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Abstract

The growth and invasion of cancer cells are very complex processes, which can
be regulated by the cross-talk between various signalling pathways, or by single
signalling pathways that can control multiple aspects of cell behaviour. TGF-
B is one of the most investigated signalling pathways in oncology, since it can
regulate multiple aspects of cell behaviour: cell proliferation and apoptosis, cell-
cell adhesion and epithelial-to-mesenchimal transition via loss of cell adhesion.
In this study, we use a mathematical modelling approach to investigate the
complex roles of TGF-f signalling pathways on the inhibition and growth of
tumours, as well as on the epithelial-to-mesenchimal transition involved in the
metastasis of tumour cells. We show that the nonlocal mathematical model
derived here to describe repulsive and adhesive cell-cell interactions can explain
the formation of new tumour cell aggregations at positions in space that are
further away from the main aggregation. Moreover, we show that the increase
in cell-cell adhesion leads to fewer but larger aggregations, and the increase in
TGF-£ molecules — whose late-stage effect is to decrease cell adhesion — leads
to many small cellular aggregations. Finally, we perform a sensitivity analysis
on some parameters associated with TGF-8 dynamics, and use it to investigate
the relation between the tumour size and its metastatic spread.
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1. Introduction

Understanding and controlling the factors that govern the evolution of solid
tumours has been one of the main research directions in cell biology for at least a
century [I]. One of the most poorly understood aspects associated with tumour
progression is tissue invasion and metastasis, a process that allows for cells to
escape the primary tumour and to colonise new tissues [2 [3]. This very complex
process is generally regulated by a cross-talk between multiple signalling path-
ways [4,[56]. Moreover, some of these pathways are controlling multiple aspects
of cell behaviour. Among the most investigated signalling pathways is the TGF-
B pathway, which is involved in cell proliferation and apoptosis, cell-cell adhe-
sion, cell motility, cell differentiation, immune response [7]; see also Figure[I[a).
The expression of this pathway has been studied in the majority of epithelial
cancers: from prostate cancer, to skin, breast, lung, colorectal, and pancreatic
cancers [7, [8]. Moreover, experimental studies have shown that TGF-8 has a
dual cancer role: in many early-stage tumours TGF-§ has an anti-tumour effect,
while in advanced tumours the TGF-3 pathway is disregulated and promotes
tumour growth and metastasis [7]. However, the timing at which TGF-3 role
switches from tumour-suppressor to tumour-inhibitor is still unclear [9]; see also
Figure . A particular aspect of the metastasis process, which has been shown
to be influenced by the TGF-8 pathway, is the epithelial-to-mesenchimal tran-
sition (EMT) [I0]. During EMT, the E-cadherin proteins involved in cell-cell
adhesion are down-regulated in the presence of TGF-# molecules, and the ep-
ithelial cells loose cell-cell junction integrity and invade new tissues [10, [§]; see
also Figure|ll The overall complexity of this pathway in shown in the contradic-
tory results associated with cancer treatment: while many studies suggest the
inhibition of TGF-§ pathway to improve cancer treatments [11], other studies
have shown that TGF-£ inhibition can increase inflammation and accelerate
pre-neoplastic lesions which were still controlled by TGF-5 [12, [9].

The detailed dynamics of the molecular components of the TGF-f signalling
pathway has been investigated by various mathematical models [I3] 14} [15].
Many other mathematical models focused on the TGF-g role in the evolution of
cancer. For example, Chung et al. [I4] developed an ODE model for the dynam-
ics of the components of the TGF-3/Smad signalling pathway, and used it to
describe the TGF-£ dose-dependent responses for these various molecular com-
ponents in the presence of cancer cells. Ascolani et al. [I6] derived models for
the molecular and cellular mechanisms behind TGF-£ role in tumour suppres-
sion or tumour progression (again, with a focus on the molecular components
of the TGF- pathway, the concentration of TGF-3 molecules, the density of
some cell population and the TGF- receptors on cell membranes). Arciero et
al., [I7] ignored the detailed molecular dynamics of the TGF-§ pathway and fo-
cused on cell-level immune suppressive and tumour promoting effects of TGF-4.
Kim and Othmer [I8] derived a complex hybrid model to investigate the role
of TGF-3/EGF pathways on the spatial growth of fibroblasts/myofibroblasts in
tumour stromal tissue (where the intra-cellular dynamics of the signalling path-
way was described by ODEs, the dynamics of TGF-S and EGF molecules in the
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Figure 1: (a) Caricature description of the dynamics of tumour cells, and the interactions
with the TGF-8 molecules. (b) Caricature description of the metastasis process, where a cell
or a cluster of cells breaks off from the main tumour cell aggregation and migrate to distant
places.

stromal tissue was described by reaction-diffusion equations, and the growth
and movement of the tumour was described by a particle-based model). Fi-
nally, Wang et al. [I9] considered a local Fisher-Kolmogorov equation to model
the spatial dynamics of tumour cells in response to TGF- molecules. However,
these authors never modelled explicitly the effect of TGF-$ on cell motility and
growth; they only assumed that the presence of TGF-5 would lead to changes
in the constant random cell motility and constant tumour growth rate, and used
experimental data to find values for these constants.

Despite these different mathematical approaches to investigate the various
roles of TGF-5 pathway on tumour dynamics, there are currently no math-
ematical models that investigate all these aspects (i.e., effect of TGF-5 on
growth/apoptosis of tumour cells, cell-cell and/or cell-matrix adhesion, and cell
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Figure 2: Dual role of TGF-8 molecules on tumour dynamics: tumour suppressor and tumour
promoter roles. Moreover, the timing for the switch from a tumour-suppressor to a tumour-
promoter effect of TGF-4 is still unclear [9].

invasion) in an unitary manner.

The aim of this study is to use a mathematical model to investigate the
previously-identified multi-faceted role of TGF-£ on tumour dynamics (see also
Figure b)) To this end, we use a system of nonlocal hyperbolic equations
to describe the spatial movement of tumour cells (including their random and
directed motion [20] as a result of random and directed turning behaviour), and
their growth and decay in the presence of TGF-8 molecules. We then couple
this system with a local reaction-diffusion equation for the dynamics of TGF-3
molecules. We first focus on the symmetry of the system and investigate the
long-term dynamics of the model via steady state and stability analysis. We
then use numerical simulations to show that the model can exhibit the formation
of new cell aggregations at spatial positions further away from the original ag-
gregations. In addition, we perform local sensitivity analysis to investigate the
effect of small changes in the parameters that control the interactions between
TGF-4 molecules and tumour cells, on the overall tumour size and motility.

The article is structured as follows. In Section ] we describe the mathemat-
ical model. In Section [3.3] we investigate the long-term behaviour of the system
by focusing on the spatial homogeneous steady states and their symmetry. Then,
in Section [4] we perform numerical simulations of the mathematical model, and
investigate the sensitivity of tumour growth to changes in the parameters con-
trolling TGF-3 dynamics. We conclude with a summary and discussion of the
results in Section [l

2. Model description

To investigate the complex role of TGF-3 molecules on tumour dynamics,
we focus only on the densities of tumour cells, ur, and the concentration of
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TGF-4 molecules, ug. Moreover, to investigate the formation/break-up of tu-
mour aggregations in response of TGF-f3, as well as their migration, we focus
on a domain that represents some tissue containing the tumour. For simplic-
ity, throughout this study we consider a 1D domain. (A 2D generalisation
of the model can be found in Appendix A.) To capture the polarity of cells
during movement, we model separately the dynamics of left-moving ;. and
right-moving u:ﬁ tumour cells (where up = u}r + up is the total tumour cell
density). The following equations describe the interactions between tumour
cells and TGF-5 molecules (ug).

% + W% = — Nur, uplug + X~ [ur, ugluy
+ %PTUT(l - %) = drujug(Kp — ur), (1a)
a(’“)Lt; _ 76(;675 =M ur, ugluf — A\ [ur, uglus
+ %pTUT(l - %) = drugug(Kp — ur), (1b)
% =D 3;;? + pe + ppur — Sug. (Lc)

Next, we describe in detail the various terms that appear in model .

