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Sampling normalizing constants in high dimensions using
inhomogeneous diffusions

Christophe Andrieu* James Ridgway'and Nick Whiteley*
December 23, 2016

Abstract

Motivated by the task of computing normalizing constants and importance sampling in high dimen-
sions, we study the dimension dependence of fluctuations for additive functionals of time-inhomogeneous
Langevin-type diffusions on R?. The main results are nonasymptotic variance and bias bounds, and a
central limit theorem in the d — oo regime. We demonstrate that a temporal discretization inherits the
fluctuation properties of the underlying diffusion, which are controlled at a computational cost growing
at most polynomially with d. The key technical steps include establishing Poincaré inequalities for time-
marginal distributions of the diffusion and nonasymptotic bounds on deviation from Gaussianity in a
martingale central limit theorem.

Contents
1 Introduction 3
1.1 Motivation: importance sampling and thermodynamic integration. . . . . . . . . .. ... .. 3
1.2 Notation . . . . . . . o e 5
1.3 Assumptions . . . . ... 5
1.4 Discussion of the approach . . . . . . . . . . ... 6
1.5 Statement of main results . . . . . ..o 7
1.5.1 Non-asymptotic variance and bias bounds . . . . . . . .. .. ... ... ... 7
1.5.2 A central limit theorem in the high-dimensional regime . . . . . .. ... ... .. .. 8
1.5.3 Discretization of the process . . . . . . . . .. .o 10
1.6 Example: Marginal likelihood computation for logistic regression . . . . . .. .. .. ... .. 11
1.6.1 Model specification and verification of assumptions . . . . . . . . . ... ... ... .. 11
1.6.2 Dimension dependence of the error . . . . . . . . . . ... ... L 12
2 Proofs for section 1 13

3 Poincaré inequalities, variance and bias decay for the inhomogeneous Langevin diffusion 19

3.1 Preliminaries about the process . . . . . . . . . .. 19
3.1.1 Existence and Lipschitz continuity with respect to initial conditions . . . . .. .. .. 19
3.1.2  Drift, regularity and validity of forward and backward equations . . . . ... ... .. 19

3.2 Poincaré inequalities, variance and bias bounds . . . . . ... ... L Lo L 21
3.2.1 The commutation relation . . . . . . . . ... oL 21
3.2.2 Poincaré inequalties . . . . . . . . Lo 22
3.2.3 Variance bounds . . . . . ... 23
3.24 Biasbounds . . . . . . . 24

*University of Bristol, School of Mathematics
TINRIA Lille
tUniversity of Bristol, School of Mathematics


http://arxiv.org/abs/1612.07583v1

Proofs and supporting results for section 3

4.1 Proof of Lemma 14 . . . . . ...
4.2 Proof and supporting results for Proposition 15 . . . . . .. ... ..o
4.3 Proof and supporting results for Proposition 16 . . . . . . . ... .. ... L.

Quantitative CLT bound for the diffusion skeleton

5.1 Main result . . . . ..
5.2  Quantitative Martingale approximation for the CLT . . . . . . ... ... ... ... ..
5.3 Quantitative bound in the CLT for the Martingale approximation. . . . . . . .. .. ..
5.4 Quantitative bound on the convergence of the CLT constants . . . . ... .. ... ...
5.5 Rough, but tractable, bounds . . . . . . .. ... Lo

Drift and solution of Poisson’s equation for the time-homogeneous diffusions

Controlling the discretization error

7.1 Bounding the total variation distance . . . . . . . ... oL oL oL
7.2 Drift condition for the discretized process . . . . . . . . . . . ... ...

Auxiliary results and proofs

8.1 Preliminaries . . . . . . . . .. e
8.2 Intermediate results concerning dimension dependence . . . . . . .. ... .. ... ..

26
26
27
34

36
36
38
42
46
99

62

67
67
68



1 Introduction

Consider (X7 )tefo0,1] the time-inhomogeneous diffusion on R¢ which solves
t t
Xi=X§{— e*lf VU, (XE)ds + V2e—1j dBs, (1)
0 0

where By is d-dimensional Brownian motion, € > 0 is a parameter and (Uy).e[o,1] is a family of R-valued
potentials such that, with Lebesgue measure and the Borel o-algebra denoted by dz and B(R?), (7¢)tefo,1]
given by

Zy = J exp{—U;(z)}dz, m(A) = Zt_lj exp{—U(x)}dz, Ae B(R?), (2)
R4 A

are well-defined as probability measures.
This work concerns dependence on the dimension, d, of fluctuations associated with

. [1/]-1 ) o
Sc= [ AOOdL Sa=h Y fuX) S > ), (3)
0 k=0 k=0

where (fi)iefo,1] is a family of R-valued functions such that each f; is centred with respect to 7, and

(Xf’h)te[m] is an approximation to (Xf)te[o,l] such that the skeleton variables XZ’hh can be simulated by a
time-discretization method, and h € (0,1] is a step-size parameter such that the cost of the discretization
scheme is proportional to h~*.

Amongst our key assumptions, which we state precisely later, will be strong convexity in z of U(zx),
or equivalently strong log-concavity of ;. As accounted in [1], thorough investigations have been made of
the connections between concentration of measure phenomena, Poincaré and other functional inequalities
for log-concave measures and the ergodic properties of time-homogeneous Markov processes, such as the
diffusion in (1) in the case that U; does not depend on t. These connections have been exploited to study the
computational cost of approximate sampling from log-concave measures using Markov chain Monte Carlo
(MCMCQ) algorithms, via bounds on distance to equilbrium and error estimates for ergodic averages which
elicit dependence on dimension, e.g. [14, 13, 21, &].

Our primary motivation for studying the time-inhomogeneous case is connected with another Monte
Carlo technique: importance sampling, which along with MCMC is one of the most popular simulation-based
methods for numerical integration, and is applied across scientific disciplines such as statistical physics, signal
processing and machine learning. Although as we shall illustrate next, importance sampling in its most basic
form can perform exponentially badly in high dimensions, one of the main insights which can be drawn from
our results is that a more sophisticated type of importance sampling technique usuing an inhomogeneous
Markov process can be practically reliable, in a sense which we shall make precise, at a cost polynomial in d.

1.1 Motivation: importance sampling and thermodynamic integration

As an elementary example to illustrate the motivating ideas, consider the task of numerically approximating
the ratio of normalizing constants Z/Zo and the expectation m (f) := §,. ¢(x)m1 (dz) for some test function

©, assuming that one is only able to simulate ({1, ...,(m) b o and evaluate Uy, Uy and ¢ pointwise. With
Wi = exp[—{U1(G:) — Uo(Gi)}], so
Z E[p(G)Wi]
L —E[Wy), o
the basic importance sampling method reports the approximations:
7 1 Yoimy (G Wi
—~—=) W r S TE 4
Zo m ZZ; me) s Wi )

If for sake of illustration the potentials are of the form:

d
U(x) = D w(al), z=(a',... 2%, (5)

Jj=1



we have for any ¢,
var|[W;] _q, (©)
E[W;]?
where ¢ := E[exp —2{u1((}) — uo((1)}]/E[exp —{u1(¢i) — uo(¢1)}]? does not depend on d, and (] is the first
of the d co—ordinates of (;. By Jensen’s inequality ¢ > 1 with equality if and only if m; = 7, so putting
aside that trivial case, (6) indicates that the cost of the simulation, governed by m, must be increased
exponentially in d in order to prevent growth of the relative errors associated with (4). Also when ¢ > 1, the
total variation distance between 7y and 7; is monotonically increasing in d, and indeed as d reaches infinity,
mo and 71 become singular in the sense of Kakutani’s theorem on infinite product measures. Intuitively the
“one-step” importance sampling correction from 7y to w1 in (4) is defeated by this phenomenon.
An alternative approach is based around the representation formulae:

% — exp { Ll wt(étUt)dt} _E [exp { Ll (%Ut(Xf)dt}] , (7)

o E [<p(Xf) exp {1 i 8tUt(X§)dt}] | .
E [exp {f i 8tUt(X§)dt}]

where (Xf)ie[0,1] as in (1) with any € > 0 and X§ ~ 7o, and 0,U; is the partial derivative of Uy w.r.t. ¢, and
m+(0:Ut) is the integral with respect to m; (we shall later discuss technical assumptions under which validity
of (7)—(8) can be rigorously established). The equalities in (7) have roots in the statistical physics literature,
the first being known as the thermodynamic integration or path sampling identity, see [15] for an account
of its history, the second as Jarzynki’s equality [20, 19]. The expectations in (7)—(8) have an importance
sampling interpretation: exp {— Sé atUt(Xf)dt} g—‘l) can be derived as the Radon-Nikodym derivative, with
respect to the path measure of (X{):e[0,1], of the law of a diffusion whose drift is transformed such that its
marginal distribution at time t = 1 is 7, see [33, Section 3.2, p.62] for a time-reversal perspective and [32,
Ch. VIII, Sec. 3] for background on this type of transformation. The discrete-time counterpart of (8) is the
basis for the Annealed Importance Sampling method of [28].

In light of (7)—(8), an alternative to the basic importance sampling method described above is obtained

by replacing each pair W;, ¢(¢;) in (4) with an independent copy of the pair exp {f Sé (%Ut(Xf)dt} ,o(X5),

or in practice some approximation thereof involving time-discretization. If in (3) one takes fi(x) = 0;Us(z) —
m+(0:Ut), then from (7),

1 1
Z
S. = J OUL(XE) — i (0,Uy)dt = f o U (X5)dt — log 70
0 0 1

hence our interest in the dimension dependence of the fluctuations associated with (3).
To see why there is hope that this scheme can perform well in high dimensions, note that in the setting
(5) the co-ordinates (Xf’l, e ,Xf’d) of Xf are ii.d., as are the summands in:

d 1 )
SE = Z J atut(Xf’J) — wt(ﬁtut)dt,
j=1+0

where 7;(0yuy) is the integral of dyu; w.r.t. any of the 1-dimensional marginals of 7;. So, if Sé Opuy (Xf’j) —
¢ (Opug)dt is of order Op(€'/?) as € — 0, and € is chosen to be d~2, then S, is of order O,(1) as d — 0. If also
Z;l:l Sé Opug (X J ) can be well-approximated by discretization at a cost proportional to A~ and polynomial
in €1, then overall one obtains a method to approximate (7)—(8) which does not suffer from exponentially
bad behaviour in high dimensions.

Of course in situations of practical interest, each 7 is usually not a product measure, i.e. U; is not of
the form in (5), and the dependence on d of the fluctuations of S, in such situations is a less simple matter.
Discussion of our approach is given after introducing notation and assumptions.



1.2 Notation

Inner-product and Euclidean norm on R? are denoted by respectively (-, > and ||:|. The d x d zero and identity
matrices are written 04 and Iy, and e; denotes the vector in R? whose i’th entry is 1 and whose other entries
are zeros. For a g-dimensional array A with real entries Ali1,--- ,iq] = a4y ... i, (i1,...,4q) € {1,...,d}?, the

1/2
Hilbert-Schmidt norm is denoted ||Afm.s. := (Z(il,...,iq)e{l,...,d}q afl),_,Jq) . When such an array depends

on an argument = € R%, we define for p > 1,

@)l
All., = L~ s 9
14l = sup e ®)

For a function f : R — R, we write V(@ f for the ¢-dimensional array of ¢-th order partial derivatives of
f, with entries V(@ f[iy, ... Vg = —1__ where (i1,...,1q) € {1,...,d}?. In particular the usual gradient

5:61’1 ---(7xiq
is V() = V and by convention we take V(O f = f. The Laplacian operator is denoted A. As instances of
(9) we have for example,

(@)
17, = sup L 9@ gy, = sup V2 @S,

, 10
S T e S T a2 (10)

We follow the convention of terminology that a 0-times continuously differentiable function is continuous.
For ¢ 2 0 and p > 1, let C7 (R9) be the set of functions f : R? — R which are g-times continuously
differentiable and such that |V f||, < 40, for 0 < r < q.

We shall frequently encounter R-valued functions with domain [0,1] x R¢ or some subset thereof. For
such a function, say f : (t,z) € [0,1] x RY — f(t,x) € R, we shall write interchangeably f;(z) = f(t,z) .
With ¢ fixed, we write V(9 f, for the array of gth-order derivatives of the function f(t,-) : R — R, and with
 fixed, we write df f;(x) for the g-th partial derivative of f(-,z) : [0,1] = R, with 0} = d;. Then |V f;|,
(resp. |07 f])) is as in (10) with V(@) f there replaced by V(@ f, (vesp. o7 f:).

For nonnegative integers ¢, q., let C? _ ([0, 1] x R?) be the set of functions f : [0,1] x R? — R such that

qt,qx
f(t,x) is g:-times continuously differentiable in ¢, ¢,-times continously differentiable in x,

sup |07 felp < +0, 0<r<gq, and sup [VOf], <+, 0<r<qs.
te[0,1] te[0,1]

Define B B
V(z) = H,THQ, V(z) =1+ V(x), V(p)(x) =14VP(z), p>0.

Below we shall identify for each t € [0,1] a distinguished point z}, then write V;(z) := |z — z}||%, Vi(x) =
1+ Vi(z), VP (2) = 1+ VP (a).

The total variation distance between two probabiliity measures v, v on a o-algebra G is written ||v—v/|, =
sup g [V(A) — V/(A)|. The integral of a function f w.r.t. a measure v is written vf or v(f). The Borel
o-algebra and Lebesgue measure on R? are denoted respectively B(R?) and dx. The set of probability
measures v on B(R?) such that v(V?) < +c0 is denoted PP(RY).

Throughout the paper (Q, F, (Ft)twer, , P) is a filtered probability space satisfying the usual conditions, on
which all the random variables we encounter are defined, and (B)er, is a d-dimensional (F;)cr, -Brownian
motion. Expectation with respect to P is denoted E.

With U; and Z; as in (2), we denote:

¢t(I) = *atUt(ZZ?) — 8t 10g Zt. (11)
1.3 Assumptions
Fix a function U : (t,z) € [0,1] x R? > U(t,z) € R*.

(A1) For some po = 1, U € C7%([0,1] x RY).



(A2) (time-uniform Lipschitz gradient) 3L < 400 s.t.

sup [VUi(x) = VU(y)| < L]z —y[, Vz,y.
te[0,1]

(A3) (regularity in time)
sup VU (2)| < L(1 + [z]), Ve, (12)
te[0,1]

where L is as in (A2)

(A4) (time-uniform strong convexity) 3K > 0 s.t. Yv € R¢

02U, ()

m v ——v.: > Kllv 2'
(t2)elo 1xme 4 Ozgdwy v

Without loss of generality, the unique minimizer of Uy is taken to be xf = 0.

(A5) (continuity in time)dM < oo such that

IVU(x) = VU ()| < M|t = s|\/1 + [z — 2, ]2, Va,t,s,

where z} is the unique minimizer of U;.

(A6) (bounded 3rd derivatives) The third order derivatives respect to x of U;(x) exist, are continuous, and
bounded uniformly in ¢ and .

1.4 Discussion of the approach

For a review of methods for sampling from a log-concave distribution see [8, Sec. 7]. Notable recent
contributions include [9], which gives bounds on the distance to stationarity in total variation, under a
variety of assumptions on algorithm step size and the target density, including bounded perturbation of a
log-concave density and strong log-concavity outside a ball. Under the latter assumption, convergence rates
for Wasserstein distances and mean square error bounds for empirical averages of Lipschitz functions are
given in [12]. Under conditions which allow for strong log concavity of the target distribution, exponential
deviation inequalities of empirical averages of Lipschitz test functions are obtained in [21], and in the strongly
log-concave case, mean square error bounds and exponential deviation inequalities for a discretized diffusion,
again for Lipschitz tests functions, are obtained in the recent pre-print [10].

Compared to the assumptions in these works, which consider processes with a fixed invariant distribution,
the time-uniform strong log-concavity assumption (A4) provides a natural starting point from which to
analyze the time-inhomogeneous process (Xf)i[o,1]- It seems likely that some of the techniques in the
aforementioned works may be useful in helping relax this condition, but investigating this matter would lead
to an even more lengthy and technical exposition. On the other hand, it should be noted that one of our key
intermediate results, namely the commutation relation Lemma 18, cannot hold under anything weaker than
(A4), see Remark 19, so one cannot expect results of precisely the same form as ours to hold more generally.

Lemma 18 allows us to establish Poincaré inequalities for the time-inhomogeneous process in section 3,
which are amongst our main technical tools. A key reference for functional inequalities for inhomogeneous
processes is [7], and some of our developments are informed by their approach. However we are not able
to use their results directly since they do not accommodate our assumptions. In particular we explicitly
work with possibly unbounded test functions f;(2) which may grow polynomially fast as |z| — oo, and this
requires us to rigorously derive the results in section 3 from scratch.

The dimension dependence of errors for sequential Monte Carlo methods in discrete time was studied
in [2, 3] under the assumption that the target distributions are of product form as in (5), and that the
Markov transition kernels they consider factorize across dimensions in a similar manner. One of our main
motivations is to relax that kind of independence assumption because it is unrealistic, although of course
our setup is somewhat different to that of [2, 3], since we start from a continuous time perspective. It should
also be noted that we do not consider any resampling operations.



The arXiv preprint [27] studies an algorithm for sampling from time-varying log-concave distributions.
The process they work with is a discrete time Markov chain and conductance techniques are used in the
analysis. Amongst their key assumptions are that the target distributions are supported on a compact convex
subset of R? and that one can compute an associated self-concordant barrier.

1.5 Statement of main results

Throughout section 1.5 and unless stated otherwise, € is fixed to an arbitrary positive value, (Xf)e[0,1]
is as in (1) with X§ an Fp-measurable random variable with distribution o, and for ¢ € (0,1], pu§ is the
distribution of X7y.

1.5.1 Non-asymptotic variance and bias bounds

Theorem 1. Fiz p > 1, assume po € ’P2P(Rd) and that there exists a constant Ko > 0 such that

var,, [f] < o uo(HVfH ), VfeCyRY). (13)

1) For each t € [0,1], the distribution u§ satisfies a Poincaré inequality:
1 1
vag 1] < | (1= R £+ U VA1), s e opm),

2) For any f € C§,([0,1] x R?) such that mf; = 0 for all t € [0,1], and any h € (0,1], define

1 [1/h]-1
s, =f FXOA Sen=h S fn(Xi): (14)
0 k=0
Then

2€
sup vare[ft],

var[Se| < ————
[5c] Ko n K tef0,1]

€ €
[E[S:]] < = sup Varm[¢t]1/2 sup Varm[ft]l/z+apW(p)(uo,7ro)E sup |V fillps

te[0,1] te[0,1] te[0,1]
S, <h|1l 2
varlSen] < b {1+ T oy ) Sub vanl il
h
EM“LWWM]WWMW%&WWMMWW%
K 0,1 te[0,1] 1 — e Khie te[0,1]

where vy, given in Lemma 1/, is a constant depending only on €, p, K, d, supe(o.1y 0@ ||, supsepo 17 127
and
WO o, m0) = _int [ (Ll v 1) o - yln(de,dy),
Y€ (po,m0) JR24d

where T'(po, o) is the set of all couplings of po and 7.
Proof. See section 2. O

Remark 2. See section 3.1.2 for discussion of the assumption in Theorem 1 that f is twice continuously
differentiable w.r.t. x.

So far in section 1.5, the dimension d has been regarded as a constant. Our next task is to explicitly
quantify the dependence on d of the variance and bias bounds in Theorem 1. We are particularly interested
in growth which is at most polynomial in d. Pursuant to this, in the remainder of section 1.5.1 we adopt the
perspective that d is an independent parameter on which various quantities may possibly depend, including
h, € and the quantities in hypothesis (A7) below, which we shall verify for an example in section 1.6. The
phrasing of this hypothesis in terms of asymptotic behaviour as d — oo is chosen for convenience, to achieve
a balance between precision and ease of presentation in Corollary 3 of Theorem 1 below, its proof and
application.



(A7) (Polynomial dependence on dimension) For a given p > 1, and for each d € N a given o € P?P(R%),
K satisfying (13), and f e C§,([0, 1], xRR?), there exists a constant ¢ > 0 independent of d such that,
as d — o0,
W® (g, m0) v sup |Vfi|, v K~ v Kyt v L v sup [z]]? = O(d?),
te[0,1] te[0,1]

and
1o (V) = (™).

Corollary 3. Assume that the p, po, Ko and f in Theorem 1 satisfy (A7), and let q be as in the latter. If

€
— sup |owz;| = O(1),
T s 1ol = 0

as d — oo, then

var[S.] = O <K AGKO rl(d)> : [E[S]| = O (%rz(d) + %‘s(d)) ;
wanlSoal = 0 (1|14 i [ @) B8 = 0 (o) + (@)
where

- (d) — d4q+2p(q+1)+17 T‘g(d) — d?q/4+3pq+3p/2+l/2, T3(d) — d2q+pq+p'

Proof. See section 2. O

1.5.2 A central limit theorem in the high-dimensional regime

The expressions in Corollary 3 suggest that the behaviour of var[S. ] and |E[Sc ]| as € — 0 depends on the
scaling relationship between ¢ and h. We now introduce a parameter ¢ > 0 to delineate two cases.

(A8) (¢-dependent scaling of h with ¢)
1. In the case £ = 0, we assume h(e) = O(e) for an arbitrary ¢ > 1.
2. In the case ¢ > 0, we set h(e) = le

Throughout the remainder of section 1.5.2, the value of ¢ > 0 should be regarded as being chosen indepen-
dently, and (AR) is assumed to hold.

To state our next main result we need to introduce some further notation. For each s € [0,1] and € > 0,
let (Y;>);er+ be the solution of:

t t

Y=y ! J VU, (Y")du + v2e 1 J dBu,
0 0

where Y;¢ is an Fy-measurable random variable with distribution ms. Then writing Lo (7s) for the collection

of all real-valued functions that are square-integrable with respect to ms, standard results for stationary

reversible Markov processes and Markov chains ensure that for any s € [0,1] and fs € La(my), the following

limits exist:

1
So(s) = lirr(l)var [6_1/2f fS(YtS’e)ds] )
0

[1/h]—1
co(s) := lim var | e V/2h(e) Z fs(Y591, £>0.
- k=0

With Q3 (f)(y) == E[f(Y,"H)|YS"' = y] and L, f = —(VU,, Vf)+ Af, it is well known that the following
bounds, in terms of La(m) spectral gaps and constant K from (A4), hold:



Gap(Ls)~ !, (=0,
ce(s) < 2varyg[fs] - ap(£.) 1
(Gap(Q;)~",  £>0,
and ) I
Gap(L,) > K, Gap(Q))~' > %

Indeed Gap(Ls) = K is a direct consequence of the standard Poincaré inequality for the strongly log-concave
distribution 7s. These bounds suggest that under hypotheses such as (A7), for each s € [0, 1], fluctuations
of the additive functionals S(l) [s(Y7)ds and h(e) Y}~ 1/ h)= fs( Y, €) associated with the time-homogeneous
process (Y,"),er+ could possibly be controlled by choosmg €' to be polynomial in d. Our next main
result, Theorem 4, establishes that a similar phenomenon holds for additive functionals associated with
time-inhomogeneous process (Xf)eq0,1]-

Under our assumptions, for any £ = 0, s — ¢;(s) can be shown to be integrable (see the proof of Lemma
53), and therefore

1
0'2 = s)as
7 JO se(s)d (15)

is well-defined. In the context of Theorem 4 below, it is important to note that ¢, and o7 depend on the
dimension d, but this dependence is not shown in the notation.

