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Optimised hybrid localisation with cooperation in wireless sensor networks
M. W. Khan∗, Naveed Salman, A. H. Kemp.

School of Electronic and Electrical Engineering, University of Leeds, United Kingdom.
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Abstract

In this paper we introduce a novel hybrid cooperative localisation scheme when both distance and angle measurements are
available. Two linear least squares (LLS) hybrid cooperative schemes based on angle of arrival-time of arrival (AoA-ToA) and
AoA-received signal strength (AoA-RSS) signals are proposed. The proposed algorithms are modified to accommodate cooperative
localisation in resource constrained networks where only distance measurements are available between target sensors (TSs) while
both distance and angle measurements are available between reference sensors (RSs) and TSs. Furthermore an optimised version
of the LLS estimator is proposed to further enhance the localisation performance. Moreover, localisation of sensor nodes in
networks with limited connectivity (partially connected networks) is also investigated. Finally, computational complexity analysis
of the proposed algorithms is presented. Through simulation, the superior performance of the proposed algorithms over its non
cooperative counterpart and the hybrid signal based iterative non linear least squares (NLLS) algorithms is demonstrated.

I. INTRODUCTION

L
OCALISATION of wireless devices has become exceedingly important in many applications. In recent years, a lot of

research has been focused on location based services (LBS) that may include wildlife tracking, assisted health care and

interactive gaming [1], [2]. Location information of objects (or humans) will be an integral part of the internet of things (IoT)

paradigm. Localisation can be achieved using a variety of techniques e.g. time of arrival (ToA) [3], received signal strength

(RSS) [4] and angle of arrival (AoA) [5]. These techniques have their own advantages and disadvantages. Hence depending

upon the network scale, density and the environment, any of these techniques may be preferred. For example in large networks,

RSS is not preferred because the the error in the estimated coordinates is distance dependant. ToA is not preferred if low cost

networks are required, because every sensor node has to be equipped with a synchronized high frequency clock which adds

to the cost of the network. The same can be said for the AoA technique as angle estimation requires an array of antennas [6]

or some mechanical system to rotate a beam of radiation [7].

As the demand for more accurate location estimation with minimum complexity increases, researchers are looking for new

ways to refine the estimation accuracy. One strategy to aid superior performance is the utilization of all the information (if

available) in an optimum fashion. Cooperative localisation is one of these techniques. Cooperation between target sensors (TSs)

has become an essential tool for enhanced system performance [8], [9]. A highly celebrated technique used for cooperative

localisation is the multidimensional scaling (MDS). MDS has its origins in psychometric testing [10] and has been recently

introduced in node localisation. It uses the spectral decomposition of a doubly centred distance matrix. A relative configuration

i.e. rotated, translated and shifted version of the true configuration is obtained, which can be brought back to its original position

by methods like procrustes analysis [11], subject to the availability of 3 or 4 reference sensors (RSs) for 2D or 3D positioning,

respectively. [12] and [13] use classical MDS for localisation, using spectral decomposition. Performing spectral decomposition

on the doubly centred distance matrix is computationally not efficient, thus an iterative technique like SMACOF (Scaling by

MAjorizing a COmplicated Function) is used in [14]. Cooperative localisation is also studied for hybrid signals. In [15] the

arrival angle and time delay are used simultaneously in a non line of sight (NLOS) environment with both angle and range

measurements between RS-TS link and only delay measurements between TS-TS links. Similarly a cooperative RSS-AoA

based algorithm is proposed in [16], where the authors use a least squares (LS) approach to obtain initial coordinates of the

TSs and then refine the locations by minimizing the cost function derived for the hybrid signal. In [17] Fratassi et al. presents

a RSS aided hybrid AoA-ToA localisation scheme based on non linear least squares minimisation technique. These hybrid

signal based cooperative schemes are highly complex due to their iterative nature. To the best of our knowledge, no close form

solution for cooperative positioning using hybrid AoA-ToA or hybrid AoA-RSS signal is available in literature. In this paper,

we propose a linear least squares (LLS) solution, when range estimates and angle estimates are both available and propose a

new hybrid localisation scheme (some initial results were presented by the authors in [18]). The proposed technique can be

applied to two types of networks; one in which all RSs and TSs are capable of range and angle estimates and the other in

which only the RSs (which usually have abundant resources) are capable of angle estimation while the TSs can only estimate

range between each other. Distance estimation can be done via ToA or RSS methods, hence both AoA-ToA and AoA-RSS

cooperative location schemes are discussed. The algorithm is further explored for the scenario of partial connectivity between

the sensor nodes. Furthermore, an optimisation to the LLS technique is also presented which enhances the performance of the

system. The main contributions of this study are summarised below:

• A new unbiased cooperative LLS scheme for AoA-ToA and AoA-RSS signals is proposed.

