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Out-of-Plane Load-Displacement Model for Two-Way Spanning Masonry Walls

Jaroslav Vaculik®*, Michael C. Griffith®

“School of Civil, Environmental and Mining Engineering, The University of Adelaide, SA 5005, Australia

Abstract

This paper describes a methodology for modelling the nonlinear, inelastic load-displacement behaviour of two-way spanning unre-
inforced masonry walls subjected to out-of-plane loading. The model utilises a simplified macroblock approach that starts with the
assumption of a collapse mechanism based on the wall’s boundary conditions. It then treats the wall as having zero tensile strength
and assumes that the resistance comes entirety from two gravity-based resistance components: elastic rigid block rocking, and
inelastic friction, with the total load resistance of the wall taken as the sum of these individual components. Analytical expressions
for calculating the load and displacement capacities of the elastic rocking component of response are derived from the principles of
statics using an integration approach well suited for the treatment of two-way mechanisms. Expressions for the associated frictional
capacity component are obtained using the virtual work method. Comparison of the theoretical load-displacement response with
experimentally measured data is favourable as demonstrated using data obtained via quasistatic cyclic tests on two-way spanning
walls; the model is shown to provide an acceptable lower bound estimate of actual behaviour. The developed approach could be
used to construct pushover curves for a range of different collapse mechanisms and therefore has the potential to be assimilated into

a simplified displacement-based seismic design/assessment technique for two-way spanning walls against out-of-plane collapse.

Keywords: Unreinforced masonry, load-displacement capacity, hysteresis model, displacement-based seismic assessment

1. Introduction 23

24
Despite the common perception that unreinforced masonry ,,

(URM) structures are brittle, the collapse of URM walls sub-
jected to out-of-plane earthquake loading is governed by geo- .
metric stability rather than tensile strength, and the associated
load-displacement (F-A) behaviour can be considered pseudo-
ductile. This can be explained by the fact that the formation |
of cracks and attainment of ultimate load capacity occur early
in the overall out-of-plane F-A response (illustrated in Figure ,,
1), which is followed by a reduction in load resistance as a col- ,,
lapse mechanism develops. Once fully cracked, the wall un- ,,
dergoes rocking type behaviour before it eventually becomes ,,
destabilised by gravity. -
This behaviour is already well established for one-way ver-
tically spanning URM walls (either free standing or simply- ,,
supported at top and bottom) whose F-A response is nonlin- 4
ear but elastic, and whose idealised displacement (instability) ,,
capacity is equal to the wall thickness [1-4]. By contrast, ,,
cyclic loading tests on two-way spanning brick walls (walls ,,
supported by a combination of their vertical and horizontal ,,
edges) have demonstrated that their displacement capacity can ,,
be even larger than the wall thickness [5]. This is due to two ,,

45

. 46
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main reasons: vertically rotating subpanels present in two-way
wall mechanisms are not destabilised by gravity, and vertical
cracks with brick interlock exhibit bed joint friction which is
inherently ductile. The aforementioned cyclic tests as well as
shaketable tests on similar half-scale walls [6] have also shown
two-way walls to exhibit moderate hysteretic damping due to
frictional sources of resistance, which is further beneficial to
their seismic performance.

Conventional force-based (FB) seismic design, where the ob-
jective is to ensure that the wall’s load capacity exceeds the im-
posed load demand, continues to be the most commonly used
method for designing URM walls against out-of-plane failure.
From the designer’s point of view, this approach is most likely
to lead to a favourable outcome (in terms of being able to
demonstrate a wall’s seismic adequacy) if the ultimate load ca-
pacity inclusive of bond strength contribution is known. How-
ever, in practical assessment of existing URM buildings it is
often difficult to reliably quantify the bond strength without ex-
tensive destructive testing. And whilst collapse load capaci-
ties can be computed using simplified limit analysis techniques
that ignore bond strength and instead rely on geometric prop-
erties for input (e.g. [7, 8]), these capacities can often be too
low to demonstrate adequacy despite the wall having additional
displacement capacity which may save it from collapse under
earthquake excitation. Therefore, it is of considerable practi-
cal interest to develop an alternate tool for out-of-plane URM

Page 1


http://dx.doi.org/10.1016/j.engstruct.2017.03.024

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

Wall supported along bottom edge only (mechanism V1) I
75

76

77

78

79

7 4 80
7

Wall supported along top and bottom edges (mechanism V2) :;
83
84
85
86
87

7 7 88

89

F — Typical post-cracking behaviour
920
,,,,,,,, Initial contribution from bond strength
. (not to scale) o1
— — Idealised rigid block 92
F — .'\‘ .
ro ~NoN Trilinear model by Doherty et al (2002)
RN
94
95
A
96
1
Al AZ Aru

97

98
Figure 1: Rocking behaviour of vertically spanning walls. (Only positive dis- .

placement side is shown)
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wall design/assessment that does not rely on knowledge of thejji
bond strength and which allows for this reserve capacity to be104

utilised.
105

Recent trends in seismic design of ductile structural systems,
have seen a move away from force-based (FB) techniques and_,
toward displacement-based (DB) methods [9], where the design, ,
objective is to ensure that the displacement capacity exceeds the,
displacement demand. Amongst the appeal of DB philosophy is,
that by accounting for the full displacement capacity, it avoids,,,
some of the aforementioned over-conservatism inherent in the ,,
FB approach. The fundamental feature of the DB method is,,,
that it estimates the structural period using a secant stiffness,,,
at the target level of displacement response (instead of using,,,
the initial elastic stiffness with subsequent application of load,,
reduction factors to account for ductility effects as is done in,,
FB design). This framework can be implemented in various,,
forms such as direct DB design [10] or the capacity spectrum,
approach [11]; however, each relies on the ability to construct a, ,,

F-A capacity curve for the structure (in this case the wall).

Considerable progress has already been made toward devel-1z
opment of DB methodology for vertically spanning URM wallsizs
subjected to rocking. The associated F-A capacity rules canizs
be broadly categorised into two types, as illustrated in Figureies
1. The first is based on idealised rigid block treatment charac-1zs
terised by linear-descending branches in the positive and nega-z7

2

tive A domains with a discontinuity at A = 0. The dynamics of
such a system were originally described by Housner [12] and
first applied to masonry walls by Priestley et al [13] and further
developed since by others [14-16]. The second type of treat-
ment incorporates an initial linear elastic branch to account for
non-rigid behaviour, for example using bilinear or trilinear rules
[2, 17-19].

