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We propose a second-order version of the resummed thermodynamic perturbation theory for patchy
colloidal models with arbitrary number of multiply bondable patches. The model is represented by
the hard-sphere fluid system with several attractive patches on the surface and resummation is carried
out to account for blocking effects, i.e., when the bonding of a particle restricts (blocks) its ability
to bond with other particles. The theory represents an extension of the earlier proposed first order
resummed thermodynamic perturbation theory for central force associating potential and takes into
account formation of the rings of the particles. In the limiting case of singly bondable patches (total
blockage), the theory reduces to Wertheim thermodynamic perturbation theory for associating flu-
ids. Closed-form expressions for the Helmholtz free energy, pressure, internal energy, and chemical
potential of the model with an arbitrary number of equivalent doubly bondable patches are derived.
Predictions of the theory for the model with two patches appears to be in a very good agreement
with predictions of new NVT and NPT Monte Carlo simulations, including the region of strong
association. © 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4816128]

I. INTRODUCTION

In this paper we continue our study of patchy col-
loidal models with an arbitrary number of multiply bond-
able patches. In the previous two papers1, 2 thermodynamic
perturbation theory for central force (TPT-CF) associating
potential,3–5 which was formulated for one multiply bond-
able attractive site, placed in the center of the particle, was
extended to account for blocking effects, i.e., when the bond-
ing of a particle restricts (blocks) its ability to bond with
other particles. The theory, which we call resummed TPT-CF
(RTPT-CF) was applied to describe the properties of multiply
bondable one-patch1 and multi-patch2 models of associating
fluid. Subsequently, Wertheim’s two-density TPT for the one-
patch model6 was extended to account for the possibility of
multiple bonding.7, 8 This goal was achieved by taking into
account three-particle correlations and allowing for chain and
three-particle ring formation. Here we formulate the second-
order version of the RTPT-CF theory (RTPT2-CF) for the
models with arbitrary number of multiply bondable patches.
Ring formation is taken into account by inclusion of three
body correlations as discussed in Refs. 7 and 8. These rings
consist of three doubly bonded patches which are different,
with a different ring graph, than those previously considered.9

Patchy colloids are colloidal particles with the surface
patterned such that there are attractive patches. The inter-
actions of these colloids can be controlled by varying the

a)Author to whom correspondence should be addressed. Electronic mail:
yukal@icmp.lviv.ua

number, size, and interaction strength of these patches.10–12

Most often theoretical studies of such colloidal particles
are carried out using the models of the type developed by
Bol13 and extended further by Nezbeda and co-workers,14–16

Jackson et al.,17 and Kern and Frenkel.18 Typically, the model
is represented by hard spheres with an orientationally de-
pendent attractive interaction mediated by off-center square-
well or anisotropic square-well sites with angular cutoff (con-
ical sites). In the last few decades a substantial amount of
work has been carried out on the theoretical description of
the structural and thermodynamic properties of these types
of models17, 19–33 (see also the review papers of Sciortino,34

Bianchi et al.35 and references therein). However, since all
these studies are based on the theory for associating fluids de-
veloped by Wertheim,6, 36, 37 they are focused on the versions
of the models with singly bondable sites only.

In this study we propose a second-order version of the
thermodynamic perturbation theory2 for multiple patch col-
loids with doubly bondable patches. In the limiting case of
the patch coverage allowing only one bond per site our theory
reduces to TPT of Wertheim.36, 37 To validate the accuracy of
the approximations made we compare theoretical predictions
for the two-patch model against computer simulation predic-
tions. In these simulations we allow maximum patch cover-
ages which can accommodate up to four bonds per patch.

The paper is organized as follows: in Sec. II we present
the potential model and in Sec. III we derive RTPT2-CF the-
ory for multipatch hard-sphere fluid and present the final ex-
pressions for thermodynamics of the model with ns equivalent
doubly bondable patches. In Sec. IV we discuss details of the

0021-9606/2013/139(4)/044909/9/$30.00 © 2013 AIP Publishing LLC139, 044909-1

http://dx.doi.org/10.1063/1.4816128
http://dx.doi.org/10.1063/1.4816128
http://dx.doi.org/10.1063/1.4816128
mailto: yukal@icmp.lviv.ua
http://crossmark.crossref.org/dialog/?doi=10.1063/1.4816128&domain=pdf&date_stamp=2013-07-26


044909-2 Kalyuzhnyi et al. J. Chem. Phys. 139, 044909 (2013)

computer simulations and compare theoretical and simulation
predictions for the two-patch version of the model. Finally,
our conclusions are collected in Sec. V.

II. THE MODEL

We consider a one-component hard-sphere fluid with a
number density ρ at a temperature T (β = 1/kBT). In addi-
tion to the hard-sphere interaction �hs the particles are inter-
acting via a short-ranged square-well orientationally depen-
dent associative potential �ass of the type proposed by Bol,13

Jackson et al.17 and Kern and Frenkel.18 The corresponding
total pair potential � is given by

�(12) = �hs(r) + �ass(12), (1)

where 1 and 2 denote positions and orientations of the parti-
cles 1 and 2. We assume that the associative part of the poten-
tial can be represented as a sum of n2

s site-site terms �KL, i.e.,

�ass(12) =
ns∑
KL

�KL(12), (2)

where

�KL(12) =
{−εKL, for d ≤ r ≤ r

(c)
KL, θK1 ≤ θ

(c)
K and θL2 ≤ θ

(c)
L

0, otherwise
. (3)