1. The tumour cells move with velocity v (fixed throughout this study), and
change their movement directions from right-to-left or from left-to-right
with rates AT and \™, respectively. These turning rates depend on the
attractive (yF) and repulsive (yF) interactions with other tumour cells,
as well as on the TGF-j concentrations (ug):

Ai[uTqu] = A1+ )‘2f (y;t[uT] - y;:[’LLT,’LLgD ) (2)

Here A; approximates the random turning, while Ao f(-) approximates the
directed turning. Since cell turning cannot occur infinitely fast, we choose
the turning function f to be a non-negative, bounded functional of the
attractive-repulsive interactions (y}a) with neighbouring cells and chemi-
cal concentrations:

f(yF —yF) = 0.5+ 0.5 tanh (y;IE —yF - mo) , (3)

where the term mq was chosen such that f ~ 0 when y*f =~ yF (see
Table [2| and Figure [3(a), where mo = 2). We assume here that cells
turn towards/away to/from other cells as a result of the attractive (i.e.,
adhesive) interactions [2I] and repulsive interactions [22]; see also Fig.
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These interactions can be described by the following nonlocal terms:

yElur] =+ q, /000 K, (s) (uT(x +s)—ur(x— S))ds (4a)
> ur(x +s) ur(x —s)
Vi lurug) =2 qa/o K“(S)(kﬁ + UB(_; +5) kg +up(e— 8)>d5'

(4b)

As mentioned before, up = u}r + ug. is the total cell density. Parameters
qr and ¢, represent the magnitudes of the repulsive and attractive (adhe-
sive) interactions, respectively. The interaction kernels K,.(s) and K,(s)
describe the spatial ranges of these interactions, and an example of such
kernels is depicted in Figure b), for s > 0. (Note that we define the
integrals in y, only for s > 0, and understand that a reference cell at =
interacts only with those neighbours ahead at = + s, and behind at z — s,
positioned within the repulsion/attraction ranges defined by K, ,(s) > 0.)
Equation incorporates the assumption that cell-cell repulsion is only
the result of interactions with other neighbouring cells within the repul-
sion range. In particular, a reference cell at position z (i.e., u%(m, t)) can
detect - through mechanical traction stresses of neighbouring cells [23] -
how many other cells are ahead/behind its spatial position (i.e., by cal-
culating ur(z + s,t) — ur(z — s,t), where ur = u} + uz). Moreover,
we assume that the cell will change its polarisation towards the spatial
region with lower cell density (i.e., the cell tries to avoid collision with
higher densities of neighbouring cells). Equation incorporates also
the assumption that the attractive cell-cell interactions are weakened by
the presence of TGF-S molecules in the tumour microenvironment (at
positions x + s in space, where neighbouring cells are detected). These
molecules decrease the E-cadherin expression on tumour cells leading to
a loss in cell-cell adhesion [§]. We assumed here that only the TGF-3
levels at cell boundaries « + s (where a cell interacts with another cell)
are important for cell-cell adhesion; local (at x) TGF-3 levels could affect
only cell-cell repulsion, but we are ignoring this aspect to focus exclusively
on this cytokine’s effect on cell adhesion. Finally, note that the terms y
and y= enter equation with opposite signs, to depict that repulsion
and attraction have opposite effects on the turning behaviour of cells.

In addition to movement and turning behaviours, tumour cells exhibit also
a proliferative behaviour at a rate pp, until they reach the carrying capac-
ity Kr. Following the approach in [27] (for reaction-hyperbolic systems),
we assume that there is equal probability of left-moving and right-moving
cells to proliferate, and thus the proliferation terms in (La)- (b)) are simi-
lar. Moreover, we assume that small tumours (i.e., ur < Kj = K7/102,
with K. a threshold parameter) have their growth inhibited by TGF-4
molecules that act as a tumour suppressor. We denote this inhibition rate
by 7. As tumour grows (i.e., ur > K}), the TGF-3 undergoes a shift
from a tumour-suppressing to a tumour-promoting molecule, and so dp
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Figure 3: (a) Description of a nonnegative and bounded turning function f(Y) = 0.5 +
0.5tanh(Y — mg), for mg = 2; (b) Example of translated Gaussian kernels that model
the repulsive/attractive ranges for a cell positioned at = (ie., at s = 0): K,(s) =
T (= (=502 (250 /8)2). Kals) = o= exp(—(a—s0)?/(2(5a/8)?) with
sp = 0.05mm, s, = 0.3mm. Shown here is ¢4 Ko (s) and g, K;(s), where the magnitudes of
cell-cell repulsion and attraction are given by ¢, = 0.4 and g, = 2. This type of Gaussian
kernel incorporates the assumption that the repulsion force is stronger at some
distance s, > 0. This ensures that cells will not press on each other at almost zero
spatial distances, causing them to pile up on top of each other (as it has been
observed with Morse-type kernels, which have been considered more biologically
realistic, but which can lead to density blow-up patterns [24]). Note that this
kernel seems to describe the behaviour of cancer HeLa cells that have been shown
to have a maximum diameter of 40um, which is then compressed to only 20um
when cells are in aggregations and press on each other [25, [26]. Finally, to give a
more clear description of the interaction ranges (see also Appendix A), the inset
figure in panel (b) shows the repulsive and attractive kernels on a logscale y-axis.

now describes the tumour growth rate in the presence of TGF-g.
Note that the majority of models for tumour spread are of parabolic type,
assuming a diffusion term that describes random cell movement. Here,
we are interested mainly in the directed movement of cells (in response to
each other, and as controlled by TGF-3) and thus we assume only advec-
tive movement. However, we emphasise that the turning rate A\; induces
random cell movement, which in the parabolic limit leads to a diffusive
term [28]. Since our focus is on directed cell movement (as described by
the magnitude of \3), throughout this study we will assume that A\; < As.
2. The TGF-B molecules diffuse at a constant rate D, and are produced at
a rate p, by the various cells in the environment (e.g., epithelial cells [29],
monocytes and neutrophils [30] - considered here implicitly). Moreover,
they are produced at a rate pg by the tumour cells themselves [§]. Finally,
the TGF-3 molecules decay at a rate dg.

For the purpose of investigating the model analytically and numerically (see
Sections [3| and , we assume a finite-length domain [0, L] with periodic bound-
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ary conditions:
up (0,8) = up(L,t), up(0,t) = ug(L,1). (5)

We note that these boundary conditions require the infinite integrals in (4)) to
be approximated by integrals over [0, L], which are then wrapped around the
domain. The kernels in these integrals (described in the caption of Fig. b))
have an infinite support, but the parameters are chosen such that more than
99.99% of their mass is inside the interval [0, L]; see also the approach in [31].

3. Results: symmetry, steady states and their local stability

A first step in the investigation of model focuses on studying its symme-
try. This will enhance our understanding of the types of patterns exhibited by

model .

8.1. Symmetry

We observe immediately that the solutions of model are invariant under
the translation symmetry:

0-v(z,t)=v(x+0,t), 6€][0,L), (6)

where “” denotes the group action (see [32]), v = (uf,ur,up), and L is the
length of the 1D domain. This invariance is due to the translation invariance
of the differential and integral operators in and the fact that the reaction
terms are not space dependent. Because of the periodic boundary conditions,
the translations can be interpreted as rotations and the group generated by the
elements 0 € [0, L) can be identified with the rotation group SO(2). Moreover,
the solutions of satisfy the reflection symmetry:

K- (u}(x,t),u}(:v,t),ug(;v,t)) = (u;(L - mt),u;(L - ;Cﬂf),’LLg(L - $7t))' (7)

Note that this symmetry sends the right-moving tumour cells at = into left-
moving tumour cells at L — x, and vice-versa. Also, the symmetry moves the
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TGF-4 molecules from z to L — x. It is straightforward to verify that nonlocal
interactions are preserved by these reflections:

K-yt () = q /OO K, (s)(ur(L — (z+s)) —up(L — (z — 5)))ds
0

_— / K () (L — ) — 8) — ur((L — 2) + ))ds = y- (L — ),
e wr(l—(ets) w8 .
Ya (7) /K (G-t Brui-—t-m)

. ur((L-o)—8) _ur((L-w)ts)
/K bt us(E—a -5 Frtu@—n+9)"

= - ).
Therefore, the turning rates satisfy

- N (@), (2), up ()] = A (L — @), ub (L — @), ug(L — )]

Because k preserves the second order derivative with respect to space and does
not affect the reaction terms, we can conclude that if (u™ (z,t), u™ (z,t), ug(z,t))
is a solution of 7 then - (u™(z,t),u™ (x,t),us(z,t)) is also a solution. The
group generated by the rotations 6 and the reflection & is identified with O(2),
the group of symmetries of the circle. These results are summarised in the
following statement:

Proposition 3.1. Model defined on the finite domain [0, L] with periodic
boundary conditions (@ is O(2) invariant, where the O(2) symmetry is given

by @-@

Overall, the existence of these symmetries in model 7 combined with the
periodic boundary conditions , influences the type of solutions that could be
exhibited by this nonlocal model. Moreover, the occurrence of stationary and
moving aggregations of tumour cells (and TGF-8 molecules) is also conditioned
by the presence of steady-state and Hopf bifurcations - an aspect which will be
investigated in the next two subsections in the context of spatially homogeneous
states.

