  as a broken lin e  on  figure 3 .1 1 . T h is n ow  gives a strut strength  

o f  0.81 for th e  b /t= 20  ca se , com pared  to  0 .8 4  from  the data, and 0 .7 4  from  

equations 3 .5  and 3 .6 .

E quations 3 .3  to  3 .6  have b een  used  to  produce strength versus slenderness curves for  

asp ect ratios 1 , 1 .5 , 2 , 3 , 5 and in fin ity , in figure 3 .1 2 (a ). T h e  num erical data o f  

(49 ) are also  show n on  this figure for com parison . F igure 3 .1 2 (b ) is the sam e plot 

using equation  3 .7  instead o f  equations 3 .5  and 3 .6 . T h e conservatism  o f  the strut 

m od els in  th e stocky p late reg ion , can be seen  to have an in flu en ce on  th e predicted  

strengths o f  rectangular p lates in that reg ion , but both m odels do g ive , in gen eral, a 

good  agreem en t w ith the num erical data throughout the range o f  aspect ratios and

. . 3 . 6

0 . 0 2 5  , 0 .6 4 1
P + P2

0 . 1 8 8
P3

. . 3 . 7
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slen d ern esses. A n y d iscrepancies are such that the design m od els are conservative. 

F urtherm ore, m ost o f  the data w hich are u n d er-p red icted  by both  m odels are based  

o n  uniaxial com p ression  analyses in w hich  residual stresses w ere on ly  applied  in the  

d irection  o f  loading.

If the transverse strength m odel and th e  data are p lotted  against th e  inverse o f  aspect 

ratio , as in figures 3 .1 3  (a) and (b ), th en  an im portant feature o f  the behaviour  

b eco m es apparent. T h e  design m odel produces for each  slen d ern ess a straight line  

b etw een  the transverse strength o f  an in fin ite ly  long p late as g iven  by equations 3 .5  

and 3 .6  (in figure 3 .1 3 (a )) , or by equation  3 .7  (in figure 3 .1 3 (b )) , and the transverse 

strength  o f  a square p late as given by equation  3 .3 . T h e  data also fo llow  the  

straight lines very c lo se ly .

A lso  show n are FIN A S results for b /t= l 80  to  ex ten d  the range o f  th e com parison  

b etw een  m od el and data. A gain , the lack o f  residual stress in th e  FIN A S solutions is 

insign ificant at th is slen d ern ess, as is the fo u r -fo ld  increase in im p erfection  m agnitude  

from  th e b /200  used in the analysis to  0 .1 |5 2 used in (47 ) -  (4 9 ). E ven  at b /t= 80 , 

figure 3 .4  tells us that such a d ifferen ce w ould on ly  g ive rise to  a 6 -7 %  reduction in 

strength .

It is instructive to p lot the critical buckling factor, ky, for transverse com pression  in  

p lates o f  asp ect ratios from  infin ity to un ity , in a sim ilar form at to figure 3 .1 3 . 

T h is is show n on  figure 3 .1 4 , and g ives a parabolic relationsh ip  b etw een  critical 

buckling stress and asp ect ratio , in contrast to  the linear relationship  b etw een  strength  

and aspect ratio w hich  is ev ident in the previous figure. It is p ossib le , h ow ever, to  

ca lcu la te  a p seu d o -cr itica l buckling factor w here the elastic critical factors appropriate  

to  square p se u d o -p la te s  (ky=4) are applied  to  the end regions o f  the p late , and the  

E u ler buckling factor (ky=l) is applied  to the rem ainder o f  the p la te , and these  

factors am algam ated  to  produce the average ky. T his results in  th e straight broken  

lin e  show n on  figure 3 .1 4 . It is also instructive to consider th e  e ffe c t  o f  assum ing  

that th e  end  reg ions m ake up a p seu d o -p la te  longer than square. A s an exam p le, 

assum ing the en d  regions m ade up a p seu d o -p la te  o f  a /b = l .5 produces th e chain  

straight line b etw een  asp ect ratios in fin ity  and 2 /3 , together w ith the critical buckling  

parabola b etw een  asp ect ratios 2 /3  and unity.

T h e  linear relationsh ip  b etw een  transverse strength and aspect ratio  produced by the  

design  m od el on  figure 3 .1 3  is therefore a con seq u en ce  o f  assum ing the end regions  

o f  th e  p late m ake up a square p se u d o -p la te . T h e  fact that the num erical data also  

lie  on  straight lines w ould seem  to suggest that the plate d eform ation  profiles in the  

n um erical analyses agree w ith the idealised  profile  used by the design  m od el. T h is,
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h ow ever , is not the case , as seen  in figure 3 .8 , sin ce the e ffec t o f  m em brane stresses 

on  th e  deform ation  profile  d im inishes as th e  p late slenderness red u ces, so that the  

d eform ation  profile tends towards the sinusoidal critical buckling p rofile  for the least 

slen d er p lates. A s a resu lt, the end regions o f  the deform ation  p rofiles o f figure 3 .8  

m ake up p seu d o -p la tes  w hich vary in asp ect ratio , being increasingly  longer than  

square for the least slender p lates.

T h ere  is an apparent an om aly  b etw een  the n um erical data w hich fo llow s the straight 

lin e  im plied  by square p seu d o -p la te s , and th e  deform ation  p rofiles w hich show  end  

region s m aking up p seu d o -p la te s  longer than square for the least slen d er p lates. T he  

exp lan ation  for th is, could  be that the reduction  in the local transverse stress that can  

be sustained by the end  reg ion s, w hen th ese  are longer than square, is being offset 

by the reduction  in the proportion  o f  the p late w hich on ly  sustains the m uch lower  

strut buckling stress. In any ev en t, the use o f  square p seu d o -p la te s  in the design

m o d el is justified  by th e  agreem ent this g ives w ith the trends o f th e  num erical 

analyses.

T h is question  o f  d eform ation  profiles will be raised again , in C hapter 4 , w here it will 

be seen  to have a con seq u en ce  for the shape o f  biaxial com p ression  interaction  

curves.

3.3 Minimum Strength Consideration

In section  3.1 the use o f  longitudinal com p ression  data obtained for  rectangular plates 

w ith com p osite  w 0 m odes was rejected  in favour o f  using square p late com pression

data. T h e  justification  was that the analysis o f  a square plate was equivalent to the  

analysis o f  a rectangular p late w ith an im p erfection  affine to longitudinal com pressive  

buckling, and that a ffin e  im p erfection s are to  be preferred sin ce th ese  w ill give a 

low er strength than the n o n -a ff in e  im p erfection s o f  (47) -  (49).

H o w ev er , it was p oin ted  ou t in (92) and (93) that im p erfection s in th e critical

buckling m od e w ill n ot necessarily  give the low est strength. In (9 3 ), com pressive  

strengths w ere tabulated for p lates o f  asp ect ratios betw een  0 .4  and 1 .0 , for

slen d ern esses betw een  b /t= 2 7 .5  and 9 6 , w ith various m agnitudes o f  w Q and residual

stresses. F or con sisten cy  w ith the notation  o f  this thesis (in w hich a is always the  

lon g  d im en sion  o f  the p la te ), th ese  com pressive strengths will n eed  to be described as 

transverse com pressive strengths o f  p lates w ith a /b  from  1 to 2 .5  (= 1 /0 .4 ) , w hose  

slen d ern esses are expressed  in term s o f  the long  panel d im ension  as a /t (= 27 .5  to 

9 6 ). Interpolating betw een  th e  data to find the strengths w hen o-r '= 0 .2  and
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w o= a /2 0 0 , enab les figure 3 .1 5  to be p lotted . It can  be seen  from  this figure that,

w ith th e  excep tion  o f  the a /t= 2 7 .5  case , the asp ect ratio for m inim um  strength  

d ecreases continuously  as slenderness is increased , from  around 0 .8  at a/t=41 to less

than 0 .6  at a /t= 96 . T h e trend reverses, h ow ever , at a /t= 2 7 .5 , for w hich  the w eakest 

asp ect ratio is in the region  o f  0 .5  to 0 .6 .

T h e  design  m od el o f  the previous section s can also be used to produce a sim ilar type

o f p lo t to  figure 3 .1 5 . b /a  is reduced from  u n ity , w h ile  keep ing a /t  con stan t, and

th e  transverse strength , <jyU, is calcu lated  from  equation  3 .4  (w ith equations 3 .3  and 

3 .7 ) . T h is is equivalent to  calcu lating the longitudinal strength o f  p lates o f  aspect

ratios reduced  b elow  unity, o f  constant slen d ern ess, b /t , and is p lotted  on  figure 3 .1 6 . 

T h e  p olyn om ial strut curve o f  equation 3 .7  is used in the derivation o f  this figure, 

rather than equations 3 .5  and 3 .6 , since th is gives better agreem ent w ith th e data 

throughout th e  slenderness range.

It is clear that the design m od el also show s a reduction  in strength as panels b ecom e  

shorter than square, and that th e  aspect ratio for m inim um  strength d ecreases with  

increasing slenderness in a m anner sim ilar to figure 3 .15  (exclud ing  th e  b /t= 27 .5  

resu lt). A t b /t= 30  the w eakest asp ect ratio is 0 .9 5 , but at b /t=180 it is 0 .4 5 . T he  

locu s o f  m inim um  strengths has also been  show n on  figure 3 .1 6 . T h e  trend in the  

asp ect ratio for m inim um  strength w hich is d isplayed by the design  m od el is 

con tin u ou s, and , unlike th e  trend show n on  figure 3 .1 5 , it does not reverse. Indeed , 

for  very stock y p lates the design  m odel suggests that square p lates g ive the least 

strength , and it m ay be that th e m inim um  strength aspect ratio o f  a /b = 0 .5 -0 .6 ,  for

b /t= 2 7 .5 , is erroneous. It seem s possib le that th e  ex ten t o f p lasticity  at m axim um

resistance m ade con vergen ce d ifficu lt to ach ieve , a lthough no com m en t is m ade on  

th is in (9 3 ).

A n  additional m eans o f  investigating this p h en o m en o n  is to use a sim p le  elastic  

analysis o f  uniaxially  loaded  constrained  p lates w ith a first yield criterion  o f  failure. 

T h e  analysis is a subset o f  th e  biaxial com p ression  and lateral pressure analysis o f  

A p p en d ix  B , w hich is d iscussed  in section  6.1 o f  C hapter 6 . T h e  particular solution  

for uniaxial com p ression , w hich is rendered by th e  m ore general so lu tion , is sim ple  

and co n c ise  and is th e sam e as that described in (9 4 ), for instance. T h e  analysis 

assum es that the profile o f  both the initial im p erfection  and the d isp lacem en t under 

load  is g iven  by a single sinusoidal fu n ction . If w  is the additional o u t -o f -p la n e  

d isp lacem en t then  the ratio b etw een  the additional d isp lacem ent and th e initial

im p erfection  is g iven  by k = w /w 0. T h e average uniaxial stress, cfx , is related  to k by:

1+ k  ° ’c r
k

. . 3 . 8
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<ic r  is the critical buckling stress. T h e  stresses at the m id -len g th  o f  th e  unloaded  

edge are:

Figure 3 .1 7  show s th e results o f  in crem enting  k in equation  3 .8 , and applying the 

V on M ises Y ield  criterion  to <iXQ and <Tye in  equation  3 .9  until the leve l o f  average  

stress is found that causes first m em brane yield . S lendernesses betw een  20 and 180  

have b een  analysed in this w ay, and the locus o f  the w eakest strengths is also  

ind icated . It can be seen  from  the figure that, ev en  w ith this sim ple application  of 

a w ell-esta b lish ed  relationship  b etw een  uniaxial com p ression  and o u t -o f -p la n e  

disp lacem en t there is a reduction in strength indicated  for p lates shorter than square, 

although the m agnitude o f  the reduction  is not great. N on e the less, at b /t= 180  the  

w eakest asp ect ratio is less than 0 .7 .

T h is p h en o m en o n  was show n in (92) and (93) to result from  the con flictin g  in fluences  

o f an increasing critical buckling stress and a decreasing  p o st-b u ck lin g  stiffness as 

plates b ecam e shorter than square. T h e  form er e ffe c t  results in a stiffer p late in the  

early stages o f  load ing w here little  buckling has occurred , w hereas the latter e ffect  

reduces th e stiffn ess after sign ificant buckling has taken  p lace . F or a reasonably  

slender p late just shorter than square the reduction  in p ost-b u ck lin g  stiffn ess gives 

rise to a w eaker p late than the equivalent square p la te , but as the p late b ecom es  

even  shorter th e critical stress b ecom es so high that p ost-b u ck lin g  e ffec ts  are not

given  the opportun ity  to in flu en ce th e p late behaviour, and the p late strength  

increases. T h e  w eakest aspect ratio w ill depend  on  b /t , w 0 and oy.

T h e  im p lication s o f  this p h en om en on  for longitudinally  com pressed  rectangular plates 

n eed  to  be con sid ered . A  p erfect, or n e a r -p e r fe c t , longitudinally  com pressed

rectangular p late w ill buckle in the critical buckling m o d e , and this m od e w ill quickly  

am plify  in th e im m ed iate p o st-b u ck lin g  phase. T h e  d evelop m en t o f  this m od e in the 

early stages o f  loading is very likely  to preclude the d evelop m en t o f  shorter m odes at 

higher load leve ls.

A n im p erfect p late is likely to  contain  a sign ificant am ount o f  the longitudinal 

com pression  square buckling m od e in its initial im p erfection , as exp la ined  in  section  

3 .1 , and as reported  from  ship  surveys in (5 ), for in stan ce. A t low  load leve ls  this

m od e will am p lify  m ore readily than any o f the oth er m odal com p on en ts, so  that at

higher load  lev e ls , on ce  again , snap through to a shorter wave m od e m ay be

3 . 9
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precluded .

F igure 3 .1 8  presents stress-stra in  curves for a 3:1 p late w ith b /t= 80 , w ith various 

im p erfection  m od es, calculated using F IN A S . F igure 3 .1 9  show s the total

o u t -o f -p la n e  d eform ation  profiles at various stages o f load ing, for  the p late w ith an 

im p erfection  in the e lastic  critical m od e , w 0 3 . T his m od e, having readily am plified  

in  the early stages o f  loading, persists w ithout any sign o f  m o d e -c h a n g e  at all load  

leve ls.

S n ap -th rou gh  to shorter w a v e-len g th  m od es can occur, h ow ever , if  the initial 

w avelength  consists purely o f  a longer w avelength  than critical. F igure 3 .2 0  show s  

th e  deform ation  profiles for w 01 at various levels o f  loading. In this case th e single  

h a lf-w a v e  buckling m od e snapped through to a five h a lf-w a v e  m o d e , and not to  the  

th ree  h a lf-w a v e  m od e . A  sim ilar e ffe c t was observed in 4:1 p lates in (79).

O n e  m ight ex p ec t the stress-stra in  curve o f  the w Q1 ca se , after it had snapped  

through to an m =5 m o d e , to  con verge at large strains w ith th e stress-stra in  curve for  

th e  w Q5 ca se . T h ere  is a degree o f  con vergen ce  apparent in  figure 3 .1 8 , but the  

w 01 stress-stra in  curve is still slightly ab ove the w Q5 s tress-stra in  curve in the  

unload ing reg ion . A n  im portant asp ect o f  th e  d ifferent analyses w hich m ay account  

for  th e  lack  o f  co m p lete  covergen ce  is the d ifferen ce  in the fin ite  e lem en t m esh  sizes 

used  in the tw o cases. T h e  w 01 case  had a 12x4 m esh  w hereas the w 05 case had a 

15x5 m esh . A fter  sn ap -th rou gh  the form er case has 2 .4  e lem en ts to  the half wave 

o f  buckle w hereas th e latter case has 3 e lem en ts to the h a lf-w a v e  o f buckle, w hich  

d ifferen ce  g ives rise to  the higher stress for a given strain in th e w Q1 solution .

In the num erical data investigated in  the current w ork, th ere is no ev id en ce  o f  

"snap-through" from  th e  m od e preferred  at low er load leve ls to the shorter  

w avelength  m od e preferred  at h igher load leve ls , and the writer is not aware o f  any  

oth er ev id en ce  that it occurs in th is kind o f  situation. N everth eless, it m ight be that 

th e p h en om en on  could  occur for p lates m uch  m ore slender than investigated herein  

(for w hich th e w eakest aspect ratio w ill be very m uch shorter than square than in 

th e present analyses).

R eal im p erfection  p rofiles, h ow ever, even  though th ey  are likely to contain  a 

sign ifican t ripple im p erfection , will not be p erfectly  regular and will always contain  

so m e asym m etry. S im ilarily , the p late m aterial properties w ill also contain  som e  

irregularities, and w ill not be uniform  throughout the p la te . T h is m eans that, 

although all o f  the ripple h a lf-w a v es  will am plify  under longitudinal com p ression , 

surface y ield ing  w ill first occur at the crest o f  on ly  on e o f  the ripple h a lf-w a v es .
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T h e  p la te  w ill still, o f  cou rse, be able to  sustain additional load , so that all o f the  

h a lf-w a v e s  w ill con tin u e to am plify as the load is increased , and provided the initial 

im p erfection  was not irregular to the p oin t o f  contain ing a substantially local

im p erfectio n , th en  som e y ield ing w ill also occur at th e  crests o f  th e  oth er h a lf-w a v es.

N o n e  the less, the in itiation  o f  y ield  at on ly  o n e  crest w ill further em phasize the  

buckling d isp lacem en t o f  that h a lf-w a v e  relative to the o th ers. T h e m axim um  

resistan ce o f  the p late as a w hole w ill be lim ited  to the m axim um  capacity  o f this 

m ost h eavily  deform ed  (and yielded) h a lf-w a v e , and w hen this has b een  exhausted the  

ap p lied  com pression  w ill begin  to un load , even  though the loca l buckling d isp lacem ent 

w ill still con tin u e to increase. H ow ever, sin ce the rem aining h a lf-w a v e s  had not yet 

reach ed  their m axim um  cap acities, then  th e buckling d isp lacem ent in th ese  h a lf-w a v es

w ill d im inish  as th e loading reduces. A s a resu lt, the buckling d isp lacem ent will

b eco m e increasingly loca lized  (d evelop in g  into a fo ld ing  m ech an ism ) w hich  will be less 

constrained  against changing its w avelength by the rest o f  the p late than it was w hen  

all the buckle h a lf-w a v es  w ere am plifying sign ificantly , so that it m ay begin to  

sh orten  as it con tin u es to buckle. T h e  p late w ill also b eco m e increasingly

an iso trop ic , due to  y ie ld in g , w hich w ill provide an additional reason  for the

w avelen gth  to shorten  at this stage.

T h is e ffe c t  m ay be exp ected  not to have a sign ificant e ffec t on  th e  behaviour o f  the

p late b efore  its m axim um  strength is a ch ieved , unless (as has b een  m en tion ed ) the

im p erfection  was p redom inantly  com p osed  o f  a loca l buckle, in  w hich case the  

ad jacen t ripple h a lf-w a v e s  w ill not have am plified  su fficien tly  to constrain the

principal h a lf-w a v e  against changing its w avelen gth . W here such  a loca l plate

im p erfectio n , or d en t, exists then  the strength o f  th e plate will be reduced  com pared  

to  its strength w hen  the plate has a critical buckling im p erfection , as was

dem onstrated  in (79 ). F urtherm ore, th is reduced strength w as show n to be

ap p roxim ately  the sam e as the strength o f  the short plate o f  asp ect ratio equal to

th at o f  th e d en t. It is apparent, th en , that w here a p late has a lik elih ood  o f local

in d en tation s, perhaps due to  im pact d am age, th en  the com p ressive  strength will be 

red uced  in accordance with a deform ation  shorter than the p late w idth . For this 

situ ation , th e design  m od el shou ld  be used to  find  the w eakest asp ect ratio , in order 

to  find  the m inim um  strength o f  the panel.

3.4 Sensitivity to Imperfections

A lth ou gh  a strength m od el used in design has to relate to th e  im p erfection  lim its 

sp ec ified  in the fabrication o f  the structure, or to the quality o f  w orkm anship which  

is an tic ip ated , it is o ften  useful to be able to quantify the e ffe c t  o f  exceed in g  the
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lim itin g , or anticipated , im p erfection . A ltern atively , it m ay be usefu l to  know  what 

b en efit w ill accrue from  tighter quality contro l procedures. It is a lso  im portant to be 

able to quantify the e ffe c t o f  im p erfection s both  greater than and less than specified  

w hen assessing structures in -se r v ic e .

In any consideration  o f  im p erfection  p rofiles, it is necessary to h ave an appreciation  

o f  the forces applied  to the p an el, and o f  the in flu en ce o f  im p erfection  profiles on  

th e p an e l's  resistance to  th ose forces. T h e  use o f  long gauge len gth s in rectangular 

panels w hich was discussed in section  3.1 assum es that these panels are longitudinally  

load ed . C learly for transversely loaded  panels w here it is th e "hungry horse" type  

o f  m od e w hich w ill be critica l, a d ifferen t approach  to im p erfection  m easurem ent is 

required, possib ly using transverse gauges.

T h e  ten d en cy  for preferred im p erfection  p rofiles to be "shaken in" to  slender plates 

during their service life  has already b een  m en tion ed  in section  3 .1 . As a result, 

in a transversely loaded  rectangular panel the a s -w e ld ed  "hungry horse" m ode will 

be em p h asized  by its load ing, w hereas in a longitudinally  loaded  panel o f  the sam e  

geom etry , th is m od e w ill be shaken out.

D eterm in istic  or probabilistic design m eth od s, based on  surveys o f  ship structures 

w h ich  fail to  recogn ize  th is p otentia l correlation  betw een  loading d irection  (or type) 

and a ffin ity  o f  in -se r v ic e  im p erfection  p rofiles, cou ld  result in op tim istic  estim ates o f  

pan el strength.

D esp ite  th e considerab le d ifficu lties o f m aking sensib le assessm ents o f  im perfection  

p rofiles, th ey  are m uch less than the p oten tia l d ifficu lties raised by residual stresses. 

T ech n iq u es for m easuring residual stress e ith er  during construction  or w hen assessing  

structures in -se r v ic e , are very involved and are n ot feasib le as part o f  a general 

program m e o f quality contro l or structural assessm ent (other than in exceptional 

circu m stan ces).

A lthough  th ere w ill be a ten d en cy  for residual stresses to reduce during the service  

life  o f  a structure, such a reduction could  not be relied upon  in d eterm in ing  panel 

strength . It m ay be that it w ill be useful to  m ake use o f such a reduction  if there  

has also  been  an increase in panel im p erfection  during the serv ice  life . Such an 

in crease in im p erfection  would have to be taken into account as a result o f  its 

d eleter iou s e ffec t on  panel resistance, and it m ay then  be useful to  try and offset this 

by taking accou n t o f  th e b en efic ia l e ffec t o f  th e  reduced residual stress. T his 

reason in g , for in stan ce, justifies the treatm ent o f  residual stress and p late im perfection  

as in d ep en d en t variables in (7 ), and also  the inverse correlation  b etw een  the
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m agnitudes o f  residual stress and p late im p erfection  assum ed in the analysis o f  (51).

H ow ever , it w ould require a great deal o f  co n fid en ce  in  the degree o f  reduction  of 

residual stress before its beneficia l in flu en ce cou ld  be relied u p on , and as a result o f  

th e  relative d ifficu lty  in m easuring residual stresses in com p leted  structures there is 

n ot su ffic ien t data on  the reduction  o f  residual stress during service life  to  give this 

d egree o f  co n fid en ce . F urtherm ore, it was poin ted  out in (9 5 ), that for the sam e

class o f  ship  (R N  frigates) there did n ot appear to be a significant in crease in panel 

im p erfection s, com pared  to as-fab rica ted  im p erfection s, during th e serv ice life  o f  the 

structure, so  such  increase as there m ay be can n ot be said to  be general.

A s a result o f  this reasoning, it is reasonable to m ake th e sim plify ing assum ption  that 

there ex ists a general correlation , for a g iven  slen d ern ess, betw een  h igher im perfection  

leve ls and h igher residual stresses. In other w ords, the higher the w eld ing  residual 

com p ression s are, the m ore buckling d eform ation  (and h en ce  w 0) w ill have occurred  

in the p late due to the coo lin g  o f  the w eld m en t. If a p late w ith a large 

o u t-o f - f la tn e s s  did have low  levels o f  residual stress (due to in -se r v ic e  overload

causing a perm an en t set togeth er with a shaking out o f  the residual stress as 

discussed a b o v e), then  it w ill, at least, be safe to assum e that the larger im perfection  

is correlated  w ith a larger residual stress. O n the other hand, a p late with little  

o u t-o f - f la tn e s s  (relative to its th ickness) is very un likely  to have sign ificant residual

stresses unless its slenderness is such that residual com pressions d o n 't cause buckling. 

T h e  m axim um  resistance o f  such a p late w ill be very nearly the yield  stress and 

alm ost any leve l o f  residual stress will have little e ffe c t  on  the m axim um  strength of 

the panel.

T h is approach  corresponds to the adoption  o f  upper and low er bound (and m ean) 

com b in ation s o f  w 0 and <rr w hich are used to identify  the upper bound , m ean  and 

low er bound curves from  a w ide range o f  exp erim en ta l data in (88). T h e  reasoning  

also  justifies th e  correlation  betw een  the residual stress and im p erfection  m agnitudes 

used in th e ca lcu lation  o f uniaxial strength curves in (4 9 ), w here ''slight" w 0 is paired  

w ith "slight" (rr , "average" w 0 w ith "average" a r , and "severe" w 0 w ith "severe" a T, 

th e m agnitudes o f  each  being based on  ship  surveys reported in (3 ) , (86) and (95).

T h e  w 0 m agnitudes w ere 0 .0 2 5 /3 2, 0.1 (32 and 0 .3 (3 2 , and the a r / a 0 m agnitudes were 

0 .0 5 , 0 .2  and 0 .4 . A lthough th e  w 0 m agnitudes are expressed  as a function  of

slen d ern ess, it m ay be noted  that the residual stress m agnitudes are d eem ed  not to 

vary w ith slen d ern ess. F or very slender p lates, at least, (w here the assum ed residual 

stress leve l m ay be greater than the com p ressive  strength o f  th e p la te) this 

assum ption  w ill not be valid. T h is poin t w ill be discussed in C hapter 6 , how ever, 

w here an additional constraint on  im p erfection  assum ptions will be in troduced .
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In (49) are presented  num erically  derived  strength curves for longitud inal and  

transverse com p ression  on  3:1 p lates from  b /t= 20  to 1 1 0 , for the 3 pairs o f  w 0 and  

a Y m agnitudes listed  above. A lthough it has b een  decid ed  not to use th e  rectangular  

plate longitudinal com pression  data in the p resen t work (due to  n o n -a ffin e

im p erfection s), the strength en h an cem en t w hich th ey  predict relative to  square plate

strengths is slight for b /t= 80  p lates, and is likely to be even  m ore slight for the  

b /t=110 p la te , so  in this latter case (w here there are no square plate data) the

longitudinal com p ression  points can be used . For th e  other slendernesses the square 

plate analyses o f  (47) and (48) included th e  sam e com binations o f  w 0 and <rr and

provide a m ore suitable basis for longitudinal strengths.

F igure 3.21 p lots the appropriate slight and severe data from  (4 7 ) - (4 9 )  for square 

and 3:1 p la tes, p lotted  against slenderness. E quations analogous to equation  3 .3  can  

b e used to fit the square p late data, giving:

—XU ( s e v e r e )  =  0 . 2 4  +

( s l i g h t ) =  0.22 +

1 . 0 6
P

1 . 4 0

0

0 . 5 4  0 . 1 4
P2

0 . 6 0
P2

+

P3

0 . 0 9
P3

3 . 1 0

T h e  com p ression  strength curves o f  equations 3 .1 0  are p lotted  on  th e figure as solid  

lin es. T h e  b en efit o f  the m odified  Perry m od el o f  equations 3 .5  and 3 .6 ,  

notw ithstanding its greater conservatism  for very stocky p lates relative to the  

p olyn om ial strut curve o f  equation  3 .7 , is that it m ade exp lic it a llow ance for  w 0 and  

<rr . A s a resu lt, the Perry m od el has b een  used w ith the appropriate slight and  

severe leve ls o f  both to produce the "slight" and "severe" strut curves w hich are also  

show n as broken lines on  figure 3 .2 1 . T h e transverse strength curves, for 3:1 plates 

w ith "slight" and "severe" im p erfection s, produced by com bin ing  the appropriate strut 

curve w ith equations 3 .1 0  and 3 .4 , are also indicated  on  the figure (as chain  lin es). 

T h ese  transverse strength curves give satisfactory agreem en t with the 3 :1 p late data 

from  (49 ).

It is c lear , th erefo re , that n ot on ly  could  th e transverse strength o f  rectangular plates 

with average im p erfection s be estim ated  on  the basis o f square p late and strut 

strengths, but also the strength o f  rectangular p lates w ith low  and severe im p erfection s  

can  be estim ated  in the sam e way.

A t this p o in t it is possib le to  r e -e x a m in e  the m ean and low er bound experim enta l 

curves o f  figure 3 .6 , w hich are reproduced on  figure 3 .2 2 . It will be appropriate to 

com p are th e severe  im p erfection  m odel with the low er bound experim enta l curve, but 

it w ill also  be appropriate to assum e that such low er bound experim enta l results were
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im p erfect in such a w ay as to  perm it short w ave or localised  buckling su fficient to 

cau se m inim um  strength . A s a result, th e average im p erfection  m od el applied  to 

p lates w ith square buckling m od es, and the severe im p erfection  m od el applied  to  

p lates buckling in the w eakest aspect ratio for a particular slenderness have been  

included  on  figure 3 .2 2 . It is ev id en t that th ese  design m od els produce reasonably  

sim ilar curves to the ex p er im en ta lly -d efin ed  curves w hen accou n t is taken o f  

im p erfection  m ode and m agnitude.

3.5 Strain Limitation

T h e  m axim um  stress that can be sustained by a panel is com m o n ly  used as the  

d efin ition  o f  design strength . T h is m axim um  stress is ach ieved  at m agnitudes o f  

average direct strain in th e  p late w hich can vary from  about y ield  strain to m ore  

than  tw ice  yield strain , depen d in g  on  initial im p erfection s and residual stresses, and  

on  asp ect ratio and slen d ern ess.

It is im portant to recogn ize  that this strength  criterion can im p ose on  the stiffeners  

(or flan ges) a requirem ent to  m aintain their flexural stiffness w ell in to  th e regim e o f  

axial plastic straining. A  less onerous requirem ent is dem anded o f  the boundary  

m em b ers if  the panel strength is d efin ed  as bein g  the average stress in the panel 

w h en  th e  boundaries shorten  by an am ount equ ivalent to the y ield  strain. T h is has 

th e  additional b en efit o f  providing a basis for a first estim ate o f  the com pressive  

strength  o f  m u lti-p a n e l assem blages as a prelude to  com p u ter analyses w hich  

in corp orate  com p lete  representations o f  panel lo ad -sh orten in g  curves, as in (1 1 )—(15). 

M axim um  stress d efin ition s o f  strength could  n ot be used in this w ay, sin ce som e  

p an els w ill be unloading w hile  others have n ot yet reached their m axim um  strength.

A lth ou gh  the uniaxial stress that can be sustained by a pan el at ex '= l can be 

in terp o la ted  from  th e stress-stra in  curves o f  (4 7 ), th ese  stress-stra in  curves are lim ited  

to b /t= 4 0 , 60  and 8 0 , and not all o f  th ese  slendernesses are analysed for all the  

im p erfection  levels. A  gen eralized  m ethod  o f  predicting the stress sustainable at yield  

strain , based on  the m uch  w ider body o f  m axim um  strength data togeth er with the  

fe w  yie ld  strain p oin ts that can be in terp o la ted , is th erefore required. Such a 

m eth od  w ill n ow  be presen ted .

T h e  e lastic  m odel o f  equations 3 .8  and 3 .9  can be used to  produce approxim ate  

stress-stra in  curves, in  a m anner som ew hat sim ilar to , but sim pler th an , th e m ethod  

o f  (8 3 ). In the loading part o f  the stress-stra in  curve the average stress in the panel 

is g iven  d irectly  by equation  3 .8 , w hereas th e n o n -d im en sio n a l average strain, ex/ e 0 ,
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is g iven  by the ed ge stress, crx e , from  equation  3 .9 , divided by (T0. T h is is 

illustrated on  figure 3 .2 3 , where (fx /cr0 anc* ^ x e ^ o  are p l° tted against ex/ e 0 . T h e  

e ffec tiv e  w idth ratio o f  the panel, d efin ed  as the average stress d ivided  by the edge  

stress, is g iven  by a x/(7xe from  equations 3 .8  and 3 .9 . T h is is also illustrated on  

figure 3 .2 3 . In (83 ) it was show n that an elastica lly  derived e ffec tiv e  w idth, such as

th is, also served as a very good ap p roxim ation  to  the e ffec tiv e  w idth  in the unloading

part o f  the stress-stra in  curve, even  though  crxe (from  equation  3 .9 )  will be greater  

than  <t q . T h is e ffec tiv e  w idth, p lotted  against ex / e 0, in tersects w ith the a x  curve at 

th e  y ield  strain. T h e  stress-stra in  curves that are produced  by using a x  from  

equation  3 .9  up to  ex ' = l ,  and 0 V ° x e  f ° r ex ,:> l  are show n on  figure 3 .2 4  for

square p lates w ith b /t= 4 0 , 60  and 8 0 , and w o/t= 0 .1 /3 2.

T h e  e ffe c t  o f residual stress on  stress-stra in  curves has already b een  briefly  described. 

T h e  reduction  in  tangent m odulus caused by residual stress w ill occur approxim ately  

at a leve l o f  stress g iven  by the m axim um  stress in the absen ce o f  residual stresses 

less the residual stress lev e l. A  straight lin e  can be drawn from  this point on  the

load in g  part o f  the stress-stra in  curve to m e e t the u n -lo a d in g  part at tw ice y ield

strain . T his is show n on  figure 3 .2 4  for  <rr ,=0 .0 5 , 0 .1 , 0 .2  and 0 .3 . T his 

m od ifica tion  to the resid u a l-stress-free  stress-stra in  curves w ill be exactly  correct for 

u n -b u ck lin g  p lates (w ith  rectangular residual stress fie ld s), and is a reasonable  

sim p lifica tion  o f  th e behaviour o f  buckling p la tes, producing stress-stra in  curves sim ilar 

in  appearance to  th ose  o f (82) and (8 3 ). T h e  in flu en ce  o f  residual stress on  the  

in itia l part o f  th e stress-stra in  curve could  b e m od elled  fairly sim ply with this elastic  

m od el (in a sim ilar m anner to the inclusion  o f  residual stresses in th e elastic pressure  

m od el o f  C hapter 6) , but the e ffe c t on  th e  stress-stra in  curve is slight and certainly  

u n -im p o rta n t for the present purpose.

It can be seen  from  figure 3 .2 4  that o n e  e ffec t o f  sign ificant levels o f  residual 

stresses in this sim p le  m od el is to change th e  strain at m axim um  stress from  yield  

strain to  tw ice yield  strain. L evels o f  <rr ' less than 0 . 1 ,  h ow ever , m ay not change  

th e  strain at m axim um  stress sign ificantly  from  ex '= l .  T his e ffe c t  o f  residual stresses 

is also illustrated in (8 2 ). It also fo llow s from  this that m ost o f  the in flu en ce o f  

residual stresses on  the m axim um  com p ression  resistance o f  th e  p an el occurs for levels  

o f  residual stress less than about 0.1 a 0, as w as first pointed  out in (96).

F or the case w ith a r l a 0= 0 .2 ,  the m axim um  stresses from  th e  num erical data are 

p lo tted  at the strain at m axim um  stress from  the elastic m od el, and give very good  

agreem en t. T h e  uniaxial stresses at ex '= l have been  interpolated  from  the data o f  

(4 8 ) and are 0 .7 8 5 , 0 .5 8  and 0 .475  tim es the yield  stress for b /t= 40 , 60  and 80  

resp ective ly . T h ese  are p lotted  on  the figure at ex ’= l ,  and also g ive good
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agreem en t.

T h e  elastic  m odel can be im proved by m aking use o f  th e  previously  described  

m axim um  strength m od els, to  stretch the stress-stra in  curve produced  by th e elastic  

m o d el in th e  vertical d irection , so  that the m axim um  stress agrees w ith the m axim um  

strength  m od el. T his scaling should be applied  to  th e basic elastic  stress-stra in  curve 

and n ot to the residual stress m od ifica tion , sin ce  the residual stress m ust rem ain at its 

sp ec ified  value in the scaled  stress-stra in  curve. If c 1 is the elastic  stress at ex '= l 

(ignoring residual stresses) and cr2 is the elastic  e ffec tiv e  w idth at ex '=2 , then the  

sca lin g  factor, p , say, is g iven  by:

°xu + ° r  . i f
pXb <j 7

°xu + a r * 1 . . . 3 .11
°xu i f < a 7

a 2 °xu + a r (r^

T h e  stress on  the load ing part o f  the stress-stra in  curve at w hich  the tangent 

m odulus is suddenly reduced  due to  residual stresses, is therefore:

and th e  n o n -d im en sio n a lised  strain at w hich this occu rs, denoted  by q \  is found by 

fo llow in g  th e  stress-stra in  curve until cfx =0‘i. T h e  stress at y ie ld  strain , taking into  

accou n t residual stresses, w hich w e m ay d en ote  as 0" ^ )  is given by:

< r , ( r )  -  P [ _  ‘ j . j  ( f f 2 -  <r i )  +  <Ti ]  . . .  3 . 1 3

T h is p rocess has involved  using th e m axim um  strength design curve to  em piricize a 

sim p le  e lastic  stress-stra in  m o d e l, and then  to  use th is elastic m od el to  find the stress 

at y ield  strain . C onsidering again  figure 3 .2 4  it is clear that p for  the three cases  

sh ow n  w ill not vary greatly from  unity sin ce the u n -em p ir ic ized  elastic  m od el, with  

th e  described  m odifications for residual stress, already agrees very w ell w ith the data.

T h e  e lastic  m od el w ith th e appropriate slight, average and severe  w 0 and a r  levels  

can  be used with th e m axim um  strength design  m od els o f  equations 3 .3  and 3 .1 0  to 

ca lcu la te  th e  com pressive resistance at y ield  strain o f  square p lates w ith the three  

im p erfec tion  leve ls. T h ese  y ield  strain com p ression  curves are p lotted  against 

slen d ern ess on  figure 3 .2 5  (as broken lines) w here th ey  can be seen  to have plateaus  

at various stresses less than y ie ld . C onsideration  o f  an u n -b u ck lin g  p late will show  

th at, if  residual stresses ex ist, th e  average stress at yield  strain will alw ays be less 

than  th e  y ield  stress. A s a result the y ield  strain resistance curves o f  figure 3 .2 5  will 

be truncated  by a stress, (rm , w hich depends on  the m agnitude o f  the residual stress,
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and (for rectangular stress blocks) is g iven  by:

T his g ives m axim um  values o f  strength  for the 3 residual stress levels o f  (Jm '= 0 .715 , 

0 .8 3 3  and 0 .9 5 2 , w hich agree w ith th e  p lateaus on  th e  figure. It can  b e seen , 

th erefore, that o n e  im plication  o f  th e yield strain lim it is that a p late w ith residual 

stresses can n ever be said to be fu lly  e ffec tive  (at y ield  strain), how ever stocky the  

plate is, s in ce  th e  stress at y ield  strain w ill always be less than the yield  stress by an  

am ount w hich  d epends on  the leve l o f residual stress in  th e  p late . It is for  

con sid eration  w h ether this restriction  on  the e f fe c t iv e -n e s s  o f  panels norm ally  

considered  to  be fu lly  e ffec tiv e , should  be relaxed , perhaps on  the grounds o f  the  

en h an ced  stability  o f  such stocky p la tes, but it w ill b e  assum ed in the rem ainder o f  

this thesis that the restriction on  yield  strain resistance g iven  by equation 3 .1 4  should  

be taken into  accou n t, in order for its im p lications to be clearly  dem onstrated .

A lso  show n on  figure 3 .2 5  are th e  com p ression  resistances at ex '= l in terpolated  from  

th e curves o f  (4 7 ). It can be seen  that these num erical data points agree very w ell 

with the e lastica lly  derived adjustm ents to the m axim um  strength m od els. T his 

agreem en t g ives som e con fid en ce  in  using equation  3 .1 3  to produce an estim ate o f  

th e  resistance at yield  strain. H ow ever , it is not rea lly  practical for design  use to 

require the buckling d isp lacem en t, g iven  by k , to  be in crem en ted  in  order to find the  

design  resistance. S im ple inverse polynom ial curve fits have th erefore b een  calcu lated  

w hich  m ore c lo se ly  fit the th ree sets o f  data, but using their relationship  to  the  

elastica lly  adjusted curves to ex ten d  th e range o f  the curve fit. T h ese  turn out to 

be:

( s l i g h t )  = 0 . 1 7 + 1 . 4 8
P

0 . 7 3
P2

+
0 . 1 4
P3

< 0 . 9 5 2  '

° x u
^0

( a v e r a g e )  = 0 . 0 8 +
1.21
P

0 . 4 0
P2

+
0 . 0 5
P3

< 0 . 8 3 3

ffx u
^0

( s e v e r e )  = 0 . 0 8 + 0 . 7 8
P

0.22
P2

+
0 . 0 5
P3

< 0 . 7 1 5  .

T h ese  fu n ction s are p lotted  as solid  lin es on  figure 3 .2 5 .

3 . 1 5

T h e  square p late curves o f  equations 3 .1 5  can be used w ith th e strut curves o f  

equations 3 .5  and 3 .6  (or o f  equation  3 .7  for "average" p lates) to find transverse  

strengths at €y ’= l o f rectangular p la tes, even  though the strut curve m akes no  

referen ce  to  strain lim its. W h en  this is carried out for 3:1 p lates with b /t= 4 0 , 60 

and 8 0 , w ith "average" im p erfection s, it gives values o f  0 .4 3 , 0 .2 8  and 0.21  

resp ectively , w hich  agree very w ell w ith the corresponding values in terpolated  from
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th e  num erical resu lts, w hich are 0 .4 5 , 0 .2 8  and 0 .2 1 5 . It is suggested , th erefore, 

that the strut curves g iven  previously, by equations 3 .5  and 3 .6 , or 3 . 7 ,  be used with  

th e  strain lim it square plate strengths g iven  by equations 3 .1 5  to  calcu late the  

transverse com pressive resistances (at e y '= l)  o f  rectangular p la tes, in accordance with  

equation  3 .4 .

T h e se  transverse com p ressive  resistances (at e y '= l)  have b een  calcu lated  for square, 

3:1 and 10:1 p la tes, and are plotted against slenderness in figure 3 .2 6 . T h e  proposed  

m od el is com p ared , on  th e figure, w ith th e  design m odels o f  (24 ) and (63 ). T h e  

latter m odel gives a com pression  capacity  equal to the critical buckling stress, unless  

it is above 50%  o f  y ie ld , in w hich case  th e  design strength is reduced b elow  the  

critical stress by a function  w hich rounds o ff  the shoulder betw een  the critical 

buckling curve and th e  y ie ld  p lateau . It is c lear from  th e  figure that th ere is a w ide  

divergen ce in th e  transverse com pressive strengths predicted  by ex istin g  design m od els, 

and that for d ifferen t aspect ratios and slend ern esses the ex istin g  m odels m ay be  

sign ificantly  con servative  or n o n -co n serv a tiv e  relative to  th e  proposed  y ield  strain  

m od el.

H aving d evelop ed  design  m odels for uniaxial com p ression , the treatm ent o f  biaxial 

com p ression  w ill n ow  be described in th e n ex t chapter.



FABRICATION TOLERANCES FOR PLATE PANELS

MODE OF DEFORMATION TOLERANCE

TRANSVERSE
STIFFENER

or J L .
750 mm FOR t > 2 5  mm

but In no case less than 1*0mm In flange ond 
diaphragm panels and in unrestrained web panels 
In compression;
and not less than 3*0mm In other web panels.

TOLERANCE GAUGE LENGTHS

The following gauge lengths are to he used in determining the imoerfections 
in plate panels and stiffeners:
Plate Panels:

Tor PA *| use G = 2b, for long panels where a > 3b (Figure A23.1)
X-* and G = a, for wide panels where a < 3b (Figure A23.2),

where a = The length of the longer side of a plate panel,

b s The length of the shorter side of a plate panel,

FIGURE 3.2 Gauge length recommendations from Table 23.1 of ref.(81)



1-p

0-8 
j 'Jxu 

0-6

0- 4 

02
1-  0

y*0 ® 

06

0-4

0-2

10

' o n ,  -o-
:r.~Q

a/b = 1 

b/t =40

■re-----

a/b = 1 

b/t = 60

0-8
'xu
0-6

0-4

0— r L^r.#=c-

0-2
a/b = 1 

b/t = 80

001 (H)2 w ,b 003

o Frieze (82) ar* = 0

a " ” Op' = 01

o M M ar*=033 

o  Dier (48) crr'=0-2

0 FINAS ar'=0

FIGURE 3.4 Compressive strength for various w0 and ar - from ref.(82)



F IG U R E  3 .5  -  C om p arison  b etw een  c r o ss-p lo tte d  stress-stra in  curves an d
prop ortion ally  stressed  stress-stra in  curves from  F IN  A S  
a /b = l ,  b /t= 60

FIGURE 3.6 Longitudinal compression numerical data compared to eq.3.3



FIGURE 3.7 - Equation 3.3 compared to BS 5400 and experimental curves
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FIGURE 3.8 Comparison between uniaxial compression analyses and 
interaction end-points - a/b—l & 3



F IG U R E  3 .9  -  B uck ling m od e p rofiles a t p eak  load  from  p roportional
strain  load  cases in  3:1 p lates
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A b / 2 V V ( a - b ) A  A b t t V -
FIGURE 3.10 Conceptual model for transverse strength for a/b>l



FIGURE 3.11 - Proposed strut design curves compared to numerical data
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FIGURE 3.13 Design model for transverse strength cf, numerical data
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FIGURE 3.18 - Compressive stress-strain curves for a/b-3, b/t-80
with various modes of imperfection

FIGURE 3.19 - Total out-of-plane displacement for w03 from fig.3.18

1i

FIGURE 3.20 Total out-of-plane displacement for w01 from fig.3.18
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FIGURE 3.21 - Transverse compressive strength data for square and 3:1
plates with "slight" and "severe" imperfections - compared 
to model based on eq.3.10
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FIGURE 3.22 - Experimental mean and lower-bound
curves from (88) - compared to 
proposed model

FIGURE 3.23 Constituents of stress-strain modelling



FIGURE 3.24 - Elastically-derived stress-strain curves for a/b=l
w o/t=O.102 - compared to data from (48) for trr'=0.2

- Uniaxial longitudinal compressive resistance at cv/r . 
(w0/t-0.025|35, 0.10’, 0.3 0’; <rr'-0.05, 0.2, 0.4)

FIGURE 3.25
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FIGURE 3.26 - Comparison between yield strain model for "average"
imperfections, and design models from (24) and (63) 
for transverse compression - a/b-1, 2 and 10
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C H A P T E R  4  B IA X IA L  C O M PR E SSIO N

4.1  C ritical B uckling

In this chapter, the uniaxial m odels o f  th e  previous chapter w ill b e  used in the  

d ev e lo p m en t o f  a design  m od el for b iaxial com p ression  applied  to  rectangular  

constra ined  p lates. B efore  d evelop in g  this m o d el, som e o f  the con cep ts  that w ill be 

used  can be introduced  using critical buckling as th e  basis.