Here d is the hard-sphere diameter, the lower indices K and
L denote conical square-well sites and take ns values A, B,
C, . . . . The term θK1 (θL2) is the angle between the line
connecting the centers of the two particles 1 and 2, and the
line connecting the center of the particle 1 (2) and its site
K (L), εKL and r

(c)
KL are defined to be the square-well depth

and width, respectively, and r is the distance between the
centers of the two particles. In the limiting case of sticky
interaction i.e., for r

(c)
KL − d → 0 (and εKL → ∞), and for

0 ≤ θ
(c)
K < 30◦ attractive site K can be bonded only once. For

30◦ ≤ θ
(c)
K < 35.3◦ the maximum number of bonds per site

is two, for 35.3◦ ≤ θ
(c)
K < 45◦ this number is three and for

45◦ ≤ θ
(c)
K < 58.3◦ the site K can bond simultaneously four

particles. In the present study we will be using finite value for
the potential well width (and depth) assuming, that the above
sequence of the limiting bonding angles will be unchanged.
For sufficiently narrow potential well this assumption is ex-
pected to be accurate. Hereafter, we will assume also that the
maximum number of bonds per site is two.

In what follows we will be using the Mayer functions for
the hard-sphere interaction fhs and for the site-site associative
interaction fKL, i.e.,

fhs(r) = exp {−β�hs(r)} − 1 and
(4)

fKL(12) = exp {−β�KL(12)} − 1.

III. THEORY

A. Notation and basic relationships

In this subsection we briefly discuss the notation used and
basic relationships. To avoid unnecessary repetition we refer
the readers to the original papers for more details.2, 36, 37 Ac-
cording to the diagrammatic analysis, carried out in Refs. 1–5,

the Helmholtz free energy A of the model at hand in excess
to its hard-sphere reference system value Ahs, i.e., �A = A
− Ahs, can be written in the following form:

β�A =
∫ ⎡

⎣ρ(1) ln
σ{0}(1)

ρ(1)
− ρ(1) +

{2}∑
{i}�={0}

σ ∗
{i}(1)c{i}(1)

⎤
⎦

× d(1) − �c(0), (5)

where d(1) denotes integration over position and orientation
of the particle 1: for uniform systems all quantities under the
integral become constant. Here the lower indices {i} specifies
the bonding state of the corresponding particles, i.e.,

{i} ≡ iA, iB, iC, . . . , (6)

where iK take the values 0, 1, 2 and denote nonbonded,
singly or doubly bonded states of the site K, respectively.
In what follows in the special case, when in the set {i} all
indices, except one index iK, are equal 0 the corresponding
bonding state of the particle will be denoted as KiK , i.e.,
{i} = 0, 0, . . . , iK, . . . , 0, 0 ≡ KiK .

In (5) the density parameters σ {i} are connected to the
density of the particles ρ{j} via the following relation

σ{i}(1) =
{i}∑

{j}={0}
ρ{j}(1) ≡

iA,iB ,iC ,...∑
jA,jB ,jC,...=0

ρjA,jB ,jC,...(1), (7)

and �c(0) = c(0) − c
(0)
hs is the contribution to the fundamental

graph sum due to association. For the purpose of diagram-
matic analysis we follow Wertheim36 and instead of circles
we introduce hypercircles to represent particles in diagram-
matic expansions. Each hypercircle is depicted as a large open
circle with small circles inside denoting the sites. Correspond-
ing cluster integrals are represented by the diagrams build on
hypercircles connected by fhs and ehs = fhs + 1 bonds and
site circles connected by the associating bonds fKL. We al-
low a maximum of two associating bonds per site. Double
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bonding between the pair of hypercircles is not allowed. Each
hypercircle in a bonding state {i} contains as a factor of the
density parameter σ ∗

{i} ≡ σ{2−i}, where {2 − i} ≡ 2 − iA,
2 − iB, 2 − iC, . . . . We have

c(0) = sum of all topologically distinct irreducible dia-
grams consisting of s-mer diagrams with s = 1, . . . , ∞ and
fhs bonds between pairs of hypercircles in distinct s-mer dia-
grams. All hypercircles are field circles carrying the σ -factor
according to the rule formulated above.

Here s-mer diagrams are the diagrams consisting of s
hypercircles, which are all connected by the network of fKL

bonds, ehs bonds between pairs of hypercircles connected di-
rectly by fKL bond and fhs bonds placed in all possible ways
between pairs of hypercircles not connected directly by ehs

bond. c
(0)
hs is the sum of all diagrams entering c(0), which are

devoid of associating bonds fKL.
Functional differentiation of c(0) with respect to

σ ∗
{i} ≡ σ{2−i} gives an expression for c{i}:

c{i}(1) = δc(0)

δσ ∗
{i}(1)

. (8)

B. RTPT2-CF theory for multi-patch hard-sphere fluid

To proceed one has to approximate the fundamental
graph sum �c(0). In the current model we allow a maxi-
mum of two bonds per site. For this case �c(0) must con-
tain contributions for single and double bonded sites.1, 2, 7 We
employ the single chain approximation which states that we
only consider diagrams with a single path of attraction bonds
connecting patches. The double bonded sites can exist in
chains or triatomic rings of doubly bonded sites. We account
for these rings by inclusion of a three point ring diagram
consisting of three particles each with one double bonded
site.7 According to these approximations, which will be spec-
ified below, the only density parameters, which appear in
�c(0) are σ ∗