• Performance of the proposed cooperative schemes is improved by presenting optimised versions of the schemes.

• An algorithm for resource constrained networks, where only the RSs are capable of angle estimation is presented.

• Behaviour of the proposed schemes in case of a partially connected network is presented.

• Complexity analysis is done for the proposed algorithms.

The rest of the paper is organized as follows, section II reviews the hybrid AoA-ToA and hybrid AoA-RSS signal models,

their respective cooperative versions are proposed in section III. Section IV presents optimisation to the LLS technique. Partial
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network connectivity is discussed in section V while section VI presents the complexity analysis of the proposed algorithms.

Simulation results are given in section VII which is followed by the conclusion in section VIII.

II. THE HYBRID MODELS

For future use, the following notations are defined: Rn is the set of n dimensional real numbers. (.)T represents the transpose

operator. (T)ij refers to the element at the ith row and jth column of matrix T. N (µ, σ2) denotes the normal distribution

with mean µ and variance σ2.

This section presents hybrid location estimation schemes when range (ToA or RSS) and angle (AoA) measurements are

available. We consider a 2-D network with M RSs, where (x̄i, ȳi) are the coordinates of ith RS. Then the x and y coordinates

of the TS can be estimated by minimising the cost function [15].

F (uh) =

M
∑

i=1

f2
i (uh) + g2i (uh), (1)

where uh =
[

x y
]T

and

fi(uh) = d̂i −

√

(x̄i−x)
2
+(ȳi−y)

2
, (2)

gi(uh) = θ̂i − arctan

(

y − ȳi

x− x̄i

)

, (3)

where d̂i is the noisy distance that is estimated via RSS or ToA and θ̂i is the angle estimates between TS and ith RS. Minimising

(1) is computationally inefficient specially in dense networks. Moreover the algorithm fails to converge when TSs are situated

outside the convex hull. In [19] and [20] a close form solution for hybrid signals, based on LLS approach is obtained. For the

LLS solution the x and y coordinates of the TS are obtained as

x̂ = x̄i + d̂i cos θ̂iδi for i = 1, ...,M (4)

ŷ = ȳi + d̂i sin θ̂iδi for i = 1, ...,M (5)

where δi is the unbiasing constant associated with ith RS. (4) and (5) can be written in matrix form as

Ahûh = p̂,

where Ah = diag (e, e), where e is a column matrix of M ones. Vector p̂ is given by

p̂ =
[

p̂x p̂y

]T
,

where p̂x =
[

x̄1+d̂1 cos θ̂1δ1, · · · , x̄M+d̂M cos θ̂MδM

]T

and p̂y =
[

ȳ1 + d̂1 sin θ̂1δ1, · · · , ȳM + d̂M sin θ̂MδM

]T

.

The LLS solution for this system is given by

ûh = A
†
hp̂,

where A
†
h is the Moore–Penrose pseudo inverse of matrix Ah and is given by

A
†
h =

(

AT
hAh

)−1
AT

h .

A. Hybrid AoA-ToA

For hybrid AoA-ToA, d̂i and δi are represented by d̂T,i and δT,i, respectively and are given by

d̂T,i=

√

(x̄i−x)
2
+(ȳi−y)

2
+ ni, δT,i=exp

(

σ2
mi

2

)

.

The angle measurement between TS and ith RS is given by

θ̂i = arctan

(

y − ȳi

x− x̄i

)

+mi, (6)

where ni and mi represents the zero mean Gaussian error in distance and angle estimates, respectively i.e. ni ∼ N
(

0, σ2
ni

)

and mi ∼ N
(

0, σ2
mi

)

while δT,i is the bias reducing constant for AoA-ToA signal model.
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B. Hybrid AoA-RSS

For hybrid AoA-RSS, d̂i and δi are represented by d̂R,i and δR,i respectively, where

d̂R,i =

√

(x̄i − x)
2
+ (ȳi − y)

2
exp

(

wi

γαi

)

δR,i = exp

(

σ2
mi

2
−

σ2
wi

2 (γαi)
2

)

The angle measurement for AoA-RSS is the same as AoA-ToA model given by (6). wi is the the zero mean Gaussian variable

representing the shadowing effect i.e wi ∼ N
(

0, σ2
wi

)

, αi is the path-loss exponent (PLE) associated with ith RS. Joint

PLE-coordinate estimation is presented in [21], [22], and is beyond the scope of this paper. In this paper we assume αi to be

known and same for all RSs i.e., αi = α ∀ i. γ = 10
ln 10 and δR,i is the bias reducing constant for for AoA-RSS signal model.

