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On model-independent searches for
direct CP violation in multi-body

decays

Chris Parkes, Shanzhen Chen, Jolanta Brodzicka,
Marco Gersabeck, Giulio Dujany, William Barter

School of Physics and Astronomy, University of Manchester,
Oxford Road, Manchester, M13 9PL, UK

Abstract

Techniques for performing model-independent searches for direct CP violation in
three and four-body decays are discussed. Comments on the performance and the
optimisation of a binned χ2 approach and an unbinned approach, known as the
energy test, are made. The use of the energy test in the presence of background
is also studied. The selection and treatment of the coordinates used to describe
the phase-space of the decay are discussed. The conventional model-independent
techniques, which test for P -even CP violation, are modified to create a new approach
for testing for P -odd CP violation. An implementation of the energy test using
GPUs is described.
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1 Introduction

The study of Charge-Parity (CP ) violation allows for a sensitive probe of new physics
from beyond the Standard Model of particle physics. CP violation is incorporated in the
Standard Model of particle physics through a complex phase in the Cabibbo-Kobayashi-
Maskawa (CKM) matrix [1]. Contributions from new particles, at mass scales that cannot
be directly probed, can enhance the amount of CP violation observed.

This paper discusses model-independent searches for direct CP violation, i.e. CP
violation in decays, in multi-body final states. The rich phase-space of interfering resonances
in multi-body decays provides excellent opportunities for CP violation measurements. Two
techniques that have been used in the literature are discussed in Sect. 2. These are a
binned χ2 test and an unbinned technique based on the average weighted distance between
events in phase-space known as the energy test. The performance and optimisation of these
techniques is discussed. An approach to study CP violation in the presence of background
events using unbinned techniques is presented in Sect. 3 through the extension of the
energy test formalism. This is the first time that the treatment of background within the
energy test has been considered for samples where the relative signal density throughout
the phase-space is not already known.

The selection of the coordinates used for analysing the CP violation are discussed
in Sect. 4. A novel method for analysing P -odd CP violation, which is accessible in
any decay for which a parity violating observable can be defined such as decays to four
pseudo-scalar particles, is presented in Sect. 5. This method is applicable for use with any
two-sample comparison test. The first application of this technique [2], using the energy
test to compare the samples, has given rise to a result 2.7σ away from the no-CP violation
hypothesis.

The implementation of the energy test method in a computationally efficient manner
using GPUs is discussed in Sect. 6.

2 Techniques

Model-independent searches for direct CP violation have been carried out using a number
of different techniques. Tests have often been performed using a binned χ2 approach to
compare the relative density in the Dalitz plot [3] of a decay and its CP -conjugate sample
(see for example [4] for three-body and [5] for a generalisation to the phase-space of four-
body decays). This method is discussed further below. More recently unbinned techniques
have also been applied. A technique known as the energy test has been applied (see [6] for
three-body and [2] for four-body), again this is discussed below. A nearest neighbours
approach has been used in Ref. [7], albeit with a very small number of neighbours, and the
angular moments of the cosine of the helicity angle of the studied particle have also been
utilised [4] in three-body decays. A class of measurements based on triple products of
momenta in four-body meson decays have also been performed [8]. The P -odd CP violation
test proposed in Sect. 5 is related to these. P -odd CP violation can also be accessed in the
baryon sector owing to significant P -parity violation even in two-body decays of baryons.
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This type of CP asymmetry can be measured by comparing P asymmetries for baryon
and anti-baryon decays [9].

2.1 Binned χ2

The simplest and most commonly applied technique used in the literature, here referred to
as SCP [4, 10], is a two-sample binned χ2 test. The phase-space is divided into bins. The
statistical significance of the difference in number of entries in the bin for the X and X̄
samples is computed.

SiCP =
N i(X)− αN i(X̄)√
N i(X) + α2N i(X̄)

, α =
Ntot(X)

Ntot(X̄)
, (1)

where N i(X) and N i(X̄) are the numbers of X and X̄ candidates in the ith bin, and the
N i values are sufficiently large that Gaussian uncertainties may be assumed. α is the ratio
between the total yield of X and X̄ events. The parameter α is introduced to account
for global asymmetries which may occur due to production effects. The small correction
to the significance term in the denominator varies in the literature [4, 5] where the form
given here is recommended.