Extension of DB methodology to two-way spanning walls
has lagged behind, largely due to the lack of a suitable and ex-
perimentally validated model to describe the load-displacement
behaviour. Promising progress has however been made on this
topic recently by Lagomarsino [19], who developed a gener-
alised procedure for constructing pushover curves for multiple-
block rocking mechanisms. The present paper aims to provide
further contribution by proposing a technique for constructing
pushover curves for a common class of two-way wall collapse
mechanisms, which accounts for the nonlinear, inelastic nature
of the response, and which can subsequently be used as the ba-
sis for a DB methodology for this class of walls.

2. Wall Configurations

Before the analytical F-A relationship formulation is de-
scribed in Section 3, the present section will overview the wall
configurations that can be catered for.

2.1. Support Conditions and Collapse Mechanisms

The proposed model starts with the user postulating a col-
lapse mechanism based on the wall’s geometry and boundary
conditions. Figure 2 illustrates the particular out-of-plane col-
lapse mechanisms which are considered in this paper. This
family of mechanisms (referred to here as type K) is charac-
terised by diagonal cracks that radiate from corners at which
supported edges intersect, and is the most common class of
mechanisms associated with mortar-bonded two-way spanning
walls as evidenced through a multitude of experimental stud-
ies (e.g. [3, 6, 20-23]). These mechanisms are also embodied
in different variations of the plastic analysis method for pre-
dicting the ultimate strength of two-way URM walls, including
methods prescribed by the Australian Standard and Eurocode 6
[24, 25].

The boundary conditions necessary to generate these mech-
anisms include translational support at the bottom edge and at
least one vertical edge. The top edge can be either free (type
K1 mechanisms) or restrained (type K2 mechanisms). For con-
ciseness, Figure 2 shows the wall to be supported along both
of its vertical edges; however, each mechanism can also have
a form where only a single vertical edge is supported, which is
equivalent to considering only one half of the shown deflected
shape on either side of the vertical line of symmetry.

It should be mentioned that a wall with a particular set of
boundary conditions can potentially undergo additional types
of collapse mechanisms to those considered here [7, 8], and
that since the method adopted is a form of upper bound limit
analysis, in a design situation it may be necessary to check a
wall against several alternate possible forms to identify the crit-
ical one. A study comparing collapse loads computed using
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Figure 2: Type K mechanisms. The location of the reference displacement in each mechanism is indicated as A’.

different types of two-way mechanisms in walls free at the topis
edge has shown that mechanism K1 tends to be kinematically
favoured in walls with relatively strong bond prior to crack for-
mation [26]. By contrast, walls with zero or low bond strength'’
are more likely to develop mechanisms characterised by diago-
nal cracks propagating inwards in a “V’ shape (such as mecha-1s
nisms type D and G dealt with in [7, 8]). Although this paperiss
deals solely with type K mechanisms, the general procedure de-1so
scribed can similarly be applied to other forms. It should alsoss:
be noted that the total height of a two-way mechanism may not
necessarily be equal to the full height of the wall as illustratedrsz
in Figure 2; however, this will not be discussed further here asyg
it is dealt with in other works [8, 26].
155
156
In the equations featured in this paper, the following notationrs
will be used: H, and L, are the total height and length of the
mechanism, respectively; G, is the slope of the diagonal crack.,s,
In the case of half-overlap stretcher bond masonry (Figure 3),
this slope follows one bed joint across, one perpend joint upise

3

(and so on), and is given by:

2 +1;)

G, =
" lu+l‘j

, ey
where [,, h, and 1, are the length, height and thickness of the
masonry unit, and ¢; is the mortar joint thickness.

The effective height and effective length of the mechanism
are taken as

H, = H;/nys,
L, = L;/n,,

(©))
3

where n;,; and n,; are the number of supported horizontal and
vertical edges, respectively. From these definitions, the effec-
tive aspect ratio of the mechanism is defined as

L
@=G,—

B )
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Figure 3: Basic notation for half-overlap stretcher bond masonry. 209

210

Referring to Figure 2, it is seen that @ = 1 is the limiting211
case between the complimentary x and y pairs of the K1 and™®
K2 mechanisms. With this in mind, we define the additional™®

214

shape parameters:
215

(5)216
217

(6)

218

a=1-1/a

r=1-a

fora > 1,

and fora < 1.

In the context of practical DB seismic assessment it is impor-*"°
tant to note that ignoring the presence of a top edge support and**®
assuming that a wall undergoes mechanism K1 instead of K2*'
may not necessarily be conservative, because whilst K2 will
generally have a higher load capacity, K1 will have a higher,,,
displacement capacity (instability displacement). The reason
for this is that mechanism K1 exhibits a greater degree of 10-z;
tation about the vertical axis and so its subpanels become less
destabilised by gravity. This argument is supported by experi-,,,
mentally observed behaviour [5] and can also be demonstrated225
using analytical equations presented later in the paper (refer Ta-
ble ). Where both mechanisms are possible (case of a frictional, |
top connection), a seismic assessment should consider both and
adopt the critical one. -

For comparison purposes, this paper will also consider one-
way vertically spanning versions of these mechanisms in which,
both vertical edges are unsupported; these will be referred to as
V1 where only the bottom edge is laterally restrained, and V2 __
where both the top and bottom edges are restrained, as illus-

trated in Figure 1.
235

236

2.2. Loadbearing Walls -

Allowance is made for the presence of a precompression load,,,
at the top of the wall due to for example a floor system or an-,,
other part of the building’s mass. If we define o, as the applied,,,
precompression stress at the top edge, then a convenient way to,,,

represent the imposed load is in the nondimensional form: oa2
O—VO 243
Y= vH, > (D244

245
where vy is the weight density of the masonry, and ¢ can bezs
interpreted as the ratio of the overburden weight to the weightas

4

of the wall involved in the collapse mechanism. Presence of the
precompression load acts to enhance a wall’s load resistance
by increasing the internal moment capacities along the various
crack lines in the mechanism; however, it can also give rise to
additional effects which will now be discussed.

2.2.1. Restraint of the Precompression Load

In mechanisms where the top edge of the wall is free (K1
and V1) it is important to consider whether the mass impos-
ing the precompression is restrained from horizontal movement
(e.g. stiff slab tied to in-plane walls), or unrestrained (e.g. flex-
ible diaphragm floor).