III. COOPERATIVE HYBRID MODELS AND LINEAR LEAST SQUARES SOLUTION

Now consider a network of M RSs and N TSs. Let θ̂ij and d̂ij be the measured angle and distance between ith RS and jth

TS, respectively. On the other hand, let D̂jk be the measured distance between jth and kth TS, and Φ̂jk is the AoA impinging

at jth TS from kth TS. Furthermore, we use the notation of x̄i and ȳi for the x and y coordinates of ith RS while xj and

yj for the x and y coordinates of jth TS. Incorporating the readings from kth TS together with readings from the RSs, the x

and y coordinates of jth TS is estimated as

x̂j = x̄i + d̂ik cos θ̂ikδik − D̂jk cos Φ̂jkδjk for i = 1, . . . ,M

k = 1, . . . , N (7)

ŷj = ȳi + d̂ik sin θ̂ikδik − D̂jk sin Φ̂jkδjk for i = 1, . . . ,M

k = 1, . . . , N (8)

where δij and δjk are the bias reducing constants whose values are given in the following subsections for AoA-ToA and

AoA-RSS signal models. It should be noted that for j = k, the terms
(

D̂jk cos Φ̂jkδjk

)

and
(

D̂jk sin Φ̂jkδjk

)

are equal to

zero. Hence (7) and (8) reduces to

x̂j = x̄i + d̂ij cos θ̂ijδij for i = 1, . . . ,M (9)

ŷj = ȳi + d̂ij sin θ̂ijδij for i = 1, . . . ,M (10)

Equ. (9) and (10) are the same as (4) and (5) which is the estimated location of the TS using the readings of the RS only

while (7) and (8) represents the estimated location from the readings of RSs and TSs simultaneously. In (7) and (8) the terms

d̂ik cos θ̂ik and d̂ik sin θ̂ik are the projections of d̂ik on the x and y−axis, respectively from which the projections D̂jk cos Φ̂jk

and D̂jk sin Φ̂jk are subtracted, respectively, constituting the cooperation step. These operations can be understood from Fig.

1 in which the geometry of the ith RS and that of jth and kth TS is illustrated. To write (7) and (8) in matrix form we first

define the vectors in table I:

Equ. (7) and (8) can then be represented in matrix form as

Aû = b̂, (11)

b̂=[bx1
, ...,bxN

,by1
, ...,byN

]
T
,

where

bxj
=











Ax + d1 cosθ1δ1 − ďj1 cosΦj1δj1
Ax + d2 cosθ2δ2 − ďj2 cosΦj2δj2

...

Ax + dN cosθNδN − ďjN cosΦjNδjN











, byj
=











Ay + d1 sinθ1δ1 − ďj1 sinΦj1δj1
Ay + d2 sinθ2δ2 − ďj2 sinΦj2δj2

...

Ay + dN sinθNδN − ďjN sinΦjNδjN











The LLS solution for the linear system is given by
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Table I
NOTATIONS.

Vector Description Mathematical form Dimension (RX )

Eκ Vector of κ ones. Eκ = [11, 12, . . . , 1κ]
T

R
κ×1

A Averaging matrix composed 2N EMN vectors on the diagonal. A=diag[EMN , . . . ,EMN ] R
2MN2×2N

u Unknown vector composed of x and y coordinates of N TSs. u = [x̂1, . . . x̂N , ŷ1, . . . ŷN ]T R
2N×1

Ax Vector composed of the x coordinates of M RSs Ax = [x̄1, . . . , x̄M ]T R
M×1

Ay Vector composed of the y coordinates of M RSs Ay = [ȳ1, . . . , ȳM ]T R
M×1

dk Range vector composed of noisy distance estimates between M RSs and kth TS dk =
[

d̂1k, . . . , d̂Mk

]T
R
M×1

ďjk Range vector composed of noisy distance between jth TS to kth TSs ďjk = D̂jkEM R
M×1