3.2. Spatially homogeneous steady states

To obtain a first understanding of the dynamics of model (1f), we start
investigating the spatially homogeneous steady-states, i.e., the states where
all cells and the TGF- molecules are equally spread over the whole domain

811,; o 6uT _ Oup _ Oup Oug _ Oug __
(675_61 0 Bt_(‘)a: O@t_am_o)'

steady-states by (uf™, up’ ", uj), with the total cell density uj = up™ +up™.
Adding the right-hand-side terms in equations and , leads to the

following steady-state system for the total cell density %, and TGF-j concen-

tration uj (note that the turning terms A" u} 7 and A~ u,. disappear when adding

Let us denote these




(Ta)+(m)):

*

* U * % * *
0 =prup (1= ) = druul (G — up), (8)
0 =pe + ppur — dpug. (8b)

11 The solutions of this system are:

182 e A tumour-free state: (up,uy) = (0,pe/dg). The TGF-B molecules that
183 persist in this case are produced by various cells in the environment (e.g.,
184 epithelial cells, monocytes, etc.). This state has O(2) symmetry.

e A tumour-present state: (ui, ug), which satisfies the following equations:

«  Detppur . —bEVb%—4dac (9)
ug = , Up = ,
B 55 T 2a
with
1] 1] —pg K5 orpe K75
0= 0P8 o o r(pe — psK7T) Py KT
55 5[3 Kr 5[3

185 If c <0,b> 0, orif b> = 4ac and b < 0, there is one real and non-negative
186 tumour-present state (uf, u%). However, if 0 < ¢ < b*/4a and b < 0, there
187 are two real different tumour-present states. For the parameter values
188 used for numerical simulations (see Section |4 and Table [2]) we have b < 0,
189 ¢ > 0 such that > — 4ac > 0, and model (1) has two tumour-present

spatially homogeneous steady-states (see Fig. [5).

(a)!2] (b) 12 )
N \
101 Tl 101 \\
81 2 81 N
u;l/z - - \
* 6 6
Ur u¥2/2 - -
4 4
2] 21 /}/
N

0 0.02 0.04 0.06 0.08 0.10 0.001 0.003 0.005 0.007 0.010
PT T

Figure 5: (a) Two tumour spatially-homogeneous steady states u}. given by equations @),
as we vary the tumour growth rate pr; The states do not exist for very small pr. (b) Two
tumour spatially-homogeneous steady states u} given by equations @, as we vary the rate
o7 at which TGF-£ influences tumour growth. The states do not exist for very large dr.
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We note here that equations are satisfied by the states with uJTr* =
up™ = wuh/2. This result becomes clear if we observe that the terms
~Atut* 4 A"up” in the steady-state equation corresponding to
vanish because the integrals in (4)) vanish, and thus the turning function
in reduces to a constant: f = 0.5 — 0.5tanh(mg). If we denote by

A= N[l uh — u¥*,u;§] = A1 + A2(0.5 — 0.5 tanh(myg)),

we obtain —A*ul. + A*up = 0, which leads to equation . For this
reason, we graph in Figure 5| also the states u¥./2.

Next, we investigate the possibility of having tumour-present steady states
with uf™ # up™ = wh —ut™ (i.e., states with SO(2) symmetry). Equat-
ing the steady-state expressions in — (1b)) to eliminate the logistic terms
(which are similar in these two equations), we obtain that the equilibria
have to satisfy the following equation:

(b —uz) (zx* + opu (K — u*T>) —0. (10)

Therefore, we have two possibilities:

— up® = up” = ub/2. As discussed before, in this case u}. satisfies

equations , with the two explicit solutions given by @; see also
Figure |5)). These states, where half of the tumour cells are facing
right and half of the cells are facing left, have O(2) symmetry.

— upf”™ # up*. From equation we note that this state exists only
when 2\* +67uj (K7 —up) = 0, which implies that we need uy > K7.
and 2\* = druj(up — K7). From this condition and the steady-state
equation we obtain that

4+ (N +05pr(1 —up/Ky))uy

u _ +,%
T 20 + puf (K — uj)

and up” =wjp —up”. (11)

However, a simple algebraic investigation of the conditions required
for the existence of this state with SO(2) symmetry shows that for
the parameter values chosen in this study (see Table , this steady
state is unphysical.

3.8. Stability of spatially homogeneous steady states

To determine whether the dynamics of system approach in the long-
term the previously calculated spatially-homogeneous steady states, or some
spatially-heterogeneous states, we perform a local stability analysis. First we
consider the linearised version of system :

O=w+ Lu=us+ (Lg+ L))u, (12)

11



where u = (uJTr7 Up, ’LL@)T, and the two linear operators are described by:

YOy 0 0

La=| 0 =8, 0 (13)
0 0 —DO0yy
203 and

B B B

L= —B;‘ —By —Bg ) (14)
-ps —Pg g
where
Bf = A, - drup (K1 —ur) — ub Ao f'(0)g- (K7 + — K, %)

+ wpAa f'(0)qq (b1 K % +ba K %) — (A1 + A2 f(0)), (15a)

By = Ap —up o f'(0)qr (K % =K %) + upXa f'(0)qa (b1 KF + +bo K )

+ (>‘1 + AQf(O))v

(15b)

By = Ay +upda f'(0)q, (K % =K %) — upXa f'(0)ga (b1 K§ 5 +by K, *)

+ (M1 + A2 f(0)), (15¢)
By = Ay — 6pul (K — up) + wipdaf'(0)gr (K % — K %)

— i daf(0)ga (b1 K # +b2 K %) — (A1 + A2 f(0)), (15d)
B1B = —0puy" (K} — uwh) + upda f'(0)qa (bs K * +bs K, %), (15e)
By = —druy™ (Kf — wh) — wpdaf (0)qa (bs K % +by K ). (15¢)

204

The terms A; and A, that appear in equations are

__prup pT( U*T) FR—
A = - Ll1-L) 456

_ prur p:r( u*T) — s
Ay = — Ll1-L) 46

while the terms by,
nonlocal attractive terms are

by, b3 and by that appear from the linearisation of the

1 g
by = = by, by=—"L— =—bs. 16
! kg + uj 2T (kg + ug)? 4 (16)
Moreover, in equations we defined the following convolutions
o0
Kfa *u = / K, q(s)u(z £ s)ds. (17)
0

Next, we consider small perturbations of the spatially-homogeneous steady
states, u%(x,t) = u}t* + ax exp(ik,x + ot) and ug(z,t) = uj + ap exp(ik,z +
ot), where k, = 27n/L is the wavenumber that emerges and o describes the
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growth of the perturbations. Substituting these terms into the linearised system
u; + Lu = 0, leads to the following Jacobian matrix:

o + ik — B (k) — By (k) —BY (k)
J = —Bf (k) o —~ik—By (k)  —BJ(k) ;
—pg —ps o+ Dk? + 5g

where the nonlocal terms BfQ(k) and sz(k) are defined in terms of the Fourier
transforms of K, (k):

Ky (k) = A K, a(s)eds, Kry(k) = A Kypa(s)e*ds.  (18)

The critical eigenvalues of this Jacobian are the solutions of the cubic equation

0%+ Ao* + Bo+C =0, (19)
where

A = -By — Bf + (Dk* +p),

B = 3’k +7ik(Bf - By)+ B By — By Bf —ps(B} + BY)
—(Dk? +65)(By + B ),

C = (Dk*+6p)[v*k* +~ik(Bf — By) + Bf By — By BY ]|
—ps[By By + By By +~ik(By — BY) — B By — B, Bf].

Note that for u;’J“ =uy~ =0, the roots of the dispersion relation are:

o190 =B} £1/(B])?2 —12k2, o3=-Dk*—65<0. (20)

Thus we can summarise the stability of this tumour-free state in the following
result (see also Figure [6]a)):

Proposition 3.2. The tumour-free steady state (u*T’+,u*T’_,uﬁ) = (0,0, pe/d5)
is unstable provided that (By)? — (By)? > v%k%. The first wavenumbers that
become unstable have low modes, and the patterns arise via steady-state bifur-
cation. Moreover, the stability of this steady state does not depend on the mag-
nitudes of cell-cell adhesion and repulsion (q, and q,).