Theorem 4. Fiz p > 1 and for each d € N, fiz a function f € CY,([0,1] x R?) such that for each t € [0,1]

7.ft = 0, and a probability measure pg € P?P(RY) and a constant KO > 0 satisfying (13). Assume that (A7)
holds and assume addtionally that for each ¢ = 0, sup, 1/¢(t) and sup, |0 fi|, grow at most polynomially
fast as d — oo. Then for any ¢ = 0 there exists a > 0 such that with €(d) = O(d~*) and d — h(d) such that
(A8) holds,

lim ‘V&I‘ [E(d)ilpse(d),h(d) — 0’%:” =0,

d—0

[() Y2 Se(a) h(d/\/7 } )‘=0,

where Scp, is as in Theorem 1, and ® is the standard Gaussian c.d.f.

and

lim sup
d—0 yeR

Proof. See section 5. O

Remark 5. It is in principle possible to calculate quantitative bounds on the rates of convergence in Theorem
4, by agreggation of various bounds found in our proof. We do not pursue this here due to a lack of space
and the limited interest of such bounds in practice.

Remark 6. Note that compared to Theorem 1, Theorem 4 requires additional assumptions that s — fs(x)
is continuously differentiable for any € R?. This condition is required in order to obtain explicit control on
the error in Rieman sums involved in our calculations, and could be relaxed easily to Holder continuity, at
the expense of additional notation.

Remark 7. As an aside, it is natural to investigate the impact of £ on the asymptotic variance o7. Theorem 35
establishes that Uf is a non-decreasing functions of £. This result can be understood as being a generalisation
of [16, Theorem 3.3], an important fact in the area of discrete time Markov chain Monte Carlo methods,
concerned with “thinning” in the context of ergodic averages.

Remark 8. By inspecting the proofs in section 5, one can check that similar statements hold in the fixed
dimension case, that is with d € N held constant and h(e) as in (A8),

P [5_1/2Se,h(e)/1/05 < w] — @(w)’ = 0.

lim ’V&I‘ [e_l/QSQh(E) - 03” =0, lim sup
e—0 €00 R




1.5.3 Discretization of the process

One typically resorts to simulating some approximation to the diffusion (Xf);c[0,1] involving discretization in
order to obtain a practical approximation to Se or Sc j,. There are many possible approaches to discretization
of diffusions and it is not our objective to investigate or discuss their relative merits. Instead, we consider
a simple Euler-Maruyama discretization scheme, since it is a generally applicable method whose practical
computational cost is easy to assess and whose approximation properties can be quite directly analyzed.

We present next a general purpose lemma which allows control of moments of functions on the path space
of one diffusion in terms of those of another, which we shall subsequently apply to the Euler-Maruyama
discretization scheme.

Let E be the Polish space of continuous functions z : t € [0,1] — 2z € R? endowed with the metric
p(2,2) = supse(o1] Izt — Zt[, and let B(E) be its Borel o-algebra.

Lemma 9. For any (E,B(E))-valued random elements X, X, any measurable function ¢ : (E,B(E)) —
(R, B(R)), and any p,q,r € [1,+m0) such that 1/q+ 1/r =1,

sup [PLo(X) < o] = Plp(X) < ]| < 12— Bl

ceR

Ellp(X)P]"7 < EleQOPT + l1u = Bl {ELe(X)P 1 + Ellp(X) 717}

where
w(A) =P[X e A]l, Ji(A)=P[XeA], AcB(E).

Proof. See section 2. O

For ¢ > 0 and h e (0,1], let X" = ()?f’h)te[oyl] be the solution of
N t ¢
XM= X6 — e*lf VU (XeM)ds + \/2671J dB,, (16)
0 0

where X§ is the same Fp-measurable random variable with distribution po as in (1), and the following
short-hand notation is used:

[1/h]—1

VU(X") = Y VU (X3 T, e 1) (8)- (17)
k=0

In practice, one does not simulate the entire trajectory ()?f’h)te[o,l] but rather the skeleton ()?E’hh)k:o 111111 [1/h]—1-
The point of writing (16)-(17) is to highlight that the term +/2e~1 Sé dB; is common to both (16) and (1) so
that the laws of (X{)sc[0,1] and ()N(f ’h)te[o,l] are mutually absolutely continuous. Via Girsanov’s theorem and
Pinsker’s inequality, Dalalyan [8] when studying a time-homogeneous process used this fact to estimate the
total variation distance between the time-marginal distributions of a Langevin diffusion and its discretization,
analogous in the present context to the distributions of say X{ and Xf’h. However, this Girsanov/Pinsker
technique allows one to estimate the total variation distance not only between time-marginal distributions,
but also between the laws of (Xf);e[0,1] and (Xf’h)te[m], i.e. the probability measures

p(A) =P[X e d] FMA) =PX"ecA], AcB(E),

and we shall exploit that fact in the application of Lemma 9 in Section 1.6 to transfer the distributional
convergence in Theorem 4 to the discretized process. In particular, Proposition 10 together with standard
Foster-Lyapunov techniques will be applied to control the terms in the bounds of Lemma 9.

Proposition 10. For any q = 0, if
M2y LAy K= v sup |dat 2 = O(d”), (V) = O(d™*), (18)
t

h L? h
hvev %= o(1), €d= o(1),

€
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as d — oo, then

~e h
I = i = O () a1 ]
€

Proof. See section 8.2. O

1.6 Example: Marginal likelihood computation for logistic regression
1.6.1 Model specification and verification of assumptions

Consider observations Yi,...,Y,, each valued in {0, 1}, covariate vectors ci,...,c,, each valued in R?, and
an unknown parameter vector € R?. The observations are modelled as conditionally independent given
the covariates and x, with the conditional probability of {Y; = 1} being g;(z) = 1/(1 + ¢=®¢?). In a
Bayesian approach to statistical inference we place an isotropic Gaussian prior distribution over the unknown
parameter x, with covariance matrix I;/52. The posterior density over = has density on R¢ proportional to:

L 2
exXp {yTOZC — Z log(l + 6<LE,C¢>) o H2'r’0v‘-|2 } 7

i=1

with the vector 3 := (y1,...,%m)’ and matrix C' whose ith row is c;.
Let the functions (Ut)se[0,17 be given by

Ui(z) = —ty" Cx +t Z log(1 + e<x’ci>) + %7 (19)
i=1

Then the distributions 7y and 7y specified by Uy and U; are respectively the prior and posterior. Evaluating
the “marginal likelihood” Z; = {,, exp{—Ui(x)}dz allows one to assess the quality of model fit.
We shall now verify assumptions (A1)-(A6). We have

T - x 2 . Id
VU, (z) = —ty7C + t;lcigi($) + =5 VU, (z) = tZ oi(@){1 — oi@)}eic] + =5. (20)
BUs(z) m
T =) Cijeincioi(x){1 — 0 1—20; 21
0x;0x,0x, ;1030 kCie0i(){ oi(z)H{ 0i()} (21)

where c¢;; is the jth element of c;.
By inspection of (19)-(20), (A1) holds with py = 1. By considering the spectral norm of VU, one
obtains

up IVU(x) — VU (y)| < (0.25mA +62) |z -y,
te[0,1

where Amax is the largest eigenvalue of m™1 Y. | ¢;el’, and with

= y"Cll + 3 leil. (22)
i=1
we have
IVU()] < (€ v &)@ +]al),  [VU(x) = VUs(y)] < EJt - 5.
So for the constants appearing in (A2)-(A5) one make take
1 1 1
K== L=(02mht =) v(Ev=), M=¢ (23)

(A6) is satisfied by inspection of (21).

11



1.6.2 Dimension dependence of the error

Let us now discuss application of Theorems 1 and 4. Observe from (19) that we have

0:U(x) = —yT Cx + Z log(1 + e<m’ci>), (24)
i=1
and define
[1/h]—1 P
Acpi=—h o.U, )?eﬁh‘ —log 2L
h l;@ Ut ( kh)t:kh 8 7

where ()?f’h)te[oyl] is as in (16).
Consider the following condition:

(A9) (Polynomial dependence on dimension for logistic regression) There exists ¢ > 0 such that:
o 1 /4
g Vv O.25m/\max + =5 Vv 5 = O(dq )
o

as d — o0.

In the proof of the following proposition, (A9) allows us to verify (A7), apply Corollary 3 and Theorem
4 with
ft = —3tUt + Wt(atUt), (25)

and Proposition 10 and Lemma 9.
Proposition 11. Assume that pg = mo and that (A9) holds for some given q.
1) If

h

€2

hve=o(l), A3 dT1t3 = O(1) (26)

as d — oo, then

B YA
E[|Acn|] = O (\/WJF [_2] Jola+D/A | hd5q+2> .
€
2) If
d m 971
. 9 ' - o
o’ ;1 “R ) lzl(y alz)ley 621 M(dx)} (27)
grows at most polynomially fast as d — oo, where l(y; x) is the log-likelihood:

l(y;z) = —yTCx + Z log(1 + &),

i=1

then for any ¢ > 2, there exists a > 0 such that with e = O(d~*) and h = €°,

lim sup
d—0 yeR

P [dd)*/ﬂdd),h(d)/«/ag < w] - ®<w>] —0,

where o} is as in (15) with f; as in (25).

Proof. See section 2. O
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2 Proofs for section 1

Proof of Theorem 1. Write Py, f(z) = E[f(X;)|Xo = ] so that uf = uoPo,. For part 1) note that by

Lemma 22 applied with v = py,

var, [ f] < [(1 - 6_2Kt/6)% +e _2Kt/€K ] (HVfH )

1

< UV, e CYRY,

and then by Cauchy-Schwartz and Lemma 23 applied with s, (u) = Ko A K,

[EL(fs(X5) = s fs) (fe(X7) — pifo)]| [fs]mvam [Pecfi]'?

< v
S va [fs] VaI’HE [ft]l/Qe_(KO/\K)(t—s)/e'

Therefore, for part 2),

van[$ l(f fux uiftdt>2]

—2E [ L J (f2(XE) = W f)(fulXE) — uift)dtdS]

1ol
< 2sup vary: [ft]J f e~ HEonK)(t=9)/e gy
t 0 Js

< g0 g SUP VA [fe].
Similarly,
[1/h]—1 ?
var[Sen] =E | | h Z Sien(Xin) = tien fen
[1/h [1/h]—
Z varye [ frn] + 2h° Z Z varye [ fin]' 2var#ekh[th,jhfjh]l/2
k=0 j>k
[1/h]—1
< | h+202 Z Ze (Kon K)(G=k)h/e SUp var; <[ ft]
k=0 j>k

2
<h (1 + W) Sl:pvarui [f:]-

For the bias bounds, we have by Lemmas 26 and 24,

[ELfe (X = |roPo,e fi|
< |moPoefr — mifel + (1o — m0) Po,t fi
< sup varg, [d)s]lpvar,,t [ft]1/2£(1 _ e—Kt/E)
s€[0,t] K

+ |V fell, WP (0, mo)e ™K.

Therefore

t
€ — €
[E[S.]| < sup varr, (6] /2 sup vars, [fe]Y =t a, W) (uo,Wo)f e KUedt sup [V fil»
0

€ €
= sup varr, [6¢] "/ *vary, [ft]mg + W% (11, m0) Sup IV fellp,

K
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and

[1/h]-1
E[ <h Z E[frn (Xin)]l

[1/h]-
Supvarm[d)t]/ supvarﬂ_t[ft] /Qih Z [ efth/e]
K k=0
[1/h]-1
+ i sup |V fel AW @ (o, mo) - Y e e
! k=0

1/2 12 € _wh )
< supvarr, (6] sup varr, £l 4 + sup IV felo T— = W™ (0, m0).-

Proof of Corollary 3. Let us first obtain upper bounds on:
supvaty[fil, - supvarr[¢,]  supvarr[fi],

By part 1) of Theorem 1, Lemma 14, Lemma 70 and (A7),

pi(IV£e]?)

Sup var,e < su
1p s [ ft] P

sgpui(ff@p) sup |V £il?

te[0,1]
3a2p 2p 2
S KA [1+ po(V7)] sup IV fel,

= O(d? g2rla+1) ga+1 d7)
= O(dtar2rlat )1y,

<
K/\KO

By Remark 21, (A3), Lemma 71 with there p = 1, and (A7),
1 3L? _
supvary, [¢¢] < — sup m(|VU;|?) < == supm(V) = O(d32d7Y) = O(d>V?+1).
t K t K t
Lastly, sup, vary, [ f:] can be similarly controlled using Remark 21, (A7) and Lemma 71, to give
1
sup vary, [fi] < — sup m(V?) sup HVftH2 O(dldPd*+2P) = O(da+PB3+2a)),
te[0,1] te[0,1] te[0,1]

Using the above estimates, we have from the expressions in Theorem 1 and Lemma 70,

var[S.] = O (

[E[S]| =

€
Ko/\K

€ 5q/4+1/2 jq/2+p(3+2q)/2 p(a+1) 70 € 1q
(Kd d - dDdr=d )

d4q+2p(q+1)+1 >

(id7q/4+3pq+3p/2+1/2 + id2q+pq+p> )
K

Similarly,

— 2 4q+2p(g+1)+1
var[Sep] = O (h (1 + W) d

_ € J7q/443pq+3p/2+1/2 h 2q+pg+p
IE[Ses]l = O (—Kd e .

14



Proof of Lemma 9. The first inequality is an immediate consequence of the definition of the total variation
distance. For the second inequality, since E is Polish there exists a maximal coupling of X, X, [26, Ch.
I, Sec. 5, p. 18], that is a probability space (2, F,P) on which are defined two (FE, B(E))-valued random

elements Z, Z such that
P[Ze Al = u(4), P[ZeA]=Q(4), AeB(E),

P[Z # Z] = | — il ev-
With expectation w.r.t. P denoted by E, we then have, using Holder’s inequality,

E[p(X)P]7 = E[le(2)F])" .
< E[@(2)]P1' + E[l0(2) *Nw(Z)Nlp]l/p
= E[lp(X)P]"? + E[I{Z #* Z31e(2) —NSD(Z)l”]l/p
< Elle(X)P1V? + P[Z # Z]ME[lp(2) — o(2)]"]VP"
< B[P + | = il {Elle (P17 + Bllp(R)r) e}
O
Lemma 12. If (A9) holds for some given q, then f; taken to be
ft(I) = —(3tUt(x) + Wt(atUt), (28)

and K, L, M as in (23) satisfy

sup |[Vfi|i v K=t v L* v M? v sup |z}||* v sup |0z} | = O(d9),
te[0,1] t ¢

and o as in (2) with Uy as in (19) satisfies
mo(V) = 0(d™),
as d — 0.

Proof. By Lemma 68, (23) and (A9),

* * M ~
sup |2y} | v sup 7] < = = €57 = O(d"?).

This fact together with K1 = 52 = O(d?*) by (A9) validates an application of Lemma 71 with there p = 1
to give
mo(V) = O(d*™).

Once more using (A9),

sup [V il < [y Cll+ 3 leill = € = O@@”).
i=1
The proof is complete since (A9) directly implies that L* = (0.25mAmax + 6 2)* v (€ v 572)* = O(d?) and
M = ¢ =0(d*). O
Proof of Proposition 11. For part 1), using Lemma 66 and Lemma 9, we have

E[|Acnl]l < Ti(e, h) + Ta(h),

where
Ti(e,h) = E[Senl] + I — 512 {ENScalPTY2 + B[S0 22} (29)
[1/h]—1 1
Tg(h) = |h Z Fkh(atUt|t:kh) —J Wt(atUt)dt 5 (30)
k=0 0

15



Se,n 1s as in (14) with (28), and §67h is defined by replacing Xj, in Sc ; with )Z';h

We shall estimate Tj(e, h) using Corollary 3. To this end, note that Lemma 12 implies that (A7) is
satisfied with there p = 1; po = 7 hence Ky = K, see Remark 21; and f as in (28). Also by Lemma
12, K~' = O(d9) and sup, |0:z7|| = O(d??), so the hypothesis of the proposition ed”¥™? = O(1) implies
esup, |0z} | /K = O(1). Therefore the hypotheses of Corollary 3 are satisfied, giving:

E[|Scnl]? < E[|Scnl*] = var[Sea] + E[Sc.]?

-0 <h [1 + H#Kh/] ri(d) + [%@(d) + ﬁm(d)r) , (31)

where
ri(d) = d%3, ry(d) = dM0VH2 rg(d) = @ (32)
Now (A9) implies that K = =2 = O(d%*), which combined with the hypotheses of the proposition € =
o(1) and £ d39/2+* = O(1) implies Kh/e = o(1). Using this and the facts that by Lemma 12, K~! = O(d?),
and that the hypothesis of the proposition ed”*3 = O(1) implies ed’¥/?*! = O(1), it follows from (31) and
(32) that

E1151] < B[IS.a7]* = O (\/ [+ 2] (@ + [ ra@ v r3<d>}]2>

- <\/—r1 —Tg(d)]2>

<\/€d7q+3 N 62dzgq/2+4)

(\/€d7q+3(1 + 6dgq/2+1))

- 0 (Ved ).

0
=0

For the second term in T (e, h), first note that by Lemma 12, L?/K = O(d3‘1/2), which combined with the
hypotheses of the proposition € = o(1) and %d%4/2*!1 = O(1) implies ZA = o(1) and hd/e = O(1). These
facts combined with Lemma 12 validate an apphcatlon of Proposition 10 to give

€ ~¢.h 1/2 h 4q+1 1/4
I =2 =0 | . (3)

Lemma 12 and (26) also validate an application of Lemma 65 to give

|1/R]—1
E[|Senl*"* < sup |17 K> <1+E[|X;;f|2]>=0(sup |f3|1/2{ed2q“+hdq“+dq}>, (34)
k=0 ¢

)

where

I < 3sup s f(|)|) VT

|0 U ()] 5
<¢§{sgp—1+|x| LAY (35)
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|0:U ()]
[0:U¢]1 < 3sup ———=
o 14|z

log(1 + ell=llied

d
<3|y*C| +3
ly" C i;sgp T+ o

log2 + ||z |lci]

d
< 3llyTC| + 3

i=1 *
d
< 3|y*C| + 3dlog2 + 3 Z il
i=1
=0(d+9), (36)
and by Lemma 71,

sup (V) = O(d*). (37)
te[0,1]

Combining (31)-(37) and using the hypotheses of the proposition € = o(1) and h = o(1), we find

E[|§€1h|2]1/2 -0 ({(d + {)dq+l}{ed2q+1 + hddt?! + dq})
=0 (d{d(d + &) + ed" + hd + 1})
=0 (dq+2 + dq+1§) )

Collecting the above estimates for E[|Scp|], 1€ — A" 12, B[|Se.n|2]Y2, E[|Sc.|?]¥2, returning to (29) and

tv

using that & = O(d?*) by (A9) and the hypothesis of the proposition ed”*3 = O(1), we have established

L 1/4
Ty(e,h) = O (\/ed7q+3 + —2d4q+1] | Vedrats 4 art? ¢ dq+1§]>
€

1/4
=0 (\/W—i— %d4q+1] [dq+2 + d5q/4+1]>
€

A
=0 <Ved7q+3 + %] dg(‘”l)/"‘) :
€

To estimate T»(h), an application of Lemma 63 with therep =1, f; = =0,U;, 6 =1, Ry =1,Cy =M =¢
as in (22) and K = 62 as in (23), followed by Lemma 12 and Lemma 63, gives:

[1/h]—1 1
N M =
To(h) = |h Z Ten (OeU) ,—in) L 7 (0,Uy)dt| < hPay (M v s1t1p HVﬁtUtﬂl) 1+ 7= teS[l(l)pl] V(x})
k=0 5
-0 (hd2q+1 [1 4 dPIPHLT 4 dq])
= O (hd™*?). (38)

For part 2), first regard € and h as fixed. Noting

N [1/h]-1 1
Aé,h = Séyh — h Z th(atUt|t:kh) — J Wt(atUt)dt 5
0

k=0

and using the fact, established in the proof of Proposition 38, that for any two random variables Z; and Z;
and any § > 0,

sup |P[Z1 + Zy < w] — ®(w)| < sup [P[Z) < w] — ®(w)| + P[|Z2| > 5] + (27) V30,

weR weR
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we have

s <] o<

su € 1/255 4/02<w]®w’ 39
’u7€pR weR |: 1h/ 0 ( ) ( )
+ sup |P | e 1/256 o2 < w] —P |:€1/2§€ o? < w” 40

wep [ 7h/\/ 0 ,h/ \V %0 ( )

+I[eV2[To(h)| /A /03 > 6] + (2m) 7126 (41)

Now let €(d) and h(d) be dependent on d as in the statement of part 2) of the proposition. Note that this
places us in the case £ = 0 in (AS8).
To show that the term on the right of the inequality in (39) converges to zero as d — 00, let us check the
hypotheses of Theorem 4 in the case £ = 0. We have already established that (A7) is satisfied with there
p = 1, so it remains to check that sup, ||0:f¢||1 and sup, 1/¢(¢t) grow at most polynomially fast as d — oo,
where f; is as in (24).
For sup, ||0¢ft|l1, note that f; as in (24) does not depend on ¢ and it is straightforward to check that
Oufi(w) = —varg, [0,U;] for all z, so sup, |0:fill1 < sup, m[(0:Ur)?] < sup, m(V?)|6,Uy |2, which grows at
most polynormially fast as d — o0 by Lemma 71 and (36).
For sup, 1/5(t), let us verify the hypotheses of Lemma 73 hold, i.e. that sup, || £, fs lp+1/2 and supyeo 17 1/vary, [ fi]

grow at most polynomially fast as d — 0. For the former, we have |Lyfs| < |VU||Vfs] + |Afsl,
and by (A3) and Lemma 12, [VU|p < L = O(d*); also by Lemma 12, sup, |V fs|i = O(d?), and

@ = =2 coi(@)[1 — ei(x)], hence |[Af| < 2" [ef® < € = O(d%*) by (A9). Therefore indeed

2
sup, HLSfSHpH/Q grows at most polynomially fast as d — o0. By Lemma 69, vary, [f;] > L1 Z?;l Tt ((%Ut g—gj) ,

i (evget) =t [ 10s2) (i 615 (i — aule)) j—) dr,

so that under the hypothesis of the proposition that (27) grows no faster than polynomially, we have by
Lemma 73 that sup, 1/¢y(t) grows no faster than polynomially. Hence the term on the right of the inequality
in (39) indeed converges to zero as d — .

By Lemma 9, Lemma 12 and Proposition 10, the term in (40) converges to zero as d — oo thanks to the
assumed scaling h = € for some ¢ > 2 and € = O(d~*) for a > 0 large enough.

By (38), € /2|Ty(h)| = O(e /?hd>?*2?) and we have already established that sup, 1/<(t) grows at most
polynomially fast with d, hence the same is true of 1/ \/078 . Therefore increasing a in € = O(d~%) if necessary,
and then choosing § in (41) to go to zero suitably slowly as d — oo, the two terms in (41) tend to zero as
d — 0.

We have shown that all the terms on the right of the inequality in (39)-(41) converge to zero as d — o0,
and that completes the proof of the proposition.

and

O
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3 Poincaré inequalities, variance and bias decay for the inhomo-
geneous Langevin diffusion

Throughout section 3, € > 0 is a fixed constant.