In the absence of local CP asymmetries the SiCP are distributed according to a Gaussian
of unit width and zero mean. The χ2 test value is computed from χ2 =

∑
(SiCP )2. The

corresponding p-value for the compatibility of the observed data with the no CP violation
hypothesis can be computed directly from the observed χ2 value and the number of degrees
of freedom; here equal to number of bins−1. The test is straightforward to implement and
requires only minimal computing resources.

The number, size and location of the bins need to be selected by the analysts. General
advice for χ2 comparison tests is that the number of bins must be sufficient not to miss
local regions of asymmetry but limited to ensure sufficient numbers of entries in the bins
to not affect the sensitivity.

The number of bins used in the method in the literature have varied significantly.
The initial application and discussion of the method [4, 10] divided the Dalitz plane into
O(103) bins. Applications of the method have also used a smaller number of bins, O(10)
to O(102) [5, 11].

We recommend that the number of bins used in the method should be kept to a
relatively small number. The use of bins enables significant effects to be localised with low
pollution from regions of phase-space that contain little CP violation. However, only a
relatively small number of bins are typically needed to achieve the optimal performance
of the method, and beyond this point the introduction of additional bins degrades the
sensitivity by increasing the degrees of freedom in the test and reducing the number of
events in each bin. This is illustrated in Fig. 1, where the increased sensitivity of using a
smaller number of bins is clearly observed. In this study simulation samples of 100,000
events were generated using the analysis package Laura++ [12] according to the model in
Ref. [13]. This simple dimensionless model was originally introduced to test the power
of different two-sample tests. CP violation was introduced by changing the amplitude of

2



number of bins per axis

p 
va

lu
e

-610

-510

-410

-310

-210

-110

1

5 10 15 20 25
number of bins per axis

p 
va

lu
e

-610

-510

-410

-310

-210

-110

1

5 10 15 20 25

Figure 1: p-value versus number of bins in SCP method for simulation samples with CP violation
introduced at the (left) 3% and (right) 5% level in one amplitude (see text). 1000 samples were
generated and the mean p-values are shown by the points and the one-sigma confidence level
range indicated by the yellow-band.

the resonance with the largest fraction in that model. The conclusion that a relatively
small number of bins should be used when applying this method has also been reached in
studies of other models.

In a binned approach there is a clear trade-off between minimising the number of bins
used and retaining sensitivity to the rich phase-space of interfering amplitudes in the decay.
This is particularly true in the case of four-body decays where five coordinates are required
to describe the phase-space (see Sect. 4).

Binned distributions of the CP asymmetry in the phase-space can also be used to test
for CP violation. This technique was successfully applied in [14,15] to observe local CP
asymmetries in B+ → h+h+h− decays with h = π, K. In this application of O(102) bins
were used. The placement of the bins was physically motivated by the observed location
of the resonances. The bin sizes varied across the plane to equalise the number of entries
in each bin.

2.2 Energy test

A wide range of unbinned two-sample tests exist in the literature [16]. Well-known
examples include the nearest neighbour approach, which has previously been applied to
CP violation tests [7], and multi-dimensional extensions of the Kolmogorov-Smirnov test,
commonly used in the astronomy literature [17]. The former has previously been shown
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to be relatively insensitive for this class of problem [18] and studies by the authors have
concluded similarly for the latter.

The class of multi-variate tests based on distances between observables are of particular
interest. A statistical method called the energy test was introduced in Refs. [19, 20].
Reference [13] suggests applying this method to Dalitz plot analyses and demonstrates
the potential to obtain improved sensitivity to CP violation over the standard binned
approach. The distribution of the test statistic is not known, and the permutation method
is required to be applied in order to determine the significance of a result. This method
was applied in [6] and is described below and used in the studies in this paper. Many
other tests of this class are known, including cases where the exact distribution is known
under the null-hypothesis, and hence no permutations would be required (e.g. Cross-match
statistic test [21]).