In regard to the O(2) tumour-present steady states we can show below a
stability result for ¢, = ¢, = 0. While this case makes the model trivial, the
result will allow us to confirm analytically, when we will graph the neutral-
stability curves in the g, — ¢, plane (see Figure , that the open region having
the origin (g,q-)=(0,0) at its boundary corresponds to asymptotic stability of the
tumour-free steady-state. The case g, , > 0 is not investigated analytically, but
rather graphically by determining the neutral stability curves, see Section:

13



(@ 0 Roots o(x) of dispersion relation (19)
2 4 6 8 10
k — oy(K)
-0.1
\ — 0)K¥)
—— 0(X)
S -0.2 3
-0.3
ui=0
any qr,qa
-0.4
® o ()
2 4 6 8 10 2
k r L © < S Tt -
-0.1 10 12 14 16 18
o(x) N
-0.2 (K)
~03 uE>0 . uE>0
qr=0 qr=0
-0.4 qa=0 ) qa=20
(d)o.2 (e) 1
0.1
0.51
50
o(K) 0 /)\
0__ 40 60
k
-0.51
-0.51 uwp>0 -11 w0
-0.61 qr=28 qr=28
-0.74 9a=0 -1.59 qa=50

Figure 6: Dispersion relation (o vs. k) for the steady states with O(2) symmetry
(u;J+,u*T’_,ug), where u}’+ = uwy~ . (a) Tumour-free state (u;’i = 0); Its stability does
not depend on g or gr. (b)-(e) Tumour-present steady state (state u., from Figure ; Its
stability depends on gq and g,. For low gr,qq the state is stable (panel (b)). Increasing ¢,
leads to instability to low wavenumbers (ks — shown in the inset figure in panel (c)). In-
creasing g, leads to instability to high wavenumbers (k71 — shown in the inset figure in panel
(d)). Increasing both ¢, and gq leads to instability to both low and high wavenumbers (panel
(e)). Here pr = 0.04, and the rest of parameters are as in Table 2l The points on the z-axis
represent the discrete wavenumbers k; = 2mj /L.
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Proposition 3.3. The tumour-present steady state (u¥./2,u%/2,ug) is asymp-
totically stable for q, = q. = 0 provided that the model parameters are such that
the following conditions hold:

pr > drupug, (21a)

u} > Krp, (21b)

2(A1 + Ao f(0)) > pT( ur 1) (21c)
Kr ’

5 (EL — spuy) > (uh — K3 )psor. (21d)

Kt

This result is proved in Appendix C. For the parameter values described in Table
all these three conditions hold true (see also Figure [6{b)). Note that we can
interpret conditions from a biological perspective. For example, condition
states that tumour proliferation rate must be much higher than the rate
of tumour inhibition/growth as determined by the TGF-£ molecules. Condition
(21b]) states that the tumour must grow (slightly) above the carrying capacity
(as a result of the pro-tumour effect of the TGF-3 cytokines). Condition
states that the (random/directed) turning rates of the tumour cells must be rel-
atively large (to overcome the rate of tumour growth). Finally, condition
states that the decay rate dg of the TGF-f molecules must be high enough (to
counterbalance the production rate of TGF-3 and the rate of tumour inhibi-
tion/growth in the presence of TGF-/). This last condition suggests that a low
decay rate 3 (associated with a persistence of high TGF-/ levels) leads to in-
stability of the tumour-present steady state (u%/2,u%/2,ug) and thus induces
the formation of tumour aggregations.

In Figure @We graph the three solutions o;, 7 = 1,2, 3 of equation as a

*

function of the wavenumber k, for the tumour-present steady-states (u;J+7 u;’f, uj
with O(2) symmetry (i.e., u*T’+ = uy" ). Here, pr = 0.04 and the rest of pa-
rameter values are as described in Table [2l Panel (a) shows the stability of the
state with ul* = wp™ = 0, while panels (b)-(e) show the stability of a state
with uéﬁ = wy > 0. We remark that increasing g, leads to instability to
low wavenumbers (panel (c)), while increasing ¢, leads to instability to high
wavenumbers (panel (d)). In terms of pattern formation, low wavenumbers cor-
respond to a small number of large cell aggregations, while high wavenumbers
correspond to a large number of small cell aggregations (i.e., a sort of metastasis
phenomena).

To gain a better understanding of the previous stability results, in Figure
we show the neutral stability curves o(k) = 0 for different (discrete) wavenum-
bers k; (i.e., j € [1,16] in panel (a); j € [1,80] in panel (b)). Panel (a) confirms
that, for the steady states u7j, = 0, the neutral stability curves do not depend on
o Or gy, and the first three wavenumbers (k;, j = 1,2, 3) are always unstable
(for the parameter values in Table [2). Panel (b) shows that, for the steady
states u% > 0, when we keep ¢, fixed and vary g¢,, then small ¢, is associated
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with instability of low wavenumbers (i.e., k; < 10) while large g, is associated
with instability of high wavenumbers (i.e., k; > 30). When we fix ¢, and vary
qq, then instability of low wavenumbers appears only for large g,. Note the for
go > 50 one could also observe instability of high wavenumbers (i.e., k; > 30;
corresponding to the case in Figure [6[(e)) - not shown here.

(@) uy=0 — o()=0
104 104
8 8
6 6
qr qa
4 4
210(x)>0 o©(x)<0 210(K)>0 o(x)<0
o k16 k16
0 2 4 6 8 10 0 2 4 6 8 10
k k
(b) u’, >0 — o(x)=0
50 501
ﬁxego R ﬁxeéio
qa= A ar=
401 o(k)>0 401 |¥
301 30
qr qa
201 6(x)<0 201 o(1)<0
101 R 101
“¢
A kgo o ky ko
0 10 20 30 40 50 0 10 20 30 40 50
k k

Figure 7: Neutral stability curves (o(k) = 0) for (a) tumour-free state u’. = 0, (b) tumour-

present state w}. (with uT’* = u;’*) Left panels show the neutral stability curves in the
(gr, k) space, while right panels show the neutral stability curves in the (gq, k) space. The
points on the z-axis represent the discrete wavenumbers k; = 2mj/L. For the left panel in (b)
we fix go = 20 and we vary g,. For the right panel in (b) we fix ¢g» = 20 and we vary g,.

Since for the parameters values in Table [2| the tumour-free and tumour-
present steady-states are all unstable, the final transient pattern will likely be
influenced by the most unstable wavenumbers in all states. In this case we
expect that the patterns will be influenced by various mode-mode interactions.

In the following, we confirm our results on the role of ¢, and ¢, on the
dispersion relation o(k) using a second method, which leads to the creation of
bifurcation diagrams showing neutral stability curves for different wavenumbers.
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3.3.1. Neutral stability curves

The following derivation is similar to the one found in [33] and we omit most
of the calculations. We consider the action of the group O(2) described in @,
on functions in the space

X ={u=(u,u",u’) € WHP([0, L], R?) [ u(0) = u(L)}.

Then, 4
X, ={ae™** tccla=(at,a,d’) € C}

is a O(2)-invariant subspace of X and it is straightforward to verify that X is
a direct sum of the X, spaces. Let

fi=11L0)7 fo=(1,-10)7" f3=(0,0,1).
Then, each subspace
Xh = {(vje"™* + 75 f; | v; € C}

is O(2) irreducible and they are O(2) isomorphic. It is straightforward to verify
that X, = X! ® X2 @ X3. Therefore, the O(2) invariant subspaces form
an isotypic decomposition of X and in particular, £(X,) C X,. Thus, the
linearization £ block decomposes into 3 x 3 matrices £,, and we write these
matrices in the basis given by the three vectors vjeik””’fj, j=123andv; € C.
We obtain £,, by applying £; and L, on those vectors. We set

Ml :A1—5TUE(K}—U})—/\* and M2:A2+)\*
Note that we write

2K, (kn) = K, (kn) — K (kn) and 20K, (kn) = (K (kn) — K (kn))-

a

because the right hand sides of the above equalities are purely imaginary and
so K, , are real. Finally, we write

P = 6put* (K5 —uh) and P~ = dpup ™ (Kp — u}).
Note that at a O(2)-symmetric equilibrium, A; = A3 and P := Pt = P~. Let

dn(x) = (v1,v9,v3)e*. A straightforward computation and simplifications
lead to L,én(z) =

—(]\{1 + Mz) ~ ’L")/k}n -P _
diup Ao f (0)(qgrKr — qab1 Ko) +ivkn  —(M1 — M2)  —2iui Ao f'(0)gabs Ko | én(x).
—2pgs 0 dp

We determine the formula for the neutral stability curves corresponding to zero
eigenvalues by computing the determinant of £,,. We obtain det(L,,) =

0p((M7 — M3) + 7k + 4’7knu;“/\2f/(0)(qrgr(kn) - qabl]?a(kn)))
72p5(2’Yknu§“>\2f/(0)Qab3Ka(kn) - P(Ml - MQ))
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which is a linear function of ¢, and g,. We solve det(L,,) =0 as

_ Z0s((MF = M3) +7°ky) — 2psP(My — M) | (85b1 + Apgbs) Ko (kn)

" Dbz oS (0) K (kn) Rolka)

(22)
We explore equation for parameter values in Table 2. The numerator of
the constant term is negative for n > 2 and IN(T(k:n) >0 forn=1,...,50

and negative for n = 51,...,100. The slope of the line depends on the ratio
Ko(ky)/K,(k,) and a graph is shown in Figure (a). A subset of the neutral
stability lines are graphed in Figure (b)

(a) (b) 307

2.5]

21 20
1.57
19 104
0.5
07 0 T T T T )
0 10 20 qa 30 40 50
-0.51 —k4 —Kk5 —K6 —— k7 —— k69
—— k70 — - k71 —— k72 —— k73

Figure 8: (a) Ratio K, (kn)/Kyr(kn) as a function of n. (b) Examples of neutral stability lines
determining the boundary of the asymptotic stability region of the nonzero O(2) equilibrium.
Dashed lines show the neutral stability lines corresponding to high wavenumbers (e.g., here
we graph keg — kv3), while continuous lines show the neutral stability lines corresponding to
low wavenumbers (e.g., here we graph k4 — k7).