θj Gradient vector composed of noisy angle estimates from jth TS to M RSs θj =
[

θ̂1j , . . . , θ̂Mj

]T
R
M×1

Φjk Gradient vector composed of noisy angle estimates from kth TS to jth TSs Φjk = Φ̂jkEM R
M×1

δj Unbiasing vector composed of unbiasing constants associated with jth TS and M RSs δj =
[

δ1j , . . . , δMj

]T
R
M×1

δjk Unbiasing vector composed of unbiasing constants associated with jth TS and kth TSs δjk = δjkEM R
M×1

Figure 1. RS and TS geometry.

û = A†b̂, (12)

where A† is the Moore–Penrose pseudo inverse of A and is given by A† =
(

ATA
)−1

AT . Matrix A† can be calculated

directly without taking the pseudo inverse if the number of TSs and RSs are known i.e.

A† = diag [η,η, · · · ,η] ∈ R
2N×2MN2

, (13)

where η is a row matrix of MN elements, the value of each element is given by 1
MN

. This cooperative LLS estimator (12)

shall be referred to as LLS-Coop in the rest of the paper.

A. Distributed Approach

If only one or a subset of all the TSs is desired to be localised while capitalizing on the cooperation with all TSs but

avoiding the complexity of the centralized algorithm as in the previous case, a distributed approach can be employed. The

distributed cooperative localisation, localises a single TS (this can be easily extended to estimate the location of a subset of

all TSs) and reduces the complexity of the system without affecting the accuracy of localisation.

The location estimate of the jth TS is given by

4
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Aj ûj = b̂j ,

where

Aj = diag [E,E] ∈ R
2MN×2,

uj = [xj , yj ]
T ∈ R

2×1,

b̂j =
[

bxj
,byj

]T
,

The LLS solution is then given by

ûj = A
†
jb̂j

for A
†
j = diag [η,η] ∈ R

2×2MN .

B. Cooperative Hybrid AoA-ToA

From here onwards, for cooperative hybrid AoA-ToA, d̂ij , D̂ij and δij will be represented by d̂T,ij , D̂T,ij and δT,ij

respectively, and are given by

d̂T,ij=dij+nij ,

D̂T,jk=Djk+njk,

δT,ij=exp

(

σ2
mij

2

)

,

where dij =
√

(x̄i − xj)
2
+ (ȳi − yj)

2
and Djk =

√

(xj − xk)
2
+ (yj − yk)

2
, nij and njk represent the zero mean Gaussian

errors in distance estimates i.e. nij ∼ N
(

0, σ2
nij

)

and njk ∼ N
(

0, σ2
njk

)

. The angle measurement θ̂ij from the jth TS to

ith RS is given by

θ̂ij = arctan

[

(yj − ȳi)

(xj − x̄i)

]

+mij , (14)

where mij represents the zero mean Gaussian error in angle estimates i.e. mij ∼ N
(

0, σ2
mij

)

. On the other hand, the angle

measurement between from kth to jth TS i.e. Φ̂jk can be obtained in one of the following ways.

Case 1. If all TSs are capable of estimating their relative angles then Φ̂jk can be modelled as

Φ̂jk = arctan

[

(yk − yj)

(xk − xj)

]

+mjk, (15)

where mjk represents the zero mean Gaussian noise in angle estimate i.e. mjk ∼ N
(

0, σ2
mjk

)

.

Case 2. In many cases, only the RSs are capable of AoA measurements while the TSs are low in resources and hence can

only estimate their relative distances, in other words the TSs are not hybrid, then for the formulation in (11), Φ̂jk can be

estimated as follows

Φ̂jk = arctan

[

(ŷk − ŷj)

(x̂k − x̂j)

]

, (16)

where the (ŷk − ŷj) and (x̂k − x̂j) in (16) are estimated using (9) and (10) respectively. The performance of the system

decreases in this case as the number of observations decreases. These systems where the TSs are not hybrid will be referred

to as LLS-Coop-X.
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c
t
x ,k =

(

d2ik
2

+
σ2
nik

2

)

exp
(

σ2
mik

)

+

(

d2ik
2

cos (2θik) +
σ2
nik

2
cos (2θik)

)

exp
(

−σ2
mik

)