K1
and σ ∗

K2
. Therefore, taking into account (8), we

have

c{i}(1) = 0, (9)

where {i} �= {0}, {i} �= 0, . . . , 0, 1, 0, . . . , 0 and {i} �= 0, . . . ,
0, 2, 0, . . . , 0. Expressions for cK1 and cK2 can be obtained
using relation between σ {i} and c{i}, derived in Refs. 1 and 2.
We obtain2

cK1 (1) = ∂c(0)

∂σ ∗
K1

(1)
= σK1 (1)

σ{0}(1)
− 1 (10)

and

cK2 (1) = ∂c(0)

∂σ ∗
K2

(1)
= σK2 (1)

σ{0}(1)
− 1

2

σ 2
K1

(1)

σ 2
{0}(1)

− 1

2
. (11)

Combining the same relation between σ {i} and c{i} and equal-
ity (9) we obtain the following useful relation between the
density parameters σ {i}(1):

σ
ns

{0}(1)σiA,iB ,...(1) = σ{0}(1)σiA (1)σiB (1) . . . . (12)

This relation was also derived in Ref. 2. Taking into account
(12) and substituting c{i} in (5) by the corresponding expres-
sions (9)–(11) gives

β�A =
∫ {

ρ(1) ln
σ{0}(1)

ρ(1)

+
∑
K

[
ρ(1) − σ ∗

K1
(1) + 1

2

σ ∗
K2

(1)σ 2
K1

(1)

σ 2
{0}(1)

− 1

2
σ ∗

K2
(1)

]}

× d(1) − �c(0). (13)

Expression for the pressure P follows from the standard
relation

PV = G − A =
∫

ρ(1)
∂A

∂ρ(1)
d(1) − A, (14)

where G is the Gibbs free energy. We have

β�PV = −
∑
K

[
ρ(1) − σ ∗

K1
(1) + 1

2

σ ∗
K2

(1)σ 2
K1

(1)

σ 2
{0}(1)

− 1

2
σ ∗

K2
(1)

]
d(1)

+�c(0) −
∫

ρ(1)
∂�c(0)

∂ρ(1)
d(1). (15)

The infinite sum of the diagrams, which is represented
here by �c(0), will be calculated combining chain and ring
approximations,1, 2, 7, 37 i.e.,

�c(0)

V
= 1

2

∑
KP

σ̄ ∗
K1

σ̄ ∗
P1

∞∑
n=0

∑
LM . . . N︸ ︷︷ ︸

n

σ̄ ∗
L2

σ̄ ∗
M2

. . . σ̄ ∗
N2

I
(n+1)
KLM...NP

+ 1

6

∑
KLM

σ̄ ∗
K2

σ̄ ∗
L2

σ̄ ∗
M2

R
(2)
KLM, (16)

where

R
(2)
KLM = �−2

∫
d(2)d(3)fKL(12)fLM (23)fMK (31)ghs(123),

(17)

I
(n)

KLM . . . NP︸ ︷︷ ︸
n+1

= �−n

∫
d(2) . . . d(n + 1) fKL(12)fLM (23)

. . . fNP (n, n + 1)Ghs(1 . . . n + 1) (18)

σ̄Ki
= σKi

(1)�, � = 8π2, Ghs(1. . . n) denotes the subset of
diagrams from the set representing the n-particle hard-sphere
monomer distribution function, which together with the chain
of associative bonds fKL(12). . . fNP(n − 1, n) form an irre-
ducible diagram.37 This subset is approximated here by the
corresponding subset representing the n-particle hard-sphere
distribution function ghs(1. . . n) and includes in addition to
ghs(1. . . n) itself products of s-particle hard-sphere distribu-
tion functions (s < n) obtained by all possible partitioning of
the sequence of points 1, 2, . . . , n into subsequences with a
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common switching point, which carry the factor −1. For ex-
ample, for n = 2, 3, and 4 we have37

Ghs(12) = ghs(12),

Ghs(123) = ghs(123) − ghs(12)ghs(23), (19)

Ghs(1234) = ghs(1234) − ghs(12)ghs(234)

− ghs(123)ghs(34)

+ ghs(12)ghs(23)ghs(34).

Following Wertheim37 we express G−functions in terms of
E−functions, which are obtained using the above representa-
tion for Ghs(1. . . n) with additional bond ehs(i − 1, i + 1) in-
serted between left and right nearest neighbor of each switch-
ing point i. According to this representation Ghs(1. . . n) in-
cludes E(1. . . n) and products of the lower-order E-functions,
obtained by all possible partitioning of the sequence of the
points 1, 2, . . . , n into subsequences with a common switch-
ing points i, each bypassed by the bond fhs(i − 1, i + 1). Now
for n = 2, 3, and 4 we have37

Ghs(12) = E(12),

Ghs(123) = E(123) + E(12)fhs(13)E(23),
(20)

Ghs(1234) = E(1234) + E(12)fhs(13)E(234)

+E(123)fhs(24)E(34)

+E(12)fhs(13)E(23)fhs(24)E(34).