For the parameter values satisfying Theorem the region in Figure b)
that contains (0,0) and is bounded by the neutral stability lines, encloses the
asymptotic stability region for the O(2) symmetric equilibrium. Thus, we see
that the neutral stability lines with positive slope bounding the region of asymp-

totic stability have low wave numbers (ky, ..., k7) while the neutral stability
lines with negative slope bounding the region of asymptotic stability have high
wave numbers (kgg, - . ., k74).

We conclude by mentioning that Hopf bifurcations do not occur for the
parameter values chosen in this paper. This can be observed by computing
det(L,, — oil) = 0 which leads to a characteristic equation of the form ic® +
c20? +icio + co = 0 leading to two equations o2 4+ ¢; = 0 = c202 + ¢y and
therefore a line of purely imaginary eigenvalues exists given that ¢y — c1co = 0.
In our case, this equation leads to a line entirely in the third quadrant of the
(¢a, qr) plane. The details can be verified by the interested reader.

In the following section, we investigate numerically the patterns displayed by
model (1]}, when we perturb randomly (i) spatially homogeneous steady states
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(u;’*, up”, u/’g), and (ii) an initial small aggregation of cells described by a step
function.

4. Numerical results

For the numerical simulations, we discretise model on a 1D dimensional
domain of length L = 10 mm, and assume periodic boundary conditions given
by equation . The numerical integration is based on a time splitting method,
which calculates first the time propagation of the diffusion and advection parts,
and then the time-propagation of the reaction part. Equations are first dis-
cretised in space on a uniform mesh with space step Az = 1072 mm, and the
system is then discretised in time with a time step At = %10*2 day (chosen
to satisfy the Courant-Friedrichs-Lewy condition for the stability of the up-
wind /downwind numerical schemes). The diffusion term is discretised using the
Crank-Nicholson method (with periodic boundary conditions), while the advec-
tive term is discretised using the upwind/downwind scheme (also with periodic
boundary conditions). For the reaction term we use the 4th order Runge-Kutta
method. The nonlocal attraction-repulsion terms are approximated using Simp-
son’s method (with periodic boundary conditions that see the nonlocal terms
being wrapped around the domain). The numerical codes were written in C.

In the following two subsections we show the result of numerical simula-
tions when we vary two parameters: the cell-cell adhesion factor g,, and the
proliferation rate pp. In Section we vary ¢, € [20,80], when the tumour
proliferation rate is pr = 0.04 (as observed in B16 melanoma murine tumours,
which have a doubling time between 14-24 hours, corresponding to tumour pro-
liferation rates between 0.028-0.049). Since for ¢, < ¢, = 10 we do not observe
any spatio-temporal patterns (i.e., the solutions approach the stable spatially
homogeneous steady states — see also Figures b) and , we present only the
results of the simulations obtained with ¢, > ¢,. To investigate (from a theoret-
ical point of view) what happens if we increase the proliferation rate of tumour
cells, in Section we discuss the case pr = 0.4. All other parameter values
are fixed, as described in Table [2|

Finally, for the numerical simulations we use two types of initial conditions:

e random perturbations of nonzero spatially homogeneous steady states
(u+’*,u”*,ug), to describe the formation of tumour aggregations when
tumour cells are equally spread over the whole domain:

uk(x) = ui* + rand(0,0.01), u:Bt(x) = ugj + rand(0,0.01). (23)

e step function, to describe an already formed small tumour:

3 4

us(z) = u*, for x € [E’ E}’ and ui(z) =0 elsewhere, (24a)
3 4

ug(z) = uy, forz € [E’ 1—0}, and ui(z) = e elsewhere, (24b)
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with u; > € > 0 to describe the higher level of TGF-3 molecules at the
position of the tumour. Note that it is possible to have low levels of TGF-
[ also outside the tumour since these cytokines can be produced by other
types of cells: normal epithelial cells, immune cells, etc. For pr = 0.4 we
choose € = 0.1, while for py = 0.04 we choose ¢ = 0.01.

4.1. Lower tumour proliferation rates

To investigate the dynamics of weakly-aggressive tumour cell lines, we per-
form numerical simulations with proliferation rate pr = 0.04. We vary the
magnitude of the cell-cell attraction force for two types of initial conditions:
random perturbations of the spatially homogeneous steady states given by equa-
tions @— (see Figure E[), and step-function initial conditions to describe an
initial tumour aggregation of maximum size u* = 0.036 (see Figure .

Figure[9]shows the dynamics of model (]) for small (panels (a)-(d)), medium
(panels (a’)-(d”)) and large (panels (a”)-(d”)) attractive interactions between
cells. For small and intermediate attraction, the transient dynamics of the
model (i.e., dynamics for ¢ € (200, 650)) is characterised by the formation of
new aggregations of cells at distant positions in space, followed by the move-
ment of these aggregations. These new aggregations form due to continuous
cell proliferation, combined with the appearance of new space between existing
aggregations. In some cases, these aggregations collide with other aggregations
moving in opposite directions (due to cell-cell attraction). The asymptotic dy-
namics of the model is characterised by classical solutions: rotating waves (i.e.,
moving aggregations of cells) and stationary pulses (i.e., stationary aggregations
of cells). In fact, the rotating waves exist for small cell-cell attractive interac-
tions, while the stationary pulses exist for large cell-cell attractive interactions.
Note that the bias to the left of the rotating waves is likely a random choice of
direction, due to the appearance of new cell aggregations at positions in space
between already formed cell aggregations, and the nonlocal interactions between
these cells.

The transient phenomenon characterised by the formation of new cell aggre-
gations (formed of newly-proliferating cells and cells that broke off from existent
aggregations) can be seen more clearly in Figure where we start the numer-
ical simulations assuming an already-formed tumour. Again, for low cell-cell
attractive interactions (¢, = 20) these newly-formed cellular aggregations move
around the domain (due to periodic boundary conditions), while for high at-
tractive interactions (g, = 40, 80) the aggregations are stationary. We note here
that the different initial conditions in Figures do not seem to impact the
asymptotic dynamics of model .

Remark 4.1. We emphasise that the transient behaviour of arising and merg-
ing cell aggregations is the result of cell growth, in the context of a dominating
wavelength. It is likely that this behaviour is the results of unstable spatial het-
erogeneous patterns (see the discussion in [34]]). However, due to the nonlocal
terms in model , an analytical investigation of the stability of these heteroge-
neous states is very difficult, and beyond the scope of this paper. The asymptotic
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Figure 9: Dynamics of model for pr = 0.04 and for initial conditions given by equations
(23). Panels (a)-(d): model dynamics when g, = 20; Panels (a’)-(d’): model dynamics when
ga = 40; Panels (a”)-(d”): model dynamics when g, = 80. The rest of parameter values are
as in Table[2} Finally, panels (a)-(a”) show total tumour density, panels (b)-(b”) show TGF-3
concentration, panels (c¢)-(c”) show u%, and panels (d)-(d”) show ur.

behaviour of the system is described by classical patterns: stationary pulses and
rotating waves, which are prevalent in differential equations with O(2) symme-

try.
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Figure 10: Dynamics of model for pr = 0.04 and for initial conditions given by equations
(24). Panels (a)-(d): dynamics when ¢, = 20; Panels (a’)-(d’): dynamics when g, = 40;
Panels (a”)-(d”): dynamics when ¢, = 80. The rest of parameter values are as in Table
Finally, panels (a)-(a”) show total tumour density, panels (b)-(b”) show TGF-8 concentration,
panels (c)-(c”) show u¥7 and panels (d)-(d”) show ur..