F igure 4.1 show s th e  biaxial com pression  linear buckling interactions for square and  

3:1 p la tes, w hich are p lotted  in term s o f  the n o n -d im en sio n a l critical buckling  

c o e ffic ien ts , kx and ky. For rectangular p lates the in teraction  is m ade up o f  the  

in n er en v e lo p e  o f  in tersecting  interactions for  d ifferen t m od es o f  buckling. O n  the  

figure the n et in teraction  form ed by this inner en ve lop e  is show n as solid  lin es and  

th e  rem ainder o f  the in teractions as dashed lin es.

In figure 4 .2 , the n et in teractions are r e -p lo tte d  in d im ensions o f  stress for square 

and 3:1 p lates o f  various slen d ern esses, the in teractions b ein g  drawn in con ju n ction  

w ith  th e  V on M ises yield  e llip se .

T h e  uniaxial com p ressive  strength form ulation  o f  equation 3 .3  is truncated by the  

yield  stress in th e  lo w  slenderness reg ion . A lthough  the calcu lated  com pressive

strengths in  th is reg ion  w hich are greater than the yield  stress have no physical 

valid ity  as uniaxial strengths, nor any num erical basis, th ey  m ay be useful as the  

im aginary e n d -p o in ts  o f  strength in teractions w hich  are on ly  partially w ithin the V on  

M ises e llip se . T o  illustrate th is, figure 4 .3  sca les the critical buckling interactions o f  

figure 4 .2  to  end  at th e longitudinal and transverse strengths predicted  by equations

3 .3  and 3 .4  for b /t= 2 0 , 40  and 6 0 , w h ether or not these strengths are less than the  

yield  stress.

T h e  e la sto -p la stic  fin ite  d ifferen ce  analyses o f  (47) -  (49 ) have already been  

described  in C hapter 3 , in the con tex t o f  uniaxial com p ression . M uch o f  the  

u n i-a x ia l com p ression  data produced in (4 9 ) was as part o f  biaxial com pression  

stu d ies, p resented  as a w ide range o f  in teraction  curves m ain ly  for square and 3:1 

p lates. T h ese  in teractions w ere produced as the outer en v e lo p es to  (Tx -CTy trajectories  

for  p roportionally  strained pan els, and th erefore represent th e m axim um  biaxial 

stresses sustained by p roportionally  stressed pan els. T h e  in teractions are reproduced  

h ere  as figure 4 .4 . A n additional square p late curve has b een  added , this being the  

resu lt o f  FIN  AS an alyses o f  a b /t= l 80 p la te . T h ese  FIN AS anaylses did not include
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residual stress but at this slenderness residual stress d oes not have a sign ifican t e ffect  

on  the m axim um  resistance o f  the panel.

F or both  square and 3:1 p lates, the biaxial strength  interactions for th e stockiest 

p lates are truncated by the V on  M ises e llip se , as w as the case for the critical stress 

curves discussed above.

F igure 4 .5  show s th e interaction  at yield  strain for a 3:1 plate w ith b /t= 60 , in m ore  

d eta il, and the p late buckling m odes at d ifferen t points on  th e interaction  are 

in d icated . It can be seen  that the strength in teractions are sim ilar to  th e critical

in teraction s in  being com p osed  o f  the inner en v e lo p e  o f  in tersecting  interactions for  

d ifferen t m od es. T h e m ore horizontal part o f  the interaction  corresponds to  an m = l 

m o d e. Just as for critical stress in teraction s, th is m ode presists, n ot on ly  for

pred om in an tly  transverse com p ression , but ev en  for cases w ith m ore longitudinal 

com p ression  than transverse. O n ly  w hen th e  longitudinal com pression  is greater than  

about 4 .6  tim es the transverse com p ression , in  the steep  part o f  th e  in teraction  curve, 

d o es th e longitudinal buckling m od e, m = 3 , persist. In the case o f  critical stresses, 

th e  m =3 m od e is preferred  over th e m = l m od e w hen <jx is greater than 3 .5  tim es

Oy. T h e  interm ediate m =2 m od e was precluded  by the num erical analysis.

T h e  ab ove  observations w ill be incorporated  in th e design m od el w hich  w ill be

p rop osed  in  this chapter. T h e  d evelop m en t begins with a con sid eration  o f  square 

p lates.

4.2 Square Plates

W h en  discussing biaxial com p ression  in teractions it will be usefu l to adopt the

term in o logy  o f  con vex ity  and con cavity  o f  in teraction  shapes. A n in teraction  which  

lies  outside a straight lin e  drawn b etw een  its u n i-a x ia l com pression  e n d -p o in ts  w ill be 

term ed  co n v ex ; that is, the safe design space d efin ed  by the in teraction  has a con vex  

boundary (as v iew ed from  outside the in teraction ). S im ilarily, an in teraction  w hich  

lie s  w ith in  the straight lin e  drawn betw een  its e n d -p o in ts  w ill be d efin ed  as a

co n ca v e  in teraction .

G iven  th is term in ology , the square p late critical buckling interaction  o f  figure 4. 1 ,

b e in g  a straight lin e , is n e ith er  con cave nor c o n v ex , w hereas the strength interactions  

o f  figure 4 .4  are all co n v ex . It is also c lear from  figure 4 .4  that th e con vex ity  o f  

th e  strength interactions reduces as the slenderness increases, in a m anner which

su ggests that the straight line o f  the critical in teraction  could  be a low er bound.
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H o w ev er , so lu tions for pan els m ore slender than b /t= 180  have n ot b een  fou n d .

A  w ell established  expression  for the biaxial com p ressive  strength interaction  for  

square p lates (for instance in  (46 ) -  (4 9 )), w hich  can give a con tin u ou s series o f  

co n v ex  and con cave curve shapes including th e straight lin e  and th e V on  M ises 

e llip se , is:

W h ere c u is the uniaxial com p ression  e n d -p o in t  o f  the in teraction . T h e  con vexity  o f  

th e  in teraction  curve is varied by changing the co e ffic ien t 77, on  the cross-p rod u ct  

term  o f  th e  equation . F or in stan ce, a value o f  77=2 will g ive a straight lin e , 77=0 

w ill g ive a c irc le , and 77= —1 will g ive the V on  M ises e llip se .

In (46 ) 77 was defined  to vary w ith slenderness so  that the in teraction  shape changed  

from  a straight line at in fin ite  slenderness to slightly greater than the V on  M ises 

e llip se  at zero  slenderness. A t the sam e tim e , the e n d -p o in ts  o f  the interactions did 

n ot ex ceed  the yield stress at low  slenderness.

T h e  m od el proposed  in (49) takes a quite d ifferen t approach in w hich  77 is kept at a 

con stan t value o f  0 .4 5  (so giving a constant shape o f  in teraction) but in  w hich the  

e n d -p o in ts  o f  the in teraction  are a llow ed to  be greater than th e  y ield  stress. W hen  

th e  e n d -p o in ts  are greater than th e  y ield  stress, th e  n et in teraction  is produced by 

in tersectin g  the curve g iven  by equation  4.1 w ith the V on  M ises e llip se . N o  guidance  

w as g iv en , h ow ever, on  w hat th e  values o f  th e  e n d -p o in ts  should  be w hen they  

e x c e e d  a Q.

T h e  sam e authors adopted  a d ifferen t approach in  th e earlier report (48) w here they  

w ere prim arily  con cern ed  w ith the changing biaxial in teraction  as pressure is applied

and w ere considering a sm aller range o f  slen d ern esses (b /t = 4 0 , 60  and 80 ). T he

m od el p rop osed  therein  a llow ed  the interaction  sh ap e to change by em p loyin g  a 

quadratic function  o f  slen d ern ess to d efin e  77 for square p lates (and by defin ing  

discrete  values o f  77 for the th ree slend ern esses for  3:1 p la tes). T h e  proposed  

uniaxial strength m od el a llow ed  the e n d -p o in ts  to ex ceed  the yield  stress.

A ll three ex istin g  defin ition s o f  77 (for square p lates) are com pared  on  figure 4 .6  with

77 values d educed  from  th e num erical data. T h e  77 values from  th e  num erical data

are ded u ced  from  the uniaxial and equal b iaxial strengths, and w here th e  interaction  

curves are on ly  partially w ith in  the V on M ises e llip se  two values o f  77 are deduced  

from  th e data. T h e first, w hich  is d irectly  relevant to  (46), would be used to define

1 . . 4 .1
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an in teraction  w h ose e n d -p o in t w ould never be greater than the yield  stress, and can  

be deduced  from  the relationship  b etw een  the equal b iaxial stress and the y ield  stress. 

T h e secon d  value o f  77 is appropriate to an in teraction  shape w hich had uniaxial 

com p ression  en d -p o in ts  greater than yield  and w hich w ould be intersected  by the V on  

M ises e llip se , as in the m odels o f  (47) -  (49 ). T h is value o f  77 is found by 

sim ultaneous so lu tion  o f equation 4.1 on  the 45 degree lin e  and at the p o in t at w hich  

th e in teraction  m eets the V on M ises e llip se .

T h e  quadratic variation in 77 o f  (48) is seen  to be inappropriate for slendernesses  

outside the b /t= 40  to 80 range for w hich  it was derived , and this w ill presum ably  

have prom pted  th e later suggestion o f  the sam e authors to m aintain  77 con stan t w hen  

the w ider range o f  data had b eco m e availab le.

T h e  approach  suggested h ere , is first to d efin e  the b iaxial strength, 0*15, o f  a square 

p late w ith equal a x  and Oy, as a fu n ction  o f  slen d ern ess. T h is is d on e in a sim ilar  

em pirical fash ion  to that used for  uniaxial strength , by m easuring th e values o f  the  

in teraction  curves on  th e a x = a y  lin e  and p lottin g  th em  against slenderness in  figure  

4 .7 .

A n  inverse p olyn om ial fit is obtained  o f  a sim ilar form  to equation 3 .3  (but w ithout 

a con stan t term , w hich is not n eed ed  in this case):

£h
(Tn

1 . 2 7  0 . 8 9  0 . 3 0
(3 " (32 +  /33 4 . 2

but a\)  is n ot a llow ed  to be less than 0 .5  (rxu (d efin ed  in  equation 3 .3 ) . T his  

restriction is to  ensure that th e  interaction  produced is n ever con cave , w ithin the  

valid range o f  slendernesses (b /t< 180  for m ild stee l, 0<6 .22).

If an in teraction  o f  the form  o f  eqn 4.1 is ad op ted , th en  77 can be d efin ed  in  term s 

o f  the uniaxial and biaxial strength m od els, as it was w hen deducing th e values o f  77 

from  the n um erica l curves for figure 4 .6 .

Interaction  curves produced by equations 3 .3 , 4.1 (setting a u  to n xu from  equation  

3 .3 ) ,  4 .2  and 4 .3  are presen ted  in figure 4 . 8 ,  w here th ey  are com pared  w ith the 

e la sto -p la stic  curves o f  (49).

T h e  variation o f  77 w ith slenderness g iven  by equations 3 . 3 ,  4 .2  and 4 .3  is com pared  

w ith the previous m odels in figure 4 .6 .
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4.3 Rectangular Plates

In C hapter 3 , th e  n o n -a ffin ity  o f  th e  assum ed im p erfection  in (47) -  (49 ) was 

discussed. T his n o n -a ffin ity  was particularly w ith respect to  th e buckling m od e for  

longitudinal com p ression , and it was sh ow n  to give higher longitudinal com pressive  

strengths in 3:1 p lates than would occu r if  the im p erfection  had the form  o f  three  

h a lf sine w aves. It was exp la ined  w hy the writer favours the use o f  a ffine  

im p erfection  assum ptions.

A  3:1 p late w ith on ly  the three half sin e w ave im p erfection  m od e ( w Q3), buckling in

th e  sam e m od e due to longitudinal com p ression , can  be exp ected  to respond to

m oderate am ounts o f  coex isten t transverse com p ression  in  the sam e m anner as would  

a square p late . T h is suggests that th e  e ffe c t  o f  th e n o n -a ff in e  im p erfection  m od e on  

th e  rectangular p late in teractions o f  figure 4 .4  can be elim inated  by using the square 

p late  in teraction  curves to represent that part o f  the in teraction  appropriate to  the  

3:1 plate buckling in  the m =3 m od e. F igure 4 .9  show s th e  3:1 p late in teractions

m od ified  in  th is w ay. T h is m odification  w ill be used in  th e  rest o f  th is chapter.

A n  im portant d ifferen ce  b etw een  th e sh ap es o f  the strength in teractions for square 

and rectangular p lates is that rectangular p la te  in teractions are asym m etric. H ow ever, 

if  th e strength in teraction s for 3:1 p lates are n o n -d im en sio n a lised  (so that th ey  end  at 

unity  at their en d s), the asym m etry is reduced  to  som e ex ten t, as observed in  (46) 

and (49). T h is is show n in figure 4 .1 0 .

A lso  on  this figure is the critical in teraction  n o n -d im en sio n a lised  in the sam e w ay as 

th e  strength curves. It should be n oted  th at, w hereas for square p lates the form  o f 

th e  critical in teraction  was a low er bound to  the strength in teraction  curves (for the  

range o f  slen d ern esses an alyzed ), this d oes n ot apply  to rectangular p lates.

T h e  reduction  in  asym m etry w hich is ev id en t from  figure 4 .1 0  was used in  (49) to 

ju stify  the proposal that equation 4.1 should  be used as an in teraction  function  for  

rectangular p la tes , even  though that equation  is sym m etric. T h e  qualification  was 

m ad e that rj shou ld  be adjusted to m ake th e  sym m etric fu n ction  sa fe , but no sp ecific  

guidance was g iven  on  what rj should be.

In (4 6 ), on  th e  oth er hand, the asym m etry o f  3:1 p late in teractions was exp lic itly  

m od elled  by ch an gin g  the exp on en t on  th e a x  stress term  to unity, and using a 

con stan t value o f  rj equal to - 0 .2 5 .  T h is produces a parabolic shape o f in teraction  

w hich  is invariant w ith slenderness. T h is m od el is show n as a chain  line on  figure  

4 .1 0 . F or p late asp ect ratios b etw een  square and 3:1 an in terpolation  procedure was
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p ro p o s e d . D n V  (63 ) a n d  B S5400 (2 4 ), o n  th e  o th e r  h a n d , sp e c ify  a  c irc u la r

in te ra c tio n  c u rv e , w h ich  is sh o w n  as a b ro k e n  lin e  o n  figu re  4 .1 0 .

A lth o u g h  th e  c ritic a l b u ck lin g  in te ra c tio n  fo r  th e  3 :1 p la te  a lso  h a s  a n  a sy m m etric

s h a p e , th is  a sy m m e try  a rise s  fro m  th e  in te rs e c tio n  o f  in te ra c tio n s  w h ich  (b e in g  s tra ig h t 

lin e s )  a r e  th e m se lv es  sy m m etric  w h en  n o n -d im e n s io n a lis e d  to  th e ir  re sp ec tiv e  

e n d - p o in ts .  T h e  a sy m m e try  o f th e  c ritic a l b u ck lin g  in te ra c tio n  a r ise s , th e re fo re , due  

to  c h a n g e s  in  b u ck lin g  m o d e . T h is  suggests a n  a p p ro a c h  to  th e  in te ra c tio n  m od e llin g  

w h ic h  m a y  be m o re  p ro m is in g  th a n  th e  p re v io u s  a p p ro a c h e s .

If  th e  s tre n g th  in te ra c tio n  c a n  be  p ro d u c e d  fo r  a  re c ta n g u la r  p la te  d e fo rm in g  in  on ly  

o n e  m o d e , w h e th e r  o r  n o t  th a t  w ould  b e  th e  p re fe r re d  m o d e  a t  a ll p o in ts  o n  th e  

in te ra c t io n , th e n ,  s in c e  e v e ry  p o in t o n  th e  in te ra c tio n  is fo r  th e  sa m e  m o d e , it  seem s 

re a so n a b le  to  e x p e c t its  n o n -d im e n s io n a lis e d  fo rm  to  be  m u c h  m o re  sy m m e tric  th a n  

th e  p re fe r re d  n e t  in te ra c tio n . T h e  u n i- a x ia l  m o d e l o f  c h a p te r  3 c a n  b e  used  to

p re d ic t  b o th  lo n g itu d in a l a n d  tra n sv e rse  c o m p re ss io n  e n d - p o in ts  fo r  su ch  an

in te ra c tio n , fo r  a n y  m o d e  sh a p e . T h e re  is g o o d  n u m e ric a l s u p p o r t  a n d  c o n c e p tu a l 

b asis  fo r  th e  tra n sv e rse  co m p re ss io n  e n d - p o in ts ,  b u t m u c h  less so  fo r  lo n g itu d in a l

c o m p re ss io n  e n d - p o in ts ,  fo r  b u ck lin g  m o d e s  lo n g e r  th a n  sq u a re . N o n e th e le ss , s ince  

th e  a p p ro a c h  w ou ld  re q u ire  a ll th e  in te ra c tio n s  fo r  th e  v arious b u ck lin g  m o d es  to  be  

in te r s e c te d , th e se  n o n - p r e f e r r e d  lo n g itu d in a l c o m p re ss io n  e n d - p o in ts  w ill g e n e ra lly  be  

w ell o u ts id e  th e  n e t  s tre n g th  in te ra c tio n  th a t  is p ro d u c e d , so  in a c c u ra c y  in  th e ir  

v a lu es  m a y  n o t h av e  a  s ig n ific a n t e ffe c t o n  th e  n e t  in te ra c tio n . In te ra c tio n s  d e fin ed  

b y :

a re  sy m m e tric  w h en  n o n -d im e n s io n a lis e d , a n d  c a n  b e  a p p lie d  to  e a c h  o f  th e  m odes 

w ith  th e  a p p ro p r ia te  v a lu es  o f  c xu a n d  Oyy c a lc u la te d  fro m  e q u a tio n s  3 .3  to  3 .7 .

F o r  th e  sq u a re  b u ck lin g  m o d e  (fo r in s ta n c e  m = 3  in  a  3:1 p la te )  t\ h a s  a lre a d y  b e e n  

d e f in e d  u sing  th e  b iax ia l co m p re ss io n  m o d e l in  sec tio n  4 .2 . F o r  th e  n o n -s q u a re  

m o d e s  w h ich  e q u a tio n  4 .4  n e e d s  to  be  a p p lie d  to ,  it  is re a so n a b le  to  e x p e c t th a t  th e  

in te ra c tio n s  w ill a lso  b e  c o n v e x  to  a d e g re e  th a t  d e p e n d s  o n  s le n d e rn e ss . A  sim p le  

p o s tu la te , th e re fo re ,  is to  use  th e  sam e  v a lu e  o f  rj th a t  is u sed  fo r  th e  sq u are  

b u c k lin g  m o d e . T h is  p o s tu la te  is c o m p a re d  w ith  th e  cu rv es o f  f ig u re  4 .9  in  figu re  

4 .11  w h e re  it is se e n  to  g ive n o n -c o n s e rv a tiv e  in te ra c tio n  c u rv es  in  th e  tran sv e rse  

c o m p re ss io n  re g io n , e sp e c ia lly  fo r  th e  s le n d e r  p la te s .

N o n e  th e  less, th e  a p p ro a c h  cou ld  be  a d ju s te d  to  m ak e  it w o rk  re a so n a b ly , by
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m o d ify in g  th e  va lue  o f  77 fo r  th e  n o n - s q u a re  m o d e s . O n e  s im p le  c h a n g e  w ould  be  

to  a ssu m e  th a t  th e  77 w h ich  is u sed  fo r  th e se  m o d e s  is based  n o t o n  b / t  b u t  o n  X^/t, 

w h e re  Xj, is th e  lo n g e r h a lf  w a v e len g th  o f  b u ck lin g  m o d e . T h is  a m o u n ts  to  

c a lc u la tin g  a  v a lu e  o f  77 fo r  a sq u a re  p la te  w hose  s le n d e rn e ss  is fo u n d  by  m u ltip ly in g  

th e  a c tu a l p la te  s le n d e rn e ss  by  th e  a sp e c t ra tio  o f  th e  b u c k lin g  m o d e  be ing  

c o n s id e re d . T h is  a p p ro a c h  is c o m p a re d  w ith  th e  c u rv es  o f fig u re  4 .9  in  f ig u re  4 .12 . 

C le a r ly , th e  a p p ro a c h  h a s  so m e  p ro m ise  a n d , w ith  re f in e m e n t co u ld  b e  a  sign ifican t 

im p ro v e m e n t o n  ex is tin g  m e th o d s .

H o w e v e r , a  q u ite  d if fe re n t m o d e l is p ro p o se d  in  th is  c h a p te r .  T h e  p ro p o sa l will have 

th e  a d v a n ta g e  o f  b e in g  b a se d  o n  a  c o n c e p tu a l m o d e l o f  th e  b e h a v io u r  o f  th e  p la te . 

M o re o v e r  th e  m o d e l will b e  re a d ily  e x te n d e d  to  in c lu d e  la te ra l p re ssu re  in  C h a p te r  6 .

T h e  b asic  p rin c ip le  o f  th e  m o d e l is s im p le  to  s ta te . J u s t  as tra n sv e rse  co m p ressiv e  

s tre n g th s  w e re  o b ta in e d  by  p a r tit io n in g  th e  tra n sv e rse ly  lo ad ed  p la te  in to  e n d - re g io n s  

w h ic h  to g e th e r  m a d e  u p  a  sq u a re  p la te  w ith  th e  re m a in in g  c e n tra l p o r t io n  ac tin g  as a 

tra n sv e rse  s t ru t ,  so th e  s e p a ra te  b iax ia l in te ra c tio n s  a p p ro p r ia te  to  th e se  p a rtitio n s  

sh o u ld  b e  a m a lg a m a te d  to  p ro d u c e  th e ir  n e t  e f fe c t o n  th e  p la te . T h is  a p p ro a c h  is 

su g g ested  by  p la te  d e fo rm a tio n  m o d es  w h ich  c o n c e n tra te  th e  d o u b le  cu rv a tu re  

d e fo rm a tio n  a t  th e  e n d s , w ith  th e  re m a in in g  c e n tra l  p o r t io n  d e fo rm in g  in  a  p rism atic  

fa sh io n , as id ea lised  in  f ig u re  4 .1 3 . In te ra c tio n s  sh o u ld  b e  p ro d u c e d  in  th is  w ay fo r 

th e  s u b - p a n e l  g iven  by  a  h a lf -w a v e le n g th  o f  e a c h  o f  th e  po ssib le  m o d e s , a n d  th e ir  

in n e r  e n v e lo p e  u sed  as th e  n e t  in te ra c tio n .

T h e  b iax ia l in te ra c tio n  fo r  th e  e n d - re g io n s  is th e  sq u a re  p la te  in te ra c tio n  o f  sec tion

4 .2  (w ith  77 c a lc u la te d  f ro m  e q u a tio n  4 .3 ) . T h e  s t r u t- l ik e  c a p a c ity  o f  th e  c e n tra l 

re g io n , h o w e v e r , is u n a ffe c te d  by  c o in c id e n t lo n g itu d in a l s tresses , so th a t  th e re  is no  

in te ra c tio n  b e tw e e n  th e  tra n sv e rse  s tress  in  th e  c e n tra l  re g io n  a n d  th e  lo n g itu d in a l 

s tre ss . T h is  e ffe c t is a lso  e v id e n t f ro m  th e  c ritic a l b u ck lin g  in te ra c tio n  fo r  in fin ite ly  

lo n g  p la te s , fo r  w h ich  th e  m = l lin e  is h o r iz o n ta l th ro u g h  th e  e q u iv a le n t o f  th e  E u le r  

lo a d , a t  ky=l. T h e  tre n d  to  a  h o r iz o n ta l m = l lin e  fo r  in fin ite ly  lo n g  p la te s  ca n  be 

se e n  in  th e  b u ck lin g  in te ra c tio n  fo r  1 0 : 1  p la te s , fo r  in s ta n c e , w h ich  is sh o w n  in  figu re  

4 .1 4 .

T h e  in te ra c tio n  w h ich  is th e n  a p p lie d  to  th e  h a lf - s q u a re  e n d - re g io n s  o f  th e  s u b -p a n e l  

is, th e re fo re ,  g iven  by :

. . 4 . 5

° y  1 — ° c  + ( ° y  <rc >w h e re
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crxu  is f ro m  C h a p te r  3 (e q u a tio n  3 .3  fo r  m a x im u m  re s is ta n c e , fo r  in s ta n c e ) . It 

sh o u ld  b e  n o te d  th a t  th e  n u m e ra to r  O y, in  e q u a tio n  4 .5  is n o t  th e  a v e ra g e  a p p lie d  

tra n sv e rse  s tre s s , b u t th e  loca l tra n sv e rse  s tress , d e d u c e d  fro m  e q u ilib riu m , w h ich  is 

a p p lie d  to  th e  e n d - re g io n s  o f  th e  s u b - p a n e l ,  g iven  th e  a v e ra g e  a p p lie d  tra n sv e rse  

s tre ss , <jy, a n d  th e  s tru t  c a p a c ity , a c (fro m  e q u a tio n s  3 .5  to  3 .7 ) . I t sh o u ld  also  be

n o te d  th a t ,  w h e re a s  (rxu  a n d  r\ w ill n o t  v a ry  w ith  cq^, Oy., w ill. C o n s id e ra tio n  o f

e q u a tio n  4 .5  w ill sh o w  th a t  th e  sq u a re  p la te  in te ra c tio n  m o d e l o f  th e  p re v io u s  sec tio n  

w ill re su lt  w h e n  cq, is se t to  u n ity .

T h e  an a ly sis  is re p e a te d  fo r  a ll p o ssib le  va lues o f  th e  b u ck lin g  m o d e  a sp e c t r a t io , cq, 

(g iven  by  th e  b u c k le  h a lf -w a v e le n g th  d iv id ed  by  th e  p la te  b re a d th  b ) , b e tw e e n  1 an d  

th e  p la te  a sp e c t ra t io , a ,  a n d  th e  le a s t va lue  o f  crx  d e te rm in e s  th e  p re fe r re d  m o d e . 

T h e  v a lu e  o f  1 fo r  cq^ c a n  o n ly  be  a p p lie d , o f  c o u rse , if  th e  p la te  a sp e c t ra tio  is

a n  in te g e r .

T h e  n e t  in te ra c tio n s  w h ich  re su lt  f ro m  th is  m o d e l a re  c o m p a re d  o n  fig u re  4 .1 5  w ith 

th e  p a r t ic u la r  in te ra c tio n s  p re s e n te d  in  (47) -  (49 ) fo r  2 :1 , 3:1 a n d  5:1 p a n e ls  fo r 

w h ich  b ia x ia l in te ra c tio n s  h av e  b e e n  p ro d u c e d  in  (47 ) -  (49 ). T h e  fig u re  show s th a t 

th e  m o d e l c o rre sp o n d s  v e ry  w ell w ith  th e  in te ra c tio n s  w h ich  re su lt f ro m  n u m e ric a l 

an a ly sis . T h e  sq u a re  p la te  c o m p a riso n  in c lu d e d  in  th is  f ig u re  is th e  sam e  as in  

fig u re  4 .8 ,  b u t  it  is re p e a te d  h e re  fo r  c o m p le te n e ss .

A  fe a tu re  o f  th e  m o d e l, n o t  a p p a r e n t  f ro m  fig u re  4 .1 5 , is th a t  fo r  a n y  re c ta n g u la r  

p la te , w h a te v e r  its  a sp e c t ra tio  o r  s le n d e rn e ss , a ll th e  c o m p o n e n t in te ra c tio n  cu rves 

fo r  th e  v a rio u s  b u ck lin g  m o d e s  in te rs e c t  a t  th e  sa m e  p o in t . F o r  e x a m p le , th e  

in te ra c tio n  cu rv e s  fo r  a 5:1 p la te  w ith  b /t= 6 0 , fo r  m o d e s  f ro m  m = l to  m = 5 a re  

show n  in  f ig u re  4 .1 6 . A s c a n  b e  se e n , th e  n e t  in te ra c tio n  is p ro d u c e d  by  th e  m = l 

a n d  m = 5  m o d e s  o n ly .

In  (97) it w as su g g ested  th a t  th e  in te rm e d ia te  (m = 2 ) m o d e  in  3:1 p la te s  c o u ld , in  

fa c t, b e  ig n o re d . T h is  w as b a se d  o n  e la s to -p la s t ic  s tu d ie s  s im ila r  to  th o se  in  (47) -  

(49 ). T h e  e f fe c t o f  c o m p o s ite  im p e rfe c tio n  m o d es  c o n ta in in g  a m o u n ts  o f  b o th  w 0 1  

a n d  w 0 2  w as c o m p a re d  to  th e  e ffe c t o f  im p e rfe c tio n  m o d es  c o n ta in in g  w 0 1  a n d  w 0 3 . 

H o w e v e r, o n ly  a few  s le n d e rn e sse s  w ere  a n a ly se d , a n d  im p e rfe c tio n  m odes

p re d o m in a n tly , o r  w ho lly , w 0 2 , w e re  n o t  c o n s id e re d .

I t  h a s  a lre a d y  b e e n  se e n  in  fig u re  4.1 th a t  th e  m = 2  m o d e  d o es  c o n tr ib u te  a sm all 

p a r t  to  th e  c r it ic a l s tre ss  in te ra c tio n . I t is p ossib le  to  a p p ly  th e  p la te  p a r t i t io n  basis 

o f th e  a b o v e  b iax ia l in te ra c tio n  m o d e l to  th e  c ritic a l s tre sse s , by  a m a lg a m a tin g  th e



Sect ion 4.3 Page 4.9

c r itic a l b u ck lin g  in te ra c tio n s  fo r  th e  v a rio u s  re g io n s  o f  th e  p la te , in  th e  sa m e  w ay 

th a t  th e  s tre n g th  in te ra c tio n s  w ere  a m a lg a m a te d  in  fig u res  4 .1 5  a n d  4 .1 6 .

T h e  c ritic a l in te ra c tio n  fo r  th e  p rism a tic  ( s t ru t- l ik e )  p a r t  o f  th e  p la te  is a c o n s ta n t 

ky=l fo r  a n y  kx , a n d  th e  c ritica l in te ra c tio n  fo r  th e  sq u a re  p la te  th a t  m ak es  u p  th e  

e n d  reg io n s  is g iven  in  fig u re  4 .1 a . T h e se  a re  co m b in e d  fo r  a  3:1 p la te  in  figu re  

4 .1 7 , w h e re  it c a n  b e  se e n  th a t  th e  in te ra c tio n s  c o rre sp o n d in g  to  th e  v a rio u s  b u ck ling  

m o d e s  a ll in te rs e c t a t  th e  sam e p o in t ,  in  a s im ila r w ay  to  th e  s tre n g th  in te ra c tio n s . 

T h e  sa m e  th in g  o c c u rs  if  th e  c a lc u la tio n  is re p e a te d  fo r  o th e r  re c ta n g u la r  p la te

a s p e c t  ra tio s .

I t  is w o rth  o b se rv in g  th a t ,  a lth o u g h  th e  c rit ic a l s tre ss  in te ra c tio n  w as n o t  a  lo w er 

b o u n d  to  th e  s tre n g th  in te ra c tio n s , th e  in te ra c tio n  o f  fig u re  4 .1 7 , b ased  o n  m o re  

re a lis tic  p la te  d e fo rm a tio n  p ro file s  th a n  th e  c rit ic a l b u ck lin g  m o d e s , is m u ch  c lo se r  to  

a  lo w er b o u n d  to  th e  s tre n g th  in te ra c tio n s .

A lth o u g h  th e  p la te  d e fo rm a tio n  p ro f ile  im p lie d  by  th e  b iax ia l in te ra c tio n  is a m o re  

re a lis tic  re p re s e n ta tio n  o f  th e  d e fo rm a tio n s  o f  s le n d e r  p la te s  (a t  m a x im u m  lo a d ) , it 

h a s  a lre a d y  b e e n  p o in te d  o u t in  C h a p te r  3 th a t  th e  a ssu m e d  p ro file  is less 

re p re s e n ta tiv e  o f  th e  a c tu a l d e fo rm a tio n  p ro f ile  o f  s to ck y  p la te s  w h ich  will te n d  m o re  

to w a rd s  th e  s in u so id a l c r itic a l b u ck lin g  m o d e . F ig u re  4 .1 8  show s th e  d e fo rm a tio n

p ro f ile s  u n d e r  u n ia x ia l tra n sv e rse  c o m p re ss io n  o f  3 :1  p la te s  o f  v a rio u s  s le n d e rn esses  

o b ta in e d  f ro m  F IN  AS an a ly ses . A ll th e  p ro file s  a re  n o rm a lise d  to  h a v e  th e  sam e  

c e n tra l  d isp la c e m e n t o n  th is  d ia g ra m  by  p lo ttin g  w /w c (w h e re  wc is th e  c e n tra l 

d isp la c e m e n t) , a n d  th e  s in u so id a l c r itic a l b u ck lin g  m o d e  is a lso  sh o w n . I t  is c le a r  

th a t  th e  c r it ic a l b u c k lin g  m o d e  is re a so n a b ly  re p re se n ta tiv e  o f  th e  d e fo rm a tio n  p ro file s  

o f  o n ly  th e  m o s t s to ck y  p la te s .

I t  is possib le  to  use  f ig u re  4 .1 8  to  ju d g e  h o w  m u ch  o f  th e  p la te  d e fo rm s  in  a d o u b ly  

c u rv e d  fa sh io n , a n d  h o w  m u c h  in  a  p r ism a tic  fa sh io n . T h e  a sp e c t ra tio s , a p ,  o f  

th e  d o u b ly  c u rv e d  e n d  reg io n s  a re  m e a su re d  fro m  fig u re  4 .1 8 , a n d  p lo tte d  ag a in st 

s le n d e rn e ss  in  F ig u re  4 .1 9 .

T h e  c o e ff ic ie n t, a p ,  h a d  p rev io u sly  b e e n  a ssu m e d  to  b e  e q u a l to  u n ity , in  d e riv in g  

e q u a tio n  4 .5  a n d  fig u re  4 .1 5 , b u t a n  a l te rn a tiv e  w ould  b e  to  d e f in e  a p  as a  fu n c tio n  

o f  s le n d e rn e ss , b a se d  o n  th e  d a ta  o f  fig u re  4 .1 9 . S uch  a fu n c tio n  w ou ld  b e :

2 . 5
a P (3

< 1 4 . 6

T h is  fu n c tio n  is p lo tte d  o n  fig u re  4 .1 9  a n d  a g rees  q u ite  w ell w ith  th e  in fe r re d  d a ta
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p o in ts .

I t  w as show n  in  C h a p te r  3 th a t  d e sp ite  th e  v a r ia tio n  in  d e fo rm a tio n  p ro file  w ith 

s le n d e rn e ss , th e  tra n sv e rse  s tre n g th  m o d e l o f  e q u a tio n  3 .3  p ro v e d  to  b e  ju s t as 

su ita b le  fo r  s to ck y  p la te s  as it w as fo r  s le n d e r  p la te s . I t  w as e x p la in e d  th a t  th e  

e f fe c t  o f  a  re d u c tio n  in  th e  p ro p o r tio n  o f  th e  p la te  w hich  a c ts  as a  s t ru t  co u ld  be 

b a la n c e d  by  th e  re d u c tio n  in  th e  tra n sv e rse  s tre n g th  o f  th e  p la te - l ik e  e n d  reg ions 

w h e n  th e se  a re  lo n g e r  th a n  sq u a re , a n d  th e  lin e a r  tre n d s  in  th e  n u m e ric a l d a ta  

p re s e n te d  in  fig u re  3 .1 3  p ro v id e d  so m e  e v id e n c e  fo r  th is  to  b e  o c c u rr in g .

H o w e v e r , in  th e  ca se  o f  b iax ia l lo a d in g , th e  c o e x is te n t lo n g itu d in a l c o m p re ss io n  will 

h a v e  a n  in flu e n c e  o n  a  la rg e r  p ro p o r tio n  o f  th e  re c ta n g u la r  p la te  if  th e  e n d  reg ions 

a re  lo n g e r  th a n  sq u a re  th a n  it w ould  if th e  e n d - re g io n s  m ad e  u p  a sq u a re  p la te  on ly , 

a n d  th is  co u ld  h av e  a n  in flu e n c e  o n  th e  b ia x ia l co m p re ss io n  in te ra c tio n  o f  th e  p la te  

as a  w h o le . A s a  re su lt , a lth o u g h  it is n o t  p ro p o se d  th a t  e q u a tio n  4 .6  sh o u ld  ch an g e  

th e  w ay  th a t  th e  tra n sv e rse  s tre n g th  is c a lc u la te d , it is p ro p o se d  th a t  th e  b iax ia l 

in te ra c tio n  m o d e l ta k e  e q u a tio n  4 .6  in to  a c c o u n t. (In  fa c t, s in c e  tra n sv e rse  u n iax ia l 

c o m p re ss io n  is o n ly  a  sp ec ia l case  o f  b iax ia l c o m p re ss io n , e q u a tio n  4 .6  is, in  

p r in c ip le , b e in g  a p p lie d  to  tra n sv e rse  c o m p re ss io n  a lso . H o w e v e r, s in c e  th e  tra n sv e rse  

re s is ta n c e  o f  e n d  re g io n s  w h ich  a re  lo n g e r th a n  sq u a re , in  a c c o rd a n c e  w ith  c*p fro m  

e q u a tio n  4 .6 , w ill its e lf  b e  m a d e  u p  o f  th e  tra n sv e rse  re s is ta n c e  o f  sq u a re  e n d  reg ions 

w ith  a  s tru t  like  p o r t io n , th e n  e q u a tio n  4 .6  m a k e s  n o  d if fe re n c e  to  th e  c a lcu la tio n  o f 

u n ia x ia l tra n sv e rse  c o m p re ss io n  re s is ta n c e . T h e re  is, th e re fo re ,  n o  in co n sis ten cy  

b e tw e e n  th e  a ssu m p tio n s  o f  C h a p te r  3 a n d  C h a p te r  4 ).

A s a  c o n se q u e n c e  o f  e q u a tio n  4 .6 , th e  in te ra c tio n  cu rv e  w hich  is a p p lie d  to  th e  en d  

re g io n s  o f  th e  p la te , w h e n  th e se  e n d  re g io n s  a re  lo n g e r th a n  sq u a re  ( th a t is fo r 

/3 < 2 .5  -  b / t < 7 2  fo r  m ild  s te e l) , sh o u ld  h a v e  th e  sam e  n o n -d im e n s io n a lis e d  fo rm  as 

th e  b iax ia l in te ra c tio n  fo r  th e  sq u a re  p la te  w ith  th e  sam e  s le n d e rn e ss . T h a t  is, th e  

sa m e  v a lu e  o f  r\ sh o u ld  b e  u sed , b u t th e  in te ra c tio n  is r e - s c a le d  in  th e  x a n d  y 

d ire c tio n s  to  e n d  a t  th e  (Txu  a n d  Oyu e n d - p o in ts  a p p ro p r ia te  to  a  p la te  o f a sp e c t 

r a t io , Op. T h is  a p p ro a c h  to  th e  b iax ia l in te ra c tio n s  fo r  th e  d o u b ly  c u rv e d  end  

re g io n s  is id e n tic a l to  th e  a p p ro a c h  u sed  fo r  th e  w ho le  p la te  in  f ig u re  4 .1 1 .

T h e  s tru t  b u ck lin g  in te ra c tio n  (ie a s tru t  b u c k lin g  c a p ac ity  u n a ffe c te d  by  lo n g itu d in a l 

lo a d in g ) is th e  sa m e  as w as u sed  p re v io u s ly , b u t it is n o w  a p p lie d  to  a sm alle r 

p ro p o r t io n  o f  th e  p la te . T h e  in te ra c tio n  g iv en  by  eq u a tio n  4 .5  n o w  b e c o m e s , in  th is 

m o re  so p h is tic a te d  m o d e l:

i 2
ffxui *

+ V \ 1 f SUL. 1
°xui -* ^yui '

+
2

< 1.0 . . 4 . 7



Sect ion 4.3 Page 4.11

w h ere °XU1 = ii c? + ° p  ( °x u p ° c p  )

° y u i =  <?C + ( ° x u  ” ) / ° p

° y i = +  
« p y

f l  - “b 1l  Op J

^xup and <rCp are ca lcu lated from  the c xu and a c  m odels o f  C hapter 3 (equations

3 .3 ,  a n d  3 .7  fo r  in s ta n c e ) , fo r  a n  in c re a se d  s le n d e rn e ss  g iven  by  ctpfi.

F ig u re  4 .2 0  d e m o n s tra te s  th e  e ffe c t o f  using  e q u a tio n  4 .6 , to  d e f in e  th e  a sp e c t ra tio  

o f  th e  e n d  reg io n s  o f  th e  p la te , o n  th e  c r it ic a l s tre ss  in te ra c tio n s  o f  f ig u re  4 .1 7 , fo r  

/3 v a lu es  o f  2 .5 , 2 a n d  1 . T h e  e ffe c t is to  in tro d u c e  in c re a s in g  a m o u n ts  o f  th e  

in te rm e d ia te  (m = 2) m o d e  as |3 re d u c e s  a n d  c*p in c re a se s . T h e  th e o re tic a l  c ritica l 

b u c k lin g  in te ra c tio n  is a lso  sh o w n  o n  th e  f ig u re  as  d a sh e d  lines .

F ig u re  4.21 show s th e  m a x im u m  s tre n g th  in te ra c tio n s  (d e riv ed  f ro m  e q u a tio n s  4 .6  a n d  

4 .7 ,  w ith  3 .3 , 3 .4 , 3 .7 , 4 .2  a n d  4 .3 )  fo r  3:1 p la te s  h av in g  b /t= 2 0 , 30  a n d  40 (/3=.69,

1 .0 4  a n d  1 .3 8 ) , w ith  th e  in te ra c tio n s  fo r  th e  m = l ,2  a n d  3 m o d e s  c le a rly  in d ic a te d . 

T h is  f ig u re  d e m o n s tra te s  th a t ,  a lth o u g h  in c re a s in g  a m o u n ts  o f  th e  in te rm e d ia te  (m = 2) 

m o d e  a re  in c lu d e d  in  th e  n e t  in te ra c tio n  as th e  s le n d e rn e ss  re d u c e s  a n d  th e  a sp e c t 

ra t io  o f  th e  d o u b ly  c u rv e d  e n d - re g io n s  in c re a se s , th e  e ffe c t o f  th e  in te rm e d ia te  m o d e  

is less th a n  in  th e  c r itic a l b u ck lin g  in te ra c tio n s  o f  th e  p rev io u s  fig u re .

F ig u re  4 .2 2  p re se n ts  th e  re su lts  o f  th is  re f in e m e n t o f  th e  m o d e l, u sing  th e  sam e 

an a ly s is  as in  fig u re  4 .2 1 ,fo r  th e  sa m e  ra n g e  o f  a sp e c t ra tio s  a n d  s le n d e rn esses  as 

f ig u re  4 .1 5 . T h e  e f fe c t o f  th e  re f in e m e n t a n d  o f  th e  in te rm e d ia te  m o d es  is fa irly  

m in o r  a n d  th e  d esig n  m o d e l still ag re e s  v e ry  w ell w ith  th e  n u m e ric a l ana ly ses , o v er 

th e  w h o le  ra n g e  o f  p la te  g e o m e tr ie s . T h e  a n a ly ses  o f  (48 ), h o w e v e r, do  n o t a llow  us 

to  v e rify  th e  d e g re e  o f in f lu e n c e  o f  th e  in te rm e d ia te  m o d e  o n  th e  n e t  in te ra c tio n .

I t  is n o w  p ossib le  to  p ro d u c e  a m u ch  w id er ra n g e  o f  in te ra c tio n  cu rv e s  w hich  could  

b e  u sed  fo r  d esign  a t  m a x im u m  re s is ta n c e . F ig u re  4 .2 3  p re se n ts  b iax ia l s tre n g th  

in te ra c tio n s  fo r  a / b = l , 1 .5 , 2 , 3 , 5 a n d  1 0 , a n d  b / t  f ro m  18 to  180 .

Y ie ld  S tra in  R esis tan ce

In  th e  p re v io u s  c h a p te r  a n  a lte rn a tiv e  lo n g itu d in a l u n iax ia l s tre n g th  fo rm u la tio n  was 

g iv en  w h ich  d e f in e d  th e  s tre n g th  as th e  s tre ss  su s ta in e d  by  th e  p a n e l a t  a level o f 

b o u n d a ry  d isp la c e m e n t e q u iv a le n t to  yield  s tra in . T h is  w as sh o w n  to  lead  to  a 

tra n sv e rse  s tre n g th  m o d e l w h ich  a c c u ra te ly  p re d ic te d  th e  tra n sv e rse  s tre n g th  o f 3 :1
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p la te s  a t  ey'=l.

