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Let Z be a Boolean model based on a stationary Poisson process
1 of compact, convex particles in Euclidean space R%. Let W denote
a compact, convex observation window. For a large class of function-
als v, formulas for mean values of (Z N W) are available in the
literature. The first aim of the present work is to study the asymp-
totic covariances of general geometric (additive, translation invariant
and locally bounded) functionals of ZNW for increasing observation
window W, including convergence rates. Our approach is based on
the Fock space representation associated with 7. For the important
special case of intrinsic volumes, the asymptotic covariance matrix is
shown to be positive definite and can be explicitly expressed in terms
of suitable moments of (local) curvature measures in the isotropic
case. The second aim of the paper is to prove multivariate central
limit theorems including Berry—Esseen bounds. These are based on a
general normal approximation result obtained by the Malliavin—Stein
method.

1. Introduction. Let n be a stationary (locally finite) Poisson process
on the space K% of convex bodies in R?, that is, on the space of compact,
convex subsets of R%. The Boolean model associated with 7 is the stationary
random closed set Z defined by

(1.1) Z:=|J K,
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where the Poisson process 7 is identified with its support. This is a funda-
mental model of stochastic geometry and continuum percolation with many
applications in materials science and physics [3, 7, 19, 22, 31]. The intersec-
tion of Z with a compact and convex set W C R is a finite union of compact,
convex sets, that is, an element of the convez ring R?. It is a common strat-
egy in stochastic geometry to extract and explore local information about Z
via functionals of the intersection Z N W. Perhaps the most prominent ex-
amples of such functionals on R? are the intrinsic volumes Vj, ..., Vg, which
contain important geometric information about the sets to which they are
applied. For instance, for a set K C R? from the convex ring, Vy(K) is the
volume, V;_1(K) is half the surface area (if K is the closure of its interior),
and Vy(K) is the Euler characteristic of K; see [31], Section 14.2, for more
details. The intrinsic volumes have several desirable properties. In particular,
they are additive, in the sense that V;(K UL)=V;(K)+ V;(L) — V;(KNL)
for all K,L € R and i € {0,...,d}. They are also translation invariant, and
continuous if restricted to the space of convex bodies.

For a stationary and isotropic Boolean model, Miles [20] and Davy [5]
obtained explicit formulas expressing the mean values EV;(Z NW) in terms
of the intensity measure of 7. We refer to [31], Section 9.1, for a discussion
and more recent developments related to this fundamental result.

In the following, we are especially interested in second-order properties
and central limit theorems of the random vector (Vo(ZNW),...,Va(ZNW)),
for a compact and convex observation window W, but in fact we study more
general additive functionals of Z MW, namely so called geometric function-
als. A functional on the convex ring will be called geometric if it is additive,
translation invariant, locally bounded, and measurable (see Section 3 for
details).

While previous contributions focus on second-order properties and central
limit theorems for volume and surface area, to the best of our knowledge
we present here the first systematic mathematical investigation of second-
order properties and central limit theorems of all intrinsic volumes and more
general geometric functionals of a stationary Boolean model Z. The volume
functional was first studied in [1, 17], while in [9] Berry-Esseen bounds
and large deviation inequalities were established. The surface area was in-
vestigated in [21], and the results were extended in [10] to more general
functionals and point processes. Integrals over Boolean models are consid-
ered in [2, 26], where the volume is included as a special case and also the
surface area in the latter one. Volume and surface area of a more general
Boolean model based on a Poisson process of cylinders have been investi-
gated in [11, 12]. From a geometric point of view, volume and surface area
are rather special functionals of Z. They arise as the restriction of determin-
istic measures to Z or the boundary of Z and do not involve the curvature of
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the (possibly intersecting) grains. A different though mathematically non-
rigorous treatment of second moments of curvature measures of an isotropic
Boolean model with an interesting application to morphological thermody-
namics was presented in [18].

Our first main aim in this paper is to use the Fock space representation
of Poisson functionals [15] to explore the covariance structure of geometric
functionals of Z N W. Combined with some new integral geometric inequal-
ities, which are derived by methods and results from convex and integral
geometry, this approach appears to be perfectly tailored to our purposes.
Under the minimal assumption that the second moments of the intrinsic
volumes of the typical grain are finite, we show that for two geometric func-
tionals 17 and 1o the ratio Vy(W)~! Cov(y1(Z N W),1pa(Z N W)) tends to
some limit oy, 4, € R as the observation window is increased in a proper
way. For the case that the third moments of the intrinsic volumes of the
typical grain are finite, we establish a rate of this convergence in terms of
the inradius of the observation window and show that it is optimal. Via
the Fock space representation the asymptotic covariances can be expressed
as series of second moments. In the important case of intrinsic volumes of
an isotropic Boolean model they can be represented in terms of curvature
based moment measures of the typical grain. In particular, the covariance
structure of the two-dimensional isotropic Boolean model becomes surpris-
ingly explicit. For a vector of geometric functionals of the Boolean model,
it is shown that the asymptotic covariance matrix is positive definite under
some additional conditions, which are for example satisfied for the intrinsic
volumes. The second-order analysis is illustrated by explicit formulas for
intrinsic volumes of a Boolean model with deterministic spherical grains,
for which our formulas reduce to three-dimensional integration of explicitly
known integrands.

Our second main aim is to prove univariate and multivariate central limit
theorems for geometric functionals of ZNW. Under the same second moment
assumptions as for the existence of the asymptotic covariances, we prove con-
vergence in distribution. We also obtain rates of convergence under slightly
stronger moment assumptions. For the multivariate central limit theorem,
we argue that the rate is optimal. Following common belief, we guess that
our convergence rate Vy(W)~1/2 for the univariate case is optimal as well.
In the univariate case, we do not need to assume that the functional on the
convex ring is translation invariant. In the proofs, we use the Malliavin—Stein
method for Poisson functionals that was recently developed in [23, 25]. In a
sense, this method builds on the Fock space representation and the closely
related Wiener—It6 chaos expansion of Poisson functionals. The main obsta-
cle to the application of these results is the fact that, as a rule, geometric
functionals of Z admit an infinite chaos expansion. We can resolve this by
bounding the kernels of the chaos expansion by monotone functionals.
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In the case of bounded grains, it is likely that the central limit theo-
rem and the convergence of covariances can be derived with the theory of
m-dependent random fields, perhaps even with rates of convergence. From
there, one might proceed to the general case using a truncation argument as
in [8, 12]. But such an approach would neither yield much information on
the asymptotic covariance structure nor rates of convergence in the general
case. Stabilization is another common approach to central limit theorems in
stochastic geometry. We refer here to [2, 26, 27], where the first two refer-
ences deal in particular with volume and surface area of the Boolean model
without discussing rates of convergence. It is unclear whether the intrinsic
volumes (other than volume or surface area) stabilize for Boolean models
with unbounded grains. But even if they do, the quantitative bounds for the
normal approximation derived by stabilization in [27] suggest that the rates
would probably be suboptimal. Moreover, in our setting we would need to
control boundary effects.

This paper is organized as follows. In the second section, we briefly sum-
marize some notation and basic facts about the Boolean model and present
a central limit theorem for the intrinsic volumes of the Boolean model to
be generalized later. In the third section, we establish the existence of the
asymptotic covariances of a vector of geometric functionals of Z N W and
determine the rate of convergence; see Theorem 3.1. Section 4 is devoted
to the positive definiteness of the asymptotic covariance matrix; see Theo-
rem 4.1. In Section 5, we focus on intrinsic volumes and introduce a family
of curvature based moment measures of the typical grain to study infinite
series of second moments arising in the Fock space representation. The main
result of this section (Theorem 5.2) is of some independent interest and is
applied in Section 6 to derive formulas for the asymptotic covariances of
the intrinsic volumes of an isotropic Boolean model in terms of the mo-
ment measures mentioned above; see Theorem 6.1. Section 7 presents some
explicit results for a Boolean model with deterministic spherical grains. In
Section 8, we provide a general result on the normal approximation of Pois-
son functionals. We use this result in Section 9 to establish multivariate
and univariate central limit theorems for geometric functionals of Z; see
Theorems 9.1 and 9.3.

The extended arXiv-version [13] of this paper contains two additional
appendices with a description of the curvature based moment measures from
Section 5 in terms of mixed measures of translative integral geometry and
with integral formulas for the exact (nonasymptotic) covariances of intrinsic
volumes, which are rather explicit in the two-dimensional case.

2. Boolean models and intrinsic volumes. In this section, we collect a
few basic facts about the stationary Poisson process n and the associated
Boolean model Z in Euclidean space R? before stating some of our main
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results for the special case of intrinsic volumes. For more details on Boolean
models, we refer the reader to [3], Chapter 3, [22] or [31], Chapter 4, whereas
background material on convex geometry can be found, for example, in [30]

r [31], Chapter 14. All random objects occurring in this paper are defined
on an abstract probability space (Q, F,P). A measure on K¢ is locally finite
if it assigns a finite number to {K € K¢: K N C # @} for all C in the space
C? of compact subsets of R%. We consider the Poisson process 1 as a random
element in the space N of all locally finite counting measures on K%, equipped
with the smallest o-field such that the mappings u+ u(A) are measurable
for all A in the Borel o-field (with respect to the Hausdorff metric) of K. We
assume that the intensity measure A :=En of 7 is invariant under the shifts
K—K+z:={y+z:yc K}, xcR?% This is equivalent to the stationarity
of n, that is to the distributional invariance of 1 under all shifts. We also
assume that A is nontrivial and that A({@}) =0, which effectively excludes
empty grains. Theorem 4.1.1 in [31] implies that

(2.1) AC) :7// VK + 2 €} dzQ(dK),

where v € (0,00) is the intensity of n, “dz” denotes integration with respect
to the d-dimensional Lebesgue measure \g, and Q is a probability measure
on K% satisfying Q({@}) =0 as well as

(2.2) / Vi(K + C)Q(dK) < 00, C et

Here, as usual, K + C:={x 4+ y:x € K,y € C} is the Minkowski sum of K
and C. Let Zy denote a typical grain, that is, a random convex set with
distribution Q. Then (2.2) can be written as

(2.3) vi i =EVi(Z) <00, i=0,...,d.

This is a direct consequence of the Steiner formula (see [31], equation (14.5))
(2.4) Vy(K + BY) = Zmd aTWHEK),  r>0,KeK?,

where B? is the closed unit ball centered at the origin, B¢ := {rz:x € B4},
and k,, denotes the volume of the n-dimensional unit ball.
The Boolean model is given by Z = Z(n), where

:UK, e N,
Kep

and K € p means that pu({K}) > 0. Recall that the mapping p+— Z(p) from
N to the space of all closed subsets of R? (equipped with the Fell topology)
is Borel measurable (see [31], Theorem 3.6.2). Without loss of generality,
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we can assume that Q is concentrated on K¢, where K¢ is the space of

nonempty convex bodies such that the center of the circumscribed ball is

at the origin. Since the center of the circumscribed ball of a convex body is

always contained in the convex body, we have 0 € K for all K € ngl.
Subsequently, we shall need integrability assumptions such as

(2.5) RV;(Zy)? < oo, i=0,...,d,
or
(2.6) EV;(Zp)®? <00,  i=0,...,d.

We next introduce two basic characteristics of the Boolean model Z. The
volume fraction p:=EVy(Z N[0,1]%) of Z can be expressed in the form
p=1—e7%. The mean covariogram of the typical grain is given by

(2.7) Cy(z) :=EVy(ZoN (Zo + 1)), xR

It follows from (2.3) that Cy(x) <wvg < 0o and that Cy(x) — 0 as ||z|| — oo,
where ||z|| denotes the Euclidean norm of = € R%. It is well known (see, e.g.,
[3], equation (3.18)) that the covariance of Z satisfies

(2.8) ]P(OEZ,.’EEZ):p2+(1_p)2(6’ycd(x) —1).

For W € K%, we define by Cy () := Va(W N (W + z)), = € R, the set co-
variance function of W. Combining (2.8) with Fubini’s theorem leads to the
well-known formula

(2.9) VarVy(ZnW) = (1 —p)2/cw(x)(e70d<$) —1)dz, Wek

Throughout this paper, we investigate the intersection Z N W of the
Boolean model Z with an expanding compact convex observation window
W. More precisely, we consider sequences of convex bodies (W, )men sat-
isfying lim,, 0 7(W;n) = 00, where 7(W) denotes the inradius of W € K%,
We describe this situation by writing (W) — oo for short. Combining our
Theorems 9.1 and 4.1 in the special case of intrinsic volumes of ZNW, we
obtain the following multivariate central limit theorem.

THEOREM 2.1. Assume that (2.5) is satisfied and let V := (Vp, ..., Vy).
Then there exists a (d+ 1)-dimensional centered Gaussian random vector N
with a covariance matriz ¥ such that

W(wz AW)—EVZAW) -5 N asr(W) = .

If, additionally, the typical grain Zy has nonempty interior with positive
probability, the covariance matrix X is positive definite.
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To the best of our knowledge, this is the first central limit theorem for the
intrinsic volumes of the Boolean model beyond volume and surface area. In
fact, our Theorem 9.1 generalizes this result in several ways. It concerns a
broader class of functionals and is also quantitative in the sense that it pro-
vides rates of convergence for a suitable distance under moment conditions
slightly stronger than (2.6). Theorem 9.3 yields presumably optimal rates
for the Wasserstein distance in the univariate case. As already mentioned
above, our proofs rely on the Malliavin—Stein method for Poisson function-
als. We are not aware of any other approach that might yield the same rates.
In Section 6, we will derive formulas for the asymptotic covariances between
the intrinsic volumes of an isotropic Boolean model.

3. Covariance structure of geometric functionals. In this paper, we study
random variables of the form ¢(Z NW), where 1 is a real-valued measurable
function defined on the convez ring R whose elements are finite unions of
compact, convex sets. Measurability again refers to the Borel o-field gen-
erated by the Fell topology (or, equivalently, by the Hausdorff metric). We
shall assume that 1 is additive, that is, ¥(@) =0 and V(K U L) =¢(K) +
Y(L) — (K NL) for all K,L € R% We shall also assume that 1 is transla-
tion invariant, that is, Y(K +z) = (K) for all (K, z) € R% x R, and locally
bounded in the sense that its absolute value is (uniformly) bounded on com-
pact, convex sets contained in a translate of the unit cube Q; :=[~1/2,1/2]¢
by a constant

(3.1) M%) ::sup{|w(K)\:KEICd,KCQl—i—x,mGRd}<oo.