4.2. High tumour proliferation rate

In Figure |[11| we investigate the dynamics of model when we increase pr
to pr = 0.4. We see that in this case, low cell-cell adhesive interactions lead to
a spread of cells over the whole domain (see panels (a),(b) and (c),(d)). Higher
cell-cell adhesion leads to the formation of moving aggregations (which persist
even for very high cell-cell adhesion - e.g., g, = 120; not shown here). For initial
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Figure 11: Dynamics of model for pr = 0.4 and for initial conditions given by equations
- panels (a)-(b”), and equations - panels (¢)-(d”). We show only the total tumour
density ur (panels (a)-(a”) and (c)-(¢”)) and the concentration of TGF-8 molecules (panels
(b)-(b") and (d)-(d")).

conditions that are random perturbations of the homogeneous steady states (see
top panels (a’),(b’) and (a”),(b”)), the transient dynamics shows small groups
of tumour cells that break off from existent moving aggregations, and choose
to move either left or right (giving rise to a topological defect line that persists
up to t ~ 600). Then, because of the periodic boundary conditions, these new
aggregations collide with other aggregations that move in the opposite direction.
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This type of transient dynamics is not observed for initial conditions described
by step functions with v* = 0.39 and u; = 1.3 — panels (c)-(d”) (at least not
for the parameter space investigated in this study). Again, we note that the
different initial conditions in Figure [L1| (top and lower panels) do not seem to
impact the asymptotic dynamics of model .

4.8. Sensitivity to TGF-§3

Since TGF-$ plays an important role on tumour dynamics, next we perform
a local sensitivity analysis to investigate the effect of small changes in dr, pg,
and kg (we ignore dg since we assume that the degradation rate of this cytokine
is more or less fixed). To this end, we vary these three parameters by + 80%
(see Table . Fourth column in Table |1f shows the range in the percentage
change in tumour size, corresponding to changes in parameter values (for both
homogeneous and step-like initial conditions). For simplicity, we focus only on
the case pr = 0.04.

Param. | Baseline | Param. range | % Change in total tumour size urp
(baseline+80%) | on day 140 (compared to baseline)
or 0.001 (0.0002,0.0018) | Homog. IC: (—0.03%,0.033%)
Step-like IC: (—0.0189%, 0.02%)
D3 0.1 (0.02,0.18) Homog. IC: (—0.5948%,0.0146%)
Step-like IC: (—0.09%, 0.19%)
kg 0.1 (0.02,0.18) Homog. IC: (—0.149%,0.0001%)
Step-like IC: (—0.0449%, 0.048%)

Table 1: Sensitivity of tumour cells to changes in TGF-3 parameters. We investigate the
percentage change in total tumour density on day t = 140, Up(140) = (1/L) fOL (u; (z,140) +
ur (x,140))dz, using the formula: [URe¥(140) — Ubaseline(140)]/[Ubeseline(140)] (for both
homogeneous and step-like initial conditions). Here we assume pr = 0.04, ¢, = 20, ¢, = 10,
and all other parameters as in Table

Figure |12 shows the change in the total tumour cell density on day ¢ = 140
(Ur(140) = fOT(u; (x,140) +up(z,140))dx), as the three parameters associated
with TGF-3 are varied by +£80% (for both homogeneous and step-like initial
conditions). Note that an increase in parameters values leads to an increase in
tumour size, while a decrease in parameter value leads to a decrease in tumour
size (irrespective of the initial conditions). We also note the different magnitudes
of changes in tumour growth (on day ¢ = 140) for different initial conditions.
Finally, we emphasise that the parameter that induces the largest variations in
tumour size on day ¢ = 140 is pg — the production of TGF-/ molecules by the
tumour cells.

Figure[I3|shows the effect of parameter changes on the growth of tumour cells
until day 140 (panels (a)-(c)), and on the spatial structure of the tumour on day
140 (panels (a’)-(c’)), for homogeneous initial conditions. We observe that an
increase in the parameter values leads not only to larger tumours on day 140 (as
shown in Figure , but also to a delay in the formation of spatial aggregations
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Figure 12: Changes in total tumour size at time ¢ = 140, as the three parameters associated
with TGF-8, ér, kg, pg, are changed by £80%. (a) Initial conditions for simulations are
perturbations of homogeneous steady states; (b) Initial conditions for simulations are step-
like functions.
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Figure 13: Tumour density (u? +ur) as we vary three parameters associated with TGF-3 (47,
kg, pg) by £80% (see values in Table[1). Panels (a), (b), (c) show the time-growth of tumour
cells at spatial position z = 5. Panels (a’),(b’),(c’) show the spatial distribution of tumour cells
at time ¢ = 140 days. Here we consider g, = 20, ¢, = 10, pr = 0.04 and all other parameters
are as in Tablesmandlzl Total tumour density corresponding to the parameter values changed
by +80%, as calculated using formula Uz (140) = (1/L) fOL(u; (x,140) + ur. (x, 140))dzx, is as
follows: (a’) Up(140)~89% = 19.05, U (140)180% = 20.308; (b’) Ur(140)~89% = 16.718,
Uz (140)T80% = 19.65; (c’) Uz (140)=80% = 7.96, U (140)T80% = 19.94.

of cells. Since the formation of these cellular aggregations can be associated
with a synchronous metastasis-like process (where cells form new aggregations
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at distant positions in space), this result suggests an interesting behaviour in
tumour dynamics: smaller tumours could lead to faster synchronous metastasis.
While many clinical studies focused on the correlation between the size of the
tumour and the probability for synchronous metastases [35] [36], 37, 37, [38], 39,
40], these results are sometimes contradictory. For example, there are a few
studies on renal tumours which could not find any correlations between the size
of (relatively small) tumours and their metastatic potential [37]. However, many
other studies supported such a correlation, with larger tumours having a higher
probability for synchronous metastasis in renal or breast tumours [35 [36] 37, [39].

It should be emphasised that all these clinical studies look at the size of
the primary tumour following detection and treatment. In Figure [14(a)-(c) we
consider step-like initial conditions, and show the spatial distribution of tumour
cells on day ¢ = 140, as we vary three parameters associated with TGF-3: dr,
kg and pg. We note that for ér and kg there are no significant differences in
the spatial distribution of tumour cells at this initial time (t=140 days). Only
an increase in pg (associated with an increased total tumour size) leads to a
faster spatial spread of secondary tumour aggregations further away from the
primary aggregation; see Figure (c) This behaviour could be associated with
an increased metastatic potential, thus suggesting that larger tumours could
spread faster. In Figure [14[a’)-(c’) we show the spatial distribution of tumour
cells at a later time, ¢ = 800 (with the inset showing a space-time plot for the
case where parameters are increased by 80%). Again, there are no significant
differences between the patterns obtained when we vary dr and kg. However,
increasing pg leads to tumour invasion of larger territories.

Remark 4.2. The results in this section were obtained for s, = 0.1 (see
Table [g) This repulsion range required strong attractive cell-cell in-
teractions for aggregation patterns to form. However, we investigated
pattern formation also with smaller repulsive ranges: s, = 0.01 (not
shown here). In this case, we obtained patterns similar to those in
Figures [9, but for much smaller attractive cell-cell interactions:
qo = 15, qo = 20 and q, = 30. Hence, the size of the repulsion range
(which can be related to the strength of the compressive stress) in-
fluences the strength of cell-cell adhesion that leads to the formation
and movement of small cancer cell aggregations. Note that experi-
mental results have shown that increased cell-cell compressive stress
(as a result of tumour growth) leads to increased motility of aggres-
sive tumour cells and cancer cell invasion [{1]].

5. Summary and Discussion

In this study we derived a new 1D mathematical model for the dynamics
of tumour cells in response to TGF-5 molecules produced by themselves and
by other cells in the tumour microenvironment. (A 2D version of this model is
presented in Appendix B.) We then used this mathematical model to investigate
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Figure 14: Tumour density (u; +up) as we vary three parameters associated with TGF-3
(07, kg, pg) by £80% (see values in Table. Initial conditions are step functions. Panels (a),
(b), (c) show the spatial distribution of tumour cells at time ¢ = 140. We also show here the
total density of tumour cells, calculated using the formula: Up = (1/L) fOL(u; (x,140) +
ur(x,140))dz. Panels (a’),(b’),(c’) show the spatial distribution of tumour cells at time
t = 800 days. Here we considered ¢, = 20, ¢» = 10, pr = 0.04 and all other parameters
as in Tables 1] and The inset figures show space-time tumour densities corresponding to
+80% changes in parameter values.
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various hypotheses regarding the factors that might influence the evolution and
structure of tumours in response to TGF-3 cytokines.