F o r  a  b iax ia l co m p re ss io n  m o d e l to  b e  d e f in e d  a t  a  y ield  s tra in  lim it, a n  ad d itio n a l 

b iax ia l co m p re ss iv e  s tre n g th  fu n c tio n  is n e e d e d  fo r  eq u a l b iax ia l s tre sse s  o n  a square  

p la te  a t  ex'=ey'=l. T h is  th e n  re p la c e s  e q u a tio n  4 .2 . A g a in  r e fe r r in g  to  th e  

s tr e s s - s tr a in  c u rv es  p u b lish ed  in  (4 8 ), th e  b iax ia l s tre n g th s  a t  y ie ld  s tra in  fo r  square  

p la te s  w ith  b /t= 4 0 , 60 a n d  80  a re  0 .5 2 , 0 .3 8  a n d  0.31 tim e s  th e  y ie ld  stress 

re sp e c tiv e ly . T h e  fo llow ing  e m p iric a l d e fin itio n  o f b iax ia l s tre n g th  yields 

c o rre sp o n d in g  v a lues o f  0 .5 3 , 0 .3 8  a n d  0 .3 0 :

a b  _  0 . 9 3 7  0 . 3 2  0 . 0 5 3  ,  0

cr0 = 0 " 0 2 + 03 . . .  4.8

T h e  y ie ld  s tra in  d e fin itio n s  o f  u n iax ia l a n d  b iax ia l s tre n g th  o f  sq u a re  p la te s  co u ld  th e n  

be  u sed  in  th e  re f in e d  b iax ia l co m p re ss io n  m o d e l to  p ro d u c e  a re v ise d  se t o f  design 

cu rv e s  a n a lo g o u s  to  fig u re  4 .2 3 . T h e  m a x im u m  b iax ia l re s is ta n c e s  o f  fig u re  4 .23  

w ere  tru n c a te d  by  th e  V on  M ises e llip se , s in ce  th e  m a x im u m  b iax ia l re s is ta n c e  fo r  a n  

u n b u c k lin g  p la te  w ill lie o n  th is  e llip se . T h is  is t ru e  ev en  w h en  th e re  a re  residua l

s tre sse s  in  th e  p la te . H o w e v e r , i t  w as sh o w n  in  C h a p te r  3 th a t  th e  u n ia x ia l p an e l 

re s is ta n c e  a t  y ie ld  s tra in  w ill alw ays b e  less th a n  th e  y ie ld  s tre ss  if  re s id u a l stresses

e x is t. E q u a tio n  3 .1 4  ex p re sse d  th e  s tre ss  a t  y ie ld  s tra in  in  a n  u n b u c k lin g  p la te  as a 

fu n c tio n  o f  th e  re s id u a l s tre ss  lev e l. T h is  p ro v id e d  a c u t - o f f  to  th e  y ie ld -s tra in

d esig n  c u rv e s  o f  e q u a tio n s  3 .1 5 .

W h e n  c o n s id e r in g  b iax ia l s tre ss , a  s im ila r issue a rise s . B y v ir tu e  o f  a  b iax ia l residual

c o m p re ss io n  o f  0 .2 a  0 in  th e  c e n tra l  a re a  o f  a sq u a re  p la te  th e n  th e  u n b u c k lin g  p la te

w ill o n ly  re m a in  e lastic  in  th e  p re se n c e  o f  b iax ia l a v e ra g e  s tre sse s  a x a n d  a y  un til 

th e  s tre sse s  in  th e  c e n tra l  p a r t  o f  th e  p la te  (w h ich  a re  a x ' + 0 .2 , a n d  a y ' + 0 .2 )

re a c h  th e  V o n  M ises e llip se .

T h is  is sh o w n  o n  f ig u re  4 .2 4  fo r  th e  p a r t ic u la r  b iax ia l load  case  w ith  a y  = 0 .5  a x , 

as a n  e x a m p le . W h e n  th e  s tre sse s  in  th e  c e n tra l  a re a  o f th e  p la te  re a c h  th e  V on 

M ises e llip se , th e  av e ra g e  s tresses  w ill h av e  re a c h e d  a  p o in t o n  f ig u re  4 .2 4  p ro d u c e d  

by  tra n s la tin g  th e  V o n  M ises e llip se  by  a r '= 0 .2  in  th e  x a n d  y  d ire c tio n s . T h is  

t ra n s la te d  V o n  M ises e llip se  is sh o w n  as c u rv e  II  o n  f ig u re  4 .2 4 . T h e  s tra in s  in  th e

p la te  a t  th is  p o in t  c a n  b e  o b ta in e d  f ro m  H o o k e 's  L aw .

If  th e  lo ad  is in c re a se d  fu r th e r ,  th e n  e v e n tu a lly  th e  re s id u a l ten s ile  y ie ld  s tre ss  a t  th e  

e d g es  o f  th e  p la te  w ill be  o v e rc o m e , a n d  a s ta te  o f  u n ifo rm  b iax ia l c o m p re ss io n  on  

th e  y ie ld  su r fa c e , w ill be  a t ta in e d  in  th e  p la te . T h e  V on  M ises y ie ld  e llip se  is

sh o w n  as  c u rv e  I o n  th e  fig u re . If , as  a n  a p p ro x im a tio n , it is a ssu m e d  th a t  th e
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s tra in  in  th e  p la te  w h en  th e  V o n  M ises y ie ld  e llip se  is r e a c h e d  is a t  tw ice  y ie ld  in  

th e  p r im a ry  lo a d in g  d ire c tio n , th e n  th e  s tre s s - s tra in  c u rv e  o f  fig u re  4 .2 5  ca n  be  

p ro d u c e d  ( th is  b e in g  fo r  th e  p a r t ic u la r  e x a m p le  o f  Oy = 0 .5  a x ). T h e  s tress  a t 

w h ich  th e re  is a  re d u c tio n  in  th e  ta n g e n t m o d u lu s  is g iven  by  th e  in te rs e c tio n  o f  th e  

° x  “  0 y ^ n e  o n  fig u re  4 .2 4  w ith  c u rv e  II , a n d  th e  s tra in  is g iven  by  H o o k e 's  Law . 

F ig u re  4 .2 5  c a n  th e n  be  u sed  to  a p p ro x im a te ly  p re d ic t  th e  a v e ra g e  s tre ss  in  th e  p la te  

w h e n  th e  s tra in  is a t  y ie ld . T h is  p o in t  is in d ic a te d  o n  fig u re  4 .2 5 , a n d  is a t  a  value 

o f  crx ' = 0 .9 7 6 . T h is  p o in t is a lso  sh o w n  o n  fig u re  4 .2 4 . T h e  sam e  c a lc u la tio n  has 

b e e n  c a r r ie d  o u t  fo r  a ll s tre ss  ra tio s  to  p ro d u c e  th e  s tre sse s  a t  y ie ld  s tra in , a n d  th ese  

a re  d ra w n  as c u rv e  III.

I t  c a n  b e  se e n  th a t  th e  u n iax ia l e n d - p o in t  o f c u rv e  III is a t  a p p ro x im a te ly  0 .8 9 ,

w h ich  is g re a te r  th a n  th e  0 .833  p re d ic te d  by  e q u a tio n  3 .1 4 , d u e  to  th e  eq u a l b iax ia l

re s id u a l s tre ss  f ie ld  ta k e n  in to  a c c o u n t in  c u rv e  III . H o w e v e r, a  lo n g  re c ta n g u la r

p la te  w ill h a v e  m u c h  less tra n sv e rse  re s id u a l c o m p re ss io n  s tre ss  th a n  th e  sq u a re  p la te , 

a n d  w ill, as  a  re su lt , p ro d u c e  a c u rv e  o n  fig u re  4 .2 4  w h ich  w ill e n d  m u c h  c lo se r  to  

th e  0 .8 3 3  o f  e q u a tio n  3 .1 4 . I t  is th e re fo re  p ro p o se d  th a t ,  ju s t as th e  y ie ld  s tra in

u n ia x ia l re s is ta n c e  o f  e q u a tio n  3 .1 5 (b )  w as tru n c a te d  a t  a  s tre ss  o f 0 .833 (70 , so th e  

b iax ia l re s is ta n c e  sh o u ld  be  tru n c a te d  by  a  V o n  M ises ty p e  o f  e llip se  o f  re d u c e d  rad ii, 

su ch  th a t  it  e n d s  a t  0 .833  o n  th e  u n ia x ia l s tress  a x es . T h a t  is, th e  in te ra c tio n s

p ro d u c e d  by  th e  d esig n  m o d e l o f  th is  c h a p te r ,  u sin g  y ie ld  s tra in  d e f in itio n s  o f 

re s is ta n c e , sh o u ld  b e  tru n c a te d  by :

° x 2 ”  ^ x  ° y  + ° y 2 =  0 .7  a 0 2 . . .  4 .9

E q u a tio n  4 .9  is sh o w n  o n  fig u re  4 .2 4  as cu rv e  IV , a n d  fa lls w ith in  th e  cu rve

p re d ic te d  by  th e  a p p ro x im a te  an a ly sis  o f  u n b u c k lin g  p la te s . In te ra c tio n  cu rv es a t

y ie ld  s tra in  c a n  n o w  be p ro d u c e d , in c o rp o ra tin g  th e  c u t - o f f  g iven  by  e q u a tio n  4 .9 , 

a n d  th e se  a re  p re s e n te d  as f ig u re  4 .2 6 . F ig u re  4 .2 7  c o m p a re s  th e  b iax ia l in te ra c tio n s  

fo r  sq u a re  a n d  3:1 p la te s  w ith  b /t= 3 0 , 60  a n d  9 0 , w ith  th e  d esig n  in te ra c tio n s  from  

(24 ) a n d  (63 ).

T h e  ea se  a n d  s im p lic ity  w ith  w h ich  th e se  a lte rn a tiv e  s tre n g th  fo rm u la tio n s  h av e  b een

in c o rp o ra te d  in to  th e  d esign  m o d e l fo r  b iax ia l in te ra c tio n  c u rv es  d e m o n s tra te s  th a t  th e  

a p p ro a c h  c a n  re a d ily  be  a d a p te d  to  a lte rn a tiv e  s tre n g th  fo rm u la tio n s  d e f in e d  in  codes 

o f  p ra c tic e . P ro v id e d  th a t  th e  basic  c o m p o n e n ts  o f  th e  m e th o d  a re  av a ila b le  (un iax ia l 

a n d  e q u a l b iax ia l s tre n g th  fu n c tio n s  fo r  sq u a re  p la te s , a n d  a  su ita b le  co lu m n  c u rv e ), 

th e n  in te ra c tio n  cu rv e s  fo r  b iax ia l c o m p re ss io n  in  p la te s  o f  a n y  a sp e c t ra tio  c a n  be 

p ro d u c e d . I f  n e c e ssa ry , th e  re la tio n sh ip  b e tw e e n  th e  u n ia x ia l a n d  b iax ia l m odels 

p re s e n te d  h e re  c o u ld  a lso  b e  u sed  in  o rd e r  to  d e fin e  rj, in  th e  m o re  ty p ica l s itu a tio n s
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w h e re  a  u n ia x ia l p la te  b u ck lin g  c u rv e  a n d  s tru t  c u rv e  a re  av a ila b le  b u t  a  b iax ia l 

c o m p re ss io n  c u rv e  is n o t.

In  C h a p te r  6 th e  m o d e l w ill b e  e x te n d e d  fu r th e r  to  in c lu d e  la te ra l  p re ssu re .



FIGURE 4.2 Biaxial compression critical buckling stress interactions 
drawn within the Von Mises ellipse



FIGURE 4.4 Maximum resistance biaxial interaction for square and 3:1 plates 
from (49), with the result of a FIN AS analysis for a/b=l, b/t=180



FIGURE 4.5 - Plate buckling modes at various positions on the biaxial interaction
for a 3:1 plate, b/t=60, from the data produced for (47)

6 20 ' 40 60 80 ' 100 b/t

FIGURE 4.6 - Cross-product coefficient, 17, from analyses of (49) compared to
existing and proposed models



FIGURE 4.8 - Biaxial compression FIGURE 4.9 - Biaxial interactions for 3:1
in square plates plates, from (49), modified

by square plate interactions



FIGURE 4.10 - Normalized biaxial interactions for 3:1 plates, from fig.4.9
compared to critical buckling interaction &  existing models

Simple design postulate 
compared to fig.4.9

Revised simple design postulate 
compared to fig.4.9

FIGURE 4.11 FIGURE 4.12
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FIGURE 4.13 - Conceptual model for biaxial compression in rectangular plates 

et=10 
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FIGURE 4.14 - Biaxial compression critical buckling interaction - alb=10 



FIGURE 4.15 - Proposed design model for biaxial compression maximum resistance
compared to analyses of (49) - b/t=20 to 110, various a/b
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Biaxial compression design model 
showing effect of each possible 
mode - a/b=5, b/t=60

FIGURE 4.16

Pseudo-critical buckling - a/b=3 
FIGURE 4.17

FIGURE 4.19 - Aspect ratio, ap, of the doubly-curved end-regions in the
conceptual model, inferred from fig.4.18, and compared with eq.4.6



FIGURE 4.20 - Influence of eq.4.6 on pseudo-critical buckling interactions -
showing variation in significance of m=2 buckling

FIGURE 4.21 Influence of eq.4.6 on maximum resistance biaxial interactions - 
showing variation in significance of m=2 buckling 
a/b=3, b/t=20, 30 & 40
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FIGURE 4.22 Proposed design model for biaxial compression maximum resistance, 
incorporating eq.4.6, compared to analyses of (49) - b/t=20 to 110



FIGURE 4.23 Design curves from proposed biaxial compression 
maximum resistance model



I VonMises

II Von Mises 

translated by
= 02 in

k and y directions

III Calculated stress 
at£' = 1

IV C *-O t Qy+tf
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FIGURE 4.24 - Effect of biaxial residual stress on stress at yield stress in an
unbuckling plate subject to biaxial compression

FIGURE 4.25 Effect of biaxial residual stress on stress-strain curves for 
an unbuckling plate subject to biaxial compressions, corresponding 
to line on figure 4.24
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FIGURE 4.27 C o m p a riso n  b e tw e e n  b iax ia l in te ra c tio n s  p ro d u c e d  b y  p ro p o s e d  y ie ld  
s tra in  m o d e l a n d  in te ra c tio n s  p ro d u c e d  b y  (2 4 ) a n d  (6 3 )
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C H A P T E R  5  B IA X IA L  C O M PR E SSIO N  A N D  S H E A R

5 .1  C ritical B uckling

T h e  p u rp o se  o f  th is  c h a p te r  is to  p re s e n t  a  s im p le  design  m o d e l fo r  th e  in te ra c tio n  

b e tw e e n  b iax ia l c o m p re ss io n  a n d  sh e a r . T h e  in te ra c tio n  m o d e l w ill b e  p re se n te d  in  

th e  n e x t se c tio n  a n d  will b e  v a lid a ted  b y  re fe re n c e  to  fu r th e r  e la s to -p la s t ic  n u m e ric a l 

an a ly se s  u sing  F IN A S , b u t its d e v e lo p m e n t f irs t re q u ire s  a  c o n s id e ra tio n  o f  c ritic a l 

b u c k lin g , w h ich  w ill be  th e  su b je c t o f  th is  se c tio n .

T h e  c ritic a l b u ck lin g  G a le rk in  p ro g ra m  o f  A p p e n d ix  A , w h ich  c a lc u la te s  th e  f irs t a n d  

se c o n d  e la s tic  b u ck lin g  lo ad s a n d  m o d e s  fo r  f la t s im p ly  su p p o r te d  p la te s  su b je c te d  to  

in - p la n e  b iax ia l c o m p re ss io n  a n d  s h e a r , h a s  a lre a d y  b e e n  r e fe r r e d  to  in  C h a p te r  2 . 

T h is  p ro g ra m  h a s  b e e n  u sed  to  p ro d u c e  th e  b u ck ling  m o d e s  fo r  3:1 p la te s  w ith  

v a rio u s  ra tio s  o f  b iax ia l c o m p re ss io n  a n d  s h e a r , w h ich  a re  p re s e n te d  in  fig u re  5 .1 .

B u ck lin g  m o d e s  fo r  sh e a r  w ith  o r  w ith o u t b iax ia l co m p re ss io n  a re  e i th e r  sy m m etric  o r  

a n t i - s y m m e tr ic  a b o u t th e  m id - p o in t  o f  th e  p la te . T h e  G a le rk in  p ro g ra m  w h ich  is 

l is te d  in  A p p e n d ix  A  will o n ly  p ro d u c e  th e  low est b u ck ling  lo a d , b u t  if  it  is lim ited  

to  o p e ra tin g  o n ly  o n  sy m m e tric  o r  a n ti - s y m m e tr ic  Fourier te rm s  th e n  th e  low est

b u c k lin g  lo ad s fo r  e a c h  ty p e  o f  m o d e  w ill b e  fo u n d . A n  e x a m p le  o f  a sy m m etric  

F o u rie r te rm  w ou ld  b e  o n e  w ith  m = 3 a n d  n = l ( th a t  is, 3 h a lf  w aves in  th e  long  

d ire c tio n  a n d  1 in  th e  s h o r t  d ire c tio n ) , w h e re a s  a n  e x a m p le  o f  a n  a n ti- s y m m e tr ic  

te rm  w ould  b e  m = 2 , n = l .

T h e  c ritic a l b u ck lin g  in te ra c tio n s , in  te rm s  o f  th e  buck ling  fa c to r  k , fo r  a  3:1 p la te  

u n d e r  u n ia x ia l o r  b iax ia l c o m p re ss io n  a n d  sh e a r , a re  show n  o n  f ig u re  5 .2 , w ith  th e  

p o in ts  o n  th e  in te ra c tio n s  w h ich  c o rre s p o n d  to  th e  m o d es  o f  th e  p rev io u s  figu re  

in d ic a te d . T h e  f irs t th re e  in te ra c tio n  cu rv e s  a re  fo rm e d  by  th e  in te rse c tio n  o f

in te ra c tio n  c u rv es  fo r  sy m m e tric  a n d  a n t i- s y m m e tr ic  m o d es . F ig u re  5 .3  show s th e

sy m m e tr ic  a n d  a n t i- s y m m e tr ic  in te ra c tio n s  fo r  a  sq u a re  p la te  lo a d e d  by  sh e a r  w ith  

u n ia x ia l c o m p re ss io n .

I t  w as sh o w n  in  (9 8 ), (99 ) a n d  (5 6 ) th a t  th e  in te ra c tio n  b e tw e e n  sh e a r  an d

lo n g itu d in a l c o m p re ss io n  in  lo n g  re c ta n g u la r  p la te s  o f  a n y  a sp e c t ra tio  cou ld  be 

a c c u ra te ly  m o d e lle d  by  a  p a ra b o la , h av in g  th e  fo rm :

+ 1 . . 5 .1
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w h e re  K x a n d  K T a re  th e  c r itic a l b u ck lin g  fa c to rs  in  p u re  lo n g itu d in a l co m p re ss io n  

a n d  p u re  s h e a r  re sp e c tiv e ly , a n d  k x a n d  k T a re  th e  c o m p re ss io n  a n d  s h e a r  buck ling  

fa c to rs  w h e n  sh e a r  a n d  c o m p re ss io n  a c t  in  c o m b in a tio n . I t  w as sh o w n  in  (99), 

h o w e v e r , th a t  th is  e x p re ss io n  w as c o n se rv a tiv e  w h e n  a p p lie d  to  th e  in te ra c tio n

b e tw e e n  tra n sv e rse  c o m p re ss io n  a n d  sh e a r  in  re c ta n g u la r  p la te s . T h e  p a ra b o la  g iven 

b y  e q u a tio n  5.1 is d ra w n  as b ro k e n  lin es  to  f it th e  in te ra c tio n  e n d - p o in ts  in  figu res

5 .2  a n d  5 .3 , c o n firm in g  its  a c c u ra c y  fo r  lo n g itu d in a l c o m p re ss io n  a n d  its  c o n se rv a tism  

fo r  tra n sv e rse  c o m p re ss io n .

I t  is a lso  a p p a r e n t  th a t ,  w h e re a s  th e  in te ra c tio n  fo r  a  sq u a re  p la te  is a  sing le  cu rve  

(fo r  m o d e s  w h ic h , a lth o u g h  th e y  c h a n g e  c o n tin u o u s ly  f ro m  o n e  p o in t  o n  th e

in te ra c tio n  to  a n o th e r , still re m a in  sy m m e tr ic ) , fo r  re c ta n g u la r  p la te s  th e  n e t 

in te ra c tio n  is m a d e  up  o f  th e  in te rse c tin g  in te ra c tio n s  fo r  sy m m e tric  an d

a n ti- s y m m e tr ic  m o d es . W h e re  th e  tw o in te ra c tio n s  m e e t th e re  is a n  a b ru p t  ch an g e  

in  b u c k lin g  m o d e , a n d , fo r  tra n sv e rse  c o m p re ss io n , a n  a b ru p t c h a n g e  in  th e  slo p e  o f 

th e  in te ra c tio n . F o r  lo n g itu d in a l c o m p re ss io n  th e  c h a n g e  in  s lo p e  a t  th e  in te rse c tio n

o f th e  in te ra c tio n s  is so slig h t th a t  th e  c o n tin u o u s  c u rv e  g iven  by  e q u a tio n  5.1 is still

a g o o d  fit.

T o  re p re s e n t  th e  in te ra c tio n  fo r  b iax ia l c o m p re ss io n  a n d  s h e a r , f ig u re  5 .4  p re se n ts  

b iax ia l c o m p re ss io n  in te ra c tio n s  fo r  c o n s ta n t c o e x is te n t levels o f  sh e a r , fo r  sq u a re  an d  

3:1 p la te s . In  e ffe c t th is  f ig u re  p lo ts  c o n to u rs  o f  th e  th re e -d im e n s io n a l  in te ra c tio n  

su r fa c e , w h e re  th e  h e ig h t o f  th e  c o n to u r  re p re s e n ts  a  p a r t ic u la r  lev e l o f  s h e a r  stress.

I t  c a n  b e  se e n  th a t  th e  p re se n c e  o f  c o e x is te n t s h e a r  d o es  n o t  c h a n g e  th e  s tra ig h t line  

n a tu re  o f  th e  b iax ia l in te ra c tio n  (o r , in  th e  case  o f  re c ta n g u la r  p la te s , th e  

s t r a ig h t- l in e  n a tu re  o f  th e  c o m p o n e n ts  o f  th e  b iax ia l in te ra c tio n ) . F u r th e rm o re ,  th e  

c o n to u rs  in  th e  p re se n c e  o f  s h e a r  a re  p a ra lle l  to  th e  e q u iv a le n t c o n to u rs  a t  ze ro  

sh e a r .

H o w e v e r , th e  a m o u n t by  w h ich  th e  c o m p o n e n t s tra ig h t lines o f  th e  3:1 p la te  b iax ia l 

in te ra c tio n  in  th e  a b se n c e  o f  s h e a r , a re  t ra n s la te d  o n  th is  f ig u re  to  fo rm  th e  

e q u iv a le n t in te ra c tio n s  in  th e  p re se n c e  o f  s h e a r , is n o t  p ro p o r tio n a lly  th e  sam e  fo r 

e a c h  o f  th e  c o m p o n e n t in te ra c tio n  lin es . T h is  m e a n s  th a t  w h e re a s  th e  sh a p e  o f  th e  

sq u a re  p la te  b iax ia l in te ra c tio n  in  th e  p re se n c e  o f  s h e a r  is th e  sa m e  as  th e  in te ra c tio n  

in  th e  a b se n c e  o f  s h e a r , th is  is n o t  th e  case  fo r  th e  re c ta n g u la r  p la te . In  th e  la tte r  

c a se , th e  re la tiv e  p ro p o r tio n s  o f  th e  c o m p o n e n t in te ra c tio n  lin es  v a ry  w ith  level o f 

c o e x is te n t sh e a r .
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I f  a  p a ra b o lic  c u rv e  is a p p lie d  to  th e  in te ra c tio n  b e tw e e n  b iax ia l c o m p re ss io n  an d  

sh e a r , th e n  th e  c o n to u rs  (fo r th e  sa m e  leve ls o f  sh e a r  s tre ss  as th e  c a lc u la ted  

c o n to u rs ) , w h ich  re su lt  a re  show n  as b ro k e n  lin es  o n  fig u re  5 .4 . T h e se  a re  g e n e ra lly  

w ith in  th e  e q u iv a le n t G a le rk in  c o n to u rs , a n d  a re  th e re fo re  a  sa fe  r e p re s e n ta tio n  o f 

th e m , e x c e p t in  th e  p a r t  o f  th e  in te ra c tio n  w h ich  c o rre sp o n d s  to  th e  m = 2  lin e  in  th e  

r =  0 c a se , w h e n  th e  b ro k e n  lines a re  o n ly  s ligh tly  o u ts id e  th e  G a le rk in  c o n to u rs .

T h e r e  is a  r a th e r  c o m p lic a te d  tre n d  o f  b e h a v io u r  se e n  in  th e se  c r it ic a l in te ra c tio n s , 

b u t  o n e  w h ich  is sh o w n  to  b e  co n se rv a tiv e ly  o r  re a so n a b ly  re p re s e n te d  by  a  p a ra b o lic  

in te ra c tio n  fu n c tio n . E v e n  th o u g h  th e re  w ill b e  q u a lita tiv e  p a ra lle ls  in  th e

e la s to -p la s t ic  m a x im u m  s tre n g th  in te ra c tio n s  (c h an g es  in  m o d e  ty p e s , in te rse c tin g  

in te ra c tio n s , a n d  so  o n ) , th e  d es ig n  m o d e l w ill n o t  a t te m p t to  m o d e l th ese  

c o m p le x itie s  o f  b e h a v io u r . T h is  m o d e l w ill n o w  be  d e v e lo p e d .

5 .2  D esig n  M od el

T h e  V o n  M ises in te ra c tio n  b e tw e e n  b ia x ia l c o m p re ss io n  a n d  s h e a r  is g iven  b y :

°x2 “ ffx ffy + (Ty2 + 3 r 2 = dg2 . .. 5 . 2
T h e  c irc u la r  n o n -d im e n s io n a lis e d  in te ra c tio n  b e tw e e n  c o m p re ss io n  a n d  s h e a r  th a t  th is 

p ro d u c e s , h a s  b e e n  u sed  fo r  th e  d esig n  o f  o ffsh o re  s tru c tu re s  in  (6 3 ), as

If  a  p la te  is s to ck y  e n o u g h  fo r  m e m b ra n e  y ie ld in g  to  b e  w id e sp re a d  o v e r  th e  a re a  o f 

th e  p la te  a t  m a x im u m  re s is ta n c e , th e n  th e  p la te  w ill b e  n e a r ly  fu lly  e ffe c tiv e  ( th a t  is, 

its  m a x im u m  s tre n g th  will be  n e a r  to  th e  y ie ld  s tre n g th ) , a n d  its in te ra c tio n  b e h a v io u r 

w ill be  g o v e rn e d  by  th e  V o n  M ises in te ra c tio n  o f  e q u a tio n  5 .2 . W e  m ig h t th e re fo re  

e x p e c t th e  c irc u la r  in te ra c tio n  o f  e q u a tio n  5 .3  to  b e  re a so n a b ly  a p p ro p r ia te  fo r  stocky  

p la te s  (leav in g  a s id e  th e  q u e s tio n , fo r  th e  m o m e n t, o f  h o w  stocky  th e se  p la te s  w ould  

n e e d  to  b e ) .

A  s le n d e r  p la te , o n  th e  o th e r  h a n d , is p ro n e  to  buck lin g . T h e  g re a te r  su scep tib ility  

to  f le x u ra l d e fo rm a tio n  m e a n s  th a t  m e m b ra n e  y ie ld  a t  fa ilu re  will b e  m u c h  m o re  

lo c a liz e d  (w h e th e r  it  is d is tr ib u te d  as z o n es  o f  y ie ld  a lo n g  th e  ed g es o f  co m p re sse d  

p la te s , o r  as d ia g o n a l te n s io n  fie ld s  in  sh e a r  p la te s , fo r  in s ta n c e ) . S u c h  a  p la te  will 

b e  less th a n  fu lly  e ffe c tiv e , a n d  its  in te ra c tio n  b e h a v io u r  will b e  less g o v e rn e d  by  th e  

(u n -b u c k lin g )  V o n  M ises in te ra c tio n  a n d  m o re  in flu e n c e d  by  th e  f le x u ra l b e h a v io u r  o f 

th e  p la te , w h ich  h a s  g iven  rise  to  th e  lo c a liz a tio n  o f  y ield  in  th e  f irs t  p la c e . T h e
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c h a n g in g  su sc e p tib ility  to  fle x u ra l d e fo rm a tio n , as th e  lo ad  ra t io  is v a rie d , is b ro a d ly  

in d ic a te d  by  th e  c ritic a l buck ling  in te ra c tio n , w h ich  is b ased  o n  th e  p la te  ta k in g  u p  a 

m o d e  o f  f le x u ra l d e fo rm a tio n  w hich  m in im iz e s  th e  b e n d in g  e n e rg y  in  th e  p la te .

O f  c o u rse , c r itic a l b u ck lin g  is o n ly  o n e  in d ic a to r  o f  a  p la te 's  su scep tib ility  to  flex u ra l 

d e fo rm a tio n . P o s t-b u c k lin g  ta n g e n t m o d u lu s  also  ch a n g e s  w ith  lo a d  ra tio , a n d  th e  

b u c k lin g  m o d e  c h a n g e s  as n o n -u n ifo rm ity  d e v e lo p s  in  th e  m e m b ra n e  s tress  f ie ld , a n d  

b o th  o f  th e se  p h e n o m e n a  w ill in f lu e n c e  th e  f le x u ra l d e fo rm a tio n s  o f  th e  p la te , a n d , 

th u s , th e  d e g re e  to  w h ich  m e m b ra n e  y ie ld  h a s  lo ca lized  a t  m a x im u m  re s is ta n c e .

I t  w as show n  in  C h a p te r  4 th a t  b iax ia l s tre n g th  in te ra c tio n s  fo r  sq u a re  a n d  3:1 p la te s  

w e re  m o re  V o n  M ise s - lik e  a t  low  s le n d e rn e ss  th a n  a t  h ig h  s le n d e rn e ss . A t h igh  

s le n d e rn e ss , th e  sq u a re  p la te  in te ra c tio n s  te n d e d  to w ard s  th e  fo rm  o f  th e  c r itic a l 

b u c k lin g  in te ra c tio n  (fo r  th e  ra n g e  o f  s le n d e rn e sse s  s tu d ie d ), b u t  th is  w as n o t  th e  case  

fo r  th e  3:1 p la te s . H o w e v e r, a  m o d ifie d  c ritic a l b u ck lin g  in te ra c tio n , fo r  3:1 p la te s , 

w as p ro d u c e d  in  fig u re  4 .1 7 , b ased  o n  a  b u ck ling  m o d e  ( illu s tra te d  in  fig u re  3 .9 )  

w h ic h  w as m o re  c o n s is te n t w ith  th e  b u ck lin g  m o d e  a t  m a x im u m  re s is ta n c e , th a n  w ith  

th e  th e o re tic a l  c r it ic a l buck ling  m o d e . T h is  m o d ified  c ritic a l b u ck lin g  in te ra c tio n  was 

m u c h  c lo se r  to  th e  sh a p e  o f  th e  s tre n g th  in te ra c tio n s .

N o n e  th e  less, d e sp ite  th e  e ffe c t o f  p o s t-b u c k lin g  s tiffn ess , a n d  a  b u ck lin g  m o d e  

w h ich  is d if fe re n t ,  a t  m a x im u m  re s is ta n c e , f ro m  th e  c ritic a l m o d e , th e re  w ill b e  a 

b ro a d  tr e n d  in  in te ra c tio n  sh a p e s , f ro m  a V o n  M ises ty p e  o f  in te ra c tio n  a t  low  

s le n d e rn e ss , to  a  c r it ic a l, o r  q u a s i-c r i t ic a l ,  in te ra c tio n  a t  h ig h  s le n d e rn e ss .

B S 5400 (24 ) im p lic itly  rec o g n iz e s  th a t  th e  c ritic a l in te ra c tio n  will be  re a so n a b ly  

a p p ro p r ia te  a t  h ig h  s le n d e rn e ss , a n d  sa fe  a t low  s le n d e rn e ss , by  a d o p tin g  a  p a ra b o lic  

in te ra c tio n  p ro p o se d  in  (3 4 )(1 0 0 ), w h ich  h a s  th e  sa m e  fo rm  as  e q u a tio n  5 .1 , as 

fo llow s:

E q u a tio n s  5 .3  a n d  5 .4  ca n  th e n  b e  se e n  to  re p re s e n t  o p p o s ite  en d s  o f  a n  a n tic ip a te d  

tr e n d  in  in te ra c tio n  sh a p e s , th e  fo rm e r  b e in g  q u a lita tiv e ly  m o re  a p p ro p r ia te  to  th e  

g e n e ra lly  m o re  s to ck y  p la te s  e n c o u n te re d  in  sh ip  a n d  o ffsh o re  s tru c tu re s , th e  la tte r  

b e in g  m o re  a p p ro p r ia te  to  th e  s le n d e r  p la te s  fo u n d  in  th e  w ebs o f  p la te  a n d  box 

g ird e r  b rid g es . A n  im p o r ta n t  e x c e p tio n  to  th is  g e n e ra lisa tio n  is, o f  c o u rse , th e  

s le n d e r  p la te s  fo u n d  in  to p -s id e s  o f  o ffsh o re  s tru c tu re s .

T h e  d esig n  m o d e l, w h ich  is p ro p o se d  b e lo w , rec o g n iz e s  th e  c h a n g e  in  in te ra c tio n

1 . . 5 . 4



Section 5.2 Page 5.5

s h a p e  w h ich  is lik e ly  to  o c cu r w ith  s le n d e rn e ss , a n d  w ill e n c o m p a ss  th e  sh e a r  

in te ra c tio n s  o f  (24) a n d  (63) as lim its . S u ch  a  m o d e l, fo r  s h e a r  a n d  lo n g itu d in a l

c o m p re ss io n , fo r  in s ta n c e , w ill hav e  th e  fo rm :

w h e re  n  will v a ry  in  a n  e m p iric a lly  d e f in e d  w ay  fro m  2 , a t  low  s le n d e rn e ss , to  1 a t 

h ig h  s le n d e rn e ss . T h e  in te ra c tio n s  w h ich  a re  p ro d u c e d  by v a ry in g  n  f ro m  1 to  2 , 

a r e  i llu s tra te d  in  fig u re  5 .5 .

N u m e ric a l an a ly ses  h a v e  b e e n  c a rr ie d  o u t ,  u sin g  F IN A S , o f  sq u a re  a n d  3:1 p la te s , 

w ith  b /t= 4 0 , 6 0 , 8 0 , 120  a n d  180 , w ith  C C C C  b o u n d a ry  c o n d itio n s  su b je c te d  to  

c o m b in a tio n s  o f  s h e a r  w ith  u n iax ia l lo n g itu d in a l o r  tra n sv e rse  c o m p re ss io n , o r  w ith  

b ia x ia l co m p re ss io n . A s w ith  all th e  F IN A S  analy ses  c a rr ie d  o u t  as p a r t  o f  th e  

p re s e n t  w o rk , re s id u a l s tre sse s  w ere  n o t  a p p lie d  to  th e  p la te , b u t  a lth o u g h  th is  has  

lit t le  e ffe c t o n  th e  s h e a r  c a p a c ity  o f  th e  p la te , it  c a n  h av e  a  s ig n if ic a n t e ffe c t o n  th e  

u n ia x ia l a n d  b iax ia l c o m p re ss io n  c a p a c itie s . T h e  p u rp o se  o f  th e  an a ly ses , h o w e v e r, 

w as to  in d ic a te  th e  n o n -d im e n s io n a lis e d  sh a p e  o f  th e  in te ra c tio n , w h ich  w ould  th e n  

b e  u sed  w ith  th e  p re v io u s ly  d e fin e d  s h e a r  a n d  b iax ia l s tre n g th  m o d e ls , so q u a n tita tiv e  

in te ra c tio n s  a re  n o t  re a lly  re q u ire d .

W h a t is re q u ire d  is th a t  in te ra c tio n  e n d - p o in ts  sh o u ld  also  b e  o b ta in e d  w ith  c o n s is te n t 

a ssu m p tio n s  to  th e  in te rm e d ia te  p o in ts  o n  th e  in te ra c tio n s . A s a  re su lt , c o n s is te n t 

a n a ly se s  o f  p la te s  su b je c te d  to  s h e a r  o n ly , u n iax ia l lo n g itu d in a l a n d  tra n sv e rse  

c o m p re ss io n  o n ly , a n d  b ia x ia l co m p re ss io n  o n ly , w ere  also  c a r r ie d  o u t  to  p ro v id e  th e  

e n d - p o in ts  th a t  w ou ld  p e rm it  th e  in te ra c tio n s  to  b e  n o n -d im e n s io n a lis e d .

T o  e c o n o m iz e  o n  th e  n u m b e r  o f  a n a ly ses , it  w as d e c id e d  o n ly  to  an a ly se  th o se  s tress 

c o m b in a tio n s  th a t  w ou ld  g ive a  p o in t c lo se  to  th e  m id d le  o f  th e  n o n -d im e n s io n a liz e d  

in te ra c t io n ;  th a t  is, w h e re  a  45 d e g re e  lin e  f ro m  th e  o rig in  o f  th e  

n o n -d im e n s io n a lis e d  s tre ss  ax es w ould  m e e t th e  in te ra c tio n  c u rv e . T h is  45 d e g re e  

lin e  is show n  as a  b ro k e n  lin e  o n  f ig u re  5 .5 . F o r  th e  b /t= 1 2 0  a n d  180 p la te s , 

a d d itio n a l p o in ts  w e re  o b ta in e d  a t  in te rm e d ia te  p o in ts  o n  th e  in te ra c tio n s , in  o n e  o r  

tw o  cases .

T h e  q u e s tio n  a rise s  o f  w h a t im p e rfe c tio n  m o d e  sh o u ld  be  u sed  in  th e  ana ly ses . It 

w as a rg u e d  in  C h a p te r  3 th a t  th e re  w as a  possib ility  o f  a ff in e  im p e rfe c tio n s  

d e v e lo p in g  d u r in g  th e  life  o f  a  s tru c tu re , a n d  s in ce  th e  p re se n c e  o f  n o n - a f f in e  (a n d , 

in  te rm s  o f  s tre n g th , b e n e f ic ia l)  im p e rfe c tio n s  co u ld  n o t be g u a ra n te e d , it  w as s im p le r 

a n d  sa fe r  to  assu m e  a ff in e  im p e rfe c tio n s  in  p ro d u c in g  a d esig n  m o d e l. I t  w as,
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th e r e f o r e ,  d ec id e d  to  u se  th e  G a le rk in  p ro g ra m  to  o b ta in  th e  F ou rier te rm s  th a t  m ak e  

u p  th e  p re fe r re d  e lastic  c r it ic a l b u ck lin g  m o d e , a n d  to  use th e se  to  p ro d u c e  th e  p la te  

im p e rfe c tio n s  fo r  th e  e la s to -p la s t ic  an a ly ses . T h is  re q u ire d  a n  e ig e n -a n a ly s is  to  be  

c a r r ie d  o u t p r io r  to  g e n e ra tin g  th e  in p u t d a ta  fo r  e a c h  o f th e  F IN A S  ru n s  used  in  

th is  c h a p te r .

T h e  m a x im u m  a m p litu d e  o f  th e  im p e rfe c tio n  m o d e s  w as ta k e n  to  b e  w 0= b/200  fo r 

c o n s is te n c y  w ith  th e  s h e a r  ana ly ses  o f  C h a p te r  2 . M esh  sizes w e re  8x8 fo r  sq u a re  

p la te s  a n d  6x18 fo r  3:1 p la te s .

F ig u re  5 .6  p re se n ts  th e  s h e a r  a n d  c o m p re ss io n  s tre s s - s tra in  cu rv e s  w h ich  re su lt fro m  

th e  a n a ly se s , fo r  sq u a re  p la te s  o f  b /t= 4 0 , 80  a n d  180 . I t is c le a r  f ro m  th e se  th a t  

( ju s t a s  w as o b se rv e d  in  C h a p te r  2 fo r  C C C C  p la te s  in  sh e a r  o n ly ) th e  sh e a r  s tra in  

in  th e  p la te  c a n  d im in ish  as p la te  b u ck lin g  p ro c e e d s . T h is  w ill p o se  se v e re  p ro b le m s 

fo r  s t r e s s - s tr a in  m o d e llin g , b u t  th is  w as n o t  a t te m p te d  as p a r t  o f  th e  p re s e n t  w ork .

T h e  m a x im u m  stresses  in  th e  p la te  (w hich  a re  g e n e ra lly  ac h ie v e d  w h e n  th e  s tra in s  a re  

in  th e  re g io n  o f  0 .9  to  1 .2  tim e s  th e  y ie ld  s tra in ) ,  a re  ta b u la te d  in  T a b le  5 .1 .

M e sh  c o rre c tio n  fa c to rs  h av e  also  to  b e  a p p lie d . M eshes o f  th e  sizes u sed  a re  

su ff ic ie n t fo r  fu ll c o n v e rg e n c e  in  c o m p re ss io n  (w h e th e r  u n iax ia l o r  b ia x ia l) . T h e y  a re  

a lso  su ff ic ie n t fo r  fu ll c o n v e rg e n c e  in  s h e a r  fo r  b / t  less th a n ,  o r  eq u a l to  80.

C o r re c tio n  fa c to rs  n e e d  to  b e  a p p lie d , h o w e v e r , fo r  sh e a r  p la te s  w ith  b /t= 1 2 0  an d  

1 8 0 , a s  in  C h a p te r  2 . F u r th e rm o re ,  to  th e  e x te n t  th a t  c o m b in e d  lo a d  cases c o n ta in  

s h e a r ,  b u t  th a t  th e  lo c a liz e d  c u rv a tu re s  in  th e  in c lin e d  b u ck ling  m o d e s  a re  a m e lio ra te d  

d u e  to  th e  u n iax ia l o r  b iax ia l co m p re ss io n s , th e r e  w ill be  a n e e d  fo r  a  re d u c e d  m esh  

c o r re c tio n  in  th e se  c a ses . S in ce  th e  s h e a r -c o m p re s s io n  ra tio s  a re  a p p ro x im a te ly  on  

th e  45 d e g re e  lin e  o f  th e  n o rm a lise d  in te ra c t io n , it  w as a ssu m ed  th a t  h a lf  th e  m esh  

c o r re c tio n  fa c to r  w ou ld  b e  a p p ro p r ia te  fo r  th e  in te rm e d ia te  lo a d  c a ses  in  th e  b /t= l  20 

a n d  180  cases . T h e  m e s h -c o r re c te d  va lues a re  g iven  in  T a b le  5 .2 .

I t  c a n  b e  se e n  f ro m  fig u re  5 .5 , th a t  w h a te v e r  v a lu e  n  has  in  th e  ra n g e  1 to  2 , th e

in te ra c t io n  in  th e  p re d o m in a n tly  c o m p re ss io n  re g io n  is n o t g re a tly  a ffe c te d . T h e  

re a so n  fo r  th is  is th a t  s in ce  c o e x is te n t s h e a r  lo ad in g  will h av e  th e  sam e  e ffe c t o n  

c o m p re ss io n  b e h a v io u r  w h e th e r  th e  sh e a r  is p o s itiv e  o r  n e g a tiv e , th e  in te ra c tio n  will 

a lw ays b e  sy m m e tric  a b o u t th e  c o m p re ss io n  ax is , a n d  will m e e t it  a t  90  d e g re e s ,

h o w e v e r  s le n d e r  th e  p la te  is. T h e  b iggest c h a n g e  in  in te ra c tio n  sh a p e  o c cu rs  in  th e  

p re d o m in a n tly  sh e a r  p a r t  o f  th e  in te ra c tio n . W h e n  n= 2 th e  in te ra c tio n  is n o rm a l to  

b o th  a x e s , b u t w h en  n = l  th e  n o n -d im e n s io n a lis e d  in te ra c tio n  m e e ts  th e  sh e a r  ax is a t 

a n  an g le  o f  63 d e g re e s . I t  seem s in tu itiv e ly  re a so n a b le  th e re fo re  to  lo o k  fo r  a
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v a r ia tio n  in  n  w h ich  d e p e n d s  o n  th e  re sp o n se  o f  th e  p la te  to  p re d o m in a n tly  sh e a r  

lo a d in g .

T h e  in te rm e d ia te  in te ra c tio n  p o in ts  f ro m  T a b le  5 .2  h av e  b e e n  u sed  (w ith  th e  

e n d - p o in ts )  to  c a lc u la te  w h a t va lue  n  w ou ld  n e e d  to  have  to  p re d ic t  a n  in te ra c tio n  

c u rv e  w h ich  w ould  fit th e  d a ta . T h e se  v a lu es  a re  p lo tte d  o n  f ig u re  5 .7  a g a in s t X. 

X, w h ich  w as in tro d u c e d  in  th e  sh e a r  d e s ig n  m o d e l o f C h a p te r  2 , is th e  p la te  

s le n d e rn e ss  d iv ided  by  th e  c ritic a l s le n d e rn e ss  in  s h e a r . O n  th e  f ig u re , 2 se p a ra te  

d ia g ra m s  a re  p lo tte d , th e se  b e in g  fo r  sq u a re  p la te s  a n d  3:1 p la te s . E a c h  d iag ram  

p lo ts  th e  va lues o f  n  d e r iv e d  fro m  th e  d a ta  g iv en  in  T a b le  5 .2  fo r  th e  five 

s le n d e rn e sse s . T h e  va lues o f  n  a re  lis ted  in  th e  T a b le .