In the energy test method a test statistic, T , is used to compare average distances
in phase-space, based on a distance function, ψij, of pairs of events ij belonging to two
samples. In the standard test the two samples are those of different flavours, particle and
anti-particle. The test statistic is defined as

T =
n∑

i,j>i

ψij
n(n− 1)

+
n∑

i,j>i

ψij
n(n− 1)

−
n,n∑
i,j

ψij
nn

, (2)

where the first and second terms correspond to a weighted average distance of events
within the n events of the first sample and the n events of the second sample, respectively.
The third term measures the weighted average distance of events in one flavour sample
to events of the opposite flavour sample. The normalisation factors in the denominator
remove the impact of global asymmetries between the two samples.

If the distributions of events in both samples are identical the measured T value will
fluctuate around a value close to zero; differences between these distributions increase the
value of T . This is translated into a p-value under the hypothesis of CP symmetry by
comparing the measured T value to a distribution of T values obtained from permutation
samples. The permutation samples are constructed by randomly assigning events to either
of the samples, thus simulating a situation without CP violation. The p-value for the
no-CP -violation hypothesis is obtained as the fraction of permutation T values greater
than the observed T value.

If large CP violation is observed, the observed T value is likely to lie outside the range
of permutation T values. In this case the permutation T distribution can be fitted with a
generalised-extreme-value (GEV) function, as demonstrated in Refs. [19,20] and used in
Ref. [2, 6]. The p-value from the fitted T distribution can be calculated as the fraction of
the integral of the function above the observed T value.

The distance function should be falling with increasing distance dij between events i
and j, in order to increase the sensitivity to local asymmetries. A Gaussian function is
chosen, defined as ψij ≡ ψ(dij) = e−d

2
ij/2σ

2

with a tunable parameter σ, which describes
the effective radius in phase-space within which a local asymmetry is measured. Thus, this
parameter should be larger than the resolution of dij but small enough not to dilute locally
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varying asymmetries. Here the distance between two events in phase space, dij , is calculated
as the length of the displacement vector ∆~xij = (m2,j

12 − m2,i
12 ,m

2,j
23 − m2,i

23 ,m
2,j
13 − m2,i

13 ),
where the 1, 2, 3 subscripts indicate the final-state particles in a three-body decay. This
choice is discussed in more detail, and generalised, in Sect. 4.1.

The performance of the energy test method, based on one of the samples used in Fig. 1,
is shown in Fig. 2. The sensitivity to the parameter σ is shown. The improved performance
of this method over SCP in this case of a 3% asymmetry in amplitude is seen by comparing
the figures; indeed, a 5% amplitude asymmetry results in p-values from the energy test
below 10−10. Studies from the authors show this enhancement in sensitivity is common.

The uncertainty on the p-value in Fig. 2 is obtained by randomly resampling the
fit parameters within their uncertainties, taking into account their correlations, and by
extracting a p-value for each of these generated T distributions. This uncertainty is found
to arise mainly from the uncertainty on the width of the GEV function (Fig. 2).

The sensitivity of the optimal σ to various parameters of a three-body decay model was
studied. The value was found to be largely independent of the Dalitz plot structure or the
width of the resonance in which CP violation was introduced. A variable σ set according
to the density of points in the plot was also studied but not demonstrated to have any
advantage over a fixed σ. As trivially expected, the optimal σ is dependent quadratically
on the mother particle mass in a three-body decay.

3 Presence of background

CP violation is expected to appear in relatively low rate decays where two amplitudes of
similar magnitude interfere. The samples of signal events under study may be significantly
polluted by additional background events from different physics processes that contribute
at a similar rate to signal. Such pollution reduces the fraction of signal events (the purity)
of the sample under study, and requires the use of additional techniques such that any
significant effect can be associated with CP violation in the signal process.

The presence of background is problematic when studying local CP violation in the
case that the purity is different in the two samples that are being compared. This can be
generated, for example, through the presence of global production asymmetries between
the two samples that are different for signal and background, even if no CP violation is
present. Similarly problematic is the case where the background process itself exhibits
CP violation. In these scenarios the local densities of events will differ between the two
samples, since background populates the phase space differently to signal. For the binned
SCP test different yields will be found in the phase space bins (even after normalising for
the overall yield), and a significant effect could be inferred. The effect of background on
the SCP test is typically removed by fitting the invariant mass distribution in each bin to
determine the number of signal events in each bin, and then comparing these between the
two samples. The energy test also exhibits similar complications. Differences in purity
between the two samples are not reproduced when events are randomly assigned a flavour,
since the purities and event densities will be consistent for the permuted samples; the
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Figure 2: (top) T-values and (bottom) p-values versus σ in the energy test method for simulation
samples with CP violation introduced at the 3% level in one amplitude (see text). The p-values
are evaluated using 100 permutation samples where their distribution is fitted with a GEV
function. The width of the GEV function and its uncertainty is also shown on the top plot.
The yellow band on the lower plot shows the uncertainty on the p-value accounting for the
uncertainties in the GEV fit, including the correlation of the fitted parameters.