Upon substitution of the above representation for Ghs in (18)
the integral I

(n)
K...P will be expressed as a sum of the inte-

grals over the products of the E-functions, supplemented by
the chain of attractive bonds fKL. Each of the terms in a sum
has certain number of the switching points and summation is
carried out over their number and position in the chain. Fol-
lowing Wertheim37 we refer to the part of the chain diagram
located between two consecutive switching points as a seg-
ment and denote the integral over m segments with m − 1
switching points s, t, . . . , q, which are associated with m − 1
sites S, T, . . . , Q by E

(n,m)
K...P ,

E
(n,m)
KLM...NP = �−n

∫
d(2) . . . d(n + 1) fKL(12)fLM (23)

. . . fNP (n, n + 1)

×E(1 . . . s)fhs(s−, s+)E(s . . . t)fhs(t−, t+)

. . . fhs(q−, q+)E(q . . . n + 1), (21)

where s− = s − 1 and s+ = s + 1.
For the model with θ

(c)
K = 180◦ or θ

(c)
K < 30◦ and with

sufficiently narrow width of the square-well (sticky) inter-
action this integral can be approximated by a corresponding
product of the integrals over a single segments times the prod-
uct of the factors LK, i.e.,

E
(n,m)
KLM...NP = (−1)m−1E

(s−1,1)
K...S E

(t−s,1)
S...T

. . . E
(n−q,1)
Q...P LSLT . . . LQ, (22)

where

LH = E
(n,m)
K...H ...P

E
(n−h,m−j )
K...H E

(h,j )
H...P

= E
(2,2)
KHP

E
(1,1)
KH E

(1,1)
HP

, (23)

and h and H denote the switching point and corresponding
site, respectively. Note, that for the model with θ

(c)
K < 30◦ all

terms in (18), which include n-particle distribution functions
with n ≥ 3 are equal to zero and LH = E

(2,2)
KHP /(E(1,1)

KH E
(1,1)
HP )

= 1.1, 2 For θ
(c)
K < 30◦ each attractive site can be bonded only

once and with LH = 1 our theory reduces to the first order
TPT of Wertheim.1, 2, 37 Similar to our previous studies1, 2 we
assume that relation (22) is also valid for the intermediate val-
ues of θ

(c)
K , i.e., for 30◦ ≤ θ

(c)
K ≤ 180◦. Now the series in (16)

can be summed to yield the following expression for �c(0):

�c(0)

V
= 1

2

∑
LM

σ̄ ∗
L1
σ̄ ∗

M1
[D−1E]LM + 1

6

∑
KLM

σ̄ ∗
K2

σ̄ ∗
L2

σ̄ ∗
M2

R
(2)
KLM,

(24)
where D = 1 + Eσ̄ ∗

2L and L, σ̄ ∗
2 and E are the matrices with

the elements [L]LM = δLMLM, [σ̄ ∗
2]LM = δLMσ̄ ∗

M2
and

[E]LM = ELM = E
(1,1)
LM +

∑
K

σ̄ ∗
K2

E
(2,1)
LKM

+
∑
KP

σ̄ ∗
K2

σ̄ ∗
P2

E
(3,1)
LKPM + . . . . (25)

According to (24) �c(0) can be written in the following form

�c(0) = 1

2

∑
K

∫
σ̄ ∗

K1
(1)

∂�c(0)

∂σ̄ ∗
K1

(1)
d(1)

+ 1

6
V

∑
KLM

σ̄ ∗
K2

σ̄ ∗
L2

σ̄ ∗
M2

R
(2)
KLM, (26)

which together with (10), (13), and (15) gives the following
expressions for Helmholtz free energy and pressure:

β�A =
∫ {

ρ(1) ln
σ{0}(1)

ρ(1)

+
∑
K

[
ρ(1) − 1

2
σ ∗

K1
(1) − 1

2
σ ∗

K2
(1)

]}
d(1)

− 1

6
V

∑
KLM

σ̄ ∗
K2

σ̄ ∗
L2

σ̄ ∗
M2

R
(2)
KLM (27)

and

β�PV = −
∑
K

∫ [
ρ(1) − 1

2
σ ∗

K1
(1) − 1

2
σ ∗

K2
(1)

]
d(1)

+ 1

6
V

∑
KLM

σ̄ ∗
K2

σ̄ ∗
L2

σ̄ ∗
M2

R
(2)
KLM

−
∫

ρ(1)
∂�c(0)

∂ρ(1)
d(1). (28)

The density parameters σ {0}, σ ∗
K1

, and σ ∗
K2

, which enter these
expressions, follow from the solution of the set of equations
formed by (10)–(12), i.e.,∑

L

σ̄ ∗
L1

[D−1E]LA = σ̄A1 (1)

σ̄{0}(1)
− 1 (29)
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1

2

∑
LM

{
σ̄ ∗

L1
σ̄ ∗

M1

[
D−1 ∂E

∂σ̄ ∗
A2

− D−1

(
∂E

∂σ̄ ∗
A2

σ̄ ∗
2L + E�ALA

)
D−1E

]
LM

+ σ̄ ∗
L2

σ̄ ∗
M2

RLMA

}

= σA2 (1)

σ{0}(1)
− 1

2

σ 2
A1

(1)

σ 2
{0}(1)

− 1

2
, (30)

σ̄A1 ρ̄ = σ̄ ∗
A1

σ̄A2 , σ̄{0}σ̄ ∗
A1

= σ̄ ∗
A2

σ̄A1 , σ̄
ns−1
{0} ρ̄ =

∏
K=A

σ̄K2 ,

(31)
where [�A]LM = δLAδMA.