A  s im p le  re p re s e n ta tio n  o f  th e  v a ria tio n  is to  a ssu m e  th a t  n  v a rie s  l in e a r ly  fro m  2 a t 

z e ro  s le n d e rn e ss  to  1 a t  th e  c ritic a l s le n d e rn e ss  (fo r  e a c h  p a r t ic u la r  a sp e c t ra t io ) ,  an d  

re m a in s  a t  1 fo r  h ig h e r  s le n d e rn e sse s . T h is  b i - l in e a r  m o d e l is a lso  sh o w n  o n  b o th  

d ia g ra m s  o f  f ig u re  5 .7 , a n d  c a n  be  w ritte n :

n
2 -  X ; X <  1

1 ; X >  1
5 . 7

E q u a tio n  5 .7  is u sed  to  p ro d u c e  n o n -d im e n s io n a lis e d  in te ra c tio n s  fo r  sq u a re  a n d  3:1 

p la te s  w ith  b /t= 4 0 , 80  a n d  1 8 0 , w h ich  a re  c o m p a re d  w ith  th e  re le v a n t load  

c o m b in a tio n  d a ta  f ro m  T a b le  5 .2  o n  fig u re  5 .8 .  T h e  d a ta  fo r  s h e a r  c o m b in e d  w ith

u n ia x ia l lo n g itu d in a l o r  tra n sv e rse  c o m p re ss io n , o r  b iax ia l c o m p re ss io n , a r e  in c lu d ed  

o n  th e  sa m e  fig u re , s in ce  n  v a rie s  o n ly  w ith  th e  c r it ic a l s le n d e rn e ss  in  s h e a r . I t  can  

be  s e e n  th a t  e q u a tio n  5 .7  g ives a v a ria tio n  in  in te ra c tio n  sh a p e s  w h ich  fits  th e  d a ta  

re a so n a b ly  w ell.

S in c e  th e  sam e  sh e a r  in te ra c tio n  is b e in g  a p p lie d  b o th  to  u n ia x ia l a n d  b iax ia l 

c o m p re s s io n , th e n  i t  is su g g ested  th a t  th e  u n ia x ia l s tre n g th  m o d e l o f  C h a p te r  3 , a n d , 

if  re q u ire d , th e  b iax ia l in te ra c tio n  o f  C h a p te r  4 , sh o u ld  be u sed  to  f in d  th e  (b iax ia l) 

c o m p re ss iv e  s tre n g th  in  th e  a b se n c e  o f sh e a r . T h is  u n iax ia l o r  b iax ia l s tre n g th  will 

th e n  b e  re d u c e d  by  m u ltip ly in g  it by  a fa c to r  f  (z e ta ) ,  say , g iven  by  th e  so lu tio n  to  

e q u a tio n  5 .6 :

f 5.8

T h is  m o d e l, w ith  th e  p ro p o se d  m o d e ls  o f  C h a p te rs  2 to  4, is c o m p a re d  in  f ig u re  5 .9  

w ith  th e  d esig n  m o d e ls  o f  (24) a n d  (63 ), fo r  sh e a r  a n d  u n ia x ia l c o m p re ss io n  in  

sq u a re  a n d  3:1 in te rn a l  p la te s  (a lth o u g h  th e  d esig n  m o d e l o f  (6 3 ) m a k e s  no
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d is tin c tio n  b e tw e e n  b o u n d a ry  c o n d itio n s ) . T h e  V o n  M ises in te ra c tio n  is a lso  show n , 

s in ce  th is  is o ccas io n a lly  n e e d e d  to  tru n c a te  th e  in te ra c tio n s  p ro d u c e d  by  (24).

H a v in g  d e v e lo p e d  a  m o d e l fo r  th e  in te ra c tio n  b e tw e e n  sh e a r  a n d  u n ia x ia l o r  b iax ia l 

c o m p re ss io n , th e  n e x t s tag e  o f  d esign  m o d e l d e v e lo p m e n t w ill b e  fo r  b iax ia l 

c o m p re ss io n  a n d  p re ssu re .



a / b b / t 0 X t A 0 ax/a o V ^ o

1 40 1 .3 8 .363 .997
— .904 —

— .590 .5 9 0
.720 .613 —

. 714 .407 .407

1 60 2 . 0 7 .545 .983
— .753 —

— .449 .4 4 9
.697 .475 —

.687 .290 .2 9 0

1 80 2 . 7 7 .7 2 6 .940
— . 646 —

— . 382 .382
.648 .396 —

.635 .235 .235

1 120 4 . 1 5 1 . 0 9 .835
— .555 —

.502 .332 —

1 180 6 . 2 2 1 . 6 4 .6 4 9
— .406 —

— .227 .227
.385 .259 —

. 389 .140 .1 4 0

Note: (i) The values of 7 / 70, etc., are the maximum resistances, 
( i i )  X = 0 / P CY

Compression and Shear FINAS data without Mesh Correction - a/b-1
Table 5.1(a)



a/b b/t 0 X T/To ay/a o

3 40 1.38 .44 .994
— — .510
— .773 .384
.695 .632 —

.751 — .385

.811 .534 .266

3 60 2.07 .66 .950
— — .354
— .530 .248
.681 .443 —

.781 — .234

.704 .332 .155

3 80 2.77 .88 .882
— — .278
— .463 .176
.554 .405 —

.686 — .179

.639 .269 .102

3 120 4.15 1.32 .700
— — .213
— .332 . 127
.421 .338 —

.446 — .136

.442 .216 .083

3 180 6.22 1.98 .531
— — .158
— .245 .096
.329 .252 —

.314 — .093

.328 .151 .059

N o t e :  ( i )  T h e  v a l u e s  o f  r / r 0 , e t c . ,  a r e  t h e  m ax im u m  r e s i s t a n c e s ,  
( i i )  X =  @/(3c r

Compression and Shear FINAS data without Mesh Correction - a/b=3
Table 5.1(b)



a/b b/t (3 X tA 0 O'xA'o ay/ao n

1 40 1.38 .363 .997
— .904 —

— .590 .590
.720 .613 — 1.90
.714 .407 .407 1.94

1 60 2.07 .545 .983
— .753 —

— .449 .449
.697 .475 — 1.52
.687 .290 .290 1.53

1 80 2.77 .726 .940
— .646 —

— .382 .382
.648 .396 — 1.32
.635 .235 .235 1.25

1 120 4.15 1.09 .825
— .555 —

.499 .330 — .876

1 180 6.22 1.64 .629
— .406 —

— .227 .227
.379 .255 — 0.97
.383 .138 .138 0.93

N o t e :  ( i )  T h e  v a l u e s  o f  t / t 0 , e t c . ,  a r e  t h e  m a x im u m  r e s i s t a n c e s .
( i i )  X -  0 / 0 c r
( i i i )  n  i s  u s e d  i n  e q u a t i o n  5 . 6  a n d  i s  p l o t t e d  o n  f i g u r e  5 . 7

Compression and Shear FINAS data corrected for Mesh Size - a/b~l
Table 5.2(a)



a/b b/t 0 X *Ao ffx/ffo OyAo n

3 40 1.38 .44 .994
— — .510
— .773 .384
.695 .632 — 1.88
.751 — .385 3.01
.811 .534 .266 2.96

3 60 2.07 .66 .950
— — .354
— .530 .248
.681 .443 — 1.36
.781 — .234 2.72
.704 .332 .155 1.70

3 80 2.77 .88 .882
— — .278
— .463 .176
.554 .405 — 1.07
.686 — .179 2.11
.639 .269 .102 1.37

3 120 4.15 1.32 .692
— — .213
— .332 .127
.418 .336 — .905
.443 — .135 1.16
.440 .215 .083 1.19

3 180 6.22 1.98 .496
— — .158
— .245 .096
.318 .244 — 1.04
.303 — .090 0.83
.317 .146 .057 1.02

N o t e :  ( i )  T h e  v a l u e s  o f  r / r 0 , e t c . ,  a r e  t h e  max im um  r e s i s t a n c e s .
( i i )  X =  @/@c r
( i i i )  n  i s  u s e d  i n  e q u a t i o n  5 . 6  a n d  i s  p l o t t e d  o n  f i g u r e  5 . 7

C o m p r e s s i o n  a n d  S h e a r  F INAS d a t a  c o r r e c t e d  f o r  M e s h  S i z e  -  a / b - 3

T a b l e  5 . 2 ( b )



(b) T = ox Kxy= 3 0 Kx= 3-0 (c) ax Kx = 4 0

FIGURE 5.1 - Shear and compression critical buckling modes - a/b-3

FIGURE 5.2 Shear and compression critical interactions - a/b-3



n = 2*0

Shear & uniaxial compression 
critical interactions - a/b-1 

FIGURE 5.3
Curves produced by Eq.5.6 

for n - 1 to 2 
FIGURE 5.5

K

FIGURE 5.4 Biaxial Interactions with coexistent shear - a/b-1, 3



FIGURE 5.6 - Shear & compression stress-strain curves for a/b-1
b/t-40, 60 and 80



FIGURE 5.7 - Plot of n from Table 5.2 against X (-/5//3cr)

Interactions produced by eq.5.6,7 for a/b-1 & 3 
b/t-40, 80, 180 - r-HTy, r+ax-H7y

FIGURE 5.8



a '

"W o n M is e s  DnV (63) BS 5400 ( 24) " ''p ropo sed
model

FIGURE 5.9 Comparison between proposed method and BS5400 and DnV
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C H A P T E R  6  B IA X IA L  C O M P R E SSIO N  A N D  L A T E R A L  P R E S S U R E

6.1  F irst Y ield  M odel

B e fo re  d e v e lo p in g  a  design  m o d e l fo r  c o n s tra in e d  re c ta n g u la r  p la te s  u n d e r  b iax ia l 

c o m p re ss io n , c x a n d  d y , a n d  u n ifo rm  la te ra l p re ssu re , Q , it  w ill b e  u sefu l to  d iscuss 

so m e  o f  th e  b asic  c o n c e p ts  u sing  a  s im p le  e la s tic  so lu tio n  o f  th e  M a rg u e rre  eq u a tio n s  

fo r  th e  sa m e  s itu a tio n . T h e  d iscussion  o f  th e  b asic  c o n c e p ts  w ill b e  in  tw o  sec tio n s. 

T h e  f irs t w ill d e a l w ith  p la te s  s u b je c t to  p re ssu re  a lo n e , a n d  th e  seco n d  will also  

in c lu d e  u n i- a x ia l  a n d  b i- a x ia l  c o m p re ss io n . C e r ta in  q u a lita tiv e  a sp e c ts  o f  th e  

b e h a v io u r  w ill b e  in tro d u c e d  by  ap p ly in g  f irs t y ie ld  c r ite r ia  to  th e  e la s tic  m o d e l. 

R e fe re n c e  to  n u m e ric a l e lastic  a n d  e la s to -p la s t ic  an a ly ses  w ill b e  m a d e  in  o rd e r  to  

c o r ro b o ra te  th e  e la s tic  m o d e l, a n d  to  e x te n d  th e  d iscussion  in to  a sp e c ts  o f  b e h a v io u r 

w h ich  th e  m o d e l d o es  n o t  c o n s id e r .

A p p e n d ix  B  p re se n ts  a  re la tiv e ly  s im p le  so lu tio n  o f  th e  n o n - l in e a r  d if fe re n tia l 

e q u a tio n s  o f  th e  e la s tic  p ro b le m  o f a  re c ta n g u la r  s im p ly  s u p p o r te d  c o n s tra in e d  p la te  

su b je c te d  to  b iax ia l c o m p re ss io n  w ith  c o e x is te n t la te ra l p re ssu re . T h e  s im p lic ity  o f

th e  so lu tio n  re su lts  f ro m  th e  fo llow ing  a ssu m p tio n s :

T h e  f irs t is th a t  th e  m o d e  o f  f le x u ra l d e fo rm a tio n  is m a d e  u p  o f  a sing le  s inuso ida l 

F ourier c o m p o n e n t fo r  a ll m a g n itu d e s  o f  lo a d in g  a n d  p la te  g e o m e trie s .

T h e  se c o n d  is th a t ,  fo r  re c ta n g u la r  p la te s  w h ich  c a n  b u ck le  in  a n u m b e r  o f  d if fe re n t 

m o d e s  d e p e n d in g  o n  th e  re la tiv e  ra tio s  a n d  m a g n itu d e s  o f  th e  b iax ia l co m p ress iv e  

s tre sse s  a n d  th e  la te ra l p re s su re , th e  m u lt i -h a lf -w a v e  m o d e s  a re  an a ly sed  as a  p la te  

p a n e l o f  a  re d u c e d  a sp e c t ra tio  eq u a l to  th e  h a lf  w a v e len g th  o f  th e  b u ck lin g  m o d e . 

T h is  a s su m p tio n  is e n tire ly  a p p ro p r ia te  fo r  b iax ia l c o m p re ss io n  o n ly , as d iscussed  in 

C h a p te r  4 , as n o  d is tin c tio n  b e tw e e n  th e  a d ja c e n t h a lf  w aves en su e s  f ro m  th e  fac t 

th a t  th e y  a re  b u ck lin g  in  o p p o s ite  d ire c tio n s . W h e n  la te ra l p re ssu re  is a lso  a c tin g , 

th e n  th e  a d ja c e n t  h a lf  w aves a re  n o t  eq u iv a le n t. In  th e  o n e  case  th e  p la te  will be 

b u ck lin g  a g a in s t th e  la te ra l p re s su re , a n d  in  th e  o th e r  case  th e  p la te  will b e  buck lin g  

in  th e  d ire c tio n  o f  th e  la te ra l p re ssu re . T h e  fo rm e r  reg io n s  o f  th e  p la te  will be 

s tif fe n e d  a g a in s t in - p la n e  lo a d in g  by  th e  la te ra l p re ssu re  w h ich  will be  try in g  to  

re d u c e  th e  lo ca l b u ck lin g  d e fo rm a tio n , w h e re a s  th e  la t te r  re g io n s  will be  m a d e  less 

s tif f  d u e  to  th e  la te ra l p re ssu re  in c re a s in g  th e  b u ck lin g  d e fo rm a tio n . M o d e  ch an g es 

m ig h t th e n  o c c u r  in  w hich  th e  p a r t  o f  th e  p la te  w h ich  th e  p re ssu re  is try in g  to  

f la t te n  w ou ld  su d d e n ly  sn ap  th ro u g h  th e  p la n e  o f  th e  p a n e l so th a t  th e  o v era ll 

b u ck lin g  m o d e  w ould  c h a n g e  to  o n e  w ith  few er h a lf -w a v e s . T h e  a c tu a l m o d a l
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b e h a v io u r  w ill d e p e n d , n o t o n ly  o n  th e  ra tio s  o f  <j x to  Gy to  Q , a n d  o n  th e ir  

m a g n itu d e s , a n d  o n  th e  p la te  g e o m e try , b u t  also  o n  th e  o rd e r  o f  lo a d in g , w h ich  in  

n o rm a l d esig n  a p p lic a tio n s  c a n n o t be  p re d e te rm in e d . A s a re su lt , th e  p h e n o m e n o n  

w ill b e  a  v e ry  c o m p le x  o n e .

T h e  s im p lify in g  a ssu m p tio n  m a d e  fo r  th e  h ig h e r  o rd e r  m o d e s , th e re fo re ,  is to  

c o n s id e r  o n ly  th a t  s u b -p a n e l  w ith  a  sing le  b u ck le  w h ich  is d e fo rm in g  sy m p a th e tic a lly  

w ith  th e  la te ra l  p re s su re , a n d  to  ig n o re  th e  p o te n tia lly  s tiffe n in g  a n d  s tre n g th e n in g  

e ffe c t o f  th e  re g io n s  o f  th e  p la te  w h ich  d e fo rm  a g a in s t th e  la te ra l p re s su re . If , a t 

th e  sa m e  tim e , a ll th e  lo w er o rd e r  b u ck lin g  m o d e s  a re  a lso  c o n s id e re d  th e n  th e  sn ap  

th ro u g h  p ro b le m  m ig h t be  sa id  to  be  c o n se rv a tiv e ly  a llo w ed  fo r .

E q u a tio n  B .1 2  o f  A p p e n d ix  B d e sc rib e s  a n  e lastic  re la tio n sh ip  b e tw e e n  lo a d  an d  

o u t - o f - p l a n e  d isp la c e m e n t fo r  p la te s  su b je c te d  to  b iax ia l c o m p re ss io n  a n d  la te ra l 

p re ssu re . T h r e e  sp ec ific  cases a re  th e n  d e r iv e d  fro m  th e  g e n e ra l re su lt , th e se  b e in g  

u n iax ia l c o m p re ss io n  (e q u a tio n  B .1 4 ) , eq u a l b iax ia l c o m p re ss io n  (e q u a tio n  B .1 5 ) , a n d  

la te ra l p re ssu re  o n ly  (e q u a tio n  B .1 7 ). T h e  th ird  case  w ill be  e x a m in e d  firs t.

6.1.1 Lateral Pressure

In  th e  in v e s tig a tio n  o f  la te ra l p re ssu re  in  th is  th e s is , it is o n ly  th e  in flu e n c e  o f 

p re s su re  o n  b iax ia l c o m p re ss io n  w h ich  is c o n s id e re d . A n  in v e s tig a tio n  o f  th e  

in f lu e n c e  o f  la te ra l  p re ssu re  o n  s h e a r  s tre n g th , fo r  in s ta n c e , h a s  n o t  b e e n  c a r r ie d  o u t, 

n o r  h as  p re s su re  lo a d in g , as th e  m a in  d esign  c o n d itio n , b e e n  fu lly  c o n s id e re d .

A s a c o n se q u e n c e  o f  th is  la t te r  p ro v iso , th e  im p lic a tio n s  o f  p e rm a n e n t  se t as a  design  

lim it s ta te  fo r  p la te s  su b je c t p r im a rily  to  la te ra l  p re s su re , o r  o f  p a n e l c o n tin u ity  o v e r 

su p p o r tin g  s tif fe n e rs , h av e  n o t b e e n  a d d re sse d .

A lth o u g h  a n  in te rn a l  p a n e l in  a  u n ifo rm  g rillag e , s u b je c te d  to  u n ifo rm  p re s su re , has 

c la m p e d  b o u n d a r ie s , so m e ro ta t io n  w ill o c c u r  a t  th e  p a n e l b o u n d a r ie s  if  e i th e r  th e  

p re s su re , o r  th e  g rillag e  g e o m e try  is n o t  u n ifo rm . S im p ly  su p p o r te d  ed g es  a re  a 

re a so n a b le  id e a lisa tio n  fo r  p a n e ls  s u b je c t to  b iax ia l c o m p re ss io n , a n d  s in ce  it is th e  

in f lu e n c e  o f  p re s su re  o n  b iax ia l c o m p re ss io n  b e h a v io u r  w h ich  is b e in g  in v e s tig a te d  w ith  

a v iew  to  p ro d u c in g  a  design  m o d e l, it seem s re a so n a b le  to  lim it th e  p re ssu re  on ly  

in v e s tig a tio n  to  th e  sam e  sim p ly  su p p o r te d  b o u n d a ry  c o n d itio n s .

F ig u re  6.1 p re se n ts  th e  re su lts  o f  E q u a tio n  B .17  by  p lo ttin g  la te ra l p re s su re , Q , 

a g a in s t o u t - o f - p l a n e  d isp la c e m e n t, w , fo r  5 im p e rfe c t sq u a re  p la te s  w ith  b /t= 4 0 , 60,
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8 0 , 100 , a n d  120 . T h e  m a g n itu d e  o f  im p e rfe c tio n  is g iven  b y  w 0 /t= 0 .1 /3 2, as in  

C h a p te rs  3 a n d  4 , f ro m  (4 7 )—(49). T h e  e lastic  ana ly sis  o f  f ig u re  6.1 d o es  n o t 

in c lu d e  re s id u a l s tre sse s . A s th e  p la te  d e fo rm s  u n d e r  lo a d , m e m b ra n e  te n s io n s  

d e v e lo p  in  th e  c e n tra l  re g io n  o f th e  p la te , a n d  th e se  se rv e  to  s tiffe n  th e  p la te  ag a in s t 

o u t - o f - p la n e  d e fo rm a tio n . T h e  e ffe c t o f  th is  ca n  b e  seen  in  f ig u re  6 .1 . T h e  in itia l 

in f lu e n c e  o f  re s id u a l s tresses  on  th e  re sp o n se  o f  th e  p la te  to  la te ra l  p re ssu re  is due  

p r im a rily  to  th e  b iax ia l re s id u a l c o m p re ss io n s  w h ich  ex is t in  th e  c e n tra l  a re a  o f  th e  

p la te . S in ce  th e se  b iax ia l co m p re ss io n s  e x is t in  th e  p a r t  o f  th e  p la te  in  w h ich  th e  

b ia x ia l m e m b ra n e  te n s io n  d ev e lo p s  d u e  to  lo ad in g , th e n  th e  m a g n itu d e  o f  th ese  

m e m b ra n e  te n s io n s  w ill b e  re d u c e d , g iv ing  rise  to  a re d u c tio n  in  th e  " la rg e  

d e f le c tio n "  s tiffe n in g  o f  th e  p la te . A s a  re su lt , a p la te  w ith  re s id u a l s tress  w ill have  

a  g re a te r  e lastic  d e fo rm a tio n  a t a g iven  p re s su re  th a n  will a  p la te  f re e  o f  re s id u a l 

s tre ss .

T h e  e la s tic  m o d e l c a n  b e  m o d ifie d  to  in c o rp o ra te  a n  a p p ro x im a te  a llo w an ce  fo r  

re s id u a l s tre ss , by  ap p ly in g  to  th e  p la te  a c o n s ta n t  b iax ia l c o m p re ss io n  eq u a l to  th e  

b iax ia l re s id u a l c o m p re ss io n s . T h e  re s id u a l te n s io n s  a lo n g  th e  p la te  b o u n d a r ie s  a re  

b e in g  ig n o re d  in  th is  a p p ro x im a tio n , b u t s in ce  th e y  h a v e  a  n eg lig ib le  in flu e n c e  o n  th e  

e la s tic  stiffness  o f  th e  p la te , o n ly  h a v in g  a s ig n ific a n t in flu e n c e  o n  th e  d e v e lo p m e n t o f 

p la s tic ity , th e y  c a n  b e  ju s tif iab ly  ig n o re d . T h e  s ig n ifican ce  o f  th e  re s id u a l te n s io n s  

w ill b e  d e sc r ib e d  la te r .

T h e  g e n e ra l so lu tio n  o f  e q u a tio n  B .1 2 , fo r  p la te s  w ith  la te ra l  p re ssu re  a n d  b iax ia l 

c o m p re ss io n  is u se d  to  p ro v id e  a la te ra l p re s su re  m o d e l in c o rp o ra tin g  re s id u a l stress . 

H o w e v e r , if  th e  p la te  im p e rfe c tio n  is se t to  th e  d e s ire d  leve l o f  w 0, a n d  th e  b iax ia l 

re s id u a l c o m p re ss io n s  a re  a p p lie d , th e  p la te  w ill d e fle c t fu r th e r  d u e  to  th e  a c tio n  o f 

th e  re s id u a l s tre sse s , a n d  th e  o u t - o f - p la n e  d isp la c e m e n t p r io r  to  th e  a p p lic a tio n  o f 

a n y  la te ra l p re s su re  w ill n o  lo n g e r b e  th e  sp e c ifie d  w Q. I t  is, h o w e v e r, p ossib le  to  

f in d  th e  sm a lle r  m a g n itu d e  o f  im p e rfe c tio n , w 0 ' ,  w h ich  w ill g ive r ise  to  a to ta l 

b u c k lin g  d isp la c e m e n t e q u a l to  w 0 w h en  th e  b iax ia l re s id u a l c o m p re ss io n s  a re  a p p lie d . 

w 0 ' th e re fo re  re p re s e n ts  th e  p la te  im p e rfe c tio n  p r io r  to  w eld ing .

T o  f in d  w 0' ,  th e  b iax ia l c o m p re ss io n  s o lu tio n , e q u a tio n  B .1 5 , is r e - o r d e r e d  to  give a 

q u a d ra tic  in  th e  u n k n o w n  p re -w e ld in g  im p e rfe c tio n , w 0 ' ,  as fo llow s:

a 0 wo ' 2 + b o V  + c o

where an =o 16  b 2

h = i m 2 I
D0 6 (1 -r  2) LbJ w.

0 . . 6.1
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c  _  _ 2 x  _ 1 m 2_ w n
0 tt2E 6  ( 1 - r 2 ) Ib J  16  b 2

w Q is th e  sp ec ified  im p e rfe c tio n  in  th e  w e ld ed  s tru c tu re , a n d  a r is th e  resid u a l 

c o m p re ss iv e  s tre ss , ta k e n  to  b e  0 .2  a 0 , as  in  C h a p te r  3.

T h is  p ro c e ss  o f  ap p ly in g  th e  e s tim a te d  b iax ia l re s id u a l co m p re ss io n s  to  a  sq u a re  p la te  

w ith  re d u c e d  im p e rfe c tio n  is p re se n te d  in  f ig u re  6 .2 . T h is  f ig u re  p lo ts  (Tr/ a cr^

a g a in s t w /t, w h e re  <Jcrb  15 th e  c ritic a l b iax ia l co m p ress iv e  s tre ss  (fo r  eq u a l b iax ia l 

s tre sse s ) . S in ce  th e  a s su m p tio n  o f  a r = 0 . 2 a 0 a n d  w 0 / t= 0 .1 /3 2 re su lts  in  d e fin itio n s  o f 

(Tr/ a crb  a n d  w Q/ t  w h ich  b o th  va ry  w ith  |32, a n d  w h ich  a re  th e re fo re  p ro p o rtio n a l to  

o n e  a n o th e r ,  th is  p ro d u c e s  o n  th e  fig u re  a s tra ig h t lin e  th ro u g h  th e  o rig in . E v e ry  

p o in t  o n  th a t  s tra ig h t lin e  d e n o te s  a c o m b in a tio n  o f  re s id u a l s tre ss  a n d  im p e rfe c tio n  

fo r  a  p a r t ic u la r  s le n d e rn e ss . F o r  b /t= 4 0 , 8 0 , 1 2 0 , 160 a n d  2 0 0 , w 0 ' has  b e e n  

c a lc u la te d  f ro m  th e  so lu tio n  to  e q u a tio n  6 .1 , a n d  th e  b u ck lin g  d e fo rm a tio n  

in c re m e n te d  to  th e  re q u ire d  leve l (w h en  th e  to ta l o u t- o f - f la tn e s s  is e q u a l to  w 0), a t 

w h ich  p o in t  th e  b iax ia l s tre ss  is eq u a l to  th e  re s id u a l co m p re ss iv e  s tre ss . T h is  

p ro c e ss  is a n a lo g o u s  to  th e  d e v e lo p m e n t o f  th e  co m p ress iv e  b u ck lin g  w h ich  o ccu rs  in 

th e  p la te  a s  th e  w e ld m e n ts  sh rin k , a n d  fo llow s th e  im p e rfe c t p la te  b u ck lin g  cu rves 

sh o w n  o n  th e  fig u re , w h ich  b eg in  a t  a n  in itia l im p e rfe c tio n  o f  w Q',  a n d  e n d  o n  th e  

s tra ig h t  l in e , a t  w h ich  p o in t  th e  to ta l  b u ck lin g  d isp la c e m e n t is eq u a l to  0 .1 /32 , an d  

th e  re s id u a l s tre ss  is 0 . 2  a Q.

A lso  sh o w n  o n  th is  f ig u re  is th e  p o s t-b u c k lin g  c u rv e  fo r  p e r fe c t  p la te s , c a lc u la ted  

u s in g  th e  e la s tic  an a ly s is , to  illu s tra te  c e r ta in  a sp e c ts  o f  a ssu m ed  c o m b in a tio n s  o f 

im p e rfe c tio n s  a n d  re s id u a l s tre sse s . T h e  f irs t  p o in t  to  n o te  is th a t  a s  a  p a r tic u la r  

c o m b in a tio n  o f  w „  a n d  a r a p p ro a c h e s  th e  p e r fe c t  p la te  b u ck ling  c u rv e , as in  th e  case  

o f  b / t= 1 2 0 , th e n  th e  p re -w e ld e d  p la te  im p e rfe c tio n , w 0\  n e e d s  to  a p p ro a c h  z e ro , 

w h ich  g ives r ise  to  w 0 ' / t  fo r  th e  b / t= l  2 0  c ase  b e in g  less th a n  th a t  fo r  th e  b /t= 8 0  

ca se .

T h e  m a in  p o in t to  n o te  is th a t  if  a  c o m b in a tio n  o f  b iax ia l re s id u a l co m p re ss io n s  a n d  

w Q w e re  c h o se n  th a t ,  fo r  so m e  s le n d e rn e ss , p ro d u c e d  a p o in t  o n  th is  f ig u re  w hich  lay  

a b o v e  th e  p e r fe c t  p la te  p o s t-b u c k lin g  c u rv e , th e n  e q u a tio n  6 . 1  w ou ld  cease  to  h av e  

r e a l  ro o ts . T h e  im p lic a tio n  o f  th is  is th a t  su ch  a  c o m b in a tio n  co u ld  n o t  o c c u r  in

re a lity . E i th e r  th e  re s id u a l s tresses  w ould  b e  lo w er th a n  assu m ed  a t  th e  sp ec ified  

im p e r fe c tio n  lev e l, o r  re s id u a l s tress  w ou ld  h av e  cau sed  a  g re a te r  o u t - o f - p la n e  

d e fo rm a tio n  th a n  th e  sp e c if ie d  im p e rfe c tio n .

T h is  is i llu s tra te d  o n  fig u re  6 .3  w hich  p lo ts  th e  (rr - w Q lin es  fo r  w Q/t= 0 .0 5 /3 2, 0.1 (32, 

a n d  0 .3 /3 2 , a n d  a lso  w Q/t= 0 .145/3 (w Q= b/200  fo r  m ild  s te e l) . T h e  th re e  d iag ram s in
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th is  f ig u re  a re  fo r  th re e  d if fe re n t lev e ls  o f  re s id u a l s tre ss , 0 .0 5  a 0, 0 .2  a Q a n d  0 .4  

(T0 . I t  c a n  b e  se e n  th a t  c e r ta in  c o m b in a tio n s  o f  im p e rfe c tio n s  a n d  re s id u a l s tresses , 

b y  ly ing  a b o v e  th e  p e r fe c t  p la te  p o s t-b u c k lin g  c u rv e , a re  in  fa c t in c o m p a tib le , an d  

th e  0 .145/3 sp e c if ic a tio n , w h ich  k e e p s  w Q/ b  c o n s ta n t (a t 1 /2 0 0  fo r  m ild  s te e l)  fo r  all 

s le n d e rn e sse s , r a th e r  th a n  a llow ing  it to  in c re a se  w ith  in c re a s in g  s le n d e rn e ss  (as /3 2 

d o e s) is p a r tic u la r ly  in c o m p a tib le  w ith  th e  a ssu m p tio n  th a t  re s id u a l s tre ss  levels do  

n o t v a ry  w ith  s le n d e rn e ss .

A lth o u g h  th e  th e o re tic a l  m o d e l o f  re s id u a l s tress  in  (8 6 ) suggests th a t  a T sh o u ld  

d im in ish  w ith  in c re a s in g  s le n d e rn e ss  as o n e  w ould  e x p e c t , i t  w as n o te d  in  (8 6 ) th a t  

sh ip  su rveys sh o w  re s id u a l s tress  lev e ls  ty p ica lly  o f  th e  o rd e r  o f  a q u a r te r  o f  th e  yield  

s tre ss . I t  m a y  b e  th a t  a n y  s le n d e rn e s s -d e p e n d e n t  v a r ia tio n  is b e in g  m ask ed  by  th e  

w ide  v a r ia tio n  in  re s id u a l s tre ss  lev e ls  e v e n  fo r  th e  sa m e  s le n d e rn e ss , w h ich  was 

r e p o r te d  in  (95 ).

I t  is p o ss ib le  to  use  th e  so lu tio n  to  e q u a tio n  6.1 to  f in d  th e  m a x im u m  leve l o f 

re s id u a l s tre ss  th a t  ca n  b e  u sed  in  c o n ju n c tio n  w ith  a g iven  im p e rfe c tio n  lev e l. T h is  

re s id u a l s tre ss  is g iven  by se ttin g  th e  sq u a re  ro o t  p a r t  o f  th e  q u a d ra tic  so lu tio n  to  

z e ro , le a d in g  to :

°Ymax ( T ^ ) [ E ] 2{ 9 T T ^ y [ y 2 + 5 } ^ ^ n .6.2

F o r  th e  fo u r  im p e rfe c tio n  sp e c if ic a tio n s  g iven  a b o v e , th is  fu n c tio n  is p lo tte d  ag a in st 

s le n d e rn e ss  in  f ig u re  6 .4 . I t  c a n  b e  se e n  th a t  w 0 = b /2 0 0  ( w o/ t= 0 .145/3) re q u ire s  th e  

m a x im u m  re s id u a l s tress  to  re d u c e  w ith  s le n d e rn e ss , w h e re a s  w 0 /t= /3 2 a llow s a r to  

in c re a se  fo r  la rg e  s len d e rn e sse s .

I t  is o f  in te re s t  to  n o te  th a t  th e  p a r t ic u la r  c o m b in a tio n  o f  im p e rfe c tio n  a n d  re s id u a l 

s tre ss  d e sc r ib e d  as a v e rag e  in  (4 7 ) - (4 9 ) ,  a n d  u sed  in  th is  c h a p te r ,  fa lls  w ith in  th e  

lim its  o f  p o ss ib le  co m b in a tio n s  o f  w Q a n d  c r  as d e f in e d  by  th is  u se  o f  th e  e lastic  

m o d e l, a lb e it  c o m in g  v e ry  c lose  to  th e  lim its  o f  fea s ib ility  fo r  so m e s le n d e rn e sse s  (in  

th e  v ic in ity  o f  b / t= 1 2 0 ).

O f  c o u rse , th e se  p u re ly  e la s tic  e ffe c ts  a re  o n ly  o n e  c o n s tra in t  o n  th e  m a x im u m  

p o ss ib le  re s id u a l s tre ss . E q u a tio n  6 .2  ta k e s  n o  a c c o u n t o f  a ssu m ed  re s id u a l stress 

lev e ls  w h ich  e x c e e d  th e  e la s to -p la s t ic  b u ck lin g  c a p a c ity  o f th e  p la te , so  th e  in c re a se  

in  m a x im u m  a r  fo r  h igh  s le n d e rn e sse s  d isp lay ed  o n  fig u re  6 .4  sh o u ld  b e  re g a rd e d  as 

illu s tra tiv e  o n ly . I f  a sy m m e tric  b iax ia l re s id u a l s tress  eq u a l to  <jr '=0 .2  w as a ssu m ed  

to  ex is t in  a  sq u a re  p la te  th e n  th is  w ou ld  e x c e e d  th e  m a x im u m  b iax ia l s tre n g th , g iven 

by  e q u a tio n  4 .2 , fo r  b / t  > 180 .
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I t  m ay  b e  n o te d  th a t  th e  c o n tr ib u tio n  to  th e  in itia l im p e rfe c tio n  f ro m  a n g u la r  

sh rin k a g e  o f  th e  w elds, th e  s o -c a l le d  " d ra w -d o w n "  e f fe c t, is n o t  b e in g  ta k e n  in to  

a c c o u n t in  th is  an a ly sis . If  d ra w -d o w n  c o n tr ib u te s  to  th e  in itia l im p e rfe c tio n , so th a t  

th e  m a g n itu d e  o f  w 0 is n o t e n tire ly  d u e  to  re s id u a l co m p re ss iv e  b u ck lin g  (a n d  to  

p re -w e ld in g  la c k  o f  fa irn e ss ) , th e n  th e  re s tr ic tio n s  w h ich  h a v e  b e e n  d e sc r ib e d  using  

th e  e la s tic  m o d e l w ill b e  ev en  m o re  se v e re  th a n  h as  b e e n  d e m o n s tra te d . T h a t  is, 

e v e n  sm a lle r  lev e ls  o f  resid u a l c o m p re ss io n  s tress  w ill b e  c o n s is te n t w ith  a g iven  

im p e rfe c tio n  lev e l.

H a v in g  o b ta in e d  th e  re d u c e d  im p e rfe c tio n  lev e l, w 0\  n e e d e d  fo r  re s id u a l s tre sse s  to  

b e  in c lu d e d  in  th e  e lastic  a n a ly s is , e q u a tio n  B .1 2  c a n  b e  u sed  to  p ro d u c e  

p r e s s u re - la te ra l  d isp la c e m e n t cu rv es  w ith  b iax ia l re s id u a l s tre sse s , <rr . T h e se  a re  

sh o w n  o n  f ig u re  6 .5 ,  to g e th e r  w ith  th e  c u rv es  o f  fig u re  6.1 fo r  sq u a re  p la te s  h av in g  

b /t= 4 0 , 60  a n d  8 0 . A lso sh o w n  a re  th e  p re ssu re  d isp la c e m e n t c u rv es  fo r  p e r fe c t  

p la te s  w ith  n o  re s id u a l s tre sse s , p ro d u c e d  by  using  e q u a tio n  B .1 7  w ith  v e ry  sm all 

im p e rfe c tio n s .

In  o rd e r  to  i l lu s tra te  th e  e ffe c t o f  th e  re s id u a l te n s io n s  o n  th e  re sp o n se  o f  th e  p la te  

to  la te ra l p re s s u re , a n  e la s to -p la s t ic  an a ly sis  w ill n e e d  to  b e  u se d . T h e  e la s to -p la s t ic  

D y n a m ic  R e la x a tio n  p ro g ra m  o f  (4 7 ) - (4 9 )  h as  a lre a d y  b e e n  d e sc r ib e d  in  C h a p te rs  3 

a n d  4 , in  th e  c o n te x t  o f  u n i -  a n d  b i - a x ia l  co m p re ss io n . In  (47 ) a n d  (48 ) it  w as 

u sed  to  s tu d y  p la te s  su b je c te d  to  la te ra l  p re ssu re  as  w ell as b iax ia l c o m p re ss io n . 

A d d itio n a l p re s su re  o n ly  an a ly ses  h a v e  b e e n  c a rr ie d  o u t  u sing  th e  sa m e  p ro g ra m , as 

p a r t  o f  th e  c u r r e n t  in v es tig a tio n . T h e  sa m e  th re e  p la te s  o f  fig u re  6 .5  h av e  b e e n

an a ly se d  w ith  th e  sa m e  th re e  v a r ia tio n s  in  in itia l im p e rfe c tio n s  a n d  re s id u a l s tresses . 

T h e se  e la s to -p la s t ic  an a ly ses  a re  sh o w n  o n  f ig u re  6 .5  (as b ro k e n  lin e s ) , so  th a t  th e  

e la s tic  m o d e l c a n  b e  c o m p a re d  w ith  th e m . T h e  lo ad  leve ls a t  w h ich  firs t su rfa c e  a n d  

f irs t  m id - th ic k n e s s  y ie ld  o ccu rs  in  th e  e la s to -p la s t ic  an a ly ses  a re  in d ic a te d  o n  th e  

c o rre sp o n d in g  c u rv e s .

I t  c a n  b e  s e e n  th a t  th e  e lastic  m o d e l, w h e th e r  fo r  p e r fe c t  p la te s , o r  im p e rfe c t p la te s  

w ith  o r  w ith o u t re s id u a l s tre ss , g ives re a so n a b ly  c lose  a g re e m e n t w ith  th e  r ig o ro u s  

an a ly se s , in  th e  e la s tic  reg im e  o f  p la te  b e h a v io u r , b u t a lso , in  so m e  cases , fo r  so m e 

w ay  in to  th e  e la s to -p la s t ic  re g im e .

A s p la s tic ity  d e v e lo p s  in  th e  p la te  th e  Q - w  cu rv es  fo r  p e r fe c t  a n d  im p e rfe c t p la te s  

w ith o u t re s id u a l s tre ss  m e rg e  a t  so m e  leve l o f  p re ssu re , a f te r  w h ich  th e  tw o  cu rves 

a re  su b s ta n tia lly  c o in c id e n t.
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A  te n d e n c y  fo r  th e  Q - w  cu rves to  m e rg e  c a n  also  be  o b se rv e d  fo r  im p e rfe c t p la te s  

w ith  a n d  w ith o u t re s id u a l s tress . In  th e  e a r ly  s tages o f  lo a d in g , th e  c u rv e  w ith  

re s id u a l s tress  h a s  la rg e r  o u t - o f - p la n e  d isp la c e m e n ts  th a n  th e  ca se  w ith  n o  re s id u a l 

s tre s s , as w as p re d ic te d  by  th e  e la s tic  m o d e l. H o w e v e r, o n c e  su ff ic ie n t p la s tic ity  has 

d e v e lo p e d  in  th e  p la te , th e  d if fe re n c e  in  th e se  d isp la c e m e n ts  d im in ish e s . In  fa c t, n o t 

o n ly  d o es  th e  Q - w  c u rv e  w ith  crr  a p p ro a c h  th e  Q - w  c u rv e  w ith o u t a r , it c a n  ev en  

c ro ss  i t ,  le a d in g  to  sm a lle r  d isp la c e m e n ts  a t  a  g iven  level o f  p re s su re  if re s id u a l s tress 

is p re s e n t  th a n  if it  is n o t.

T h is  is d u e  to  th e  se c o n d  a sp e c t o f  th e  in f lu e n c e  o f  re s id u a l s tre sse s  o n  th e  re sp o n se  

o f  a  p a n e l to  la te ra l  p re ssu re . T h e  f irs t a sp e c t, a lre a d y  re m a rk e d  u p o n , w as th e  

re d u c tio n  in  th e  o u t - o f - p la n e  stiffness  o f  th e  p la te  d u e  to  th e  re s id u a l co m p re ss io n s  

re d u c in g  th e  m e m b ra n e  te n s io n s . T h e se  m e m b ra n e  te n s io n s , w h ich  e x is t, to  a 

v a ry in g  e x te n t ,  w h e th e r  o r  n o t th e re  a re  re s id u a l s tre sse s , a re  re a c te d  by  co m p re ss io n s  

a t  th e  ed g es o f  th e  p la te . W h e n  m e m b ra n e  y ie ld  d e v e lo p s  in  th e se  ed g e  z o n e s  o f 

th e  p la te , th e  a v e ra g e  d ire c t  s tra in  in c re a se s  m o re  ra p id ly  th a n  w h e n  th e  ed g e  zo n es  

w e re  still e la s tic . T h is  gives rise  to  a  re d u c tio n  in  th e  s tiffn ess  o f  th e  p la te  ag a in s t 

o u t - o f - p la n e  d isp la c e m e n ts .

In  th e  a b se n c e  o f  re s id u a l s tresses , th is  's o f te n in g ' o f  th e  p la te  w ill o c c u r  w h e n  th e  

a v e ra g e  s tra in  is in  th e  re g io n  o f  th e  y ie ld  s tra in , a t  w h ich  p o in t  th e  co m p re ss io n s  

w h ich  d e v e lo p  a t  th e  ed g e  o f  th e  p la te  a re  a t y ie ld . A  re s id u a l ten s ile  y ie ld  s tress 

ex is tin g  a t  th e  e d g es  o f  th e  p la te , h o w e v e r, h as  th e  e ffe c t o f  p re - s tre s s in g  th e  p la te  

a g a in s t th e se  e d g e  c o m p re ss io n s , e ffe c tiv e ly  d e lay in g  th e  a t ta in m e n t o f  co m p ress iv e  

y ie ld  u n til th e  a v e ra g e  s tra in  in  th e  p la te  is n e a re r  to  tw ice  y ie ld  s tra in  th a n  to  o n ce  

y ie ld  s tra in .

F ig u re s  6 . 6  sh o w  p re s su re  p lo tte d  a g a in s t co m p ress iv e  s tra in  a lo n g  a n  ed g e  a t  its 

m id - p o in t ,  a n d  a lso  ag a in s t th e  a v e ra g e  c o m p ress iv e  s tra in  in  th e  p la te , fo r  th e  

b /t= 6 0  p la te  b o th  w ith  a n d  w ith o u t re s id u a l s tresses . I t  c a n  b e  se e n  th a t  th e  s tra in

a t  th e  m id - p o in t  b eg in s  to  in c re a se  ra p id ly  o n c e  it re a c h e s  th e  y ie ld  s tra in  if th e re

a r e  n o  re s id u a l s tre s se s , b u t w h en  th e re  a re  re s id u a l s tre sse s  th is  ra p id  in c re a se  in  

s tra in  o ccu rs  n e a r e r  to  tw ice  y ie ld  s tra in , re su ltin g  in  th e  tw o  Q - e  cu rv es  c ro ssin g
"to

o v e r . In  te rm s  o f  a v e ra g e  s tra in  th is  p e rm its  th e  Q - e  c u rv e s^ c ro s s  o v e r to  a m u ch  

sm a lle r  e x te n t.

H a v in g  e s ta b lish e d , in  th is  s e c tio n , th a t  th e r e  is good  c o rre sp o n d e n c e  b e tw e e n  th e

e la s tic  m o d e l a n d  e la s to -p la s t ic  an a ly ses  fo r  p la te s  su b je c te d  to  la te ra l p re s su re , a n d  

h a v in g  u sed  b o th  an a ly ses  to  b rin g  o u t fe a tu re s  o f  th e  b e h a v io u r  o f  su ch  p la te s ,

fu r th e r  a sp ec ts  o f  th is  b e h a v io u r ca n  b e  d e m o n s tra te d  by  ap p ly in g  f irs t y ie ld  c r ite r ia
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to  th e  e la s tic  m o d e l as a n  a p p ro x im a te  m e a n s  o f  e s tim a tin g  c o m p a ra tiv e  re s is ta n c e . 

T h is  will b e  in c lu d e d  in  th e  n e x t se c tio n  w h ich  will b ro a d e n  th e  d iscussion  to  in c lu d e  

e x te rn a lly  a p p lie d  b iax ia l co m p re ss io n .

6.1.2 Biaxial Compression and Lateral Pressure

F ig u re  6 .7  p re s e n ts  th e  resu lts  o f b o th  e q u a tio n s  B .1 4  a n d  B .1 5 , fo r  u n iax ia l a n d  

b iax ia l c o m p re ss io n , in  sq u a re  p la te s  w ith  d if fe re n t levels o f  in itia l im p e rfe c tio n . 

Id e n tic a l cu rv e s  a re  p ro d u c e d  in  te rm s  o f  cr/crc r  fo r  b o th  lo a d  cases . T h e  fo rm a t o f 

th e  fig u re  is ta k e n  f ro m  fig u re  4 .1 9  o f  (73 ) w h ich  is d e r iv e d  u sing  e lastic  fin ite  

d if fe re n c e  an a ly se s . T h e se  n u m e ric a l an a ly ses  a lso  p ro d u c e  id e n tic a l cu rv es  to  th e  

s im p le  e lastic  m o d e l, a n d  a re  in d is tin g u ish a b le  fro m  th e  cu rv e s  sh o w n  o n  fig u re  6 .7 . 