densities of samples used in the permutation studies will not accurately model differences
in density between the two ‘real’ data samples. Consequently background events can lead
to significant T values and p-values being calculated even when the signal process exhibits
no CP violation. It is therefore important to consider techniques to remove the effect of
background from the energy test, so that any significant T value can be associated with
CP violation in the studied decay. This section sets out such an approach.

The weighting of events to remove the effect of background was considered in Ref. [13].
Such weights give the relative purity of each sample in the particular region of phase-space
that the event is drawn from. Therefore, when T is calculated two weights are used
for each pair of events, with one weight for each event. This allows each pair of events
to be weighted according to the relative number of pairs of signal events expected to
contribute to the calculation of T from such locations within the phase space, and allows
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the estimation of the T value that would be found if only signal were present. However,
this approach relies on knowledge of the signal density within the phase-space, which in
many practical cases is not known.

An alternative method is suggested here to remove the bias introduced by background
if additional representative samples of background events are available, for example from
signal side-bands. This method will be equally applicable to other unbinned model
independent two-sample tests but is discussed here for the energy test. These additional
samples will be labelled here as ‘background samples’, as opposed to the ‘main samples’
which are being explicitly tested for differences in local event densities. The events in
the background samples can be used to subtract off the effect of signal and background
event pairs, and background and background event pairs that arise when considering the
T value set out in Eq. 2 when background is present in the main samples. This can be
achieved by altering the test statistic to

T =
1

2w(w − 1)
(
n∑
i

n∑
j 6=i

ψij −
2b

bs

n∑
i

bs∑
j

ψij +
b(b+ 1)

bs(bs − 1)

bs∑
i

bs∑
j 6=i

ψij)

+
1

2w̄(w̄ − 1)
(
n̄∑
i

n̄∑
j 6=i

ψij −
2b̄

b̄s

n̄∑
i

b̄s∑
j

ψij +
b̄(b̄+ 1)

b̄s(b̄s − 1)

b̄s∑
i

b̄s∑
j 6=i

ψij)

− 1

ww̄
(
n∑
i

n̄∑
j

ψij −
b̄

b̄s

n∑
i

b̄s∑
j

ψij −
b

bs

bs∑
i

n̄∑
j

ψij +
bb̄

bsb̄s

bs∑
i

b̄s∑
j

ψij), (3)

where w and w̄ are the number of signal events in the main samples, and b and b̄ are the
number of background events in the main samples. These can be estimated from a fit to
a suitable distribution, for example the invariant mass distribution of the events. The
values bs and b̄s denote the number of background events in the background samples. The
additional terms in comparison with Eq. 2 sum over pairs of events in the background and
main samples or sum over pairs of events in the background samples, removing on average
the effects of pairs of background and signal events and pairs of background events, when
calculating T . The other notable difference with Eq. 2 is the inclusion here also of terms
with j < i when the sums are over the same sample. This is balanced with an additional
factor of 1

2
, and is included for simplicity when considering all terms. Assuming that the

density of events in the background samples reflects the density of background events
in the main samples (up to an overall normalisation factor), this T value provides an
unbiased estimate of the T value that would be calculated in the presence of signal alone.