3.1 Preliminaries about the process
3.1.1 Existence and Lipschitz continuity with respect to initial conditions

Let (Bt)se[0,1] be d-dimensional Brownian motion. Under (A2), (A3) and (A5), for each s € [0, 1] there exists
a strong solution to:

t t
X7, = —eflf VUL (X7, )du + \/26_1f dB., te[s1]. (42)

pathwise uniqueness holds, see for example [11, Thm. 2.9, p.190], [23, Thm 3.4, p. 71] or [17, Thm. 4, p.
402], and the solution is non-explosive [23, p. 75]. Moreover, as noted by [24, Thm. 2.2, Ch. 2, p. 211], we
can work with a version of X7, which is continuous in s, ¢,z almost surely, and satisfies (42) for all s,t,x,
almost surely.

Throughout section 3, we take:

Ps,tf(x) = E[f(X;E,t)]u Etf = _6_1 <VUt, Vf> + 6_1Af,

with the dependence on e suppressed from the notation.
We shall make extensive use of the following observation, noted in the time-homogeneous case by [5].

Lemma 13. Almost surely, the following holds for all x,y and s < t,
| X2 = X2 < e KOz —y).
Proof. Tto’s lemma gives
ezK(t_s)/EHX;t - Xéy,tH2
= |z - y|?

t
2 f (K|XZ, — XY, |* = {(VUXE,) — VUL(XY,), X2, — XY, ) e2K9)/eqy,

S

and by Lemma 67, (A4) is equivalent to

(VU(x) = VU(y),z —y) > Kz —y|?, Va,y.

3.1.2 Drift, regularity and validity of forward and backward equations
Lemma 14. For any p = 1 and k € (0, Kp) define:

§ = € (Kp-—r),

2
ro= me sup [dwi] 4 [T5e sup G+ 20200 — 1) + d]

K te(0,1) K te(0,1) k
20p—1) +d
b = 2pr?P7 1| sup HatI:HJFM ’
te(0,1) er
b
ap = 2%y (1422 (2 (14227 sup 27?7 ).
) te[0,1]
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Then the following hold:

oV () + LV (x) < =6V () + b I{ [z — 27| < r}, (43)
t t
E [J Vf(X;u)du] = J P, VP (x)du < 40, (44)
b

P, VP (z) < e EOVP(z) + 5(1 — 009, (45)
supE [1+ | X2, [*] < ap(1 + ||2]?). (46)
s<t

Proof. See section 4.1. O

Proposition 15 establishes regularity properties which are used in rigorously establishing the validity of
the forward and backward equations in Proposition 16 and various manipulations in section 3.2. Although
the topic of differentiability and other regularity properties of z — Ps . f(z) as in (47) is classical, we were
not able to find in the literature results which give us exactly the conclusions we need under our assumptions,
in particular allowing for time-inhomogeneity of Ps;f(x), and for f(z) and VU;(z) to be unbounded in z.
The proof of Proposition 15 which we provide in section 4.3 to make the paper self-contained, does not
exploit the elipticity of (42), which is why f is taken to be ¢-times differentiable on the left hand side of the
implication in (47). This differentiability requirement propagates through our results, e.g., explaining why
f is assumed twice differentiable in z in part 2) of Theorem 1. This restriction might be removed if existing
results for elliptic diffusions, see for instance [0, Sec. 1.5, p.48], could be generalized to our setup, but that
seems to involve a large amount of extra work which would further lengthen this paper.

Proposition 15. For any given p > 1,

feCPRY) = x— P f(x) € CE(RY), Vs<t q=12, (47)
Feor,([0.1] x B (t,2) = [0uf(@)] + Lo fula)| € CEGM([0,1] x RY), (48)
L2 (5,2) = LoPsofix) € ChY([0,1] x RY), V.
Proof. See section 4.2. O

Proposition 16. For any p > 1, f € C7,([0,1] x R%) and v e PPH2(R?) | the following equalities hold:

OwPs i ft = vPs 4 (Ocfe + Lo ft), (49)
asPs,tft(x) = _EsPs,tft(:E)u VLL', (50)

and for any fized t, the map (s,z) — Py, fi(x) is a member of Cf;l/z([o, 1] x R%).
Proof. See section 4.3. O

Before closing section 3.1, it is opportunte to discuss the derivation of the expectation formulae in (7)-(8)
(see also Lemma 66 for the thermodynamic integration identity). Define

T,.f(z) =E [f(xgﬁt) exp { f auUu(X;u)du}] .

To rigorously derive the path-integral representations of Z;/Zy and 71 (f) in (7)-(8) (note that we have
already proved the first equality in (7) by Lemma 66 ), it is sufficient to verify the hypotheses on T, f of
Lemma 17 below. Although we have not found an explicit verification of these hypotheses in the literature
under exactly our assumptions (A1)-(5), we believe they are approachable using techniques similar to those
in the proofs of Propositions 15 and 16. For example, a direct application of [17, Thm 2, p. 415] would
require boundedness |0;Uy(+)|, but this condition seems not to be essential for the proof technique used there
to work. A comprehensive account of the details would be very lengthy but not particularly interesting, and
since we have already proved Lemma 66 and none of our main results actually rely on (51), we do not pursue
this matter further.
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Lemma 17. Suppose that for any p > 1 and f € C5(R?) there exists ¢ = 0 such that for any t, (s,x) —
Tsif(x) is a member of Cf}‘?([o, 1] x R%), and

O0sTs i f(x) = —LsTs o f(x) + Tsof (x) - 0sUs(x), Va.

Then P Ty f
1 molo,1
— =molp11l = =, 51
Z ToLo,11L, 7T1(f) moTpal ( )
Proof. We shall prove
0
_Zs sTs = 07
0s 5Tt
which implies
Z
7Ts stf__tﬂ-tfu V8<t7

Z
and in turn (51).

We have

0uZamiTof = aj exp[—Us(a)]Te o f (x)d
— [ aU(@) exp[-U(@)| T f()de

]Rd
- L«d exp|—Us(@)][Ls Tt f(x) — Ts,o f (2)0sUs ()] da
=0,

where the interchange of differentiation and integration is justified by arguments similar to those in the proof
of Lemma 66, using (A(1)), (A(2)), (A(4)), the assumption of the lemma and Lemma (14); and the final
equality holds since m, LT+ f = 0. |

3.2 Poincaré inequalities, variance and bias bounds
3.2.1 The commutation relation

Lemma 18. For anyp =1, f € C5(RY), and s < t
VP, fll < e ®U9ep, |V . (52)
Proof. By the mean value theorem,
FXZ) = F(XL) =VAZ3), XE = XY,

for some Z7Y on the line segment between X7, and X!,. By Cauchy-Schwarz and Lemma 13,

F(X2) = F(XED < IVFZIDNIXE = X2 < IVAZ3D e o~y

hence
|Poif(x) = Poef(y)l SE[IF(XZ,) — FXUD SE[IVAZE)] e Kz —y). (53)

Now pick any v € R? such that |v| = 1 and set y(n) :=  + Lv. Our next step is to use dominated
convergence to show:

lim E[[VF(Z7 ™) | = E[IVA(x2)]]. (54)

Using Lemma 13, Z ’y(") — X7, as., hence |V f(Z/ n))H — |Vf(XZ,)|l, as. By the assumption f €
CT(R?), there exists a constant c<w such that

IVA(ZI)] < e+ 1Z57)177),
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and using the convexity of a — a2,

IVAZ)) < e 22t (1250 - x4 X)) |
< c[1+22p L xym — X;t|2p+22pfl\|xgt|\2p]
< c[1+22p IHUC_ (n)|\2pe_2pK(t_s)/€+22”_1\|X§t\|2p]
< c[ 22p71872pK(t75)/€+22p71HXSz.tH2p:|.

Therefore
E [sup IVf(Zey ”>)|] <14 2%t/ 9% IR [ X2, 127] | < oo,
using Lemma 14 for the final inequality. Thus we have proved that indeed (54) holds.

As f e CY(RY), (47) implies VP, f(z) exists and is continuous in z. Since z — y(n) = v/n, we have for
some z(n) between y(n) and =,

Pof () = Po () = (VP f((00),0)

so by the continuity of VPs;f we then obtain from (53) and (54):

(Paf@). 0] = i T O < P, (19 )

Taking v = VP, f(x)/|VPs . f(x)| completes the proof. O
Remark 19. It can be shown that in fact the strong log-concavity assumption (A4) is necessary for the
statement of Lemma 18 to hold. Indeed, when that statement does hold, the same line of argument as [25,

Lem. 1.2 or 1.3] shows that the Bakry—Emery criterion holds for U; with constant K, uniformly in ¢, i.e. for
all f e CY(RY),

inf (VOU,- VLV )+ VO flhs = K|V
te[0,1]

So for an arbitrary v = (vi,...,vq) € R% choosing f(z) = Zf;l vir; gives Vf = v and [V f|3 4 =0,
hence
inf (VAU ~v,v> > K|v|?,
te[0,1]

which is exactly (A4).

3.2.2 Poincaré inequalties

Lemma 20. For any s <t and f € C5(R?),

Poa(F%) = (P f)* < %(1 — eI PV ). (55)

Proof. Consider t fixed and write g(u,z) = (P,+f(z))?. By Proposition 16, (u,z) — P, +fi(z) is a member
of C’f;l/Q([O 1] xR%),s0 g€ C’2p+1([ 0,1] x R%). We then may apply (49) with v = §, to obtain:

auPs,u [(Pu,tf)Q] = a'u,‘Ps uJu

g9
= Psu Euu
Mesea

= 2Py [(Putf)(LuPurf)] + Psnu [Eu(Pu,tf)2]
25_1Ps,u(|‘vpu,tf”2)
2¢te 2K p (W f]),

N

22



where the penultimate equality is an application of (50), the final equality holds due to the well known Carré
du champ identity: L, (Pytf)? — 2(Putf)(LuPutf) = 2¢ Y|V P, f|? and the inequality is due to Lemma
18 and Jensen’s inequality. Integrating w.r.t. to u from s to ¢ gives (55). O

Remark 21. Tt is well known that under (A4), each m; satisfies a Poincaré inequality with constant K, that
is
1
vary, [f] < gﬂt(\IVfHQ), (56)

for f in some class of suitably smooth functions. We have particular interest in the case f € C5(R?), and
one can verify that indeed (56) holds for that class of functions using Lemma 20; for example considering
7o, assume that U, = Uy for all ¢ € (0,1], so that Ps; becomes time-homogeneous and myFPp; = m. Then
with s = 0, t = 1, integrating (55) w.r.t. 7y gives

vt 1] € vt [Foa /] + (1 — e Ym0 7|7),

and vary,[Po1f] — 0 as ¢ — 0 by standard results for the time-homogeneous Langevin diffusion (a particular
rate of convergence for var,,[Fo1f] — 0 is not need for this computation).

Lemma 22. Fiz p > 1. If for some given v € P*(R?) and constant K, > 0,

van, [f] < 2= v(IVF1),  Vf e CRRY, 67)

v

then for all s < t,

1

1
v (] € (1= 2RO L KO0l | up (VA1) S € O

Proof. Since v € P?P(RY) we are guaranteed v(|Vf[?) < +c0, and using Lemma 14, vPq (| Vf]?) < +o0.
Integrating (55) w.r.t. v gives

VP () = v[(Peuf)?] < %(1 — e RGP (IVFIP).

By Proposition 15, if f € C5(RY) then P, f € C5(R?), so under the hypotheses of the lemma, the inequality
(57) holds with f replaced by Ps . f. This observation, together with Lemma 18 and Jensen’s inequality give:

1 - S)/€
varp, [f] < v [Paf] + (1= e 2RO 0p (VA7)
1 1
< VP ) + (= e WP (19 )
1 1
< EVPs,t(HVfH2)e_2K(t_S)/6+E(lf e 2Ry P L (IV£]7).

3.2.3 Variance bounds

Lemma 23. Fizp > 1 and s < t. If for some given v € P?P(RY) and a strictly positive, continuous function
Kyt uw€ [s,t] — ky(u) € RT,

1

mvPS,u(HVsz% Vf e CH(RY), ue [s,t],

VarVPs,u [f] <

then .
i J /i,,(T)dT] var,p, ,[f], Vfe Cg(Rd), u € [s,t].

u

var,p, , [Puif] < exp[
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Proof. Arguing similarly to the proof of Lemma 20, the map (u, z) — (P, f(x))? is a member of Cisz ([0,1]x
RY) and P, ,f € CY(R?). Applying (49) and (50),

auvarvPs,u [Pu,tf] = 0uVPS,u[(PU,tf)2]

= VPS,uﬁu[(Pu,tf)2] = 20Ps u[(Put f) (Lo Py f))

2
= EVPS,M(HVPu,tfHQ)

Vv

E/i,,(u)var,,ps,u [Putf]

where the inequality holds by the hypothesis of the lemma. With 3(u) := var,p, , [Py, f] we have shown

B(w) > 2 (w)B(u),

€

SO

u — B(u) exp [% Ju HV(T)dT]

S

is a non-decreasing function on [s, t], which implies
2 t
B(u) < B(t) exp [——J KU(T)dT:| ,
€ u

as required. O

3.2.4 Bias bounds

Introduce

W®(v,p) = inf J (L+ [zl v [91%) |2 — yly(de, dy),
~vel'(v,v) Jr2d

where T'(, 7) is the set of all couplings of two probability measures v, 7 on B(R?).

Lemma 24. For anyp > 1, f € C5(R?Y) and v,v € PP(RY),

VP f = PPosf < 0|V flpe™ KU W, 7)
where a, s the constant from Lemma 14, which depends on €, K,p,d, sup, |0ixf| and sup, |z} .

Proof. Pick any x,y € R? and s < t. Then by the mean value theorem there exists a point z on the line
segment between x and y such that,

|Poif () = Ps i f(y)] = KV Pai f(2), 2 = y)l
<|VPerf(2)]]z—yl

e KEP L (IVF) (=) —y)
<V Flpe MV + E[IXE D] —y)
< [V lpe KV + 22 v [yl*] [ — g,

IN

where the second inequality is due to Lemma 18, and the fourth inequality uses Lemma 14 and the fact
|z] < |l=| v |y]. The proof is completed by noting:

WPof — PPosf] < f Pouf(@) — Py f(y)r(de,dy), ¥y e T(v, ).
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Lemma 25. For anyp > 1,
supf || *P 7y (dx) < +o0, (58)
t Jra

and for any f € CH(R?),
dzr < +o0. (59)

J sup
R s

o {20 )

Sl o)

Proof. We have

Zs
= VN, 1P, ) - 2P0
< S0 16 01121 @)+ 12, Pa f )]

Zs
Under (A2) and (A4), for all s € [0,1] and x € R?,

2K

L ny .
) 5 (el e swlail) +swoan,  (©)

inf Uy(af) + (|lo] —nf ) ;

where the infima and suprema are finite, since by Lemma 68, ¢ — |z}|| is continuous on [0, 1], and U(z) is

continous in (t,2) by (A1). It follows from (60) that inf; Z; > 0 and sup, exp[—Us(x)] < exp[—c1|z|? + ¢2]

for some finite constants ci,co > 0, which implies (58). Also, since U € CT%([0, 1] x R?) under (A1), it
)-

follows from (60) and Lemma 66 that (t,2) — ¢;(z) is a member of C§%([0,1] x R%). Since f € CF(R?), it
follows from Proposition 16 that (s,z) — Ps . f(z) is a member of C’f;l/Q([O, 1] x R?) and from Proposition
15 that (s,z) — LsPs . f(z) is a member of 05)31/2([0, 1] x R%). These observations together imply (59). [

Lemma 26. For anyp > 1 and f € C5(R?),

|moPof —mf| < sup varg, [¢5]1/2varm [f]l/Qi(l — eiKt/e).
se[0,1] K

Proof. Write
¢
mf —moPorf = J 0smsPs ¢ fds, (61)
0

and

05775Ps,tf = as [exp[zﬂps,tf(x)] dz
R4 s

ﬂ-s[(bsps,tf] - 7Ts‘csf)s,tf
= _775[(¢s - 7Ts¢s)(PS,tf - 71'sPs,tf)]v
where the first equality is validated by Lemma 25; the second equality holds by the definition of ¢, see (11),

and Proposition 16; and the third equality holds because by Lemma 66 ms¢s = 0, and Ly is the generator of
a Langevin diffusion with invariant distribution 7. Therefore

|657T5Ps,tf|2 < vary, [¢s]var7r3 [Ps,tf]
vary, [¢s]vars, [f]eiﬂqtis)/é

N

where Cauchy-Schwartz and Lemmas 22 and 23 with v = 74 have been applied, noting Remark 21. Plugging
this bound into (61) and integrating completes the proof. O
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4 Proofs and supporting results for section 3

4.1 Proof of Lemma 14
Proof of Lemma 1. We have

p
sl = o (jZlm—w:ﬁ) = 2plle = o 20D (@i )
o lo— a2 = dp(p—1)|o — 27D (s — 21.)2 + 2|z — 27 22D
83:? t PP Mz — 27| (i xt,z) + 2plz — x7||
d
Ofe —af | = ple—ap|?PD2 Z — a7 ;) (—df ;)
= —2plz—a}|?*V (z -z}, dpa})

and via Lemma 67, (A4) implies
K
VUi(@), 2 =) = oo -}

Therefore
—(VU(x), VVP(z)) = =2p|a—ai[?P" D (VU(2), x —x})
< —Kplz — a7,
d
AVP(z) = 4p(p— 1)z — a7 |?P2 Z —a},)? + 2dp|x — a7 7P
= 2p(2(p—1)+4d) Hx*xZHQ(” b,
0,V ()] < 2plo— a7 0wy
< 2ple—ap]?P e

where in the final inequality, ¢ := sup;e(g 1) |02 | is finite by Lemma 68. Combining the above we have
e VY (z)(z) + eLo VY ()
< —EKplo — o7 + 2pllz — 27 >~ [ec + (2(p — 1) + d) [ — 2|7
= —(Kp— )z — 27" = slle — 27 |* + 2pllo — 277" [ec + (2(p — 1) + d) |2 — 277"

2p— 1)+ d
(Kpn>|xx:|2p|xx:|2p<n2p[ e A1) ])
Hx—xtH

|z —a7]?
Hence
0V (x) + LoV (2) < =0llx — 2 2P + bI{|[x — 27| < r},
where
§ = ¢ YKp—rk),
2(p—1
r = supia>0: E—CJruZi )
a a? 2p
2(p—1)+d
b = 2pr¥t [c—i— 7(]9 )+ ] .
er

Solving the quadratic inequality in the expression for r completes the proof of (43).
In the remainder of the proof of the lemma, we write

VP(tx) = VP(x) = |z —af |,
LVP(tx) = o VFP(x)+ LV ().
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Fix s € [0,1] and z € R?. Define Ty, == inf{t > s : | XZ,| > m}, the dependence of T}, on z and s is not
shown in the notation. By non-explosivity of the process, T,, — o, a.s.
By Dynkin’s formula [23, Lem. 3.2, p.72] and (43), for any m such that ||z < m,

Ty AT
E[VP(Tm A t, XS, 11)] + OE [J Vp(u,Xiu)du]

T AL
+0E [J VP(u, X:)u)dul

S S

Ty AT
=VP(s,z) + E [f LVP(u, X7 ,)du

< VP(s,z) + bt — s) < 400,
hence E [Si Vp(u,Xf)u)du] = lim,, E [SSTmAth(u,qu)du] < +00, where the limit exists by monotone

convergence. Also, by Tonelli’s theorem E [SZ VP (u, X;u)du] = Sz P, VP(z)du. This completes the proof of
(44).
Applying Fatou, (43) and (44) we have

E[Vp(t,Xit)] = E[liminf V?(T,, A t,X;TmAt)] < liminf E[VP(T,, A t,X;TmAt)]
T At T AL
liminf < VP(s,z) — 0E J VP(u,X{,)du| +E J bI[[|XT [l < r]du

_ VP(s,z)— OE Ut Vp(u,xgu)du] +E Ut B[ X2, | < r]du] ,

S

IN

hence

¢
P, VFP(z) < VP(z) — 5J P, VP (x)du + b(t — s).

This inequality is solved to give (45).
To establish (46), we have by (45),

LHE[IX507] < 1+ 227 E[VI(XD)] + 2277 7]
b
< 1+227P(2) + 22”*15 + 2271 |y 2P
b
< 2% 7P 4 1 2% 1 2% (L 4 2277 sup [k |*P
4 ue[0,1]
< ap(l+ [z)*P),

where sup,e(o.17 |2 [* is finite since by Lemma 68 ¢ — 7 is continuous on [0,1], and a, is as in the
statement of the Lemma. The proof is complete. O

4.2 Proof and supporting results for Proposition 15
Lemma 27. For any p = 1, and v € PP(R?), the following condition holds:

| e
R

and for any f € C§ ([0,1] x RY), §  E[f(t, XZ,)]v(dz) is continuous in s and t.

sup |X;t|2p1 v(de) < +o0, (62)
te[s,1]

Proof. By assumption sup, |f(t, )| < ¢(14]z]?P), so the assumption v € PP(R?) combined with equation (44)
of Lemma 14 guarantees that E[f(¢, X{,)] is integrable w.r.t. v. As noted in section 3.1, X¢, is continuous
in ¢, a.s., and f is continuous by assumption, so to establish the continuity in ¢ of {,, E[f(t, XZ,)]v(dx) by
an application of dominated convergence, it suffices to show (62). From (42),

1
sup X370 < ol + 7 | VUL Idu+ V2T sup B,
te[s,1] s te[s,1]
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Using (A3), the fact that s € [0,1], Jensen’s inequality, the convexity of a — a?’, and equation (44) of

Lemma 14,
t
[(J IVU.(X |du> 1 < L2p22p‘1EU 1+|X§u|2pdu],

< LR la, (1 + |z)?P). (63)

The integral of (63) with respect to v is finite due to the assumption v € PP(R?). The expected value of

p
is finite by standard results for Brownian motion, e.g. [22, Prob. 3.29 and Rem. 3.30,

Ch. 3, p. 166], and does not depend on z. Therefore (62) holds as required so E[f(¢, X{;)] is continous in
t. The proof of continuity in s is very similar so the details are omitted. |

The following notations are in force throughout the remainder of section 4.2. For a matrix A and vector
b of appropriate sizes we write A o b for the usual matrix vector product. We introduce the shorthands:

. z P 182Ut z 2 [ - 1 aBUt
=— (X34, DF,li, j] = "¢ Omiox; (X3o) DU g k] = € 0w 00wy,

10U,

€ 0x;

stt[’] = (X;C,t)'

Thus FY, is a random vector of length d, and DFY, is a random d x d matrix.
Proposition 28. Write (/2) component-wise as

X7, [i] J ildu + \/26_1J AB.[i], tel[s1], ie{l,....d}. (64)
Then for (i,§,k) e {1,...,d}3 and te

s, 1], the solutions of:

[
¢ lind] = f (DF?,[i], ¢ [ 4] du, (65)

i i k] = f (D2F2 [0 G2 [ K], Gl 1)+ (DF2 ()t g kD du,  (66)
satisfy
lim E [(c:,t[z',j] —n{X2,li] - XU m})Z] =0, with y(n)=xz+n'e (67)
and
i B | (32 ] = {GEalid) - L) | = 0, with y() = o e, (69)

Moreover (5 4[i, j] and 0% (i, j, k] are mean-square continuous in x.