T h e  p a r t ic u la r  e q u a tio n  fo r  u n iax ia l c o m p re ss io n  th a t  is p ro d u c e d  by  th e  m o re  g e n e ra l 

so lu tio n  o f  e q u a tio n  B .1 2  is n o t  n e w  a n d  h a s  b e e n  u sed  in  (9 4 ), fo r  in s ta n c e . I t  is 

a lso  re a ssu rin g  to  see  th e  e x c e lle n t a g re e m e n t th a t  th is  c o m p o n e n t o f  th e  e lastic

m o d e l gives w ith  e la s tic  n u m e ric a l a n a ly ses .

T h e  e lastic  m o d e l w ill be  used  in  th is  se c tio n  to  e x p lo re  th e  e f fe c t o f  p re ssu re  o n

th e  b iax ia l c o m p re ss io n  in te ra c tio n  c u rv e . F o r  th is  p u rp o se , th e  lim itin g  c o m p re ss io n  

h a s  b e e n  ta k e n  as  th a t  w h ich  cau ses  y ie ld  a t  a  sp ec ified  p o s itio n . I t  is n o t in te n d e d  

to  use  th e  e la s tic  m o d e l to  q u a n tify  s tre n g th , b u t it  is n o n e th e le ss  d e s ira b le  th a t  th e  

c h o se n  p o s itio n  sh o u ld  b e  su ch  th a t  th e  lim itin g  c o m p re ss io n  h a s  a  re a so n a b ly  

c o n s is te n t re la t io n  to  s tre n g th  th ro u g h o u t th e  th re e  d im e n s io n a l in te ra c tio n  su r fa c e , fo r 

a n y  p la te  a sp e c t ra t io  a n d  s le n d e rn e ss . I t  is un lik e ly  th a t  f irs t y ie ld  o n  th e  su rface  

o f  th e  p la te  w ill b e  a  sa tis fa c to ry  in d ic a to r  o f  p la te  fa ilu re  a s  th is  w ill o n ly  g ive rise  

to  a g ra d u a l loss o f  p la te  f le x u ra l s tiffn ess . T h e  in c re a s in g  b u ck lin g  d e fo rm a tio n s

w h ich  will re su lt  f ro m  th e  loss o f  p la te  f le x u ra l s tiffn ess , w ill be  in c reas in g ly

re s tra in e d  by  th e  p la te  m e m b ra n e  s tiffn e ss , a n d  it is w h e n  th e  m e m b ra n e  s tiffn ess  has 

su ffic ie n tly  d e te r io ra te d ,  d u e  to  excessive  m e m b ra n e  y ie ld in g , th a t  th e  p la te  buck ling  

d e fo rm a tio n s  a n d  in - p la n e  d isp la c e m e n t w ill n o  lo n g e r b e  re s tra in e d  a n d  th e  p la te  will 

fa il. A s a  re s u lt  a  m e m b ra n e  y ield  c r i te r io n  is to  be  p re fe r re d .

I t w as sh o w n  in  fig u re  3 .1 9 , th a t  u sin g  th e  e lastic  m o d e l fo r  u n iax ia l c o m p re ss io n  

w ith  a n  e v a lu a tio n  o f  m e m b ra n e  y ie ld  a t  th e  m id - le n g th  o f  th e  u n lo a d e d  ed g e  gave a 

re a so n a b le  r e p re s e n ta tio n  o f  th e  v a ria tio n  in  a sp e c t ra tio  w h ich  gives m in im u m

u n ia x ia l c o m p re ss iv e  s tre n g th  o f  c o n s tra in e d  sh o r t p la te s . M e m b ra n e  y ie ld  a t th a t  

p o in t  sh o u ld  still be  a  re a so n a b le  c r i te r io n  if  la te ra l p re ssu re  is a lso  in c lu d ed  in  th e  

lo a d in g . T h e  g e n e ra l re su lt o f  e q u a tio n  B .1 2  (b u t w ith o u t a y) c a n  b e  u sed  to  p lo t 

an  in te ra c tio n  b e tw e e n  u n iax ia l c o m p re ss io n  an d  la te ra l p re s su re . T h is  is d o n e  by
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f ir s t  se ttin g  th e  leve l o f  la te ra l p re ssu re , a n d  th e n  in c re m e n tin g  th e  la te ra l d e flec tio n  

a n d  ca lc u la tin g  th e  u n ia x ia l co m p re ss io n  th a t  w ou ld  b e  n e e d e d  to  cau se  th a t  a m o u n t 

o f  d e f le c tio n . T h e  s tre sse s  a t  th e  m id - le n g th  o f  th e  u n lo a d e d  ed g e  c a n  th e n  be 

fo u n d , a n d  th e  e q u iv a le n t s tress  c o m p a re d  to  th e  y ie ld  s tre ss . T h e  re su lt o f th is  

a n a ly s is  is p re se n te d  in  fig u re  6 .8 , fo r  sq u a re  p la te s  w ith  b /t= 4 0 , 60  a n d  80 , w ith  

im p e rfe c tio n  m a g n itu d e s  g iv en  by w 0 /t= 0 .1  @2. R esid u a l s tre sse s  a re  se t to  ze ro  in 

th e  ana ly sis . I t  is in te re s tin g  to  n o te  th a t  th e  in te ra c tio n  b e tw e e n  u n iax ia l 

c o m p re ss io n  a n d  la te ra l p re ssu re  is v e ry  n e a r ly  lin e a r .

F ro m  th e  p re s s u re -o n ly  D y n a m ic  R e la x a tio n  e la s to -p la s t ic  an a ly ses  o f  im p e rfe c t p la te s  

w ith o u t re s id u a l s tre sse s , r e fe r re d  to  in  th e  p re v io u s  se c tio n , th e  p re s su re  a t  w h ich  th e  

a v e ra g e  d ire c t  s tra in  in  th e  p la te  is eq u a l to  th e  y ie ld  s tra in  is o b ta in e d , a n d  p lo tte d  

o n  th e  v e rtic a l ax es  o f  fig u re  6 .8 . T h e r e  is a  good  c o rre s p o n d e n c e  b e tw e e n  th is  

y ie ld  s tra in  p re ssu re  a n d  th e  e lastic  m o d e l fo r  b /t= 4 0 , b u t th e  e la s tic  m o d e l is 

s ig n ific a n tly  c o n se rv a tiv e  fo r  b /t= 8 0 . A d d itio n a l e la s to -p la s t ic  an a ly se s  w ere  c a rr ie d  

o u t  to  f in d  th e  u n ia x ia l s tre n g th  o f  a  b /t= 6 0  p la te  w h ich  is a lso  su b je c te d  to  60 

m e tre s  h e a d  o f  w a te r . T h e  p la te  is f irs t lo a d e d  w ith  th e  la te ra l  p re ssu re  o n ly , an d  

th e  re su lts  o f  th is  an a ly sis  a re  u sed  as th e  s ta r tin g  co n d itio n s  fo r  a  n u m b e r  o f  

p ro p o r tio n a l  s tra in in g  lo a d -c a s e s . T h e  co m p re ss iv e  s tre n g th  is in te rp o la te d  a t  ex '= l  

f ro m  th e  p ro p o r tio n a l  s tra in  an a ly ses , a n d  is sh o w n  o n  th e  m id d le  d ia g ra m  o f figu re  

6 .8 . A lso  sh o w n  o n  th e  f ig u re  a re  th e  u n ia x ia l co m p ress iv e  s tre n g th s  (a t e ' = l )  in  

th e  a b se n c e  o f  la te ra l  p re s s u re , c a lc u la te d  u sing  F IN  A S, f ro m  C h a p te r  4 . T h e se  

a n a ly se s  a lso  d id  n o t  in c lu d e  re s id u a l s tre s se s , b u t th e  im p e rfe c tio n  m a g n itu d e  was 

w o= b /2 0 0 , r a th e r  th a n  w 0 / t= 0 .1 /3 2. I t  h a s  a lre a d y  b e e n  e x p la in e d , in  C h a p te r  3 , w hy 

th is  d if fe re n c e  in  im p e rfe c tio n  sp e c ific a tio n s  w ill n o t  hav e  a  s ig n if ic a n t e ffe c t on  th e  

u n ia x ia l s tre n g th  o f  sq u a re  p la te s . F ro m  fig u re  6 .8 , it c a n  b e  se e n  th a t  th e  use  o f 

th e  m id - le n g th  m e m b ra n e  y ie ld  c o n d itio n  in  th e  e lastic  m o d e l gives re a so n a b le  

q u a lita tiv e , a n d  o c c a s io n a lly  q u a n tita tiv e , a g re e m e n t w ith  th e  n u m e r ic a l e la s to -p la s tic  

an a ly se s .

F ig u re  6 .9  show s th e  re su lts  o f  ap p ly in g  th e  m id - le n g th  m e m b ra n e  y ie ld  co n d itio n  to  

th e  p re s s u re -o n ly  e la s tic  m o d e l to  p lo t 'f a i lu r e ' p re ssu re  ag a in s t s le n d e rn e ss  fo r  sq u are  

p la te s  w ith  b / t  less th a n  120 . A lso sh o w n  a re  th e  levels o f  p re s su re  to  cau se  ex '= l  

c o m p u te d  u sing  th e  e la s to -p la s t ic  ana ly sis  fo r  b / t  f ro m  40 to  120 . T h e  b /t= 4 0  to  80 

re su lts  a re  th e  p re s s u re -o n ly  p o in ts  f ro m  th e  p re v io u s  fig u re . O n c e  ag a in , it is 

e v id e n t th a t  th e re  is q u ite  good  a g re e m e n t b e tw e e n  th e  n u m e r ic a l ana ly sis  a n d  th e  

e la s tic  m o d e l fo r  s to ck y  p la te s , b u t th a t  th e  e la s tic  m ode l is s ig n if ic a n tly  co n se rv a tiv e  

f o r  s le n d e r  p la te s .

T h e  p re v io u s  tw o  fig u re s  h a v e  used  th e  e v a lu a tio n  o f  f irs t m e m b ra n e  y ie ld  a t  a single
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m id -s id e  p o in t  in  th e  p la te  as a  fa ilu re  c r i te r io n . H o w e v e r, m e m b ra n e  y ie ld  a t a 

s ing le  p o in t  is u n like ly  to  b e  a  su ita b le  re la tiv e  in d ic a tio n  o f  p la te  fa ilu re  w h e re  th e re  

is a  m a rk e d  c h a n g e  in  th e  fa ilu re  m o d e  as  th e  lo ad in g  v e c to r  m o v es  a ro u n d  th e  

in te ra c tio n  su rfa c e . S u ch  a  case  w ould  b e , fo r  in s ta n c e , th e  in te ra c tio n  b e tw een

s h e a r  a n d  b iax ia l c o m p re ss io n  d iscussed  in  C h a p te r  5 . F u r th e rm o re , e v e n  fo r  th e  

in te ra c tio n  b e tw e e n  b iax ia l c o m p re ss io n  a n d  p re s su re  fo r  w h ich  th e  m o d e  o f

d e fo rm a tio n  d o es  n o t  v a ry  m a rk e d ly  ro u n d  th e  in te ra c tio n  su rfa c e  (as fo r  e x a m p le  in

sq u a re  p la te s )  th e  p o s itio n  o f  th e  p o in t o f  f irs t  e q u iv a le n t m e m b ra n e  y ie ld  w ill vary  

w ith  lo a d  c o n d itio n .

In  b ia x ia lly  lo a d e d  p la te s  (w ith  o r  w ith o u t la te ra l p re ssu re )  f irs t m e m b ra n e  y ie ld  could  

o c c u r  o n  e i th e r  o f  th e  a d ja c e n t  ed g es , d e p e n d in g  o n  th e  b iax ia l c o m p re ss io n  ra tio . 

U se d  as th e  c r ite r io n  fo r  p ro d u c in g  in te ra c tio n  cu rv e s  th is  w ould  g ive r ise  to  b i- l in e a r

in te ra c tio n s  ev e n  th o u g h  th e r e  h a d  n o t b e e n  a  c h a n g e  in  d e fo rm a tio n  m o d e . A

sing le  m e m b ra n e  y ie ld  c r i te r io n , w h ich  is n o t  b ia se d  to w ard s  a n y  p a ir  o f  p la te

b o u n d a r ie s , b u t w h ich  in c o rp o ra te s  m e m b ra n e  y ie ld in g  o n  th e  b o u n d a r ie s , is th e re fo re  

to  b e  p re fe r r e d  fo r  th e  p re s e n t  q u a lita tiv e  p u rp o se . F o r  th is  re a so n  m e m b ra n e

y ie ld in g  a t  th e  p la te  c o rn e rs  is u sed  as a n  in te ra c tio n  c r ite r io n . I t  is a c c e p te d ,

h o w e v e r , th a t  m e m b ra n e  y ie ld  a t  th e  p la te  c o rn e rs , if it w ere  to  o c c u r  a t  a ll in  

re a li ty , w ou ld  g e n e ra lly  be  p re c e d e d  by  su b s ta n tia l m id - le n g th  ed g e  y ie ld in g .

F ig u re  6 .1 0  show s th e  e f fe c t o f th is  c o rn e r  y ie ld  c r i te r io n  o n  th e

p re s s u re -c o m p re s s io n  in te ra c tio n  fo r  th e  sa m e  th r e e  p la te s  (w ith  th e  sa m e  w 0) as in  

f ig u re  6 .8 , a n d  it c a n  b e  se e n  to  p ro d u c e  a n  in te ra c tio n  w h ich  is o n c e  ag a in  very  

n e a r ly  lin e a r ,  ev en  th o u g h  th e  in te ra c tio n  c r i te r ia  u sed  in  th e  tw o  fig u res  a re

d if fe re n t .

F ig u re  6.11 show s th e  re su lts  o f  using  th e  c o rn e r  m e m b ra n e  y ie ld  c r i te r io n , to  

d e r iv e  a  se t o f  b iax ia l in te ra c tio n s  w ith  p re s su re  fo r  th e  sam e  sq u a re  p la te s . T h e  

in te ra c t io n  c u rv es  a re  fo r  1 0  m e tre s  h e a d  o f  w a te r  in c re m e n ts  o f  la te ra l  p re ssu re  

(p re s su re  in c re m e n ts  o f  0 .0981  N / m m 2). T h e  e v e n  sp ac in g  o f  th e  in te ra c tio n

e n d - p o in ts  fo r  eq u a l p re ssu re  in c re m e n ts , w h ich  is e v id e n t o n  th e  f ig u re , is c o n sis ten t 

w ith  th e  a lm o s t l in e a r  in te ra c tio n s  o f  figu re  6 .1 0 .

O n  f ig u re  6 .1 2  th e  in te ra c tio n s  o f  f ig u re  6 .11 a re  n o n -d im e n s io n a lis e d  to  e n d  a t  u n ity  

o n  th e  a x es . I t  is c le a r  th a t  th e  n o n -d im e n s io n a lis e d  sh a p e  o f  th e  b iax ia l

c o m p re ss io n  in te ra c tio n  n o t  o n ly  b e co m es m o re  s tra ig h t w ith  in c re a s in g  s le n d e rn e ss  (as 

w as fo u n d  in  th e  b iax ia l c o m p re ss io n  d a ta  re fe r r e d  to  in  C h a p te r  4 ) , b u t also  w ith  

in c re a s in g  p re s su re , a n d  th a t  th is  la t te r  e ffe c t itse lf  is also  a fu n c tio n  o f  s len d e rn ess . 

T h is  in te ra c tio n  b e h a v io u r  is q u ite  co m p le x  to  be  m o d e lled  in  a  s tra ig h tfo rw a rd
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e n o u g h  m a n n e r  fo r  use  in  d esig n . I t  is in te re s tin g  to  n o te  f ro m  fig u re  6 .11 th a t  th is  

s tra ig h te n in g  o f  th e  n o n -d im e n s io n a lis e d  in te ra c tio n s , as p re ssu re  is a p p lie d , is 

a p p ro x im a te ly  c o n s is te n t w ith  a  tra n s la tio n  o f  th e  z e ro  p re ssu re  in te ra c tio n  in  th e  45 

d e g re e  d ire c tio n  (ie  d ow n  th e  lin e  (Tx =<Ty). L in es, p ro je c te d  a t  45 d e g re e s , f ro m  th e  

o u te r  in te ra c tio n  to  th e  e n d - p o in t  a n d  m id - p o in t  o f  a n  in te ra c tio n  in  th e  p re s e n c e  o f 

p re ssu re  a re  sh o w n  o n  fig u re  6 .1 1 . T h a t  th e se  p ro je c tio n  lin es  a re  o f  a p p ro x im a te ly  

eq u a l le n g th  fo r  a  p a r tic u la r  s le n d e rn e ss  in d ic a te s  th a t  th e  o u te r  c u rv e  ca n  be 

tra n s la te d  to  fo rm  th e  in n e r  cu rv es.

F ig u re  6 .1 3  show s th e  b iax ia l c o m p re ss io n  in te ra c tio n s , w ith  n o  la te ra l p re s su re , fo r  

3:1 p la te s  w ith  b /t= 4 0 , 60 a n d  80 . I t  is w o rth  n o tin g  th a t  th e  in te rm e d ia te  2 h a lf  

w ave m o d e , w h ich  w as p re v e n te d  f ro m  o c c u rr in g  by  th e  an a ly ses  o f  ( 4 7 ) - (4 9 ) ,  m ak es 

o n ly  a  m in o r  c o n tr ib u tio n  to  th e  n e t  (ie th e  in n e r  e n v e lo p e )  in te ra c tio n  in  c o m p a riso n  

to  its  c o n tr ib u tio n  to  th e  n e t  e lastic  c r itic a l b u ck lin g  in te ra c tio n  o f  fig u re  4 .1 . T h is  

p o in t  w as a lso  o b se rv e d  in  th e  d esig n  m o d e l o f  c h a p te r  4 .

F ig u re  6 .1 4  show s th e  in te ra c tio n s  b e tw e e n  la te ra l p re ssu re  a n d  tra n sv e rse  u n i-a x ia l  

co m p re ss iv e  s tre n g th  in  3:1 p la te s , w ith  1 , 2  o r  3 h a lf  w ave d e fo rm a tio n  m o d e s , fo r 

b /t= 4 0 , 60  a n d  80 . B ecau se  o f  th e  a ssu m p tio n s  o f  th e  e la s tic  ana ly sis  th e se  can  

a lte rn a tiv e ly  b e  re g a rd e d  as  th e  p re s s u re - tra n s v e rs e  c o m p re ss io n  in te ra c tio n s  o f  3 :1 ,

1 .5 :1  a n d  sq u a re  p la te s , re sp e c tiv e ly , w h e re  th e  d e fo rm a tio n  m o d e  in  e a c h  case  is th e  

p re fe r r e d  s ing le  h a lf  w ave. I t  c a n  b e  seen  th a t  th e  e la s tic  m o d e l p re d ic ts  th a t  th e  

tra n sv e rse  s tre n g th  o f  re c ta n g u la r  p la te s  re d u c e s  in  a  l in e a r  fa sh io n  as la te ra l  p re ssu re  

is a p p lie d , a n d  th a t  th is  re d u c tio n  is m o re  se v e re  fo r  th e  lo n g e r  w av e len g th s.

T h e  in te ra c tio n  b e tw e e n  la te ra l  p re ssu re  a n d  lo n g itu d in a l s tre n g th  in  3 :1 p la te s  fo r  

e a c h  o f  th e  3 p o ssib le  b u ck lin g  m o d e s  is sh o w n  in  fig u re  6 .1 5 . F o r  ea se  o f

c o m p a riso n  th e  tra n sv e rse  co m p re ss iv e  s tre n g th  in te ra c tio n  w ith  p re ssu re  fo r  th e  m = l

b u ck lin g  m o d e  f ro m  th e  p re c e d in g  f ig u re  is a lso  sh o w n  (as a  c h a in  lin e ) . T h e  figu re  

show s th a t  th e  in te ra c tio n s  b e tw e e n  lo n g itu d in a l s tre n g th  a n d  p re ssu re  fo r  th e  m = l

a n d  m = 2  m o d e s  a re  v e ry  co n v e x , a n d  th a t  th e  in te rm e d ia te , m = 2 , m o d e  d o e s  n o t

c o n tr ib u te  to  th e  n e t  in te ra c tio n .

F ig u re  6 .1 6  p re s e n ts  b iax ia l c o m p re ss io n  in te ra c tio n s  in c lu d in g  la te ra l p re s su re , fo r  th e  

sa m e  3:1 p la te s . T h e se  p la te s  h av e  ag a in  b e e n  a llo w ed  to  d e fo rm  in  th e  3 possib le

m o d e s  b u t, fo r  th e  sake  o f  c la r ity , o n ly  th e  in n e r  e n v e lo p e  o f  th e  resu ltin g

in te ra c tio n s  fo r  e a c h  o f  th e  m o d e s  is sh o w n . E v e n  fo r  th e  n o n - s q u a r e  buck ling

m o d e s , th e  cu rv e s  p ro d u c e d  by  th e  m o d e l suggest th a t  th e  b iax ia l in te ra c tio n  in  th e  

a b se n c e  o f  p re s su re , fo r  a  g iven  m o d e , ca n  be  tra n s la te d  to  p ro d u c e  th e  e q u iv a le n t 

in te ra c tio n  in  th e  p re se n c e  o f  p re s su re . H o w e v e r, th e  d ire c tio n  o f  th is  tra n s la tio n
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fo r  th e  m = l m o d e , fo r  in s ta n c e , is m u c h  n e a re r  to  th e  v e r tic a l th a n  to  th e  45 

d e g re e  lin e  o f  th e  in te ra c tio n  fo r  a sq u a re  b u ck lin g  m o d e .

T h e  f irs t y ie ld  m o d e l o f  A p p e n d ix  B , w ith  o cc a s io n a l r e fe re n c e  to  e la s to -p la s t ic  

a n a ly ses , h as  a llo w ed  th e  q u a lita tiv e  b e h a v io u r  o f  sq u a re  a n d  re c ta n g u la r  p la te s  su b je c t 

to  b iax ia l c o m p re ss io n  a n d  la te ra l p re s su re  to  b e  in tro d u c e d . A sp ec ts  o f  th e  

b e h a v io u r  th a t  c o u ld  b e  usefu l in  d ev is in g  a design  m o d e l h a v e  b e e n  p re se n te d . 

M ak in g  fu r th e r  re fe re n c e  to  e la s to -p la s t ic  so lu tio n s , th e  d es ig n  m o d e l will n o w  be 

d e v e lo p e d , b e g in n in g  w ith  a tre a tm e n t  o f  sq u a re  p la te s .

6.2 Design Model for Square Plates 

Maximum Resistance

F ig u re  6 .1 7  show s th e  b iax ia l c o m p re ss io n  in te ra c tio n  c u rv es  f ro m  (48) fo r  sq u a re

p la te s  o f  s le n d e rn e sse s  b /t= 4 0 , 60  a n d  80 . T h e  in te ra c tio n  c u rv e s  w ere  p ro d u c e d  as 

th e  e n v e lo p e  to  <rx - 0 y tra je c to r ie s  c o m p u te d  fo r  p ro p o r tio n a l  b iax ia l s tra in in g . In  

te rm s  o f  p ro p o r tio n a l  s tre ss in g , th e re fo re ,  th e se  in te ra c tio n s  r e p re s e n t  th e  m ax im u m  

n e t  s tre sse s  su s ta in e d  by  th e  p a n e ls . L a te ra l  p re ssu re s  e q u iv a le n t to  0 , 10  a n d  20

m e tre s  h e a d  o f  w a te r  w ere  a p p lie d  to  th e  p la te s , p r io r  to  th e  a p p lic a tio n  o f  th e

b iax ia l s tra in in g . T h e  z e ro  p re ssu re  ca se  is p a r t  o f  th e  w id e r b o d y  o f  b iax ia l

c o m p re ss io n  d a ta  th a t  h as  a lre a d y  b e e n  r e fe r r e d  to  in  C h a p te r  4 . T h e  re s id u a l s tress 

a n d  im p e rfe c tio n  a ssu m p tio n s  in  (48) h a v e  a lre a d y  b e e n  d e sc rib e d  in  C h a p te r  3 . F o r  

sq u a re  p la te s  th e s e  a m o u n te d  to  a  b iax ia l co m p re ss iv e  re s id u a l s tre ss  eq u a l to  0 . 2  cr0, 

a n d  a  sing le  s in u so id a l h a lf -w a v e  o f  a  m a g n itu d e  g iven  by  w 0 / t= 0 .1 /3 2.

F ro m  th is  fig u re  w e c a n  se e  a  q u a lita tiv e  s im ila rity  w ith  th e  re su lts  o f  th e  s im p le  firs t 

y ie ld  e la s tic  m o d e l sh o w n  in  fig u re  6 .1 1 . T h e  e n d - p o in ts  o f  th e  in te ra c tio n s  fo r  e a c h  

o f  th e  th re e  s le n d e rn e sse s  c o n s id e re d  in  (4 8 ) re d u c e  in  a  u n ifo rm  fa sh io n  as la te ra l 

p re s su re  is a p p lie d , a s  w as fo u n d  in  fig u re s  6 . 8  a n d  6 .1 0 . T h e  va lues o f  th ese  

e n d - p o in ts  a re  p lo tte d  ag a in s t la te ra l p re s su re  in  fig u re  6 .1 8 , w h ich  c o n firm s  th a t  th e  

p re s s u re -c o m p re s s io n  in te ra c tio n  is v e ry  n e a r ly  lin e a r  in  th e  p re s su re  ra n g e  sh o w n .

H o w e v e r , o n ly  fo r  b /t= 8 0  is th e  in te ra c tio n  in  th e  p re se n c e  o f  p re s su re  a  tra n s la tio n  

o f  th e  z e ro  p re s su re  in te ra c tio n . T h e  sa m e  p ro je c tio n  lin e s , as  o n  fig u re  6 .1 1 , a re  

in c lu d e d  o n  f ig u re  6 .1 7 . I t  is c le a r  th a t  to  tra n s la te  th e  o u te r  cu rv e  in  th e  45

d e g re e  d ire c tio n  w ou ld  re su lt in  c o n se rv a tiv e  p re d ic tio n s  o f  b iax ia l co m p ressiv e  

s tre n g th  in  th e  p re s e n c e  o f  p re ssu re  fo r  b /t= 4 0  an d  60 .
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N o n e  th e  less, th e  d e g re e  o f  co n se rv a tism  m a y  n o t  b e  g re a t, a n d  th e  n o tio n  o f  a 45 

d e g re e  tra n s la tio n  d o es  o ffe r  a s im p le  m e a n s  o f  re p re se n tin g  th e  c h a n g e  in  th e

b iax ia l s tre n g th  in te ra c tio n  d u e  to  p re s su re . T o  te s t th is  h y p o th e s is , th e  b iax ia l 

in te ra c tio n  cu rv es  p ro d u c e d  by  th e  m o d e l o f  C h a p te r  4 sh o u ld  b e  tra n s la te d  dow n  th e  

45 d e g re e  lin e  u n til th e y  c ro ss  th e  x a n d  y a x es  a t  th e  va lues o f  co m p re ss iv e  stress 

c o r re sp o n d in g  to  lin e a r  re d u c tio n s  in  u n ia x ia l co m p ress iv e  s tre n g th  c au sed  by  la te ra l 

p re s s u re . I f  th e  m a x im u m  s tress  m o d e l o f  C h a p te r  4 is u se d , it  w ill e n a b le  th e  

e f fe c t  o f  th e  45 d e g re e  tra n s la tio n  to  b e  c o m p a re d  w ith  th e  n u m e ric a l re su lts  o f  (48).

A  l in e a r  in te ra c tio n  b e tw e e n  Q  a n d  a x  re q u ire s  th e  p re ssu re  e n d - p o in t  to  b e  d e fin ed . 

F o r  th e  th re e  s le n d e rn e sse s  an a ly sed  in  (48 ) th e  co m p ress iv e  s tre n g th s  o n  fig u re  6 .18  

c a n  b e  e x tra p o la te d  to  o b ta in  th e  va lue  o f  p re s su re  a t  w h ich  th e  co m p re ss iv e  s tre n g th  

is z e ro . T h is  e x tra p o la tio n  is show n  as  b ro k e n  lin es  o n  fig u re  6 .1 8 , a n d  a rr iv e s  a t 

p re s s u re -o n ly  e n d - p o in ts  o f  1 6 0 , 9 6 .5  a n d  75 m e tre s  h e a d  o f  w a te r , fo r  b /t= 4 0 , 60 

a n d  80 re sp e c tiv e ly . T h e se  p re ssu re s  a re  a ssu m e d  in  th is  id e a lisa tio n  to  b e  th e  levels 

o f  p re s su re  a t  w h ich  th e  in - p la n e  u n i- a x ia l  co m p re ss iv e  s tre n g th  is z e ro . I t  w ould  

re q u ire  a  su b s ta n tia l a m o u n t o f  a d d itio n a l ana ly sis  in  o rd e r  to  c o rro b o ra te  th ese  

e n d - p o in ts ,  h o w e v e r. L a te r  in  th is  c h a p te r  a  d e fin itio n  o f  th e se  e n d - p o in ts  w h ich  

m a y  b e  m o re  a p p ro p r ia te  fo r  design  w ill b e  g iv en , a n d  th is  w ill b e  s u p p o rte d  by 

n u m e r ic a l  an a ly sis . I t  w ill b e  fo u n d  th a t  l in e a r  e x tra p o la tio n s  su ch  as th o se  o n  figu re  

6 .1 8  a re  e i th e r  a p p ro p r ia te  o r  c o n se rv a tiv e , a n d  in d e e d  th a t  l in e a r  e x tra p o la tio n  is 

m o re  c o n se rv a tiv e  fo r  th e  s to ck ie s t p la te s . T h is  is re a ssu rin g  s in c e  th e  e x te n t  o f th e  

e x tra p o la tio n  is g re a te s t fo r  th e s e  s tocky  p la te s .

T o  p e rm it  th e  m o d e l to  be  d e v e lo p e d  in  a  w ay  w h ich  a llow s d ire c t  c o m p a riso n  w ith 

th e  m a x im u m  re s is ta n c e  re su lts  o f  (4 8 ), it  is n e cessa ry  to  d e f in e  th e  p re ssu re  

e n d - p o in ts  in  th e  ab o v e  m a n n e r .

I t is n o w  n e c e ssa ry  to  p ro d u c e  a s im p le  a lg e b ra ic  re p re s e n ta tio n  o f  th e se  e x tra p o la te d  

p re s su re  e n d - p o in ts .  In  o rd e r  fo r  th is  a lg e b ra ic  e x p ress io n  to  h a v e  a ra tio n a l 

p a ra m e tr ic  d e p e n d e n c e , it  c a n  u sefu lly  be  b a se d  o n  a  s im p le  y ie ld  lin e  an a ly sis , w ith  

a n  e m p ir ic a l a d ju s tm e n t to  fit th e  d a ta . I f  a y ie ld  lin e  a n a ly s is , w h ich  igno res 

m e m b ra n e  e ffe c ts , is a p p lie d  to  a  sq u a re  p la te , th e n  it w ill re su lt  in  a  fa ilu re  

m e c h a n ism  c o m p o se d  o f  p la s tic  h in g e  lin es  a lo n g  th e  d ia g o n a ls , a n d  a level o f 

p re s su re  to  cau se  th is  m e c h a n ism  g iven  by :

Qyl = 6
1
P 2

6.3

w h e re  P is th e  n o n -d im e n s io n a l  p la te  s le n d e rn e ss . A  m o re  so p h is tic a te d  yield  line 

an a ly sis  ex is ts  w h ich  in c lu d es  th e  in flu e n c e  o f  m e m b ra n e  s tress d is tr ib u tio n s  (1 0 1 ), b u t
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th is  h a s  th e  d isa d v a n ta g e , fo r  th e  p re s e n t  p u rp o s e , o f  b e in g  m u c h  m o re  c o m p lic a te d  

to  c a lc u la te . E q u a tio n  6 .3  is p lo tte d  ag a in s t s le n d e rn e ss  o n  fig u re  6 .1 9 a , w ith  th e  

e x tra p o la te d  p re ssu re  e n d - p o in ts  a lso  sh o w n . F ig u re  6 .1 9 b  show s th e  ra t io  b e tw e e n

th e  e x tra p o la te d  e n d -p o in ts  a n d  th e  y ie ld  lin e  p re ssu re s .

T h e  g re a te r  s ig n ifican ce  o f  m e m b ra n e  e ffe c ts  in  s le n d e r  p la te s  th a n  in  s to ck y  p la te s  is 

a p p a r e n t  in  f ig u re  6 .1 9 (b ) . F o r  in s ta n c e , fo r  th e  b /t= 4 0  p la te  th e  e x tra p o la te d  

p re s su re  e n d - p o in t  is 1 . 6  tim es  th e  y ie ld  lin e  p re s su re , b u t fo r  th e  b /t= 8 0  p la te  th is 

v a lu e  is 3 .2 , d e m o n s tra tin g  th e  in c re a se  in  c o n se rv a tism , as  s le n d e rn e ss  in c re a se s , o f 

y ie ld  lin e  m o d e ls  w h ich  ig n o re  m e m b ra n e  e ffe c ts . A  p a ra b o lic  (o r  s im ila r)  cu rve

c o u ld  b e  f it te d  to  th e se  v a lu es , w h ich  w ould  pass  th ro u g h  u n ity  a t  z e ro  s len d e rn ess .

A lte rn a tiv e ly , a  s tra ig h t lin e  c a n  be  p lo tte d  to  f it th e  d a ta  w h ich  w ou ld  co n se rv a tiv e ly

re a c h  u n ity  a t  a p p ro x im a te ly  b /t= 2 0 . T h is  tr e n d  in  th e  d a ta  te lls  us th a t  s im p le  yield 

lin e  a n a ly ses  b e c o m e  q u a n tita tiv e ly  re a so n a b le  m o d e ls  o f  th e  b e h a v io u r  o f  p la te s  u n d e r  

la te ra l  lo ad s  fo r  p la te  s le n d e rn e sse s  less th a n  b /t= 2 0 . (O n e  m a y  o b se rv e , in  passing , 

th a t  th is  is th e  ra n g e  o f  s le n d e rn e sse s  fo u n d  in  th e  e le m e n ts  o f  s te e lw o rk  co n n e c tio n s , 

su ch  as a n  e n d - p la te  d e fo rm e d  by  b o lt fo rc e s , w h e re  th e  use  o f  su ch  y ie ld  line  

a n a ly ses  in  d esig n  is w ell e s ta b lish e d .)

A  s tra ig h t lin e  d ra w n  th ro u g h  th e  d a ta  w h ich  h as  a  c o n v e n ie n tly  s im p le  d e sc r ip tio n , is 

g iv en  by :

Q x u ^ Y L  = ( £ + -3) . . .  6 .4

In  th e  a b se n c e  o f  fu r th e r  d a ta  it is p ru d e n t to  lim it th e  use o f  th is  e x p re ss io n  to  $  

less th a n  3 (b /t  = 8 6 ). In  a d d itio n , e q u a tio n  6 .4  is n o t  u sed  w h e n  0  is less th a n  

0 .7 , w h e n  Q Xu ^ Y L  ls s e t t 0  u n ity  in s te a d . A s a re su lt  w e h a v e :

Q xu
P2 0  < .7

.7  < 0  <3

E q u a tio n  6 .5  is in c lu d ed  o n  fig u re  6 .1 9 .

6 . 5

B ased  o n  a  l in e a r  in te ra c tio n , th e  re d u c e d  u n ia x ia l co m p ress iv e  s tre n g th  in  th e  

p re s e n c e  o f  p re s su re , crxq  is g iv en  by :

^xq _2_1
Qxu-1 ° x u 6. 6

T h e  z e ro  p re ssu re  in te ra c tio n  h a s  p rev io u sly  b e e n  g iv e n , as e q u a tio n  4 .1 , as fo llow s:
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[ + 1 6 . 7

in  w h ich  i], th e  m e a su re  o f  th e  co n v e x ity  o f  th e  in te ra c tio n , is o b ta in e d  f ro m  th e  

re la tio n sh ip  b e tw e e n  th e  e m p iric a lly  d e f in e d  u n iax ia l a n d  b iax ia l c o m p ress iv e  s tre n g th s , 

th e  la t te r  b e in g  fo r  eq u a l b iax ia l s tre sse s . D u e  to  sy m m e try , Oyu is eq u a l to  <rx u . 

I f  th is  in te ra c tio n  is to  b e  tra n s la te d  in  th e  45 d e g re e  d ire c tio n  to  su ch  a n  e x te n t 

th a t  th e  e n d - p o in ts  will re d u c e  to  so m e  n e w  v a lu e , «rXq (w h e re  <rXq is th e  u n iax ia l 

s tre n g th  in  th e  p re se n c e  o f  p re ssu re  g iven  by  e q u a tio n  6 .6 ), th e n  th e  n e w  b iax ia l 

co m p re ss iv e  s tre n g th  o n  th e  45  d e g re e  l in e , fr^q, w ill b e  re d u c e d  fro m  th e  ze ro  

p re s su re  b iax ia l s tre n g th , (fro m  e q u a tio n  4 .2 ) , by  a n  a m o u n t C q 0, in  a c c o rd a n c e  

w ith  th e  so lu tio n  o f  a q u a d ra tic  e q u a tio n , g iv ing :

^bq ^b a qo • • • b . o

where crqo - J  ^

A n  a p p ro x im a tio n , th e n ,  o f  th e  tra n s la te d  fo rm  o f th e  z e ro  p re ssu re  c u rv e  is to  

c a lc u la te  a  n e w  v a lu e  o f  17, say  r^q, in  e x ac tly  th e  sa m e  fa sh io n  a s  b e fo re , in  

e q u a tio n  4 .3 , b u t  n o w  using  crXq a n d  0 ^  c a lc u la te d  as  a b o v e , in s te a d  o f  (rx u  a n d  0 ^ .  

T h is  g ives:

T h is  n e w  c r o s s -p ro d u c t  c o e ff ic ie n t, r/q, w ith  th e  n e w  v a lu es o f  th e  in te ra c tio n  

e n d - p o in ts ,  (rXq  a n d  0 yq(=o'Xq ), c a n  th e n  b e  u sed  in :

f
° x q

+ 6.10

to  p ro d u c e  th e  n e w  b iax ia l c o m p re ss io n  in te ra c tio n , in  th e  p re se n c e  o f  la te ra l 

p re s su re . T h is  h a s  b e e n  d o n e , a n d  th e  re su lt  c o m p a re d  w ith  f ig u re  6 .1 7 , in  f ig u re

6 .2 0 . T h e  m o d e l g ives p re d ic tio n s  o f  b iax ia l s tre n g th  in  th e  p re se n c e  o f  p re ssu re

fo r  b /t= 4 0  a n d  6 0 , w h ich  a re  g e n e ra lly  c o n se rv a tiv e  by  a b o u t 2 %  o r  3 % , w ith  a 

m a x im u m  7%  c o n se rv a tism  in  th e  ca se  o f  eq u a l b iax ia l c o m p re ss io n  w ith  20  m e tre s  

o f  p re ssu re  in  a  b /t= 4 0  p la te . T h e  d isc re p a n c y  w h ich  ex ists  a t  b /t= 8 0  o c c u rs  a t  all 

p re s su re  lev e ls , a n d  is as a re su lt o f  a  s lig h t c o n se rv a tism  in  th e  u n ia x ia l s tre n g th  

m o d e l o f  e q u a tio n  3 .3  a t  b /t= 8 0 . T h e  a p p lic a tio n  o f  a  l in e a r  in te ra c tio n  to  th e

e n d - p o in ts  o f  th e  b iax ia l in te ra c tio n s , u sing  th e  m o d ifie d  y ie ld  lin e  p re s su re  m o d e l, 

c o rre sp o n d s  w ell w ith  th e  re su lts  o f  (4 8 ). T h is  c a n  n o w  b e  u sed  to  p ro d u c e  

m a x im u m  s tre n g th  d esig n  cu rv e s  fo r  a ra n g e  o f s le n d e rn e sse s  a n d  p re ssu re s  in  figu re

6 .21.
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I f ,  fo r  design  p u rp o se s , th e  p a n e l s tre n g th  g iv en  by  th e  m o d e l is a lte rn a tiv e ly  d e fin e d  

as b e in g  th e  re s is ta n c e  o f  th e  p a n e l w h e n  o p p o s ite  b o u n d a r ie s  d ra w  to g e th e r  by  an  

a m o u n t e q u iv a le n t to  th e  y ield  s tra in , th e n  a c o n s is te n t d e f in itio n  o f  th e  p re s s u re -o n ly  

e n d - p o in t ,  Q x u , o f  th e  Q~crx  lin e a r  in te ra c tio n , is th a t  p re s su re  w h ich  o n  its ow n 

c a u ses  th e  sam e  a m o u n t o f  b o u n d a ry  d isp la c e m e n t. T h a t  is, Q xu  is th e  p re ssu re  

w h ich  cau ses th e  sq u a re  p la te  b o u n d a r ie s  to  s h o r te n  w ith  a n  a v e ra g e  leve l o f  s tra in  

e q u a l to  th e  y ie ld  s tra in . A lth o u g h  th is  d e f in itio n  o f Q xu  is re q u ire d  fo r  a  c o n s is te n t 

m o d e l o f  th e  in f lu e n c e  o f  p re ssu re  o n  th e  b iax ia l c o m p re ss io n  in te ra c tio n s , it is, in  

i tse lf , a  p o te n tia lly  u se fu l design  lim it fo r  p a n e ls  su b je c t p r im a r ily  to  p re ssu re  lo ad in g .

P re s s u re -o n ly  e la s to -p la s t ic  ana ly ses  w e re  a t te m p te d  o f  sq u a re  p la te s  u p  to  b /t= 2 0 0  

w ith  w 0/t= 0 .1 j5 2 a n d  o-r ’= 0 .2 . H o w e v e r , th e  use  o f a  re s id u a l s tre ss  lev e l w h ich  does 

n o t  re d u c e  w ith  s le n d e rn e ss  gave rise  to  n u m e ric a l c o n v e rg e n c e  d ifficu ltie s  in  th e  

in itia l s tag es o f  th e  d y n a m ic  re la x a tio n  c a lc u la tio n , p r io r  to  th e  a p p lic a tio n  o f  la te ra l 

p re s su re  fo r  th e  m o s t s le n d e r  p la te s . T h is  in itia l s tag e  o f  th e  c a lc u la tio n  is n e c essa ry  

to  b rin g  th e  in itia l  im p e rfe c tio n  p ro f ile  a n d  th e  re s id u a l s tre ss  fie ld  in to  eq u ilib riu m , 

a n d  is an a lo g o u s  to  fo llow ing  th e  b u c k lin g  cu rv e s  o n  fig u re  6 .2 , f ro m  a s tr e s s - f r e e  

s ta te  w ith  a p re -w e ld in g  im p e rfe c tio n , w 0 ' ,  to  a  b iax ia lly  c o m p re sse d  s ta te  w ith  a 

p o s t-w e ld in g  im p e rfe c tio n , w 0. T h e  d y n a m ic  re la x a tio n  p ro g ra m  b rin g s  th e  sp ec ified  

a r  a n d  w 0 in to  e q u ilib riu m  by  a  p ro c e ss  o f  i te ra tiv e  a d ju s tm e n ts  to  th e  re s id u a l stress 

f ie ld  a n d  th e  im p e rfe c tio n  p ro f ile , a n d  th is  p ro c e ss  is d e sc rib e d  in  (47).

T h e  m a in  cau se  o f  th e  c o n v e rg e n c e  b re a k d o w n  is th e  te n d e n c y  o f  resid u a l 

c o m p re ss io n s  w h ic h  a re  s ig n ifican t in  re la t io n  to  th e  b iax ia l c r it ic a l b u ck lin g  s tre ss  to  

c a u se  la rg e  b u ck lin g  d isp la c e m e n ts , a n d  h e n c e  to  g ive rise  to  s ig n ific a n t d e p a r tu re s  

f ro m  th e  a ssu m e d  re c ta n g u la r  in itia l s tre ss  d is tr ib u tio n s  a n d  a lso  f ro m  th e  in itia l 

s in u so id a l im p e rfe c tio n  p ro f ile . In  th e  ca se  o f  th e  b /t= 2 0 0  p la te  th e re  is an

a d d itio n a l cau se  fo r  c o n v e rg e n c e  b re a k d o w n , in  th a t  a r ,=0 .2  is g re a te r  th a n  th e  

b ia x ia l co m p re ss iv e  s tre n g th  o f th e  p la te . T h e  m a x im u m  re s is ta n c e  design  m o d e l is 

n o t  valid  fo r  b / t> 1 8 0  (in  m ild  s te e l)  b u t a t  th is  s le n d e rn e ss  it p re d ic ts  (a lb e it s ligh tly  

c o n se rv a tiv e ly )  a b iax ia l s tre n g th  eq u a l to  0 .2  a Q. I t  is b e y o n d  th e  sco p e  o f  th e

p re s e n t  w o rk  to  m a k e  a p ro p e r  r e -e x a m in a t io n  o f  a p p ro p r ia te  leve ls o f  re s id u a l s tress , 

a n d  o n e  su sp e c ts  th a t  n o t  en o u g h  su rv ey  d a ta  h as  b e e n  o b ta in e d  to  p e rm it a 

s ta tis tic a lly  ju s tif ie d  a ssu m p tio n  a b o u t re p re s e n ta tiv e  levels o f  re s id u a l s tre ss  th a t  w ould  

d e sc r ib e  th e  s le n d e rn e s s -d e p e n d e n c y  o f  a r .

A s a  re su lt o f  th e  c o n v e rg e n c e  d iff ic u ltie s , it w as fo u n d  to  b e  n e c e ssa ry  to  re d u c e  th e
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re s id u a l co m p re ss io n s  to  (rr ,=0 .1 8 , 0 .1 5 , 0 .1 5  a n d  0 .0 7  fo r  b /t= 1 0 0 , 1 2 0 , 140  a n d  200 

re sp e c tiv e ly . If  o n e  assu m es th a t  a  re s id u a l s tre ss  level o f  a b o u t  0 .2  is an  

a p p ro p r ia te  a s su m p tio n  fo r  d es ig n , th e n  th e se  re d u c tio n s  in  a r ' ,  w ith  th e  e x c e p tio n  o f  

th e  b /t= 2 0 0  c a se , c a n  b e  e x p e c te d  n o t to  h a v e  a  s ig n ifican t e f fe c t  o n  th e  u tiliza tio n  

o f  th e  a n a ly tic a l re su lts . T h e  b /t= 2 0 0  re su lt , o n  th e  o th e r  h a n d , sh o u ld  c lea rly  be  

re g a rd e d  a s  a n  u p p e r  b o u n d  o n ly , a t  le a s t if  c7r '- 0 . 2  is, in  fa c t ,  a p p ro p r ia te  fo r 

d e s ig n  a t  th is  s le n d e rn e ss . T h e  y ie ld  s tra in  p re ssu re s  o b ta in e d  f ro m  th e  an a ly ses  a re  

p lo t te d  a g a in s t s le n d e rn e ss  in  f ig u re  6 .2 2 (a ) .