This effect is demonstrated in Figure 4, where it is seen that
each scenario imposes a lateral load on the top edge. If the mass
is restrained but not positively connected to the wall (Figure
4a), then frictional slip at the top interface generates a restoring
force u,\, where p, is the friction coefficient at the interface.
By contrast, if the mass is unrestrained (Figure 4b), then under
inertial loading it will apply an additional destabilising force
Ay, where A is the lateral load multiplier (acceleration in units
of g’s) and 7 is the ratio of the precompression weight free to
act laterally to its vertical action on the wall. The factor 7 is in-
troduced simply because the horizontally and vertically acting
components may not necessarily be equal, and in most circum-
stances its value can be determined directly from statics.

To activate or deactivate these effects in the presented formu-
lation, we introduce the binomial variable @, taken as

®)

o 0 for arestrained precompression load,
1 for an unrestrained precompression load.

2.2.2. Precompression Load Eccentricity

The vertical line of action of the precompression load af-
fects the moment imposed on the wall, which in turn influences
the wall’s load and displacement capacities. In the developed
formulation the precompression eccentricity is specified using
the nondimensional parameter €, defined such that the precom-
pression is applied at a distance €t measured from the upward-
deflecting point along the top edge. This reference point is lo-
cated on the windward side in mechanisms where the top edge
is unsupported (K1, V1) and on the leeward side when the top
edge is restrained (K2, V2), as illustrated in Figure 5.

Because the upward-deflecting point switches sides with al-
ternating A direction, it is important to consider the influence of
the top edge connection on € under A reversal as it can poten-
tially lead to asymmetric F-A response. In the case of a point-
bearing connection (Figure 5) in which the location of the load
transfer point remains fixed relative to the wall, alternating A
direction causes eccentricity to switch between €* and €~, and
thus behaviour will be asymmetric (An exception is when the
bearing is positioned at the mid-thickness; € = 1/2). Alterna-
tively, if the precompression load is due to a rotationally stiff
element such as a slab whose surface remains horizontal, then
the load transfer point will shift with alternating A direction
such that the load always acts at the upward-deflecting point;
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Figure 5: Precompression load eccentricity under reversed displacement direction
proposed formulation is shown by black triangle.

thus € = 0 and response will be symmetric. It can further bezss
demonstrated that the wall receives the maximum benefit to-z2ss
ward both its strength and displacement capacities when the
load acts at the upward-deflecting point as this generates thezs
maximum possible restoring moment on the wall.

268

3. Load-Displacement Formulation e
For a given collapse mechanism, the theoretical F'-A relation-,,,
ship is constructed using a nonlinear static analysis that takes,
the total load resistance (1) as the superposition of three con-
tributing sources: 272
273
©)
274
where A, is elastic rigid body rocking (Figure 6a), A, is hor-z:s
izontal bending friction (Figure 6b), and A; is frictional slid-zss
ing between the wall and a precompression load (if applicable)..77
Each of these will now be described in greater detail. 278
For convenience, this paper treats load in the nondimensionalzs
form A, defined as the force divided by the wall’s weight, whichzso

A(6) = 4,(6) + A(6) + A5(5) ,

Z

7

(b) Top edge supported.

. The upward-deflecting point relative to which the eccentricity is measured in the

is equivalent to acceleration in units of g. Displacement is also
treated in a normalised form 6, defined as

5= A/, (10)

where A is the actual displacement, and ¢ is the wall thickness.

3.1. General Assumptions

The proposed theoretical approach makes the following gen-
eral assumptions:

1. The tensile strength of the wall is ignored and the wall is
assumed to be already cracked.

2. The wall’s displacement profile is assumed to follow an
idealised collapse mechanism comprising a series of rigid,
flat subpanels bordered by rotating hinge lines (Figure 2).
This further assumes that: (a) frictional sliding between
subpanels is avoided, and (b) vertical edges remain suf-
ficiently supported against translation following cracking.

5
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331

332

3. The user must make a reasonable approximation of the di-33
agonal crack slope (G,) which feeds into equation (4). In3
stretcher bond brickwork, diagonal cracks can be gener-3s
ally assumed to follow the slope G, as shown in Figures
3; however alternate bond patterns may require different

approximations. s

338

4. The lateral load acting on the wall is assumed to be spa-s;
tially distributed proportionally to the wall’s mass; i.e.,a0
uniform acceleration A. 341

5. Each of the contributing resistance sources (4,, 4; and /IX)342
. . . . 343

are assumed to be independent so that their contributions
344

can be superimposed as per equation (9).
345

6. Contributions from internal confinement and arching ares
ignored. This assumption is conservative as it neglects the7
the additional load resistance provided by these effects at3
small displacements. Whilst arching can also provide a3
destabilising influence at large displacements, this occurs;s,
beyond the rigid body instability displacement.

351

3.2. Rocking Component 352

Rocking response provides the primary component in thesss
overall F-A formulation which gives rise to the linear-
descending shape of the response and dictates the ultimate dis-""
placement capacity (Figure 6a). 3

6

To formulate the load-displacement for the rocking compo-
nent, the two-way mechanism is discretised into a series of ver-
tically spanning strips which are held together by out-of-plane
compatibility (Figure 7a). For a generic strip, equations of force
and moment equilibrium are formulated under a known refer-
ence displacement ¢ and an unknown load A. Then, by integrat-
ing the moment contribution from each strip along the length
and ensuring that moment equilibrium is satisfied, we can ob-
tain an expression that relates A to ¢ for the overall mechanism.

The process makes the following assumptions (additional to
those in Section 3.1):

1. The vertical strips transmit zero vertical shear force and
zero net horizontal shear force across their lateral bound-
aries (Vy, and V,; in Figure 7b).

2. The vertical strips can however transmit moment about the
longitudinal axis (x) across these boundaries (M, M, and
M3 in Figure 7b).

3. Additionally, the initial derivation of the A-6 relationships
(Section 3.2.1) assumes that vertical load transfer across
subpanels is concentrated at the extreme edges, which
treats the panels as rigid and having unlimited compres-
sive strength. These idealisations are subsequently relaxed
in Section 3.2.2 with regard to treatment of real walls.