Note that this definition simplifies in the translation-invariant case since one
does not need the translations of ().

In the following, we call a functional 1/: R% — R geometric if it is ad-
ditive, translation invariant, locally bounded and measurable. Examples of
geometric functionals are (1) mixed volumes (see Section 5.1 in [30]) of
the form ¢(K):=V (KIk],K1,...,K4_k), where k € {0,...,d}, the notation
K[k] means that the body K is repeated k times, and Ki,..., K4 ) € R?
are fixed. Up to normalization, intrinsic volumes are obtained for K; = B¢,
i=1,...,d — k; (2) integrals of surface area measures (see Sections 4.1
and 4.2 in [30]) of the form ¢y (K) := [su h(u)Sk(K,du), where S™! is
the unit sphere in R? (the boundary of B%), h:S%! — R is measurable
and bounded, and k € {0,...,d — 1}; (3) the centered support function
Y(K) = h(K — s(K),u) in a fixed direction u, where v € R? and s(K) is
the Steiner point of K (see Section 1.7, Section 5.4, equation (5.100) in [30]
and Lemma 6.1 in [31]); (4) total measures of translative integral geometry
(see Section 6.4, especially page 234, and page 383 in [31]). These examples
of geometric functionals are substantially more general than the intrinsic
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volumes. For instance, whereas intrinsic volumes are always rotation invari-
ant, no such invariance is built into these four classes of examples in general.
Moreover, it should be observed that linear combinations of mixed volumes
are dense in the (normed) vector space of translation invariant, continuous
valuations on convex bodies in R" (see Section 6.5, page 406, in [30]).

Our main result of this section deals with the asymptotic behavior of
the covariance between two geometric functionals of Z NW for expanding
convex observation window W. With a measurable functional 1/: R% — R,
we associate another measurable function ¢* : K¢ — R by

(3.2) VN(K)=Ep(ZNK)—p(K), Kek,

if Ep(Z N K)| < oo for all K € K% Under assumption (2.2), it follows
from (3.10) below that ¢* is well defined for a geometric functional 1. For
C €C? let N denote the number of all particles in 7 intersecting C.

THEOREM 3.1. Let ¢ and 9 be geometric functionals. If (2.5) is sat-
isfied, then the limit

L Cov(@(ZNW), e (ZNTW))
(3.3) Traps = T(V%};[r_lm Va(W)

exists, is finite, and is given by

(0.0]
1 i .
%,w:725//%(}(1ngm---mKn)%(KlmKQm---mKn)
n=1

(3.4)
x A"V d(Ky, ..., K,))Q(dK).

Assume that (2.6) holds and define

cp 1= 2042 42" 952dg EaNe: 4 1)?

d d 3
X exp (22d -25%(d + 1>WZEVZ-(ZO>)7E (Z wzo)) :

=0 i=0
Then, for W € K% with r(W) > 1,

Cov(P1(ZNW),he(ZNW))

eAM (1) M (1p2)
(3.5) ‘ Va(W) T 04142

- r(W)

We start with some preparations. Our main probabilistic tool is the fol-
lowing Fock space representation of Poisson functionals, derived in [15]. For
any measurable f:N — R and K € K¢, the function Dg f:N — R is defined
by

(3.6) Dr f(p) = f(p+0x) = f(1),  peN,
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where 5 is the Dirac measure located at K. The difference operator Dy
and its iterations play a central role in the analysis of Poisson processes.
For n>2 and (Ky,...,Ky) € (K*)" we define a function D
inductively by

-----

-----

where D' := D. Note that
Dy ef)= Y (—1)”J'f<u+ ZaKj),
Jc{1,2,....,n} jeJ

where |J| denotes the number of elements of J. This shows that the op-
erator D o is symmetric in Ki,...,K,, and that (, Kq,..., Kp) —
D?(l,...,an(/‘) is measurable. From [15], Theorem 1.1, we obtain for any
measurable f,g:N — R satisfying Ef(n)? < oo and Eg(n)? < co that

Cov(f(n),9(n))
7)

-----

For given W € K? and a functional 1: R% — R we shall apply (3.7) to
functions fy, 1w : N — R defined by fy w(p) :==¥(Z(n) "W). Induction yields
the following lemma.

LEMMA 3.2. Let 1: R4 =R be additive. Then, forneN, K,..., K, €
K¢, and p €N,

D%, .k, fow(p)
=(=D)"W(ZWNEKiN--NK,NW) =K1 0--- N K, NW)),
LEMMA 3.3.  Let ¢ be an additive, locally bounded and measurable func-

tional and assume that (2.2) is satisfied. Then, for alln €N, Ky,..., K, €
K¢, and W e K9,

(38) ED%, i, fow () = (=1)"¢* (KN ---N K, N W)
and
d
(3.9) [EDY, ko fow | < BW) Y Vi(EKin---nK,nW)
=0

with B(y) = 22" . 59M () (E2Ner +1). Moreover, for any A € K¢,
(3.10) Ey(Z N A)? < 0.
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Proor. We start by proving that there is a constant ¢; > 0 such that

d

(3.11) El(ZNA)| <erM(y) Y Vi(A)
=0

for A € K%. Since (3.11) is obviously true for A = &, we assume A # @
in the following. We define Q(A) :={Q1 +z:2€ Z%,(Q1 +2) N A# @}. By
the inclusion—exclusion formula for additive functionals (see, e.g., [30], (6.2),
page 330), we have

¢<ZmAm U Q)‘g Z

QeQ(4) GATCQ(A)

[W(ZnA)|=

¢<ZnAm N Q)‘

QeI

For each nonempty subset Z C Q(A), we fix some cube Q7 € Z. Let Z1, ..., ZNg,

denote the particles hitting Q7. Then, for @ # J C {1,..., Ng, }, assumption
(3.1) yields that

‘w(ﬂ@zj nAnN Q@ﬂ) ‘ < M(v).

By the inclusion—exclusion formula and taking into account that ¢ (2) =0,
we get

wzna< Y

P#TCO(A)

<Y ¥ p(nananne)

GFLICQ(A) o#JC{1,...Ng,} jeJ QeZ

(3.12) < ) 1{(]@7&@}2%1]\4@).

@AICQ(A) Qe

(G

QeT

The cubes in Q(A) form a grid, hence
H@ £ICQ(A): ()@ 7&@}‘ < 2| Q(A)|
Qel
with ¢ := 92", By stationarity of n, we have E2Vez =E2Ne:1 | and thus
(3.13) Elp(Z NA)| < esM(y)[Q(A)]

with c3 := coE2V@1 . Here, we have used that EzN¢ = exp((z — 1)yEVy(Zo +
C*)) < 0o holds for C € K% and z > 0, where C* := {—x:2 € C} is the
reflection of C' in the origin.
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Since |Q(A)| < Vy(A +VdB?), Steiner’s formula (2.4) yields

(3.14) Ie \<Zﬁd A9y A <C4Zv
=0

with ¢4 := 5%, In the last step, we used that rg_;d(9/2 <59 i¢c{0,...,d},
which can be deduced by elementary calculus from the representation of
Kd—; in terms of the Gamma function and from Stirling’s formula. Now
(3.13) together with (3.14) yields (3.11) with ¢; := c3cq. Combining (3.11)
with Lemma 3.2 and the definition of ¥* in (3.2) shows (3.8). For A € K¢,
we can argue as in the derivation of (3.12), and then use (3.14), to get

d

(3.15) [U(A)] < 2| QA) M (%) < e2eaM () Y Vi(A).

1=0

Combining (3.11) and (3.15) for A=K, N---N K, N W with Lemma 3.2
yields (3.9).

In order to show that ¢(Z N A) is square integrable, we first derive an
upper bound for

(3.16) Ma() :=sup{|¢(L)|: L € K%, L C A}.

Let L € K% with L C A. Then, using the inclusion-exclusion formula for
additive functionals and (3.1), we get

\—‘¢<Lm U Q>‘<29 Dl (),
QREQ(A)

and hence M4(¢)) < 2121 (1)), Again by the inclusion-exclusion formula,
we have

(3.17) [W(ZNA) < (2 = 1) Ma(y) <2V Ma(4),
and, therefore,
E(Z N A)? <E[4N4141 A M (4)? < o0,

which completes the proof. [

LEMMA 3.4. Define 51 := 22" . 2544, Then, for all k € {0,...,d} and
W,K € K,

d d
(3.18) /Vk(Wﬁ(K+x))dazgﬁlei(W)ZVr(K).
i=0 r=k
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ProOOF. Using the same notation as in the proof of Lemma 3.3 and the
fact that V} is increasing and translation invariant, we obtain that

JAZUGESIITEDS )/Vk<Wﬂ N Qﬂ(K+x)) "

GATCO(W Qez
< ¥ fnezre} [nwn@i+a).
GAICOW) “QeT

Let B’ denote a ball of radius v/d/2. Then the kinematic formula (see [31],
Theorem 5.1.3, and note that c?’j_kﬂ < 1) and the rotation invariance of
B’ yield that

d
/Vk(K N (Q1 + 1)) de < /Vk(K (B + ) dr < e 3 Vi(K)
r=k

with ¢5 := 5%d!. On the other hand, it was shown in the proof of Lemma 3.3
that

H@#chw‘): N Q#@H <c2c4iv;<W>-

Combining the preceding inequalities, we obtain the assertion of the lemma.
O

LEMMA 3.5. For Ac K% and n €N,

d

d
/ka(A NK1 NN KA d(EK,. . Ky)) <o) Vi(A),
k=0 k=0

where a =~y(d+ 1)1 Z?:o EVi(Zy) with B1 as in Lemma 3.4.

PrOOF. In the following calculation and also later, we use the convention
[ cdA®:=c. We apply (2.1) and (3.18) to get

d
/Zv,g(Amr(1 NN KA d(K, .., K))
k=0

d
= ViANKiN---NK,_1N(K,+y))dyQ(dK,)
kZ:O’Y///k 1 1 y))ay

X Anil(d(Kl, .. .,anl))
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d d
<Z’Y//51ZV§(A“K1W“WKTZ—1)
k=0 i=0

d
XY V() QUAK,) A (d(Ky, . K1)
r=k

d

d
<y(d+1)81 Y EVi(Zo) /ka(A NEK N---NK, 1)

=0 k=0
X An_l(d(Kl, ceey anl))-

By iterating this step (n — 1) more times, we obtain the assertion. [

LEMMA 3.6. Define By :=2-25% Then, for K,W € K¢,

d—1 d
A({z RV (K +2)nOW #2}) < B2 > V(W) D V(K.
i=0 r=0

PROOF. Let W # @ and let Q(OW) :={Q1+2z:2 € Z4, (Q1 +2) NOW #
@}. Then we have

A({z €RY: (K + )N OW # 2})

< Y [uE+anQrei
)

QeQ(OW

d
= Y VaE+Qu) <|Q0W)|er Y Vi(K)

QeQ(OW) r=0

with the same constant ¢4 as in (3.14). Let dist(z, A) :==inf{||x —y||:y € A}
for 2 € R% and a closed set A C R, and let 97 W := {2z € W :dist(z,0W) <
r} for r > 0. Then

(3.19) Va(0, W) < Va(W + Bf) = V(W)

To see this, let pyy : R — W denote the metric projection to W and consider
the map T: (W + BH)\ W — R, 2+ 2py (z) — . Let € 97 W and choose
a point y € W such that ||z — y|| = dist(z,0W) <r. Using that y — z is
an outer normal of W at y, it is easy to see that T'(2y — z) = . Hence,
O-W C T((W + B%) \ W). Since the metric projection is 1-Lipschitz, it is
not hard to prove that 7" has the same property. Therefore, (3.19) follows.
This yields that

QW) < Aa({x € RY: dist(x, OW) < Vd}) < 2(Va(W + Bl) — V(W)
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where Steiner’s formula was used. [

LEMMA 3.7. Let W € K% be such that r(W) >0 and let k € {0,...,d —
1}. Then
Vi(W) 20-1 2%
(W) = R

IN

PROOF. Steiner’s formula and the fact that V;(W) >0, for i =0,...,d —
1, imply that

(27 = V(W) = Va(2W) = Vy(W)
> Va(W +r(W)B?) — Vy(W)
d—1
= kg_ir(W) V(W) > kg (W)TFV (W),
=0

Now the inequality &, > 1/n!, n € N, concludes the proof. [

PROOF OF THEOREM 3.1. Let W € K¢ with (W) > 1. In order to com-
pute the numerator in (3.3), we shall apply (3.7) with f = fy, w and g =
Juo.w- From (3.10), we conclude that indeed Ef(n)? < oo and Eg(n)? < cc.
Since Z is stationary, the translation invariance of a functional 1: R% — R
implies that 1*: K¢ — R defined by (3.2) is translation invariant as well.
From (3.8), we get

1 n n n
o1 Dk B ED e, Fona (A" (. )

:%///¢;((K+x)mf<2m...mxnmW)

X3 (K+z)NKoN---NK,NW)
x A" Hd(Ky, ..., K,))Q(dK)dz.
For n € N, we define fW,n:lCd — R by

Jwn(K) 3:(#%/ VI(K+z)NKyn---NK,NW)

Vi
X P3((K+z)NKoN---NK, NW)
x A" N d(Ky, ..., K,))d,
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and f,:K? =R by
fn(K)::/wf(KﬁKgﬁ---ﬂKn)wg(KﬁKgﬂ---ﬂKn)A”_l(d(Kg,...,Kn)).

Our aim is to prove that

n,/an Q(dK) %Z /fn

as r(W) — oo. Slnce we want to apply the dominated convergence theorem,
we provide an upper bound for Y > | &|fw,,|, which is independent of W.
It follows from (3.9) in Lemma 3.3, the translation invariance of V; and A
and the monotonicity of the intrinsic volumes that

d
\fw,n<K>|si;0%//vi<<K+x>me...nKnnvm

xVi(K+z)NKyn---NEK, W)
x A" Hd(Ky, ..., K,))dx

d
< Z %/W(Krﬂgm---mKn)A”‘l(d(Kg,---,Kn))

x/vj((K+x)mW)dx

for K € K% and n € N. Combining this estimate with Lemmas 3.4 and 3.5,
we get

d 2 4 v (W) anfl
(3.20) \an( )| < (d+1)B18(11)B(2) (Z Vi(K)> > V;(W) n!
i=0 r=0

By (2.5), the right-hand side of (3.20) is integrable. Moreover, Lemma 3.7
shows that it is uniformly bounded for W € K¢ with 7(W) > 1, and the same
holds if we sum over all n € N.