Proof. Under (A2), (A3) and (A6), the existence of random functions ¢7,[4, ] and 7{,[4, j, k] which satisfy
(67)-(68) and are mean-square continuous in z is a direct application of [17, Thm. 2, p. 410]. The fact that
C& 14, 7] and 03 4[i, §, k] satisty (65)-(66), i.e. the equations obtained by formally differentiating in (71), is a
classical fact noted for example by [23, Thm. 5.10, p.166], see also [24, Thm. 3.1, p. 218]. O

Lemma 29.
1) there exists a finite constant c1 such that sup, supgc <i<1 [1€5 |05, < 1, a.s.,
2) for any s <t and f € CY(R?), Ps,f(x) is differentiable in x, the following identity holds:

aPs,tf

o, (x)=E [<Vf(X§,t) ) Cé”,t[-a z]>] ) (69)

and V Ps , f(x) is continuous in x, s and t.
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Lemma 30.
1) there exists a finite constant ca such that sup, suppcs<i<1 175 ¢|m.s. < c2, a.s.
2) for any s <t and f € CY(RY), Py f(x) is twice differentiable in x, the following identity holds:

%P1 f
8:@89@

(2) = E[(V@ F(X2,) 0 ¢, 1,31, Gl i) + E[(VAXE) it i dD] (70)

and VP P, f(x) is continuous in x, s and t.

Proof of Lemma 29. Throughout the proof, ¢ is a finite constant whose value may change on each appearance.
For part 1), it follows from (65) that

2

d t
IC2 a1 < 2+2)) U (DF{,[i], C:,u[-,j]>dU>
i=1 \Ys

d t 2
< 2+22(f |DF;u[-,i1||<;u[-,jJ|du)
i=1 \Js
d t
< 2+20¢-9) [ IDEEL PG A Pdu
i=1vS

t
= 242t ) | IDFL s Gl P

t
< 24t ) j ICE o[- ] P

where the first inequality uses the fact that for any a,be R? ||a + b||> < 2(|la|? + |b]?); the second inequality
uses Cauchy-Schwartz; the third inequality uses Jensen’s inequality; the final inequality uses (A2), and there
c is a finite constant depending on L and e but independent of 7, z. It then follows from Gronwall’s lemma
that

162 7117 < 2exple(t — 5)%],
the r.h.s. of which is a finite constant independent of x and j. The claim of part 1) then holds.
Considering now that s, ¢ are fixed, we de-clutter the notation by writing

X" =X7y, " =(5y
Fix any f € C}(R?), 2 € R? and set y(n) := x + n~'e;. To establish the identity in part 2) we shall show

that
lim Ps)tf(flf) - Ps,tf(y(n)) —E

n—0o0 n—1

[VAXT), CLaDl -

By the mean value theorem, let us introduce a random variable Z*¥(") | valued on the line segment bewteen
X* and X¥() such that:

FIX®) — f(X¥™)) = <Vf(zwvy<">) X7~ Xy<">>, a.s.

Then using Cauchy-Schwartz we have

Ps (%) — Pst(y(n))

CEVA(XT), <w[-,i]>]\

n

- [e[ L2 wsoe )|

= [E[(Tr(zm) = xn), n(xXe = X00) )+ (VX n(X" = X0 = ¢ i) |

< E[1vszm o) - vixn)] " e nxe - xvop] ()
SB[V ()] E [ fn(x7 - X0 - o] (72)
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Consider the first expectation in (71). We have
sup IV f(z25 ™) =V (X" < sup IV F(Z5v )| + [V (X))
< supe(l+ |Z7VPP) 4 e(1+ | X))
< esup (142271 XU0) - X 4 220N XOPP) o1+ | X7

< e (1 + 2%l 2K (me) 22P—1|\X$|\2p) + o1+ X7 [*P), (73)

where the second inequality uses |V f(x)| < ¢(1 + [z]?P), the third uses |ZZ¥(™) — X7 < | Xv(™) — X2
and the fourth uses Lemma 13. The quantity on the right of the inequality in (73) has finite expectation
by Lemma 14. This observation combined with the facts that Z*¥(™ — X? a.s. by Lemma 13 and Vf is
continuous, yield via the dominated convergence theorem that

1im B [[v5(z200) - vixn)E] <o (74)

For the second expectation in (71), by Lemma 13,

sup 7’L2HXI _ Xy(n) H2 < sup €_2K(t_s)n2”$ _ y(n)|\2 _ 6_2K(t_s),
n n

hence 12
wahﬂX“—XﬂmV] < +o0. (75)

For the first expectation in (72), again using |V f(z)| < ¢(1 + |z||*”) and Lemma 14 gives

E[|Vf(x®)*]"* < +eo. (76)

For the second expectation in (72), Proposition 28 implies
1/2
i E [ (X7 — X¥00) = ¢"[a]|2| " =o. (77)

Combining (74)-(77) and (71)-(72) establishes (69).
To complete the proof of part 2), it remains to establish the continuity properties. Firstly for the
continuity in z, (69) and Cauchy-Schwartz give for any z,y € R%,

0P, tf 0P+ f
il oy - Zal )

<E[|VF(x®) - VAP PE[IC1P] + B[V AT E I - ¢

The first expectation converges to zero as x — y by very similar arguments used above to show (74). The
second expectation is finite by (75) and (67). The third expectation converges to E [HVf(Xy)H2]1/2 using a
dominated convergence argument similar to that above and the limit is finite by (78). The fourth expectation
converges to zero as y — x because ¢* is mean-square continuous in = according to Proposition 28.

Let us next check the continuity in ¢ of (PS et Consider (69) and note that X ¢+ and (7, are continuous
in ¢, almost surely. Then due to the alrnost slure and uniform in ¢ bound on HCS ¢|m.s. from part 1), the
assumption f € C5(R?) and (62), the descired continuity follows by dominated convergence. The continuity
in s follows very similar arguments. This completes the proof of part 2). |

Proof of Lemma 30. Throughout the proof, ¢ is a finite constant whose value may change on each appearance.
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For part 1),

2

t
ARYI RGeS B ;iu[-,j]>du)

N
mw| ')
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<DFsm,u[7Z] ) nf,u['vja k]>du)

\Dz Feuls- ']|H.S.|C§,u['ak]||Cf,u['7j]|du)
d 2

% Z f IDEE Ll - Wl

2= [ 102

2 ! T X .
S0 | IDEL s oK)

N
mw| ')
i M&

/‘\%/‘\

N

culs KIPICE L A1) du

t
< Bit(t—s)p j 92 o[-, . K] 2du,

where the first inequality uses the fact that |a + b]? < 2(|a]? + HbH ); the second inequality uses Cauchy-
Schwartz and the fact for a matrix A and vector b, ||Aob|| < supwéO o HH [b] < |A]m.s.|b]; the third inequality

uses Jensen’s inequality; the final inequality uses (A6), (A2) and part 1) of Lemma 29, and here 81, 35 are
finite constants independent of x, j, k, s,t. Gronwall’s lemma then gives

15,65 5. K11 < Br exp[Ba(t — 5)°],

which completes the proof of part 1) of the lemma.
For part 2), we de-clutter notation as in the proof of Lemma 29 and write

X* X;cta ¢ EC?,t, n* Enf,t-
Using (69), we have:

0 0
%P&tf(x) - %PS,tf(y)

=E[VAXT), LDl = ERVA(XY), ¢V i])]
=ELVAXT) = VAXY), LDl + ERVAXY), ¢ i) = ¢ i)

Therefore to prove the identity in part 2), with y(n) := x + n~te; it is sufficient to establish

Jim nE | (VF(X7) = VAXUD), ¢ L] = B[(VP X 0 ) )| (78)
and
Jim nE [(VAXUO), i) = L)) | = EUVAET), 0 i D) (79)

Using the mean value theorem for vector-valued functions we have:
1
VI(X®) = Vf(Xv™) = U VO F(xv™m 4oy (X — Xy<”>))du> o (X — xv(),
0
where the integral is element-wise. Therefore in terms of the matrices
1
Amv) @ p(xm) J VO FXU0) 4y (XT — X))y
0

1
prum) . J VO F(XH0) 4 (X7 — X)),
0
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where the integrals are elemnent-wise, we have
(VOS¢ L5], €Ll ) = n(VFXT) = VX)Ll )
= (VO F(X") 0 ¢ ] = (VHX") = VX)) L ¢ i)
= <{V(2)f(X””) - Jol VE Fx (X - Xy<">>>du} o ¢"[4], ¢ [ z’]>
#{ ([} w0000+ utee v an) o o) - - X000} Ll

= (A= o 7 il )+ (B2 0 {¢7[ ] = n(X7 = XY ¢l ).
Let us apply dominated convergence to show that
e[ ot ] - o

To this end, first note that
(a9 0z gl i) < 1A s |G G L 1) < e A7 s,

where c is a finite constant given by part 1) of Lemma 29. Also, by Lemma 13, X¥(®) — X* as., and V®) f
is continuous, hence |A%¥(") |y s — 0 a.s. Also, again using Lemma 13,

82f (X%) + Jl az_f(Xy(n) +u(X® — Xy(”)))du

a’EiaJJj 0 al'lal']

2f *Jl
0

a’EiaJJj
1
o1+ | X7[2) + ¢ f 1 XY 4y (X7 — XYY |2y
0

Ary(n) [i,j]‘ =

e

d
&ciaxj v

(Xy(n) +u(X® — Xy(n)))

(X7)

IN

N

1

o1 + | X7[2P) + ¢ f 14 2221 X2 4 921 X T — x| 2y,
0

< o2+ (142227 X7 PP 4 227,

Therefore using Lemma 14, E[sup,,~; |4%¥(™| ] < +o0, so indeed (80) holds.
Similarly let us now show that

o N IR ®
We have for a finite constant ¢ given by part 1) of Lemma 29,

(B {1 = n(xX = XY} L)

< B o {2 [ g1 = n(x® = XM ¢ Ll

<[ BYY s [CE [ 4] = n(XT = XV e
By very similar arguments used to those used above in bounding ’A”’(") [4, j]‘,

B f1| <1+ 22 X 2%,
and therefore by Cauchy-Schwartz,

S )

< cEla 22;0—1 Xz 2p 22;0—1 2 1/2E H S meXy(n) 2 1/2
< E[(1+ | X + )’ 16540531 = n( =
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the first expectation is finite by Lemma 14 and the second converges to zero by Proposition 28. Therefore
indeed (81) holds which together with (80) establishes (78).
Our next task is to prove (79). Using Cauchy-Schwartz,

B[V, 07,51 = (TFEI) (¢ L] = ¢ 1))

= E[[(Vxm) = OO, 7 i)|| + B[ [T 070,51 = (et T il = ¢ i) )]
E[19£(x7) — V) 2] B Il 2]

[V 2] B 1000 - ne Ll - L]

The first expectation converges to zero as n — o0 by arguments very similar to those used to prove (74).
The second expectation is finite, since we have already established that |n*[-,4,j]|| is bounded by a fi-
nite constant, a.s. By yet another dominated convergence argument, the third expectation converges to

E[|Vf(Xv™)[?] 1/2, which is finite by (76). The fourth expectation converges to zero by Proposition 28.
The proof of (70) is complete.

To complete the proof of the Lemma it remains to verify that V() P, ,f(z) is continuous in z, s and .
From (70) we consider:

B[(VO£) 0Ll il | - B [(VO A 2 ¢l 1))

—E [<{V(2)f(X””) 7 v<2>f(Xy)} o L], ¢ Z]>]
E[(VO5(x%) o ¢T3 - T4l L L)

+E [<V<2>f(Xy) o ¢V, 4], C*[- ] _Cy[.,i]>] |

All three of these expectations converge to zero as y — x, by arguments involving dominated convergence
and the mean-square continuity of (7, asserted in Proposition 28. The details are omitted. Similary

ELVAXT), n [ 6D = EVA(XY), 0?4, D)
=K [<vf(Xw) - Vf(XU) ) 771[727]]>] +E [<Vf(Xy) ) nw['vivj] - 77”[a%]]>]

converges to zero as y — x again using domlnated convergence, and the mean-square continuity in x of n*
Py, tf

asserted in Proposition 28. The cont1nu1ty of in s and ¢ follows from very similar arguments to those

s,t

used to prove the continuity of 2 s in Lemma 29. O

Proof of Proposition 15. Lemmas 29 and 30 together establish that for ¢ = 1,2, if f € C’g(Rd) then Ps.f
is g-times continuously differentiable in z, and by (46), Ps.f € C5(R?) . To complete the proof of (47), it
remains to obtain suitable bounds on |V P;, f| and |V Py, f|? 5 . Using (69), (70), the almost sure bounds
on (7 4llms, |78 lm.s, and Lemma 14, we have for some finite constant ¢ depending only on f,

d
VP f(@)]* = 2 [(VF(XE), D]
d
< M E[IVFAXZINICE L)
=1
< d*E (1+E[|X2,%))°
< deciag(1+ |z]*)? (82)

33



and similarly

IVOP, . f(2) s,

O {E[(VO sz ol Gl )] + BV D]}

i,j=1
S O TTDRST, Y
< 3 2E [V XL s Il CE L ]+ 2B IV F(XE 0L 711]
ij=1
< 202 (L+E[|X2, %)) + 2d%Ec* (1 + E[| X7, %))
< 2d2(c%+c§)cza§(1+H33H2p)2. (83)

The proof of (47) is then complete.
Now consider the first inclusion in (48). Observe that since f € C7,([0,1] x R?) and (A5) holds,
|0y fe(x)] 4+ |L4 fe(x)] is continuous in ¢ and x, and there exists a finite constant ¢ such that

|0cfe(2)| + | Lo fi()] [0cfo(@)] + [ VU(@) IV fe(@)]| + e A fi()] (84)

<
< (14 [2P)[1+ e Y VU(2)]| + de!].

The proof of (48) is then completed by noting (A3).
For the remaining inclusion of (48), note that L4 Ps; f;(x) is continuous in s and z by (A5) and the second
parts of Lemmas 29 and 30. Also

L5 Pyefi(2)] < €T [VU(@)[[V Py fe(@)] + €T AP fo(2)],

so the proof is complete upon again noting (A3) and the fact that the constants in (82), (83) are independent
of s. O

4.3 Proof and supporting results for Proposition 16

Proof of Proposition 16. Fix s € [0,1] and z € R?. Define T,,, := inf{t > s : |XZ,| > m}, the dependence
of T}, on = and s is not shown in the notation. By non-explosivity of the process, T,, — o, a.s. Write
Lf(t,z) =0cf(x) + L fe(z).

By Dynkin’s formula [23, Lem. 3.2, p.73],

T AT
E [f(Tm A t,Xf)TmAt)] = f(s,z) + E [f Ef(u,X;”)u)du] , (85)

S

and therefore using equation (48) of Proposition 15,

T AT
Sup |f (T A £, X7 )| < |f(s:2)] + sup f £F (u, X2 ) |du

s
t

< [fsa)l+ | et Xz, (56)

S

The expected value of (86) is finite due to equation (46) of Lemma 14 and Fubini, so combined with the
fact that f(Tm A t,XSp ;) — f(t,X{4), as., dominated convergence may be applied to (85) and Fubini
applied once more to give:

t

E[f(t, XS] = f(s,2) +J E[Lf(u,X;u)] du.

S

Integrating with respect to v and using (48), (46) and the assumption v € PP+1/2(R%) to validate changing
the order of integration we obtain

J E[f(t, X3 ,)]v(dz) = f(s,z)v(de) + J J E [Ef(u,Xfu)] v(dx)du. (87)
R R s Jra
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By Lemma 27, §,, E[Lf(u, XZ,)] v(dz) is continuous in u, and so (87) is differentiable in ¢ and (49) holds.

Fix t and write gs(x) := Pyt f(x) = E[f(X{,)], and note that gs(2) = Ps,s1s Psrof(2) = E[gs+s(XT 1 5)]-
Observe that by (47) for any s, z +— gs(z) € C}(R?), and also using (A3) and noting that the constants in
(82) and (83) do not depend on s. there exists a finite constant ¢ such that

sup|Agy (z)] v sup [ Vg ()| v sup |VU (2)] < e(1 + [2]*), V. (88)

Therefore by an application of Ito’s formula, (46) and Fubini, for any ¢ > 0,
95(2) = gst6(2) = Elgs+5(XJ o15)] — gsto(2)

s+5
[ B s (X2 VUKD + € Bgua(X2,)] du (39)

S

=E[—¢ " (Vgeys(XZI,), VUAXZI ) + e Ageys (X )] 6,

where the final equality is valid for some 7 in the interval (s, s + J) since the expectation in (89), which is
equal to Ps ., Ly,gs+5(x), depends continuously on u due to (48) and the continuity part of Lemma 27. Then
using (88), (46), Lemma 27 and dominated convergence in order to interchange limits and expectation,

}5% gS(I) 6gs+5(x) _ ﬁsgs( )
A similar argument applied to [gs_s(2) — gs(2)]6 ! gives the same limit, which establishes (50).

It remains to check that the map (s,z) — Ps.fi(x) is a member of C’f;lp([o, 1] x R?). By (46),
sup, , | Ps¢ fe(2)|/(1 + |z|*?) < 400; we have already proved Ps, f;(x) is differentiable in s and its derivative
is =L, Py fi(x); by Proposition 15 L P ; fy(x) is continous in s and sup, , | £ Ps ¢ fe(x)]/(1+ [ 2]?* 1) < +o0;
by (47), for any s, P, f; € CY(R?), and the proof is completed upon noting that the constants in (82) and
(83) do not depend on s. O
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5 Quantitative CLT bound for the diffusion skeleton

5.1 Main result

We assume throughout section 5 that for s € [0, 1] and € > 0 pufs = 0 (and note that fs therefore implicitely
depends on €) and we let fs = f; — 7, fs. Let(B;)er, be a d—dimensional Brownian motion. For any € > 0,

we define (Xté)te[o 1 88 the continuous solution for ¢ € [0, 1] of

t t
Xf=X5—e! J VU, (XE)du + \/Ff dB,, (90)
0 0

with X§ =: X¢ Fo—measurable and of distribution py. One may be interested in the distributional limiting
behaviour as € — 0 of

1
12, = 6_1/2J fo(X5)dt,
0

and it is expected that a central limit theorem (CLT) may hold. We do not focus on this here, but rather
investigate the following related problem. Define, for any h € (0, 1), quantities resulting from a Riemann
sum approximation of the integral above,

n—1
V28 = 2h Z fin(X5).
i=0

where n := |1/h| (note that n > 1 by assumption). The aims of this section are to characterize lim_, var [6_1/256);1(6)]
and the limiting distributional behaviour of 6_1/286);1(6) as € — 0, for various choices of h(-) : Ry — (0,1).
Note that in order to alleviate notation below we may use h for h(e) when no confusion is possible.

In order to present the main result of this section we introduce quantities related to the following family

of time homogeneous and stationary processes (Yts’e)s 1€[0.1],6>0° Let for any s € [0,1],¢>0,te Ry |

t t
YO = Y - e—lf VU, (V%) du + \/26_1J dB,
0 0

with YOS’E =: Yy Fo—measurable of distribution 5. We naturally use ]P’[ . ] and E[ . ] for the laws and
expectations of both (Xte)te[o,l],oo and (}/;5876)(5,15)6[0,1]><]R+.,e>0' For s € [0,1] we let La(ms) be the set of real
valued and 7,—square integrable functions on R?. For any s,t € [0,1], f € L?(7s), € > 0 and = € R? we let
Qr f(w) := B[f(Y") | Y5 = a] and @} f(x) := Q}"' f(x) and Pg,f(x) := E[f(X{) | X, = z]. Standard
results on stationary reversible Markov processes and Markov chains, together with our geometric ergodicity
assumptions ensure that the following limits exist and are finite for f, € L?(ry),

1 n—1
Go(s) :== lim var [elﬂf fs(Yts"e)dt] and ¢¢(s) := lim var e 2n(e) Z f_S(YjL(i)) for £ = h(e)e ' > 0,
€— 0 R 1=0

where var[ ] is the variance operator associated with E[ . ] Note the broad use we make throughout of ¢ to
refer to scenarios and not just a numerical value. It is well known that the following upper bounds, in terms
of either spectral gap or K in (A4), hold

(Gapr(Q3) " < [(1 —exp(—=K0)/¢] " fort>0

\2 i s) * — .
§5(5)< var s(,f) {Gap(ﬁs) 1 <K_1 for / = 0

The last inequality follows from the fact that from Poincaré’s inequality var,, [ fs] < K&, [ fs] (with
Er. [fs] = — stﬁsfs)dws) and the variational representation of the spectral gap. These spectral gap bounds
are classic, and can, for example, be deduced from the spectral representations in Theorem 35. Under our
assumptions, for any ¢ > 0, s — ¢(-), vary, (fs) can be shown to be continuous functions (see the proof of
Lemma 53, which exploits the results of Lemma 62 and the representation (96) of ¢(-)), and

1
o} = J e(s)ds (91)

0
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is therefore well defined. The results of this section rely on the following assumptions. We consider a sequence
of processes as above, indexed by the dimension of the problem d, for which we assume the following.

(A10) (Polynomial dependence on dimension)We assume that (A7) holds and that in addition supycpg 17 |0¢ fs
and sup,eo,1] 1/s(d(s) grow at most polynomially in d as d — co.

We impose the following dependence of h on .

(A11) (Dependence between e and h)

1. for any £ > 0 we set h(e) := le,
2. for £ = 0 we set h(e) = O(e®) for some ¢ > 1.

We can now formulate our first result. Throughout C' is a constant, not dependent on the quantities in
assumptions (A1-5), and whose value may change upon each appearance.

Theorem 31. Letp = 1 and for any d € N, let (X{(d))se[0,1] be as defined in (90) and fd e C75([0,1] xR%).
Assume that for any d € N (A1-5) and (A10) hold. Then for any £ > 0 there exists a > 0 such that with
e(d) = O(d™*) and d — h(d) satisfying (A11), then

lim ‘V&I‘ [e(d)fl/zSe(d) h(d)] - af(d)‘ =0.
d—o0 ’

Remark 32. It is in principle possible to get quantitative bounds on the rate of convergence above, by
agreggation of the various bounds found in our proof. We do not pursue this here due to a lack of space and
the limited interest of such bounds in practice.

Remark 33. Tt should be clear from the proof that under (A1-5) and (A11), the result holds for fixed d as
€ — 0, that is

limlvar [6_1/256 h(e)] — af’ =0.

e—0 ’
Remark 34. Note that compared to the results concerned with the mean square error convergence, we have
made the additional assumptions that s — f4(z) is continuously differentiable for any = € R?. This condition
is required in order to obtain explicit control on the error in Riemanian sums involved in our calculations,
and could be relaxed easily to Holder continuity, at the expense of additional notation.

As an aside, it is natural to investigate the impact of ¢ on this asymptotic variance o2. The following

result confirms our intuition that the smaller ¢, the better; the result below can be understood as being a
generalisation of [16, Theorem 3.3], an important fact in the area of discrete time Markov chain Monte Carlo
methods, concerned with thinning in the context of ergodic averages.

Theorem 35. Fors € [0,1] and any fs € L?(n,) there exists a non-negative measure vs on ([0, 0), B([0,0)))

such that for £ >0
“ 14 exp(—£N)
=/ —————v(dN),
se(s) JO 1- exp(féx\)y ()

and

wlo) =2 C ).