− (dik cos θik)
2

(19)

cty,k =

(

d2ik
2

+
σ2
nik

2

)

exp
(

σ2
mik

)

−

(

d2ik
2

cos (2θik) +
σ2
nik

2
cos (2θik)

)

exp
(

−σ2
mik

)

− (dik sin θik)
2

(20)

c
R
x ,k =

d2ik
2

exp

(

σ2
wik

(γα)
2 +σ2

mik

)

+
d2ik
2

cos (2θik) exp

(

σ2
wik

(γα)
2 −σ2

mik

)

− (dik cos θik)
2

(21)

cRy,k =
d2ik
2

exp

(

σ2
wik

(γα)
2 +σ2

mik

)

−
d2ik
2

cos (2θik) exp

(

σ2
wik

(γα)
2 −σ2

mik

)

− (dik sin θik)
2

(22)

C. Cooperative Hybrid AoA-RSS

For hybrid AoA-RSS, d̂ij , D̂jk and δij are represented by d̂R,ij , D̂R,ij and δR,ij respectively and are estimated from the

RSS measurements as in [23].

d̂R,ij = dij exp

(

wij

γα

)

,

D̂R,jk = Djk exp

(

wjk

γα

)

,

δR,ij = exp

(

σ2
mij

2
−

σ2
wij

2 (γα)
2

)

,

where wij is the zero mean Gaussian random variable representing the shadowing effects i.e. wij ∼ N
(

0, σ2
wij

)

. θ̂ij and Φ̂jk

are the same for both models given by (14), (15) and (16).

IV. LLS OPTIMISATION

In this section, we improve the performance of the LLS by proposing an optimisation step. In order to localise TS j with

coordinates (xj , yj), the cooperation steps with TS k with coordinates (xk, yk) are represented by (7) and (8), where d̂ik cos θ̂ik
is the projection of d̂ik on the x−axis and d̂ik sin θ̂ik is the projection on y−axis. In the formulation (7) and (8), the projection

of D̂jk i.e. D̂jk cos Φ̂jk and D̂jk sin Φ̂jk are subtracted from d̂ik cos θ̂ik and d̂ik sin θ̂ik respectively for all M RSs. Since the

combined error in hybrid distance and angle measurements is inherently distance dependent, step (7) and (8) may introduce

large error if some RSs are positioned far away from the TS. Thus, instead of using all RSs, a pair of optimal RSs could be

selected that guarantees minimum error or the RSs with the least error in the projection d̂ik cos θ̂ik and d̂ik sin θ̂ik is selected. In

this section, we propose an optimisation scheme that will select such a pair of RSs. Let the total number of RSs be represented

by the set RS = {RS1,RS2, · · · ,RSM }, then the number of 2-subsets RSsub ⊂ RS is given by the permutation with repetition

i.e. M2. Then to localise the jth TS in cooperation with the kth TS, the first optimal RS RSopt(1) of RSsub is selected as the

one that minimises the approximate variance of the projection d̂ik cos θ̂ik such that

RSopt(1) = arg min
RS∈RS

{cx ,k} . (17)

and the second RS RSopt(2) is selected as the one that minimises the projection d̂ik sin θ̂ik such that

RSopt(2) = arg min
RS∈RS

{cy,k} . (18)

cx ,k and cy,k represent the approximate variance of the respective projections of d̂ik. They are represented by c
t
x ,k and

cty,k and are given by (19) and (20) for AoA-ToA respectively [20]. On the other hand, they are represented by c
R
x ,k and cRy,k

and given by (21) and (22) for AoA-RSS respectively [19]. Since the actual value of the distance in (19)-(22) is unknown its

estimated value is used. It should be noted that the same RS could serve as the optimal RS to minimise both (17) and (18).

The LLS estimator with this optimisation shall be referred to as LLS-Opt-Coop.
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Table II
COMPUTATION COMPLEXITY.