Next, we bound | fw,(K) — f,(K)| for K € K% and n € N. By using the
translation invariance of 7,13 and A, we have

fW,n(K) - fn(K)

]‘ *
:W/ WK +2)NKzn-- N Ky W)

XPs(K+x)NKeN---NK,NW)
—HzeWhi(K+2)NKeN---NKy,)
x Ps(K+x)NKoyN---NKy,))deA" N (d(Ks, ..., Ky)).
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Note that the integrand is zero if x € W and K +x C W. The same holds for
the case that z ¢ W and (K + x) N W = @. This means that the integrand
can be only nonzero if (K +x) NOW # @. On the other hand, the integrand
is always bounded by
[WWI(K+2)NEKon---NEK, NW)Y5(K+2)NKoN---NK, NW)|
+I (K +2) N KN N KR)Ps (K +2) N KN N K
d

2
<2B8(¢1)B(¥2) (Z Vi((K+z)NKaN---N Kn)> ;

1=0

where we have used Lemma 3.3 and the monotonicity of the intrinsic vol-
umes. Hence, we obtain that

M//l{ K +2) W # 2}

d 2
X<Zm((K+x)mK2mmmKn)> dx

1=0
x A" Hd(Ky, ..., K,))
d

2(y1)B(12) 4 . .
< TW)Z(;VZ(K)/H(KJr ) NOW £ o} d

d
X /ZVT(K NKyN---NEK)A N d(Ko, ..., K,)),

where we have used the fact that V; is increasing and the translation invari-
ance of V; and A in the last step. Now Lemmas 3.5 and 3.6 yield that

a1 [l 3d—1
a5 — o) < Z22000L2) (Z wo) S V)
1=0 r=0

Together with Lemma 3.7 and (W) > 1, this shows that, for K € K¢ and
neN,

d 3
| fwn(K) = fu(K)| < 811, ¢2)a (Z ) (W)

0
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with 811, o) 1= 2042 . 42 . 2524 @I\ (py ) M (1p3) (E2V@1 + 1)2. Therefore, for
K e K,

d 3
<811, 1h2)e” <Z Vi(K)> %W)
=0

Now an application of the dominated convergence theorem yields the con-
vergence result for r(WW) — oo stated in the theorem.

Under the stronger moment assumption (2.6), (3.5) follows from (3.21)
by carrying out the integration with respect to K and collecting all the
constants. [

(3:21) |3 %fW,n(K) -3 %fn(K)
n=1 n=1

If the geometric functional is the volume, the asymptotic variance has a
significantly easier representation than in (3.4), namely

Var Vy(Z N W) , / .
= 1m ——~— = (1-— €’y a(r) _ 1)dx.

This follows from an application of the dominated convergence theorem to
the exact variance formula (2.9). The inequalities e! — 1 < te!, t >0 and
Cy(x) < vy imply that

/(ewcd(a:) —1)dz < e /EVd(ZO N(Zo+z))de= ’Y€WdEVd(Zo)2 < 00.

Together with Cyy(z)/Vy(W) < 1, this means that ¢7¢4(®) — 1 is integrable
and is an upper bound for (Cy (z)/Vy(W))(e?“4(*) —1). Now the observa-
tion that Oy (z)/Vg(W) — 1 as r(W) — oo for any x € R? [this follows from
Va(W) — Cw(x) < Vd(E?H;HW), (3.19), Steiner’s formula, and Lemma 3.7]
yields (3.22). In Section 6, formulas as (3.22) are derived for the other in-
trinsic volumes.

The following proposition shows that the rate of convergence stated in
Theorem 3.1 is optimal.

PROPOSITION 3.8. Assume that (2.5) is satisfied and that the typical
grain is full-dimensional with positive probability. Then there is a constant
cq,q > 0 depending on A such that
VarVd(ZﬂW) > Cd.d

Va(W) —r(W)

Odd—
for W e K¢ with r(W) > 1.

PrROOF. Recall from the proof of Lemma 3.6 that ;W = {z € W:
dist(z,0W) < r} for r > 0. For s > 0, we define Dy (s) = {z € W:
dist(z,0W) = s}. Then

W_,:={zeW:dist(z,0W) > s} ={z€R?: 2+ B¢ c W}
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is convex, the boundary of W_g is Dy (s), and s — W_g is strictly decreasing
with respect to set inclusion, for s € [0,7(WV)].
It follows from (2.9) and (3.22) that

Var(Vy(Z 0 W)
ad Va(W)
_ (1 _p)Z/ Vd(W) - ‘(Zf(v‘v/l/? (W + J})) (e’YCd(OE) _ 1) dx.

Since the typical grain is full-dimensional with positive probability, there are
constants 7> 0 and 79 € (0,1/2) such that e?“2(*) — 1> 7 for all z € BY .
This means that

Var(Vy(Z N W)
Odd Va(W)

(3.23)

> (1-p)? (Va(W) = Vg(W 0 (W + ))) da.

d
0

i s

Denoting by B%(z,r) the closed ball with center x and radius r, we have

/Bd (Va(W) — Va(W A (W + 7)) da
:/ /(1{y€W}—1{y€W,yEW+x})dydm
B Jw

B /W<vd(Bd(y,r0)) — Va(W N By, r0))) dy

> [ (ValBam)) - ViV 0 B, o)) dy
a_ W
r0/2
Using that Vy(B%(y,r0)) — Va(W N By, ro)) > érd fory € 8, oW with &> 0,
we obtain

(3.24) /B (ValW) = VaW 0 (W + 2))) e > Va0, ,, W),

It follows from Lemma 3.2.34 in [6] that
Va0, W) = / HY (D (s)) ds
0

for r € [0,7(W)]. The discussion at the beginning of this proof implies that
HIY(Dyy(+)) is strictly decreasing on [0,7(W)]. Together with Vd(a;(W)W) =
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Va(W) we get for r(W) > rq/2 that

= [ e [ o))

[ 1 Dy (1) 22V g = 2OV

0 To To

Va(0,, ;W)

Combining this with (3.23) and (3.24) completes the proof. [

4. Positive definiteness. In this section, we consider the positive definite-
ness of the asymptotic covariance matrix for geometric functionals vy, .. ., g
on R%. We assume that 1y, for k € {0,...,d}, is positively homogeneous of
degree k and

(4.1) |k (K)| = By (K)F,

for K € K%, with a constant B(%bk;) > 0, which only depends on 1. These
conditions are motivated by the intrinsic volumes Vj,...,Vy;, where they
are obviously true. The additional assumptions on y,...,14 required in

this section are used in an essential way in the proof of Theorem 4.1 [see
(4.3) and (4.7) below], but are presumably not necessary conditions for the
positive definiteness of the asymptotic covariance matrix. In particular, (4.1)
is always satisfied if the absolute value of 15, on K¢ is bounded from below by
a functional ¢, : K¢ — R which is positive and monotone i.e., () > (L)
for K,L € K¢ with K D L]. This applies to the second example given at the
beginning of Section 3. If we assume that there is a constant hg > 0 with
h > hg, then

U = [ B8, ) > ho dV (B KK K] > dhorar(50)"

for K € K¢, which ensures that (4.1) is satisfied.

By Theorem 3.1, for k,1 € {0,...,d}, the asymptotic covariances oy, y, ex-
ist under the assumption (2.5). The following theorem shows that the asymp-
totic covariance matrix is positive definite. In particular, the result applies
to the intrinsic volumes Vj, ..., Vy, which also means that their asymptotic
variances are strictly positive.

THEOREM 4.1. Let the preceding assumptions and (2.5) be satisfied.
Moreover, assume that the typical grain Zy has nonempty interior with posi-
tive probability. Then the covariance matriz ¥ := (0y, 4, )k,i=o0,...d 5 positive

definite.
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PRrOOF. For a vector a = (ag,...,aq)" € R, we have

00 d 2
1 .
n= =

x AV Hd(Ky, ..., K,))Q(dK)).

Since each summand is nonnegative, the matrix X is positive definite if we
can prove that one summand is greater than zero for a given a € R¥1\ {0}.
Specifically, under the given assumptions we shall show that the summand
obtained for n =d + 1 is positive. In order to show this, we shall prove that
for Ky,...,Kq44+1 in the support of Q and having nonempty interiors, there
is a set of translation vectors xa,...,Z44+1 € R? of positive )\g measure (recall
that Ay denotes d-dimensional Lebesgue measure) for which

d

Zak¢Z(K1 N(Ky+x2) NN (Kgp1 +xg11)) #0.

k=0
For the rest of the proof, we argue with a nonempty convex body L € K¢.
Properties which will be required of L will be provided by an application of
Lemma 4.2 and L of the form L = K1 N (Ky+x2)N---N(Kgp1 +2441) € K2,
for a set of translation vectors xg,..., 2441 € R? of positive )\g measure. This
will finally prove the preceding assertion, and thus the theorem.

Let Ni(L) be the number of grains of n that intersect L, but do not
contain it, and let Ny(L) be the number of grains of 1 that contain L. Then
Ni(L) and Ny(L) are independent, Poisson distributed random variables
with parameters

si(L)=A{KeK*KNL#@and L ¢ K}) and
so(L)=A{K e K*: L C K}).

If No(L) #0, then L C Z and, therefore, ¢y(Z N L) — (L) = (L) —
Yrp(L) =0. If Ny(L)= N2(L)=0, then ZNL =g, and hence (ZNL)—

Yp(L) =0— (L) = —r(L). This leads to
) Vi(L) = B[ (Z N L) — (L)
' = —exp(—s1(L) — sa(L))u(L) + Re(L),

where
Ri(L) =E1{N:(L) > 1,Na(L) = 0} (¢, (Z N L) — ¥x(L))

Next, we bound Ry (L) from above. So assume that Ni(L) # 0. Let K, ...,
K, (1) denote the grains of 7 which hit L, but do not contain L. With the
definition of Mp (1) from (3.16), we obtain from (3.17) that

[We(Z N L) — p(L)] < [9(Z N L) + [ (L)] < 2N E M ().
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In the following, let R(K') stand for the radius of the circumscribed ball of
K € K% For A e K¢ with A C L, let & € R? be the center of the circumball of

A, hence A —a C 2R(A)Q;. Since 1)y is translation-invariant, homogeneous
of degree k, and locally bounded, we get

[ (A)] = 2R(A))"|¢r(2R(A) ™1 (A = @)| < (2R(A))* M (v),

and hence

(4.3) My, (yr) < (2R(L))* M ().

Thus, in the present case, we have

(2 N L) — g (L)] < 2V 2R(L))* M ().

Hence, the remainder term can be bounded from above by

|Ri(L)| <E[I{Ny(L) > 1, Na(L) = 032" (D) (2R(L))* M (4]
= exp(—s2(L))(2R(L))" M (¢3,) exp(s1(L))(1 - exp(=2s1(L)))
< exp(—s2(L))(2R(L))" M () exp(s1(L))2s1(L).

Next, we derive an upper bound for s;(L). By definition and the reflection
invariance of Lebesgue measure, we have

:fy//1{(L+x)ﬁK#@,L—FngK}de(dK).

To bound the inner integral from above, we can assume that L € K2, by the
translation invariance of Lebesgue measure. If the integrand is nonzero, then
re€(K+ R(L)BY\ K or x € OKp 1~ Then inequality (3.19) implies that
the inner integral is bounded from above by 2V, ((K + R(L)B%)\ K). Hence,
if R(L) <1, Steiner’s formula and our moment assumption yield that

Sl(L) S CﬁR(L),

where ¢g denotes a constant depending on A. Hence, if R(L) is sufficiently
small, then s1(L) <1, and thus

|Ri(L)] <6 (2R(L))" M ()51 (L) exp(—s2(L))
<6-2% - cgM (i) R(L)* ! exp(—s5(L)).
We also have from (4.3) that
lexp(—s1(L) — s2(L)) v (L)|
< M () exp(—sa(L)) < (2R(L))" M () exp(—s(L)).

(4.4)

(4.5)
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Hence, if R(L) is sufficiently small, we deduce from (4.2), (4.4) and (4.5)
that

(4.6) |[W(L)] < B(vw) R(L)" exp(—s2(L)),

where B(¢},) is a constant depending on A and v. In addition,

(47)  lexp(=s1(L) = s2(L))vw(L)| = exp(—s2(L)) (B(¢r)/3)r(L)",

if s1(L) <1, with B(ty) as in (4.1).
Let ko be the smallest k € {0,...,d} such that ay # 0. Then, if R(L) is
sufficiently small, we get

d
> apyi(L)
k=0
d
= > anyi(L)
k=ko
d
= | —an, exp(—s1(L) = 52(L)) o (L) + aro Rig (L) + Y artii(L)
k=ko+1
d
> |aky|exp(—s1(L) = sa(L))toky (L)| = lare Rio (L) = Y |axl|vi(L)|
k=ko+1

> exp(—s2(1) (Jan, [(B(1x,)/3)r (L) — B R(LYH),

where we used (4.4) and (4.7), for k = ko, and (4.6) for k> ko + 1. Here,
we denote by B* a constant which depends on ag,,...,aqd, Vi, - -, %d, A
The lower bound thus obtained is positive if R(L) is sufficiently small and
R(L)/r(L) < ¢y, for some constant cy. The proof is completed by an appli-
cation of Lemma 4.2 below. [

The following lemma on the ratio of circumradius and inradius of trans-
lates of convex bodies is a key argument in the proof of Theorem 4.1.

LEMMA 4.2, For all Ky,..., K441 € K¢ with nonempty interior there is
a constant cy > 0 such that

A ({(mg, o xam) € RYYR(L) < cor(L) and R(L) <r

d+1
for L=Kin m(KH‘l“z)}) >0

=2
for all r > 0.
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PROOF. Let u1,...,uqr1 € R? be unit vectors whose endpoints are the
vertices of a regular simplex. For ¢ =1,...,d+ 1 let x; be a point in the
boundary of K; which has u; as an exterior normal vector. The support
cone S(K;,z;) of K; at x; (cf. [30], page 81) then satisfies

K;—x; C S(Kz,xz) = Cl(U t(KZ‘ — .I‘Z)> - Hf(KZ',UZ‘) — X,
>0
where H™ (K;,u;) is the supporting half-space of K; with exterior unit nor-
mal u; and cl denotes the closure. By [31], Theorem 12.2.2, it follows that
t(K; — x;) — S(K;,z;) in the topology of closed convergence as t — co.