An example of the effect of background on the energy test is shown in Fig. 3. Here,
4,000 signal events were generated (without CP violation) using the same model as in
Ref. [13], and assigned a flavour randomly, with a 50% chance of each flavour. Background
events were generated assuming no variation in event density across the 3-body phase
space, with 1,600 events contaminating the main samples. Again, the flavour was assigned
randomly, though on average 75% of events were assigned one flavour and 25% the other.
An additional 1,600 events (with the same 3:1 asymmetry in flavour) were used to create
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Figure 3: The T value relative to the T value found from only considering signal events (Tsignal),
when calculated using Eq. 2, where background is not removed, and Eq. 3, which subtracts (on
average) the effect of background. The first case shows a clear bias; the presence of background
can lead to small p-values when the permutation method is used to determine significance.
The mean of the second distribution is consistent with zero, removing the bias associated with
background.

additional background samples that could be used to remove any bias introduced by
background in the main samples. This was performed 250 times, and in each trial the
energy test was calculated using a σ parameter of 0.25. Such a scenario can generate large
T values if Eq. 2 is used to calculate the T value, and the permutation method yields
significant p-values. However, if the background samples are also considered, and Eq. 3 is
used to remove the effects of background on average, an unbiased estimate of the T value
of signal events is recovered. This allows the use of the permutation method to estimate
p-values (using the same method to remove background from the randomly permuted
samples), and allows any significant effect to be associated clearly with the signal channel.
Therefore, for the rest of this article, the case where background is present is neglected.

4 Coordinate selection

A decay of a pseudo-scalar particle M into n pseudo-scalar particles (A,B,C...) M →
ABC...(n) can be described by n four-vectors pµA, p

µ
B, p

µ
C ..., and consequently 4n parameters.

The known masses of the identified final state particles A,B,C... remove n degrees of
freedom. E,p conservation removes an additional four degrees of freedom. The system
can be rotated freely around all spatial axes, removing a further three degrees of freedom.
Hence, 3n− 7 degrees of freedom remain. Consequently a three-body decay phase-space
is fully described by the two variables conventionally used in Dalitz plot analyses. The
phase-space of a four-body decay can be fully described by five parameters. The selection
of the variables used to describe the phase-space is discussed in this section.
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4.1 Distances in Phase-Space

The SCP method requires the division of the decay phase-space into bins. The energy
test method relies on the distance between events in the phase-space. The result of
model-independent two-sample comparison tests will typically depend on the distance
metric, not only the coordinates chosen.

The distance between two points in phase-space in a three-body decay is usually
measured as the Euclidean distance in the Dalitz plot. However, this distance depends
on the choice of the axes of the Dalitz plot. This dependence can be removed by using
all three invariant masses to determine the distance, dij, calculated as the length of the
displacement vector ∆~xij as was chosen in Sect. 2.2.Using all three invariant masses does
not add information, but it avoids an arbitrary choice that could impact the sensitivity
of the method to different CP violation scenarios. This symmetrisation was applied in
Ref. [22].

In describing a four-body decay phase-space with invariant masses a mixture of two
and three-body masses may be preferred, with no directly analogous symmetrisation, as
discussed below.

4.2 Coordinates in four-body decays

Four-body decays offer both challenges and opportunities with respect to three-body
decays. A four-body decay phase-space is obviously more complicated and five coordinates
are needed for its full description [23]. No unique choice of variables exists and depending
on the decay dynamics and the purpose of the measurement one can try and optimize the
set of coordinates.

For cascade-type decays proceeding via resonances in a three-body subsystem and
followed by two-body decays (e.g. D0 → a1(1260)+(→ ρ0(770)π+)π−) a three-body
invariant mass and a Dalitz-style distribution of the three-body decay would be a preferred
option. For decays occurring through two two-body resonances, in particular ones with
non-zero spins, (e.g. D0 → ρ0(770)ρ0(770)) the natural choice is the so called transversity
basis [24] comprising invariant masses of two-body subsystems, their helicity angles and
the acoplanarity angle between decay planes of the two resonances. In some decays both
decay types may contribute significantly (e.g. both of the examples given here contribute to
D0→ π+π−π+π− decays). The most general amplitude analysis that aims at a description
of decay dynamics is performed in the phase-space constructed with the four-momenta of
the final state particles and any coordinates are chosen only to illustrate the results.

The energy test is a statistical method comparing the events distributions in phase-
space (see Sect. 2). Therefore it is sensitive to the position of an event in phase-space and
to the choice of coordinates building this phase-space. All choices are not equivalent in
terms of the sensitivity of the analysis as it will change the distance between events in the
phase-space.