Operation
MUL ADD

CMP
CPU cycles (M = 3, N = 5)

AoA-ToA AoA-RSS AoA-ToA AoA-RSS AoA-ToA AoA-RSS

LLS-NoCoop

NA
A† 1 1 0 0 3 3
b 22MN 26MN 10MN 12MN 1140 1350

A†b 4MN 4MN (4MN − 2N) (4MN − 2N) 230 230
LLS-Coop

NA
A† 2 2 0 0 6 6
b 22N(M+N−1) 26N(M+N−1) 10N (M +N − 1) 12N (M +N − 1) 2660 3150

A†b 4MN3 4MN3
(

4MN3 − 2N
) (

4MN3 − 2N
)

5990 5990
LLS-Opt-Coop

2MN

A† 1 1 2 2 5 5
b 22N(M+N−1) 26N(M+N−1) 10N (M +N − 1) 12N (M +N − 1) 2660 3150

A†b 4N2(M+N−1) 4N2(M+N−1) 4N2(M +N − 1)−2N 4N2(M+N−1)−2N 2790 2790
App. Var 74MN 62MN 36MN 24MN 3870 3150

Cycle count for CMP - - - - 30 30

TSA

TSETS
D

TS
C

TSB30 m
ete

rs

Figure 2. Network topology for localisation of TSA with a communication range of 30m.

V. PARTIAL CONNECTIVITY

Full connectivity can not always be achieved in large networks due to limited communication range of resource constraint

sensor nodes. Hence the assumption of full connectivity becomes unrealistic in large networks. In this section, we explore

the issue of partial connectivity in cooperative hybrid networks. A TSA(TS that is to be localised) first broadcasts a location

request message (LOC request), which is picked up by other TSs, RSs or in most cases both. In the second step is, if an RS

receives the LOC request it measures the range and the angle of the impinging signal and send the measurements back to

TSA. On the other hand, if another TS receives the LOC request it has to check for the availability of RSs in its own range. If

no RSs are available, the LOC request is discarded by the TS. In case of availability of one or more RSs, the measurements

(RS-TSA and TS-TSA observations) are passed to TSA. If the LOC request is not picked by any sensor node, then TSA is out

of communication range of the network and cannot be localised. The network topology for the localisation of TSA with a

communication range of 30 meters is shown in Fig. 2. It should be noted that with this communication range, TSA can not

establish a communication link directly with any RS. The scenario presented in Fig. 2 is taken from the network deployment

used in the simulation section given in Fig. 4. In Fig. 2 three types of communication links are shown, dashed, bold and

zigzag. Zigzag lines represents a direct communication link with the RSs. Bold lines represents a links between two TSs that

are utilized in a cooperative manner for localisation as explained in section III. It should be noted that TSA is directly connected

TSC, however the link between them is represented by a dashed line showing that the angle and range measurement between

TSA and TSC cannot be utilized for localisation of TSA. This is because TSC is not in range of any RSs. These steps can be

understood from Fig. 3. A pseudocode for the localisation of TSA is given in Algorithm 1.

VI. COMPLEXITY ANALYSIS

In this section, we present the complexity analysis of the proposed algorithms. Following [24], the CPU cycle count is

used to compare the computational complexities by considering the individual cycle counts for addition (ADD), multiplication
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Algorithm 1 Pseudocode for localisation of TSA.

PROGRAM : Partial connectivity

1) TSA broadcasts LOC

2) Pause(time)

3) IF TSA receive measurements from RSs or TSs.

4) identify transmitter

5) IF transmitters are only RSs

6) Localise via (9) and (10) only.

7) ELSE IF transmitters are TSs

8) Localise via (7) and (8) only.

9) ELSE IF transmitters are RSs and TSs.

10) Localise via (7), (8), (9) and (10).

11) ENDIF

12) ELSE

13) TSA is outside the networks range.

14) END
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Figure 3. Flowchart for localisation of TSA in case of full and partial connectivity.

(MUL), and comparison (CMP) operations. Thus using cycle count 1, 3 and 1 for ADD, MUL and CMP respectively, the

complexities of LLS-NoCoop, LLS-Coop and LLS-Opt-Coop are given in table II. For LLS-NoCoop the complexity shown

in table II is for all N TSs localised individually without cooperation. The CMP operator is only used in LLS-Opt-Coop to

compare the approximate variances given by (19), (20) and (21), (22) for AoA-ToA and AoA-RSS signal models respectively.

The number of comparison required for each model is 2MN . Number of cycles counts for calculating approximate variance

is given by App. Var in table II. For complexity analysis given in table II, we consider 4 RSs and 5 TSs. Table II shows that

the CPU cycle count for LLS-NoCoop is the lowest, followed by LLS-Coop and then LLS-Opt-Coop.