Thus thermodynamical properties of the model at hand
can be calculated, provided that expression for the infinite
sum of diagrams ELM (25) is available. Because our knowl-
edge of the hard-sphere n-particle distribution functions for
n ≥ 4 is scarce we will approximate this series terminating it
on the second term, i.e., assuming that for n ≥ 4 E

(n,1)
L...P = 0.

C. RTPT2-CF theory for the model
with ns equivalent patches

In this subsection we will formulate RTPT2-CF for the
version of the model with ns equivalent attractive sites. Tak-
ing into account this feature of the model expressions (24),
(27), and (28), and relations (29)–(31) can be substantially
simplified. For �c(0) we have

�c(0)

V
= 1

2
n2

s

(
σ̄ ∗2

1 E

D
+ 1

3
nsσ̄

∗3
2 R(2)

)
, (32)

where E = E(1,1) + nsσ̄
∗
2 E(2,1), D = 1 + nsLσ̄ ∗

2 E and we
have used condensed notation omitting the indices, which de-
note the type of the patches, i.e., for any quantity xKiK

or XK

we have

xK1 = xL1 ≡ x1, xK2 = xL2 ≡ x2, XK = XL ≡ X. (33)

Now self-consistent relations between the density parameters
(29)–(31) will take the following form:

nsσ̄
∗
1 E

D
= σ̄1

σ̄0
− 1, (34)

1

2
n2

s

[
σ̄ ∗

1
2

D2

(
E(2,1) − LE2

) + σ̄ ∗
2

2R(2)

]
= σ̄2

σ̄0
− 1

2

σ̄ 2
1

σ̄ 2
0

− 1

2
,

(35)
and

σ̄1ρ̄ = σ̄ ∗
1 σ̄2, σ̄0σ̄

∗
1 = σ̄ ∗

2 σ̄1, σ̄
ns−1
0 ρ̄ = σ̄

ns

2 . (36)

The solution of this set of equations reduces to the solution of
the seventh order polynomial equation for γ = σ̄0/σ̄2, i.e.,

7∑
i=0

aiγ
i = 0, (37)

where expressions for the polynomial coefficients ai are
presented in the Appendix A. The Helmholtz free energy
(27) and pressure (28) can now be given in terms of the

γ -parameter, i.e.,

β�A

N
= ns

{
ln γ +

[
1 − 1

2
(τ + 1) γ

]
− 1

6
n2

s ρ̄
2γ 3R(2)

}
(38)

and

β�P

ρ̄
= ns

{
−1 + 1

2
(τ + 1) γ

− 1

2
n2

s ρ̄
2γ 2

[
L2

τ

(
∂E(1,1)

∂ρ̄
+ nsρ̄γ

∂E(2,1)

∂ρ̄

)

− 1

3
nsγ

(
R(2) − ρ̄

∂R(2)

∂ρ̄

)]}
, (39)

where Lτ = L + (1 − L)τ ,

τ = 1 + nsρ̄γLE

1 + nsρ̄γ (L − 1) E
(40)

and E = E(1,1) + nsρ̄γE(2,1).
The corresponding expressions for the chemical poten-

tial �μ in excess to its hard-sphere value and for the internal
energy U follows from the standard relations:

β�μ = β�P

ρ̄
+ β�A

N

= ns ln γ − 1

2
n2

s ρ̄
2γ 2

[
L2

τ

(
∂E(1,1)

∂ρ̄
+ nsρ̄γ

∂E(2,1)

∂ρ̄

)

+ 1

3
nsρ̄γ

∂R(2)

∂ρ̄

]
(41)

and
βU

N
= β

∂ (β�A)

∂β

= 1

2
nsβ

[(
2

γ
− 1 − τ − n2

s ρ̄
2γ 2R(2)

)
∂γ

∂β

− γ

(
∂τ

∂β
+ 1

3
n2

s ρ̄
2γ 2 ∂R(2)

∂β

)]
, (42)

where

∂γ

∂β
= −

7∑
i=0

∂ai

∂β
γ i

/
7∑

i=1

iaiγ
i−1. (43)

Integrals E(1,1) and E(2,1), which enter expressions for
thermodynamics of the system, as well as their density and
temperature derivatives are calculated following the scheme
developed in Ref. 7. We briefly outlined the scheme and
present the final expressions in the Appendix B. Fraction of
the particles XiAiB ... in a certain bonding state represented by
the set iAiB. . . can be also expressed in terms of γ -parameter.
Combining Eqs. (7) and (12) we have

XiAiB ... = ρ̄iAiB ...

ρ̄

= X{0} (τ − 1)
∑

K iK (2−iK ) (γ −1 − τ )
1
2

∑
K iK (iK−1)

(44)

where X{0} = γ ns .
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Finally, we note that all expressions for the thermody-
namical properties derived above reduce to the corresponding
expressions obtained in our previous study1, 2 upon neglect-
ing contribution from three-particle correlations, i.e., assum-
ing that E(2,1) = R(2) ≡ 0.