Moreover, since Ki,...,K411 have nonempty interiors, there are vectors
21,..., 2441 € R? such that the origin is an interior point of
d+1 d+1
So = ﬂ (S(KZ,.IZ) + Zi) C ﬂ (H_(KZ,’LLZ) —x; + Zi)
i=1 i=1

and the circumradius of the intersection on the right-hand side is less than
1 (say). Then [30], Theorem 1.8.10 and [31], Theorem 12.3.3, imply that

d+1
So = Jim (t () (K + :cz-(t»),
i=1

where x;(t) := —x; +t~12; and the convergence is with respect to the Haus-
dorff distance. Since the inradius and the circumradius of the intersection of
translates of convex bodies are continuous with respect to the translations
as long as the intersection has nonempty interior, there is some tg > 1 such
that the ratio between inradius and circumradius of

d+1

t ﬂ(Ki + zi(t))

i=1
is close to the corresponding ratio of Sy, for t > ¢y and, therefore, also
d
| RO+ u0)
= d
(N (G + (1))

with a constant ¢y > 1 which depends only on Kj,..., K411. Moreover, for
t>1tg>1 we have

d+1 d+1
R(t (K + mi(t))> < R(ﬂ (H™(K;,u;) — x; + zz-)> <1

i=1 =1

05

and thus

dt1 )
R(ﬂ(Ki +$z‘(t))> <7

i=1
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Therefore, if < 1/(2tp) the proof of the lemma is completed by remarking
that the intersections are continuous with respect to translations as long
as the intersection has nonempty interior and by using the translation in-
variance of Lebesgue measure. Clearly, this proves the lemma for all » > 0.
O

5. Some integral formulas for intrinsic volumes. We shall see in the next
section that in the particularly important case of intrinsic volumes and under
the assumption of isotropy the asymptotic covariances of Theorem 3.1 can
be expressed in terms of the numbers

o0
1
b= [[ vt RV 0 K
n=1" "

(5.1)
x AV Hd(Ky, ..., K,))Q(dK)).

In this section, we study these numbers without isotropy assumption on Z.
The results are of independent interest.
For W e K% and i,j € {0,...,d}, we define

=1
pm’(W)rZZE/W(Klﬁ-~~ﬂKnﬂW)Vj(Km---mKan)
n=1"""

(5.2)
X An(d(Kh ey Kn))7

which is a finite window version of p; ;. The numbers p; j(W) are further
studied in [13], Appendix B. The relationship between (5.1) and (5.2) is
given in the next corollary.

COROLLARY 5.1.  Leti,j €{0,...,d}. If (2.5) is satisfied, then p; j < oo
and

. pij(W)
lim
r(W)—o0 Vd(W)

If (2.6) is satisfied, then there is a constant ¢; j such that
B Pi,j(W)‘ < Cij

(5.3) = Pij-

P VWY | (W)
for W e K% with r(W) > 1.

Proor. This can be proved in a similar way as Theorem 3.1. [

The previous corollary describes p; j as the limit of Vy(W)~1p; ;(W) for
observation windows with (W) — oco. It is, however, more convenient to
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work with the series representation (5.1). We shall see that this series can
be expressed in terms of a finite family of (curvature) measures H; ; to be
introduced below.

For j €{0,...,d} and K € K%, we let ®;(K;-) denote the jth curvature
measure of K (see [31], Section 14.2). In particular, ®4(K;-) is the restriction
of Lebesgue measure to K while ®;_1(K;-) is half the (d — 1)-dimensional
Hausdorff measure restricted to the boundary of K (if the affine hull of K
has full dimension). Furthermore, ®;(K;R?) = V;(K) for all j € {0,...,d}.
For j €{0,...,d—1}, neN, and Ki,..., K, € K¢ we define

(54) ‘I)j(Kl,...,Kn;-) = ‘I)j(Kl n--- ﬂKn;E?Kl ne--- ﬁ@Knﬂ )

Since ®;(K1;-), j€{0,...,d — 1}, is concentrated on the boundary 0K, of
K, this definition is consistent with the case n=1. For i € {1,...,d — 1}
and k€ {1,...,d —1i}, we define a measure Hf’d on R? by

Hfdizv////l{y—ze-}l{zemm---ka}@i(Kl,---,Kk;dy)dZ
59 x AFNd(KY, .. K1) Q(dKy),

with the appropriate interpretation of the case k =1.
For i, € {l,....,d—1}, ke {l,....d—1i}, l €{1,...,d — j}, and m €
{0,...,k A1} we define a measure HZk]lm on RY by

HE —7////1{9—26 }

56 xHye Ky 4N NKyy mz€ KN NEKp_.}
5.6
X @i(Kly' . .,Kk;dy)q)j(K]H_l_m, .. .,K]H_l_m;dz)

x ARV (K Kiegrme1))QUA K gy m),

where K° denotes the interior of K € K¢ and with the appropriate interpre-
tation of the cases m =k or m =1. Let

d—i
1
H;q:= ZHHZ-’fd,i e{l,...,d—1},

d—i d—j kAl
k,lm .o
TR ) 3) pimn WU R
k=11=1 m=0
and, for j €{0,...,d — 1},

—Jj
(5.7)  ho, :Z%/ Oj(Ky,..., Ky ROATH (K, - K1) Q(AK)).
=1 "
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Moreover, we define Hy 4(dz) := (1 — e~ C¢a@)) dy, Hyj:=Hj:= hgdy for
j€A{0,....,d =1}, and Hyg4:= Hgp:= (1 — e 7")dy, where ¢y is the Dirac
measure concentrated at the origin and Cy(z) is the mean covariogram of
the typcial grain as defined in (2.7).

Subsequently, we assume that

(5.8) QUK e K%:Vy(K) > 0}) =1,
that is, the typical grain almost surely has nonempty interior.

THEOREM 5.2.  Assume that (2.5) and (5.8) are satisfied. Then the mea-
sures H; j are all finite. Moreover, the limits (5.3) are given by

(5.9) i = /evo«i(I)Hi,j(dx), i,j€{0,...,d}.
Fori=d or j=d, the result remains true without assumption (5.8).

In particular, we thus have

(5.10) Pdd = /(e"’od(’”) —1)dx,

Po,d = e’d — 1, and Po,; = €7Udh07j for j € {0, e, d— 1}
The proof of Theorem 5.2 is based on the following geometric result. Here,
we use the abbreviation [n] = {1,...,n}.

LEMMA 5.3. Let Ki,Kb,... K/, € K%, n €N, have nonempty interiors,
and let i €{0,...,d —1}. Then

QK N NKpi )= > q%(ﬂKr;-m ﬂaKmﬂK§>,
@#IC|n| rel rel s¢T
|T]<d—

for almost all translates K; of K| fori=2,...,n.

Hence, if (5.8) is satisfied and K; € K? has nonempty interior, then this
lemma can be applied for A" -a.e. (Ko,...,K,) € (K"
Before we prove Lemma 5.3, we provide two auxiliary results.

LEMMA 5.4. Let Ki,...,K,, € K% m > 2, have nonempty interiors.
Then, for HY=Y _almost all (s, ... ty) € RA™D if KiN(Ky+ty)N---N
(Km + tm) #+ O, then (Kl)o N (KQ + tg)o n---N (Km + tm)o + 0.

ProoOFr. The assertion is proved by induction over m > 2. For m = 2,
the assertion holds, since any to € R? such that K; N (K3 + t2) # @ and
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K7 N (K$S+te) = is contained in the boundary of K; + (—K3), which has
d-dimensional Hausdorff measure zero. The induction step follows from the
case m = 2 and Fubini’s theorem. For further details, see [13]. O

For the following lemma, we use basic notions from geometric measure
theory (see, e.g., [6]).

LEMMA 5.5. Let K1,..., Ky, € K% meN. If m<d, then for Hm=1)_
almost all translates (ta,...,ty) € RA™=1) " the intersection OK; N (0Ky +
to)N---N(OKy, +tm) has finite (d—m)-dimensional Hausdorff measure. For
m > d, the intersection is the empty set for almost all translation vectors.

PRrOOF. Since for m =1 there is nothing to show, we assume that m €
{2,...,d}. Let W := 0K x --- x 0K, CR¥™ let Z C R~ he the com-
pact image set of the Lipschitz map T:W — Z C R D (z1, ... 2,,) —
(x1—2,...,21 — ). Then the assumptions of the coarea theorem ([6], The-
orem 3.2.22 (2)) are satisfied. Thus, for H™ D_almost all (ta,...,tm) €
Z, the set T~ (t2,...,t;n)} has finite H4~™ measure. Identify RY" with
(RHY™ and denote by 71 :(RY)™ — R? the projection to the first compo-
nent, which is a Lipschitz map. Then 0K N (0Ka +ta) NN (0K, + ) =
7 (T~ (t,...,tm)}) has finite (d — m)-dimensional Hausdorff measure for
HA=D almost all (ta,...,tm) € Z. [If (ta,...,tm) ¢ Z, the intersection is
the empty set.]

The assertion for m > d easily follows from the one for m =d. 0

Proor or LEMMA 5.3. There is nothing to show for n =1 so that we
assume that n > 2. By Lemmas 5.4 and 5.5, we can assume that K,..., K,
have a common interior point and for @ # I C [n] each intersection (1, .; 0K,
has finite (d — |I|)-dimensional Hausdorff measure if |I| < d, and otherwise
is the empty set.

Since ®;(K1N---NK,,-) is concentrated on the boundary of K1N---NK,,
the measure property yields that

(K N NEKpi )= Y <I>Z-<K1ﬁmﬂKn;~ﬂﬂc‘)Krﬁ ﬂK)
@#IC[n] rel s¢l

The intersection U := (4, K7 is open, U’ :=(,¢; 0K, N[y, K CU, and
Kin---NnK,NU = ﬂrel K, NU. Hence, since ®; is locally determined
(see [30], page 215), it follows that

QK N NKp; )= > @i<ﬂKr;-ﬂﬂaKrﬂﬂK§>.

@#ICn| rel rel s¢I
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Since (),c; 0K, has finite (d — |I|)-dimensional Hausdorff measure for |I| €
{1,...,d}, and is the empty set for |I| > d, we conclude that if d > |I| > d—1,
then (), .; 0K, has i-dimensional Hausdorff measure zero. A special case of
[4], Theorem 5.5, then yields that

<I>i<ﬂKr;-ﬁﬂc‘)KrﬁﬂK§> =0,

rel rel s¢l
which completes the proof. [J

PrOOF OF THEOREM 5.2. We start with showing that the measures
H; j are finite. Let 4,5 € {1,...,d =1}, ke {l,....,d—i}, le{l,...,d —j},
and m €{0,...,kAl}. Then

i@ <o [[[ [ 100 K 2 o) Kiady)
X Qi (Krg1-my- s Kpgi-m; dz)
x AT AR Kmme1)) QA K - m)

SV//VO(Klﬂ"'ﬁKk+l—m)Vi(K1)Vj(Kk+l—m)

X Ak+l_m_1(d(K1, cos Kit—m—1))Q(d Kk 41—m )-
For k4 1 —m =1 the right-hand side is finite because of assumption (2.5).
Otherwise, we obtain by Lemmas 3.5 and 3.4 that

H™RY

2]
d
§72ak+l*ﬂ’7,*2 //ZVT((KI —|—x) kaJrlfm)‘/vi(Kl)
r=0

X Vi(Kppi—m) doQ*(d(K 1, Ky y1-m))
d d
< (@4 120826, [ S VD) S Vil Kt Vi)V (Brin)
r=0 r=0
x Q*(d(K1, Kiti-m))-

Now it follows from (2.5) that the right-hand side is finite. Similar (but
easier) arguments show that the other measures are also finite.

Note that p; j = p;; for 4,5 € {0,...,d}. To prove that the series (5.1) is
given by (5.9), we distinguish different cases and start with ¢ = j = d. Then
we have

Pd,d:'Yz_:l%//Vd(Klm"'mKn)QAn_l(d(KZw~-7Kn))Q(dKl)
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N Hye KinN(Ky+a2)N---N (K, +x,)
;n/ /{y 1 2 + T2 }

x 1{z € K1 N(Ky+ x2) N
N (K, +xy)}dydzdxy - - - dxy,
x Q"(d(Ky,...,Ky,))

=Ti2—f///vd<<Kz—y>m<K2—z))---vd«Kn—ym(Kn—z»

x {y € K1}1{z € K1} dyd=Q"(d(Ky,...,Ky,))
2

i%/// EVa(Zo N (Zo+y))" 1y + 2 € K1}

x 1{z € K, }dydzQ(dK,)

=3I [euwray= [@C -1y
n=1

For i =0 and j =d, we get by an even simpler calculation

3|Q

/// EVi(Zo N (Zo+y — 2)))" " 1{y, = € K1} dy d=Q(dK)

o0

poa =3 T (BVA(Z))" = e 1.

n=1

This and the preceding calculation do not depend on assumption (5.8).
Next, we turn to i = 0 and j € {0,...,d—1}. Then, using V;(L) = ®;(L; R?),
for L € K% and Lemma 5.3, we get

’VZ ZZ/// {zeﬂK} (K 7:d2) A" N (d(Ks, ..., Kp))

n=1"" 121 JCln)
7=
X Q(dKl)
where ®;(Ky;-) = ®;(Kj,,...,Kj;-) for J={j1,...,5} [see (5.4)]. At this

stage and also later, we use the covariance property

(5.11)
:/h(y—i—x)@i(Kl—x,...,Kl—:L‘;dy), z e R,
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which holds for all measurable h:R? — [0, oc]. This follows from the defini-
tion (5.4) and [31], Theorem 14.2.2. Using (5.11) and then the invariance of
A under translations, it is easy to check that, for instance,

///1{,2 eEKp N ﬂK,‘;}q)j(K{Lm,l};dz)A”’l(d(Kl, o Kno1)QAK,)

— [[ 1 Kiann Ky )
x A" N d(Ky, ..., Ky))Q(dK).