Further, for any s € [0,1], £ — ¢(s) is a non-decreasing function on [0, 0).

Proof. Let for any s € [0,1] and f, g € La(m,).{f, g>7r := { fgdms. For £ > 0 the first statement follows from
the fact that —Lg is a positive self-adjoint operator, implying that one can apply the spectral decomposition
theorem and establish that ([, Section 1.7.2 & Appendix A4])

(fs:Qifs), = L exp ((— tA)vs(dN),
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from which one can conclude by noting that, with cov[-, -] the covariance operator associated with E[-], for
any € > 0

k=1

n-1 n—1
VM"F‘”2h§§(ﬁ(223]==e‘1h2<nwuﬂ1f442§E(nkknvLﬂ(Kﬁﬂhﬂ(K&3]>
=0

n—1
= eilh(nh) (V&I‘ﬂ-s [fs] +2 Z (1 o k/n)<f5’ thélfs>m> ,
k=1

and using standard convergence arguments. The case ¢ = 0 is naturally standard. For A € (0, 0) (we have a
positive spectral gap, so all cases are covered) consider the function

o lrep(=0\) 2 -
Pall) = l— exp(—0N) ¢ (1 — exp(—/A) 1> '

We show that it is non-decreasing on (0, ), as a function of £. We have

o 2 2 exp(—lN)
%@—(fzgﬁail)gﬁfaaﬂﬂﬁ

_ (1 + exp(—L€N))(1 — exp(—LN)) — 20X exp(—LN)
(1 —exp(—£N))?

1 —exp(—20)\) — 20X exp(—L))

- (1 — exp(—£A))?

Consider the function D(a) := 1—exp(—2a)—2a exp(—a) and note that its derivative is D’(a) = 2 exp(—2a)+
2(a—1)exp(—a) = 2exp(—a)[a—1+exp(—a)]. Therefore D’'(a) = 0 and since D(0) = 0 we deduce D(a) =0
for a = 0. We therefore conclude that ¢} (¢) = 0 for £ > 0. Finally we notice that for A > 0

lim él + exp(—4N)

S A AV
-0 1 —exp(—£)\) /A

and therefore for £ > 0, px(£) > 2/A, from which we conclude. O

Let ®(-) be the cumulative distribution function of the standardized normal distribution. The main result
of this section is

Theorem 36. Letp > 1 and for any d € N, let (X (d))se[0,1] be as defined in (90) and f@ e C’fz([(), 1] xR9).
Assume that for any d € N (A1-5) and (A10) hold. Then for any £ > 0 there exists a > 0 such that with
e(d) = O(d™*) and d — h(d) satisfying (A11), then

lim sup |P|:E(d)71/285(d),h(d)/\/% < w] - <I>(w)| =0.

d—0 yeR

As we shall see later on, the scenario we are particularly interested in corresponds to the choice h(d) =
o(e(d)?/d) or h = h(e) = O(e(d)?/d) as d — o (or even fixed d and € — 0), in which case the CLT is
inherited by the discretized Langevin process, see Section 7. The proof of the theorem above relies on a
martingale approximation and a quantitative bound for the CLT for martingales.

Proof. First we consider the upper bound suggested by Proposition 38. Then we choose &1(d) = Cd™¢ with
c € (0,1/2) as in Lemma 39 and Lemma 40, e2(d) as in Corollary 48 with, say ro > 1/2, implying that
limg o £1(d)ey ' (d) = 0. The result then follows from Theorem 41. O

5.2 Quantitative Martingale approximation for the CLT

The main result of this section is Proposition 38 which establishes a bound on sup,.p |P[S€7h/«/ea? <
w] — ®(w)| in terms of the sum of sup,,cp [P[Me < w] — ®(w)|, where M, is the last term of a Martingale
sequence, and additional negligible terms for which we derive quantitative bounds. We find a quantitative
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upper bound on sup,,cp |IP’[ < w] - <I>(w)| in section 5.3. There are essentially two routes to constructing
such an approx1mat10n An approach consists of using solutions to the set of time homogeneous Poisson
equations fs —Q; _.k = fs, but we here follow an approach inspired by [34], which consists of treating bias
and variance separately by centering f; around ug f¢, and not 7 f;. Note that we have also avoided the use of
the solutions of the Poisson equation for the continous time processes involved (that is either £ fs = — fs or
its time inhomogeneous counterpart) as this would have required quantitative bounds on their gradients with
respect to « and on their time derivatives. Such bounds are currently not available with sufficient generality
[31, 30, 35] to cover our scenario. We introduce

n—1

Ben i=h Y Tnfon — pinrn,
k=0
and construct our martingale approximation of S ,/4/€cs. Following [31] we introduce for k € {0,...,n—1}

and z € R?

Vie(@ Zpkhzhfzh z).

Remark that for 0 < k& < n — 2, ;. satisfies
Jrn (@) = Yi,e (@) = Py (ps1)n Yo+ 1,6 (@) (92)

for any = € R%this can be thought of as a generalization of Poisson’s equation. In order to formulate our
explicit bounds concisely and in a unified manner we introduce some notation and establish useful identities in
Proposition 57. Define for ¢ > 0 V(9 () := |z|?9, V(9 (z) := 1+]z]?9, 1_/;(‘1) (z) := 1+V;(Q)(x) =1+ |z—a}]??
(with notational simplifications V; := V Yoand V; = V. ! etc.). In addition to what is proposed in Section
1.2, for f:[0,1] x R — R we let |0,f, := supsepo 1) [0cfelp and [V fl, := supiepo 1) [V fillp- We let
£l = 1flvw v IVEve v IAflve.

Lemma 37. Let p > 1 and f € Cf ,([0,1] x RY).

1. For any e,h >0 and k€ {0,...,n — 1}, v € C5([0,1] x R?) and we have the quantitative bound

e v . .
maxil} {|th7(k+1)h~yk+11€(x)| v |’yk75(x)|} < Ca, — exp| ( |§(€1h) LoV P2 V(p+1/2)($)_

2. P—a.s. we have

n—1

D Frn(Xin) = 70.6(X5) + Z Vi (Xin) = Plo—1ynon Vese (X o—1)n)»
k=0

3. For 1<k <n-—1 define &, := (%76(X§h) — P(6k71)h1kh7k76(X(Ekfl)h)>’ £o,e := 0,

n—1
v(e) := e 'h?var lz 51‘,5] ,
i=0
and for 0 <k <n—1 and € > 0 such that v(e) > 0 we let
k
My =€ Y2n Z i/ v(e).
i=0

Then (Ml 6,.Eh) 18 a martingale.

i€{0,...,n—1}
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Proof. For notational simplicity we drop € from Pg, here. For the first statement we first apply Proposition
15 and then use Lemma 24 in order to obtain the quantitative bound : for any 2 € R?

|02 Po,foe] < oszVfthW(p) (6z, o) exp ( - Kfilt)
and therefore for k € {0,...,n — 1}, using Lemma 56,

V£l

(p)
1— exp ( — Ke_lh) W (64, po)

‘Pl:h,(k+l)h7k+1,€($)’ v [k (@) < @

<Ca V£l LV P2 T BH12) ().
P1—exp (— Ke'h)

The second statement: from (92) we have for 1 <k <n —2

Sien(Xin) = Ve (Xin) — Py kn Ve,e (X (o—1yn) + Pl ynkn Veoe (X (o—1)n) — Prn, (b 1)n Vo1, (X5

and therefore

n—2 n—2
D Fen(Xin) = Ponmn,e(X§) = Paeayn.n-1yn¥n—1.c(X_apn) + O e (Xin) = Plomtynion Ve (X(o_1yn)
k=1 =1

Now, since f(n_l)h(X(enfl)h) = %z—l,e(X(en,l)h) and
fo(X6) = 70,e(X5) — Po,n1,¢(X5),

we conclude. The third statement follows from E[%,e(X;Zh) — P(k_l)mkh%)E(X(fkfl)h) | ]—'(k_l)h] = 0 for

ke {1,...,n — 1}and the first statement combined with Lemma 14 (for the lemma’s p sufficiently large)
and the fact that sup,cp 17 [27| < o0 from Lemma 68, which establishes that for any i € {0,...,n — 1},
E(|M;.|) < oo. O

In what follows we let M. := M,,_1 . where the latter is defined in Lemma 37. The following proposition
will be used to establish that one can obtain the desired quantitative CLT bounds by focusing on the
martingale approximation and the appropriate control of vanishing terms.

Proposition 38. For any e1,e2 > 0 and € > 0 such that v(e) > 0,

sup[P[Sen//eu(e) < w] = @(w)| < sup [P[Me < w] = @(w)] + B[|Bsl/vev() > e1/2]
+ B[R]0, (X§)|/v/ev(e) > e1/2] + (2m) 2y,

and

sup |P[Sen/r/e0? < w] — @(w)| < 212% IP[Sen/v/ev(e) < w]| — ®(w)] + 1 — D(ereyt)
+P[[v"2(e) /o — 1] > ea] + (2m) M.
Proof. We have the general result that for € > 0 and two random variables Z;, Zs
P[Z1 <w—¢|—P[|Zs] > e] <P[Z1+ Zo < w] < P[Zy Sw +¢]| + P[| 23] > €],

and therefore

P[Z1 <w—e]—®(w—¢) + P(w—e) — ®(w) — P[|Z2]| > ¢] <P[Z1 + Z2 < w] — ®(w)
<SP[Zi<w+e|—P(w+e)+P(w+e)— P(w) + P[|Z2] > ¢].
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Now notice that max,e(c _cj |®(w + a) — ®(w)| < (27) "% and conclude that

sup|P[Z1 + Z> < w] — ®(w)| < sup |P[Z) < '] — ()| + P[|Zs| > €| + (27) 2.
[P[ | — @ (w)| IP[ (w')| + P[| 22| (27)

weR w’eR

We have

eh/\/ h/'-YOE X() Eh \/ +M67

and
Sen/r/€07 = Sen/v/ev(e) + e_l/zSéyh(ag_l — 07 12(e)).

We can apply the above general inequality to these two identities in turn. In the first case we also note the
fact that P[|Z1 + Za| > €| < P[|Z1| + | Z2| > €| < P[|Z1] > /2] + P[|Z2| > €/2]. In the second case we have
that, in general, for non-negative random variables Z7, Z> and any 1,9 > 0

]P)[leg > 81] < ]P[Zl > 81851] + ]P)[ZQ > 82]

and therefore

Ple ' 2|Senlloy ! — v (0] > e1] < P[[Sen|/Vev(e) > erey!] + P[[v™2(e)/o¢ — 1] > ea].

Finally
P[[Se.n|/v/ev(e) > 5152_1] =1=P[[Scn|/Vev(e) < e1ey ] + B(e1e5 ) — D15 1),

from which we conclude. O

The following lemmata establish quantitative bounds for some of the vanishing terms appearing in one of
the upper bounds in Proposition 38. A quantitative bound for ]P’[|vl/2 (e)/oe — 1| > 52] is established latter
in Corollary 48. Altogether these results justify the focus on the martingale term in Section 5.3.

Lemma 39. Let p > 1 and f € Cf,([0,1] x RY), and assume (A1-5). Then

1. for anye; >0,£>0,1>1 and €,h > 0 such that 77! <1 — Khe 1/2,

P[|Be,nl/vev(e) > e1/2] <{F > v(e)2e12¢,},
where

ol _ _ ]
F:=2|Vf|,- sup 7V 2P vpol+1/2) {K 2HV¢HPO + O‘p/LOV(pH/Q)E}v
s€[0,1]

2. further assuming (A10-11), we deduce that for any ¢ € (0,1/2) and the choice e1(d) = Ce(d)° there
exists ag > 0 and dy € N such that with e(d) = Cd™%, for a = ap and d = dy

P[|Be(ay niayl// €(d)va(e(d)) > e1(d)/2] = 0.

Proof. From Lemma 58,

/ o he™ !
Ben| <C|Vflp- Y C@pvel+1/2) | =2y n 7 1/2) 7
Bl < CIVTlp - sup = { K210l + appo e Je

< F'/2e.

where we have used Lemma 60. Further

P[|Be,nl/Vev(e) > e1/2] = I{2|Ben| > v/ ev(e)er},
SHF > y/u(e)e V2e,}).

For the second part we first notice that from (A10) F(d) grows at most polynomially in d, say F(d) < Cd/.
Then

va(e(d)) P e(d) 21 (d) = [02(d) + va(e(d)) — o2(d)]*e(d) 21 (d).
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From (A10) 07(d) = Cd™" for some 7 > 0 and from Theorem 47 there exists ag > 0 such that for any a > 0
one can make vy (e(d)) - Uz ) vanish faster than d~". Let a1 > ag, then for d sufficiently large,

va(e(d)2e(d)2e1(d) = [03(d)/2] " e(d) V21 (d)

Now choose ¢1(d) = €(d)® with ¢ < 1/2 and a > ay v [(r + [)/(1/2 — ¢)] and €(d) = Cd™®, then
oo(d)e(d)~/?TeF(d)~" diverges and we conclude. O

Lemma 40. Assume (A1-5) and (A10). Then

1. there exists C > 0 such that for any e, e1,h > 0 such that v(e) > 0 and for some I > 1 and I7! <
1— Khe1/2

P[th,e(XS)V /EU(E) > 81/2] <C - Qp JHvf”pMOV(P+1/2)MOV(P+1/2) ,
e 124/ v(e) K

2. for any c € (0,1/2) and the choice e1(d) = Ce(d)® there exists ag > 0 sufficiently large such that for
any a > ag and €(d) = Cd™*

tim P[A(d) o, (X5 )|/ e(d)va(€(d)) > e1(d)/2] = 0

d—0

Proof. From Markov’s inequality, Lemma 37 and Lemma 57

h
P|h|yo.c(X§ ev(e) >e1/2| < 2———— c
[0, (XE)|/v/ ev(e) > e1/2] 61\/muo(l”m, )
<C O‘pel/2 [V flphe™ ( oV (PT1/2) )2
e17/v(e) 1 —exp (— Ke 'h)
ape'/? J|VF] 2
< Cl’i LoV PF1/2)
G i V)
The proof is now similar to that of the second part of Lemma 39. |

5.3 Quantitative bound in the CLT for the Martingale approximation

We now state an intermediate result which motivates subsequent developments to prove the quantitative
bounds in Theorem 36.

Theorem 41. Letp = 1 and for any d € N, let (X{(d))se[0,1] be as defined in (90) and fd e CY,([0,1] xR%).
Assume that for any d € N (A1-5) and (A10) hold. Let M, := M,_1 . where the latter is defined in Lemma
37. Then for any £ = 0 there exists a > 0 such that with e(d) = O(d~*) and d — h(d) satisfying (A11)

lim sup [P[M, ) < w] — ®(w)| = 0.

d—0 yeR

Proof. The proof relies on the upper bound established in Proposition 42 and bounds for A., B, and C.
which can be deduced from Lemma 43 and 45, and Theorem 47. More precisely, choose k > ¢ — 1, where ¢

is given in (A11). For A.: from (A10) and Lemma (70) one deduces that the bound on E[|D€|1+"]1/(1+K) in
Lemma 45 grows at most as a polynomial of d. (A10) implies the existence of r > 0 such that o?(d) > Cd™"
and Theorem 47 implies the existence of ag, dp > 0 such that for any a > a¢ and d > dj

o7 (d) +v(e(d)) — 07 (d) = o7 (d)/2. (93)

Now, again from Theorem 47 we can choose b sufficiently large (and hence a sufficiently large) such that

va(e(d)) — o2(d)|E[| D] o4 (d)
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vanishes. Therefore limg o A.q) = 0. For B. we use Lemma 43, its Corollary, the lower bound ((93))
and Corollary 3 of Theorem 1 to conclude that for a > ag sufficiently large limg o Begy = 0. Finally
limg 0 C¢(qy = 0 follows from Lemma 45 and its Corollary 46, since we have assumed x > ¢ — 1 in order to

cover the scenario ¢ = 0. O
Let )
De:=e'0? Y E[& | Fg-1yn),
k=0

where & (is as in Lemma (37).
Proposition 42. For any k > 0 that there exists a finite €, > 0, dependent on k only, such that

sup [P[M, < w] — o(w)| < €{ (4 + BE)H“ + ce}l/(g”“)

weR

)

where
Aci= [o(e) — o3 |[1 + B D17 ()|,

/057

Be = E[|De — v(e)|"+*] Y0

C. = ( 71h2/v (1+:~c Z [‘&6 1+'<)]

Proof. A := sup,,ep [P[Me < w] — ®(w)|. From [18, Theorem 1] we have

A S%,{{E[‘De/v(e)—l‘l"‘”] (e 'h%/v(e) (1+n Z [‘&6 1+K)]}1/(3+2R)'

We upper bound the first term between braces using Minkowski’s inequality

E[|Do/vie 114" < E[|Dujoz — 1] " B[ e (01 (0 — 07 ) 1

]E[‘DE _ Uz?‘HN]l/(Hﬁ)/af . ]v_l( —0; QIE[]D ‘1+n

]1/<1+~>

] 1/(1+r)

)

and further ) )
B[[D. - o7 "] < E[|De - v()] 7] +o(e) — o2,

from which we conclude. O

We need to find explicit upper bounds for the three terms above. In the next two propositions we will
make use of the following alternative expression for D,

= 'n? Z (Xin) — (P(Ek—l)h,kh7k>€(X(Ek—l)h))z | Fle—1)n)

— € € € 2
e th? { (n—2)h, (n—l)hfyn—l E(X(n—2)h) - [PO,h’YLé(XO)]

[ V)

Z % (Xin) — (Plsh,(k+1)h7k+1,e(X§h))2 | f(kl)h]}

— € € € 2
e th? {P(n 2)h,( n—l)hfnfl(X(n—2)h) - [Po,iﬂl,e(Xo)]

n—2
Z fkh th Vie,e (Xip) + Pep, J(k+1)h TE+1, e(th)) | ]:(k—l)h]} .

43



and we let
n—2

De:= "0 Y E[ frn(Xin) (e (Xin) + Pl g 1yn Vet 1. (X)) | Frm1yn]
k=1

Lemma 43. For any k> 1, r > (1 + )/2 and with m := ((1 + &)r — 2)/(r — 1) we have

) m _ " m _ m/(1+k)
1D = 0(@)1ar, < C(ID = E(De) 1) (adm (1o V™) ™ gy V)

\Vi m/(1+k)
" (apa i1/ JHprH fllp V(p+l/2))

v - i
+Ce <O‘P%WOV@+1/2)> : (a(l+ﬁ)(2p+1)uov([l+ 1(2p+1]

)) 1/(14x) |

))1/(1+n)

+ Ce 2any |12 (apasmppo V4
Proof. From Lemma 37 we know that for k € {0,...,n — 1} ('kae,Plghy(k+1)h'7k+1)€) e CH(R?), and as
a result, using Lemma 56, (713,57 (Plsh,(k+1)h7k+l,e)2> € CSP(RCI) and from Proposition 15 we have that
P () Pl (P sy v1.6)”) € C3P(R). Further, from Lemma 37, we have for 1> 1
and 71 <1 — Khe 1/2
pe < CehL AV £l TOr12) | et1/2) 4
| kh,(k+1)h7k+1,e($)| v |7k,e($)| S Ll apT e Ho : () (94)
and therefore from Lemma 56 and Lemma 14
P(Ekfl)h,kh(|fkh'7k,e|) (x)vp(ekfl)h,khofthI:h (k+1)nVk+1, e|) (z)

P 1/ A

FePE2) ()
K +1/2

We deduce that for ¢ > 1
— € € 2 € € 2
[P (X))~ B ([P (X)) Iz,
J \Y% _ 2 _ 1/q
<Ce (ap Hf”p]H{ f|PNOV(p+1/2)> _ (aq(2p+1)uov(q[2p+l]))

Further B
Pl oyn ntynfa—i(®) < | £ 17002V P () (95)
and therefore, for ¢ > 1

e P PG, _oyn neyn a1 (X(u—gyn) — E (P(En—2)h,(n—1)h 721—1(X(€n—2)h)) Iz,

<O 20| 12 (o @)
Now
IDe = (@)l 2y < [1De = E(De) |1y, + 6_1h2|\[P5,h71,e(X§)]2—]E([Pé,m,e(XS)]2) 21
2P oy 1 (Kua) = B (Plucapn oo fama (Xumapn)) la

Now we apply Lemma 55 for the sum of terms he 'E|[ frn (X§,,) (”Yk,e(X;h)JFP/:h,(kH)h”YkH,e(Xlzh)) | Fm1)n)
qg=1+k,r,m >0 such that r > ¢/2>1and m = (gr —2)/(r — 1)

2/(gr) ( 1/m )\ 1/m _ 1-2/(qr)
IDe —E(De)lz, < C(I1De ~ E(De) )" (adpm (1o &™) ™ + g, o V)
] v 1-2/(gr)
« (ponpns ML )
We can conclude. |
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Corollary 44. From Theorem 1 we can conclude that under (A10) and (A11), for any k > 1, there exist
r1,79 > 0 such that | Dq) — v(e(d))]|r,,, < Cd™e™(d).

Lemma 45. For any x > 0 there exist C' dependent on k only, such that for any 1> 1 and K,e,h > 0 such
that 771 <1 — Khe 1/2 and £ = 0, then

([1+x][p+1/2])

) 2(1+k) . 7
Q2(1+k)(p+1/2) MO )

Ce < CU(G)—(I-H%) (eh—1+n/(l+ﬁ))l+ﬁ{apJHzéfHPMOV(p-Fl/Q

and

K 1/(1+K) j Vf f W W K K
E[|D6|1+ ] < COpinp 1201 40) (2p11/2) | [H(pH Hpuov(p+1/2) ) {MOV([1+ ][2p+1/2])}1/(1+ ).

. ° _ 1/(1+r)
+Ce @f%wvwﬂ/@) : (a(m)@pﬂ) ro([un][sz]))

B _ RN VICERD)
+ O Wz, |13 (czparmpaV D) T

Corollary 46. With h(e) = Ce* where 1 = 1

1lp+1/2])

2(1+k) _
)} - Qa(14m)(pr1/2) 0V TR :

C. < Ov(e)—(l+n)el+n—L{apjl‘zéf”PuOV(p-Fl/?

Proof. For C, we first apply Minkowski’s inequality followed with Lemma 37, Jensen’s inequality and Lemma
14

(1] 1/(2H25) . ) ]Y/@+26) . . 2(14r) /(2425
E[§kfé+ )] < IE[|%,E(X%)|2(1+ )] + IE[|P(k71)h7kh7k,€(X(kfl)h)| ]
IVl = ( ~ 1/(2+2k)
< p+1/2) | (p+1/2) [ ve 2(1+r)
< Cay 1—exp ( — Keflh) KoV’ E[V (X(kfl)h) ]
IV£] - _ . 1/(2+42x)
<Coyp 1—exp (- 25—%) poVWH2 [0‘2(1+n)(p+1/2)#oV(2[1+ ][p+1/2])] .