IV. RESULTS AND DISCUSSION

In this section we present and discuss numerical results
for the two-patch version of the model. The model is repre-
sented by a fluid of hard spheres with two equivalent patchy
sites A and B, symmetrically placed on the opposite sides
of each sphere. The strength of interaction between patches
is the same for each pair, i.e., εAA = εAB = εBB = ε. The
width of the square-well site-site potential was chosen to be
r(c) = 1.1d and the models are studied at different values of
the limiting angle θ (c). For the model at hand the coefficient
L, which is defined by Eq. (23), will take the following form:
L = E(2,2)/(E(1,1))2. This coefficient was calculated and param-
eterized in Ref. 1. Solution of the polynomial equation (37)
for the key parameter of the theory γ was obtained numeri-
cally using Newton-Raphson method. For the initial guess we
have used the value of γ at infinitely large temperature, i.e.,
β → 0. In this limit all the coefficients of the polynomial in
(37), except a0 and a1, are equal zero and for the only one
root we have γ = 1. Usually, we start at relatively high tem-
perature and gradually lower it until the state point of interest
is reached. To be sure that our solution is physical and in the
limit of infinitely large temperature it has a correct asymptotic
value we monitor the smoothness of variation of the solution
variable γ while changing the temperature.

To validate the accuracy of the present theory we com-
pare its predictions for thermodynamic properties and for
the fractions of the patches in different bonding states X

(p)
i

(i = 0, 1, 2) against corresponding computer simulation pre-
dictions and predictions of the RTPT-CF2 at different values
of the density ρ̄, limiting angle θ (c), and depth of the square-
well site-site potential ε∗ = ε/kBT. Here X

(p)
i = X

(p)
iA

+ X
(p)
iB

,

where iA = iB = i, X
(p)
iK

denote fraction of iK-times bonded

K-patches. X
(p)
i is related to the fraction of the particles XiAjB

≡ Xij in the bonding state i, j ≡ iA, jB by the following rela-
tion

X
(p)
i =

2∑
j=0

Xij , (45)

where equivalence of the patches have been used, i.e.,
Xij ≡ Xji. Note that the density of the patches in the system
is ρ(p) = 2ρ̄.

In order to obtain exact values for the multiply bond-
able patch model, we have performed a series of Monte Carlo
(MC) simulations. Specifically, we determined the internal
energy and fractions of the particles in different bonding states
at different values of the system density from NVT (constant
number of particles N, volume V, and temperature T) simula-
tions while the density of the system as a function of pressure
was calculated using NPT (constant N, T, and pressure P) sim-
ulations. For each simulation we used N = 864 colloids. Each
NVT simulation was allowed to equilibrate for N × 106 trial

η = 0.1

X
(p

)
i

11109876543210

1

0.8

0.6

0.4

0.2

0

η = 0.4

∗
X

(p
)

i

11109876543210

1

0.8

0.6

0.4

0.2

0

FIG. 1. Fractions of the patches in different bonding states X
(p)
i as a func-

tion of the site-site square-well potential depth ε∗ = ε/kBT at η = 0.1 (upper
panel) and η = 0.4 (lower panel). Symbols denote computer simulation re-
sults, solid lines denote results of the current RTPT2-CF theory, dashed and
dotted lines denote results of the RTPT-CF theory1, 2 with and without empir-
ical correction for the ring formation, respectively. Here X

(p)
0 is represented

by circles, X
(p)
1 by squares and X

(p)
2 by triangles.

moves and averages were taken over an additional N × 106

trial moves for association energies ε∗ = εAB/kBT ≤ 8. A trial
move consists of an attempted displacement and reorientation
of a colloid. For the highest energy simulations ε∗ = 8.5 aver-
ages were taken over 4N × 106 trial moves. NPT simulations
were performed in the same manner as NVT with the addition
of an attempted volume change each N trial moves.

Our theoretical and computer simulation results are
shown in Figures 1–5. In Figures 1–4 we compare predic-
tions of the current RTPT2-CF theory and RTPT-CF theory
with and without empirical correction for the ring formation
developed previously2 against exact computer simulation pre-
dictions.

In Figure 1 we present fractions of the patches in differ-
ent bonding states X

(p)
i as a function of the site-site square-

well potential depth ε∗ = ε/kBT at two different values
of the system packing fraction, i.e., η = πρ̄d3/6 = 0.1 and
η = 0.4. As one would expect, the fraction of free (non-
bonded) patches X

(p)
0 decreases with increasing square-well

depth ε∗. At the same time, the fraction of doubly bonded
patches X

(p)
2 remains small up to the value of the square-well

depth ε∗ = 6 at η = 0.1 and ε∗ = 4 for η = 0.4. In this
range the fraction of singly bonded patches X

(p)
1 increases.

However, with further increase of ε∗ X
(p)
2 starts to grow

rapidly and X
(p)
1 , after reaching the maximum value at ε∗ ≈ 7

(η = 0.1) and ε∗ ≈ 5.4 (η = 0.4), decreases. This behaviour
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η = 0.1
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FIG. 2. Internal energy βU/N per particle as a function of the site-site square-
well potential depth ε∗ = ε/kBT at η = 0.1 (upper panel) and η = 0.4 (lower
panel). Symbols denote computer simulation results, solid lines denote results
of the current RTPT2-CF theory, dashed and dotted lines denote results of
the RTPT-CF theory1, 2 with and without empirical correction for the ring
formation, respectively.

of X
(p)
1 and X

(p)
2 reflects the competition between formation

of small size clusters of particles at low values of ε∗ and large
size clusters of particles at larger values of ε∗. Predictions of
the current theory are in excellent agreement with computer
simulation predictions. Predictions of RTPT-CF approach de-
veloped in Ref. 2 are accurate only at low and intermediate
values of ε∗, up to ε∗ ≈ 6 for η = 0.1 and ε∗ ≈ 4.5 for η

= 0.4. For larger ε∗ both versions of the theory give substan-

∗ = 5

θ(c)

β
U

/N

504540353025

0

-2

-4

-6

-8

-10

-12

FIG. 3. Internal energy βU/N per particle as a function of the critical angle
θ (c). Symbols denote computer simulation results, solid lines denote results
of the current RTPT2-CF theory, dashed and dotted lines denote results of
the RTPT-CF theory1, 2 with and without empirical correction for the ring
formation, respectively. Here ε∗ = 5 and η = 0.1 (circles and upper set of the
curves) and η = 0.4 (squares and lower set of the curves).