From such symmetry relations, we deduce that

d—j oo
mo=r o (1) ff e tan-nmy
X ‘I)j(Kl,...,Kl;dZ)
X Anil(d(K% .. 7Kn))Q(dK1)

d—j oo
1 (n\ ,—
:’Yl 125( >'Y l///Vd(KH_l)"'Vd(Kn)‘I)j(Kl,...,Kl;Rd)

x Q"N d(Kit1,- ... Kn))
x AYd(Ky,. .., K;)Q(dK,)

d— —J 1 00 v

> '“ / (K KR
=1 n=

X Alil(d(KQ, ey Kl))Q(dKl) = €'Yvdh07j.

Next, we address the case i € {1,...,d—1} and j = d. Using again Lemma 5.3
and a symmetry argument (as above), we obtain

i S () e

xl{zeKin---NK,}dz

X O;(Kq,...,Kg;dy)

x A" Hd(Ka, ..., K,))Q(dK7).
Then we interchange the order of summation to get

d—i oo

VZZ,.M_ / /1{$k+1€ (Kpp1 —y) NV (K1 — 2)} -+

k=1n=k
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x H{z, € (K, —y)N (K, —2)}
X QK1) -+ Q(dKy) dgty -+~ day
X 1{2 eKiN--- ﬂKk}‘I)Z(Kl,,Kk7dy)dZ
x AFYd(K,, ..., K;)Q(dK1)

x1{ze KiN---NK;}
X (I)i(Kla .. .,Kk;dy) dz
x AP d(Ks,. .., K};))Q(dK,)

d—i
IWZ%////&CN/Z)l{zeKlﬁ---ﬂKk}
k=1

X Bi(K1, ..., Ky;dy) dzA" " (d(Ko, ..., Ki))Q(dKY),
which yields that

1
Pid = ZE/ O HE (dw) = /eﬂfc‘i(gﬁ)HZ‘,d(dﬂﬁ)'

Finally, we consider the case where i, j € {1,...,d—1}. Again by Lemma 5.3,
we get

d—i d—

o3 h 82 T 3 [fff{uenmen )

k=11=1IC[n] JC[n]

|T|=k |J|=1
x ®;(Kr;dy)®;(Ky;dz)
x A" Hd(Ky, ..., K,))Q(dK)
00 1 d—i d—j kAl
=3 > Jfenmeens)
n=1"" k=11=1 m=0 1,JC[n] s¢J

|I|=k,|J|=L,|INnJ|=m
X ©;(Ky;dy)®; (K y;dz)
x A" Hd(Ky,..., K,))
x Q(dK7).

A symmetry argument shows (as before) that for each choice of I,J such
that |I| =k, |J| =1 and |I N J| =m, the preceding integral has the same
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value. There are () ( 51 ) (?:ﬂ]fb) possible choices of I,.J with these properties.
Thus, we obtain

= YA () (5) (1)

n=1 k=11=1 m=0

X/"'/l{?JEKl?Hﬂ“'ﬁKZ}
Xz e KyN--NKy N KS y per N NKS}
X O;(Kq,...,Kg;dy)
X i (Kig1-my-- Kpyi—m; dz)
) AMFETTNA(KY L K eimme))
X QUK 1) A" (A g, K

oo d—i d—j kAl

_ 1{n > k: + [ — m}nyn—(bti=m)
055 3) 3) pi LS Eu e

n=1k=1 =1 m=0

/ / H Ha, € (K7 —y) N(K] = 2)}doggme - - din

r=k+l—-m-+1

X Q(dKk41-m+1) - Q(dK)

xHye KN NKgy )

xH{ze K{n--NKp_,}@i(Ky,..., Kg;dy)

X Oj(Kit1-my-- s Kiyi-m;dz)

X AFFE AR Kgme1))Q(AK g =),

and hence
d—i d—j kAl
Pig ="
k=1 l=1 m=0 mi(k Wl —m)!
//// Z (YCaly — 2))n~ktt=m)
_ _ |
T (n—(k+1—m))!

Uy € KRy N NER 1z € K7 N NER .}
X ‘I)i(Kl, ey Kk; dy)@j(Kk—f—l—my ey Kk‘-l—l—m; dz)
x AR AR K1) QAR )
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d—i d—j kAl

1 m
:§:§:§:nmk—mya—mﬂ/F%M@Hg’“m»

k=11=1 m=0

This completes the proof of the theorem. [

Some of the measures in (5.5) and (5.6) can be expressed in terms of the
mixed moment measures

and the functions C;:R? — [0,00), j € {1,...,d — 1}, defined by
CJ(.T) = E‘I)j(Zo; Z(c)) + l‘), S RY.

LEMMA 5.6.  Assume that (2.5) is satisfied. Then, for anyi,j €{1,...,d—
1},

(5.12) Hy =~ / 1{y — 2 € }Mia(d(y, 2)),
(5.13) HEO = 2 / 1{y — 2 € }Cily — 2)M;.a(d(z 1)),
(5.14) HﬁJzy/lw—ze}MMM@J»

PrOOF. Equations (5.12) and (5.14) follow directly from the definitions,
while (5.13) follows from an easy calculation using the covariance property
(5.11). O

In the next section, we will use the following consequences of Lemma 5.6:

(5.15) Hy 14= 7/ Wy —z€ -} Mg14(d(2,y)),

Hy14-1=7" / Wy —2€-}Cq1(y — 2)Mg—1,4(d(z,y))
(5.16)

+ 7/ Hy—z€-FMg_14-1(d(y, 2)).

6. Covariance structure in the isotropic case. In this section, we assume
that the typical grain is isotropic, that is, its distribution Q is invariant
under rotations and that the moment assumption (2.5) is satisfied. Our aim
is to derive more explicit formulas for the asymptotic covariances

 Cov(Vi(Zn W),V (Z )
6.1 .4 = 1 )
(61 o V) 3o Va(W)

i,j €40,...,d};
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confer the statement of Theorem 3.1.

Using the iterated version of the local kinematic formula ([31], Theo-
rem 5.3.2), which is obtained by combining [31], Theorem 6.4.1, (b) and
(6.15) and [31], Theorem 6.4.2, (6.20), we get for j € {0,...,d — 1} and
le{l,...,d—j} that

’y/ i(Ky,..., K, RHYATHA(KY, ..., K 1))Q(dK))

d—1

= Z dHCd ’Y,Umm

mi,...,my=j
mi+-+my=(—1)d+j

where, as in [31], (5.4),

m!km,
j!ﬁj
Combining this with (5.7) and Theorem 5.2, and under assumption (5.8),
we deduce

(6.2) po,j =€ Pj(yvj,. .., YVd-1), jed{0,...,d—1},

where P; (a multivariate polynomial on R?~7 of degree d) is defined by

mo.__
ot =

. m,je{0,...,d}.

d— d—1

l
1
d § i
Pj(tj,...,tdfl)iz ] l_ chln tmi-
1=1

l mi,...,mi=j
my+-+my=(1—-1)d+j

b

The following main result of this section shows that the asymptotic co-
variances (6.1) are linear combinations of the numbers p; ; given by (5.1). To
describe the coefficients, we define for any j € {0,...,d—1} and l € {j,...,d}
a polynomial P;; on R¥J of degree | — j by

l—j
: (=1)° ;
(6.3) Pilty,...,ta—1) :=1{l=j}+c; > o } : Hcd b,
s=1 mi,...,Ms=J

my+-+ms=sd+j— l

and complement this definition by Py 4 := 1.

THEOREM 6.1. Assume that the typical grain is isotropic and suppose
that (2.5) holds. Then

- p)? Z ZPi,k(W’Uz‘, s Wa—1) P (voz, - v0a-1) pres
=i =)

for alli,j€{0,...,d}.
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PrOOF. The formula preceding Theorem 9.1.4 in [31] is the finite volume
version of the fundamental result of [20] and [5] on the densities of intrinsic
volumes. Using this result, we obtain for all i € {0,...,d — 1} and A € K¢
that

d
(6.4) EVi(ZNA)—=Vi(A)=—(1—-p) > Vi(A)Pk(y0i,. .-, Y0a-1)-
k=1

For i = d, equation (6.4) is a direct consequence of stationarity and the
definition Py 4 = 1. Using this formula in (3.4), we obtain the assertion from
(5.1). O

COROLLARY 6.2. Assume that (2.5) is satisfied. Then, for i,j € {d —
1,d}, the assertions of Theorem 6.1 remain true in the general stationary
case (without isotropy assumption). Moreover,

odd=(1 —p)? /(ewcd(g”) —1)duz,
gi1a=—(1—p)*vi /(ewc‘i(w) —1)dx

+(1-p)y / O N (d(,y)).

If, in addition, (5.8) holds, then

Oa-1,4-1=(1—p)*y* v, /(ewcd("’) —1)dz
(1) / O (O (2 — ) — 2041) M1 a(d(y, 7))

L (1—p)y / SOV o (A y)).

PrOOF. The formula preceding Theorem 9.1.4 in [31] does not require
isotropy for j = d— 1. Therefore, for i, j € {d—1,d}, the proof of Theorem 6.1
applies without this assumption.

By definition (6.3), Py_1 4-1 = Pyq=1and Py_; 4(yv4—1) = —yv4—1. There-
fore, we obtain from Theorem 6.1 that 044 = (1 — p)ded, 0d—14= (1 —
P)*(pa-1,d — YVa-1Pd,a), and

0a-1,d-1= (1= P)*(Pd—1,d-1 — VVd—1Pd—1,d — VWd-1Pdd—1 + Y V3_1Pd,d)-
Inserting first (5.10), (5.9) and then (5.15) and (5.16), we obtain the result.
O

Together with Corollary 6.2 the next corollary provides rather explicit
formulas for the asymptotic covariance in the two-dimensional isotropic case.
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COROLLARY 6.3. Let d=2, assume that the typical grain is isotropic,
and suppose that (2.5) and (5.8) are satisfied. Then

2.2
T

000=(1-2p)(1—p)y+(1—p)(2p—3)
+(1—p)? ('y - %)2 / (7 — 1) da
+(1-9)? [ Xl = 9 a(d(y.2)
45 ped [ @O day))

001 = (1= p)>yv1 + (1 —p)? (ﬁm _ @) / (O 1) da
+1-9? [ X~ 9 2(dlp.2)
=P [t i),

vz =p(1-p) (=9 (7= 224 [ - )as

2v%v
= (=g [ y(d(ay),

where

4yto? 43
(@)= (T 0y oy + 21,

~ 3 3,,2 2~3
X(2) = eWQ(Z)( _’Yﬂ% — —Wﬂvl Ci(z) - 72>.

The formula for og o remains true without assumption (5.8).

Proor. We have P(),o(to,tl) =1, P()J(Ifo,tl) = —%tl, P(]’Q(t(),tl) = —1g+
%t%, P171(t1) = 1, PLQ(tl) = —tl, and P272(t1) =1. N[OI‘QOVE}I‘7 we have
Py(to,t1) =to+2t3 and Py(t1) = t;. Using (6.2), Theorem 5.2 and Lemma 5.6,
we obtain

2,02

poo =€’ <7 + —77T ! >, po1 = €'y, po2=¢e"" —1,

1 =2 / SO Oy — 2)Mia(d(z,y)) + / IO, (d(y, 2)),
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P12 = 7/6702(3/'2)]\41,2(65(2/,2)), P2,2 = /(6702(@ —1)da.
The result follows by substituting these expressions into Theorem 6.1. [J

The proof of Theorem 6.1 also yields the following nonasymptotic result
for which definition (5.2) should be recalled. The case d =2 is further dis-
cussed in Appendix B of [13].

THEOREM 6.4. Assume that the typical grain is isotropic and that (2.5)
holds. Let W € K% and i, € {0,...,d}. Then
Cov (Vi(Z W), V(20 W)

=p)?) ) Pig(yvis- - v0a1) Pa(yvss - y0a—1) pia (W),
k=i 1=

7. The spherical Boolean model. In this section, we show how some of
the formulas of Section 6 can be used to determine explicitly the covariances
of a stationary and isotropic Boolean model whose typical grain is the unit
ball B¢. In this particular case, we get from Corollary 6.2 that

oa-14=(1—p)*y [_Udl /(e«,cd(x) —1)dx

1
. ¥Ca(z—y) d—1
+ 5 /Sdl /Bd e dyH* " (dx) |,

where Cy(z) = V(BN (B +z)) and H/ denotes the j-dimensional Haus-
dorff measure. Clearly, Cy(t) := Vy(B? N (B% + tv)), for t >0 and v € S¥1,
is independent of the choice of the unit vector v and

_ ! d—1
Ca(t) =2K4-1 V1i—u?2  du
t/2

ald=1)/2
—27 \/ tel0,2].

I'((d+1)/2)

Introducing polar coordinates, we get
2
Fy(7) :=v4-1 /(e”c‘i(x) —1)dz=v4-1 dﬁd/ (e7Ca®) — 1)1 gt
0

= 'Udflfd(Py)v
where vg_1 = drkg/2. On the other hand, for an arbitrary unit vector v €
S%=1, by the rotation invariance of B¢ we get

Galy / / e1Ca(z—y) dy?—[d l(dm)—vd 1/ 1Ca(v—y) dy.
sd—1 ) Bd Bd



38 D. HUG, G. LAST AND M. SCHULTE
We parameterize y in the form
y=(1—-t)v++/1—(1—1t)%sw, tel0,2],s€[0,1],w e vt NS,

and hence we obtain

2 1
Galy) = vaor(d— kg /0 /0 exp(1Ca(v/ @ =D+ 12— 1)52))
X

=2 =0 dsdt
=1 v4-19a(7)-
Therefore, we have
oa-1,4=(1—p)*yva-1(=fa(y) + 9a(7)),

which shows that the sign of the covariance o4_1 ¢4 is completely determined
by the sign of the function g4 — fg4.

It is preferable to plot the covariances as functions of the intensity. Here,
we get

oa-1,a(7) =ve g1 (ga(y) — fa()).

Figure 1 shows the result for various dimensions.