There are many possible choices for the variables to describe the degrees of freedom
of the phase-space. A natural set of invariants is pipj, or equivalently sij defined as
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sij = (pi + pj)
2 = m2

i +m2
j + 2(pipj). There are 1

2
n(n− 1) such invariants; for four-body

decays there are six of them.
Three-body mass invariants, sijk, can be made from linear combinations of the two-

body invariants: sijk = (pi + pj + pk)
2 = sij + sik + sik −m2

i −m2
j −m2

k, so can be used
interchangeably (for n > 3) for the sij. While they carry the same information as sij, the
choice will change the distance measure between events used in the CP violation search.
There are 1

3!
n(n− 1)(n− 2) such invariants; there are four of them in four body decays.

Consequently there are ten mass invariants, six two-body and four three-body, which
can be used to characterise a four-body decay. We consider a physically motivated choice of
the coordinates. Invariant mass combinations corresponding to ‘unphysical’ doubly-charged
meson resonances may be excluded. A further reduction in coordinates can be made by
excluding mass combinations with small resonance contributions.

An additional complication in many decays of interest will be the presence of identical
final state particles (e.g. D0→ π+π−π+π−). Identical particles of the same charge can
be swapped; as a result in the example decay each event can be placed in four points
in phase-space. The energy test is sensitive to such particle swapping as well. To get a
unique output from the energy test, as well as to get optimal sensitivity, the order of the
particles, i.e. the input variables of energy test need to be determined.

Consider the experimentally interesting example of the singly Cabibbo suppressed
D0 → π+π−π+π− decay. The charge order of the particles in the D0 decay π1π2π3π4

is fixed to π+π−π+π−. For a D0 decay, the order of π1π2π3π4 is the C-conjugated one:
π−π+π−π+. The invariant masses of all possible π+π− pairs are calculated and sorted for
each event. Once the π+π− pair with the largest invariant mass is fixed to be π3π4, the
order of all four pions is fully determined. As only a small fraction of the ρ(770) resonance,
either produced directly from D0 or through a1(1260) decays, contributes to the largest
m(π+π−), the π3π4 combination is excluded [24]. Two-body masses except for the m(π3π4)
and three-body mass combinations that do not contain the π3π4 are kept. In that way we
end up with exactly five invariant masses, which contain most of the dominant resonance
contributions, as listed in Table 1. This choice has been adopted in [2]. Simulation studies
comparing the performance of the test with these five coordinates and with the eight
’physical’ mass combinations have been performed. No significant difference in sensitivity
was obtained, though the optimal sigma is larger when using eight coordinates.

The other singly Cabibbo suppressed D0 decay with charged long-lived hadrons in
the final state is D0→ K+K−π+π−. In this case no significant three-body resonances
containing K+K− are observed [25], and thus these masses can be excluded as coordinates.
The other coordinates have significant contributions and thus for an energy test method
of this final state a physically motivated choice would be to proceed with six coordinates,
as shown in Table 1, or to reduce to five coordinates by further excluding the mass
combination with the smallest resonance contribution (m234).
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D0→ π+
1 π
−
2 π

+
3 π
−
4 Two-body masses Three-body masses

Unphysical m13,m24

Physical m12,m14,m23,m34 m123,m124,m134,m234

Selected m12,m14,m23 m123,m124

D0→ K+
1 K

−
2 π

+
3 π
−
4 Two-body masses Three-body masses

Unphysical m13,m24

Physical m12,m14,m23,m34 m123,m124,m134,m234

Selected m12,m14,m23,m34 m134, (m234)

Table 1: Coordinates used, and those excluded, in the measurement of D0 → π+π−π+π−

decays [2] and coordinates suggested for D0→ K+K−π+π− decays. Excluding the mass marked
in brackets would reduce to the minimal five coordinates that span the phase-space.

5 Parity-even and Parity-odd CP Violation Tests

The choice of only invariant masses as coordinates, as discussed in the previous section,
has a limitation. Invariant masses, of both two- and three-body systems, can be expressed
through the double product of particle momenta (~pa · ~pb) and, as such, are even under the
P -parity transformation (changing ~p into −~p). Thus, invariant masses allow only P -even
CP asymmetries to be probed. This is also true of helicity angles.