From the first two assumptions it follows that the entirety of the
lateral load is resisted by reactions along the top and bottom
edges where supports are provided, shown as R, and R, in
Figure 7c. Consequently, the vertical edge support receives zero
net force reaction (a conservative assumption); however, it does
receive a moment reaction about the longitudinal axis, shown
as Ms, in Figure 7c. As face-loaded two-way spanning walls
are statically indeterminate, these assumptions achieve the task
of reducing the degree of indeterminacy and allowing statics to
be used to solve for the -6 relationship.

3.2.1. Idealised Rigid Rocking Behaviour

For the purpose of demonstrating the process used to formu-
late the rigid rocking A-6 relationship, we shall arbitrarily se-
lect mechanism K2x. Let us subject the mechanism to a central
(mid-height) displacement A, and consider a generic vertical
strip of width dx as shown in Figure 7a. The geometry of the
cross section (Figure 8) is dependent on the shape parameter
p, which varies along x and assumes values in the range 0 to
1 (Figure 7d). When the section intersects the diagonal cracks
(o < 1) it comprises three blocks.

Since the mechanism has top edge support, from equation (2)
we get

H, = %H, (for mechanism K2). (11
Similarly, we define the effective weight as
dW, =dxtH,vy. (12)

Referring to Figures 7a, 7d and 8, the heights and weights of
the respective blocks are:

hV =pHe’
hh = (1 _p) HEs

dWV :deea
AWy = (1 — p) dW,.

13)
(14)
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adjacent strips; (c) external forces acting on the overall panel, including reactions acting on the supported edges as implicit in the proposed method; (d) variation of
geometric parameter p along the length.

aw.| e a7 Also noting equation (7), the weight of the precompression load
o 358 1S
w4 350 dW,, = 2¢ydW, (for mechanism K2). (15)
dw 360
}LdWl,i ’ 361 As shown in Figure 8, it is convenient to measure the dis-
b, 7P, @ block 1 sz placement profile along the height of the cross section with re-
H s ss  spect to a projected mid-height displacement A,, which is re-
s+ lated to the maximum mechanism displacement A, (indicated
e PA, 365 by A’ in Figure 2) as
b, . = {AP in mechanisms K1x and K2x, (16)
(1-r)A, in mechanisms K1y and K2y,
H, A, block 3

s7  where r is given by equation (6).
b 368 The external and internal loads acting on the blocks are
NN — ws shown in Figure 8. There are a total of 10 unknowns: horizon-
dv, a0 tal reactions dV, and dVp; internal shear forces dVp and dV;
H, sn internal axial forces dNp and dN; vertical base reaction dNp;
qW LdW" a2 as well as the moments dM;, dM3 and dM, acting on the top,
h, Viph, Q) block 2 ss middle and bottom blocks respectively. Note that the dNV and
M, sz« dV terms are internal forces within each strip. By contrast, the
a5 dM terms are increments of moment that each block contributes
) e to the subpanel within which it is situated (refer Figure 7b), and
A4y, sz in this sense they can be considered as external actions with re-
d dN, ars  spect to each block. Alternatively, dM3 may be interpreted as
a7e  the moment that must be applied to the central block in Figure
Figure 8: Generic cross section for mechanisms K2x and K2y. s0 8 to maintain the block assembly in static equilibrium at the im-

s posed displacement. Of the unknowns, the vertical forces (dNp,
sz dN¢ and dNp) are readily determined from the three vertical
sss  force equilibrium equations (one for each block). This leaves
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us with seven remaining unknowns and six equations to solvear
for them: horizontal force equilibrium and moment equilibriumazs
for each block.

Implementing these equilibrium conditions and substituting
in equations (13)-(14), we get the following set of equations
(expressed using matrix notation for conciseness):

429

430

Ax=b (17)a31
where 432
1 -1 0 000 O
0 1 -1 00 00 o
o 0 1 1.0 0 0 -
A=l H,p 0 00 1 0 (18)436

0 2H(1-p) 0 0 1 0 O
0 0 Hp 0 0 0 1
x'={dV, dV dVe dVp dM; dM, dMo) (19,
439
b ={b1 b2 bs bs bs bl (20)ui
441
442
b] =p/1 dWe (21)443
by = 24(1 — p)dW, (22)44
by = pAdW, (23)*
446
by =|(3p+20)(t = App) = 26wt — 1Hp*A| AW, (24).
bs = [2HA(1 - p) +1(1 = p)| dW, (25)*°
449
be = [%Hepz/l - (t - App) (2¢/ - %p + 2)] dw, (26)4s0

In the above system of equations, rows 1 to 3 are horizontal
force equilibrium equations, and rows 4 to 6 are moment equi-
librium equations, for the top, middle and bottom blocks re-**
spectively.

We can reduce this system of equations and substitute in,,,
equations (10) and (12) to obtain the following condition which,,,

contains only the two unknowns dM; and dM,: 455

1 dM; + dM, 456
yeH,  dx [2pe =4y —2]

458

460

H,
+p[4d/(5[,+2(5p +2/17] 459
H,
+,02 [—/l—e] . (27)461
! 462

This expression represents the sum of the derivatives of longi-,,
tudinal moments M, and M, for the top and bottom subpan-,,
els with respect to x (refer Figure 7b). However, since both of
these subpanels have zero end moments at boundaries x = 0,
and x = L,, longitudinal moment equilibrium requires that the,,
integral of equation (27) between these limits must also be zero, g,

i.e.: L 469
0= f (Co+Cip + Cop?)dx, (28)470
0

471

where polynomial coefficients Cy, C; and C, are the squaresr
bracket terms in equation (27). [Note that by contrast, the in-«
tegral of dM3 along subpanel 3 is not zero as a consequence of«7

8

the vertical edge moment reaction M3, (Figure 7).] As shown
in Figure 7d, shape parameter p varies along x such that

_X/Ld
P~

where L; = (1 —a)L, and L, = aL.. Combining these expres-
sions and evaluating integral (28) yields

forx < Ly,

(29)
for Ly < x < Lyg+ L,

0=Co+Ci(3+1a)+Ca(}+2a). (30)
Finally, we substitute coefficients Cy, C| and C; together with
equations (11) and (16) into equation (30), and rearrange to get
the rigid rocking relationship for the mechanism in terms of A
versus the central displacement ¢,:

t 4[1+yQ2-6]-6.[2(01+a)(1+2y¢)]

/lr(é) = 7
H, % + %a

3D

The above formula follows the linear-descending form associ-
ated with rigid body rocking (dashed line in Figure 1) and is
valid in the positive range of displacement. From this, the load
capacity 4,, is obtained by setting . = 0, and the instability
displacement ¢,, (displacement capacity) is obtained by setting
A =0.