1.5 (/\\
i
1 } \
I
0.5+
!
0 \‘ // T S -
.
-0.5- \,,/
0.5 i 15 2 25
4
----- g 3 4—-5 6]

Fia. 1. ogq-1,4(y) ford=2,...,d=6.
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Next, we determine the correlation coefficient Corg_1 4(7), as a function
of the intensity . For this, we also have to determine explicitly 044 and
0d—1,d—1, which requires some further calculations. First, we have

7aa= (1= [ ~1)do = (1= p2fa(r),
hence /544 = (1—p)\/fa(7); second,

s = (L= P2 | (var P Fal)
+ /ede(a:—y)Cd_l(x —y)Md—l,d(d(yax))
P / CED N, (d(y, )

1
= evcm—de1,d1<d<x,y>>]-

Since Cy—1(z) depends only on ||z||, we denote it by Cy_1(||z]]). For 0 <
||lz]| <2, we then get

= 1 1 1 d—3
Canallel) = 1S 0B ) = 5= e [ VI

Let v € %! be fixed. Then, arguing as in the derivation of (7.1), we obtain

/eVCd(‘”_y)Cdl(fU —y)My-1,4(d(y,z))

=vg_1 /Bd CEI 0L (z—v)da

2 1
=vg-1(d —1)kg_1 /0 /0 SdiZ\/ t(2 — t)d_l

x exp(yCa(V/ (2 = 1) +1(2 — 1)?))
X Ca1(\/(2—1)2 + (2 —t)s?)dsdt
=:1vg-1(d — 1)kg_1hq(7).

Furthermore, we have

2041 / O My () = 2(va1)2ga(y) =

Finally, since

1 _ _
Mavan=7 [ [ 12 et @nt- @),

(drq)*
2

ga(v)-
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we get (with an arbitrary unit vector v)

/ e'ycd(CE*y) Md*l,dfl (d(xa y))

d
drigq /Sd 2/ exp(7Ca(vo — [cos Ovg + sin Ov))) sin®2 0 dOH2(dv)

ZW/ sin? 6 exp(yCa(v/2(1 — cos))) do
0

= el Dnis [/ (ol 2251 ds
0

drg(d —1)kg_
= Ve

Hence, we have

Td— _ Y K, 2 K, — Kd—
(1d_;;l2712 = (d d) fa(y) — L;) 9d(7)+—d ald — gy

drg(d —1)Kkg—
n Fﬂd( )Fﬂd 1

™ ka (7).

This finally implies that
Corg—1,4(7)
drg

- (%(0atr) - a0 )
/ (Vi ((%)2&@) )

drg(d —1)kg_ drg(d —1)Kkg— 1/2
N al 2)d1hd(7)+ a( 4’7)d1kd(7)> >

From these considerations, we also deduce the plausible fact that

lim Cory_1 4(7) =lim (1/2)drara

w00 [ [ Cule) da ) (dRa 2

which is confirmed by our numerical calculations. Plots of Corg_; 4(-) for
d=2,...,6 are shown in Figure 2.

In a similar way, the formulas from Corollary 6.3 can be specified in the
case of a planar Boolean model with the unit circle as deterministic typical
grain. Then we have

X(r,7) = 47O (O (r) =y +1) and
X(r,7y) =720 31y — 20, (r)y — 1),

=1,
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1 \

0.8 \

0.6

044 |

0.4 |
-0.64 |

-0.84 \

FiG. 2. Corg—1,a(y) ford=2,...,6.

and, for instance,
o0,0(7) =1 —=2p)(1 —p)y+ (1 —p)(2p — 3)7°
+ (1= p)*¥*(1 = m) f2(7)

2 1
+(1—p)2271'/0 /0 X(V(2 —=1)2+1(2 —t)s2,7)\/t(2 — t)dsdt

+(1 —p)2'y347r/ exp(7Ca(1/2(1 — cos(t)))) dt,
0
where p=p(y) =1 — e~ ™7. Moreover,

001(7) = (1= p)*ym + (1 —p)*¥*7(1 — 7) f2(7)

2 1
+(1—p)227r/0 /O SV E =D T 12 = D)2) (2 — 1) ds dt

(1 p)*en / " exp(yCa(1/2(1 — cos(t))) dt,
0

o02(7) =p(1—p) — (1 —p)*v(1 = 1) f2(7) — (1 — p)*27*7g2(7),
02,2(7) = (1= p)*f2(7).

The variances and covariances as well as the correlation functions for the
planar case are plotted in Figures 3 and 4.
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3 4
Y
sigma 00 sigma 01 sigma 11
—-— sigma 02 — - sigma 22

Fic. 3.  Variances/covariances for d = 2.

-0.24

_0.4_

-0.64

corr 01 -~~~ corr_02 |

Fic. 4. Correlation functions for d = 2.
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8. Normal approximation via the Malliavin—Stein method. In this sec-
tion, we prepare the central limit theorems for geometric functionals of a
Boolean model by proving a general result on the normal approximation of
Poisson functionals. Our approach is based on recent findings in [23, 25] and
uses similar arguments as in [28].

Throughout this section, let 1 be a Poisson process on a measurable space
(X, X) with a o-finite intensity measure \; see [14], Chapter 12. Consider a
[—00, 00]-valued random variable F' such that P(|F| <oo) =1 and F' = f(n)
P-a.s. for some measurable f:N — R. Any such f is called a representative
of the Poisson functional F. If f is a (fixed) representative of F', we define

D;}l $nF::D21,...,a:nf(77>v nGN,ml,...,anX,

-----

where D" is the nth iterated difference operator used in Section 3. If f is
another representative of F', then the multivariate Mecke equation (see, e.g.,

[15], (2.10)) implies that Dy, . f(n)= Dy f(n) P-a.s. and for A\"-a.e.

T1ye5Tm
(r1,...,2,) € X", Let L% denote the space of all Poisson functionals F' such
that EF? < co. For F € L% we define f,: X" — R by
1
fn(xla e ,J}n) = EEDzl,,an

It was shown in [15], Theorem 1.1, that f, belongs to the space LZ(\") of
A"-almost everywhere symmetric functions on X" that are square-integrable
with respect to A". Now the Fock space representation (see [15], Theo-
rem 1.1) tells us that

o0
(8.1) Var F =Y " n! fall2,
n=1
where || - ||, denotes the norm in L%(A\"). Moreover, it is known from [15],

Theorem 1.3, that F' has the representation
o

(8:2) F=EF +) L(fa).
n=1

where I,,(-) stands for the nth multiple Wiener—It6 integral, and the right-
hand side converges in L?(P). The identity (8.2) is called Wiener-Itoé chaos
expansion of F. The multiple Wiener—It6 integrals are defined for square
integrable symmetric functions and are orthogonal in the sense that

EL(f)Im(g) = {g!<f, s " ;Z;

for f € L2(\"), g € L2(A\™), and n,m € N, where (-,-),, denotes the scalar
product in L2(\").
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If the condition

[e.e]
(8.3) > nnll| a7 < 0
n=1
is satisfied, the difference operator (3.6) has the representation
o)
(8'4) D$F:ann—1(fn(x>'))
n=1

P-a.s. for A-a.e. x € X (see, e.g., [15], Theorem 3.3). From now on, we write
FedomD it Fe Lf] satisfies (8.3). The Ornstein-Uhlenbeck generator as-
sociates with any Poisson functional F' € L% such that Yo% n2nl|| f, |2 < 0o
the random variable

LF =— in[n(fn),
n=1

and its pseudo-inverse is given by
[e.e]

(8.5) L' F==>" %In(fn)

n=1

for F € L%. These operators together with the difference operator and the
Skorohod integral, which is not used in this paper, are called Malliavin
operators. Combining (8.4) and (8.5), we see that

[e.e]
(8.6) DL 'F == TIn_1(falx,"))
n=1
P-a.s. for A-a.e. x € X. More details on the Wiener—Ité6 chaos expansion
and the Malliavin operators can be found in [15] and the references therein.
In [23, 25], the Malliavin operators and Stein’s method are combined to
derive bounds for the normal approximation of Poisson functionals. In the
following, we evaluate bounds obtained by this technique, which is called
the Malliavin—Stein method.
To measure the distance between two real-valued random variables Y7, Y5,
we use the Wasserstein distance that is given by
dw(Y1,Y2) = sup [Eh(Y1)—Eh(Y2)].
heLip(1)
Here, Lip(1) stands for the set of all functions h:R — R with a Lipschitz
constant less than or equal to one. For two m-dimensional random vectors
Y1,Ys, we define

d3(Y1,Y2) = sup|Eh(Y1) — Eh(Y2)],
heH



SECOND-ORDER PROPERTIES OF BOOLEAN MODELS 45

where H is the set of all three times continuously differentiable functions
h:R™ — R such that

0?h

<1.
al‘i 63:j

()

<1 and max  sup

max sup
1,7,k=1,...m rER™

§,j=1,e peRM

8%‘2' 8l‘j al‘k

Convergence in the Wasserstein distance or in the ds-distance implies con-
vergence in distribution.

In the following, we establish an upper bound for the dg-distance be-
tween a Gaussian random vector and a random vector F = (F(1), ... F(™)
of Poisson functionals FU ... F(m) ¢ L%. Each of these components has a
Wiener—It6 chaos expansion

FO =EF® +3"1,(£)

n=1

with fék) € L2(\"), n € N. We also state a bound for the Wasserstein dis-
tance between the normalization of a Poisson functional F' and a standard
Gaussian random variable.

We need to introduce some notation. Consider functions g; : X™ — R and
go: X™ — R, where ni,ny € N. The tensor product g1 ® g9 is the function
on X™ 12 which maps each (21,...,Zn,4ny) t0 g1(T1,- -+ Tny)92(Try 415 -+ -5
Zny+ns)- Lhis definition can be iterated in the obvious way. Fix two integers
i,j > 1 and consider functions f: X’ — R and ¢g: X7 — R. Let ¢ be a partition
of Ij; :={1,...,2i+2;j} and let |o| be the number of blocks (i.e., the disjoint
sets constituting the partition) of o. The function (f® f®g®g),: X7 - R
is defined by replacing all variables whose indices belong to the same block
of o by a new common variable. Let 7= {J1,...,J4} be the partition of I;;
into the sets Jy :={1,...,i}, Jo:={i+1,...,2i}, J3:={2i+1,...,2i + j},
and Jy:={2i+j+1,...,2i + 2j}. Let II;; be the set of all partitions o of
I such that [JN.J'| <1 for all J € 7 and all J' € 0. By II;; we denote the
set of all partitions o € 11;; such that:

() {1,2i +1},{i+1,2i+j+1 o or {1,i+1,2i+1,2i+j+1} €0y
(ii) each block of o has at least two elements;
(iii) for every partition of {1,2,3,4} in two disjoint nonempty sets My, M,
there are uw € My, v € My such that J, and J, are both intersected by one
block of o.

Let ﬁg) (resp., ﬁg)) be the set of all partitions o € ﬁij such that {1,2i +
1h{i+1,2i+j+1} €0 (resp. {1,i+1,2i+1,2i+j + 1} € o). In the ter-
minology of diagram formulae as it is used in [24], Chapter 4, condition (iii)
means that 7 and o generate a “connected diagram.”

Now we are able to state the main result of this section.
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THEOREM 8.1. Assume that F¥) ¢ L% and

(87) J160 @1 010w 1), |an! < o
forallo €1l;;, 4,5 €N, and k,l € {1,...,m}. Further, assume that there are
a>0 and b>1 such that
abiti
(i)2(51)?
for all O'Eﬁij, i,j €N, and k,l € {1,...,m}. Let F:= (F(l),...,F(m)) and

let N be a centered Gaussian random vector with a given positive semidefinite
covariance matric (O )k 1=1,..m- Then

(5:5) JIGREY ARy UNDLE

dy(F —EF,N) < 2 3" Joys = Cov(FM, F )]
k=1

m o ;
bl
+ (%—1—% E \/VarF(”)>213/2m2 g §17/2 L’L’/MJ'\/E'
n=1 i=1 ’

In the univariate case, we have the following result for the Wasserstein
distance.

COROLLARY 8.2. Let F € L% be such that Var F' > 0 and the assump-
tions (8.7) and (8.8) are satisfied and let N be a standard Gaussian random
variable. Then

F—EF = ¥ a
d - N <215/2 -17/27 )
W<\/VarF’ > ;2 [i/14]! Var F

We prepare the proof of Theorem 8.1 by two lemmas and a proposition.
LEMMA 8.3. Leti,j€N, fe L2(\), g€ L%(N), and assume that
/I(f®f®g®g)a\dA"" <oo, oell
Then

Var( [ Ba (£ DT late DAa:) )

= /(f®f®g®g)acu”,

O'Eﬁz(-;-)
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E / L (£, )P L1 (g2, )P\ (dz)
(8.10)

==§:b/ﬁ®f®g®g»dAf

sl
PROOF. Combining the formulas
B[ 5t )t ->>A<dz>)2
— [ BLal @ DI 00 D1 o DN 2)

and

7—1)! ,9)i, 1= "
810 E [ (i) Tmtate s = {7
’ 275.77
with Theorem 3.1 in [16] (see also [24], Corollary 7.2 and [32], Proposi-

tion 3.1) proves the first equation. The second identity is a consequence
of

E/Iz‘—l(f(z>'))213'—1(9(Z>‘))2)\(d2) :/EIi—l(f(Za'))2Ij—1(9(2>'))2)\(d2)
and, again, Theorem 3.1 in [16]. O

PROPOSITION 8.4. Let FV ... [ F(™) € L2 be such that (8.7) holds. Let

F:=(FO . F™) and let N be a centered Gaussian random vector with
a given positive semidefinite covariance matric (g 1)k 1=1,..m- Then

d;(F — EF, N)

m - k !
S5 kzl:l\ffk,z — Cov(F®), FO)]

m m Ui
+(5+—;¢W>

(8.12)

4

k,l=14,j=1 ocll,

x Em: iUJ > /I(ffk)®f§’“)®f}”®f}”)a\dw|,

ProoOF. To avoid convergence issues, we start by proving (8.12) for
F, = (Fs(l), e Fs(m)) with the truncated Poisson functionals Fs(l) =EF® 4+
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P In(f,(ll)), le{l,...,m}, for a fixed s € N. By construction, we have

FY, . F™ € dom D. From [25], Theorem 4.2, it is known that

m 2
d;(Fs —EFs,N) < ?J Z E(O’kJ - /DZFS(k)(_DZL—lFS(l)))\(dZ)>
k,l=1
(8.13) ,
+i/E<Z|DZFS(k)\) > ID.LTFV A (dz).
k=1 =1

We bound the two summands on the above right-hand side separately. For
the first one, we have