In three-body decays only P -even amplitudes can be present and the conventional
model-independent test of comparing particle and anti-particle samples is sufficient. In
four-body decays P -odd amplitudes can be present and accessed with P -odd quantities.
These are triple products of a general form ~pa · (~pb × ~pc); the acoplanarity angle between
decay planes of two resonances is one example. There is a class of measurements based on
the triple products, often called T -odd measurements1, which probe the P -odd type of
CP asymmetry only [26].

An asymmetry of this P -odd kind is induced by interferences between P -even and
P -odd decay amplitudes, thus the sensitivity to CP violation depends on the P -odd
amplitude contribution in the decay. However, it is proportional to the cosine of the
strong-phase difference between the interfering partial waves [27] and thus will be enhanced
where P -even CP asymmetry, proportional to sine of the strong-phase difference, lacks
sensitivity.

Consider again the general four-body decay M→ ABCD and its antiparticle equivalent
M . A triple product CT = ~pA · (~pB × ~pC) is constructed for M decays. The ~pA, ~pB and ~pC
are vector momenta of particles A,B,C in the M centre-of-mass frame. The corresponding
triple product for the M decays is obtained by applying the CP parity transformation,
CP (CT ) = −C(CT ) = −CT . The CT is constructed with the anti-particles A,B,C, being
the C-conjugations of the ones entering CT . The total sample may be divided into four
subsamples according to the particle/antiparticle flavour and the triple product sign:

[I] D(CT > 0), [II] D(CT < 0), [III] D(−CT > 0), [IV ] D(−CT < 0). (4)

1Triple products are also odd under T -parity, although time reversal is not what is typically measured.
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Particle, CT < 0
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P

Figure 4: Symmetry transformation relationships of the four data samples used in the CP
violation tests.

The relationships between the samples under symmetry transformations is illustrated
in Fig. 4. Samples [I] and [III] are related by CP transformation; and so are [II] and [IV].
There are thus two potential sample comparison tests for CP violation using the full data
sample: comparing a sample consisting of data set [I] and [II] with a sample containing
data [III] and [IV]; or comparing the combined [I]+[IV] with the combined [II]+[III]. Both
tests span the full CT space.

Consider the more familiar case of asymmetries, these may be measured in the CT
regions using the number of events populating the four samples in Eq. 4:

ACP (CT > 0) =
N(I)−N(III)

N(I) +N(III)
, ACP (CT < 0) =

N(II)−N(IV )

N(II) +N(IV )
. (5)

In the absence of CP Violation both of the asymmetries are expected to be compatible
with zero.

CP asymmetries can be extracted from these samples that are P -even or P -odd (i.e.
even and odd with respect to CT ) simply by adding or subtracting the asymmetries
measured in the CT regions:

AP−evenCP =
ACP (CT > 0) + ACP (CT < 0)

2
, AP−oddCP =

ACP (CT > 0)− ACP (CT < 0)

2
. (6)

The AP−evenCP test corresponds to integrating over CT , and is equivalent (within normal-
isation) to the default sample comparison test in which particle (samples [I] and [II]) and
anti-particle samples (samples [III] and [IV]) are compared in the phase-space built with
invariant masses only. A binned or unbinned comparison of the phase-spaces of the decays
is then performed using techniques such as those described in Sect. 2.

The AP−oddCP from Eq. 6 is equivalent to the quantity measured in the T -odd analyses.
The asymmetry is typically measured integrated over the whole phase-space or asymmetries
can be measured in the phase-space regions [26].
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Unbinned model independent techniques do not allow for an asymmetry measurement.
However, the P -odd CP asymmetry can be tested by comparing the combined sample
I + IV with the combined sample II + III. This comparison may be performed in the
same phase-space as the default P -even approach and allows the probing of the P -odd
contribution into the CP asymmetry; the P -even contribution cancels out.

In the case of four-body meson decays, P -odd amplitudes can contribute only if the
intermediate-resonance configuration is V V , V T or TT (V and T stand for vector and
tensor meson respectively) and if both resonances have helicities of either ±1 or ±2. For
example, In the D0→ π+π−π+π− decays there is one significant P -odd amplitude. It
is the one describing perpendicular helicity (A⊥) of the D0 → ρ0(770)ρ0(770) decays.
Alternatively, in the partial wave basis, it is the amplitude corresponding to the P -wave
D0 → ρ0(770)ρ0(770) decays, meaning relative orbital momentum of the two ρ(770) mesons
equal to 1. In such cases, the default approach may be extended to make a complementary
test of the P -odd CP asymmetry.