The process demonstrated here on mechanism K2x can simi-
larly be applied to any of the other two-way mechanisms shown
in Figure 2 to produce the load and displacement capacities
given in Table 1. The various input parameters throughout these
equations are defined in Section 2. For details of these deriva-
tions the reader is referred to reference [26]. Over the full range
of displacement, these idealised rocking relationships are given
by

AL, -6/5f) foré >0,
A:(6) =40 for 6 =0, (32)
A, (-1-6/6,,) foré <DO.

Superscripts ‘+’ or ‘=’ are used simply to denote that the posi-
tive and negative direction capacities can be asymmetric due to
precompression eccentricity effects.

A notable feature of these idealised rigid rocking relation-
ships is that the resulting expressions for the load capacity (4,,)
are identical to capacities that can be obtained using a virtual
work approach in which internal work contributions are in-
cluded only along horizontal and diagonal cracks (i.e. vertical
cracks are excluded), and where these crack moment capacities
are taken in the form M/b = o,t*/2 (i.e. restoring moment lever
arm taken as half the wall thickness) [8, 26]. In other words, the
snapshot at A = 0 obtained from such a virtual work analysis
can be considered as a particular case of the rocking A-9 rela-
tionships proposed in this paper.

Relationships for vertically spanning mechanisms V1 (free-
standing wall) and V2 (simply-supported at top and bottom with
crack at mid-height) are also given in Table 1 for reference.
These are obtained as a particular case of the K1x and K2x so-
lutions by setting @ = 1. The resulting expressions are similar
to those presented by [2] with the additional features of allow-
ing for control over the precompression load eccentricity and
restraint.
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Table 1: Equations defining the idealised rigid block load-displacement relationship for the rocking component of response. Note that the instability displacement

is taken at the reference location along the mechanism, indicated as A’ in Figure 2.

Mech. | Overturning load 4, Instability displacement 6,
Klx L 3 - Ja+2y(1 - ae) 5 53— 3a+2y(1-ae)
“TH 2ilavop+a) " 2y laty(+a)
Kly L I4ir+2y s Cdalrey
©H, a(§+%r+d)mb) " 2ty
K2x - t 4[l+y2-e)] _2[1+y(2-e)]
© O H, 241, M dt+a) 1+ 2y)
K2y R LR ACR0) 5 2ty -e]
ro Ht a(%+%r) ru 1+21,//
A\ Lt 1+2¢(1-¢) 5 _1+2y(1-¢)
T H, 1+ 20ny N
V2 t l+y2-¢)
Ao=— -14[1+y 2~ Sy = —————
g 4lrve-o) T

3.2.2. Rocking in Real Walls 503

The A-6 relationships presented in the previous section weresos
based on idealised rigid rocking behaviour. Real masonry wallssos
differ from this in that they are deformable, possess geomet-sos
ric imperfections (non-flat contact surface across cracked sec-so7
tions), and have finite material compressive strength which cansos
further lead to degradation of the crack interface under cyclicsoe
loading.

Due to finite material stiffness, response within the small dis-s
placement range prior to lift-off must be linear elastic, and thusst.
the discontinuity across § = 0 inherent in the idealised rigidss
body model becomes avoided (refer Figure 1). Also, finite com-s
pressive strength means that force transfer between subpanelsss
cannot be transmitted across a knife-edge interface, causing thesis
actual internal lever arm resisting rocking to be less than thesi
lever arm assumed in the rigid body case. These effects causesis
the actual capacity curve to become bounded by the predictionste
of idealised rigid body theory, which has been demonstratedsz
experimentally for vertically spanning walls [3, 27]. (N.B. Asse
will be shown later in Section 4.1, this is not entirely apparent insz
the experimental F-A behaviour observed in mortared two-wayszs
walls which can experience an enhancement in strength beyondse«
the rigid body prediction; however this is due to other effectsses
such as internal confinement and arching, and the logic of theses
statement still applies.)

In existing literature, alternate piecewise-linear F-A modelssss
have been proposed for non-rigid vertically spanning walls, in-sz
cluding trilinear [2, 3, 18] or bilinear [19]. In this paper we willszo

9

510

527

use the bilinear form (Figure 6a)—firstly for sake of simplicity
and secondly because the transition displacements used to de-
fine a trilinear model are not clearly measurable from available
experimental F-A behaviour data for two-way walls (e.g. [5]);
therefore, the additional rigour of a trilinear model may not be
justified.

Predicting the stiffness of the initial loading branch of a post-
cracked wall is a challenging task, influenced by a variety of
factors including the effective material stiffness and state of
degradation at the cracked joints. For the purposes of com-
paring the model to experiment, the ‘yield’ displacement in the
bilinear model (6,) will be approximated by averaging the tran-
sition displacements §; and ¢, as proposed by Doherty et al
[2] for defining the trilinear model for vertically spanning walls
(see Figure 1). These values are summarised in Table 2 for three
different states of degradation. It will be shown later that the es-
timated F-A response resulting from this assumption is in fairly
good agreement with experimental behaviour, even though this
treatment is simplistic and does not provide a fully rational ac-
count of the influence of physical characteristics such as the
wall’s length, height and thickness on stiffness. More research
is required in this area; however, for the purposes of computing
dynamic response, time-history analysis studies undertaken in
[2] have shown collapse to be relatively insensitive to the stiff-
ness of the initial loading branch in the F-A model.

A reduced ‘effective’ wall thickness approach can be used
to account for the finite bearing zone width across cracks. By
adopting a rectangular stress block approach at the point of
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Table 2: Empirically-derived limiting displacements 61 and 65 for the trilinear A-6 relationship by Doherty et al [2]. Yield displacement dy is taken as the average of

these two values.