A lth o u g h  th e  in te n tio n  h a d  b e e n  to  c a r ry  o u t  th is  an a ly sis  fo r  b /t= 2 0 , th is  ca se  tu rn e d  

o u t to  b e  t im e -c o n s u m in g  a n d  la b o u r - in te n s iv e  u sing  th e  d y n a m ic  re la x a tio n  m e th o d  

d u e  to  th e  e x ten s iv e  y ie ld ing  w h ich  d e v e lo p s  a t  th is  s le n d e rn e ss . F o r tu n a te ly , fo r

re a so n s  d iscussed  b e lo w , th is  re su lt p ro v e d  u n n e c e ssa ry .

T h e  in - p la n e  s tre s s - s tra in  c u rv es  p re se n te d  in  (48) fo r  cases  w ith  c o e x is te n t la te ra l 

p re s su re  a re  sh o w n  to  b e g in  a t  z e ro  s tra in  fo r  z e ro  s tress . T h e re fo re  th e  s tra in  d u e  

to  th e  la te ra l  p re ssu re  is n o t  in c lu d e d  in  th e  g iven  s tra in . If  a  s tra in  c r ite r io n  is to  

b e  u sed  to  d e fin e  p a n e l re s is ta n c e , a n d  s in ce  th e  a p p lic a tio n  o f  la te ra l  p re ssu re  fo rm s 

p a r t  o f  th e  lo ad in g  e v e n t, th e n  th e  s tra in  c a u se d  by  th e  p re ssu re  m u s t b e  in c lu d ed . 

T h e s e  s tra in s  h av e  th e re fo re  b e e n  ta k e n  a t  th e  10 a n d  20 m e tre  p re s su re  levels fro m  

th e  a n a ly ses  p e r fo rm e d  as p a r t  o f  th e  c u r r e n t  in v e s tig a tio n . B y a d d in g  th ese  

p r e s s u r e - o n ly  s tra in s  to  th e  s tra in s  d u e  to  in - p la n e  lo a d in g , a n d  in te rp o la tin g  b e tw een  

p ro p o r tio n a l  s tra in  s t r e s s - s tr a in  c u rv es  a t  a  to ta l  s tra in  eq u a l to  y ie ld , th e  u n iax ia l 

c o m p re ss io n  re s is ta n c e  (a t ex ' = l )  in  th e  p re s e n c e  o f  p re ssu re  c a n  b e  fo u n d . F ig u re  

6 .2 3  d e m o n s tra te s  th is  fo r  th e  b /t= 6 0  p la te . A lth o u g h  th e  in te rp o la tio n  n e e d  o n ly  be 

c a r r ie d  o u t  a t  a to ta l s tra in  eq u a l to  th e  y ie ld  s tra in , th is  f ig u re  show s c o m p le te  

c r o s s -p lo t te d  u n ia x ia l c o m p re ss io n  s tre s s - s tra in  c u rv es  (ie  <7y=0) a t  0 , 1 0m  a n d  20m  

p re s su re . T h e  o rig in s  o f  th e  s t re s s - s tra in  cu rv e s  in  th e  10 a n d  20  m  cases  have  

b e e n  o ffse t a lo n g  th e  s tra in  ax is  by  th e  a m o u n t o f  av e ra g e  s tra in  in  th e  p la te  a f te r  

th e  p re s su re  h a s  b e e n  a p p lie d . In d ic a te d  a t  6X'=1 o n  th e  s tr e s s - s tr a in  cu rv e s  a re  th e  

re d u c e d  co m p re ss iv e  s tre n g th s  in  th e  p re s e n c e  o f  p re s su re , w h ich  a re  th e n  p lo tte d  

a g a in s t p re s su re  o n  f ig u re  6 .2 4 , to g e th e r  w ith  th e  e q u iv a le n t p o in ts  fo r  b /t= 4 0  an d  80 . 

I t  sh o u ld  b e  n o te d  th a t  th e  re s id u a l s tra in s  a re  n o t  in c lu d e d  in  th is  e v a lu a tio n  of 

s tra in  lim its .

T h e  y ie ld  s tra in  p re ssu re s  f ro m  fig u re  6 .2 2  fo r  b /t= 4 0 , 60  a n d  80 a re  a lso  show n on  

f ig u re  6 .2 4 , a n d  s tra ig h t lin es  h a v e  b e e n  d ra w n  fro m  th e se  p re s s u re -o n ly  p o in ts  to  

th e  c o m p re s s io n -o n ly  p o in ts . I t  c a n  be  se e n  th a t  th e  p re s su re -c o m p re s s io n  d a ta  lie 

b e lo w  th e se  s tra ig h t lin es  fo r  b /t= 4 0  a n d  6 0 , b u t a re  a lm o s t o n  th e  lin e  fo r  b /t= 8 0 .
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T h e r e  is a  la rg e  gap  in  th e  d a ta , h o w e v e r, fo r  co m p re ss iv e  s tre n g th s  a t  p re ssu re s  

b e lo w  th e  p re s s u re -o n ly  e n d - p o in t  o f  th e  in te ra c tio n , b u t ab o v e  th e  20 m e tre  level. 

F o r  th e  p a r t ic u la r  case  o f  a b /t= 6 0  p la te  w ith o u t re s id u a l s tre sse s , f ig u re  6 .8  

p re s e n te d  th re e  d a ta  va lues w h ich  le n t  a d d itio n a l s u p p o r t  to  a q u a s i- l in e a r  in te ra c tio n , 

a n d  th e se  v a lu es  a re  re p e a te d  h e re  o n  f ig u re  6 .2 5 . T h e  b /t= 6 0  p o in ts  f ro m  figure  

6 .2 4  a re  a lso  show n  o n  th is  f ig u re , a n d  in  b o th  cases  s tra ig h t lin e s  a re  d raw n  

b e tw e e n  th e  p re ssu re  a n d  c o m p re ss io n  e n d -p o in ts .

B o th  w ith  a n d  w ith o u t re s id u a l stresses  th e  in te ra c tio n s  b e tw e e n  p re s su re  a n d  u n iax ia l 

c o m p re ss io n  fa ll b e lo w  th e  s tra ig h t lin e  d ra w n  b e tw e e n  th e  in te ra c tio n  e n d - p o in ts ,  b u t 

th e  f ig u re  suggests th a t  th e  ca se  w ith o u t re s id u a l s tre ss  is c lo se r to  th e  s tra ig h t line  

th a n  is th e  ca se  w ith  re s id u a l s tress .

A n a ly ses  co v e rin g  a  w id e r ra n g e  o f  s le n d e rn e sse s  a n d  p re ssu re  leve ls w ou ld  be 

n e e d e d  in  o rd e r  to  d e fin e  p ro p e r ly  th e  sh a p e s  o f  th e se  in te ra c tio n s  a n d  th e  e x te n t  to  

w h ich  th e y  lie  b e lo w  s tra ig h t lin e s . S u ch  an a ly ses  a re  n o t  n e e d e d , h o w e v e r , in  o rd e r  

fo r  a  sa fe  a n d  s im p le  d esig n  m o d e l to  be  p ro p o se d . T h e  s tra ig h t lin e  in te ra c tio n  

w h ich  w as su g g ested  by  th e  e la s tic  m o d e l h a s  b e e n  sh o w n  to  b e  a  re a so n a b le  

re p re s e n ta t io n  o f  th e  e la s to -p la s t ic  b e h a v io u r  o f  s le n d e r  p la te s  o r  p la te s  w ith  low  o r 

z e ro  re s id u a l s tre ss , b u t to  b e  u n sa fe  fo r  u se  w ith  s to ck y  p la te s . A s a  re su lt , fo r  a 

l in e a r  in te ra c tio n  to  b e  sa fe  fo r  s to ck y  p la te s  th e  p re s su re  e n d - p o in t  w o u ld  h av e  to  

b e  o b ta in e d  f ro m  a n  e x tra p o la tio n  to  th e  p re s su re  ax is  o f  th e  co m p re ss iv e  s tre n g th s  a t

0 , 10  a n d  20  m e tre s  o f  p re s su re , s im ila r  to  th a t  u sed  in  f ig u re  6 .1 8 . T h e

e x tra p o la tio n s  a re  sh o w n  as b ro k e n  lin es  o n  f ig u re  6 .2 4 , a n d  re s u lt  in  re d u c e d  

p re s su re  e n d - p o in ts  o f  1 2 0 m , 6 1m  a n d  4 4 m , fo r  b /t= 4 0 , 60  a n d  8 0 , re sp ec tiv e ly . 

T h e s e  e x tra p o la te d  p re s su re  e n d - p o in ts  a r e  p lo tte d  o n  fig u re  6 .2 2 (a ) . T h e  

c o rre sp o n d in g  c o m p u te d  p re s su re  e n d - p o in ts  a re  1 5 1 m , 7 5m  a n d  4 7 m . T h e  b e tte r  

a g re e m e n t b e tw e e n  e x tra p o la te d  a n d  c o m p u te d  p re ssu re s , as th e  p la te  s le n d e rn ess  

in c re a se s , a g a in  illu s tra te s  th e  p o in t  th a t  th e  c o m p u te d  in te ra c tio n s  a re  m u c h  m o re  

l in e a r  fo r  s le n d e r  p la te s , th a n  fo r  stocky  p la te s . T h e  tre n d  o f  th e  co m p a riso n

b e tw e e n  c o m p u te d  a n d  e x tra p o la te d  e n d - p o in ts  suggests th a t  th e  in te ra c tio n s  will

b e c o m e  in c re a s in g ly  s tra ig h t fo r  s le n d e rn e sse s  g re a te r  th a n  b /t= 8 0 , o r  p e rh a p s  th a t  

th e y  m a y  e v e n  lie ab o v e  a  s tra ig h t lin e . In  e i th e r  c a se , a s tra ig h t lin e  d ra w n  to  a 

c o m p u te d  p re ssu re  e n d - p o in t  w ill b e  re a so n a b le  o r  sa fe , a n d  h e n c e  su ita b le  fo r 

d es ig n . F o r  p la te s  m o re  s to ck y  th a n  b /t= 4 0 , h o w e v e r, a c o m p u te d  p re s su re  e n d - p o in t  

c o u ld  n o t  b e  sa fe ly  u sed  w ith  a  l in e a r  in te ra c tio n , w h ich  ju s tif ie s  a b a n d o n in g  th e  

o n e ro u s  b /t= 2 0  ana ly sis  r e fe r re d  to  ab o v e .

A  s im ila r  p ro c e ss  to  th a t  u sed  in  fig u re  6 .1 9  is fo llow ed  in  fig u re  6 .2 2  to  a rr iv e  a t 

a n  e m p ir ic a l a d ju s tm e n t to  th e  b asic  y ie ld  lin e  m o d e l. T h e  y ie ld  lin e  m o d e l o f
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e q u a tio n  6 .3  is d ra w n  o n  fig u re  6 .2 2 (a ) , a n d  th e  ra t io  b e tw e e n  th is  m o d e l a n d  th e  

c o m p u te d  a n d  e x tra p o la te d  p re ssu re s  a re  p lo tte d  o n  f ig u re  6 .2 2 (b ) . A  n o ta b le  fe a tu re  

o f  th is  f ig u re  is th a t  th e  co m p u te d  p o in ts  fa ll v e ry  c lo se ly  o n  a  s tra ig h t lin e  (show n 

as  a  b ro k e n  lin e )  w ith  th e  e x c e p tio n  o f  th e  b /t= 2 0 0  p o in t w h ich  h a d  a  s ig n ifican tly  

sm a lle r  re s id u a l s tre ss , a n d  lies ab o v e  th e  s tra ig h t lin e .

T h is  lin e  c a n  b e  u sed  to  h e lp  to  d e fin e  th e  e m p iric a l a d ju s tm e n t fa c to r  to  b e  a p p lie d  

to  th e  y ie ld  lin e  e q u a tio n . A  so lid  p a ra lle l  lin e  has  b e e n  d ra w n  w h ich  h a s  a  va lue  

o f  u n ity  a t 0 = 0 .5  (b /t= 1 4 .5 ) . I t  is th e n  c u r ta ile d  fo r  sm a lle r  v a lues o f  0 , im p ly in g  

th a t  u n a d ju s te d  y ie ld  lin e  ana ly ses  m a y  b e  u sed  fo r  b / t  less th a n  1 4 .5 . In  th e  

a b se n c e  o f  d a ta  fo r  m o re  s le n d e r  p la te s , th e  o th e r  e n d  o f  th e  lin e  is c u r ta ile d  a t 

0 = 7 .5  (b /t= 2 1 7 ) w h e re  it re a c h e s  a n  o rd in a te  o f  3 . T h is  ca n  b e  ex p re sse d  a s :

Qxu
Qyl

1 ; 0  < 0 . 5

y  +  y  0  ; 0 . 5  <  0  < 7 . 5
6.11

If  e q u a tio n  6.11 is u se d  to  m o d ify  th e  y ie ld  lin e  e q u a tio n  th e n  th e  fo llow ing  m o d e l 

re su lts

<rn 2 
E

6 o’ n 2

6
0 2

r 2  6 i

; 0  <  0 . 5

7 E [ 0  +  0 2]
; 0 . 5  <  0  < 7 . 5

E q u a tio n  6 .1 2  is sh o w n  o n  fig u re  6 .2 2 (a ) .

T h e  lin e a rity  o f  th e  re la tio n sh ip  b e tw e e n  th e  n u m e ric a l d a ta  (w h ich  in c lu d e  m e m b ra n e  

e ffe c ts )  a n d  th e  y ie ld  lin e  ana ly sis  (w h ich  ig n o res  m e m b ra n e  e ffe c ts )  is su ffic ien tly  

in te re s tin g  to  w a r ra n t  a d d itio n a l e x a m in a tio n . T h e  e la s tic  ana ly sis  o f  sec tio n  6 .1 , a n d  

f ig u re  6 .9 , ta k e s  in to  a c c o u n t th e  m e m b ra n e  s tresses  w h ich  d ev e lo p  in th e  p la te , b u t 

if  th e  se c o n d  te rm  in  th e  sq u a re  b ra c k e ts  o f  e q u a tio n  B .1 8  is d ro p p e d  ( th is  te rm  

c o n ta in in g  a  cu b ic  p o ly n o m ia l in  th e  la te ra l  d isp la c e m e n t, k = w /w 0), th e n  a l in e a r  

re la tio n sh ip  b e tw e e n  p re s su re  a n d  d isp la c e m e n t is g iven  w hich  ig n o re s  th e  d e v e lo p m e n t 

o f  m e m b ra n e  s tre sse s  (a n d  w h ich  w ould  b e  d e riv e d  fro m  sm all d e f le c tio n  th e o ry ) . 

T h e  o rig in a l la rg e  d e f le c tio n  e x p re ss io n  (e q u a tio n  B .1 8 ) a n d  th e  sm all d e fle c tio n  

s u b - s e t  o f  it h av e  e a c h  b e e n  u sed  to  f in d  th e  p re ssu re s  a t  w h ich  su rface  y ie ld  firs t 

o c c u rs  a t  th e  c o rn e rs  o f  th e  p la te  d u e  to  la rg e  d e f le c tio n  a n d  sm all d e f le c tio n  th e o ry , 

a n d  th e  ra tio  b e tw e e n  th e se  p re ssu re s  h a s  b e e n  p lo tte d  a g a in s t s le n d e rn e ss  (u p  to  

b /t= 2 0 0 )  o n  f ig u re  6 .2 2 (c ) . I t is a p p a re n t  f ro m  th e  fig u re , th a t  th e  la rg e  d e fle c tio n  

a n d  sm all d e f le c tio n  e la s tic  m o d e ls  (w ith  a  c o n s is te n t y ie ld  c r i te r io n )  a re  re la te d  in  an  

a p p ro x im a te ly  l in e a r  m a n n e r ,  o f  a s im ila r  q u a lita tiv e  n a tu re  to  f ig u re  6 .2 2 (b ) .
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E q u a tio n  6 .1 2  is u sed  w ith  th e  "a v e ra g e "  c u rv e  o f  e q u a tio n s  3 .1 5 , a n d  e q u a tio n s  6 .6  

a n d  6 .8  to  6 .1 0 , to  p ro d u c e  th e  ra n g e  o f  d esig n  cu rv es fo r  sq u a re  p la te s  g iven  in

fig u re  6 .2 6 . T h e  re d u c e d  ra d iu s  V o n  M ises e llip se  o f  e q u a tio n  4 .9  is u sed  to  

t ru n c a te  th e  d esig n  in te ra c tio n  cu rves.

In  th is  se c tio n , a d esig n  m o d e l fo r sq u a re  p la te s  h as  b e e n  d e v e lo p e d , w h ich  h as  b e e n

fo rm u la te d  u sing  tw o  a lte rn a tiv e  a ssu m p tio n s  fo r  re s is ta n c e  to  b iax ia l c o m p re ss io n  an d

p re s s u re . T h e  f irs t a ssu m p tio n  w as m a d e  to  b e  d ire c tly  c o m p a ra b le  w ith  p u b lish ed

re su lts , th e  se c o n d  w as c o n s id e re d  to  be  m o re  a p p ro p r ia te  fo r  d es ig n . I t  is no w  

p o ss ib le  to  use  th is  t r e a tm e n t  o f sq u a re  p la te s  to  d ev e lo p  a  m o re  g e n e ra l design  

m o d e l fo r  re c ta n g u la r  p la te s .

6.3 Design Model for Rectangular Plates

In  C h a p te rs  3 a n d  4 it w as p o in te d  o u t th a t  th e  im p e rfe c tio n  m o d e  assu m ed  in  

(4 7 )—(49) gave rise  to  o v e re s tim a te s  o f  s tre n g th  in  w h o lly , o r  p re d o m in a n tly ,

lo n g itu d in a lly  c o m p re sse d  re c ta n g u la r  p la te s  w ith  s ig n ifican t r ip p le  im p e rfe c tio n s . In

C h a p te r  3 th is  o v e re s tim a te  w as c o r re c te d  b y  using  th e  u n ia x ia l s tre n g th  o f  sq u a re  

p la te s  to  d e fin e  th e  lo n g itu d in a l s tre n g th  o f  re c ta n g u la r  p la te s . In  C h a p te r  4 th e  

c o r re c t io n  re q u ire d  th e  b iax ia l in te ra c tio n  cu rv e s  fo r  sq u a re  p la te s  to  b e  u sed  

w h e re v e r  th e y  lay  w ith in  th e  in te ra c tio n  c u rv e s  fo r  re c ta n g u la r  p la te s .

In  S e c tio n  6 .1 , th e  p o in t  w as m a d e  th a t  th e  b u ck lin g  m o d e  ta k e n  u p  by  re c ta n g u la r  

p la te s  u n d e r  b iax ia l c o m p re ss io n  a n d  la te ra l  p re ssu re  d e p e n d s  o n  th e  ra tio  an d

m a g n itu d e s  o f  th e  th re e  lo a d  c o m p o n e n ts , a n d  o n  th e  o rd e r  in  w h ich  th e y  a re  

a p p lie d . E v e n  w ith  la te ra l p re ssu re  a c tin g , a 3:1 p la te  c a n  still d e fo rm  in  an  m =3

b u c k lin g  m o d e  w h e n  th e  tra n sv e rse  c o m p re ss io n  is m u ch  less th a n  th e  lo n g itu d in a l 

c o m p re s s io n . W h e th e r  th e  p la te  d e fo rm s  in  a n  m = 3  o r  m = l m o d e  w ill d e p e n d , n o t 

o n ly  o n  th e  ra tio  o f  in - p la n e  lo ad s , b u t  a lso  o n  th e  c o e x is te n t la te ra l  p re ssu re , an d  

th e  p la te  s le n d e rn e ss .

I f , in  th e  m = 3 m o d e , th e  s tiffen in g  a n d  s tre n g th e n in g  e ffe c t o f  th e  h a lf -w a v e  w hich  

is d e fo rm in g  ag a in s t th e  la te ra l p re ssu re , is ig n o re d , as  in  th e  e la s tic  m o d e l, th e n  th is  

m o d e  is co n se rv a tiv e ly  a llo w ed  fo r  by  using  th a t  p a r t  o f  th e  sq u a re  p la te  in te ra c tio n  

c u rv e s  in  th e  p re se n c e  o f  p re ssu re , w h ich  lies w ith in  th e  c o rre sp o n d in g  re c ta n g u la r  

p la te  cu rv e s , in  a n  id e n tic a l fa sh io n  to  th a t  em p lo y e d  in  C h a p te r  4 . F ig u re  6 .27

sh o w s th e  3:1 p la te  in te ra c tio n  cu rv es  f ro m  (48 ) (b ased  o n  a c o m p o s ite  w 0), w ith  th e  

sq u a re  p la te  c u rv es  in d ic a te d  w h e re  th e se  lie  w ith in  th e  re c ta n g u la r  p la te  cu rv es. It 

c a n  b e  in fe r re d  f ro m  th is  fig u re  th a t  ev en  a t  20  m e tre s  p re ssu re  a b /t= 4 0  p la te  u n d e r
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in - p la n e  lo ad in g  w h ich  is m a in ly  lo n g itu d in a l w ill p re fe r  to  b u c k le  in  th re e  

h a lf -w a v e s , b u t th a t  a t  th a t  sam e  p re ssu re , a  b /t= 8 0  p la te  w ith  th e  sa m e  ra t io  o f  a x 

to  <Ty w ill bu ck le  w ith  o n ly  o n e  h a lf  w ave. T h is  p o in t  is c o n f irm e d  by  th e  co m p o site  

w 0 a n a ly ses  w h ich  sh o w ed , in  th e  fo rm e r  p la te , a  p re d o m in a n c e  o f  th e  m = 3  buck ling  

m o d e  c o m p o n e n t, e v e n  th o u g h  th e  m a g n itu d e  o f  th a t  c o m p o n e n t in  th e  im p e rfe c tio n  

w as o n ly  o n e  th ird  o f  th e  m a g n itu d e  o f  th e  s ing le  h a lf -w a v e  c o m p o n e n t, a n d  d esp ite  

th e  la te ra l  lo ad in g  b e in g  a p p lie d  p r io r  to  a n y  in - p la n e  lo a d in g , w h ich  m ig h t be 

e x p e c te d  to  p re d isp o se  th e  p la te  to  d e fo rm  in  a  sing le  h a lf -w a v e  m o d e . In  th e

b /t= 8 0  p la te  th e  d e fo rm a tio n  w as p re d o m in a n tly  in  th e  sing le  h a lf -w a v e  m o d e  s in ce  

20  m e tre s  p re ssu re  is a  la rg e r  fra c tio n  o f  th e  m a x im u m  p re ssu re  th a t  a  b /t= 8 0  p la te  

c a n  su s ta in  th a n  it is fo r  a  b /t= 4 0  p la te . T h e s e  re su lts  in d ic a te  th e  c o m p le x  m o d a l 

b e h a v io u r  w h ich  en su es  f ro m  th e  v a r ia tio n  in  th e  re sp o n se  to  la te ra l p re ssu re  a n d  

in - p la n e  lo ad s a t  d if fe re n t  s le n d e rn e sse s .

T h e  q u a s i- l in e a r  n e t  in te ra c tio n  b e tw e e n  p re s su re  a n d  u n ia x ia l lo n g itu d in a l o r 

tra n sv e rse  c o m p ress iv e  s tre n g th , w h ich  w as e x h ib ite d  by  th e  e la s tic  m o d e l fo r  a g iven  

m o d e , a n d  w h ich  w as fo u n d  to  a le sse r e x te n t  in  th e  e la s to -p la s t ic  sq u a re  p la te

a n a ly se s , is a lso  e x h ib ite d  by  th e  re c ta n g u la r  p la te s . F ig u re  6 .2 8  show s th e  tra n sv e rse  

c o m p re s s io n  e n d - p o in ts  o f  f ig u re  6 .27  p lo tte d  a g a in s t p re ssu re . S tra ig h t d a sh e d  lines 

h a v e  a lso  b e e n  d ra w n  w h ich  c lo se ly  fit th e  p o in ts .

A s a  m e a n s  o f  d esc rib in g  th e  in te ra c tio n  b e tw e e n  b iax ia l c o m p re ss io n  a n d  p re ssu re  fo r  

re c ta n g u la r  p la te s , a n  e x te n s io n  is n o w  p ro p o se d  o f  th e  c o n c e p t o f  C h a p te rs  3 a n d  4 , 

w h e re b y  th e  re c ta n g u la r  p la te  is p a r t i t io n e d  in to  d o u b ly  c u rv e d  e n d - re g io n s  w hich

to g e th e r  b e h a v e  lik e  a p la te  o f sq u a re  o r  lo n g e r  th a n  sq u a re  a sp e c t r a t io , a n d  th e  

re m a in in g  c e n tra l re g io n  w h ich  d e fo rm s  w ith  s in g le  c u rv a tu re .

If  th e  p re s su re  e n d - p o in t  o f  th e  Q -O y  in te ra c tio n , Q y u , is k n o w n  in  a d d itio n  to  th e  

<TyU e n d - p o in t  (fro m  e q u a tio n  3 .4 ) ,  th e n  a t  so m e  lesse r va lue  o f  p re s su re , Q , th e

a v e ra g e  (Ty s tre ss  th a t  c a n  b e  su s ta in e d  by  th e  p a n e l in  th e  a b se n c e  o f  lo n g itu d in a l 

c o m p re ss io n  c a n  b e  d e f in e d  in  a  s im ila r w ay to  e q u a tio n  6 .6 , as:

o-yq =  [  1 -  ] a y u  . . .  6 . 1 3

E q u a tio n  6 .1 3  c a n  b e  a p p lie d , n o t  o n ly  to  th e  p la te  as  a w h o le , b u t a lso  to  th e  en d  

re g io n s  o f  th e  p la te  (w hose  a sp e c t ra tio  is g iven  by  e q u a tio n  4 .6 )  to  c a lc u la te  th e  

lo c a l tra n sv e rse  c o m p re ss io n s  a t  th e  e n d s  o f  th e  p la te  w h ich  a re  n e e d e d  to  cause  

fa ilu re  th e r e  in  th e  p re se n c e  o f  th e  g iven  leve l o f  la te ra l p re ssu re . C o n s id e ra tio n  o f 

e q u ilib r iu m  n o rm a l to  th e  lo n g  ed g e  o f  th e  p la te  w ill p ro d u c e  th e  lo w e r level o f 

tra n sv e rse  c o m p re ss io n  (o r  p e rh a p s  te n s io n ) w h ich  m u s t ex ist in  th e  c e n tra l  re g io n  o f
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th e  p la te . T h is  c o m p re ss io n  o r  te n s io n  is, in  e f fe c t ,  th e  u n iax ia l c a p a c ity  o f  th e  

b e a m - s t r u t  o r  b e a m - t ie  w h ich  c a n  b e  sa id  to  e x is t in  th e  c e n tra l p a r t  o f  th e  p la te  

w h e n  p re ssu re  is a c tin g  o n  th e  p la te . I t  sh o u ld  be  n o te d , h o w e v e r , th a t  th e

b e a m - s t r u t  c a p a c ity  w ill d e g e n e ra te  to  th a t  o f  th e  s t ru t ,  as th e  p re s su re  is re d u c e d  to  

z e ro . T h is  is b ecau se  th e  b e a m - s t r u t  c a p a c ity  is in fe rre d  f ro m  th e  tra n sv e rse

c a p a c ity  in  th e  p re se n c e  o f  p re ssu re  o f  th e  p a n e l as a w h o le , w h ich  (v ia  eq u a tio n

6 .1 3 )  is c a lc u la te d  f ro m  th e  tra n sv e rse  c a p a c ity  in  th e  a b se n c e  o f  p re s su re . T h is

la t te r  c a p a c ity  is c a lc u la ted  fro m  e q u a tio n  3 .4 , a n d  in c o rp o ra te s  th e  s tru t  m o d e ls  o f 

e q u a tio n s  3 .5  a n d  3 .6 , o r  3 .7 . T h e  b e a m - s t r u t  c a p a c ity  is th e re fo re  g iven  by :

a cq
[°~yqi ^  ŷq] 

f i  -  2 h  1l CXp J
6 . 1 4

w h e re  <Tyq is f ro m  e q u a tio n  6 .1 3  fo r  a  p la te  o f  a sp e c t ra tio  o ^ ,  a n d  Oyq,  is fro m  

e q u a tio n  6 .1 3  fo r  a  p la te  o f  a sp e c t ra tio  Op. c*p is f ro m  e q u a tio n  4 .6 , a n d  o^,, th e  

a sp e c t ra t io  o f  a  h a lf -w a v e le n g th  o f  bu ck le  is in  a c c o rd a n c e  w ith  th e  tr e a tm e n t  o f 

b iax ia l c o m p re ss io n  b u ck lin g  m o d es  in  C h a p te r  4 .

If  lo n g itu d in a l ((7X) c o m p re ss io n  is a p p lie d  in  a d d itio n , th e n ,  as b e fo re , th e  b iax ia l 

in te ra c tio n  fo r  th e  e n d  re g io n s , b u t  n o w  m o d ifie d  d u e  to  th e  p re se n c e  o f  p re ssu re , 

c a n  be  a p p lie d  to  th o se  p a r ts  o f  th e  p la te . F u r th e rm o re ,  ju s t as  fo r  in - p la n e  lo ad in g  

o n ly , it  is still re a so n a b le  to  say  th a t  a x  d o es  n o t  a f fe c t  th e  m a g n itu d e  o f  tra n sv e rse  

s tre ss , <7Cq , th a t  c a n  b e  su s ta in e d  b y  th e  b e a m - s t r u t  o r  b e a m - t ie .

A s a re su lt  o f  th is  re a so n in g , th e  b iax ia l c o m p re ss io n  in te ra c tio n  fo r  re c ta n g u la r  p la te s  

in  th e  p re s e n c e  o f  la te ra l p re ssu re  is p ro d u c e d  by  e x ac tly  th e  sam e  p ro c e d u re  as w as 

u sed  fo r  b iax ia l c o m p re ss io n  in  C h a p te r  4 , b u t w ith  d if fe re n t e n d - p o in ts  a n d  sh ap e  

o f  th e  in te ra c tio n  th a t  is a p p lie d  to  th e  e n d - re g io n s  o f  th e  p la te , a n d  a  d if fe re n t 

lo ca l tra n sv e rse  re s is ta n c e  fo r  th e  c e n tra l  re g io n  o f  th e  p la te . T h e  n ew

in fo rm a tio n  th a t  n e e d s  to  b e  a d d e d  to  th e  m o d e l o f  C h a p te r  4 is th e  v a lu e  o f  rjq 

f ro m  th e  sq u a re  p la te  m o d e l o f  S e c tio n  6 .2 , a n d  th e  re d u c e d  in te ra c tio n  e n d -p o in ts  

a n d  s tru t  c a p a c ity  d u e  to  la te ra l  p re ssu re . T h e  b iax ia l in te ra c tio n  th a t  is a p p lie d  to  

th e  p la te  b e c o m e s :

o-XUl is f ro m  e q u a tio n  4 .7 , Q x u  is fro m  e q u a tio n  6 .5  o r  6 .1 2 , is f ro m  eq u a tio n
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6 .9 ,  a n d  <jyq1 is as  re q u ire d  by  e q u a tio n  6 .1 4  w h ich  d e fin es  a c q.

In  o rd e r  to  o b ta in  th e  values o f Oyq, CTyq,, a n d  c Cq , a d e f in itio n  o f  Q y y  is n e e d e d  

w h ich  c a n  b e  u sed  w ith  th e  lin e a r  Q-<jy in te ra c tio n  m o d e l o f  e q u a tio n  6 .1 3  (and  

h e n c e  w ith  e q u a tio n  6 .1 4 ) . T h e  a p p ro a c h  o f  th e  p re v io u s  s e c tio n  w h e re  a  s im p le  

y ie ld  lin e  ana ly sis  o f  a  sq u a re  p a n e l w as e m p iric a lly  a d ju s te d  w ill n o w  b e  a p p lie d  to  

th e  m o re  g e n e ra l ca se  o f  re c ta n g u la r  p a n e ls . T h e  y ie ld  lin e  an a ly sis  o f  e q u a tio n  6 .3 , 

w h e n  e x te n d e d  to  re c ta n g u la r  p a n e ls  le ad s  to :

Qy l
o' o 2 U  + i / q ) 

E (32 ( 3  -  1 / a )
6 . 1 6

T h is  is p lo tte d  a g a in s t a sp e c t ra tio  fo r  s le n d e rn e sse s  in  th e  ra n g e  b /t= 3 0  to  120 in

f ig u re  6 .2 9 . T h e  e n d - p o in ts  o n  th e  r ig h t  h a n d  side o f  th e  fig u re  a re  fo r  sq u a re  

p la te s , a n d  th e  le f t  h a n d  e n d  p o in ts  a r e  fo r  in fin ite ly  lo n g  p la te s  (ie l/o ;= 0 ).

E q u a tio n  6 .4  gave  a n  e m p iric a l u p w a rd s  a d ju s tm e n t o f  th e  y ie ld  lin e  p re ssu re  fo r  

sq u a re  p la te s . A s a sp e c t ra tio  in c re a se s , th e  lo ca l tra n sv e rse  c o m p re ss io n s  in  th e  en d  

re g io n s  c a n  re s is t a  d im in ish in g  a m o u n t o f  tra n sv e rse  te n s ile  s tre ss  in  th e  re m a in d e r  

o f  th e  le n g th  o f  th e  p la te , so th a t  fo r  a n  in fin ite ly  lo n g  p la te  th e re  is no  tra n sv e rse  

te n s io n  s tress  (a lth o u g h  th e re  is still a  f in ite  ten s ile  fo rc e ) . F o r  th e  in fin ite ly  long

p la te , th e re fo re ,  th e  a b se n c e  o f  m e m b ra n e  fo rc e s  in  th e  y ie ld  lin e  c a lc u la tio n  is

a p p ro p r ia te ,  a n d  th e  p la s tic  co llap se  o f  a  s im p ly  su p p o rte d  b e a m , w h ich  is w h a t th e  

y ie ld  lin e  m o d e l b e c o m e s  in  th a t  l im it, is a p p ro p r ia te  fo r  d es ig n . T h e re fo re  th e  

v a lu es  o f  Q y L  f ° r  in fin ite ly  lo n g  p la te s , in  f ig u re  6 .2 9 , d o  n o t re q u ire  a d ju s tm e n t. 

T h e  a d ju s tm e n t w h ich  is a p p lie d  fo r  p la te s  o f  f in ite  le n g th  will d e p e n d  o n  

w h e th e r  m a x im u m  re s is ta n c e  o r  y ie ld  s tra in  re s is ta n c e  is b e in g  m o d e lle d . A s b e fo re , 

m a x im u m  re s is ta n c e  is c o n s id e re d  f irs t.

Maximum Resistance

I t  is d e s ira b le  to  re ta in  th e  fo rm  o f e q u a tio n  6 .1 6 , b u t to  a d ju s t  i t  to  a g re e  w ith  th e  

p re v io u s ly  m o d ifie d  y ie ld  lin e  m o d e l fo r  sq u a re  p la te s  (in  e q u a tio n  6 .5 ) ,  w h ile  still 

g iv ing  th e  u n a d ju s te d  y ie ld  lin e  p re ssu re s  fo r  in fin ite ly  lo n g  p la te s . S u ch  a 

m o d if ic a tio n  to  e q u a tio n  6 .1 6  lead s to :

Qyu "

w h e r e  K

_£ il2 (K + 10/q) 
E (32 ( 3 K  -  \ / a )

1
( 1 0 . 3  +  (8) 

l  (3(3 -  0 . 1 )

; /3 < 0 . 7  

; 0 . 7  <  (3 < 3

6 . 1 7

T h is  is sh o w n  in  f ig u re  6 .3 0 . T h e  te rm  1 0 /a  in  th e  n u m e ra to r  r a th e r  th a n  1 lot is to  

g ive  a  b e t te r  a g re e m e n t  w ith  th e  e x tra p o la te d  p re ssu re  e n d - p o in ts  o f  fig u res  6 .1 8  an d
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6 .2 8 . T h e se  e x tra p o la te d  e n d -p o in ts  fo r  b o th  sq u a re  a n d  3:1 p la te s  a re  also  show n  

o n  f ig u re  6 .3 0 . T h e  va lues o f  p re ssu re  fo r  3:1 p la te s , o b ta in e d  f ro m  fig u re  6 .2 8 , a re  

Q y u  = 6 8 .2 , 4 1 .5  a n d  28.1 m e tre s , fo r  b / t= 4 0 , 60 a n d  80 re sp e c tiv e ly .

E q u a tio n s  6 .1 3  a n d  6 .1 7  c a n  n o w  b e  u sed  w ith  eq u a tio n s  6 .5  to  6 .1 0 , in  th e  design  

a p p ro a c h  d esc rib e d  a b o v e , to  p ro d u c e  b iax ia l c o m p re ss io n  in te ra c tio n  cu rv es in  th e  

p re s e n c e  o f  la te ra l p re ssu re  fo r  3:1 p la te s  to  c o m p a re  w ith  th e  n u m e ric a lly  d e riv ed  

c u rv e s  fo r  m a x im u m  re s is ta n c e . T h is  c o m p a r iso n  is m a d e  in  f ig u re  6 .3 1 .

I t  c a n  b e  seen  th a t  th e  m o d ific a tio n  to  th e  b iax ia l c o m p re ss io n  m o d e l d u e  to  la te ra l 

p re s su re  w h ich  is b e in g  p ro p o se d  fo r  re c ta n g u la r  p la te s  fits th e  n u m e ric a l cu rv es  ve ry  

w ell. In  p a r t ic u la r ,  th e  m o d e l a c c u ra te ly  d e sc rib es  w h a t is o th e rw ise  a d ifficu lt 

p h e n o m e n o n  to  m o d e l, n a m e ly  th e  c h a n g e  in  p re fe r re d  b u c k lin g  m o d e  fo r  a  g iven  

b ia x ia l c o m p re ss io n  r a t io ,  as in c re a s in g  m a g n itu d e s  o f  p re ssu re  a re  in c lu d ed . I t  has  

a lre a d y  b e e n  m e n tio n e d  th a t  th is  a sp e c t o f  b e h a v io u r  d e p e n d s  g re a tly  o n  s le n d e rn e ss , 

a n d  it c a n  b e  se e n  th a t  th e  m o d e l g ives a n  a c c u ra te  p re d ic tio n  o f  th e  b e h a v io u r fo r  

a ll th re e  s le n d e rn e sse s .

F u r th e rm o re ,  th e  c h a n g in g  sh a p e  o f  in te ra c tio n , as  p re s su re  is a p p lie d , is also  

a c c u ra te ly  re p re s e n te d  by  th e  m o d e l. T h e r e  is a sligh t n o n -c o n s e rv a tis m  fo r  th e  

b /t= 4 0  p la te , b u t th is  is ac tu a lly  in tro d u c e d  by  th e  tra n sv e rse  s tre n g th  m o d e l o f 

C h a p te r  3 , w h ich  a lth o u g h  it g ives v e ry  g o o d  a g re e m e n t w ith  n u m e ric a lly  d e riv ed  

tra n sv e rse  s tre n g th s  o v e r  a  w ho le  ra n g e  o f  p la te  g e o m e trie s  ( in  f ig u re  3 .1 2 ) , is s ligh tly  

n o n -c o n s e rv a tiv e  fo r  a 3:1 b /t= 4 0  p la te . M a x im u m  s tre n g th  in te ra c tio n  cu rves o v e r  a 

w id e r  ra n g e  o f  s le n d e rn e sse s  a n d  p re ssu re s  a re  show n  in  fig u re  6 .3 2 .

Yield Strain Resistance

In  s e c tio n  6 .2  th e  u se  o f  a  s tra in  lim it c o n s is te n t w ith  C h a p te rs  3 a n d  4 has a lre a d y  

b e e n  d e v e lo p e d  fo r  p re s su re  o n  sq u a re  p la te s . W h a t re m a in s  to  b e  d e f in e d , th e n ,  is 

a  m o d e l o f  Q y y  fo r  th e  sam e  s tra in  lim it.

A s w ith  sq u a re  p la te s , th e  a v e rag e  s tra in s  d u e  to  p re ssu re  a lo n e  a re  ad d e d  to  th e  

s tra in s  d u e  to  in - p la n e  lo a d in g . T h e  tra n sv e rse  u n i-a x ia l  s tre ss  su s ta in ed  by th e

p la te  w h e n  th e  to ta l  t ra n sv e rse  s tra in  is e q u a l to  th e  y ie ld  s tra in  is th e n  in te rp o la te d  

f ro m  th e  s t r e s s - s t r a in  c u rv es . T h e se  u n i- a x ia l  s tresses  a re  p lo tte d  ag a in st p re ssu re  

in  f ig u re  6 .3 3 , a n d  s tra ig h t lines e x tra p o la te d  to  th e  p re ssu re  ax is a re  show n .

A d d itio n a l an a ly ses  w ere  c a rr ie d  o u t fo r  3:1 p la te s  u n d e r  p re s su re  o n ly  to  o b ta in  th e  

lev e ls  o f  la te ra l p re s su re  to  cau se  ey'=l. R esid u a l stress  a n d  im p e rfe c tio n  levels w ere
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th e  sa m e  as in  (4 8 ), a n d  a re  d esc rib ed  in  C h a p te r  3 . T h e  c o m p u te d  levels o f 

p re s su re  fo r  b /t= 4 0 , 60  a n d  80 a re  show n  o n  f ig u re  6 .3 3 . I t  is a p p a re n t  th a t  th e  

l in e a r  in te ra c tio n  m o d e l b e tw e e n  p re ssu re  a n d  tra n sv e rse  co m p re ss io n  is a m u c h  b e tte r  

f i t  to  th e  n u m e ric a l d a ta  fo r  a ll 3 s le n d e rn e sse s , th a n  it w as fo r  th e  sq u a re  p la tes . 

F ig u re  6 .3 4  show s th e  e x tra p o la te d  e n d - p o in ts  f ro m  fig u re  6 .3 3 , as  w ell as th e  

c o m p u te d  p re ssu re  leve ls to  cause  e y '= l  fo r  b /t= 4 0  to  2 0 0 , p lo tte d  ag a in st

s le n d e rn e ss . J u s t  as fo r  sq u a re  p la te s  th e  re s id u a l s tresses  h a d  to  b e  re d u c e d  fo r  th e

m o s t s le n d e r  p la te s , as  a  x '=0 .2  gave rise  to  c o n v e rg e n c e  p ro b le m s  in  th e  D y n am ic  

R e la x a tio n  p ro g ra m . F o r  th e  b /t= 1 6 0  p la te , th e  lo n g itu d in a l re s id u a l stress  was 

re d u c e d  to  0 .165  <r0 , a n d  fo r  th e  b /t= 2 0 0  p la te ,  it w as re d u c e d  to  0 .1 2  a 0 . T h e

fa c t  th a t  th e se  re d u c tio n s  in  th e  re s id u a l s tre sse s  a re  less th a n  th e  re d u c tio n s  re q u ire d  

fo r  th e  sq u a re  p la te  a n a ly ses  is a  re f le c tio n  o f  th e  re s id u a l s tre sse s  in  re c ta n g u la r  

p la te s  b e in g  p rin c ip a lly  a p p lie d  in  th e  lo n g itu d in a l d ire c tio n , w ith  th e  re s id u a l stresses 

in  th e  tra n sv e rse  d ire c tio n  b e in g  a n  o r d e r  o f  m a g n itu d e  less (n o m in a lly  th e  

lo n g itu d in a l re s id u a l s tre ss  is 0 . 2  <r0 w h e re a s  th e  tra n sv e rse  re s id u a l s tre ss  is 0 .0286

(Tq). T h e  tra n sv e rse  re s id u a l s tress  m a g n itu d e  w as d e riv e d  in  (48) o n  th e  basis o f 

th e  te n s ile  y ie ld  b locks a lo n g  th e  sh o r t e d g es  b e in g  h a lf  th e  w id th  o f  th o se  o n  th e  

lo n g  ed g es .

F ro m  se c tio n  6 .2  th e  e m p ir ic a l a d ju s tm e n t to  th e  sq u a re  p la te  y ie ld  lin e  re s is ta n c e  fo r 

0 > O .5  w as to  m u ltip ly  it b y  (6 /7  + 2(3/7) u p  to  0 = 7 .5 . U sin g  th e  re c ta n g u la r  p la te  

fo rm  o f  th e  y ield  lin e  e q u a tio n , b u t a d ju s tin g  it to  f it  th e  sq u a re  p la te  m o d e l, as 

w ell as th e  3:1 p la te  d a ta ,  lead s  to

Qyu

w h e r e  K

(K + l /o )
E (32 (3K  -  1 / a )

1

( 1 3  +  2 0 )
l  ( 1 1  +  6 0 )

; 0  < 0 . 5  

; 0 . 5  <  0  < 7 . 5

6 . 1 8

T h is  is c o m p a re d  w ith  th e  d a ta  in  fig u re  6 .3 4 . F ig u re  6 .3 5  p lo ts  e q u a tio n  6 .18

a g a in s t a sp e c t ra tio  fo r  v a rio u s  s le n d e rn e sse s , a n d  in c lu d es th e  n u m e ric a l d a ta  fo r 

c o m p a r iso n . T h e se  n u m e r ic a l d a ta  va lues a r e  th o se  p re ssu re  e n d - p o in ts  w h ich  a re  

re q u ire d  to  m a k e  a l in e a r  in te ra c tio n  sa fe , a n d  a re  e x tra p o la te d  v a lu es w h ere  

c o m p u te d  va lues w ould  m a k e  su ch  a n  in te ra c tio n  u n sa fe . T h e  s tra in  lim it yield 

in te ra c t io n  o f  e q u a tio n  4 .9  is in c o rp o ra te d  o n  th e  fig u re .