θ(c) = 35◦

Z

0.40.350.30.250.20.150.10.050

7

6

5
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0

θ(c) = 40◦

η
Z
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0

FIG. 4. Compressibility factor Z = βPV/N as a function of the packing
fraction η = πρd3/6 for the models with θ (c) = 35◦ (upper panel) and θ (c)

= 40◦ (lower panel) at different values of the site-site square-well potential
depth ε∗ = ε/kBT. Symbols denote computer simulation results, solid lines
denote results of the current RTPT2-CF theory, dashed and dotted lines de-
note results of the RTPT-CF theory1, 2 with and without empirical correction
for the ring formation, respectively. Here on the upper panel squares denote
results for ε∗ = 2, triangles for ε = 5.556 and circles for ε∗ = 7.692. On the
lower panel squares stand for ε∗ = 2, triangles for ε∗ = 4.17, and circles for
ε∗ = 5.556.

tially less accurate results, with empirically corrected version
being slightly more accurate.

Our predictions for the internal energy per particle βU/N
are shown in Figure 2. Results of the current theory are in
very good agreement with MC results. Similar to the previous
results RTPT-CF theory appears to be accurate at low and in-
termediate values of ε∗. In Figure 3 we present internal energy

ρ∗

T
∗

0.50.40.30.20.10

0.12

0.11

0.1

0.09

0.08

0.07

0.06

0.05

FIG. 5. Liquid-gas phase diagram of the model with θ (c) = 35◦ (solid line),
θ (c) = 32◦ (dashed line), θ (c) = 31◦ (dotted line), and θ (c) = 30.1◦ (dashed-
dotted line). Circles denote the critical points, ρ∗ = ρ̄d3 and T∗ = 1/ε∗.
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as a function of the critical angle θ (c) at ε∗ = 5 and two values
of the packing fraction, η = 0.1 and η = 0.4. We note in pass-
ing that for θ (c) > 35.3◦ more than two bonds per patch can
be formed. However, the present theory is formulated for dou-
bly bondable patches, it can be applied also for θ (c) > 35.3◦.
According to Figure 3 agreement between theory and simu-
lation at a moderate value of ε∗ = 5 is reasonable up to θ (c)

= 40◦. Comparison of the theoretical and computer simula-
tion predictions for the compressibility factor Z = βP/ρ̄ as
a function of the packing fraction η at different values of ε∗

and two values of the critical angle θ (c) = 35◦ and θ (c) = 40◦

are shown in Figure 4. The overall agreement between cur-
rent theory and computer simulation is very good, including
the region of higher values of ε∗. For these values of ε∗, the
behaviour of the system is defined by the formation of the
three-patch rings, which is accurately accounted for by the
theory. For intermediate values of ε∗ and higher values of η,
where formation of the chains of patches is prevailing, our
theory is slightly less accurate. Predictions of the two versions
of RTPR-CF theory are less accurate, especially at higher ε∗.
Here RTPT-CF approach corrected for the ring formation is
slightly more accurate, in particular for θ (c) = 40◦ and lower
ε∗. Good agreement for this particular case can be attributed
to a fortuitous cancellation of the errors.

Finally, in Figure 5 we present liquid-gas phase diagrams
of the model with different values of the critical angle θ (c), i.e.,
θ (c) = 35◦, 32◦ 31◦, 30.1◦. For the limiting case of θ (c) = 30◦

(and sufficiently narrow square-well potential) the particles of
the system will form only chains and there will be no liquid-
gas phase coexistence. This tendency is correctly predicted
by the current theory, i.e., upon decreasing of θ (c) the critical
temperature and density decrease, moving towards their zero
values.

V. CONCLUSIONS

In this paper we propose a second-order resummed
thermodynamic perturbation theory for the patchy colloidal
model with an arbitrary number of doubly bondable patches.
Second-order terms are included to account for the forma-
tion of rings and chains of the patches. The theory explic-
itly takes into account blocking effects, i.e., when bonding of
the particle blocks bonding on the same associating site by
other particles. In the limiting case of total blockage, when
creation of only one bond per site is possible, our RTPT-CF
approach reduces to Wertheim TPT for polymerization.37 We
obtain closed-form analytical expressions for thermodynami-
cal properties (Helmholtz free energy, pressure, chemical po-
tential, and internal energy) of the model with ns equivalent
patches. To validate the accuracy of the present theory we
compare its predictions for the fractions of the patches in dif-
ferent bonding states and for thermodynamical properties of
the two-patch version of the model against new Monte Carlo
computer simulation predictions and predictions of the first-
order RTPT-CF2 at different values of the density, limiting
angle and depth of the square-well potential. Results of the
current theory are found to be in very good agreement with
computer simulation results, including the region of strong

association, where the first-order RTPT-CF appears to be sub-
stantially less accurate. The accuracy of the theoretical predic-
tions for the models with larger number of the patches will be
studied in subsequent papers. For future work we are planning
to apply the version of our theory developed for the model
with two patches to describe the phase behaviour of triblock
Janus colloids.39–41
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APPENDIX A: EXPRESSIONS FOR THE
COEFFICIENTS OF THE POLYNOMIAL EQUATION (37)