State of degradation at the cracked joint 0 02 0y

New 0.06 0.28 0.17
Moderate 0.13 0.40 0.27
Severe 0.20 0.50 0.35

crushing, the thickness reduction factor (ratio of effective thick-sz
ness to gross thickness) becomes

oy,

33 573
T 33)

¢r=1

. . 574
where o, is the average compressive stress along the sec-,

tion, f,,. is the compressive strength of the masonry (or mortar,
whichever is weaker) and c is a reduction factor (typically takens7
as 0.85 in reinforced concrete design). Since both the rockings”
strength (4,,) and displacement (6,,,) capacities are proportionals’
to the thickness (f), factor ¢, reduces both in equal proportion,
and hence the negative slope of the descending branch in Figure,,,
6a remains unaltered; the branch only shifts inward.

75

580

3.3. Horizontal Bending Friction Component 581

582
Unlike vertically spanning walls whose F-A behaviour isg,

nonlinear but elastic (i.e. unloading path follows loading path),
response of two-way walls contains some component of inelas-
tic hysteretic behaviour due to activation of frictional sources of**
resistance in the post-cracked state. This is evidenced by hys-
teresis loops observed in the F-A response of two-way walls585
tested both under quasistatic cyclic loading and by shaketable586
[5, 6]. In the interpretation of these test results, the observed in-587
elastic behaviour was attributed to residual moment capacity in588
horizontal bending (i.e., vertical crack lines) by the mechanism589
of torsional friction across cracked bed joints.

As discussed in the previous section, the load capacity ofy,,
the rocking component (4,,) is equivalent to applying the vir-,
tual work method at the limit 6 = 0" by including only re-,
sistances along horizontal and diagonal crack lines using the,,
method described in [8]. By similarity, it is proposed that the
resistance contribution of horizontal bending toward the overallse.
F-A model can be incorporated in terms of an inelastic compo-sgs
nent, whose load capacity A, can be predicted using a virtualses
work approach that only includes internal work contributionsss;
from moment along vertical cracks. Resulting expressions forses
the various mechanisms are provided in Table 3 (second col-ses
umn). Further detail of their derivation is provided in [26]. 600

Throughout these equations, Z, is the moment modulus pereo:
height of crack, which for regular overlapping masonry (Figuresoz

3) is obtained as 603
> Mm kbp ts 604

Zyp = —, 34
h hy +t; (3Deos

606
where (., is the friction coefficient across the bed joint, kp, iSeor
the plastic torsion coefficient for a rectangular section given byeos

10

the following expression (0.383 for square overlap):

1
= —|2r, 4/1 +r(2)+1n(r(,+ 4/1 +r5)
12
+r ln(r;1 + 41 +r52)

In the above expression, r, is the bed joint overlap ratio, which
is dependent on the type of bonding pattern of the masonry. In
the case of half-overlap masonry (Figure 3), it is equal to

kpp

. (3%

Sb lu—t'
]"0:—:—/

36
t, 2t, (36)

Other input parameters in Table 3 include: moment fixity factor

for supported vertical edges, R, (taken as O for pin-support or
as 1 for fixed-support); and energy contribution factor for the
central vertical crack, {j;, to be taken as

oef
ht—l

The parameter {j; features in expressions for mechanisms Kly
and K2y, and simply accounts for the fact that the central verti-
cal crack only occurs when both vertical edges are supported.

The approach described makes the following assumptions (in
addition to those listed in Section 3.1):

if one vertical edge is supported (n,; = 1), 37)
if both vertical edges are supported (n,; = 2).

1. Moment capacities of vertical cracks are based on tor-
sional friction along interlocking courses of bricks, with
the instantaneous centre of rotation located at the centre of
the bed joint.

2. All bed joints along the height of the vertical crack are as-
sumed to fully contribute to the total crack moment. In
mortared stretcher bond URM walls however, cracks tend
to generally develop a mixture of stepped failure (inter-
locking cracks) and line failure (cracks passing through
brick units), and only the stepped portions contribute to-
ward residual capacity. A theoretical approach for esti-
mating the relative likelihood of each type of failure is
reported in [28], which could be used as the basis for a
capacity reduction factor to account for these effects. Fur-
thermore, it has been argued [29] that contributions of
friction toward the out-of-plane collapse load should be
treated in terms of bounds rather than unique solutions,
and that the assumption of full frictional contribution pro-
vides only the upper limit of these bounds.
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Table 3: Equations for load capacities of the inelastic (frictional) components.

Mech. | Load capacity of horizontal bending Load capacity of precompression load
rotational friction, Ay, sliding friction, Ay,
Kix Z,G, R(1+2 (1 +
tip= 200 R G2 Ao = (1 -yt LED)
tyle §+§a+(D)7w(1+a) §+§a
K1 ZyG, Ry (1 +2¢) + Gyir (r +2 o
y Apy = h . vs ( - lﬂ)l Lnir (r W) A = (1 — @) 2:“ lﬁl
tMLe a/(§ + 37 + (Dnl,b) 3 + 3"
K2x Z4G, 2R, (1 +2
/lh(): th . v;( 1 lﬁ) /130:0
tyLe 3 + 561
K2 ZyGy 2 (Rys + L) (1 +2
Y| 2 BGe 2Ry + Gen) (L4 20) 0
tuLe (07 (% + %r)
Vi
Ao =0 Ao = (1 - D) (2ﬂow)
V2
Ao =0 Ay =0

3. Frictional slip along vertical cracks is assumed to be purelyess
torsional (a requirement for general assumption No. 2 ines
Section 3.1). This approximation however ignores po-ss
tential translational slip that could develop along verticales
cracks, particularly in zones of high out-of-plane shearess
force. For example, in the test study reported in [5], slidingsso
of the main panel away from flanking return walls was ob-e«
served in a small number of cases, and this effect was mostss
evident in instances where a large proportion of brick unitsess
ruptured by line failure. Although kinematic mechanisms
with pure translational slip at the vertical edges are not
considered in this paper, their resistance may be computed®®
independently to assess whether they are likely to govern®*®
(e.g. using method described in [19]). 647

644

648

649

4. Equations (34) and (36) assume that bed joints retain fulle®

overlap over a section with dimensions s, X 7,. However,s!
from geometry it follows that to maintain a constant L un-6
der an out-of-plane displacement, the wall must undergo¢s
some longitudinal slip between its subpanels (along x di-5
rection, refer Figure 7), thus reducing the area of the con-55
tact interfaces. For walls with large L/t aspect ratios, this

effect is expected to be negligible over the displacement®*®
range of interest. However, in walls where loss of overlapes
might be expected to be significant (small L/1), ks, couldess
be calculated using a reduced overlap section to allow foress
this effect. 660

11

5. The derived frictional capacities are based on the assump-
tion that the vertical stress at the level of the crack is
equivalent to the undisturbed stress (precompression plus
weight of panel above). However, it is conceivable that in
mortared walls, the continued cyclic rotation of interlock-
ing cracks can degrade the bed joint interfaces, which can
relieve the axial stress acting across them. Additional ex-
perimental testing is required to investigate the importance
of this effect.

