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THREE MODELS FOR THE FAILURE PROCESS OF A

REPAIRABLE SYSTEM

SHAOMIN WU

University of Kent
Canterbury CT2 7FS, UK
email: s.m.wu@kent.ac.uk

Development of models for the failure process of a repairable system has been

an interesting research topic for decades. There have been many models de-

veloped in the literature. However, more research is still needed to deal with

various difficulties raised in the practical applications, which includes the cases

that most real systems are composed of more than one component and that the

failure process may not be stochastically monotone. For such cases, we have

recently developed three models, which are briefly discussed in this paper.

Keywords: Non-homogeneous Poisson process, renewal process, repair,
doubly geometric process, semi-geometric process.

1. Introduction

Modelling the failure process of a repairable system is needed in many ap-

plications such as optimisation of maintenance policy and lifecycle costing.

For this purpose, there are many models that have been developed in the

literature. If we denote times-between-failures of a repairable system as

a sequence of random variables {Xk, k = 1, 2, . . . }, models in the existing

literature can be categorised into two classes, as shown in Figure 1. Type

I models include the renewal process, the geometric process (GP) and its

extensions [1,2,3,4]; type II models include the non-homogeneous Poisson

process (NHPP) and its various extensions such as the virtual age model

[5], the reduction of intensity model [6] and the hybrid intensity models [7].

Both type I and type II models have limitations: most of those models are

designed for the failure process of a single component system and type I

models have restrictive assumptions. However, most real systems are com-

posed of more than one component and the failure process may not need

the restrictive assumptions.

While those models developed in pre-2017 have been widely studied, this

paper mainly focuses on three models we have developed and published in



Figure 1. A taxonomy of models for the failure process of a repairable system

2017. Those three models are: two extensions of the GP [4,3] and a hybrid-

intensity model [7] and briefly discussion them.

2. Two extensions of the GP

The definition of the GP is given by Lam [1].

Definition 2.1. [1] Given a sequence of non-negative random variables

{Xk, k = 1, 2, . . . }, if they are independent and the cdf of Xk is given by

F (ak−1x) for k = 1, 2, . . . , where a is a positive constant, then {Xk, k =

1, 2, · · · } is called a geometric process (GP).

The GP has been widely applied in optimisation of maintenance policy since

its introduction in 1988, which may be mainly due to its elegant expression

of the time-to-failure distribution after a repair and little consideration has

been devoted onto the real-world application of this model. As can be

seen, the GP has two restrictive assumptions: (1) {Xk, k = 1, 2, · · · } are

independent and their distributions and (2) Xk is stochastically monotone.

Those assumptions may restrict it from wide applications. To relax those

two assumptions, we introduce the following two definitions, respectively.

Definition 2.2. [3] Given a sequence of non-negative random variables

{Xk, k = 1, 2, . . . }, if P{Xk < x|Xk−1 = xk−1, . . . , X1 = x1} = P{Xk <

x|Xk−1 = xk−1} and the marginal distribution of Xk is given by P{Xk <

x} = Fk(x)(≡ F (ak−1x)), where a is a positive constant, then {Xk, k =

1, 2, . . . } is called a semi-geometric process (SGP).

Definition 2.3. [4] Given a sequence of non-negative random variables

{Xk, k = 1, 2, . . . }, if they are independent and the cdf of Xk is given by

F (ak−1xh(k)) for k = 1, 2, . . . , where a is a positive constant, h(k) is a

function of k and the likelihood of the parameters in h(k) has a known



closed form, and h(k) > 0 for k ∈ N, then {Xk, k = 1, 2, · · · } is called a

doubly geometric process (DGP).

As can be seen, the SGP removes the independence assumption of the GP

and the DGP can model the cases where Xk is stochastically monotone or

non-monotone.

[3,4] discuss the probabilistic properties of the SGP and the DGP, re-

spectively and also describe parameter estimation methods. Numerical ex-

amples on real-world data show that the SGP and DGP outperform the

GP and other models.

3. A hybrid intensity model

[7] proposed two models for the failure process of a repairable series multi-

component system. Assume a replacement is carried out upon system fail-

ure. Then the failure process can be regarded as a process resulted from

the maintenance activities of two subsystems: one subsystem that is main-

tained with minimal repair and one subsystem, part of which is replaced

upon system failure. [7] then proposes two models, Model I and Model II.

On the basis of numerical examples, Model II outperforms model I. Denote

λ(t|Ht−) as the intensity function of the system. Then Model II gives the

following definition.

λ(t|Ht−) =































λ1(t) + λ2(t), if Nt = 0,

λ1(t) +
1

m

(

Nt−1
∑

k=0

λ2(t− TNt−k) + (m−Nt)λ2(t)

)

, if 1 ≤ Nt < m,

λ1(t) +
1

m

m−1
∑

k=0

λ2(t− TNt−k), if Nt ≥ m.

where t ∈ (0,+∞), λ1(t) and λ2(t) are two intensity functions.

The above model regards the failure process of a series system equivalent

to that of a virtual system composed of two subsystems: subsystems 1

and 2. Subsystem 1 contains one virtual component and subsystem 2 is

composed of a pre-specified number, m, of virtual components. Broadly

speaking, whenever the real system fails, minimal repair is assumed to be

conducted on subsystem 1 and the oldest virtual component in subsystem

2 is assumed to be replaced with a new identical virtual component.

It is shown that Model II outperforms the four models (i.e, RP, GP

NHPP, the virtual age model) on six artificially generated data and on

some real data [7].



4. Conclusion

The three models discussed above may be useful in different applications.

Our future work will be focused on investigation of their statistical proper-

ties.
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