Expressions for the coefficients ai of the polynomial
equation (37) are

a0 = −1, a1 = 1 − 2ρnL1E1,

a2 = −ρn

[
2 (ρnE2 − E1) L1 + (

ρnL
2
1E1 − 1

)
E1

]
,

a3 = −1

2
ρ2

n

[
2(2ρnE2 − E1)L2

1E1

− (
4E2 + E2

1

)
L1 − 3E2 − R2

]
,

a4 = −ρ3
nL1 [(ρnE2 − 2E1) E2L1 − (E2 + R2) E1] ,

a5 = 1

2
ρ4

nL1
[(

2E2
2 + R2E

2
1

)
L1 + (E2 + 2R2) E2

]
,

a6 = ρ5
nL

2
1R2E1E2, a7 = 1

2
ρ6

nL
2
1R2E

2
2 ,

where ρn = nsρ̄, L1 = L − 1, E1 = E(1,1), E2 = E(2,1) and
R2 = R(2).

APPENDIX B: EXPRESSIONS FOR THE INTEGRALS
E(1,1), E(2,1), AND R(2)

For the model at hand expressions for the integrals E(1,1),
E(2,1) (21), and R(2) (17) are

E(1,1) = �−1
∫

d(2)fass(12)ghs(r12), (B1)

E(2,1) = �−2
∫

d(2)d(3)fass(12)fass(23)[ghs(r12, r23, r32)

− ghs(r12)ghs(r23)ehs(r13)], (B2)

and

R(2) = �−2
∫

d(2)d(3)fass(12)fass(23)fass(31)ghs

× (r12, r23, r13) (B3)

where fass(ij) ≡ fKL(ij), ehs(rij) = fhs(rij), and rij = |�ri − �rj |.
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TABLE I. Geometric integrals � and � and averaged constants āj and b̄j as a function of θ (c).

θ (c) � � āch b̄ch ārng b̄rng

30◦ 8.47 × 10−8 0 −1.7568 1.5779
31◦ 2.92 × 10−7 1.81 × 10−12 −1.7752 1.5281 −1.7780 1.5238
32◦ 7.35 × 10−7 1.29 × 10−10 −1.8004 1.4883 −1.8126 1.4698
33◦ 1.54 × 10−6 1.19 × 10−9 −1.8254 1.4539 −1.8410 1.4327
34◦ 2.85 × 10−6 5.22 × 10−9 −1.8505 1.4243 −1.8681 1.4015
35◦ 4.88 × 10−6 1.60 × 10−8 −1.8755 1.3992 −1.8795 1.3896
40◦ 3.62 × 10−5 4.51 × 10−7 −1.9976 1.3334 −1.8928 1.3750
45◦ 1.49 × 10−4 3.18 × 10−6 −2.1121 1.3427 −1.8947 1.3730
50◦ 4.56 × 10−4 1.29 × 10−5 −2.2155 1.3976 −1.8956 1.3720
55◦ 1.16 × 10−3 3.87 × 10−5 −2.3060 1.4748 −1.8957 1.3720

These integrals are calculated following closely the
scheme developed in Ref. 7. Therefore, to avoid unnecessary
repetition we refer the readers to the original paper for details
and present here only the final expressions. We have

E(1,1) = πd2(eβε − 1)(r (c) − d)(1 − cos θ (c))2ghs(d
+),

(B4)

E(2,1) = d6(eβε − 1)2
(
y

(0)
ch − 1

)
g2

hs(d
+)�, (B5)

and

R(2) = d6(eβε − 1)3y(0)
rng g2

hs(d
+)�. (B6)

The correlation functions y
(0)
ch and y(0)

rng represent the cor-
rection to a linear superposition of the hard sphere reference
triplet correlation function, for three spheres in rolling con-
tact, for a triplet chain and triplet ring, respectively. Mueller
and Gubbins38 correlated this quantity as a function of bond
angle ω as y(0) = (1 + aη + bη2)/(1 − η)3 where a and b are
constants which depend on ω and are tabulated in the origi-
nal paper.38 For our case θ (c) is fixed not ω. In our previous
work we used an average ω̄j (j = ch, rng) which represents
the average bond angle in the respective triplet cluster when
all bonds are at hard sphere contact to obtain an average āj

and b̄j to evaluate y
(0)
j as

y
(0)
j = 1 + āj η + b̄j η

2

(1 − η)3
. (B7)

In this work we take a more accurate approach and obtain āj

and b̄j by averaging a and b over the states of the respective
associated cluster, when the first and third sphere in the cluster
are bonded at hard sphere contact to the second, using the
MC technique. Table I gives these averaged constants as well
as the geometric integrals � and � which are proportional
to the total number of ways three colloids can associate into a
chain and ring, respectively. � and � are discussed in detail in
Ref. 7 and are evaluated using MC integration. To obtain good
statistics in evaluating � for smaller θ (c) a more sophisticated
nested coordinate system was used in comparison to Ref. 7.
For this reason there is a very slight change to � at θ (c) = 35◦,
40◦ from the previously reported values.
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