With the help of numerical simulations, we showed that this model can ex-
plain the formation of aggregations of tumour cells (resembling tumour metas-
tases) at positions in space further away from the main tumour aggregation
(due to the TGF-8 molecules that can break the adhesive bonds between the
cancer cells, combined with cancer proliferation). While the asymptotic dy-
namics of the model was described by classical solutions with O(2) symmetry,
such as stationary pulses (i.e., stationary cell aggregations) and rotating waves
(i.e., travelling cell aggregations), the transient dynamics was puzzling. The
formation of new cell aggregations at distant position in space followed by their
merging with other aggregations was likely the result of spatially heterogeneous
solutions which were saddle points (see the discussion in [34] on unstable steady
states with exponentially small eigenvalues, i.e., metastable states, and their
role on the emergence and merging of patterns). We believe that the diffusion
of TGF-$ and the nonlocal interactions between cells do not allow the aggrega-
tion patterns to be completely independent, leading to unstable heterogeneous
patterns. However, given the nonlocal nature of model , investigating the
stability of spatially heterogeneous solutions exhibited by this model is a diffi-
cult task, which is beyond the scope of this article. Nevertheless, an analytical
investigation into the stability of heterogeneous patterns (which will be the
subject of a different study) could reveal the similarities between the nonlocal
hyperbolic-parabolic model , and other local and nonlocal models in the lit-
erature, which exhibit similar patterns. For example, similar splitting/merging
aggregations have been observed in local models of parabolic type describing
chemotactic behaviour of cells [42] [34], or in nonlocal parabolic models for col-
lective movement in cells [43]. In contrast to the models in [42] 43|, where split-
ting/merging aggregations seem to be a persistent phenomenon, in our study it
is a transient phenomenon.

Some clinical studies associated larger tumour sizes (at detection time) with
increased metastatic potential [35], B0, [37, [39]. Using this mathematical model,
we showed that this behaviour might be the result of an increased production
of TGF-5 cytokine (i.e., increased pg).

Other clinical studies associated increased tumour proliferation with in-
creased metastasis [44], 45]. In our theoretical study, we showed distinct metas-
tasis-like patterns for low tumour proliferation rates. We hypothesise that these
metastasis-like patterns are the result of the delicate balance between the tu-
mour growth rate, the speed of tumour cells, and the long-range effect of TGF-3
molecules on cell-cell adhesion. We believe that similar patterns could be ob-
tained also for higher proliferation rates, but given the very large parameter
space (even after model non-dimensionalisation - not shown here), we did not
investigate this particular aspect. The goal of this study was not to investigate
the exact parameter values for which metastasis behaviours can be obtained.
Rather, we wanted to show that the nonlocal effects of TGF-S molecules on
cell-cell adhesion can explain the movement of cells at distant positions in space,
and the formation of new cell aggregations.
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Future research directions. In addition to a more detailed investigation of the
short-time dynamics of model (1)) that we mentioned before, there are a few more
other research directions that should be investigated. From a biological point of
view, it will be interesting to incorporate in model the molecular mechanisms
that control the TGF-f paradox, namely the switch form tumour-suppressing
to tumour-promoting functions. From a mathematical point of view, it would
be interesting to compare in terms of bifurcation and symmetry the dynamics
of the 1D model and the 2D model described in Appendix B.
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Appendix A

Table [2[ summarises the parameters used for the numerical simulations. For
simplicity, we rescaled the density of tumour cells (u%) by their carrying capac-
ity, and thus for the simulations we used K1 = 1. This also led to a re-scaling
by K7 of grq, pg and ér, parameters not known from the literature.

In regard to the parameters estimated/available from the literature, we note
that tumour cells can migrate in a streaming mode at speeds of 1—2um/min [46].
Here, we assume that v = 1pm/min=0.06mm/hr. For the tumour proliferation
rate, we focus on murine B16 melanoma cells, which have a doubling time
between 14-24 hours, depending on the cell line [47]. Here we consider an average
of 17 hours (corresponding to B16F10 cells), which translates into a proliferation
rate of pr = 0.04/hr. For TGF-f parameters we note that while the active form
of TGF-f has a very short half life (of 2-3 minutes), the latent form of TGF-
B has a much longer half-life, of more than 100 minutes [52]. Moreover, the
TGF-4 half-life can be prolonged even more (to almost 159 hours) following
fusion with longer-lived proteins such as antibodies [53]. Therefore, here we
consider a half-life of about 6 hours, corresponding to dg ~ 0.11/hr. Since
total serum TGF-4 levels in control mice are varying between 8 x 10°pg/ml =
0.8ug/ml [51] and 125ng/ml = 0.125ug/ml [54] (with active TGF-£ levels even
lower, around 10%pg/ml = 10~*ug/ml), in this theoretical study we choose
pe = 0.1/hr/(pg/ml). For simplicity, we also approximate pg = 0.1/hr.

In regard to the diffusion coefficient D, various studies reported different
bio-molecular diffusion coefficients, depending on the substrate [48|, 49]. For
example, [49] reported that the diffusion coefficient of another cytokine, IL-
2, can vary between 100 ym?/s=0.36 mm?/hr and 16 um?/s=0.057 mm?/hr.
However, since [50] showed that long-range diffusion is not a property of the
TGF-S cytokines, throughout this study we assume a lower diffusion coefficient
D =~ 10~4mm?/hr.

In regard to the random and directed turning rates we assume that A\;, As €
(0.1,0.9) (since they can be interpreted as probabilities of turning per unit time;
see [28]). Because we are interested in studying directed collective movement
we also assume that A\; < A. For simplicity, throughout this study we choose
Al = 0.2 and )\2 = 0.8.
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Param. Value Units| Description
~ 0.06 oo | average speed of tumour cells [46]
A1 0.2 ﬁ approximation of the random turning rate for
(0.1-0.9) tumour cells
Ao 0.8 ﬁ approximation of the directed turning rate for
(0.1-0.9) tumour cells
qa 0-102 L4 max. magnitude of attractive interactions be-
tween cells within the attraction range, in the
presence of TGF-3 molecules
qr 101 % magnitude of repulsive interactions between
cells within repulsion range
Sa 0.3 mm | parameter that controls the spatial range of
attractive cell-cell interactions
Sy 0.1 mm | parameter that controls the spatial range of
(0.01-0.1) repulsive cell-cell interactions
kg 0.1 L4 half-concentration of TGF-8 necessary to de-
(0.02-0.2) crease expression of E-cadherin and reduce
cell-cell adhesion
mo 2 - threshold parameter that ensures that f ~ 0
when g ~ y;-
pT 1072~ ﬁ proliferation rate of tumour cells (we assume
1071 a doubling time between 1-15 days) [47]
Kr 1 - carrying capacity of tumour cells
K7 Kr/ 102 - tumour size threshold that causes TGF-p
to shift from tumour-suppressing to tumour-
promoting
op 1073 e rate of tumour inhibition/growth in the pres-
(104 — ence of TGF-/ molecules
2 x 1073)
D 10~4 mm- | diffusion rate of TGF-3 molecules [48] 49, [50]
Pe 0.1 “g}{irml baseline rate at which TGF-g is produced by
epithelial and other cells [51]
D3 0.1 ﬁ rate at which TGF-§ is produced by tumour
(0.02-0.2) cells
ds 0.11 ﬁ decay rate of TGF-£ molecules [52], 53]
L 10 mm | domain length

Table 2: Description of model parameters and their values used during simulations. For the
nonlocal interactions, we use the translated Gaussian kernels shown in Fig. b). We define
cells density as cell numbers per ml of blood (for mice, blood volume is about 1.5-2.5ml), and

the concentration of TGF-3 as ug/mil.

In regard to cell sizes, the largest cells in the body (e.g., egg cells
or muscle fiber cells) can reach up to 100 — 120pm in diameter [55].
However, one of the most known cancer cell, namely the HeLa cell,
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can spread on a microscope slide up to a diameter of ~ 40/um, and
when in an aggregation these cells can press on each other to compact
the diameter to ~ 20um [25), [26]. For this reason, we chose the spatial
range for cell-cell repulsion to be s, € (10,100)um = (0.01,0.1)mm (in
Figure 3| we show s, = 0.05mm). For the spatial range of cell-cell
attraction, experimental studies have shown that the traction forces
between cells during collective movement can extend across very large
spatial distances, involving multiple cell rows [56]. In this study we
assume that s, = 0.3mm (=300wm). Finally, we choose a domain of size
L = 10mm (=10* ugm). All other parameters listed in Table [2| are varied within
the shown estimated ranges.