The complementarity of the P -even and P -odd CP violation tests can be illustrated
in a simple simulation. Simulated data samples, containing one million D0→ π+π−π+π−

decays, are produced with MINT, a software package for amplitude analysis of multi-body
decays that has also been used by the CLEO collaboration [25]. The amplitude model
used is based on a preliminary version of that given in Refs. [28, 29]. CP violation is
introduced by changing the amplitude or phase of the P -wave D0 → ρ0(770)ρ0(770) decays
compared with the D0 decays. Table 2 shows that clear sensitivity to the amplitude change
is obtained in the P -even test and to the phase change in the P -odd test.

Asymmetries in P -even test P -odd test
D0→ ρ0ρ0 (P -wave) p-value (fit) p-value (fit)

∆phase 4◦, ∆Amplitude 0 0.30+0.03
−0.03 1.95+0.06

−1.95 × 10−4

∆phase 0◦, ∆Amplitude 4% 3.02+1.2
−0.9 × 10−3 0.41+0.03

−0.03

Table 2: p-values for D0 → π+π−π+π− simulation samples with phase and amplitude CP
asymmetries in D0 → ρ0(770)ρ0(770)(P -wave) (see text). Results from both P -even and P -odd
CP violation tests are given. The p-values are extracted from fits with a GEV function. The
cells shaded in gray demonstrate sensitivity to the simulated CP violation scenarios.

6 Implementation of unbinned techniques

The principal drawback of a number of unbinned statistical methods is the computational
time required for large sample sizes. In methods, such as the energy test, that require the
pairwise distance between all events in the sample to be calculated, the computational
time grows quadratically with the sample size. Furthermore, in the energy test a significant
number of permutations are required for the random comparison samples to get a sufficient
precision on the probabilistic interpretation of the T value, for example to demonstrate
that evidence (> 3σ) for CP violation was observed over one thousand permutations would
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be needed. In probing CP violation in b-hadron decays the computational constraints are
typically not a limitation in these methods currently. Indeed all distances between pairs
of events may be stored in computer memory. However, in multi-body decay channels
of interest in charm physics data samples of order one million events are available at
the LHCb experiment. At this sample size one permutation for the energy tests requires
around one day of CPU time on a typical computing node. Consequently the generation
of 1000 permutations would require significant computational resources.

Even though modern multi-core CPUs have realised thread-level parallelism, the
number of parallel threads is still very limited. This has been overcome in our studies by
implementation on Graphical Processing Units (GPUs). A GPU is a specialised electronic
circuit designed to rapidly manipulate and alter memory to accelerate the creation of
images for output to a display. Their highly parallel structure makes them more efficient
than CPUs for algorithms where large blocks of data are processed in parallel. Our
implementation utilises the Compute Unified Device Architecture (CUDA) and Thrust
library developed by NVIDIA [30]. The parallelisation is utilised for the calculation of
the pairwise event distances. One permutation for one million events takes approximately
30 minutes to be computed on the two GPU systems utilised (NVIDIA M2070, NVIDIA
K40c). Both manual and Grid submissions systems have been used. This implementation
has made the energy test computationally feasible for the first time in CP violation searches
with large data sets. The code of this implementation of the energy test, Manet, has been
made available [31].

7 Conclusions

The performance and optimisation of two techniques for model-independent searches for
direct CP violation in multi-body decays is discussed. It is shown that binned comparisons
are best performed with a smaller number of bins than has previously been used in some
of the literature. The potential advantages of unbinned techniques are discussed and
demonstrated, and an approach to account for the presence of background is suggested.
This is the first time that background subtraction in the energy test has been considered for
samples where the relative density of signal events is not already known. An implementation
of the unbinned energy test technique is provided on GPUs, which renders this method
feasible for the largest data sample sizes currently available at experiments.

Considerations in the choice, and symmetrisation, of the coordinates used to describe
the phase-space of three and four-body decays are discussed, with specific examples given.
A novel method for analysing P -odd CP violation in multi-body decays in unbinned model
independent searches is presented.
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