J > E(ok,z— / DZF,Sk’(—DzL—lFsS”)A(dz))2

k=1

IN

m
3 <E (W ~ Cov(F™, D) 4 Cov(F®, FO)
k=1

2\ 1/2
—/DZF§k>(—DZL1F§”)A(dz)> )

<y (m,z ~ Cov(F®, FD)|

k=1

2
+ \/E<COV(F§’“),F§”) - / DstF’“)(—DleFﬁ))A(dz)) >

Put gg)(z) = n_l(fr(f)(z,-)). From (8.4), (8.6), the covariance version of
(8.1) [see (3.7)] and (8.11), we obtain that

2
o E(/ D.F®(—D,L-LFO)A(dz) — Cov(F®), Fﬁ”))

s s . )
= E(/Zlgz(k)(z) Zg§l)(z))\(dz) — an(fr(zk)’fr(zl)>n>
n=1

i=1 j=1

= Var(Z i/gl(k)(z)g](-l)(z))\(dz)>.
ij=1

Note that the right-hand side is well defined since (8.7) and Lemma 8.3
ensure that each of the summands is square integrable.
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Since 4/Var(Y; +Y3) < /VarY; + y/VarYs for random variables Y7,Y5,
we obtain

o <Z Var< / )(z)g](-l)(z))\(dz)>

1,7=1

<2 il 2 /|(f¢(k)®fl-(k)®f](l)®f;l))a\d)\|a|,

h,j=1 Ueﬁij

where we have applied (8.9) in Lemma 8.3 to get the final inequality.
By Jensen’s inequality and the definitions of the Malliavin operators, we

obtain for the second summand in (8.13) that

m 2 m
/ E(zmzm) S0 FO )
k=1 =1

/E 1D, L7 FO N\ (dz)

IA
3
Ms

-
—
Il

—

S

PO / Bl ()l (ID-L FO|Ad2)

Z \//Eg )2 J(-k)(z)Q)\(dz)\//E(DZL—lFS(l))2)\(dz).
)

Combining (8.6) and (8.11) with (8.1), we get

S

/IE(DZL_IFS(Z))Z)\(dz) =Y (=P < Var FD.

n=1

A
3
Ms

k.l

Il
-

||M3

Now (8.10) in Lemma 8.3 completes the proof of (8.12) for F;. By the triangle
inequality for the ds-distance and [16], Lemma 5.5, we have that

d3(F —EF,N) <d3(F —EF,F, — EF,) +d3(F, — EF,,N)
<my/E|F —EF|?? + E| F, — EF;|2/E| F — F|2
—|—d3(FS —EFS,N),

where || - || stands for the Euclidean norm in R™. Since F; D PO in L% as
$ — 00, the first summand vanishes as s — co. Applying (8.12) to the second
summand and letting s — oo completes the proof. [
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LEMMA 8.5.  For any integers 1,5 > 1,
(N2 ("2 max{i+ 1,7 + 1}
[max{i,j}/7]!

PRrROOF. For a fixed partition o € II;;, let ky, with u,v € {1,2,3,4} and
u < v be the number of blocks A € ¢ such that |[ANJ,|=|ANJ,| =1 and
AN (J,UJ,) =A. We define kyy for u,v,w € {1,2,3,4} with u <v <w
and k1234 in the same way. For a possible combination of fixed numbers
k12, ..., k1234 the number of partitions o € II;; having this form is less than

(121 PGy
k12k13 k14 ko3 ko ksa k123 k124 k134 kosa k234! — [max{i, j}/7]1
To get this inequality, we have used the fact that
k12 + k13 + k14 + k123 + k124 + K134 + k1234 = 14,

;] <

whence one of the factors in the denominator is at least [i/7]. For a similar
reason, there must be a factor in the denominator that is at least [j/7].

Moreover, there are less than max{i + 1,7 + 1}!! possible choices for
k12, ..., k1234, which completes the proof. [

Note that we have not used the first and the third condition of the defini-
tion of II;; in the proof of Lemma 8.5, whence the inequality even holds for a

larger class of partitions. Now we are prepared for the proofs of Theorem 8.1
and Corollary 8.2.

PrROOF OF THEOREM 8.1. We aim at applying Proposition 8.4. Com-
bining Lemma 8.5 and assumption (8.8), we get

o0
SUAD S IRV AR AT LRI
=1\ ver,

< Z max{i + 1,j + 1}1bitia
5 [max{i,j}/7]!

A straightforward computation and the inequality vm!> |m/2]! for m € N
show that

1 1 llbz—f—j llbz—I—]
Z” max{i+1,j+ 1} 913/2 Z max{i,j}

) [max{i,j}/7]! =, [max{i,;}/7]!

bi
13/2 N :17/2
=2 ZZ i/14]1
=1
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where the right-hand side converges. Thus, Theorem 8.1 is a consequence of
Proposition 8.4. [

PrOOF OF COROLLARY 8.2. We define the truncated Poisson functional
Fyg:=EF+%" | I,(fy) for s € N. By the triangle inequality for the Wasser-
stein distance and combining the definition of the Wasserstein distance with
the Cauchy—Schwarz inequality, we obtain that

. <F—EF N><d <F—EF FS—EFS>+d (FS—EFS N)
Y\ Wart' )~ "\ NarF NarF Y\ VVarF
_ 2 _
_VET-EP <F5 IEFS’N>
v Var F' v Var F'

Here, the first summand vanishes as s — oo since Fy — F in L% as s — 00.
For the second term, we know from [23], Theorem 3.1, that

F, — EF,
dy | =—== N
W( v/ Var F' )
Var F' — Var F 1 2
< 5 — — -1
< T + VarF\/E<VarFS /DZFS( D,L FS))\(dz)>

1
T Nar PR

/E(DZFS)2|DZL_1FS|)\(dz).

Now we can use the same arguments as in the proofs of Proposition 8.4 and
Theorem 8.1. [J

9. Central limit theorems for geometric functionals. In the following,
we use the general normal approximation results of the previous section
to derive central limit theorems for geometric functionals of the Boolean
model (1.1). We establish central limit theorems under the minimal moment
assumption (2.5), but we need a stronger moment assumption in order to
derive rates of convergence. For the Berry—Esseen bounds, we assume that
the typical grain Zj of the Boolean model satisfies the moment assumption

(9.1) EVi(Z)*te < oo, ic{0,...,d},

for a fixed € € (0, 1]. This allows us to state central limit theorems with rates
of convergence depending on e.

THEOREM 9.1. Let 91,...,¢, be geometric functionals on RY and let
U= (Y1,...,0m). Assume that (2.5) is satisfied and let N be an m-dimensional
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centered Gaussian random vector with covariance matriz (oy, b, )ki=1,...m
given by (3.3). Then

W(\y(z AW)—EU(ZNW) -5 N asr(W) — oo.

If (9.1) is satisfied, there is a constant cy, ., depending on 1, ..., Yy, A,
and € such that

(9.2) ds <7Vd(W)

for W € K¢ with r(W) > 1.

B Copy oo sthm
(U(ZNW)—E¥(Zn W))7N> < (W)min{ed/21}

REMARK 9.2. We will see in the proof of Theorem 9.1 that the trans-
lation invariance of v1,...,1,, is only used to ensure the existence of an
asymptotic covariance matrix. Hence, such a multivariate central limit the-
orem still holds for functionals ¢, ..., %, which are not translation invariant
if we can establish the existence of an asymptotic covariance matrix. In this
case, the rate of convergence depends on the rate of convergence for the
covariances.

In the univariate case, we can rescale by the square root of the variance,
whence the existence of the asymptotic variance is not necessary. Thus,
translation invariance of the functional is not required. We only need to
assume that the variance does not degenerate as r(W) — oo, which, for
instance, holds under the conditions of Section 4.

THEOREM 9.3.  Assume that (2.5) is satisfied and let ¢ be an additive,
locally bounded and measurable functional on R® with constants ro > 1 and
oo >0 such that
Vary(Z NW)

VaW)  —
for W € K& with 7(W) > rq. Denote by N a standard Gaussian random
variable. Then

YZOW) —EWZnW) N as r(W) — oo
Var (Z N W) '

If (9.1) is satisfied, there is a constant cy depending on 1, A, 00,79, and €
such that

(93) g0

(9.4)

. <w(ZﬁW) _EH(ZNW) > cy
W Varp(ZNW) ) 7 Vy(W)min{e/21/2)

for W e K¢ with v(W) > rg.
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REMARK 9.4. Together with the well-known fact that the Kolmogorov
distance to a standard Gaussian random variable is always bounded by the
square root of the Wasserstein distance to a standard Gaussian random
variable (see Proposition 1.2 in [29], e.g.), it follows from (9.4) that

Y(ZNW)—=Ep(ZNW) )_ Ve
ilelg P< Vary(ZNW) =7 PN <2) < V(W )min{e/4,1/4}

for W € K¢ with r(W) > ro. However, this approach leads to a weaker rate
of convergence than for the Wasserstein distance, which might be subopti-
mal since for many central limit theorems one has the same rate for both
distances.

REMARK 9.5. By replacing in (9.4) the volume of W by the volume
of its inball, we obtain a rate of order (W)~ ™ir{ed/2d/2} " Comparing (9.2)
and (9.4), we see that for ¢ =1 and d > 3 the rate of convergence in the
multivariate case is weaker than in the univariate case. This is caused by
the slow rate of convergence in Theorem 3.1 since we need to bound

i Gy — Cov(yhp(ZNW), 9 (ZNW))
k=1

Va(W)

in order to apply Theorem 8.1. In the univariate analogue, which is Corol-
lary 8.2, we normalize with the exact variance and do not have such a term.
If we replace the Gaussian random vector N by a centered Gaussian ran-
dom vector N (W), having the covariance matrix of Vy(W) V22U (Z NW),
the sum above vanishes and we obtain

1 Cy P
ds| ——==(V(ZNW)—-E¥(ZNnW)),N(W) | < e ,
(o (MW EUZAW).NO)) < ettt
which is the same rate as in the univariate case.
For k,l € {1,...,m}, we obtain by choosing g(x) = z,z;/2 as a test func-

tion in the definition of the ds-distance that
1
d; <7(\IJ(Z NW)—-E¥(ZnN W)),N)
Va(W)

1
>
-2

oo CovWR(ZOW), h(ZOW))
Y Vd(W) .
Hence, Proposition 3.8 shows that the rate in (9.2) is optimal for e =1 and

d>2.

We organize the proofs of Theorems 9.1 and 9.3 such that we first impose
the moment assumption (9.1) and establish (9.2) and (9.4). In a second
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step, we prove that convergence in distribution is still obtained (without
convergence rates) under the weaker moment assumption (2.5).

PROOF OF (9.2) IN THEOREM 9.1 UNDER ASSUMPTION (9.1). From
now on, we write
k -1 .,
FONEY,. LK) = ( 2,') KL NN KN W)
for Ky,...,K; €K% 1<k<m,andi> 1.1t is a direct consequence of (3.8)
that fi(k) is the ith kernel of the Wiener—It6 chaos expansion of the Poisson
functional 1 (Z NW).

The integrability condition (8.7) is satisfied since the kernels are bounded
by (3.9) for every W € K and the measure of the grains hitting W is also
finite.

In the sequel, we check assumption (8.8) for the cases o € Hg) and o €Il

(2)
ij
separately. We start with the first case. Let k,l € {1,...,m} and o € HS).
From (3.9) in Lemma 3.3, it follows that

/ P o 1P o 10 o 1O),dal

4 d
(B(r)B())* o]
SW HZVT m K,NnW A (d(Kl,...,K|U|))
p=17r=0 n€ENp(o)
with nonempty sets N,(0) C {1,...,|o|}, p=1,...,4, depending on o. Every
n€{l,...,|o|} is contained in at least two of these sets. By removing the

index n from the sets until it occurs only in one set, we increase the integral
and can use Lemma 3.5 to integrate over K,,. Due to the special structure

of o € ﬁl(-;-), we obtain by iterating this step and using the abbreviation
d
hi (A) = Vi(ANW)
r=0
that

/ P & 1P o 10 o 1O),dal]

- (5(%)5(%&1))2@\0\73

B COREOE
y / how (K by (K O KoYy (Ko 0 K3 by (K) A2 (d( Ky, Ko, K3))
(B(Yr)B())

2
= W,!)QQON3/(/hW(K1)hW(K1 ﬂKg)A(dK1)> A(dKS).
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For a fixed Ky € K¢, Lemma 3.4 implies the second inequality in

/hW(Kl)hW(Kl N KQ)A(dKl)

d d
< E ZVr(Zo)/ZVs((Zo-Fx)ﬁK2ﬁW)dl‘]
r=0 =
d
<(d+1)y5E <ZV ZO) Zv;(KmW).
s=0

Putting ¢y := (d + 1)7[31113[(27:0 Vi(Zy))?] and applying Lemma 3.4 again,
we get

/ ( / oy (K1) oy (B 0 Kz)A(dK1)>2A(dK2)

d 2
</ (Z V(K W)) A(dE)
r=0
d d
<HGE ZW(ZO)/Z%«ZO +a)NW) dx]
r=0 s=0
d
<(d+ 1)/ GE (ZV Zo ) ZV )=cs» V(W)
r=0
with cg := c3. Finally, since |o| <i+j for o € Hij we have
d
ol — s(BWR)BE))? 1o1-
/‘(fiuf) ® 1P 0 10 g fU), Al < s (' 1;) _'(21)) N SNALS
@2 2
_ b
EORVDE
with a1 1= max) <k <m0 S es(B(1k)B(1))? Xo_o Vo (W) and by := max{a, 1}.
It follows from Lemma 3.7 that there is a constant cg depending on 1, ..., ¢,
and A such that
(9.6) o “

<
Va(W)? = V(W)
for W e K¢ with r(W) > 1.