We emphasise that this approach (of combining parameters taken from the

literature, with parameters approximated based on published experimental re-
sults, and parameters estimated within some ranges) is very common in the
mathematical literature on cell biology and immunology, due to a lack of quan-
titative results regarding the cell responses. In addition to the fact that very
few labs measure and estimate kinetic cell parameters, there is also the diffi-
culty of interpreting kinetic data; see the review in [57]. Moreover, the few
rigorously estimated kinetic parameters in the mathematical literature depend
on the estimation method used, as emphasised in [58]. A more detailed discus-
sion on model validation and parameter estimation in mathematical biology can
be found in [59].
Based on these facts, we acknowledge that the majority of models in the mathe-
matical cell biology and immunology literature, including this particular study,
can have at this moment only a theoretical value. In particular, the model pre-
sented here can only propose hypotheses regarding the possible outcomes of the
interactions between the TGF-4 and the tumour cells.

Appendix B

For completeness, we describe a 2D version of the 1D model . To this end,
we define ur(x, t, @) to be the density of tumour cells at position x = (x, y), time
t and orientation ¢, and ug(x,t) to be the concentration of TGF-5 molecules
at position x = (z,y) and time ¢. The 2D model is

auT (Xa tv ¢)

It + 76¢quT(x7t7¢) = )‘[UT(X7t7¢)]uT(xat7¢)

+ T(X7ta¢7 ¢/)UT(X7t7¢/)d¢/

—T

+ Rlur,ugl, (25a)
W :DAng(X,t) +pe +p,B / UT(Xat7¢)d¢
— dpug(x,t). (25Db)
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The velocity of cells moving in direction ¢ is yey = ~y(cos(¢),sin(¢)). The
reaction term R[up,ug] is similar to the one in , but the carrying capacity is
determined by all tumour cells moving in all possible directions ¢:

f:"ﬂ— UT(Xv i, ¢)d¢)
Kr

Rlua(x,t,0), ua(x, 0] = gorur(1-

—drurug (f(T —/ uT(x,t,qu)dgb). (26)
The term A[ur] describes the turning of individuals at (x,t) out of direction ¢,
while the nonlocal term ffﬂ T(x,t,0,¢")d¢" describes the turning into direction
¢, from all possible directions ¢’ € [—m, 7]. These two operators that define the
turning behaviour depend on nonlocal attractive-repulsive interactions between
cells:

Mur(x,t.0)] = ar [z [7, K (x = 8)K2(s3x, ¢)ur (s, t, 0)dods
o foo [T KO(x = 8)KS(s; %, 0) 22000 dods,  (27)
and
T(xt,¢0.¢") =

o [ [ KSRk 0O — 0.0 — ur(s. . 0)ads
RZ

—T

v [ [ KR sx Wl - 0.0 = ) g (29

—T

The spatial kernels K, and orientational kernels K2, can be defined as in [60]:

1 .
Ki(x) = e VEimdlml = a, (29)
J
1
Kj(s;x,t) = 1+ cos(¢ — w)>7 j=mr.a, (“+7forj=r; “—"forj=a),

7 (
2171- (1 + cos(¢p) ———= =+ sin(¢) (30)

Sy )
,/52—&—52 ,/33—1—33

with d, and d, describing the repulsive and attractive spatial interaction ranges,
my,q describing the width of these ranges, and 4, q constants that ensure that
each kernel integrates to 1 [60]. The angle 1) that appears 1n .) is the angle
formed by the direction of x — s with the positive z-axis (see Flg . Finally,
function W, , describes the probability that cells change direction from @' to ¢
upon interactions with other cells positioned at s (within the repulsive “r” and
attractive “a” spatial ranges), which are having direction 6. W, , must satisfy
f Wy.a(¢'—¢, &' —1p)d¢=1. An example of such function is given in [60], where

W(¢' — 6,8 —v) = 1/20 it |¢/ — 6 —v(¢/ — )| < o and W (¢ — ¢, ¢/ — ) = 0 if
o <|¢'—d—v(¢' —9)| < m, with the turning function v(0) = kO, —1 < k < 1.
Note that, as in [60], the previous assumptions lead to
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Figure 15: Cell re-orientation in 2D. The reference cell at z, moving in direction ¢, will change
its direction towards/away the position s of neighbouring cells within the attraction/repulsion
ranges of interaction. We assume that these neighbouring cells at s have orientation 6 €
(—m, 7). We denote by 1 the angle made by the vector x — s and the positive z-axis.

M) = [ Tx6.6)d0,
and thus the turning rate from direction ¢ into any other direction is obtained
by integrating the re-orientation term T'(x, ¢, ¢') over all possible directions ¢'.
However, model cannot be reduced to the the 1D model , since the
turning behaviour of up cells is now linear, as opposed to the nonlinear turning
rates in the 1D model. If we would assume nonlinear turning also for the 2D
model, namely A[ur(x,t, )] = flur(x,t, ¢)] with f[y] = 0.540.5 tanh(K*y) and
T(x,t,¢,¢") = flur(x,t,é),ur(x,t,¢'),us(x,t)], then we could not connect
anymore the turning terms A and 7.

We emphasise that the aim of this paper is not to investigate the dynamics
of the 2D model (which, due to model differences, we believe it will be slightly
different from the dynamics of the 1D model). This will be the subject of a
future study, which will focus on a symmetry and bifurcation investigation of the
patterns described by these 1D and 2D models (with linear turning behaviour,
ie., f(y) = y). Rather, the goal of this paper was to show that the effect
of TGF-8 on cell-cell adhesive interactions could explain the observed tumour
metastasis patterns.

Appendix C
In the following we prove the stability result in Proposition [3.3] First, we
note that when ui}’+ = uy", the following terms that appear in the dispersion

relation are equal: Ay = Ay, Bf = Bg, Bf = B; and By = Bf. More-
over, for ¢, = ¢, = 0, the coefficients A, B and C' in the dispersion relation are
all real. Therefore, the roots of the cubic polynomial

0?4+ Ac?+Bo+C =0
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are all negative provided that the following Routh-Hurwitz stability conditions
hold:
A>0, C>0, B>0, and AB > C.

In the following, we will show that each of these inequalities hold provided that
the conditions in the statement of Proposition [3.3] are valid.

“A > 07. We use the equation for the steady state u., namely pr(1—uf/Kr) =
drus (Kt — up), to re-write the expression for A:

A = [(DE* +63) + 2(A1 + A2 f(0))] + pr — dpujus.
Since the first term is positive, we have A > 0 if the following condition holds:
pr > JTU*TUZ).

“C > 07. Since Dk? 4+ 63 > 65 we have

C > (B — By ) (B + By) — 2psBy(By — BY)

= (Bf = B)[—6s(Bf + By) — 2ps BY].
If condition (21c)) holds true then By — Bf” = 2(A\1 +Xaf(0)) +pr(1 —wh/Kr) >
0. Therefore C > 0 reduces to showing that the second term is positive.

pr

—d3(Bf + By) —2196316 = U:}[‘SB(F
T

drup) + padr(Kp —up)] >0

provided that condition (21d]) holds true.

“AB > C”. First, we note that if pp > (5Tu*Tu2§ then Bf < 0 since
+ pr or %
Bf = -2 = Tupus] - [+ 20 <0,

Since AB and C have a common term ((Dk? + 65) - (v2k% + (B})? — (By)?)),
showing that AB > C reduces to showing that

[(DE? + 85)2B} — 23 B]|[DK? + 65— 2BF] + 2B{[y* + (BY)? - (B )]
< p2B](By - BY).

Note that, assuming v} > K > K., we obtain Bf > 0. Then the right-hand-
side of the previous inequality is

pe2BY(By = B) = 2psB] 20\ + Ao f(0)) + druj (K — uf)]
= B [200 +Xf(0) +pr(1 - )] >0
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provided that 2(A; +X2f(0))+pr(1—uj/Kr) > 0. For the left-hand-side terms,
since B < 0 we have Dk? + 83 — 2B;” > 0 and (Dk? + 05)2B;" — QpﬁBf < 0.
Finally,

2B [v?k* + (Bf)? — (By)?] = 2By [v*K* + (Bf — By )(B + By )]

u*
= 2B{ 7%k — 2B (200 + X (0)) + pr(1 = 25)] [241 = druj (K — up)

u*
— 2B#%k2 — 2B} [Q(Al 4 Ao f(0)) + pr(l — Kg)} [— %u} + 5Tu’:}ug} <0

provided that conditions (21a) and (21c)) in the statement of Proposition
hold. In particular, we use the fact that pp > 5Tu*Tu;§ is equivalent to

pT * * *
_PT st <0
g T oTTs

Therefore AB > C.
“B>0". Since A>0,C >0and AB > C we have that B > 0.
All conditions in the Routh-Hurwitz stability criterion are satisfied, and

thus the real parts of all roots of the dispersion relation are negative, which
ensures the stability of the non-zero state with O(2) symmetry for the case

Ga = qr = 0.
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