Therefore

Q1w (1 /2y o V B RIPTL/2])

—17\1/2 B 2(1+k)
(1) IV flp(e”"h) (p+1/2)
Ce < Cu(e) h {apl —oxp (— Ke 1h) poV }

Now from Lemma (60), for 1/I< 1 — Khe™1/2
(e7th)\/2 ]

< 2 (eh—1)1/2
1—exp(— Ke 'h) K(6 )

and the term dependent on € and % in the upper bound is indeed of the form h*(eh=1)1+% = (eh=1H#/(1+R)) 14~
For the second statement, from Lemma 37

‘E[fkh(Xih)(%,e(Xih) + P, ey Ve 1,e(Xin)) | f(kfl)h]‘

[Vl Fllp o (p+1 " "
<C ve+1/2)  p. v +12) ()Y (x€
Qap 1 exp ( — Ke_lh) Ho (k l)h,kh( )( (k—l)h)

IV £lpll £ - > .
< Copozpryz— = ( . K:—lh) poV TR VI (X ),

where we have used Lemmas 56 and 14. Consequently

> K K Vf f e 'h [/ - ESl 1/ € ad N
E[|D.[1++]/0+ < Cogasyerr —|exr|)p(|—|z}{6_1h) poV YA S R[|PEr) (g | )
k=1

IV Alplf e o ([1+x .
R /2)176)(;(71;( = gV ) (TRl 1/2D) Y1 )

and from (94) and (95) in the proof of Lemma (43) we can conclude. O

< Capa2p+1/2a(
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5.4 Quantitative bound on the convergence of the CLT constants

For € > 0, and = € R? we define for k € {0,...,n — 1}

n—1
Mh,e(2) 1= E lZ fin(Yy) 1 Ys =2

=0

n—1
= Z fo?eflfkh (‘T)
=0

and for s € [0, 1]
(2) = 0N Qi fs(w) ifl=€eth>0
PV @ Qi fu(wydt 0 =0 '
Note that it is not difficult to show that with our assumptions, for £ > 0 and s € [0, 1],

() = 2B Fo(V3)gs (V5| — v (£,(75). (96)

Before presenting our results, we discuss a presentational point. The term 1/ [1 —exp(—K heil)] appears
repeatedly in a number of upper bounds. This term will not pose any problem whenever K (d)h(d)e=1(d) > z,
for say d > dy and some z > 0. Our statements therefore focus on the more “difficult” scenario where
limsup,_,., K(d)h(d)e *(d) = 0, but one should bear in mind that similar conclusions can be drawn in the
former “easier” scenario.

Theorem 47. Assume (A1-5) and (A10). Then, with the following choices

1. for any £ > 0 such that for some 1 > 1, 171 < 1 — K(d){/2 for d > dy for some dy € N we set
h(d) := le(d),
2. for £ =0 we set h(d) = Ce®(d) for some ¢ > 1,

for any b > 0 there exists ag > 0 such that for any a = ag and €(d) = Cd~* we have

limsup d*|vq (e(d)) — o7 (d)| < oo.
d—0

Corollary 48. With Lemma 38 in mind, we have

P[|v'2(e(d)) /foe(d) — 1| > e2(d)] =I{[v"/?(€) — o0(d)| > o0(d)e2(d)}
=I{|v(e(d)) — o (d)| > oe(d)(v?(€) + o¢(d))ea(d)}
<I{[v(e(d)) — o7 (d)| > oF(d)ea(d)}.

Now say that from (A10) we have o7(d) = Cd~" for some ri > 0 and choose e5(d) = Cd~"* for some
arbitrary ro > 0. Then we can choose b in Theorem 47 such that b > r1 + ro in Theorem 47 and conclude
that for some do € N, for d = dy, P[|v/?(e(d))/o¢(d) — 1| > 2(d)] = 0.

Proof. The proof relies on the decomposition in Proposition 49 and bounding of the terms Y; ., i € {0,...,7}.
Bounds on T . and Y5  are given in Lemma 50 and Lemma 51. Bounds on T3 and Y5 . are given in Lemma
52. Bounds on T4 . and Y¢  are given in Lemma 53. Bounds on Y . and Y7 . are given in Lemma 54. By
inspection we notice that under our assumptions, with ¢ > 1/3 in Lemma 51 and ¢ € (0,1) in Lemma 53,
each of this term is upperbounded by the product of a polynomial in the quantities defined in (A10) only,
times a positive power of ¢(d). Consequently there exist C,ry,r92 > 0, such that

{0t }|TZ ety| < Cd™ e (d).

Consequently, by choosing ag such that agra = (r1 + b) we conclude that for e(d) = Cd™® and a > ag

lim sup max d |'I'Z e(d) | < 0,
d—oo 1€{0,...,7}

and we conclude. O
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Proposition 49. For any ¢ > 0 and € > 0 such that n > 2 one has v(e) — o} = ZZ o Yie with

n—2
Yo, =€ 'h? Z Th (fren)E 2k, (Xin) — fen(Xin)) 5

n—2

Y1 :=2¢'h? Z E (fen(Xin) {vke(Xin) — ke (X)) 5
=1

Yo :=2h Z (Fon(Xin) L€ h,e(X50) — grn(Xin) }) 5

n—2
T3 :=2h Z E (fin(Xgn)grn(Xin)) — men (Frngrn),
k—
n—2 1
Ty 2=2h{ Tkh (fkhgkh)} - QJ 7s(fogs)ds
k=1 0
n—2
Tse:=—¢€ 'h° Z E(frn(Xin) fon(Xin)) — vare,, (frn),
=1
n—2 1
Yoo :=—¢c 'h2 vals,, 0| varg, (fs)ds
6, {Z a (fkh)}+ L arr, (fs)

T7.e =€ ¢ 'h°E (f(n 1)h(X(n 1)h ) — [Po,h71,e(X5)]2>~

Proof. For notational simplicity we drop € from Pg, here. For n > 2, noting that &y = 0,

n—1
_ € € 2
v(e) = e 'h? Z E [”Y;%,E(th) - [P(kfl)h,khﬂ)/k,e(X(k—l)h)] ]
k=1
5 n—2
= 'h’E lﬁl (X6 i) = [Ponyre (X)) + X Fin (X { ke (Xin) + Ponhs1ynVot1,e(Xin) }
k=1

= 'W’E [ffn_l)h(an_l)h) [Po,n,e(X6)] ] ~'n? Z [fen (XEn){27k,e(Xin) — fen(Xin) }] 5

where the second line follows from the fact that with Wy . = 7721_176()((5"71)}1)7 [P(H,Q);L(n,1);;yn,175(X(Enfz)é)f7
¢ 112
Zk 1 % (Xn) — [th7(k+1)h7kye(th)] and

n—2

Wae= Y. [ Pan s 1y e (X50) ] — [P(k—l)h,kmk,e(ka_l)h)]z
h=1

€ 2 € 2
= [Pin—2yn,(n-1)n¥n-2,e(X(u_oyn)]” — [Porr1,(X6)]
we have
€ € 2
DR (X)) = [Poetyhien Ve (Xo_1yn)]” = Wooe + Wie + Wa,c

€ € 2
= Yoo1,(Xonyn) = [Popr,e(X5)]” + Wi,

and the fact that by definition fin(2) = Yr,c(2) = Pyp, (k+1)n Vh+1,¢(2), which is also used on the third line. [

In order to control T . and T3 . we show that 1y . approximates 7 ¢ in Lemma 51 and that 7 . can be
approximated by gxp in Lemma 50.
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Lemma 50. Let p > 1. Assume that po satisfies (57) for some K,y > 0 and that h(e)e ! = O(1). Then
there exists C > 0 such that for any f € Cfﬂ([o, 1] x Rd)
1. for £ =0 and any 1> 1, defining

Ayt = Cogyiryp {Layyrjo + ap - || 112 po (VEF2).

A+ = Cagy K1+ TH{apap 10 sup mV P 1 (Ggpan, [K + Ko )2 HIFIZ - 10 (V)
s€[0,1]

then for any e > 0 satisfying 1/3 <1 — Kh(e)e /2
Ts.| < [As + Ay ([~ log(h(e)e )]/K)Jh(e)e ™,

2. for £ >0 ande>0

P ) - ) - Cinay2) &P ( — Kn(e)ﬁ)
™y | < C€2uo(v(p)) H|f|”127{o¢pap+1/2 SSE(IJF,)l] V(P2 (Ggpany[ K1+ Kuol]) } e (CKO)

Proof. Consider first the case £ = 0. Let m(-) : R, — N be such that lim.om(e)h(e)e ! = o and for
€ [0,1]

m(e)h(e)e B
L(ea) = | Qify ()it

0
with the convention that I(0,2) := lim. o Is(e,2) (which exists, by absolute summability). Then for

ke{0,...,n—1}
E [fkh(Xlih)(Eflh(f)ﬁk,e(Xﬁh) - gkh(XZh))] =E [fkh(XZh)(Rl(elezh) + Ra(e, Xip) + Rs(e, Xﬁh))]

where
m(e)—1

Ri(e,z) :=h(e)e? Z the—lfkh x) —Ikh(@lv)a

n(e)—1

Ro(e, ) i=h(e)e™" Y Qi fin(2),

i=m(e)
Rg(e, .’L‘) 3=Ikh (6, .’L‘) — Ikh(O, .’L‘)

For the term involving Rj (e, z) first notice that by the classical homogeneous equivalent of Kolmogorov’s
equation in Proposition 16, Lemma 61, (A3) and Lemma 57 for any s € [0, 1] and t € R,

Q3 Fo(@)| = |QiL. ()]
< Qi (KVUL, VI + 1AL @),
<@ (IVUI- IVEL + 1AL @)
< L |V F1,Q; (VOPV@) () + |AF1,Q5 (V) (2),
< L - VI,V (@) + Cap|AF, V0 (@),
<C {Ldp+1/2 + dp} IL£11,V @2 ().

0: Q3 fs(:v)’ (which can be upper bounded with the above), then we know that

Let M(x) := sup(, 4)e[0,1]xR
the difference between the Riemann sum with step-size h(e)e ! and its integral on the interval [0, m(e)h(e)e™!]

yields
2

|Ri(e,x)| < M(x)h(e)e "t (m(e)h(e)e )",
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leading to

|E [ fun (X5n) Ru(e, X5
<C {Ldp+1/2 + dp} I[£]lp - sup Ns(|fs|‘7(p+l/2)) : h(e)€71(m(e)h(e)efl)Q7

s€[0,1]
< Ay -h(e)e H(m(eh(e)e ).
where -
Ay i= Copyrjo {Lépi1yo + p} - |HfH|;2) : MO(V(QPH/Q))-
We define and upper bound the following quantities,

n(e) 1
R21 —h Z V&I’Hkh Zhe—lfkh]l/z
i=m(e)
1 exp ( — Km(e)h(e)efl) [f ]1/2
< = ar;cQs|Js s
K [1—exp (— Kh(©e D) /ERDe ) (oetonisi, %
n(e)—1 B
Roni=h(e)e " D [E[Q Fen(X5))] |
i=m(e)
5, exp ( - Km(e)h(e)e_1>

p u ; w® (6., 7],
K [1—exp(-— Kh(e)e_l)]/(Kh(e)E_l) 171 (s,t)ES[O,Il)]XR+ vil ( )

0
5 oq1/2 _
R31 :=f varye [thfkh] Pat < K exp ( — Km(e)h(e)e 1) . sup Var,e Qs [fs]l/Q,

<

m(e)he—1 t)e[0,1] xR 4
o0

Rozi= [ [E[QIACXO] < G e (— Km(on ) Iy s W)
m(e)he—1 s,t)e[0,1] xRy

where the upper bounds follow from the homogeneous equivalent of Lemma 23, (102) and Jensen’s inequality.
We now apply successively the Cauchy-Schwarz and Minkowski inequalities (the latter in its sum and integral

form), and note the standard inequality IE[Z2] 1/2 Var[Z] 12 + ‘IE[Z]’ for any random variable Z

B[ Fion (X5 [Ra(e, X51) + Ra(e, X1 < E [Fan(X5)?]° E[E[Rs(e, X5,) + Ra(e, X51) | Fin]?]?

E [ fin(Xia)?]"* {E [B[Ra(e, X50) | Finl®]”* + B [B[Rs (e, X50) | Funl®] 2}, (97)

n(e)—1

_ 1/2

E[E[Ra(e, X53) | Finl]* < bl ) E[(@U s fin(X5n)]

i=m(€)

< Ro1 + Ra o,
and similarly
. 1/2 ®© - . 1/2
E [E[Rs(e, Xf,) | Fan)?]"* < J o | (@ Fin(X50))?] " at
< R371 + Rg)g.

Note that from Lemmas 56, 14 and 58,

pE[W® (5., 7y)] < CpgV e+l . g w1/

< Cap+1/2u0f/(?+l/2) - sup m VP2,
s€[0,1]
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and together with Lemma 58 we deduce that
2 -1
Kh(e)e 1/2

i:Zl |R2’i| + |R3’i| SO 1—exp ( - Kh(e)efl)

{HVf Ip[ K~ + Kﬁol]l/z (Gaparzppo V)

+ Qpap 12 1 £ oV Y2 . sup WSV(”+1/2)}K_1 exp ( - Km(e)h(e)e_l)
s€[0,1]

< Ayexp ( - Km(e)h(e)6_1>

where the last inequality holds for 1/J <1 — Kh(e)e /2, thanks to Lemma 60, and

1/2

As = C’Kﬁl{l + :I}{dpap+1/2 sup VP12 4 (dgpagp[Kfl + K;()l]) }H|f||\,u0‘7(2p).
s€[0,1]

Together with (97) we deduce that for 1/3 <1 — Kh(e)e 1/2
B [ (X5 (¢~ A (X)) = 90 (X)) ]| < Arh()e™ (m(Oh(e)e ™) + Az exp (— Km()h(e)e ™)
with Ay := CAy - || f|lpazppoV ) and by taking Km(e)h(e)e™' = [—log(h(e)e")] we obtain

B(€)e™ [E [Fin(Xin) (mon (Xin) = gon(Xia)) ]| < h(e)e™ [As + Ay ([—log(h(e)e )I/K)’].

The scenario ¢ > 0 is more direct and can be bounded in a similar way to the term dependent on Ry above—as
a result for k€ {0,...,n— 1}

B [ (Xin) (001 (X50) = g (X)) ]| = € | Fen(Xi) D QW Fun(Xi) | |

i=n(e)

exp ( - Kn(e)f)
1 —exp(—Kf) '

< Cf?ﬂo(‘_/(p))2|HfH|I2){O7pap+1/2 sup 7Tsf/(p+1/2) + (dgpagp[K_l + K;ol])1/2}

se(0,1

O

Lemma 51. Let p > 1, f € CiQ([O, 1] x RY), ¢ € (0,1), define for any € > 0 and k € {0,...,n — 1}
Te.e := (kh + TTh*) A 1 for some 71> 0, and define for k€ {0,...,n — 1} and z € R¢

[k, eh -1 [Tk, ch -1
T e i= Z P an fin(z) — Ql(ci}iz)hfih(w), T e := Z Ql(ci}i;c)hfih(«%') - Q?l-]ii)hfkh(ﬂc)a
i=k i=k
n—1 B
Tg’k’€ = ([Tkyéhilj — k)wkh (fkh); T4,k,e = Z P/Sh,ihfih (17) - Qgﬁ%hfkh ('r)a
i=|Tk,eh™1]

with the standard conventions that that T g = 1o e = T3k = 0 when LTk1€h71J =k and Ty, = 0 when
|7k.ch ™t =n. Then

)

4
+2 ‘E For (XN ke
¢ l_:lz;ﬁ ke{or,l.l.?ﬁfl} [fkh( kh) " ]

n—1
Y1l < 26702 Y B [fon (X T ]
k=1
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and there exists C > 0 such that for any e >0 and { = 0

max

Define

E [ frn(Xin)T1ke]

E [ fon(X5n) T2,k

E [ fun(Xin) s,k

< CPapdipi1p0aperpM - IFI2 - sup V()2 po (VEH2) . ip,
s€[0,1]

< C Py || 1200 (V) 02,

2
O'I{Ifllp sup 7ol [V apuowpﬂ/m]}
€[0,1]

x { — hln(e)/K + e 'h? + ehb}.

A= Jagy || 2oV [K7H + KM Y2

] - _ N 1/2
+ ga%uo(vw) (WAl {aposz/Q sup Vv e+1/2) 4 (azpazp[K ! +KH01]) / }

se0,1]

then there exists C > 0 such that for any 3> 1 and J7' <1 — Khe™1/2

E| fun(XE )Ty ke
ke{(f}%X 1}‘ [fkh( kh) 4,k,]

< C-Aexp ( — K[Th ! — l]he_l) [(en™) v 1].

Proof. For the first statement, simply notice that for any k € {0,...,n — 1}

/Yk,e(x) - nk,e(x) = Tl,k,e + TZ,k,e + T3,k,e + T4,k,e'

From Proposition 16 (and its time-homogeneous version) we deduce that for 0 < s <u <1

Qiisfu(x) -

U—S a
e ful) = j QP (o)t

J Q (at s+tuf7i+‘cp+tufu>( )dt
- j Q0 (L — Las) PEyy fula)dt

I JO Qi ((VUs = VUnr, VP sy o fu))) ()1

Now by application of the Cauchy-Schwarz inequality, Lemma 18 and (A5), we deduce that

<M [ (VI P VA (@) texp (- e s — )

<M sup Q?‘(\ﬁ Pl VAdl) @) 5 57

<C M=) sw Q7 (VVe P,

te[0,u—s]

1) (@).

te[0,u—s]

Further by assumption ||V f|, < 0 and from Lemma 14

wp O (VTP

te[0,u—s]

ot uHVqu> () <|Vfllp- sup QpF° (\/1_75 . P;th,u‘_/(p)) (z)

te[0,u—s]
<alVily- sw Qi (Ve V) @)
€|0,u—s

o1



Now from Proposition 57 and from Lemma 61, for s,t € [0,1] and € > 0

Q" (\/7 178% ) < Cap1jo\/V(as) - VOV (z).
We also know that
s (!fs]V(”+1/2>> <[ fllp - s (V(P)V(p+1/2)>
<CIfly - s (V1)

< Cagpiapa| flp - o (‘7(2“1/2)) :

where we have used Lemma 57 and Lemma 14. Since u — u — kh is non-decreasing, non-negative for u > kh
and lTk76h_1Jh < Tk,e

[Tusdl < Cope MIV AL, sup Q0 (VTP (@) [ = ki

s,te[0,1] kh

=Ca, PM|V£], - Sup Qt (\/f/S : f/(p)) (z) - e 1R3,

s,t€[0,

and with the bounds on sup, ,e[o.1) @} (« /v, V(p)) (z) and e (|fo] V@YY we obtain

| <

CPapdpirpoapsapM - I FI2- sup V(@h)'2 - o (V) et

s€[0,1]

1EH" XTy e
pe ol Fen(Xin) Tk,

For the term T5 . we use the smoothness s — fs(z) and its derivative, the fact that i — ¢ — k is non-
decreasing and non-negative for ¢ > k and again the fact that [Tkyehfljh < Thye

lTk’éhilJ—l

Tl < D) Quiyn(|fin = frn]) (@)
i=k

lTk’éhilJ—l
< sup Q) ( sup |04 ful- ]) (x) - Z ih — kh

s,te[0,1] u€(0,1] ik

< 0 ( p |atfu<->|> @ [ -t

5,t€[0,1] uel0,1] kh
_[2 s,€ 2t
=~ sup Q; sup |atfu(')| () - ™.
s,t€[0,1] ue(0,1]

Now by assumption |0, f[l, < oo and from Lemma 61, for s,¢ € [0,1] and € > 0

i ( sup [0l l) (@) < [0/ 1pQ5 V@ (2)
ue
< &yllof 1,7 (@)

Therefore

Ke(0rm—1) E [|fin (X0 Toe] ] < O‘dehmuatfupsi‘pl] s (|17,

Cépaazp |00 I o (V47 ) 2.
< O—izdpa2p|”fm12):u0 (f/(%))hm.
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For T3 1 . we exploit that for s € [0,1], pS(fs) =0
_ . _ = ¢ 12
E [fin(Xgn)Ts k] | = (Ik,eh™ ] — K)E [ frn(X5) ]

and therefore from Lemma 58 and the fact that |7 h~!| — k < TTh*"!we deduce that for k € {0,...,n — 1}

‘E [ fion (X i) T3k |

s€[0,1

2
\Y% _
< m{unp sup ot [V 2 s (- Kelhk)]} et
]
and in particular for k > [—1In(e)/(Ke th)] and letting

2
pe {||f|p sup . V(2[pvp0]+l/2)[uv¢”po pﬂo‘_/(pﬂ/?)]}

s€[0,1

we have

’E [Frn(X5n)Tse] | < CBER !

As a result

n—1
UEDY ’E [Fen(Xi) x| < C- Be’lh{h[— In(e)/(Ke 'h)] + thH}
k=1

<C- B{ — hln(e)/K + e 'h2 + eh‘}.

Finally, defining
n—1 N
Tori= 2, B[ (X5 B inin (X5n) |
i=|71k,ch™ 1]

n—1

Taz = Z ‘ [fkh(th)Q fkh(th)”

i=|Tk,ch™!]

we have

‘E [fin (X)) Tape| | < Taq + Taz.

The term 74 2 is bounded in the same way the Ry dependent term in the proof of Lemma 50, yielding

exp ( — K[|t ch™] - k]he_l)

Tiz<C V)2 2{~ VP2 (G K '+ Kt 1/2}
1,2 aaptio( ) LFIZS Aprp i1y SESEE] [ (Qzperzp| o 1) [1—exp(— Khe 1)]/he !

exp ( — K[Th 1 — 1]he_1)
I :

= 1/2
< Clasyio (V)| £]] {O‘p%+1/2 o] T VD 4 (agpany [K + K1) }
selo,

Now we note that by the Cauchy-Schwarz inequality, Lemma 23 and Lemma 58,

n—1

T <[B[RXG7 Y var, [Poafil

i=|Tk,ch™]

1/2

exp (= Ke Y (|mch ™' = k)h)
1—exp ( — Keflh)

1/2|

< Cay | flpro (VD) 2V flp(azp - [KF + Kt oV 3) 12

exp ( — K[t - 1]he_1)
K

eh™ L.

< CI|If ooV PP oz, [K1 + K, 2
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because |7, ch | h = T4 — h.

)

Lemma 52. For any ] > 1 and ¢,h, K > 0 such that 77 <1 — Ke 'h/2 we have for £ = 0,

3
Jo _ y
’TS,E‘ < CﬁHIfIHf, up 7TSV(2[(217+1/2) P0]+1/2)]

S
s€[0,1]

- ]
X {1 + K72HV¢HPU + MOV(2p+1)a2p+1/2 (1 + E) } “

and

I(azp v ap)

2
_ _ 2
Ha4<C<mengmvﬂwmwﬂ“ﬂﬁ {1+ K72V glph + oV @D (e v ).
se(0,1

Proof. First we establish some intermediate results. Choose (0, €) := [—In(e)/K] and r(¢, €) := [—In(e)/(K?)]
for ¢ > 0, then

e—KZr(é,e)j />0
e—Kr(é,e), /=0 SE

From Lemma 62 this implies that for any ¢ > 0 such that 77! <1 — K//2
Aqrieo (@) < CIZZ| fl, sup m, V2 7@/ (g)e
K se[0,1]

and

@ _
S Jgeslpie < CIS2|f], sup w702,
s,r€[0,1] xNu{oo} se€[0,1]

From the homogeneous version of Lemma 18 and Lemma 14 we have that for any = € R?