VII. SIMULATION RESULTS

We consider a 120m×120m network with two sets of RSs; RSs set 1 and RSs set 2 with locations

(20, 20) , (20, 100) , (100, 20)(100, 100) and (0, 0) , (0, 120) , (120, 0)(120, 120) , respectively. Also 30 TSs are deployed at

random locations. All the simulations are run independently υ number of times. For simplicity, the same noise variance in

distance and angle measurements is used for all RS-TS and TS-TS links i.e. σ2
nij

= σ2
njk

= σ2
n and σ2

mij
= σ2

mjk
= σ2

m. The

network deployment is shown in Fig. 4.

In Fig. 5 the proposed LLS-Coop, LLS-Coop-X and LLS-Opt-Coop are compared with the iterative NLLS algorithm

presented by (1). The MatLab function fminsearch, which is based on Nelder-Mead simplex algorithm [25], is used

for the minimisation of (1). For this simulation, it was noted that the cost function failed to converge when RSs set 1 was
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Figure 4. Network deployment with true and estimated locations with LLS-Coop using AoA-RSS signal model. RSs set 1, σ2
wij
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wjk

= σ2
w = 4dB,

σ2
mij

= σ2
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(b) Performance comparison for AoA-RSS signal model. RSs set 2, υ =
1000, αi∀i = 2.5.

Figure 5. Performance comparison of the proposed algorithms with NLLS iterative hybrid algorithm.

used. This is because a number of TSs lies in a region outside the convex hull defined by the RSs set 1. In order to guarantee

convergence RSs set 2 was used for this simulation. As evident from Fig. 5a and Fig. 5b that our proposed cooperative

algorithms are more reliable than the NLLS iterative hybrid algorithm [15].

In Fig. 6, the hybrid AoA-ToA algorithms are compared in terms of Avg. RMSE while the variance in distance and angle

estimates is increased. It is seen that the performance of the LLS estimator with no cooperation (LLS-NoCoop) is worst of

all. Considerable performance improvement is observed with cooperation between the TSs; with the LLS-Opt-Coop estimator

showing the lowest RMSE. Next is the LLS-Coop when both TSs and RSs are hybrid. While performance degradation is

observed for LLS-Coop-X i.e. when the TSs are not hybrid.

Fig. 7 presents the performance of AoA-RSS hybrid systems, the RMSE in location estimates is compared when the

shadowing variance and the angle error variance is incremented in the links. Shadowing variance is kept the same for all links

i.e. σ2
wij

= σ2
wjk

= σ2
w. Altogether the performance is worst than the AoA-ToA case, this is due to the fact that the RSS

distance estimates are more erroneous then the ToA distance estimates, especially at longer inter-node distance. The PLE value

considered is 2.5, and is the same for all links. A similar trend as in Fig. 6 is observed in this case, with LLS-Opt-Coop

performing the best followed by LLS-Coop and then LLS-Coop-X while the LLS-NoCoop performs the worst.

Fig. 8 shows the performance of LLS-Coop AoA-ToA model when the network is not fully connected. It is noted that the

full connectivity does not give the best performance. This is because the angle noise variance is distance dependent, hence in

case of full connectivity the noisy links with far away sensor nodes are also utilized which degrades the overall performance

of the system.

A similar trend is seen in Fig. 9 where the performance of LLS-Coop for AoA-RSS model is compared for different

connectivity ranges. In this case both angle and range noise variance are distance dependent. A full connectivity does not show

the best performance in this case either.
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Figure 6. Performance comparison between LLS-NoCoop, LLS-Coop, LLS-Coop-X, LLS-Opt-Coop hybrid AoA-ToA localisation. RSs set 1, υ = 1500.
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VIII. CONCLUSION

In this paper two hybrid localisation models were analysed. These hybrid signal models were extended to their respective

cooperative forms and TS-TS links were utilized. Hence a LLS cooperative location scheme for the hybrid AoA-ToA and

AoA-RSS signals were proposed. A distributed version was also presented to estimate the location of a subset of the total

number of TSs. A modified approach was proposed when the TSs are not hybrid and can only estimate distance from other

sensors. Moreover an optimisation technique based on the selection of a pair of optimal RSs was proposed. Furthermore both

models were studied for partial connectivity between sensor nodes. Finally complexity of the algorithms was analysed and it

was proved via simulation that the cooperative technique performs considerably better than its non-cooperative counterpart,

while its performance is further improved using the optimisation technique.
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