For o € HZ( ]), we obtain from (3.9) in Lemmas 3.3 and 3.5 as above that

/ P @ P @ 1O @ £0), | Al
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@2z

A further application of Lemma 3.4 yields the second inequality in

d 4
/ (Z V(K mW)) A(dEy)

r=0

d 4
< BWRBED) o1 / <Zv;(KmW)> A(dEy).

r=0

d 3
<~E <Zmin{Vr(Z0),Vr(W)}) /ZVS((ZO +z)NW)dx
r=0

d
s<d+1)7/311@[(Zmin{wzo),wwn) > Vi(Zo)
r=0

Consequently, we have

+Jj
(07) / (e P e e ), < 22
with
ag = (d+1)yp1 max W

1<k, l<m «Q

d 3 4q
(Zmin{w<zo>,W(W>}> > Vil(Zo)
r=0

and by = max{a, 1}. Since

x E

d 3 d
mE[(Zmin{wzo)wW)}) > Vil%)
r=0

d

d 3
Vi(Zo) V(W) ™}

s=0

V(W)
uz;) Va(W)’

<E

Lemma 3.7 and the moment assumption (9.1) imply that there is a constant
c19 depending on 41, ...,%m, A, and € such that, for W € K¢ with (W) > 1,

a2 C10
Va(W)2 = Vy(W)='

If we rescale the Poisson functionals by Vy(W)~1/2, (9.5) and (9.7) imply
that (8.8) holds with a = max{ay, as}Vy(W)~2 and b = max{b;,b2}. By (9.6)
and (9.8), a is of the order V(W)= ™{Le} Now (9.2) is a consequence of
Theorems 3.1 and 8.1. [

(9.8)
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PROOF OF (9.4) IN THEOREM 9.3 UNDER ASSUMPTION (9.1). By the
same arguments as in the previous proof and analogous choices for aq,ao,
the conditions of Corollary 8.2 are satisfied with a = max{a,as}. It follows
from assumption (9.3) that

a max{aj,as} 1 max{aj,as}

(Varp(ZNW))2  (Varp(ZNW))?2 = 03 Va(W)?

for W € K¢ with r(W) > ry. Combining this with (9.6) and (9.8) completes
the proof. [

For W € K with r(W) > 0, we define the set
My ={K € K V;(K) < /Va(W),j €{0,...,d}}.

The restriction of  to My is a stationary Poisson process, which generates
the stationary Boolean model

Zw = U K.
KGT]I"]MW

The idea of the proofs of Theorems 9.1 and 9.3 under the weaker moment
assumption (2.5) is to approximate the Boolean model Z by the Boolean
model Zy. A similar truncation has been used in [12] to prove the central
limit theorem for the volume of a more general Boolean model based on a
Poisson process of cylinders.

The restriction of 7 to My has the intensity vy :=yP(Zy € M) [note
that vy > 0 for r(W) sufficiently large] and its typical grain Zyw has the
distribution P(Zow € -) :=P(Zp € - N Mw)/P(Zy € My ). For the Boolean
model Zyy, obviously all previous results hold if we replace Zy and v by Zp w
and . But Lemmas 3.3 and 3.5 as well as the upper bounds in the proof
of Theorem 9.1 under the stronger assumption (9.1) remain true for Zy, if
we take the same constants as for Z, which we do in the sequel. The reason
for this is that the constants do only depend on the product of intensity and
grain distribution and that the intrinsic volumes are monotone.

The Boolean models Zy and Z satisfy the following relation.

LEMMA 9.6.  Let v be an additive, locally bounded and measurable func-

tional on RY and assume that (2.5) is satisfied. Then
L E((Z0W) ~EG(Z0W)) — (0(Zw OW) ~ Eg(Zw NP

r(W)—o0 Vd(W)

and

, EW(ZNW) —EY(ZNW))* +EW(Zw NW) — E(Zw NW))?
imsup
r(W)—o0 Vd(W)

< 00.
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PRrROOF. Define, for K1,..., K, € K%,
Inw (K1, Ky)

::i(m(zmmmmmmmm—¢(K1m...mKan)).

n!\/Vd(W)

Further, we define

how (K1, ..., Ky)

(=1)"
=——(EpZwnKiNn---NK,NW)—=¢(KiN---NK,NW
for Ky,...,K, € My and hy, w(K1,...,Ky,):=0 if there is a j € {1,...,n}
with K ¢ My .
In view of Lemma 3.2 and the Fock space representation (3.7), the asser-
tions of this lemma are equivalent to

o0
li ! —h 20 d
T(V[/l)rgoonzln ||gn’W n,WHn an
(9.9) .
lim sup Zn!(llgn,wlli + hnwll2) < oo,
r(W)—o0,,

which we shall prove in the following. For n € N, we have

lgn.w = hnwl7

:7///(gn7W(K1 +2,Ko,..., Ky)

- hn,W(Kl + x, K27 ceey Kn))QdajAn_l(d(KQv .. 7Kn))Q(dK1)

Our aim is to apply the dominated convergence theorem to the outer inte-
gral. For any K7 € K4, it follows from Lemmas 3.3, 3.4 and 3.5 similarly as
in (3.20) that

//(gn,W(K1+x7K27"'7Kn)
— hpw (K1 + 2, Ko, ... K)) deA" Y (d(Ky,. .., K,))
< 2//(gn,W(K1 + 2, Ko, .., K2+ b (K1 4 2, Ko, ... Kp)?) da

X An_l(d(K2> s aKn))
d d

2 _
<2(d+1)B18()? (Z VZ‘(KI)> 2 V((‘VVV)) ?n')”
i=0 =0 '

—_

=
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The right-hand side of the previous inequality is uniformly bounded for
(W) > 1 because of Lemma 3.7. Moreover, the sum over n is integrable
with respect to K due to (2.5). Thus, limit and summation in the first sum
in (9.9) can be interchanged. By the same arguments, the second inequality
above yields the second formula in (9.9).

Next, we show that, for any K € K¢,

lim // gnw (K1 + 2, Ko, ..., Ky) — hyw (K —l—x,Kg,...,Kn))de

r(W 00
x A" Hd(Ka, ..., K,)) =0.
For Ky,..., K, € My, we have
Gnw (K1,... . Ky) —hpw(Ky,...,Ky)

1,
Va(W)

W(ZNEKi N NEK,NW)

—@D(ZwﬁKlﬁ"'ﬂKnﬁW)].

Let us denote by 21y INg, aw the grains of n that intersect K1 N'W
and are not in My,. Then N, A follows a Poisson distribution with mean
A{K ¢ Myw:KNKi1NW #@}). Since ZNK 1 NW = (ZwUZU---U
Z Ni, aw) N KN W it follows from the inclusion—exclusion formula that

W(ZNEKi N NKyNW) = (Zw N K NN K, N

< Z 'w(zwmﬂzjmKlm---ﬁKnﬂWN

@#JC{l,...,N}(lmw} jeJ

+ ‘w(ﬂzwmm---mmmvv)‘.
z#Jc{l, Niew}! o Nied
Recall the definitions of the constants ¢1, co and ¢4 from Section 3. Denoting

by Py the distribution of the restriction of 1 to My, we obtain by (3.11)
and the monotonicity of the intrinsic volumes that

/‘¢<Z(u)ﬁ N ZjﬂKlﬁ---ﬂKnﬂI/V)‘]P’W(du)

jeJ

< el M (1 ZV(ﬂZ NKiN-- mKan>

JjeJ

d
<aM@)d Vi(Ein---nK,NW).
1=0
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Applying (3.15) and the monotonicity of the intrinsic volumes yields

‘%b(ﬂzjme---mKan)

jeJ

d
<CQC4M(1/))ZVZ'<H ZjﬂKlm---ﬂKnﬂW>
i=0 jeJ

d
<cpesM(¥) Y V(K1 NN K, NW).

Since the restrictions of 1 to My, and to its complement are stochastically
independent, altogether we have that, for Ky,..., K, € My,

lgn,w (K1, .. Ky) — hpw (K, K|

d

_lat CQ;jzé\VJ)(w)E[QNKmW —1] ZZ;VZ-(Kl n--NK,NW)
A d

< T P (KD) 1) S0 )

with py (K1) = A{K ¢ My : KN K1 # @} and B(¥) = (¢1 + caca) M ().
If there is a j € {1,...,n} such that K; ¢ My, we have g, w — hpw =
gn.w, and it follows from Lemma 3.3 that

|gn,w (K1, .. Ky)| < e NK,NW).

Vil
T Z

For a fixed K € ICg and r(W) sufﬁmently large such that Ky € My, we
have that

//(gn,wuq b2, Koy K)o (K + 2, Ko, K))? da

x A"V d(Ks, ..., Ky,))

d 2
//(m?vd <ka (K1+z)NKyn---NK, ﬂW))

0
x (exp(pw (K1) = 1)°

2 d i
k=0
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x AV Hd(Ky, ..., K,))

< BEPE+Dpt 1
B (n)? Va(W)

d d 2
x ) Vi(W) (Z Vr(K1)> (exp(pw (K1) — 1)
=0

% r=0
ORCE T
(n!)? Va(W)

d

J 2
xZW(W)( Vr(Kl)) (n — pw (K1),
0

=0 r=

where we have used Lemmas 3.4 and 3.5.

Then Lemma 3.7 and pw (K1) — 0 as (W) — oo show that the right-
hand side vanishes for (W) — oo. This proves (9.10) so that the dominated
convergence theorem yields the first formula in (9.9), which completes the
proof. [

PROOF OF THEOREM 9.1 UNDER ASSUMPTION (2.5). The triangle in-
equality for the ds-distance yields

1
d3<w(\y(zm W) —E¥(ZN W)),N)

1
<d;, (W(\P(Z AW)—E¥(ZNW)),

(9.11)
1

W(\I/(ZW AW) —E¥(Zy N W)))

1
+d3<W(\P(ZW ﬁW) —E‘I’(ZwﬂW)),N>.

In the sequel, we show that both terms on the right-hand side of (9.11)
vanish as 7(W) — oco. By [16], Lemma 5.5, the first expression is bounded
by

m(E|W(ZNW) —EY(ZNW)|?/Va(W)
W (Zw OW) = B (Zy 0 W)/ Va (W)
x (E|¥(ZNW)—E¥(ZNW)
—U(Zw NW) +EU(Zy n W2/ Va(W))2,
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where || - || stands for the Euclidean norm in R"™. Since, by Lemma 9.6, the
first factor is bounded and the second factor vanishes as (W) — oo, the
first expression on the right-hand side of (9.11) vanishes as (W) — oo.

By applying Theorem 8.1 to the vector ¥ (Zy N W) of Poisson functionals
depending on the restriction of n to My, we shall prove that

1

Va(W)

Theorem 8.1 yields this without a rate of convergence if
- Cov(¥(Zw N W), hi(Zw N W))

9.13 |
( ) T(Wflgoo Vd(W) Tkt
for k,l € {1,...,m} and if (8.8) holds with a fixed b > 1 and a > 0 depending
on W such that a tends to zero as r(W) — co.

Condition (9.13) is satisfied because of Lemma 9.6 and Theorem 3.1.

Inequalities (9.5) and (9.7) also hold for the Boolean model Zy with the
same ay, by, be as in the proof of (9.2) under assumption (9.1) and

(B(r)BW))*yw

1<k, l<m «

(me{v Zow), ) ZV Zow) ZV

with ¢17 := (d + 1)51. This is the case since the derlvatlons of (9.5) and
(9.7) require only finite second moments and we can use the constants
related to Z as discussed before Lemma 9.6. Consequently, (8.8) is sat-
isfied with a = max{ay,as}/Vg(W)? and b = max{b;,bs}. Since (9.6) only
requires that the second moments, which are contained in cg, are finite, we
obtain that a;/Vy(W)? tends to zero as 7(W) — oo. On the other hand,
lim,. (177) 00 az/Vy(W)? =0 is equivalent to

<Zmln{V Zow), ) ZV Zow)

The expression in the limit can be rewritten as

(9.12)  lim d3<

(9.14)  lim

=0.
r(W)—o0 w

d 3 d
1W) (Z min{V; (K), v;(W)}) Z Vo(K)1{K € My }Q(dK).

For K € K¢ My, we have V,.(K) < /Vy(W) for r € {0,...,d} and, there-
fore,

d 3 d
ﬁ(;mqmm > > ViKUK € My}

s=0



SECOND-ORDER PROPERTIES OF BOOLEAN MODELS 63

d 2
< (d+1) (Z wm) ,
r=0

which is independent of W and integrable with respect to Q. For any fixed
K € K¢ the left-hand side vanishes as r(WW) — oo so that the dominated con-
vergence theorem implies (9.14), and hence a tends to zero as (W) — oo. Fi-
nally, Theorem 8.1 yields (9.12), which completes the proof of Theorem 9.1.
]

REMARK 9.7. As discussed in Remark 9.5, (9.2) still holds if we replace
the centered Gaussian random vector N with the asymptotic covariance ma-
trix by a centered Gaussian random vector N (W) with the exact covariance
matrix. This can be done even if the functionals are not translation invariant
since in this case we do not need Theorem 3.1. The second part of the proof
of Theorem 9.1 still holds because (9.13) is not required in this situation.
This means that under condition (2.5) for additive, locally bounded and
measurable functionals 11, ..., Y.,,

. 1 -
limdg <W(\IJ(Z NW) - E¥(ZNW)), N(W)) = 0.

PROOF OF THEOREM 9.3 UNDER ASSUMPTION (2.5). For m=1 and a
centered Gaussian random variable N (W) with variance Vary(ZNW) /Vy(W),
the previous remark implies that

<¢(z AW) —Ep(ZNW)
Va(W)

It follows from the definition of the ds-distance that for random vectors
Y1,Ys and any ¢ > 0,

dj(cY7,cYs) < max{1,c}?ds(Y1,Ya).

With ey == /Vag(W)/y/Var(ZNW) and a standard Gaussian random
variable NV, this yields
W(ZAW) —Ep(ZNW)
ds N
Var(ZNW)

9.15 li d
( ) T(V[/lgoo s

,N(W)) = 0.

Y(ZNW)—-Ep(ZnW)
Va(W)
Since ¢y is bounded by assumption (9.3), (9.15) completes the proof. [

< max{l,cw}3d3< ,N(W)>.

REMARK 9.8. In Theorem 9.3, it is possible to weaken the assumption
that the Poisson process is stationary. In the proof, we only need to find
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upper bounds for the kernels and some integrals. This is, for instance, still
possible if the intensity measure is of the form

A() = // 1{K + 2 €} f(z) dzQ(dK)

with a nonnegative bounded function f:R¢ — R. Now we always get upper
bounds if we replace this intensity measure by the measure in (2.1) with

Y = sup,cga | f (x)] < oo.

For the multivariate central limit, this argument does not work in general
since its proof makes use of Theorem 3.1, which depends on the translation
invariance of the intensity measure. But if one can prove by other methods
the existence of an asymptotic covariance matrix, it is still possible to weaken
the stationarity assumption as described above.
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