K/t
1—e— K> g > 07

ap 1/ (P)
V < V V .
H gs,r(I)H K H f“p (33) {17 /=0

and since V) (z) < CV®P*+1/2)(z) we deduce that for any ¢ > 0 such that J°* < 1 — K//2

sup Hgs,r |p Vv vas,r

a _
lpr1j2 < CJ%\IVpr sup m VP2
(5:r)e[0,1]xN s€[0,1

]

Now for r e N
T <150, + 18

3,6, 3,6,
with
n—2
Tge),r ::%’ E (frn(Xgn)grnr(Xin)) — Tknr (Frngrnr) |,
T =20 DV E (| frn (X | Awnr (X5n)) + 7in (| Fien D).
k=1

Note that from above and Lemma 57 we have |V (fgs.,)|opt1/2 < 4V Flpllgsrllpr1/2 + 41 F1pIVgsrllps1/2,
and we deduce that for any £ >0 and 37! <1 — Khe 1/2

a _
sup HV(ng)HQPJrl/Q < CjFp”‘f‘HZQ) sup ﬂ'SV(ZDJrl/Q)'
reN se[0,1]
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From Lemma 58

Tgle r S <C sup Hv(fgS,T)HQerl/Q X
(s,r)€[0,1]xN

- _ 1
eVl [ =2 g 4 QU2 pepe)
gl R St v e

SC s [V(g)laperys sup m VRBP4 D p e
(s,7)€[0,1] xN s€[0,1] K

Further from the bound on Ag ,.(-) above

T3 e,r < Cjap Hf“p sup s vt/ (az +1/2M0V(2p+1/2) + sup m V(QPH/Q))
s€[0,1] s€[0,1]

As a result

15| <C1 P”m“? sup w VP2 qup g,V EEPH/2) VRl +1/2)
5€[0,1] s€[0,1]

] . ] 3
{ sup TV 4 K2 V0lh, 4oV P Vagyens (14 5 ) } :
s€[0,1]

from which we conclude We turn to the second statement. Note that we have the slight simplification
Ys5.=—€'h? L ELf7n (X5 — vara,, [ fin], that

|E[fz§h(X§h)] — varg,, [fen]| < |E[f;fh(X§h)] — |+ [ fin |

and f € Cf, (R?) implies that f? e C’gg ([0,1] x R?) from Lemma 57. Now from Lemma 58,

_ _ _ exp ( — Keflh) _
Y. <C \V/ S1/(2[(217)vz7()]+1/2){K 2|y h+ v 2p+1/2) 1h}h.
‘ 5, ‘ Hf“p“ f“p S:E(lf’l] . [ ¢Hpo Q2p o 1—exp ( _ Ke_lh) €

2
_ _ e — Ke lh 2
+c<|w|p st]mv@[Pvpol“/?)) {K*vabupomapuov@“/?) xp (= Ke'h) )e’lh} ¢
se(0,1

1—exp(—Ke'h
Therefore

ooy v ap)

2
i/ (2p+1/2)
e oV } (e v h).

2
|T5)€| <C <|f”p SEépl] WSV(2[(2P)VPO]+1/2)> {1 + K—2HV¢HPOh +
s€l0,

Lemma 53. For any ] > 1 and ¢,h, K > 0 such that 77 <1 — Ke 'h/2 we have,

)@

€

Ta <1
where, with the convention (£ v 1)/¢ =1 for £ =0, for any ¢ € (0,1), with

) ) 1, 0a,9¢vy M ;
O e (14 2a, sup m VT 2 22 T (9 4G, — sup A/ V(zh)) b,
fg ( Il £1ll») pse[o,l] K (IAK) ( P 7€[0,1] ( ))

~ a _ - M
T Oy 1o[Cry v (S22 sup VD) 1+ dnprrp e sup 4/V(2)
K se[0,1] K 0.1

Tfe) ::CijHz%% sup T, VP2 . gup 775(‘7(2p+1/2))6
’ K sefo1] sel0,1]
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and for £ >0

M —
1+ (Ggp v @p)— sup 4/ V(x})

|To.e| < thll\f\\li(dzp v a,) sup VP w
se(0,1

s€[0,1]

while for £ =0 we have
Ye,e| < sup vary, (fs)-he '
s€[0,1]

Proof. For T4 ., with the notation of Lemma 62, we introduce for r e N

_ 1

1), =2 {Z i (Frngin,r }—L s (fsgs,r)ds|
acs .

T( ) =2 {Z Tkh fkhAkh r)} *L WS(fsAkh,T)dS

From the rough upper bound on A, , in Lemma 62 and with 7(0,¢) := |—1In(¢)/K| or r(¢,€) := |—In(e)/(¢K)|
for £ > 0, we have

ngru o S C:IHpr% sup w VP2 . sup ws(fsf/(pﬂ/m)e
T K s€[0,1] s€[0,1]

< CIFRSE sup VO sup m, (VEPH)e,
'K s€[0,1] s€[0,1]

For the other terms we note that from Lemma 62 for |s —¢| < Ry = 1 and any ¢ € (0,1)
|fs gs T ) ft( )gtr | |fs (:I;)||gs,r(x)| + |ft(x)||gs,r(x) - gt,r(x)|

.'l _ _
i 2 1V &2 () sElp]wsV(”“/”!fs(:v) = @) + |1,V ()] gs.r () = gr.r ()|
se(0,1

Now, since f € CT,([0,1] x RY),
|fs(x) = fu(@)| < [0f [,V P ()]s — ¢]

and from Lemma 62

900 0) = gur@)] < Ol — TS (v 1)

M — _
x (1 +dap— sup 4/ V(ax)+ sup 7T5Vp+1/2).
T€[0,1] s€[0,1]

Hence, using Lemma 56

|fs gsr ) ft(x)gtﬂ‘(x”

N — I C30Ev1) M -
<C(1+ V2 (ya, sup m VPHVR L Z g 0 (04 6, — sup 4/V xx s —t°
(L ISPV @), s %t e 2w s V) s

where C'(J,£) depends on the arguments shown only. Now, defining

_ - 1 CEOEv) M -
Crgi= L+ ||fll,)%0 sup a,VEFY2D = 220 — (94 a,— sup 4/V(z*
1o 5= (L4 ISl sup Rt aamr B sw V)

from Lemma 63

- - M -
ng,r < Chlagpi1)2(Crg v [V fgll2ps1/2) [1 +apr1/27s SEIP] Vi(x})
se(0,1
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and we have found in the proof of Lemma 52 that

SUp [V(£r)laps1/2 < €3 pll\fHI,) | SV,

from which the first bound follows. For T ., first consider £ = 0. In this case

|T676| < he? sup varr, (fs)
s€[0,1]

Now consider ¢ > 0, we apply Lemma 63 with the function f and f2? to obtain the resul. By assumptions
feC?,([0,1] x R?) implies that

|fs(@) = fe(@)| < W fllpVo(2)ls — ¢
and consequently

1/h|— 1
- . M _ _
Z (7kn frn) *J (Wtft)2dt < hap || £l l1+apf SEIP] V() |- 2lflp sup m, VP
se(0,1

— 0 se[0,1]

Further,

2| FI12[VP ()]s — ¢
CIFIRVE ()]s — 1

|f2 (@) = f ()]

<
<
and by application of Lemma 63 we deduce

M —
14 (G2p v @p)— sup 4/ V(x?)

Yo.c| < CLh| fll2(c2p v &) sup 7, V@ w .
se(0,1

s€[0,1]

O

Lemma 54. There exists C > 0 such that for any 1> 1 and €,h > 0 and K > 0 satisfying I~ < 1—Khe /2
€ > 0 we have

AV LG

_{uompﬂ/z)(x)}z sup 7,V @pveol+1/2)
s€[0,1]

‘Toyé‘ < OO[pO[p+1/2

) €Xp ( — Ke_lh) eilh}e

x { K 2|V + v(pt1/2
{E21V 615 + apo e (R

_ J _ 2,
‘Tle‘ < Ce thHfH%/(p)O‘?pMOV(zp) + CEHVJ[H{CQ;D[K '+ K, ]MOV 2p)} /
Proof. First we have the simplification
n—2
Yo =¢ 'h* Z T Sen B 29,e (X)) — frn (Xin) ]
k=1
n—2
2¢ 1% D" wan finE [y (Xin) ]
k=1
and from Lemma 37,
|E (’7]@ 6(th)) | < Cap vaHP NOV(p+1/2) - sup MSV(P-FI/?) (;C)
’ 1—exp ( — Keflh) se[0,1]
v _ _
< Capagiiy IVl po VP2 L 7 eH1/2)

1—exp(— Ke 'h)
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where we have used Lemma 14 in the last line. Further from Lemma 58

| = ELRCXD) < CIV Sy sup VIR 2190l + apiaoV 7% exp (— K t)

sel0,

and therefore

n—2 -1
B _ B _ exp ( — Ke h) B
26 1h? < CIV S, N Rl o Y T At 'h?}
0 3 Imifun] < CIV Sl sup [Vl erpio e (— K1)
We have )
Tro:=¢ 'h’E [f(n (X Gmyn) — [Po,ny1,e(X6)] ]

We have E I:f(2n71)h(X(6n71)h)] < C| fl2azppoV ). Now we notice that

/ n—1 1/2
¢ 'hE [[Po,h”Y1,e(X5)]2]l : = 'hE l( Z Povihfih(XOE))Q]
1=1

n—1

<e'h Z var,, (Po,ihfih)1/2

i=1
e'h
<
1 —exp(—Khe!

sup var, (fs)l/2
) s€[0,1]

] _
CFHVJ[H{OQP[K_I + Kuo]ﬂov(2p)}l/2'
O

In Proposition 43 it is required to control the L, convergence of the term D, defined above Proposition
42, which is an ergodic average. It is possible to get estimates of this quantity by using a Martingale
approximation, followed by the use of Burkholder’s inequality. We however use here a more direct route
since no precise estimates are needed.

Lemma 55. Let p > 1, f € C§,([0,1] x RY) and ¢ = 1. Then for any r > 1 v (2/q) and with m =
(gr—=2)/(r—1)
2
2 1-2 m —(om 1/m _ T ar
|Sen — E[Sen]lz, < C (ISen —E[Sen]lr.) ™ Iflp ( i (MOV@ >) +apM0V(p)>

Proof. Let | :=m/(q— 2), then r—! + [~ = 1 and we apply Hélder’s inequality,

E[(Ser —E[Sen])!] =E [(Séyh — E[Se,h])% (Sen — E[Séyh])qf%]
1/r

3

N

E|(Sen — E[Sen])’]

2)1]1/l '

T
[Sen —E[Sen]lz, < (1Sen —E[Sen]lr.)™ (lsehlL + £l Sup]utV(p)> :

te[0,1

£ (5.0 #15.0)

Using the triangle inequality we get

Now, noting that E[Seﬁh] = hZ;:Ol win fin, by the triangle inequality and from Lemma 56 and Lemma 14

hZHfthp [V(p)( ) ]1/m

< |fl,2m th (7o (xa)"]"

S,

— m 7 (pm /m
< Il e (ov )
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5.5 Rough, but tractable, bounds

We gather here intermediate technical results which lead to tractable bounds and allow us to conclude
about the complexity of the procedure. For the reader’s convenience we recall that for ¢ > 0 and = € R,

V(z) = |z)?, V@ =V, V@ := 1+ V@ with t € [0,1] Vi(z) = |z — 272, ;' := V2, V9 =1 4 1@
(with notational simplifications V; := f/t(l) and V; := Vt(l) etc.) and for v € PI+1/2(R?)

WO i= | (1 Ll [yl Jo = slvtay)

Lemma 56. For any p =1 and v e PPH1/2(RY),
W® (5, v) < VP2 (2) 4+ VP (2)p(VY?) + VI2(@)[1 + v(VP)] + v(VPH2), e RY,

and as a result
s W) (s, v) <+
up ————~= .
vems 1+ [227F1

Further there exists C > 0 such that for any x € R? and v e PPT1/2(R?)
WW® (5,,v) < CryVeH/2) . yetl/2) g, (98)
Proof. By considering the scenarios ||z]| < |y|| and |z| > |ly| separately we have

WP ((5:“ y) < H:L'H + V(V1/2) + HxH2p+l + HxH2py(V1/2) n H:THV(VP) N I/(Vp+l/2)7
= Hx\|2p+1 + HxH?py(Vl/z) + |z [1 + »(VP)] + V(V;D+1/2),

and the first statement follows from the assumption on v. Finally by considering the scenarios V' (z) > 1 and
V(z) < 1 separately twice one shows that

W@ (5,,v) <2[1+ VP 2@)|[1+ v (V2 + VP + VPrH2)],
< QTP 1) ().

Lemma 57. For anyp = 0,

1. for any ¢ =0 and z € R4
P (I)f/(q) (z) <4- v (p+a) (z),

VO () v VO (z) <2 VPVD (),

foranyg=>=1
[f/(p) (x)]q < 2071 P) (),

and for v, € Cp(Rd) x (1 (Rd) forp,g=1
[e¢lp+a < 4lelpllq
2. for any s € [0,1] and x € RY,

V() VP (2) < V12V (22) 2V P H12) (1)
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Proof. First we have V) (2)V (@) (z) < 4VP+9(z) because V) (2)V (@ (2) = 1 + [P+ + |22 + |z|?»
and one can consider the scenarios ||z| = 1 and |z| < 1 separately. For the second statement one can
again consider the scenarios |z| = 1 and ||| < 1. For the third statement, the result follows from Jensen’s
inequality, ,
2p10 _ g L+ ]
[1+ |z]*]" <2 5 .

The next statement follows from

p@)y(x) @) VO @)V ()
V(p-qu)(gg) V(p)(gg)V 9 (x) V(p+lJ)(gg)

and our first result above. Now we note that for z > 0 and C > 0
A(z) = (C + 2)(1 + 2P)? = 221 4 C2% 4+ 2[2PT + C2P] + 2+ C
B(z):=(1+ zp+1/2)2 = 2 Fl 4 9p 412 4

are such that for z > 1 A(2) < 2?1+ C+2(1+C)+1+Cland for 2 < 1 A(z) < [1+C+2(1+C)+1+C],
and therefore for z > 0

Az) <41+ 22H[1 + C]
41+ C)B(z)
as a consequence with C' = 1/2 + ||z%|? and 2 = |z|? we deduce that (with |z — 2%||* < 2[|=|? + |z}]?)])

V2y/1/2 + 12w — 2[2(1 + 2] ) < /8(1 +1/2 + [z [2) (1 + [2]*P*1)

<
<

that is
Vi(z) - VO () < 4/12V (22) - VYD ()

Lemma 58.

1. There exists C > 0 such that for any p = 1, v € P?(R?) such that there exists a constant K, > 0 such
that for all f € CY(R?)
vary [f] < K v ([V£]?),
then for any f € CY(RY) and € > 0

sup var,pg [f] < Cagp - HVfH% . [K‘l + Ku—l] V(f/(2p))

0<s<t<l1

sup — var,gpe[f] < Chgy - [V - [KH + K, u(VED)
(s,£)e[0,1] xR

where gy and aop are given in Lemma 14 and 61 respectively.
2. There exists C > 0 such that for any ¢¢ as in (11),

sup varg, [¢] < CK'|Ve|2 - sup m (V(Q;Do))_
t€[0,1] te[0,1]

3. Let p =1, then for any f € C}(R?)

E[£i(XD)]| < sup vare [6s]/2 sup varg, [fi]"2 = [1 = exp(—Ke™1)]
s€[0,1] s€[0,1] K

+ |V fel W (,U077T0) exp( Keilt)

and a rough bound is

ELAXON < CIVSlp- sup mV o rl K2 [Tl + gV 12 exp (- Kele) .

s€[0,1
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Corollary 59. As a consequence for t € [0,1]
g 1] < Couy [V FELK T+ 15 o799
and using Lemmas 22 and 1} for any (s,t) € [0,1] x R4
var, ;< [f] < Clupony - [VFIF [K™ 4+ K s (VEP)

and

Proof. We first apply Lemma 22, yielding for 0 < s <t <1
V&I‘Vp;t[f] <[K '+ K vP (VP
<[E7'+ K VEZ vl ([VPT?).

Now we apply (46) in Lemma 14 and Lemma 57 to conclude. We proceed similarly for the time homogeneous
scenario and Lemma 61. We use Remark 21 noting the fact, established in the proof of Lemma 25, that
¢r € CF%([0,1] x RY). As a result for ¢ € [0,1] we have

vary, [¢] < K 'm (Ve |?)

<
< K Vo5,m ([V]?),

and we conclude with Lemma 57. For the bias, we note that for ¢ € [0, 1]

E[f:(X¢)] = poPotft = moPot fr — me fr + (1o — m0) Po.t ft,

and by Lemmas 24 and 26, we deduce

_ € _ _
|E[ft(Xf)]| < SE%pl] Var,, [¢5]1/2 SE(IJpl] var,, [fs]l/QE [1 —exp(—Ke 1t)] + apHVfthW(p)(uo, o) €xXp ( — Ke 1t).
se|0, se|(0,

We can now apply our earlier result and Remark 21 to show,
sup varg, [¢S]1/2 Sup vary, []”5]1/2i [1 — exp(—Ke_lt)]
se[0,1] se[0.1] K

_ _ 1/2
< CK 2|Vl [V 11y { sup w,7C - sup w770 L
s€[0,1] s€[0,1]

< OK 2|Vl VSl - sup_m, V3D

se0,1
and from Lemma 56
apHVfthW(”) (110, m0) exp ( - Ke_lt) S OapHVpr/LOV(pH/?) -V PH/2) exp ( - Ke_lt)
from which we deduce

LA < IVl sup w21 VDK 2]+ agpoV 04 exp (— Ke ).
se[0,

Lemma 60. For0 <z <2 )
z

<
1—exp(—z) 1-—2z/2

Proof. We have that for z > 0 exp(—z) <1—z+ é, which implies [1 — exp(—2)]/z = 1 — z/2 and therefore
the result. O
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6 Drift and solution of Poisson’s equation for the time-homogeneous
diffusions

Throughout section 6 the notational conventions of section 5 are in force, except that f; is not assumed
centred with respect to m, and we write f; === fi — m fy.

Lemma 61. For anye >0, p>=1 and k € (0, Kp), define

(=%}

= e Y(Kp— k),

P [4p(p — 1) + 2pd
K

op-12(p—1)+d

b= 2pr
€

~ B B 2p7:2(p*1) B
G, =272y 1422 | 2(p—1)+d] + (1 +2%71) sup |z}|?”

. [ oy = 1) (14270 s i)

Then
b
SYVP) (x) < e VP (z) + 5(1 —e7%), VY(s,t)e[0,1] x Ry, (99)

sup QY VWP (z) < dpf/(p) ().
(5,6)€[0,1] xR

Proof. The result follows by almost identical arguments to those in the proof of Lemma 14, with some
elementary simplifications afforded by the time-homogeneity of the process Y;**. O

Lemma 62. Let p > 1 and f € Cf 5([0,1] x RY) such that for constants Cy < +0, Ry € (0,1] and 8 € (0,1]
ls—ul <Ry = |fs(x) = ful@)] < Cfls —ulPVP(z), VzeR?, (100)
and define for any s € [0,1] and r € N u {00},
v i 1 124
Then, with ¢, 1 as in Lemma 61 with there € = 1,

1. we have

M _
1+ dnl? sup A/V(zz)| VoeR%

|S_u| < Rf = |7Tsfs _Wuful < C|S _ulﬁdiﬂ(cf v vaHP) [0.1]
Telo,

(101)
2. gs.r(-) has the following properties:

(a) for any £ >0, s€ [0,1] and r < o0, the map x +— gs(x) is a member of C5(RY),
(b) for any £ =0, s€[0,1] and r € N U {0},

|95, ()] < he ! f oGy WP (8, 7o) s =emrs €20,
SyT b HfHPdPW(p) (51775)%7 (=0

and further for any 3> 1 and 7' < 1 — Khe™1/2 we have the simplified upper bound

Qp,1
lpt1/2 < CJ%

sup lgs.r

[flp sup m V@Y.
(r,s)eNu{o0} x[0,1] s€[0,1

]
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(c) for any s€[0,1] , re Nu {0} and z € R?,

—1
O flpapW @ (8, mg) e 0> 0,

As,r(z) = |gs,oo($) *gs,r(l“)| < { HfH;D~ P ) ( )el?((:l‘fkhe T
| f|pCepW P (62, 75) S {=0.

and further for any 3> 1 and 7' < 1 — Khe~1/2 we have the simplified upper bound
~ —Khe r
Qp1 . e , £>0,
sup |85 rlp1/2 < CIZ= | flp sup m VEH/2) {
(r,s)eNu{o0} x[0,1] s€[0,1]

e Kr /=0.

)

(d) for any ¢ € (0,f3) there exists C > 0 such that for any 3> 1,171 <1-K/{/2if ¢ >0, re Nu {0}
and v € RY |s —u| < Ry

1 (Cv1
|gs,r($) - gu,r($)| < C(ﬂaJaRJ‘aCMS - uﬁ%(cf Vv H|f|HZD)

M - _
X (1 + ap1— sup 4/ V(xx)+ sup 7T5Vp+1/2).
K 0,1 se[0,1]

where C(B,3, Ry, () depends only on the arguments shown and the convention that (¢ v 1)/¢ =1
for £ =0.

Proof. Consider for arbitrary s,u € [0,1], z € R%, and t > 0, the decomposition 7, fs — T, fu = Ri(t,x) +
Ry(t,x) + Rs(t,x), where

Ri(t, @) = ms fs — Qi fs(x) + Qf fu(®) — Tu fu,
Rz(t,l‘) = Qf(fs - fu)(x)v
Rg(t,l‘) = (Qf - Q?)(fu)(x)

For Ry, it can be shown by arguments which are almost identical to those used to prove Lemma 24 that
Q2 fu(@) = ms ol < | fisllp@pae™ WP (6, my). (102)
Hence
By (t,2)] < [ Flppae™ [ WO (00, 7) + WO (60m) |

< C|lf|pbp.1 SFP] 7 VP27 (p+1/2) (z)e K,
se(0,1

where we have used the estimates of Lemma 56. For Rs, using (100) and Lemma 61,

sup |Ra(t,z)| < Cyls — ul? sup Q:V P (z)
teR ¢

teeR

< Créapals — u|ﬂf/(”) (x).