T h is  s ing le  ex p re ss io n  fo r  p re s su re  n o w  gives Q y u  a n d  Q xu (by  p u ttin g  a = l ) .  D esign  

c u rv e s  b ased  o n  th e  y ie ld  s tra in  m o d e ls  o f  e q u a tio n s  6 .1 8 , 3 .1 5 b  a n d  4 .7  a re  show n 

as f ig u re  6 .3 6 .

I t is in te re s tin g  to  c o m p a re  e q u a tio n  6 .1 8  w ith  a n  a lte rn a tiv e  m o d e l fo r  Q y y  w hich
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m o re  fu lly  ex p re sse s  th e  b e a m - t ie  id ea lisa tio n  o f  th e  c e n tra l re g io n . W h e re a s  

p re v io u s ly  th e  b e a m - t ie  c a p a c ity  o f  th e  c e n tra l re g io n  in  th e  a b se n c e  o f  b iax ia l 

c o m p re ss io n  co u ld  be  d e d u c e d  fro m  Q y y  b ased  o n  a  m o d ifie d  y ie ld  lin e  an a ly s is , an  

a lte rn a tiv e  w o u ld  b e  to  d e f in e  th e  b e a m - t ie  c a p a c ity  f ir s t , a n d  to  u se  it to  d e riv e  a 

c o n s is te n t v a lu e  o f  Q yu-

T h is  is d o n e  by  ex p lic itly  id ea lis in g  th e  c e n tra l re g io n  o f  th e  p la te  as  a  p la s tic  b eam  

w ith  c o e x is te n t ax ia l te n s io n  w h ich  h o ld s  th e  g e o m e tr ic  s h o r te n in g  o f  th e  b e a m  to  be 

e q u iv a le n t to  e y '= l . T h e  to ta l ax ia l te n s io n  m u st b a la n c e  th e  e n d  c o m p re ss io n s  since  

th e re  a re  n o  a p p lie d  in - p la n e  lo a d s , a n d  to  do  so  in  th e  p re se n c e  o f  a  p re s su re  on  

th e  b e a m  e q u a l to  th e  p re ssu re  o n  th e  e n d  re g io n s . T h e se  e n d  re g io n s  h a v e  th e  

sa m e  Q x u “ ° x u  m ° d e l a t  € '=1 as  p rev io u sly . T h e s e  re q u ire m e n ts  n e c e ss ita te  th e

so lu tio n  o f  a  q u a d ra tic  e q u a tio n  fo r  th e  leve l o f  p re ssu re  to  cau se  th is :

Q x u  is f ro m  e q u a tio n  6 .1 2 , (rxu  is th e  u n iax ia l s tre n g th  m o d e l o f  e q u a tio n  3 .3 ,  an d  

e 0 is th e  y ie ld  s tra in , a  is >  1 .

T h is  m o d e l fo r  Q y y  is show n  ag a in s t th e  re su lts  o f  e q n  6 .1 8  in  f ig u re  6 .3 7 . T h is  

show s th a t  th is  m o d e l a g rees  q u ite  w ell w ith  th e  m o d ifie d  y ie ld  lin e  an a ly sis  a lth o u g h  

it is m u c h  m o re  c o m p lic a te d  to  c a lc u la te . H o w e v e r , i t  d o e s  b re a k  d o w n  fo r  som e 

a sp e c t ra tio s  a n d  s le n d e rn e sse s , fo r  w h ich  th e  v a rio u s  re q u ire m e n ts  o f  eq u a l p re ssu re s  

o n  b e a m  a n d  p la te  re g io n s , a n d  o f  n e t  b e a m  te n s io n  b a la n c in g  n e t  p la te  c o m p re ss io n , 

su ch  th a t  th e  g e o m e tric  s h o r te n in g  is eq u a l to  ey '= l  c a n n o t b e  sa tisfied  

(m a th e m a tic a lly  th e  ro o ts  o f  th e  q u a d ra tic  e q u a tio n  b e c o m e  c o m p le x ). T h e  lo cu s o f 

th e  p o in ts  fo r  w h ich  it b re a k s  d o w n  a re  show n  in  f ig u re  6 .3 8 .

V ario u s  ra t io n a l  a d ju s tm e n ts  to  th e  m o d e l, to  a t te m p t to  c o r re c t  th is , h av e  b e e n  tr ie d  

b u t th e y  a ll re su lte d  in  m a k in g  a  m o d e l, w h ich  w as a lre a d y  m o re  c o m p lic a te d  th a n  

th e  m o d ifie d  y ie ld  lin e  m o d e l, ev en  m o re  so , a n d  w e re  n o t  c o n s id e re d  to  b e  w o rth  

using . E v e n  w ith  th is  a lte rn a tiv e  a p p ro a c h , a n  e m p ir ic a lly  m o d ified  y ie ld  lin e  analysis 

still h a s  to  b e  a p p lie d  to  th e  e n d  re g io n s  o f  th e  p la te , so  th e re  w as n o t  a g re a t  deal 

o f  th e o re tic a l  b e n e f it  to  b e  g a in e d  by  th is  m o re  in v o lv ed  ana lysis .
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H a v in g  d e v e lo p e d  th e  design  m o d e l fo r  b ia x ia l co m p re ss io n  a n d  la te ra l p re ssu re  it 

re m a in s  to  c o m p a re  th is  w ith  th e  d es ig n  ru le s  o f  (63) fo r  th is  s itu a tio n . (63)

sp e c ifie s  a  m in im u m  p la te  th ick n ess  w h ich  is re q u ire d  w h en  c e r ta in  levels o f  b iax ia l

c o m p re ss io n  a n d  la te ra l  p re ssu re  a re  a c tin g  in  c o m b in a tio n , b u t  a  re la tio n sh ip  b e tw e e n  

la te ra l  p re ssu re  a n d  b iax ia l co m p re ss io n  c a n  b e  in fe rre d  f ro m  th is . I t  w as p o in te d

o u t in  (6 6 ) th a t  th e  ru le s  o f  (63) p e rm it  n o  re d u c tio n  in  th e  in - p la n e  c a p a c ity  o f  th e  

p la te  u n til q u ite  su b s ta n tia l levels o f  p re s su re  a re  a p p lie d , a n d  th is  c a n  be  seen  on  

f ig u re  6 .3 9 , w h ich  p re se n ts  b iax ia l in te ra c tio n s  p ro d u c e d  by  th e  m e th o d  in  (63 ), fo r

sq u a re  a n d  3:1 p la te s  w ith  b /t= 4 0 , 60  a n d  8 0 , fo r  4 m e tre  in c re m e n ts  o f  p re ssu re .

T h e  f ig u re  a lso  show s th e  in te ra c tio n s  b e tw e e n  u n iax ia l lo n g itu d in a l o r  tra n sv e rse  

c o m p re ss io n  w ith  la te ra l  p re ssu re . F ig u re  6 .4 0  p re se n ts  th e  e q u iv a le n t p lo t to  f ig u re  

6 .3 9 , p ro d u c e d  by  th e  p ro p o se d  y ie ld  s tra in  design  m o d e l. I t  c a n  be  se e n , fo r

in s ta n c e , th a t  w h e re a s  th e  p ro p o se d  m o d e l p re d ic ts  a u n ia x ia l c o m p re ss io n  re s is ta n c e

a t  y ie ld  s tra in  o f  a b o u t 0 .4 c r0, in  th e  p re s e n c e  o f  60 m e tre s  o f  p re ssu re , fo r  an

a / b = l ,  b /t= 4 0  p la te  (th is  b e in g  re d u c e d  f ro m  0 .7 5 (7 0 a t  z e ro  p re s s u re ) ,  th e  ru le s  o f

(63 ) p re d ic t  th a t  th e  sam e  p la te  c a n  su s ta in  a  u n iax ia l c o m p re ss io n  o f  0 .8 8 (7 0 in  th e

p re s e n c e  o f  p re s su re s  u p  to  60 m e tre s  h e a d . S in ce  e v e n  th e  m a x im u m  res is ta n c e

d esig n  m o d e l o f  f ig u re  6 .2 1 , g ives a  m a x im u m  u n iax ia l c o m p re ss io n  re s is ta n c e  in  th e  

p re s e n c e  o f  60  m e tre s  o f  p re ssu re , o f  a b o u t  0 .5 (7 0 ( re d u c e d  f ro m  0 .84(70 a t  ze ro

p re s s u re ) , fo r  th is  p la te , th e n  it c a n  b e  s e e n  th a t  th e  ru le s  o f  (63) ca n  b e  v e ry  

n o n -c o n s e rv a t iv e .

T h is  co n c lu d e s  th e  d e v e lo p m e n t o f  a d es ig n  m o d e l in  th is  th e s is . T h e  n e x t c h a p te r  

w ill d ra w  th e  v a rio u s  c o m p o n e n ts  o f  th e  d e s ig n  m o d e l in  th e  p re v io u s  c h a p te rs  in to  

a s in g le  d esig n  su m m a ry .
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FIGURE 6.1 - Pressure versus out-of-plane displacement from elastic model

FIGURE 6.2 Plate buckling due to residual compressions, giving rise to 
initial imperfections, w 0
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FIGURE 6.4 - Maximum possible residual stress consistent with w 0/t assumptions
from elastic model
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FIGURE 6.5 - Pressure - displacement curves for perfect plates, for imperfect
plates without <rr, and for imperfect plates with <rr*=0.2, 
from elastic model and from elasto-plastic analyses

FIGURE 6.6 Pressure-strain, for ar=0 and ar'=0.2



200

^tot
t
10

20

Elastic model for uni- and bi-axial 
compression, producing identical 
curves to finite difference analyses

"Failure" pressure from elastic model with 
mid-length edge yield compared to yield 
strain results from elasto-plastic analyses

FIGURE 6.7 FIGURE 6.9

FIGURE 6.8 - Interaction between pressure and uniaxial compression in square plates
from elastic analysis with mid-length edge membrane yield criterion, 
with elasto-plastic data at yield strain

FIGURE 6.10 - Interaction between pressure and uniaxial compression in square plates
from elastic analysis with corner membrane yield criterion,



°x' 10 1-0 10

F IG U R E  6 .11  -  B ia x ia l c o m p re ss io n  in te ra c tio n s  in  th e  p re s e n c e  o f  p re s su re
(1 0 m  in c re m e n ts  o f  p re s s u re ) ,  f ro m  e la s tic  an a ly s is  w ith  c o m e r  
m e m b ra n e  y ie ld  c r i te r io n  — a /b = l

Ojcq
1.0 3l 1.0 3l 1.0

0*q Ox q
F IG U R E  6 .1 2  -  In te ra c tio n s  o f  f ig u re  6 .11  n o rm a lise d

-  B iax ia l in te ra c tio n s  fo r  3 :1  p la te s  fo r  z e ro  p re s su re  
f o r  m = l ,  m = 2  a n d  m = 3  m o d e s

FIGURE 6.13



F IG U R E  6 .1 4  -  In te ra c tio n  b e tw e e n  p re s su re  a n d  tra n sv e rse  u n ia x ia l c o m p re ss io n
in  3:1 p la te s , d e fo rm in g  in  m = l ,  m = 2  a n d  m = 3  m o d e s

F IG U R E  6 .1 5

Oxq 1 - 0  05cq ^ 0  0 *Xq

O’© Oo Oq

-  In te ra c tio n  b e tw e e n  p re s su re  a n d  lo n g itu d in a l u n ia x ia l c o m p re ss io n  
in  3:1 p la te s , d e fo rm in g  in  m = l ,  m = 2  a n d  m = 3  m o d e s

F IG U R E  6 .1 6  -  B iax ia l c o m p re s s io n  in te ra c tio n s  in  th e  p re se n c e  o f  p re s su re
(1 0 m  in c re m e n ts  o f  p re s s u re ) ,  f ro m  e la s tic  an a ly s is  w ith  c o rn e r  
m e m b ra n e  y ie ld  c r i te r io n  — a /b = 3
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F IG U R E  6 .1 7  -  B iax ia l c o m p re ss io n  in te ra c tio n s  in  th e  p re s e n c e  o f  p re s su re
(1 0 m  in c re m e n ts  o f  p re s s u re ) ,  f ro m  e la s to -p la s t ic  an a ly se s  o f  (4 8 ) 
fo r  sq u a re  p la te s , b / t= 4 0 , 6 0  &  80

E m p ir ic a l m o d if ic a tio n  to  y ie ld  lin e  an a ly sis  
to  f it p re s su re s  o b ta in e d  f ro m  e x tra p o la tio n  

o n  f ig u re  6 .1 8

FIGURE 6.19



F IG U R E  6 .2 0  -  D e s ig n  m o d e l fo r  s q u a re  p la te s  c o m p a re d  to  in te ra c tio n s  f ro m  (48 )

Oo cr0

-  M a x im u m  re s is ta n c e  d e s ig n  cu rv e s  f ro m  p ro p o s e d  m o d e l, fo r  a /b = lF IG U R E  6.21
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F IG U R E  6 .2 2  -  E m p ir ic a l  m o d ific a tio n  to  y ie ld  lin e  an a ly sis  to  f i t  y ie ld  s tra in
p re s s u re s , o b ta in e d  f ro m  e la s to -p la s t ic  an a ly s is  o r  e x tra p o la tio n  
(o n  f ig u re  6 .2 4 ) .

F IG U R E  6 .2 3 S tre s s - s t r a in  c u rv es  in  th e  p re s e n c e  o f  p re s su re , sh o w in g  s tra in s  
c a u se d  b y  th e  in itia l p r e s s u r e - o n ly  lo ad in g



R ed u ced  com p ressive  strengths in  th e  
p resen ce  o f  pressure at cx '= l and  
p re ssu r e -o n ly  results a t ex '= l (a /b = l)

F IG U R E  6 .2 4

R ed u ced  com p ressive  strengths in  th e  
p r e sen ce  o f  pressure a t rx '= l and  
p r e ssu re -o n ly  resu lts, for  a /b = l ,  b /t= 60  
w ith  an d  w ithout residual stresses

F IG U R E  6 .2 5

F IG U R E  6 .2 6 D esig n  curves for  resistan ce at y ie ld  strain from  p rop osed  m o d e l, a /b -1



F IG U R E  6 .2 7  -  B iax ia l in teractions in  th e  p resen ce  o f  pressure from  (48 ) for  3:1 p lates
(w ith  square p la te  in teraction s show n w h en  w ith in  3:1 p late in teraction s)

05 Oy/CT0 10

T ransverse com p ression  interaction  
e n d -p o in ts  in  th e  p resen ce  o f  pressure  
p lo tted  against pressure

0 05 D/a 10

Y ield  lin e  pressures fo r  rectangular  
p la tes , b /t= 3 0  to  120

F IG U R E  6 .2 8 F IG U R E  6 .2 9

oo 3 2 a/b 1

FIGURE 6.30 E m p irica lly  m od ified  y ield  lin e  pressure  
(extrap olated  pressures sh ow n )



F IG U R E  6.31 -  B iax ia l c o m p re ss io n  in te ra c tio n s  in  th e  p re s e n c e  o f  p re s su re  f ro m
p ro p o s e d  m a x im u m  re s is ta n c e  m o d e l, c o m p a re d  to  f ig u re  6 .2 7

Oo Oq

F IG U R E  6 .3 2 (a )  -  D e s ig n  cu rv e s  fo r  b ia x ia l c o m p re ss io n  w ith  c o e x is te n t p re s su re
f ro m  m a x im u m  re s is ta n c e  d esig n  m o d e l -  a /b = 2



Oo Ob

F IG U R E  6 .3 2 (b )  — D e s ig n  cu rv es  fo r  b ia x ia l c o m p re ss io n  w ith  c o e x is te n t p re ssu re
f ro m  m a x im u m  re s is ta n c e  d es ig n  m o d e l — a /b = 3

Ob Ob

FIGURE 6.32(c) D e s ig n  cu rv e s  f o r  b ia x ia l c o m p re ss io n  w ith  c o e x is te n t p re ssu re  
f ro m  m a x im u m  re s is ta n c e  d esig n  m o d e l -  a /b = 4



Oo Ob

F IG U R E  6 .3 2 (d )  -  D e s ig n  c u rv e s  f o r  b ia x ia l c o m p re ss io n  w ith  c o e x is te n t p re s s u re
f ro m  m a x im u m  re s is ta n c e  d es ig n  m o d e l -  a /b = 5

Ob Oq

F IG U R E  6 .3 2 (e )  -  D esig n  c u rv e s  fo r  b iax ia l c o m p re ss io n  w ith  c o e x is te n t p re s su re
f ro m  m a x im u m  re s is ta n c e  d e s ig n  m o d e l -  a /b = 1 0



1-0

b/f=4 0 
b/t=60 
b/t=80

^ /cro

F IG U R E  6 .3 3  -  T ra n sv e rse  c o m p re ss io n  re s is ta n c e  a t  y ie ld  s tra in , o f  3:1 p la te s ,
w ith  c o e x is te n t p re s su re

F IG U R E  6 .3 4 -  Y ie ld  s tra in  p re s su re  m o d e l o f  e q .6 .1 8 , f o r  3:1 p la te s , c o m p a re d  to  
c o m p u te d  y ie ld  s tra in  p re ssu re s  a n d  e x tra p o la tio n s  fro m  f ig .6 .33

•extrapolated

♦computed

F IG U R E  6 .3 5  -  Y ie ld  s tra in  p re ssu re  m o d e l o f  e q .6 .1 8 , p lo t te d  a g a in s t a sp e c t r a t io ,
c o m p a re d  to  c o m p u te d  a n d  e x tra p o la te d  p re s su re s



F IG U R E  6 .3 6 (a )  -  Y ie ld  s tra in  d esig n  c u rv e s  fo r  b iax ia l c o m p re ss io n  w ith
c o e x is te n t p re s su re  -  a /b = 2  &  3



FIGURE 6.36(b) -  Yield strain design curves for biaxial compression with
coexistent pressure -  a/b=5 & 10
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(b)
F IG U R E  6 .3 9  -  B iax ia l in te ra c tio n s  in  th e  p re se n c e  o f  p re s s u re , a n d  in te ra c tio n s

b e tw e e n  p re s su re  a n d  u n ia x ia l c o m p re ss io n  f ro m  (63 )
-  4  m e tre  in c re m e n ts  o f  w a te r  p re ssu re



(a)

F IG U R E  6 .4 0 B iax ia l in te ra c tio n s  in  th e  p re s e n c e  o f  p re s su re , a n d  in te ra c tio n s  
b e tw e e n  p re s su re  a n d  u n ia x ia l c o m p re ss io n  f ro m  p ro p o s e d  y ie ld  s tra in  
m o d e l -  e q u iv a le n t to  f ig u re  6 . 3 9
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C H A P T E R  7  D E S IG N  M O D E L  S U M M A R Y

7 .1  In tro d u c tio n

T h is  C h a p te r  p re se n ts  a su m m a ry  o f  a ll th e  design  m o d e ls  p re s e n te d  in  th e  p re c e d in g  

C h a p te rs , w h ich  a re  re le v a n t to  th e  design  re s is ta n c e  a t  y ie ld  s tra in , o f  re c ta n g u la r  

p a n e ls  w ith  in itia l im p e rfe c tio n s  n o  g re a te r  th a n  w 0 / t= 0 .1 /3 2, a n d  re s id u a l s tresses  no  

g re a te r  th a n  0 .2  <r0 F o r  d esig n  m o d e ls  fo r  th e  m a x im u m  re s is ta n c e  o f  p a n e ls , o r 

fo r  th e  re s is ta n c e  a t  o th e r  im p e rfe c tio n  lev e ls , o r  fo r  g u id a n c e  o n  h o w  to  use th e  

m o d e ls  to  c a lc u la te  th e  loss o f  c o m p ress iv e  s tre n g th  in  d e n te d  p a n e ls , th e  re a d e r  is 

r e fe r r e d  to  th e  p re c e d in g  C h a p te rs .

I t  sh o u ld  b e  n o te d  th a t ,  a lth o u g h  th e  in te ra c tio n  b e tw e e n  b iax ia l c o m p re ss io n  a n d  

la te ra l p re s su re  is tr e a te d  s e p a ra te ly  f ro m  th e  in te ra c tio n  b e tw e e n  b ia x ia l co m p re ss io n  

a n d  s h e a r } it is th e  in te n tio n  th a t  a  sing le  u n ified  t r e a te m e n t  w ill in  d u e  co u rse  be  

g iven . I t  is b ec a u se  th is  h a s  n o t  y e t b e e n  v a lid a te d , th a t  th e  s h e a r  a n d  p re ssu re  

in te ra c tio n  e ffe c ts  h a v e  b e e n  s e p a ra te d .

Id e a lly , th e  d es ig n  m e th o d  w h ich  is su m m a riz e d  in  th is  c h a p te r  sh o u ld  b e  p re se n te d  

to g e th e r  w ith  a  b a c k g ro u n d  d o c u m e n t a n d  c o m m e n ta ry , w h ich  w ould  e x p la in  th e  basis 

o f  th e  e q u a tio n s  c o n ta in e d  in  th e  m e th o d , a n d  o f  th e  o v e ra ll a p p ro a c h . F o r  th e  

p re s e n t  p u rp o se s , h o w e v e r, th e  p re c e d in g  c h a p te rs  c a n  be  re g a rd e d  as th e  re q u ire d  

b a c k g ro u n d  d o c u m e n t. T o  th is  e n d , th e  n u m b e rs  o f  th e  s u b -s e c tio n s  in  th is  c h a p te r  

c o r re s p o n d  to  th e  c h a p te r  n u m b e r  in  w h ich  th e  re le v a n t m o d e llin g  is d e v e lo p e d  (fo r 

in s ta n c e , c h a p te r  3 p ro v id e s  th e  b a c k g ro u n d  to  se c tio n s  7 .3 , 7 .3 .1 ,  7 .3 .2  a n d  7 .3 .3 ) .

In  a d d itio n , th e  e q u a tio n  n u m b e rs  f ro m  th e  p re c e d in g  c h a p te rs  a re  a lso  re fe r re d  to  in  

th e  fo llow ing  su m m a ry .

7 .1 .1  N o ta tio n

T h e  n o ta tio n  u sed  in  th is  d esig n  su m m a ry  is g iven  a t  th e  b e g in n in g  o f  th e  thesis . 

A tte n tio n  is d ra w n , h o w e v e r, to  th e  use  o f a  n o n -d im e n s io n a l  p a r a m e te r ,  (3, to  

d e n o te  s le n d e rn e ss , w h e re  0  is d e f in e d  as

0  = b / t  y((T0 /E )

7 .2  S h e a r
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T h e  sh e a r  w h ich  is a p p lie d  to  a  p a n e l sh o u ld  be  less th a n  th e  design  sh e a r  re s is ta n c e  

w h ich  is g iven  by  7 .2 .1  to  7 .2 .3 .

T h e  d esig n  s h e a r  re s is ta n c e  d if fe re n tia te s  b e tw e e n  th e  d if fe re n t  c o n s tra in t c o n d itio n s  

w h ich  w ill ex is t a t  a b o u n d a ry  o f  a p a n e l b y  v irtu e  o f  th e  p re s e n c e  o r  a b se n c e  o f  an  

a d ja c e n t  p a n e l (in  th e  sam e  p la n e )  a t  th e  b o u n d a ry . I f  an  a d ja c e n t  p a n e l ex ists  a t  a 

p a n e l  b o u n d a ry , th e n  th a t  b o u n d a ry  is d e sc r ib e d  as " c o n s tra in e d " , w h e re a s  if  n o  such  

p a n e l  ex is ts , th e n  th e  b o u n d a ry  is d e sc rib e d  as " u n -c o n s tr a in e d " .

7.2.1 Constrained Panels

A  c o n s tra in e d  p a n e l is o n e  w h ich  h as  a ll o f  its ed g es  c o n s tra in e d . T h e  d esig n  sh e a r  

re s is ta n c e  o f  su c h  a  p a n e l ,  r c c , is g iven  by

Tcc  “  Tu

where ru is given in 7.2.4, with c1 1.3 - 0.05 a ;; for a<5 (2.7)
1.05 ;; for o>5

0.85 - c1 ;; for all ct

7.2.2 Unconstrained Panels

A n  u n c o n s tra in e d  p a n e l is a p a n e l w h ich  h a s  tw o  u n c o n s tra in e d  edges m e e tin g  a t a 

c o rn e r ,  w h a te v e r  th e  b o u n d a ry  co n d itio n s  w h ich  ex is t o n  th e  re m a in in g  tw o  edges. 

T h e  d es ig n  s h e a r  re s is ta n c e  o f  su ch  a  p a n e l ,  t u u , is g iven  by

Tu u  =  Tu

where ru is given in 7.2.4, with c1 = 1.12 - 0.15 a ; for cK3 (2.8)
0.67 ; for a>3

c2 = 0.14 a - .3 ; for a<3
0.12 ; for a>3

7.2.3 Panels neither Constrained nor Unconstrained

P a n e ls  w h ich  sa tis fy  n e ith e r  o f  th e  b o u n d a ry  c o n d itio n  c o m b in a tio n s  o f  7 .2 .1  an d

7 .2 .2  h a v e  th e ir  d esig n  sh e a r  re s is ta n c e  d e f in e d  by  in te rp o la tio n  b e tw e e n  r cc a n d  r uu  

as  d e f in e d  in  7 .2 .1  a n d  7 .2 .2 .
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T h e  in te rp o la tio n  is b a se d  o n  th e  a sp e c t r a t io  o f  th e  p a n e l a n d  o n  w h e th e r  th e  

u n c o n s tra in e d  ed g e  is lo n g e r  o r  s h o r te r  th a n  th e  a d ja c e n t c o n s tra in e d  edges.

7.2.3.1 Unconstrained edge longer than Constrained

W h e n  th e  u n c o n s tra in e d  ed g e  is lo n g e r  th a n  (o r  eq u a l in  le n g th  to )  th e  a d ja c e n t 

c o n s tra in e d  ed g es , th e n  th e  design  sh e a r  re s is ta n c e , r c u , is g iv en  by

c u
- Tnil + Tu u1 + a 3

w h e re  r cc is g iven  in  7 .2 .1 ,  a n d  r u u  is g iv en  in  7 .2 .2 .

( 2 . 1 1 , 12)

7.2.3.2 Unconstrained edge shorter than Constrained

W h e n  th e  u n c o n s tra in e d  ed g e  is s h o r te r  th a n  th e  a d ja c e n t c o n s tra in e d  ed g es, th e n  th e  

d es ig n  sh e a r  re s is ta n c e , r c u , is g iven  by

Tc u lSLQ____ Tu u
1 + \ / a + Tu u ( 2 . 1 1 , 12 )

w h e r e  r c c  i s  g i v e n  i n  7 . 2 . 1 ,  a n d  r u u  i s  g i v e n  i n  7 . 2 . 2 .

7.2.4 Shear Resistance Design Curve

T h e  s h e a r  re s is ta n c e  d es ig n  cu rv e  w h ich  is u sed  fo r  c o n s tra in e d  a n d  u n c o n s tra in e d  

p a n e ls  is g iven  by

T o {
£ _ l

X
+ £ 2  1 

X 2 J
; f o r  X > 1

Tu  = T o { C  3 + c 4 X + c 5 X2 +  c 6 X3 } ; f o r  0 . 5  < X <

L T o ; f o r  X <  0 . 5

w h e re  c , a n d C 2 a re fro m  7 .2 .1 o r  7 .2 .2 ,  a n d  c 3 to  c g a re  g iven  by

C  3 " - 4 + 6 c i + 7 c  2

C  A = 2 4 - 2 9 c i - 34 c  2

C  5  = -3 6 + 4 4 c i + 52 c  2

Os - 16 - 2 0 o , - 2 4 C 2

0 8
a n d  X

yk 0

• • ( 2 . 6)

1 ( 2 . 9 )

. . ( 2 . 10 )

T h e  b u ck lin g  fa c to r ,  k , is g iven  by k 5 .3 4  + 4 / a 2
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7.3 Uniaxial Compression

U n ia x ia l co m p re ss io n s  w h ich  a c t  a lo n g  th e  le n g th  o f  a  re c ta n g u la r  p a n e l  a re  d esc rib ed  

as lo n g itu d in a l, w h e re a s  c o m p re ss io n s  w h ich  a c t  a c ro ss  its w id th  a re  d e sc rib e d  as 

tra n sv e rse .

T h e  u n ia x ia l co m p re ss io n  re s is ta n c e s  o f  p a n e ls  w h ich  a re  n o t c o n s tra in e d  as d e fin e d  in

7 .2 .1  a re  n o t  c o v e re d  by  th e s e  re c o m m e n d a tio n s . A  sim p le  m o d if ic a tio n  fa c to r  is 

g iv en  in  (24 ) w h ich  c a n  b e  a p p lie d  to  th e  c o m p re ss io n  re s is ta n c e  o f  c o n s tra in e d  

p a n e ls  in  o rd e r  to  o b ta in  th e  u n iax ia l s tre n g th s  o f  u n c o n s tra in e d  p a n e ls , b u t th is  has  

n o t  b e e n  v e rif ie d  as p a r t  o f  th e  c u r re n t  m o d e l.

T h e  m a g n itu d e  o f  th e  a p p lie d  lo n g itu d in a l o r  tra n sv e rse  co m p re ss io n s  sh o u ld  b e  less 

th a n  th e  B u ck lin g  R es is ta n c e  f ro m  7 .3 .2  o r  7 .3 .4 ,  as  a p p ro p r ia te , a n d  less th a n  th e  

Y ie ld  L im it o f  7 .3 .1 . T h e  B uck ling  R e s is ta n c e  is th e  d esign  re s is ta n c e  o f  a p a n e l 

w h ich  is p ro n e  to  b u ck lin g . T h e  Y ield  L im it is th e  design  re s is ta n c e  o f  a p a n e l 

w h ich  is su ffic ie n tly  s to ck y  fo r  th e  p a n e l to  b e  fu lly  e ffec tiv e  in  re s is tin g  th e  ap p lie d  

lo ad s . I t  is n e c e ssa ry  to  c h e c k  th a t  b o th  lim its  a re  sa tisfied .

I f  a  s h e a r  s tress  is a lso  a p p lie d  to  th e  u n ia x ia lly  co m p re sse d  p la te , th e n  th e  

c o m p re ss io n  d esig n  re s is ta n c e  sh o u ld  b e  re d u c e d , b y  using  a m u ltip lie r , f ,  g iven  in  

7 .5 .

7.3.1 Uniaxial Compression Yield Limit

D u e  to  th e  e ffe c t o f  re s id u a l s tresses (eq u a l to  20%  o f  th e  y ie ld  s tre ss) o n  th e  

a v e ra g e  s tre ss  w h ich  will e x is t in  a n  u n b u c k lin g  p a n e l  a t  y ie ld  s tra in , th e  lo n g itu d in a l 

o r  tra n sv e rse  u n iax ia l c o m p re ss io n  s tresses  sh o u ld  n o t  e x ceed  0 .8 3 c r0 .

7.3.2 Longitudinal Compression Buckling Resistance

T h e  lo n g itu d in a l c o m p re ss io n  d esig n  re s is ta n c e , erx u , is g iven  by

° x u [ 0 . 0 8 + 1.21 0 . 4 0  , 0 . 0 5  1

(32 |33 J a °

7.3.3 Transverse Compression Buckling Resistance

. . ( 3 . 1 5 )

T h e  tra n sv e rse  c o m p re ss io n  d es ig n  re s is ta n c e , is g iven  by

4. < f f XUa yu = <x, -  o~c )+
a . . ( 3 . 4 )



Chapter 7 Page 7.5

w h e re  crx u  is f ro m  7 .3 .1 , a n d  a c  is g iven  by

0 . 0 2 5  0 . 6 4 1  0 . 1 8 8  1

(3 +  ~ |33 1 a °
. . ( 3 . 7 )

7.4 Biaxial Compression and Shear

If  a  c o n s tra in e d  p a n e l (as d e fin e d  in  7 .2 .1 )  is su b je c te d  to  b o th  lo n g itu d in a l 

c o m p re s s io n , (rx , a n d  tra n sv e rse  c o m p re ss io n , Cy, th e n  th e  m a g n itu d e s  o f  th e se  

s tresses  sh o u ld  b e  less th a n  th e  y ie ld  lim its  o f  7 .4 .1  a n d  th e  b u ck lin g  re s is ta n c e  o f

7 .4 .2  fo r  sq u a re  p a n e ls , a n d  7 .4 .3  fo r  re c ta n g u la r  p a n e ls .

If  a  s h e a r  s tre ss  is also  a p p lie d  to  th e  p a n e l th e n  th e  b iax ia l re s is ta n c e  o f  th e  p a n e l 

is r e d u c e d . In  th e  fo llow ing  c lau ses  th is  is ta k e n  in to  a c c o u n t by  in c o rp o ra tin g  a 

fa c to r ,  T, w h ich  is g iven  in  7 .5 ,  in to  th e  c a lc u la tio n  o f  th e  b iax ia l re s is ta n c e . I f  no  

s h e a r  s tre ss  is a p p lie d  to  th e  p a n e l th e n  f  is se t to  1 .0 .

7.4.1 Yield Limit

D u e  to  th e  e f fe c t o f  re s id u a l s tre sse s  o n  th e  a v e ra g e  s tre ss  in  a n  u n b u c k lin g  p a n e l a t 

y ie ld  s tra in , th e  b iax ia l c o m p re ss io n s , crx , a n d  a y , sh o u ld  sa tisfy  th e  fo llow ing  lim it:

° x 2 “  a x a y  + ° y 2 <  0 .1  a 0 2 t 2

T h e  0 .7  o n  th e  rig h t h a n d  s id e  is fo r  c o n s is ten cy  w ith  th e  0 .83<r0 lim it o f  7 .3 .1  (ie

0 .7  < V  =  (0 .8 3  a 0) 2).

7.4.2 Buckling Limit for Square Plates

T h e  a p p lie d  lo n g itu d in a l a n d  tra n sv e rse  co m p re ss iv e  s tre sse s  sh o u ld  sa tisfy  th e  

fo llo w in g  lim it

° x 2 + + < V  < ^xu2 f2 • . ( 4 . 1 )

w h e re  crxu

V = [

is fro m  7 .3 .2 , a n d  rj is g iven  by 

_xu ] 2 _ 2
^bu J

a n d  a h u
0 . 9 3 7  0 . 3 2  0 . 0 5 3

(3 (32 +  (33

. . . ( 4 . 3 )  

b u t  a b u  < . . ( 4 . 8 )

7.4.3 Buckling Limit for Rectangular Plates
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I f  a re c ta n g u la r  p a n e l  is su b je c t to  b iax ia l c o m p re ss io n  s tre sse s , crx , a n d  o-y, th e n  

th e se  s tresses  m u s t sa tisfy  th e  b u ck lin g  s tre ss  lim its  g iven  in  7 .4 .3 .1 ,  fo r  e a c h  o f  th e  

p o ssib le  m o d e s  o f  b u ck ling  fo r  th e  p a n e l . T h e se  m o d e s  a re  o b ta in e d  by  d iv id in g  th e  

le n g th  o f  th e  p a n e l  in to  a n  in te g e r  n u m b e r  o f  b u ck lin g  m o d e  h a lf -w a v e s . T h e  le n g th

o f  e a c h  h a lf -w a v e  d iv id ed  by  th e  p a n e l w id th , b , is d e n o te d  by  th e  b u ck le  a sp e c t

r a t io , 0 5 .

T h e  lo n g est m o d e  (w h ich  w ill b e  fo r  p re d o m in a n tly  tra n sv e rse  lo a d in g ) is su ch  th a t  

cq, = a ,  w h e re a s  0 5  in  th e  sh o r te s t  m o d e  (w h ich  w ill b e  fo r  p re d o m in a n tly

lo n g itu d in a l c o m p re ss io n )  w ill d e p e n d  o n  th e  lo n g itu d in a l c o m p re ss io n  c r it ic a l b u ck lin g  

m o d e  o f  th e  p a n e l ,  a n d  w ill b e  eq u a l to  1 fo r  in te g e r  v a lu es o f  a .  F o r  n o n - in te g e r  

v a lu es o f  a ,  th e  n u m b e r  o f  h a lf -w a v e s  in  th e  sh o r te s t w a v e le n g th  m o d e  sh o u ld  b e  an  

in te g e r  w h ich  d o e s  n o t  lie o u ts id e  th e  ra n g e  a  ± 0 .5 , u n less  re fe re n c e  is m a d e  to

c ritic a l b u ck lin g  th e o ry  fo r  m o re  a c c u ra te  g u id an ce  o n  th e  b u ck lin g  m o d e s  a p p ro p r ia te  

to  lo n g itu d in a lly  c o m p re sse d  re c ta n g u la r  p a n e ls  o f  n o n - in te g e r  a sp e c t ra tio s .

7.4.3.1 Rectangular Plate Buckling Interaction

T h e  fo llow ing  lim it m u s t be  sa tis fied

r
 ̂ f f X U 1 ] + ”[ ^ 1 r 1 +

1 ° y u i  J [ l 2

° y u i
< r 2 . . . ( 4 . 7 )

w h e r e
" y -  "  a j ' y

+  ( 1 -

a P

0b

Op -  2 . 5 / 0 ; b u t “ p < 1 . 0 u n l e s s Q!b  <  1 . 0 ( 4 . 6 )

“ p
> a b

° X U 1
= ^ c p + ^ p  ( ^ x u p °^cp )

° y u i = + ( ^ x u  - o'c ) A *p ( 3 . 4 )

° x u p = { 0 . 0 8
1 . 2 1  

+  0 P

0 . 4 0  0 . 0 5  i  

0 p 2 +  (3p3 J • ' •
( 3 . 1 5 )

^ c p = {
0 . 0 2 5 0 . 6 4 1

V

, 0 . 1 8 8  -j
0 p 3 J • • •

( 3 . 7 )

e p = « p  0

g iven  by ° x u fro m 7 .3 .2 , crc  is g iven in  7 .3 .3 ,  a n d  17 is f ro m  7 .4 .2 .

7.5 Shear Reduction factor on Compression Resistance

W h e n  a s h e a r  s tre ss , r ,  is a c tin g  in  c o n ju n c tio n  w ith  b iax ia l c o m p re ss io n , th e n  th e  

b iax ia l c o m p re ss io n  in te ra c tio n s  o f  7 .4  a re  m o d ifie d  by  a  fa c to r ,  f ,  w h ich  is less th a n  

u n ity  a n d  is a  fu n c tio n  o f  th e  m a g n itu d e  o f  sh e a r  s tre ss  b e in g  a p p lie d  to  th e  p a n e l ,



Chapter 7 Page 7.7

a n d  o f  th e  p a n e l  s le n d e rn e ss .

r  -  b  -
V n • ( 5 . 8 )

r  2  - X ; f o r  X <  1
w h e r e  n  =  ( . ( 5 . 7 )

L i ; f o r  X > 1

w h e re  X is d e f in e d  in  7 .2 .4 , a n d  t r  is th e  design  sh e a r  re s is ta n c e  g iven  by Tc c , Tuu

o r  r cu  f ro m  7 .2 .1 ,  7 .2 .2  o r  7 .2 .3  as a p p ro p r ia te  (b u t n o te  th a t ,  in  th e ir  c u r re n t  

fo rm , 7 .3  a n d  7 .4  a re  fo r  c o n s tra in e d  p la te s  o n ly ).

7.6 Biaxial Compression and Uniform Lateral Pressure

I f  a  c o n s tra in e d  p a n e l (as d e fin e d  in  7 .2 .1 )  is s u b je c te d  to  b iax ia l co m p re ss io n  a n d  

u n ifo rm  la te ra l  p re s su re , Q , th e n  th e  m a g n itu d e s  o f  th e  b iax ia l s tre sse s , crx  a n d  Cy, 

sh o u ld  b e  less th a n  th e  b u ck ling  re s is ta n c e  o f  7 .6 .2  fo r  sq u a re  p a n e ls , a n d  7 .6 .3  fo r  

re c ta n g u la r  p a n e ls .

T h e  b iax ia l s tre sse s  sh o u ld  also  c o m p ly  w ith  th e  y ie ld  lim it o f  7 .6 .1 .

7.6.1 Yield limit

D u e  to  th e  e f fe c t  o f  re s id u a l s tresses  o n  th e  av e ra g e  s tre sse s  in  a n  u n b u ck lin g  p a n e l 

a t  y ie ld  s tra in , th e  b iax ia l co m p re ss io n s , a x , a n d  cry, sh o u ld  sa tis fy  th e  fo llow ing  lim it

&X  ̂ &X 0"y -J" (7 y 2 ^  0 .7  O' g 2

7.6.2 Buckling Limit for Square Plates

T h e  a p p lie d  lo n g itu d in a l a n d  tra n sv e rse  co m p ress iv e  s tre sse s  sh o u ld  sa tisfy  th e  

fo llow ing  lim it

^ X 2 + ^ q  ° x +  <Ty 2 (T 2s  u x q • . . ( 6 ,• 1 0 )

w h e re rjq is g iv en  by

=■ [
^ x q  l 2 _ 
^ b q

2 • . . ( 6 ,. 9 )

a n d ° x q -  b -  Q 1
Q xu -*

ffx u . . ( 6 ,• 6 )

° b q = ° b u + -  y v *
(  °X U 2___I ___^ x q l  )
l  2 t] J . . ( 6 .■ 8 )
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Qxu =

<rx u  is f ro m  7 .3 .2 ,

7.6.3 Buckling limit for Rectangular Plates

If  a  re c ta n g u la r  p a n e l is s u b je c t to  b iax ia l c o m p re ss io n  an d  u n ifo rm  la te ra l p re ssu re , 

Q , th e n  th e  b iax ia l s tre sse s , crx  a n d  Cy, m u s t sa tisfy  th e  b u c k lin g  s tre ss  lim its  g iven  

in  7 .6 .3 .1 , fo r  e a c h  o f  th e  possib le  m o d e s  o f  b u ck lin g  fo r  th e  p a n e l .  T h e se  m odes 

a re  o b ta in e d  by  d iv id ing  th e  le n g th  o f  th e  p a n e l  in to  a n  in te g e r  n u m b e r  o f  buck ling  

m o d e  h a lf -w a v e s . T h e  le n g th  o f  e a c h  h a lf -w a v e  d iv ided  by  th e  p a n e l  w id th , b , is 

d e n o te d  by  th e  b u ck le  a sp e c t ra tio , % .

T h e  lo n g e s t m o d e  to  be  c o n s id e re d  is w h e n  th e  p a n e l d e fo rm s  in  a  sing le  b u ck le ,

a n d  is su c h  th a t  0 5  = a ,  w h e re a s  th e  s h o r te s t  m o d e  w ill d e p e n d  o n  th e  c ritica l

b u c k lin g  m o d e  o f  th e  p a n e l  in  lo n g itu d in a l c o m p re ss io n  o n ly , a n d  w ill b e  eq u a l to  1 

fo r  in te g e r  v a lues o f  a .  F o r  n o n - in te g e r  a sp e c t ra tio s , th e  n u m b e r  o f  h a lf -w a v e s  in  

th e  sh o r te s t  w a v e le n g th  m o d e  shou ld  n o t  lie  o u ts id e  th e  ra n g e  a  ± 0 .5 , un less

re fe re n c e  is m a d e  to  c r it ic a l b u ck lin g  th e o ry  fo r  m o re  d e ta ile d  g u id an ce  o n  th e

b u c k lin g  m o d e s  a p p ro p r ia te  to  lo n g itu d in a lly  co m p re sse d  re c ta n g u la r  p a n e ls  o f  

n o n - in te g e r  a sp e c t ra tio s .

6 £^2 
7 E

E 0 2

2
; 0 < 0.5

{jj + % )  ■

a n d  c u n  a n d  n a re  f ro m  7 .4 .2 .

. ( 6 . 12 )

7.6.3.1 Rectangular Plate Buckling Interaction

T h e  fo llow ing  lim it m u s t b e  sa tisfied

r £ x _
^ x q i r  ♦ Vq\[

 ̂ ^ x q i ] [
£ y i
tfy q i 1 +  f r  < i - °J l  <ry q i  J

. . ( 6 . 1 5 )

w h e r e ° y i =
“ p  y

+ ( 1 -  ^  > <j c q  
a p  c q

° p = 2 . 5 / 0 1 b u t  t tp  < 1 . 0  u n l e s s  afo <  1 

^ p  ^  a b

• . ( 4 . 6 )

° x q i =
[ '

-
Q

Qxu
] ^ x u i

° y q i =
h

-
Q

Qy u ] ° y u i . . ( 6 . 1 3 )

°XU1 = ^ c p +
“ P ( ^ x u p  “ ^ c p  )

° y u i = + ( °XU a C  ) / a p
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x u p ^ 0 { 0 . 0 8  +
1 . 2 1

(3p

0 . 4 0  O J

V  +  *

c p  = * 0
r 0 . 0 2 5  

1  0 P

0 . 6 4 1

V

0 . 1 8 8  I 

+  0 p 3 J

0 p  - a p (3

. . ( 3 . 1 5 )  

. • ( 3 . 7 )

0 if Oih = CXp

a cq ( Cyq a b ^yqi ^

« b  "  a p

1 — 6 a ° 2 ( K + 1 / a h )
•yu E(32 ( 3K - l/« b )

6 2 ( K + V «p)
!yui E02 ( 3K - l/« p )

i f  a b  * a p

K
1 ; (3 <  0 . 5

( 1 3  +  2(3 )
( 1 1  +  6 0  )

0 . 5  <  0  < 7 . 5

. . ( 6 . 1 4 )

. . ( 6 . 1 8 )  

. . ( 6 . 1 8 )

(rx u  is g iv en  by  <rxu fro m  7 .3 .2 ,  crc is g iven  in  7 .3 .3 ,  a n d  Q xu  a n d  rjq a re  fro m  

7 .6 .2 .
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C H A P T E R  8 C O N C L U S IO N S

(1) E x is tin g  design  m o d e ls  o f  p a n e l sh e a r  s tre n g th  re ly  o n  th e  e x is te n c e  o f

ax ia l fo rc e s  in  th e  s tiffe n e rs  (a n d  flan g es) a t  th e  p a n e l b o u n d a r ie s , in  o rd e r  to  

d e v e lo p  th e  sh e a r  ca p a c ity  o f  th e  w eb . H o w e v e r, in  c u r re n t  a p p lic a tio n s  o f  th e se

d esig n  m o d e ls , n o t a ll o f  th e se  a x ia l fo rc e s  a re  a c c o u n te d  fo r , a n d  th is  is c o n s id e re d  

to  be  n o n -c o n s e rv a tiv e .