To account for the above assumptions and approximations in
practical design or assessment, it may be prudent to reduce the
nominal Ay, capacities in Table 3. Derivation of such reduction
factors however is beyond the scope of this paper.

In the overall 1-6 model we shall represent the contribution
from horizontal bending [1,(5) in equation (9)] using elasto-
plastic hysteresis (Figure 6b). Due to the lack of a more sophis-
ticated model to predict the initial loading stiffness of a cracked
masonry wall (as discussed in Section 3.2.2), it is suggested that
the elastoplastic yield displacement can be estimated using the
same approach as for the rocking component; that is, according
to the ¢, limits in Table 2.

3.4. Precompression Load Frictional Sliding Component

As discussed in Section 2.2, in mechanism K1 it is possi-
ble for a wall to benefit from an additional source of resistance
due to frictional sliding between the wall and precompression
load. In order for this resistance to be activated, a frictional
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connection must exist at the interface, and the precompressionzia
load must be laterally restrained (Figure 4a). Furthermore, thers
restraining friction must be sufficiently low to prevent the wall
from transitioning to mechanism K2.

The load capacity contribution from precompression sliding”"”
is given as A, in Table 3, which can be determined either by the’”®
statics method used previously for rocking (Section 3.2.1) or”®
from a virtual work approach as shown elsewhere [26]. If this™
resistance can be maintained under increasing wall displace-"'
ment then this component of response can be incorporated into’*
the overall capacity curve using an elastoplastic rule (As shown’
in Figure 6b but using A, as the load capacity). 72

716

3.5. Complete Model 7

Using equation (9) the complete hysteresis model is obtained’

by superimposing the load contributions of the elastic rocking®
component (Figure 6a), frictional component from horizontal™®
bending (Figure 6b), and if present, frictional sliding between’
the wall and precompression load. The resulting hysteresis’
shape and capacity envelope of the combined model are shown”
by Figure 9. For illustrative purposes, points (4)-(12) on Figure”
9 demonstrate a hysteresis loop formed during a full cycle at™
amplitude £6;p. ~

0
1

2

735

736
4. Comparison with Experimental Data 737

To verify the accuracy of the proposed model, the predicted:::
F-A response was compared to behaviour of two-way walls740
tested experimentally. Two separate data sets were considered:741
quasistatic cyclic tests on eight full-scale, clay brick, mortared742
walls [5], and monotonic tests on three half-scale, clay brick,743
dry-stack (unmortared) walls [30]. In both sets of tests, loading744
was applied using airbags, and all walls underwent the re:levant745
type K mechanism (Figure 2).

For each wall and its associated mechanism, capacities A,,,
O, and Ay, were calculated using the formulae in Tables 1 and748
3. In walls that had precompression, frictional slip at the top
edge was not observed in the tests; thus, type K1 mechanisms750
with the A; component were not considered. The predicted ca-_
pacities are unfactored, in that they do not incorporate for any of752
the additional capacity reduction effects discussed in Sections
3.2 and 3.3. 753

Summaries of the analyses are presented in Tables 4 and 5.7s4
Graphical comparison between predicted and experimental be-7ss
haviour is provided in Figures 10 and 11. Throughout theserss
figures, the predicted rigid body rocking component (4,) is in-77
dicated by a coloured (red or blue) solid line. Response in-ss
clusive of the additional inelastic contribution from horizontal
bending (A, + 4;,) is shown by dashed lines for the forward and’
reverse loading directions. The enclosed shaded area represents’™
the area of a hysteresis loop under reversed cyclic loading. Ini-"'
tial loading branches based on Doherty’s empirical §, limits are’
also shown for the three different damages states (Table 2). ™

Key aspects of the undertaken analyses are as follows:

746

764
765
e For each solid wall (i.e. without openings), the length andves

height spans of the mechanisms (L, and H,) were taken asze

12

the full dimension of the wall. This was consistent with
the experimentally observed crack patterns.

o Since the equations in Tables 1 and 3 assume the wall to
be solid, two alternate approaches were used to estimate
the capacities of walls with openings: The first approach
ignored the openings and treated the wall as entirely solid.
The second approach treated the wall as if it had a free ver-
tical edge at boundary between the panel and the opening.
In the latter treatment, only the longer side of the wall was
analysed since this results in the governing (lower) capac-

ity.

4.1. Mortar-Bonded Walls (Cyclic Tests)

This data set comprised eight full-scale, mortared brick ma-
sonry walls as reported in [5]. Of the eight walls (S1-S8), walls
S1, S3, S4, and S7 were subjected to vertical precompression
(¢ between 1.06-2.11) applied using a loading pin at the mid-
thickness of the wall (therefore ¢ = 0.5). Walls S1-S2 were
solid and S3-S8 each had a single window opening. The walls
were supported along all four edges, with the exception of wall
S6 which was free at the top edge. The vertical edges of each
wall were restrained against rotation by means of a clamping
arrangement along the vertical edge of short return walls; there-
fore, the calculations assume full rotational fixity (R,; = 1).

A notable aspect of the experimental F-A behaviour was
the positive tangent stiffness (slope) of loading coupled with
strength and stiffness degradation with increasing cyclic dis-
placement (Figure 10). This is thought to have been caused by
internal confinement (arching) effects; specifically, a combina-
tion of horizontal confinement from in-plane restraint provided
by vertical edge supports, and vertical confinement of the bot-
tom and top mechanism subpanels by the left and right subpan-
els close to the supported vertical edges. Because of this effect,
the experimental F-A response did not exhibit a distinct value of
residual post-cracked strength. It therefore becomes more con-
venient to compare the observed and predicted response graph-
ically, as shown in Figure 10. Details of the analyses are sum-
marised in Table 4.

The following observations can be made from these compar-
isons:

1. The proposed model provides a conservative lower-bound
representation of each wall’s F-A response envelope over
the full range of displacement to which the walls were sub-
jected. This conservatism is thought to be due to the ac-
tivation of internal arching within the walls as discussed
above.