For Rj3, assuming w.l.o.g. that u <'s,

t
Q5 fu— Qi ful = ] L 0,0 0 fudr

t
f QU (VU, — VU, VQ; . fu)dr
0

t
< j QU (IVU, — VUIIVQ;_, ful)dr
0
t
<Mls—ul [ Q¢ (VT2 QEVAL) e ar
0

t
< IV fullpip i M]s — u|J Qv («/Vu : V@)) e~ K= qr, (103)
0
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We now use Lemma 56 and Lemma 61,

sup QY (v V- V@)) (z) < Chpar/V(ar) - VYD (g)

T€[0,1]

and combining this observation with (103) gives

sup | Byt 2)| < 062, 7213 — ul- [V F oV (@) - V2o

teR .,

Since x was arbitrary we may now choose z = 0, and noting also that ¢ was arbitrary and |s — u| < 1
combining the above bounds on |Ry|,|Rz|, |R3| then gives

|Ts fs — Tuful < Hf“;v&pﬁl [ (50,7"5) +we (50,7"u)] tielﬂlg e+ Cf&P,1|S - u|ﬁ
+

o M —
+Capagzls —ul- [V flp sup /V(x3)
T€[0,1]

< Cls —ul’aq,

. M -
Cy+ apa V11, sup AJ7(2)
7€[0,1]

This completes the proof of (101). For property 2a in the statement, by the Proposition 15 in the time-
homogeneous case, for any given s, fs € C5(R?) = Q3,f € C5(R?), hence for any r < +o0 and any ¢ > 0,
T+ gs.(x) is a member of C§ (R?). For property 2b in the statement, using (102),

|gs.00(2)| < £ papW® (S,, 75) —L e (>0,
TSV WP (80,70 £ (=0,
14

which together with Lemma 56 and (58) imply that for any
|2]?PT1) < +c0. For property 2c, by similar manipulations,

g“f”pdpw(p)(%ﬂ@)%a >0,

r

Fllppy WP (5, 75) ot ¢ =0.
p=tp K

|9s,00(x) — gs,r(2)] < {

For property 2d, in the setting ¢ > 0, with R;, Re and R3 as above we have

gu,r( ) Js, 7‘ =/ Z Rl ]{;f JI) (T + 1)£(7Tsf5 - Wufu) —/ Z Rg(kg, JI) + Rg(k[, CE)

= k=0
and therefore for any N —1 > r for r € N and any N € N for r = o0
N-1
|gs,r($) 7gu,r( )| <N€|7Tsfs 7Tufu| +/ Z |R2 ké $)| + |R3(k£ T |+£ Z |R1 kﬁ ZE)|
k=0 k=N
e KNEN
<CUCy v Cy) <N|S —ulf + W) VR (),
with
C1 = 1 | O + a2 1971, sup 4[V(at) |,
T€[0,1]
Cy = | flpap1. sup mVPHY2
se[0,1]
Clearly

- . M - _
Ci1v C2 < Capa(tv 1)(Cr v II£lln) (1 +ap13s . V(zr) + up wsVP“/z).
7€|0, se|0,
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Now when |s—u|? > t&—, one can choose N = 1 and conclude. Otherwise we take N = [—(K¢) " log (|s—
u|?)] which with I~ v 1 — K/2 leads, on the one hand, to

o KNt 3 5

1—e KL < ﬁls_w
and on the other hand to
Nls —ul? < [1— (K6 'log (|s — ul?)]|s — ul’

So we study ¢(z) = 2*log x for z = 0. ¢'(z) = #*~*[alog(z) + 1] so ¢(x) reaches its minimum at exp(—a~!),
and therefore since ¢(z) < 0 for 0 <z <1, forany b >0

sup |o(z)| < |p(a)| v |p(b)].
[0.5]

z€(0,

Therefore for |s — u| < Ry and ¢ € (0, 8) we have

N|s —u|’~¢ < RP~¢ + — [’1/(5 O] v (RY|log Ry|)

and in total we have the bound
e HNE 1 ! B¢

For the case £ = 0 a reasoning similar as that above leads to
5, N G
|gs.r () = gur(x)| < CUCL v C2) | N|s —ul” + S 1% (2),

O

and for |s — u|? > e ¥ /K, set N = 1, and otherwise set N = [—~K 'log (|s — u|”)| and deduce from
above that
—KN
Nls —ul? +

<[1-K 'log (Is — ul?) +K*1]|sfu|ﬁ

< % [KRfﬁ*< + ﬂ[eil/(ﬂ _ C)] v (R?*C‘logRjD] |S _ u|<

and we conclude by combining all the cases.

Lemma 63. Assume that for some p > 1 and f € Cf ,([0,1] x RY) there exist constants Cy < +00, Ry >0
and € (0,1] such that

ls—t| < Rf = |fs(x) = filzx)] < Cls —t]PVP(z), VzeR™
Then for any h € (0, Ry]

[1/h)-1 . " _
h Z thfkh*f e fedt| < hﬁdp(cf v HVpr) 1+dp? sup 1/ V(z})
=0 0 t€[0,1]

Proof. Using Lemma 62,
ll/hJ 1 1
’h Teh freh — J Wtftdt‘
0

k=0

ll/hJ 1 ~(k+1)h
f [Tk frn — mefe]de
kh

dt

< hla,

Uﬂd—1J4k+nh

. M —
Cy + O‘;Df”Vpr - sup A/ V(x})
te[0,1]

k=0 Jkh

< hla,

.M —
Cy + O‘;Df”Vpr - sup 4/ V(x})
te[0,1]
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7 Controlling the discretization error

Throughout section 7, ()?f’h)te[o)l], u€ , and " are as defined in section 1.5.3.

7.1 Bounding the total variation distance

Proposition 64. If h/e e (0,2K/L?), then for any 6 € (0,1)

1 h o K3 L* 1 2N
€ ~eh <= 2 400 v 2 -4 —— -
€ = 7" ey 2[L d52+3e (M +€2)<h+1/\[uo(%)+h])] )

where
2
Ao— 1o <2hK_ (ﬁ) L?) (1-5).
€ €
4h? h
b = sup |dux}|? 5 +h?| +2d—
te(0,1) 5 (2hEK — (B L2> ¢

Proof. The proof is quite similar to [3, Proof of Lemma 2|, except that here we need to account for the
dependence of U; on t. Consider

—_ 1 77 [ VvE V€
A E{VUt(Xt’h)—VUt(Xt’h)}

d rt . 1 [t
Zy = exp fagng——f IZs)2ds | .
Z-; 0 2 Jo

By Girsanov’s theorem, under the probability measure ]IND}-1 [A] = E[IaZ;1], A € Fi, the process Sé dBs —

Eyds is a d-dimensional (F})¢e[o,1]-Brownian motion and the law of ()N(f’h)te[oyl] is . Denoting by Pz, the
restriction of P to Fi, we therefore have by Pinsker’s inequality

< 1B, Bl <y~ 3Elog 1] = 3y 5 [ 121205 (109)

For s € [kh, (k + 1)h), we have from (16) and (A2),

| — feh

1 5 2d
7l = (5 kh)*E[| VU (X501 + — (s —kh)

| . X 2d
< (s —kh)’L?E[L + | X5 — ot |?] + — (s~ kh). (105)

€

v e, h
E[ Xy —

The considering the expectation in (104), we find from (17), (A5) , (A2), (105), and Lemma 65,
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t
5| [ 12|
0

1 WR=1 (ke 1)n . s
SE X J o EIVUMEE - IR s

1ll/hJ 1 ((k+1)h . L N
<1 f E[[VUn (X5 — VUK + B VUL(KE) - VUL(Xe") P )ds
1l1/hJ 1 o(k+1)h . o e
2 €, * 2 2 €, €,h|2
ST X | MEs—RRPED + IR —alal?) + PRI - Kot Pls
k=0
1ll/hlf1 (k4+1)h ~ch 1 ~Seh 2d
<< Lh M?(s — kh)’E[1 + | X}, — 25,71 + L? (6—2(3 — kh)?L2E[1 + [ X5 — 2jn”] + —(s — kh)) ds
k=0
L4 [1/h]—-1 oo (k+1)h
- (M2 + —) DOE[+ X5 -2, \|2]J (s — kh)%ds
k=0 kh
[1/h]=1 ~(k+1)h
2d
—L2 f (s — kh)ds
€ k=0 Jkh
hooB Lol- .
= LQd 7+ 30 (M2 ) Z E[1+ | X5 — 2, )]
ho h? LY\ (1 1 b
2 2 = - e
Ld +3<M+ )(h /\[ (V)+hD.
Substituting in to (104) completes the proof. O

7.2 Drift condition for the discretized process
Define
o = 1/eTTina) = o1?) .

A) J ! e < !

p— —_— X —_——_—
A A/Amh/e P 4h/e

where the dependence of ]5k on € and h is not shown in the notation.

Lemma 65. If h/e € (0,2K/L?), then for any 6 € (0, 1),

PeVin(z) < AV—pu(x) +b, (106)

3B IR e S Ty ) g | (107)
where
oK (h\®

A o= 1—( —(—) L2>(1—5),

€ €

) 4h2 ) h

b = sup|du;] +h7| +2d—
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Proof. To simplify presentation in the proof we write X = )Nfgh, Tho1 = T(p—1)hs Tf = Ty, » VUp—1(2) 1=
VU -1y (x) etc. With & ~ N'(04,2h/ely), we have

2
BVin(z) = E [HXk - x;H?’ X1 = ;v] - E [ v — VU1 () + € — ot 1
h 2
< (o aios - 2V0a(@)] ot - it} +EllEP)
where in view of Lemma 68,
|z — zi—all < ch, c= sup |[dur;| < +o0,
te(0,1)
and
, h
E[J¢]?) = 2%

Now writing 3 := 225 — (%)2 L?, noting the assumption h/e € (0,2K/L?), using (A4) and (A2) we have for
any 4 € (0,1)

h 2

T — ;VUk,l(:E) -5

* 2 2h * h : 2
<o wial? - e - ai VL) + () V@)

< (1= B — i)
= Mz =2t |* = 6Bz — =4 [,

where X :=1— 3(1 — §) < 1. Combining the above gives:

S * * * h
PVin(z) < Mo —a5_, 1> — 68z — xk_1\|2 + 2ch|x — xf_q| + Ah? + 2d;
4¢2h?

op

where the final inequality follows by considering whether or not 2ch < §3|x — x5_,|. Thus (106) holds and
iterating gives

<Az — a4 [* +

h
+ c*h? + 2d—,
€

k—1
E [HXk — b2 X = ;v] < MVo(2) +b YN,
j=0

from which (107) follows. O
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8 Auxiliary results and proofs

8.1 Preliminaries
Lemma 66.

6,5 log Zt = — 6,5Ut(:v)7rt(dx).
R4

Proof. Using (A4), Lemma 67, the reverse triangle inequality and the convexity of a — a2,

* K *
supexp [-Ui(a)] < supexp | ~Uiaf) — 5 | a1

: N K K N
<oxp |~ ipfUi(at) - T lal? + 5 sup atl?.

where sup,c(o 17 |27 and —inf; Uy(x7) are finite, since by Lemma 68, ¢ — |[z7| is continuous on [0, 1], and
Ui(z) is continous in (¢, x) by (Al). Also by (A1), there exists some p = 1 and ¢ < 400 such that

sup |0Ui(a)] < e(1+ ), V.

Hence the following interchange of differentiation and integration is permitted:

1
015 IOg Zt = —8t J exXp [—Ut(x)] dx
Zy  Jga
1
== exp [—U(2)] 0:Us(2z)dx
t JRd
= — 6,5Ut(:v)7rt(dx).
R4
O
Lemma 67. For any given f € Co(R?) and ¢ > 0, the following conditions are equivalent:
1
f(y)_f(x) = <Vf($),y—$>+ §CHy—$H27 VZC,yERd,
(Vf(@)=Viy)he—y) = cz—y|? VvryeR?
32
mieand . i@:vfa(@vj > v, VveR
Proof. See [29]. O

Lemma 68. Let z; be the unique minimizer of Uy. Then the map t — x} is continuous on [0, 1], continously
differentiable on (0,1) and

sup ] v sup Jaf] < —.
te(0,1) te[0,1]

Proof. Fix any t € (0,1). The strong convexity assumption (A4) implies VU, (z) is invertible for all z.
Therefore by the implicit function theorem there exist open neighborhoods 7 of ¢ and X of z} and a unique
continuously differentiable function ¢ : 7 — X such that {(s,((s)); s € T} = {(s,2); VUs(z) = 0,(s,x) €
T x X}. Since t € (0,1) was arbitrary, the interval (0,1) can be covered with such neighborhoods 7, and
the uniqueness under (A4) of the minimizer U;(-) for each ¢ implies that the continuously differentiable
functions must agree on the non-empty intersections between the 7’s, yielding a continuously differentiable
function ¢ : (0,1) — R? such that ((¢) = x}. Let us now prove that lim;o((t) = z§. First note that
VU, is continuous in ¢ on [0, 1] by assumption, so lim, 1 |VU,-1(z})| = |VUo(z§)| = 0. By way of a
contradiction, suppose that there exists 6 > 0 such that for all ng > 0 there exists n = ng such that

a5 — ¢ )] =4,
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which together with (A4), Lemma 67 and Cauchy-Schwartz implies

[VUp-1(@p)| = |VUp-1(25) = VU,-1(¢(n 7))
> Klzg—¢(nh)| = K6,

giving a contradiction as required. By a similar argument lim; ~; ((t) = 21, and therefore t — z} is continuous
on [0,1].
We also have:

1
oyl = |[VEUI @) - aVU @)z | < 72 | 2TV o] (108)

where the equality is due to the implicit function theorem and the inequality uses the facts that: for a
symmetric matrix H, the operator norm ||H |, induced by the Euclidean distance on R? is equal to the
largest eigenvalue of H; |[H 2| < |H™"|op|x|; and (A4) implies all the eigenvalues of VU, (x) are lower
bounded by K. The term on the right of (108) is uniformly bounded over t € (0,1) by K/M because (A5)
implies

IVUL(z5) — VUpss(a})] < M.

Integrating this bound and noting that zf = 0 by (A4),
¢

* * * M
sup o} < | + sup | Jo.aids < 2.
te[0,1] te[0,1] JO

Lemma 69. For anyp > 1, t € [0,1] and f € CH(RY),

d 2
varg [f]> L) (f ‘9“) |

i=1 0

Proof. Fix any t € [0,1] and f € C§(R?). The first part of the proof follows arguments used to derive
Cramer-Rao inequalties, see [4] for perspective on this kind of technique. Let © be any compact subset of R?
containing 0, and then introduce an artificial location parameter § € ©. Suppressing ¢ to simplify notation,
consider the probability measure 7 defined by

7(dx) = 70 (z)dx, w%(x) = Z  exp{-U’(x)}dz, U®(z):=U(z —0).

Then with expectation and variance with respect to 7 denoted respectively by E’[-] and var?[-], and
gradient with respect to 6 denoted by Vj, define the vector go := VyE[f(X)] and the matrix Jy :=

fEe[V‘(f) log 7 (X)], where in the latter and similar expressions below, the expectation is element-wise.
Using (A4), (A2), (A3) and Lemma 68, it can be checked using manipulations similar to those in the proof
of Lemma 66 that the following identities hold by differentiation under the integral sign:

90 = E°[f(X)Vglogn®(X)],
0 =E[Vylogn®(X)],
Jo = E[Vylogn?(X) - {Velogn(X)}7T],

and Jp is invertible. Using these identities and Cauchy-Schwartz,

96 15 g0 = g5 Ty "E°[f(X)Vglogn®(X)]
= g5 Jy "B [{f(X) — E°[£(X)]} Vg log 7°(X)]
= E[{f(X) —E°[f(X)}g5 J; 'Volog7°(X)]
< var’[f(X)]"*E?( (g4 J; ' Vo logx (X))*]/?
= var’[f(X)]"2(95 Ty " 90) "2,
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hence
var’[f(X)] = g4 J5 g0 (109)

Noting that Vglog7?(z) = VU (z — 6) and V((,Q) logn?(x) = —V®U(x — 6), the lower bound (109) with
6 = 0 reads:

vary[f] = E-[fVU]"E.[VPU]'E,[fVU]. (110)
Using Cauchy-Schwartz and the Lipschitz assumption (A2), we have for any 7 > 0 and v € R?

% J;: <V(2)U(:v + ) - v, U> dA = % NVU(x + v) = VU(x),v)

1
< VU +7v) = VU(@)[[[v]

< Lfjvl*.

Taking 7 — 0 we find vTE,[VPUlv < L|v|?, so vTEL[VPU] v = L~!|v|?, which applied to (110)
completes the proof. O
8.2 Intermediate results concerning dimension dependence

Lemma 70. Fiz p > 1 and consider the quantities oy, and ¢y, defined in Lemmas 14 and 61, choosing there
k= Kp/2.

1) &, does not depend on €. For any q = 0, if K1 v sup, ||z}]|? = O(d?) as d — oo, then &y = O(dp(qul)).

2) For any q >0, if K~' v sup, |2} |* = O(d?) and & sup, [0z} | = O(1) as d — o0, then oy = O(drtath)y,

Proof. For part 1) the expression for &, in Lemma 61 with x chosen to be Kp/2 is:
4 _
a, =272y [1 + 2201 <ﬁ (8(p—1) +4d)" ' [2(p — 1) + d] + (1 + 22" ) sup |2} |2P)]
t
—of(1+% TP
= + K + Slip (M )

from which the second claim of part 1) follows.
For part 2), writing out the expression for «, from Lemma 14 with x = Kp/2 and the shorthand
v = sup, |0z},

4
ap =272y [1 4 221 <E7’2p2 [rev + [2(p— 1) +d]] + (1 + 22p71)31t1p |x;2p>]

where

Using the hypotheses of part 2), we find r = O(1 + 4/1 + d/K) = O(\/d/K), and so
d
ap =0 <r2p2 r= 4 —) + sup Jv?l”’)
K t

(p—1)
B d d (2p
_O<(K) (T+K)+Slipxt| )

=0 dr *||2p
= W + Slzp |7 ]|

— O(dp(qul))'

72



Lemma 71. Fizp > 1. For any q =0, if K=" vsup,cio 1y |27 |* = O(d?) as d — oo, then sup;e(g 1 T (VP) =
O(drlath),

Proof. We have
(VP <1+ 22271, (VP) 4 22271 zF| %P, (111)

By an application of (99) with there e = 1 and k = Kp/2, we have for any s > 0,

b
m (V) = mQu' VP < e m (V) + 5
where
2p—-1)+d
F=2 (p%, b=2p2P=V(2(p—1)+d), §=Kp/2
hence taking s — o0, we obtain under the hypothesis K~ = O(d4),
b4y (20—1)+d\PV
14 < - = 2(17 1) . 7 —
swpm(V7) < § = 220 (2 Cr-1+a)
1 /d\"! v
- —_ (= - L) — o(getre
(L (2" ) -0(2) o
and combining this with (111) and the hypothesis sup, |z}||*> = O(d?) completes the proof. O

Lemma 72. For any q = 0, if
K1 v sup |0 |? v sup ]2 = O(d%),  puo(V) = O(d"*),
t t

h L? h

h —— =o0(1), =d*=0(1
vev -z =o(l), 5 o(1),
as d — oo, then
[1/h]—1
h > 1T+E[| X% = O(ed® ! + hd?™* + d7).
k=0
Proof. We have
[1/h]—1 [1/h]—1 [1/h]—1
h L+ E[| X5 °] < 2h L+ B[ X —ainlP] 420 D) [l (112)
k=0 k=0 k=0

To estimate the first term on the r.h.s. of (112), consider Lemma 65 with § there chosen to be 1/2

and note that under the hypothesis %% = o(1), we have h/e € (0,2K/L?) for all d large enough. For any
such d, the bound of (107) written out explicitly together with the hypotheses K ! v sup, ||0;z}[? = O(d?),
po(V) = O(d*1) and & d®7 = O(1), h v € = o(1) then gives

[1/h]-1

v e, h *
by T+E[ X — okl
k=0
h *127.2 4 h
<1+W MO(V)HttlpH@tItH h {WJrl}Jer;]

— £ | gar1 ap2 € ﬁ
O<1+K[d +dh {hK+1}+d€D
h
6] (1 + ed? [dq+1 + d*The + d7h% + d—D
€
= O (1+ ed®™ + d*he® + d*'h%e + d* ' h)
O (

1+ ed®*h 4+ d7h).
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The proof is completed by combining this estimate with the fact that the second term on the r.h.s. of (112)
is in O(d?) due to the hypothesis sup, |2}]? = O(d?). O

Proof of Proposition 10. First note that the hypothesis %Lf € o(1) implies that for d large enough, h/e €

(0,2K/L?). Then for such d and choosing § = 1/2 in Proposition 64, we have

e — B2
h h3 L4
< LPd— + — M2+—
e 3e
1 1 1 4h?
—+— Vo) + — o |? h? | + 2d—
Y to( 0)+h t:(t(lﬁ)\l | 5<2’§K—(§)2L2)+ +2d-—
h h
—L2d =+ 3(hM2+ L4)
h h ) 4h
— e | huo( h 0 < — | +2d-
c & )2 B wo(Vo) + € tes(%pl |0y | (Q’ZK—(%)Q %2) + - + ;
b
= L + (hM2+ L4)
h 1 4 h h
= hyo (Ve h ot | ——— +— | +2d—| | .
<€+Kﬁ%2 po(Vo) + € teS(l(l)r;)H vy | lKg%”Le}’L GD

Using the hypotheses (18), 2L?/K = o(1), , dh/e = O(1), h = o(1), and € = o(1), we obtain
h h h h h

|ps = peh|2, =0 <d‘1/2+1 (hd‘? + d‘?) (— + d9 [hd‘l+1 + ehdi[d? + —] + d—]))
€? € € €

dq/2+1ﬁ + [ ha? + ﬁdq h + hd?Tt 4 ehd3? + dq“ﬁ
62 62 € €

€

2 2
i L h_d3tI+1 + h_dZtIJrl + ﬁdq/2+1
€2 €3 €2

2 2 2 2 2 2
=0 < eh? + h—] d* + [hQ + 2—2] a2t 4 [h? + 2—3] a2t 4 [h f ] a4l dq/2+1)

Taking the square root completes the proof. O

Lemma 73. Fiz p > 1 and for each d € N, f e C7,([0,1] x R?). Assume that (A7) holds and that

sup, | Ls fslp+1/2, grows at most polynomially fast as d — o, where Lofs = —(VU, VI + Af,. If
SUPyefo,1] 1/varr, [fi] grows at most polynomially fast as d — oo, then for any £ =0 so does supyeo 17 1/<e(t).

Proof. We first address the case ¢ = 0. Using the formula (96), we have
o¢]

(0(3) = f ps(t)dt,

0
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where assuming w.l.0.g. that f; is centrered with respect to m¢, ps(t) = ms(fsQ; fs). Due to the reversibility
of QF with respect to s, ps(t) is a nonnegative, therefore for any r > 0

o(s) = [ ety (113)
0
We shall now show that
sup |4 (0) = ps ()] < 1C(d), (114)

where C'(d), to be identified below, grows at most polynomially fast with d. To this end, note that

ps(0) = ps(B)] < s (| fs]|(Td — Q7)(f5)])

and by the time-homogeneous counterpart of Proposition 16,

< t“‘éfs Hp+1/26‘p+1/2‘7(p+1/2) (I)a

- UO QuLafs(x)du

(@) — 1d)(f.)|(x) = \ j 040’ f(2)du

where a1/, is as in Proposition 61 with  there chosen to be Kp/2, and we note that ||L; fs|p41/2 is finite
by Proposition 15. We therefore have

|p5(0) - ps(t)| < tH‘CstHp+1/20~‘p+1/27rs(V(p)v(p+1/2))v

and (114) holds as claimed with C(d) = @, 1/2 Sup, | Ls fs|p11/2 sup, ms (VP VEPHY/2) which indeed grows
at most polynomially with d by the hypotheses of the lemma, Lemma 70 and Lemma 71.
Returning then to (113) and applying (114), we otbain

1 - 1 1
()~ rp:(0) (1 - ;pc((‘ég) '

Noting the hypothesis of the lemma on sup, 1/vary,[fi], and that p;(0) = varg,[ft], the proof is completed
by choosing » = d~¢ for a > 0 large enough.
The case ¢ > 0 is more straightforward, since in that situation by (96) and the reversibility of @3,

Se(s) = bvarg [ fs]. O
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