(2) A  sh e a r  s tre n g th  d es ig n  m o d e l is p ro p o se d  w hich  d e fin e s  th e  sh e a r  

c a p a c ity  o f  p a n e ls  w ith  a  v a rie ty  o f  d if fe re n t  c o n f ig u ra tio n s  o f in te rn a l  a n d  e x te rn a l 

b o u n d a r ie s . M o re o v e r , th e  p a n e l s h e a r  re s is ta n c e  d e fin e d  by  th is m o d e l d o e s  n o t  re ly  

o n  th e  su rro u n d in g  s tiffe n e rs  a n d  flan g es b e in g  a b le  to  sup p ly  ta n g e n tia l re s tra in t  

fo rc e s  to  th e  p a n e l. I t  seem s re a so n a b le  th e re fo re  to  n e g le c t th e se  ax ia l fo rc e  e ffec ts  

in  th e  d e s ig n  o f  th e  s tiffe n e rs  a n d  flanges.

(3 ) P r in c ip a l s tress d ia g ra m s , d e riv e d  f ro m  th e  n u m e ric a l an a ly ses , c lea rly

sh o w  th e  p re se n c e  o f  d iag o n a l te n s io n  fie ld s . In  a d d itio n , th e  s tre ss  fie ld  in  th e  

o f f -d ia g o n a l  reg io n s  is re a so n a b ly  re p re s e n te d  by  th e  u n ifo rm  c ritic a l s h e a r  stress

w h ich  is p re d ic te d  by  te n s io n  fie ld  m o d e ls , b u t  w ith  th e  in c lu s io n  o f ta n g e n tia l 

c o m p re ss io n s  a lo n g  th e  p a n e l b o u n d a r ie s . T h e se  ed g e  co m p re ss io n s , w h ich  re p la c e

th e  f la n g e  a n d  s tif fe n e r  co m p re ss io n s  re q u ire d  by  te n s io n  fie ld  m o d e ls , e q u ilib r /a te  th e  

d ia g o n a l te n s io n  fie ld  w h ich  in  a ll cases is m u c h  c lo se r to  th e  an g le  o f  th e  d iag o n a l 

th a n  to  h a lf  th e  an g le  o f th e  d ia g o n a l w h ich  is th e  basis o f B a s le r 's  te n s io n  fie ld  

m o d e l. E v e n  w h en  all fo u r ed g es  o f  a sq u a re  p a n e l a re  u n c o n s tra in e d , te n s io n  fields 

c a n  b e  s e e n , b a la n c e d  by  ed g e  c o m p re ss io n s  a lo n g  a ll fo u r  edges.

(4) I t  is suggested  th a t  th e  d e s ig n e r o f  f u l l - d e p th  w ebs c a n  u se fu lly  be

o ffe re d  th e  o p tio n  o f  using  e i th e r  th e  d esig n  m o d e l fo r  C U C U  p la te s , o r  th e  te n s io n  

fie ld  m o d e ls  w h ich  a re  a lre a d y  in  u se . T h e  fo rm e r  o p tio n  w ill g e n e ra lly  g ive a

h e a v ie r  w eb  (e sp ec ia lly  so fo r ta ll p a n e ls ) , b u t l ig h te r  s tiffen in g  (a n d  a s im p le r  design  

p ro c e ss  fo r  th e  s tif fe n e rs ) , w h e re a s  th e  la t te r  o p tio n  w ill p ro d u c e  a l ig h te r  w eb , b u t 

w ith  h e a v ie r  s tiffe n in g . T h is  k in d  o f  flex ib ility  gives th e  d e s ig n e r th e  f re e d o m  to

m a k e  th e  m o s t e c o n o m ic  a n d /o r  c o n v e n ie n t ch o ic e  fo r  th e  p a r tic u la r  c irc u m s ta n c e .

(5 ) D esig n  m o d e ls  fo r th e  s tre n g th  o f  c o n s tra in e d  re c ta n g u la r  p a n e ls  su b je c te d  

to  u n ia x ia l lo n g itu d in a l o r  tra n sv e rse  c o m p re ss io n  a re  also  p ro p o se d . T h e  tra n sv e rse  

s tre n g th  m o d e l p a r tit io n s  th e  p la te  in to  d o u b ly -c u rv e d  e n d  reg io n s  w h ich  to g e th e r  

m a k e  u p  a  sq u a re  p la te , w ith  th e  re m a in in g  c e n tra l  p o r t io n  o f th e  p la te  fo rm in g  a 

tra n sv e rse  s t ru t .  T h e  m o d e ls  h a v e  b e e n  sh o w n  to  g ive good  a g re e m e n t w ith  th e
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n u m e r ic a l d a ta .

(6 ) I t has b e e n  show n th a t  th e  u n ia x ia l co m p re ss io n  m o d e l c a n  a lso  b e  u sed  

to  f in d  th e  re d u c e d  lo n g itu d in a l s tre n g th  o f  re c ta n g u la r  p a n e ls  w h ic h  h a v e  su ffe re d  

lo ca l in d e n ta tio n  d a m a g e , o r  w h ich  h a v e  b e e n  o th e rw ise  p re d isp o se d  to  b u ck le  w ith  a 

h a lf -w a v e le n g th  o f  less th a n  th e  w id th .

(7 ) T h e  im p lica tio n s  o f  u sin g  s tr e n g th  fu n c tio n s  w h ich  d e f in e  th e  m a x im u m  

p a n e l re s is ta n c e  w ith o u t re g a rd  to  th e  a v e ra g e  s tra in  in  th e  p a n e l  a t  m a x im u m  

re s is ta n c e  h a v e  b e e n  p o in te d  o u t. In  p a r t ic u la r ,  th e  m a x im u m  s tre n g th  o f  a  

m u l t i - p a n e l  a ssem b lag e  c a n n o t s im p ly  b e  ta k e n  to  b e  th e  a g g re g a te  o f  th e  m a x im u m  

re s is ta n c e s  o f  th e  c o m p o n e n t p a n e ls , s in c e  so m e  m ay  b e  u n - lo a d in g  w h ile  o th e rs  h a v e  

n o t  y e t a t ta in e d  th e ir  m ax im u m  re s is ta n c e . In  a d d itio n , a m a x im u m  re s is ta n c e  w h ich  

is a t ta in e d  a t  sev e ra l tim es th e  y ie ld  s tra in  re q u ire s  th e  su r ro u n d in g  s tif fe n e rs  to  

m a in ta in  th e ir  stab ility  a n d  f lex u ra l s tiffn ess  in  th e  p re se n c e  o f  s ig n if ic a n t a x ia l p la s tic  

s tra in in g . T h is  h as  o n e ro u s  im p lic a tio n s  fo r  s tif fe n e r  c o m p a c tn e ss  c r i te r ia .  A  d esig n  

re s is ta n c e  w h ich  is d e fin e d  as b e in g  th e  re s is ta n c e  o f  th e  p a n e l w h e n  th e  a v e ra g e  

s tra in  is e q u a l to  th e  y ie ld  s tra in  p ro v id e s  a m o re  sa tis fa c to ry  basis  fo r  d es ig n . T h is  

a lso  p ro v id e s  a  c o n s is te n t fa ilu re  c r i te r io n  fo r  la te ra l p re ssu re  a c tin g  in  c o m b in a tio n  

w ith  in - p la n e  b iax ia l co m p re ss io n .

(8 ) A  sim p le  e lastic  an a ly sis  is u se d  to  e s tim a te  h o w  th e  n u m e ric a l resu lts  

w o u ld  d if fe r  if  th e  re s id u a l s tre ss  a n d  in itia l  im p e rfe c tio n  a ssu m p tio n s  w ere  to  b e  

c h a n g e d , a n d  th is  is show n  to  a g re e  w ell w ith  n u m e ric a l d a ta  fo r  s lig h t a n d  se v e re  

lev e ls  o f  b o th  <rr  a n d  w 0 . I t h a s  a lso  b e e n  u sed  to  e s tim a te  th e  re s is ta n c e  a t  y ie ld  

s tra in , g iven  th e  m a x im u m  re s is ta n c e  f ro m  th e  n u m e ric a l d a ta . W h e re  th e  o rig in a l 

s t r e s s - s t r a in  c u rv es  a re  av a ilab le  it h a s  b e e n  p ossib le  to  sh o w  th a t  th e  e la s tic  m o d e l 

a lso  g ives a g o o d  p re d ic tio n  o f  th e s e  y ie ld  s tra in  re s is ta n c e s . T h is  h as  p ro v id e d  a 

basis  fo r  g e n e ra liz in g  th e  n u m e ric a l d a ta  in  o rd e r  to  d e fin e  d es ig n  fu n c tio n s  a t  y ie ld  

s tra in , a n d  fo r  o th e r  levels o f <xr  a n d  w Q. I t  a lso  in d ic a te s  h o w  co m p ress iv e  

s tr e s s - s t r a in  c u rv e s , c o n s is te n t w ith  th e  s tre n g th  fu n c tio n s , c a n  be  d e r iv e d .

(9 ) T h e  s im p le  e la s tic  an a ly sis  m e n tio n e d  in  th e  p re v io u s  p a ra g ra p h  is a 

su b se t o f  th e  w id e r ana ly sis  w h ich  is d e r iv e d  fo r  p la te s  s u b je c te d  to  b iax ia l 

c o m p re s s io n , w ith  c o e x is te n t u n ifo rm  la te ra l p re s su re . T h is  an a ly sis  is sh o w n  to  give 

g o o d  q u a lita tiv e , a n d  o ccas io n a lly  q u a n ti ta t iv e , a g re e m e n t w ith  r ig o ro u s  ana ly ses . In  

p a r t ic u la r ,  w h e n  th e  e la s tic  analysis  is u sed  w ith  a su ita b le  y ie ld  c r i te r io n ,  it  p re d ic ts  

a n  e f fe c t o f  p re s su re  o n  u n iax ia l s tre n g th , a n d  o n  th e  b iax ia l c o m p re ss io n  in te ra c tio n s , 

w h ich  suggests  a su ita b le  basis fo r  g e n e ra liz in g  th e  n u m e ric a l d a ta .
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(10) T h e  e la s tic  ana ly sis  is also  sh o w n  to  p re d ic t  a c c u ra te ly  th e  in flu e n c e  o f 

re s id u a l s tre sse s  a n d  in itia l im p e rfe c tio n s  o n  th e  re sp o n se  o f  s im p ly  s u p p o r te d  

c o n s tra in e d  p la te s  to  la te ra l p re ssu re .

(11) T h e  e la s tic  m o d e l h as  a l s o  b e e n  u sed  to  d e m o n s tra te  th a t  th e re  a re  lim its

o n  th e  c o m b in a tio n s  o f  re s id u a l s tre ss  a n d  in itia l im p e rfe c tio n  w h ich  m a y  b e  a ssu m ed  

to  ex is t in  a p la te . I t  h as  b e e n  show n  th a t  c e r ta in  c o m b in a tio n s  o f  <j y a n d  w Q a re  

in c o n s is te n t a t  c e r ta in  s le n d e rn e sse s . P a r t ic u la r  d iff icu ltie s  a rise  f ro m  assu m in g  th a t

w Q/ t  d o e s  n o t  in c re a se , a n d  th a t  crr d o es  n o t  d e c re a s e , w ith  in c re a s in g  s le n d e rn e ss .

(12) T h e  p re ssu re  to  cau se  av e ra g e  s tra in s  in  th e  p la te  eq u a l to  th e  y ield

s tra in , o b ta in e d  f ro m  e la s to -p la s t ic  an a ly ses , is sh o w n  to  be  re la te d  to  th e  p re ssu re  

o b ta in e d  f ro m  s im p le  f le x u re -o n ly  y ie ld  lin e  an a ly se s  by  a m u ltip lie r  w h ich  varies

lin e a rly  w ith  s le n d e rn e ss . A n  a p p ro x im a te ly  l in e a r  re la tio n  is also  in d ic a te d  b e tw e e n  

la rg e  a n d  sm a ll d e f le c tio n  e lastic  an a ly ses  w ith  a  c o n s is te n t y ie ld  c r ite r io n .

(13) T h e re  is so m e e v id e n c e  to  su g g est th a t  th e  m a x im u m  u n ia x ia l c o m p ress iv e

re s is ta n c e  re d u c e s  in  a n  a p p ro x im a te ly  l in e a r  fa sh io n  as th e  la te ra l  p re s su re  is

in c re a se d . T h e  e v id e n c e  suggests th a t  l in e a r  e x tra p o la tio n s  f ro m  th e se  re d u c e d

co m p re ss iv e  s tre n g th s , in  o rd e r  to  f in d  th e  p re s su re  a t w h ich  th e  c o m p re ss io n

re s is ta n c e  w ill h a v e  re d u c e d  to  z e ro , will p ro v id e  a  sa fe  basis fo r  d es ig n  a t m a x im u m  

re s is ta n c e . T h e  su itab ility  o f  th e  lin e a r  in te ra c t io n  b e tw e e n  la te ra l p re s su re  a n d

u n ia x ia l c o m p re ss io n  h as  b e e n  c le a rly  d e m o n s tra te d , w h e re  a y ie ld  s tra in  c r i te r io n  is

a d o p te d  as th e  lim it s ta te .

(14) A  d esig n  m o d e l fo r  b iax ia l c o m p re s s io n , w ith  o r  w ith o u t c o e x is te n t la te ra l

p re ssu re  h a s  b e e n  fo rm u la te d , w h ich  is b a se d  o n  id e n tify in g  th e  d if fe re n t  ty p es  o f 

b e h a v io u r  w h ich  o c c u r  in  th e  d o u b ly -c u rv e d  e n d  re g io n s  o f  a sing le  b u ck le  h a lf -w a v e ,

a n d  in  th e  sing ly  c u rv e d  c e n tra l  re g io n , in  th e  p re s e n c e  o f  b iax ia l c o m p re ss io n  a n d

la te ra l  p re s su re . T h is  resu lts  in  a  re la tiv e ly  s im p le , b u t ra tio n a l, d esign  m o d e l w hich  

ta k e s  e x p lic it a c c o u n t o f  th e  d if fe re n t b u c k lin g  m o d e s  o f th e  p la te  a n d  g ives good

a g re e m e n t w ith  th e  n u m e ric a l d a ta , fo r  a ll a sp e c t ra t io s , s le n d e rn e sse s , a n d  c o e x is te n t 

la te ra l p re ssu re s  fo r  w h ich  th e re  a re  d a ta .

(15) A  s im p le  e m p iric a l design  m o d e l fo r  th e  in te ra c tio n  b e tw e e n  sh e a r  a n d  

b iax ia l c o m p re ss io n  is su g g ested . T h is  gives re a so n a b le  a g re e m e n t w ith  th e  n u m e ric a l 

d a ta .

(16) T h e  sh a p e s  o f  r - y  cu rves fo r  r  a lo n e  v a ry  g rea tly , a c c o rd in g  to  p a n e l 

g e o m e try  a n d  b o u n d a ry  c o n d itio n s . In  p a r t ic u la r ,  it  is fou n d  th a t  fo r  s le n d e r  p an e ls
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c o n s tra in e d  o n  all fo u r e d g es , a re d u c tio n  in  th e  a v e ra g e  sh e a r  s tra in  m a y  o c c u r  a f te r  

th e  p e a k  s tress  has b e e n  a t ta in e d . T h is  re d u c tio n  is a c c o m p a n ie d  by  in c reas in g  

b u c k lin g  d isp la c e m e n ts , w , a n d  in c re a s in g  d ir e c t  co m p re ss iv e  s tra in s , e.

(1 7 ) T h e  sh ap es  o f  s t r e s s - s tr a in  c u rv e s  fo r  c o m b in e d  b iax ia l c o m p re ss io n  an d  

s h e a r  a lso  v a ry  w idely , a c c o rd in g  to  th e  ra t io s  o f  th e  a p p lie d  s tre sse s , a n d  th e  p a n e l 

g e o m e try .

(1 8 ) In  p rev io u s re se a rc h  in to  p a n e ls  su b je c te d  to  c o m b in e d  in - p la n e  loads, 

u s in g  th e  D y n am ic  R e la x a tio n  m e th o d , lo a d s  w ere  a p p lie d  as p ro p o r tio n a l  s tra in s , 

g iv ing  r ise  to  ap p lie d  s tre sse s  w h ich  v a rie d  in  th e ir  p ro p o r tio n  to  o n e  a n o th e r  as th e  

s t r a in  w as in c re a se d . I t  h a s  b e e n  show n  th a t  a s t r e s s - s tr a in  c u rv e  fo r  p ro p o r tio n a l  

s tre sse s  c a n  b e  in fe r re d  f ro m  th e  p ro p o r t io n a l  s tra in  s t r e s s - s tr a in  c u rv es , by  

in te rp o la tin g  b e tw een  th e m . T h e  in te rp o la te d  s tr e s s - s tr a in  cu rv es  a g re e  v e ry  w ell w ith  

th e  s tr e s s - s tr a in  cu rv es p ro d u c e d  by  f in ite  e le m e n t  an a ly ses  w ith  tru ly  p ro p o r tio n a l 

s tre ss in g . T h is  has b e e n  sh o w n  to  b e  th e  ca se  b o th  fo r  sh e a r  a p p lie d  to  re s tra in e d  

a n d  u n re s tra in e d  p la te s , a n d  fo r  b iax ia l c o m p re s s io n  a p p lie d  to  c o n s tra in e d  p la te s .

(1 9 ) D esign  m o d e ls  h a v e  b e e n  p re s e n te d  w h ich  a re  s im p le  to  u se , y e t w h ich  

a r e  d e m o n s tra te d  to  g ive g o o d  a g re e m e n t w ith  n u m e r ic a l  d a ta , a n d  a re  a n  a d v a n c e  on  

th e  m e th o d s  g iven  in  d es ig n  c o d es .
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A P P E N D IX  A  C R IT IC A L  B U C K L IN G  -  B IA X IA L  C O M P R E S S IO N  A N D  S H E A R

T h e  p u rp o se  o f  th is  A p p e n d ix  is to  p re s e n t  th e  d e r iv a tio n  o f  th e  c r itic a l buck lin g  

an a ly sis  o f  f la t , s im p ly -s u p p o r te d  re c ta n g u la r  p la te s  s u b je c te d  to  b iax ia l c o m p re ss io n  

a n d  sh e a r . T h e  G a le rk in  m e th o d  (1 0 2 ),(1 0 3 ) w ill b e  u se d  to  d e riv e  a  se t o f 

s im u lta n e o u s  e q u a tio n s  in  th e  u n k o w n  fo u r ie r  co e ff ic ien ts  o f  th e  b u ck lin g  m o d e , a n d  

th e se  w ill b e  so lv ed  by  M a trix  I te ra t io n . T h e  listing  o f a m ic ro -c o m p u te r  p ro g ra m  is 

in c lu d e d  a t  th e  e n d  o f  th is  A p p e n d ix , w h ich  c a rr ie s  o u t th is  an a ly sis .

T h e  c u r re n t  an a ly s is  e x te n d s  th e  an a ly sis  in  (56 ), o f  p la te s  su b je c te d  to  s h e a r  w ith  

u n ia x ia l lo n g itu d in a l o r  tra n sv e rse  c o m p re ss io n , to  in c lu d e  b ia x ia l c o m p re ss io n . In  

(5 6 ), a R a y le ig h -R itz  ana ly sis  w as p e r fo rm e d , u sing  10 F o u r ie r  te rm s  to  d e fin e  th e  

b u c k in g  m o d e s , a n d  M a trix  I te ra t io n  to  so lv e  th e  e q u a tio n s . T h e  c u r re n t  ana ly sis  has  

b e e n  c a r r ie d  o u t  o n  a  d e s k - to p  m ic r o - c o m p u te r ,  w h ich  a llo w ed  32 F o u r ie r  te rm s  to  

b e  e v a lu a te d , a n d  a  lis tin g  is in c lu d e d  a t  th e  e n d  o f th is  A p p e n d ix .

W h e re a s  th e  R a y le ig h -R itz  analysis  o f  (56 ) is b ased  o n  c o n s id e ra tio n  o f  s tra in  e n e rg y  

a n d  w o rk  d o n e , th e  p re s e n t  G a le rk in  so lu tio n  is b ased  o n  th e  eq u ilib riu m  e q u a tio n  fo r  

th e  p la te  (1 0 4 ), w h ich  is (fo r c o m p ress iv e  s tresses  p o sitiv e ):

V4w -  H -
32w
3 ^

32w
°y 3F + 2  T

32w 1
3 ^  ) A. 1

F o r  th e  s im p ly  su p p o r te d  b o u n d a ry  c o n d itio n s  w h ich  a re  a ssu m e d  in  th is  an a ly sis , a 

g e n e ra l d e sc r ip tio n  o f  th e  sh a p e  o f  th e  b u ck lin g  m o d e , w , is g iv en  by :

CO CO

w -  I  lm=l n=l lmn
m xx . n x y  

s i n  ------  s i n  —~ . . . A.2

E q u a tio n  A .2 c a n  b e  d if fe re n tia te d  a n d  in c o rp o ra te d  in to  e q u a tio n  A . l ,  to  g ive :

, 2m4n4+ ----7TZ-=■ +a2b21 1  Km n  La4

+ { ”0" x I I -D L x  m n

b 4J
x^ amn

m xx . n x y  
s i n  ------  s i n  —r^-

2m2
lmn

m xx
s i n  ------  s i n

a
nxy

L Ll
V x2n2

m xx . n x y  „ 
s i n  ------  s i n  — -  2 r H i

m n
:mn
ab mn

mxx
c o s  ------  c o s

y m n  b 2 mn

n x y
} -  0 . A.3

T h e  G a le rk in  m e th o d  (1 0 2 ), (103) o f  so lv ing  a d iffe re n tia l e q u a tio n , g iven  by  th e  

g e n e ra l n o ta t io n :
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L(i/0 = 0 . . A .4

re q u ire s  ^  to  b e  d e f in e d  as:

A.5

w h e re  ^  a re  c o e ff ic ie n ts  a n d  ^  a re  fu n c tio n s  w h ich  sa tisfy  th e  b o u n d a ry  c o n d itio n s . 

If  e q u a tio n  A .4  is m u ltip lie d  by ea c h  o f  th e  fa  in  tu rn ,  a n d  th e  re s u lta n t  ex p re ss io n  

in te g ra te d  o v e r th e  d o m a in  a n d  se t to  z e ro , th e n  a sy stem  o f  s im u lta n e o u s  e q u a tio n s  

w ill re su lt, w hose so lu tio n  w ill su p p ly  th e  u n k o w n  c o e ffic ien ts , T h a t  is, th e  i ' t h

e q u a tio n  in  th e  sy stem  o f  eq u a tio n s  is g iven  by :

j  L W  . i ^ - O . . . A.6

A p p ly in g  th is  p ro cess  to  e q u a tio n  A .3 lead s  to :

a  bV V rfm2 n2!2 , t f fm'l 2 rn'l2'll f f . mxx . nxy,4 4 l u ?  + b^l x "  d  r x U  + °ylbJ amn J J s in  s ln  ~0 0

in a i x  dx dy .  2 _ I i_  £ £ rn n amn J jpxxsin -—  s

pxx . qxy . , ~s i n  - —  s i n  —-j-—- dx dy = 0

mxx nxycos --  cos .
0 0

. . . A.7

M a k in g  use o f  th e  fo llo w in g  id e n titie s :

mxx . pxx ,cos --  sin -—  dxa a

mxx . pxx ,s l n --  s l n -—  dxa a

e q u a tio n  A .7 b e c o m e s :

2 a
x p2 - m

; if p ± m is even

2 ; if p ± m is odd

; if p  ̂m

; if m = p

. A.8

■ p q U E M H T -  - ' y g m
3 2 r t n m n  p  q 0
x 2abD  m n  mn ( p 2 -  m2 ) ( q 2 -  n 2 ) 

w h e re  th e  r  te rm  is se t to  z e ro  if p  ± m  a n d  q  ± n  a re  n o t  b o th  o d d . If:

x  2D

. . . A.9

x2D
a K ^X b 2 t

x 2D
° y  ky b 2t r = k

s  b 2 t
. . . A.10

th e n  e q u a tio n  A .9 b e c o m e s :
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pq {  [ P 2 +  q 2 ot2 j  -  k x  p 2 a 2 -  k y  q 2 a 4 j

3 2 _ k ^ n
7r ̂ m n lmn m n  p  q

( p 2 -  m2 ) ( q 2 -  n 2 ) A.11

w h e re  a  -  a /b .

B u ck lin g  m o d es  d u e  to  s h e a r  an d  b iax ia l c o m p re ss io n  m u st b e  e i th e r  sy m m etric  o r  

a n t i - s y m m e tr ic  a b o u t th e  m id d le  o f th e  p la te . A  sy m m etric  m o d e  is o n e  in  w hich  

a ll th e  F ourier c o m p o n e n ts  h av e  m  a n d  n  c o e ff ic ien ts  w h ich  a d d  u p  to  a n  ev en  

n u m b e r  (ie  m + n  is e v e n  fo r  e a c h  a m n ) a n d  a n  a n ti- s y m m e tr ic  m o d e  h as  co effic ien ts  

w h ic h  a d d  u p  to  a n  o d d  n u m b e r  (ie  m + n  is o d d ) . As a n  e x a m p le  o f  ev a lu a tin g  

e q u a tio n  A . l l ,  th e  f irs t e q u a tio n  fo r  sy m m e tr ic  m o d e s  is o b ta in e d  b y  se ttin g  p = l  a n d  

q = l ,  a n d  lead s  to :

a i i  { [  1 + c * 2 ] 2 -  kxa 2 -  k y O ! 4  }  2 2  k  +  ^ , a i  3  “ 9  a 2 2  ” 4 5  a 2 4 - - - -

. . .  A.12
T h e  l is t in g > w h ich  b eg in s  o n  th e  fo llow ing  p a g e , ca lcu la tes  a ll th e  c o e ff ic ien ts  o f  th e  

d e te rm in a n t  w h ich  is g iv en  by  th e se  s im u lta n e o u s  e q u a tio n s , a n d  p ro c e e d s  to  solve th e  

d e te rm in a n t  ite ra tiv e ly . T h e  p ro g ra m  is w r itte n  in  B B C  B A SIC .
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10 REM *********************
20 REM * *
30 REM * Shear Buckling *
40 REM * Fourier Series *
50 REM * *
60 REM * Eigen Solution *
70 REM * Matrix Iteration *
80 REM * Method *
90 REM * *

100 REM *********************
110  :
120 REM error = convergence criterion 
130 REM Tlimit = Time limit (secs*100)
140 REM N = number of fourier coefficients 
130 REM Xi() = previous Iteration
160 REM Xd() = next Iteration
170 REM Xm() = diagonal elements in Determinant
180 REM M()tN() = suffices in fourier term, Amn 
190 REM B(,) = Determinant, less its diagonal terms 
200 REM Kx = Amount of longitudinal stress 
210  :
220 error=.0001 
230 Tlimit=6000000 
240 @%=&20309 
250 :
260 INPUT "aspect ratio 
270 INPUT "Kx ? "Kx*"Ky 
280 PRINT*"Do you want symmetric, anti-symmetric bucklin 
or both (S/A/B) ?";:REPEAT:J=INSTR("sSaAbB",GET$):UNTIL J>

"alpha
"Ky

290 IF J<3 THEN RESTORE 1450:PRINT"SYMMETRIC"
300 IF J >2 AND J<5 THEN RESTORE 1460:PRINT"ANTI-SYMMETRIC

310 IF J>4 THEN RESTORE 1450:N=62:PRINT"BOTH"
320 IF J<5 THEN REPEAT:PRINT**"How many Fourier terms (<=3 

1) **;: INPUTN: UNTIL N< = 31 
330 :
340 REM Set up Arrays before beginning calculation 
350 :
360 DIM B (N ,N ), X i (N ), Xd(N), Xm(N), M (N ), N (N )
370 FOR I%=1 TO N :READ M (1%),N (1%):NEXT 
380 A=32*alpha~3/PI/PI
390 FOR I% = 1 TO N:Xm(I%)=SQR((M(I%)~2+N(I%)~2*alpha*alpha) 

~ 2 -Kx*M( 1% ) ~2*alpha~2-Ky*N(1%)~2*alpha~4) : NEXT 
400 :
410 REM Perform Matrix Iteration Calculation 
420 :
430 PROCsolve 
440 :
450 REM Output Results 
460 :
470 PRINTalpha,N,Kcrit,Kx,Ky
480 FOR 1=1 TO N:PRINTM(I),N(I),Xd(I):NEXT 
490 END 
500 :
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510 DEF PROCsolve 
520 T%=TIME 
530 PROCsetup_B 
540 PROCinit ialize_Xd 
550 REPEAT
560 PROCset_Xi_to_Xd 
570 PROCmultiply_B_Xi
580 PROCd i v i d e_X d _Xm
590 PROCnormalize_Xd 
600 Kcrit=l/T:PRINTKcrit 
610 PROCaverage_Xi_Xd 
620 PROCnormalize_Xd 
630 Xdmax=0 
640 FOR I% = 1 TO N
650 IF ABS(Xd(1%))>ABS(Xdmax) THEN Xdmax=Xd(I%)
660 NEXT
670 UNTIL FNconverged OR TIME-T%>Tlimit:IF TIME-T%>Tlimi 

t THEN VDU7: PRINT’’’’TIMEOUT”
680 FOR 1%=1 TO N 
690 Xd(I%)=Xd(I%)/Xdmax 
700 NEXT 
710 ENDPROC 
720 :
730 DEFPROCsetup_B 
740 FOR 1=1 TO N 
750 i=M(I)
7 6 0 d=N(I)
770 FOR J=1 TO N 
780 p=M(J)
790 q=N(J)
800 IF (i+p) MOD2=0 OR (d+q) MOD 2=0 THEN B(IfJ)=0 ELS

E B (I,j)=-i*d*p*q/(i*i-p*p)/(q*q-d*d )*A/SQR((i*i+d*d*alpha*a 
1pha)~2-Kx*i*alpha*alpha-Ky*d*d*alpha~4)

810 NEXT
820 NEXT 
830 ENDPROC 
840 :
850 DEF FNW(x,y):LOCALPax,Pby,w, 1%:Pax=PI*x/alpha:Pby=PI*y 

: w= 0
860 F0RI%=1 TO N:m%=M(I%):n%=N(I%)
870 w=w+Xd(1%)♦SIN(m%*Pax)*SIN(n%*Pby)
880 NEXT:=w 
890 :
9 0 0  :
910 DEF PROCmultiply_B_Xi 
920 LOCAL S 
930 FOR I%=1 TO N 
940 S=0
950 FOR J%=1 TO N
960 S=S+B(I%,J%)*Xi(J%)
970 NEXT
980 Xd(I%)=S 
990 NEXT 

1000 ENDPROC 
1 0 1 0  :
1020 DEF PROCaverage_Xi_Xd
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1030 FOR I%=1 TO N
10/10 IF SGN(Xd (1%) )<>SGN(Xi(I%) ) THEN Xd ( 1% ) = ( Xd ( 1% ) + Xi ( I 

% ) ) / 2  ELSE Xd(I%)=SQR(Xd(I%)*Xi(I%))*SGN(Xd( 1%) )
1050 NEXT 
1060 ENDPROC 
1070  :
1080 DEF PROCnormalize_Xd 
1090 T = 0
1100 FOR I%=1 TO N:T=T+Xd(1%)~2:NEXT 
1110 T = SQR(T ):IF T=0 THEN CRASH!!!!
1120 FORI%=lTO N:Xd(I%)=Xd(I%)/T:NEXT 
1130 ENDPROC 
llttO :
1150 DEF FNconverged:LOCAL C:C=TRUE 
1160 FOR I%=1 TO N
1170 IF ABS(Xd(I%)-Xi(I%))>ABS(Xdmax)*error THEN C=FALSE 
1180 NEXT 
1 1 9 0  =C 
1200  :
1210 DEF PROCinitiallze_Xd
1220 T = 0:FOR I% = 1 TO N :T=T+I%*I%/N/N:NEXT: T = SQR(T )
1230 FOR I%=1 TO N:Xd(1%)=(N-1%)/N/T:NEXT 
12 tt 0 ENDPROC 
1230 :
1260 DEF PROCdivide_Xd_Xm
1270 FORI%=1 TO N:Xd(1%)=Xd(I%)/Xm(1%):NEXT 
1280 ENDPROC 
1290 :
1300 DEF PROCset_Xi__to_Xd
1310 FOR I%=1 TO N:X±(I%)=Xd(1%):NEXT
1320 ENDPROC
1330 :
13tt0 DEF PROCshow_Xd 
1350 PRINT 
1360 T%=@%:@%=&A0A 
1370 FOR I%=1 TO N
1380 PRINTTAB ( (I%-1)*8 + 1) ; ’’a” ; M ( T%) ;N(I%) ;
1390 NEXT 
IttOO @%=T%
lttlO FOR I%=1 TO N :IF Xd(I%)<0 THEN PRINTTAB((1%-1)*8);:ELS 

E PRINTTAB((I%-1)*8+1); 
ltt20 PRINT;INT(Xd(1%)*1000+.5)/1000;:NEXT 
ltt30 ENDPROC 
lttttO :
ltt50 DATA1, l,2,2,lt3«3»1.3.3.2,ttttt,2t5.1*tttttt3.5.5.3t2,6f6,

2.7.1.5.5, tt,6f6,ttf3,7,7,3,8f2 f9.1,5,7,7,5,8ttt,9,3,10,2,ll,l,
1 0 ,2 ,1 1 ,3 ,1 2 ,2 , 13,1
ltt60 DATA1,2,2,1,2,3.3.2,l,tt,tt,l,3.tt,tt,3.2,5»5t2,l,6,6,l,tt,

5.5, tt,3,6,6,3,2,7,7.2,8,1,5.6,6,5,tt,7,7,tt,8,3,9,2,1 0,1,8,5,9 ,tt,1 0,3,1 1,2,12,1
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A P P E N D IX  B E L A S T IC  M O D E L  -  B IA X IA L  C O M P R E S S IO N  A N D  L A T E R A L  

P R E S S U R E

T h is  A p p e n d ix  w ill p re s e n t  th e  d e r iv a tio n  o f  a s im p le  e la s tic  an a ly sis  o f  sim p ly  

su p p o r te d  c o n s tra in e d  p la te s  su b je c te d  to  b ia x ia l c o m p re ss io n  a n d  la te ra l  p re ssu re . 

T h is  ana ly sis  is u sed  in  C h a p te r  6 w ith  v a rio u s  f irs t y ie ld  c r i te r ia  to  in v es tig a te  th e  

in f lu e n c e  o f  c o e x is te n t la te ra l  p re ssu re  o n  th e  u n ia x ia l a n d  b iax ia l s tre n g th s  o f  sq u a re  

a n d  re c ta n g u la r  p la te s . D e ta ils  o f  th e  a p p lic a tio n  o f  th e  e la s tic  an a ly sis  a re  g iven  in  

C h a p te r  6 , a n d  w ill n o t  be  re p e a te d  h e re .

T h e  d if fe re n tia l e q u a tio n  o f  eq u ilib riu m  o f  im p e rfe c t  p la te s  su b je c te d  to  la te ra l a n d  

in - p la n e  lo ad s  (44) is:

w "  B
9 2(w+wn) ? 9 2(w+w n)

x 9x2 9x9y + cr.
9 2(w+Wn) B. 1

w h e re  te n s ile  s tresses  a re  a ssu m ed  p o sitiv e . A  s im p le  so lu tio n  o f  th is  e q u a tio n  resu lts  

f ro m  assu m in g  th a t  b o th  th e  in itia l o u t - o f - p l a n e  im p e rfe c tio n , w 0, a n d  th e  

o u t - o f - p l a n e  d isp la c e m e n ts  d u e  to  th e  a p p lic a tio n  o f  lo a d , w , ta k e  th e  fo rm  o f  a 

s ing le  h a lf  s in e -w a v e  in  b o th  th e  lo n g itu d in a l a n d  tra n sv e rse  d ire c tio n s , as fo llow s:

_  . 7T X . 7TVw n = w„ sin --  sin

w k w,

B. 2

w h e re  w 0 is th e  a m p litu d e  o f  th e  in itia l im p e rfe c tio n . If  th e  p la te  b o u n d a r ie s  a re  

a ssu m e d  to  b e  c o n s tra in e d  su ch  th a t  th e y  a re  f re e  to  d ra w  to g e th e r , b u t h a v e  to  

r e m a in  s tra ig h t, w h ile  th e  sh e a r  s tresses  o n  th e  b o u n d a r ie s  a re  u n ifo rm  (o r  u n ifo rm ly  

z e ro ) , th e n  th e  d is tr ib u tio n  o f  d ire c t s tresses  in  th e  p la te , as th e  p la te  d e fo rm s , can  

b e  d e riv e d  f ro m  th e  m id - th ic k n e s s  s tra in in g  w h ich  w ill re su lt f ro m  th e se  d e fo rm a tio n s . 

T h e s e  d ire c t  s tre sse s  a re  g iv en  by :

°x = "  °x "  ( k 2 + 2k ) w02 cos ^

°y = ~ ~ ( k 2 + 2k ) w02 cos ^

S in ce  9<xx/9 y  a n d  9o"y/9x a re  b o th  z e ro , it  fo llow s fro m  e q u ilib riu m  th a t  th e  sh e a r

s tre ss  is u n ifo rm  e v e ry w h e re  in  th e  p la te , a n d  s ince  th e  d e fo rm a tio n  m o d e  is

in a p p ro p r ia te  fo r  p la te s  w ith  a p p lie d  s h e a r , th e  sh e a r  s tre ss  is fo u n d  to  b e  ze ro  

th ro u g h o u t th e  p la te .

. . . B.3
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In c o rp o ra tin g  e q u a tio n s  B .3  a n d  th e  a p p ro p r ia te  d e riv a tiv es  o f  e q u a tio n s  B .2  in to  

e q u a tio n  B . l  g ives:

E2^ wo X 4
X Xsin —  a sin xy

b - § -

w02 C O S  b y  ]l - [ - w 0 (1 + k) X 2
a2 sin X X—  sin a

+ [°y
x2E 

+ 8b2 [k2 + 2k] w02 cos 2xx
a ] - K

= 0

t  r r _  x 2l 
D 1 r x  +  8 a

Try I
b J

(1 + k) ^2 s i n
X X
a

2 +

s i n ? n
. B . 4

T h e  G a le rk in  M e th o d  (1 0 2 ),(1 0 3 ) o f  so lv ing  d if fe re n tia l e q u a tio n s , w h ic h  is desc rib ed  

in  A p p e n d ix  A , s ta te s  th a t  a n  a p p ro x im a te  so lu tio n  o f  th e  e q u a tio n :

L (i/0  =  0 . . . B .5

c a n  b e  fo u n d , h av in g  th e  fo rm :

if th e  sy s tem  o f  e q u a tio n s  fo rm e d  by :

L ( ^ )  . i/'i =  0 . . . B .7

is so lv ed  s im u lta n e o u s ly . In  th e  p re s e n t  ca se  th e  so lu tio n  b e in g  so u g h t c o n ta in s  on ly  

o n e  u n k o w n , k , re su ltin g  in  a  p a r tic u la r ity  s tra ig h tfo rw a rd  a n d  d ire c t so lu tio n .

T h e  p ro c e d u re  re q u ire s  e q u a tio n  B .4  to  b e  m u tlip lie d  by  s in (x x /a )  s in (x y /b )  a n d  th e  

re su ltin g  e q u a tio n  to  be  in te g ra te d  o v e r th e  w h o le  p la te  a re a  a n d  th is  in te g ra l se t to  

z e ro . T h e  m u ltip lic a tio n  a n d  in te g ra tio n  w ill b e  a p p lie d  to  th e  v a rio u s  te rm s  o f 

e q u a tio n  B .4  se p a ra te ly . T h e  f irs t te rm  o f  B .4  b e c o m e s :

(=2 + |  J s i n 2
X X
a s i n 2

xy
b

d x  d y

T h e  se c o n d  te rm  b e c o m e s :

x 2ab 
4“  

B . 8

O f f  . xx . xy ,
5  J J s l n  T  S l n  dx dy

4 8  a  Q (1  -  v 2 ) r b i 2

o o E t (U B.  9

T h e  te rm s  in v o lv in g  th e  a p p lie d  b iax ia l c o m p re ss io n s  c a n  be  lu m p e d  to g e th e r  a n d  

b e c o m e :



Appendix B Page B.3

a b
- 5  [ § 2  + ] w0 ( 1 + k) t 2 | | sin2 1 2  sin2 ^  dx dy -

0 0

-  12 (1 -  " 2M  ^  + ^  ] W0 (1 + k) * 2ab
E t 2 L a 2 J "o  v * ' 4

T h e  re m a in in g  te rm s  invo lve  th e  in - p la n e  s tre ss  v a r ia tio n s , a n d  b e c o m e :

. B. 10

t 7T2E 
D 8a2

a b
(k2 + 2k) w03 (1 + k) | | cos sin2 ^  sin2 ^  dx dy =

0 0

(1 -r2) (k2 + 2k) (1 + k) [^]3[£]
1 6

t 7T2E
D 8b2

a b . . . B.ll
(k2 + 2k) w03 (1 + k) ^2 } } cos sin2̂ —  s n̂2b ~  ^  =

o o

f - (1 -,2) (k2 + 2k) (1 + k) [^]3[f]16
E q u a tio n s  B .8  to  B . l l  c a n  th e n  b e  g a th e re d  a n d  r e - o r d e r e d ,  a n d  u sin g  a  to  d e n o te  

th e  a sp e c t r a t io , a /b , th is  g ives:

o *  , _  _  k  f 1 , 1 l  2 x ^ E  f t V
a 2 y  1 + k L Oi2) 12 (1 - r 2) LbJ x

16 Q bl 2
4 (1 + k) [«  m

+ [> + 3«] T 5  (k2 + 2k) \& \2 . . . B.12

If  /X d e n o te s  th e  ra tio  o f  th e  a p p lie d  in - p la n e  s tre sse s , a x/ a y, th e n  th e  le f t h a n d  side 

c a n  b e  w r it te n :

[ ** + 5 2] . . . B.13

T h e  case  o f  u n iax ia l c o m p re ss io n  on ly , in  sq u a re  p la te s , c a n  b e  o b ta in e d  fro m  

e q u a tio n  B .1 2 , as fo llow s:

<x 4  x 2 E m  *
(1  -  v 2 ) LbJ 1

n 2 kx 12 +  k
+ x 2 E

~8~
aU -i 2(k2 + 2k) [£a] . . . B.14

T h is  re su lt  is r e fe r re d  to  in  C h a p te r  3 . I f , a lte rn a tiv e ly , eq u a l b iax ia l co m p re ss io n s  

a re  a p p lie d , th e n  e q u a tio n  B .1 2  g ives:

Ox = ^
2  x 2E f-r-- v 2) LbJ 1

t i 2 k  x 2E+
TT7  ̂2

( k 2 +  2 k )  [£ n ] . B. 15y 12 (1 -  V2 ) LbJ 1 +  k  ' 16
I t  sh o u ld  b e  n o te d  th a t  th e  f irs t te rm  o n  th e  r ig h t h a n d  side o f  e q u a tio n s  B .1 4  a n d  

B .1 5  in c o rp o ra te s  th e  c r it ic a l b u ck lin g  lo a d  fo r  e a c h  lo a d  case , a n d  th a t  th e se  firs t 

te rm s  o n  th e ir  ow n  give a  so lu tio n  e q u iv a le n t to  th e  buck ling  so lu tio n  o f  im p e rfe c t
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s tru ts , o r ig in a lly  d u e  to  (105):

wt o t
c r

B.  16

w h e re  w to t  is th e  to ta l  o u t - o f - p la n e  d isp la c e m e n t, ie  w to t  = w 0 + w . I f , o n  th e  

o th e r  h a n d , th e re  a re  n o  in - p la n e  s tresses  a p p lie d  to  th e  p la te  th e n  E q u a tio n  B .12  

b e c o m e s :

16 Q
it4 (1 + k)

k
1 +  k

1 1 2 7T2E
+ Q!2J 12 (1 -  V 2)

+ 7T 2 E
~ T 6

w h ich  c a n  b e  r e - o r d e r e d ,  to  g ive:

B . 17

Q =
7T 6E
“ 64

+

1 + 1 1 2 k n 2« 2J 3 (1 - v2) LbJ

f i  + 1 1 (1 + k ) ( k 2 + 2 k )
l a 4J 4 [ ? ] 2] B.  18

T h e  firs t te rm  in  th e  sq u a re  b ra c k e ts  g ives th e  lin e a r  re la tio n sh ip  b e tw e e n  la te ra l  load  

a n d  o u t - o f - p l a n e  d isp la c e m e n t, w h ich  w ou ld  re su lt if th e  e f fe c t o f  m e m b ra n e  stresses  

w as ig n o re d .

T h e  b e h a v io u r  w h ich  is d e sc rib e d  by  th e se  e q u a tio n s  is illu s tra te d  in  s e c tio n  6.1 o f 

C h a p te r  6 , w h e re  it w ill be  sh o w n  to  g ive re a so n a b le  c o rre sp o n d e n c e  w ith  rig o ro u s  

n u m e ric a l an a ly se s . N o n e th e le ss , th is  ana ly sis  is n o t  p r im a rily  u se d , in  th is  th e s is , as 

a  d esign  to o l , b u t  is r a th e r  u sed  as  a  d iscussion  to o l , to  e x p lo re , b y  a s im p le  a n d  

e c o n o m ic a l m e a n s , a sp e c ts  o f  b e h a v io u r  w h ich  w ou ld  o th e rw ise  re q u ire  a n  u n d u e  

a m o u n t o f  m a in f ra m e  c o m p u te r  tim e .

A  su b se t o f  th is  an a ly sis  is u se d , h o w e v e r, to  d ev e lo p  th e  d es ig n  m o d e l fo r  u n iax ia l 

c o m p re ss io n  fo r  d if fe re n t  re s id u a l s tre ss  a n d  im p e rfe c tio n  lev e ls  in  C h a p te r  3 .