2. The model appears to underpredict the inelastic (frictional)
capacity of the walls, as can be seen by comparing the ex-
perimental hysteresis loops to the predicted forward and
reverse path branches (shaded areas enclosed by dashed
lines in Figure 10). This is also likely due to the internal
arching effects in the tested walls causing additional com-
pressive stress and therefore enhancement of frictional re-
sistance. Additionally, real wall behaviour is also likely
to include some component of torsional friction acting on
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Figure 9: Complete load-displacement model obtained by superposition of the rocking and frictional components.

bed joints along diagonal crack lines, particularly at smallzss
rotations before the cracks fully open. This source of re-

sistance is not considered in the model. 789

790

791

. In walls with openings, the difference in predictions using,,

the two alternative approaches (solid wall analysis versus,,
longer side analysis) is relatively minor in walls S3, S4, S5,
and S6, but more pronounced in walls S7 and S8. The sen-
sitivity of the predicted load capacities relates to the value,,,
of the effective length (L,) used as input in the respective,,
treatments (refer to Table 4). 708

It is suggested that a more refined approach for analysing::
walls with openings would be to calculate A,, and Ay, us-
ing a virtual work treatment which considers the presence
of the openings (e.g. as described in [8]); whilst still us-
ing the relationships in Table 1 to estimate the instability804

displacement 6. 805

806

. By visual comparison, the initial loading branches ob-so

tained using the empirical d limits (Table 2) appear to pro-sos
vide an acceptable representation of the measured curvessos
at continually increasing levels of stiffness degradation. st
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4.2. Dry-Stack Masonry Walls (Monotonic Tests)

This set of data comprised three half-scale, dry-stack brick
walls as reported in [30]. The clay units used to build the
walls were obtained by cutting solid paving units, and this pro-
cess introduced some irregularities in the shape of the resulting
units; thus, the walls could be considered representative of very
poor quality masonry construction. Each wall (F1-F3) was sup-
ported at four edges and had short return walls. Unlike in the
cyclic tests discussed in Section 4.1, these return walls were not
clamped and therefore the vertical edges were only partially re-
strained against rotation. For comparison purposes however,
full rotational fixity is assumed at the vertical edges (R, = 1).
Each wall was tested at three varying levels of precompression
(¥ ranging between 1.75-4.75) applied using a loading pin at
mid-thickness (€ = 0.5). The walls were loaded monotonically,
and intermittently unloaded to study their hysteretic behaviour.
None of these walls were tested to failure; however, the largest
imposed displacement ¢ in each test ranged between 0.5 and 1.

A summary of the analyses is presented in Table 5, and the
predictions are compared to experiment graphically in Figure
11. It can be seen that the experimental response of the walls
under unloading is inelastic, indicating that frictional resistance
was activated. These curves exhibit a clear peak load followed
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by a softening branch, which is consistent with the general formess
of the proposed F-A model. It is evident that any internal arch-sss
ing in these walls was minimal, contrary to the response of thess,
mortared walls (refer Section 4.1). 868
Interestingly, the idealised rigid block load capacity 4,, over-ss
estimates the measured strength in each of these walls, whichsz
is thought to be due to the poor quality of the brick units, asen
stated previously. As seen from Figure 1, the ratio of the peaks
load capacity in Doherty’s trilinear model to the idealised rigidsz
block capacity (4,,) is equivalent to 1 — §,. According to thes
empirically-derived limits (Table 2), a load capacity ratio ofszs
0.5 would be expected for severely degraded masonry, whichszs
is comparable to the trends evident in these walls. For compar-s7
ison purposes, the upper bound dashed lines (4, + ;) in Figure
11 show the expected response by including full participation of
the horizontal bending capacity component; however as stated””
earlier, it is likely that these vertical edges behaved more as
pinned rather than fixed. Thus the overall behaviour is expected879
to lie closer to pure rocking response (A,). ::
Although the test walls were not pushed to collapse, the
graphical comparisons in Figure 11 suggest that if the soften-
ing branches of the experimental F-A curves were extrapolated,ss.
then in most cases, the predicted displacement capacity (d,,)
would provide a conservative estimate of the walls’ displace-::j
ment capacities. 055

886
887

5. Concluding Remarks 888
889

This paper has described a nonlinear inelastic load—::
displacement model for representing the behaviour of two-wayasz
spanning walls subjected to out-of-plane loading. The model®*
ignores any initial bond strength and assumes that response con-ZZ:
sists of several independently acting resistance sources Whoseg
load contributions can be superimposed at any value of thess
wall’s displacement. These include the rocking component,®*®
modelled as bilinear-softening; and frictional components duezzz
to horizontal bending and precompression load sliding, bothg,
modelled as elastoplastic. 902
A generalised method for predicting the load and displace-ZZi
ment capacities of the rocking component of response has been,,,
described. The approach treats the wall as a series of verti-sos
cally spanning strips held together by kinematic compatibil-%7
ity dictated by the shape of the collapse mechanism. Thezzz
method has been applied to the type K family of mechanisms,,,
(refer to Figure 2) which is commonly associated with mortar-ei
bonded walls; it is possible, however, to apply the same tech-°'?
nique to other types of mechanisms. Expressions for the loadzs
capacities of the frictional components were obtained usinggs
the virtual work approach. By contrast, a fully rational andsie
mechanics-based approach for calculating the initial loading®”
branches based on a wall’s post-cracked stiffness is still lack—zZ
ing and warrants future research. 920
Comparison of the proposed model with experimental F-Ae
behaviour has been shown to be favourable—the model pro-zzz
vides a reasonable albeit conservative representation of the ca-,,
pacity of mortared URM walls, and its general characteristicsss

16

are also consistent with tests on dry-stack masonry walls. Fur-
thermore, the components included in the model are consistent
with the limit analysis principles applied to vertically spanning
walls in other works (e.g. [2]) whilst allowing for benefits of
two-way response.

Potential applications of the developed model include incor-
poration into a nonlinear time-history analysis for the step-
wise computation of response under dynamic loading; or
implementation as part of a displacement-based seismic de-
sign/assessment framework, for example using the capacity
spectrum method in combination with the substitute structure
concept. A conceptual demonstration of the latter is provided
in [26].
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Figure 10: Comparison of theoretical and experimental behaviour for mortared test walls S1-S8 from reference [5].
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