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Abstract

We propose a variant in the definition of a second order shape derivative. The
result is a quadratic form in terms of one perturbation vector field that yields a second
order quadratic model of the perturbed functional. We discuss the structure of this
derivative, derive domain expressions and Hadamard forms in a general geometric
framework, and give a detailed geometric interpretation of the arising terms.
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1 Introduction

In this work we consider shape sensitivity analysis of functionals of the form

/Sf(x) dx

with respect to perturbations of the smooth k-dimensional sub-manifold S ¢ R? by one-
parameter families ¢(t,-) : R? — R? of (orientation preserving) diffeomorphisms.

Since we are concerned here with issues of calculus, rather than questions of differentia-
bility, we assume that all quantities have sufficient smoothness. In particular, ¢, S, and its
boundary 0S5 are assumed to be smooth enough to guarantee that all used quantities are
well defined.

This question is classical in a couple of areas in mathematics. It is, for example, the the-
oretical basis of shape optimization, but also plays a role - with slightly different perspective
— in differential geometry, in particular in the study of geodesics and minimal surfaces (cf.
e.g. [7, Chapter XI] or [13, Chapter 9]).

In shape optimization we find several different approaches to shape sensitivity analysis.
They differ in the way, ¢(¢, -) is constructed from a given vector field v. The oldest approach
seems to be the so called perturbation of identity method [8, 12, 4], where one defines
o(t,x) = x + tv(x). More recently the velocity method was proposed (cf. e.g. [2] and for
a similar approach [16]) in which ¢ is given as a flow of v. Even more recently, in [10] it
was proposed to construct ¢ from v by geometrical considerations in an infinite dimensional
manifold of shapes, establishing also a framework for Newton methods in shape spaces.

While the first shape derivatives coincide in all approaches, the second shape derivatives
differ among the approaches. The reason is that for given vector fields v the corresponding
transformations ¢(t,-) differ up to second order. Moreover, in order to obtain a bilinear
form, definitions of shape hessians employ two vector fields v; and two temporal parameters
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t;, the combination of which defines ¢. For example in the perturbation of identity method
the definition ¢(t1,t2,x) = x + tyv1 + tavy has been considered, for example, in [11, 9, 4].

For the velocity method ¢(t1,t2,2) has been defined as the composition of two map-
pings [2, Sect. 9.6]. Consequently ¢ depends on v; and v, in a non-commutative way, which
leads to a non-symmetric shape hessian. A connection to the second Lie derivative has been
drawn in [6], applications in image segmentation can be found in [5]. Relations between
these variants and application of Newton’s method have been discussed in [15].

In the approach, proposed in this paper we start with a single family of transformations
¢(t, ), use only a single vector field v = ¢;(0,-) and look for a quadratic approximation of
the perturbed integral. We end up with a quadratic form ¢(v) in terms of a single vector
field, which contrasts with the approaches mentioned above which all yield bilinear forms
in two vector fields. In addition, we observe that a linear term arises that depends on an
acceleration field vy = ¢4 (0, -) which depends on the chosen approach. This term vanishes
at critical points. A symmetric bilinear form can be derived by differentiating ¢ with respect
to v. Our approach yields a unifying perspective on the shape hessian and a convenient
basis for a couple of applications, such as stability analysis (cf. e.g. [1]) and SQP-methods.

Concerning the geometric setting we choose a rather general setting, using the k-
dimensional measure tensor on S C R? in a general way. This includes the well known
cases S = ), where Q is an open domain in R? and S = 99 but also a couple of others,
such as hypersurfaces with boundaries and lines. Also any other combinations of k£ and d
are covered. Of course, S and its boundary 95 have to be sufficiently smooth to obtain
a well defined tangent space at each point, and also (for the discussion of the Hadamard
form) to define the second fundamental form and notions of curvature, derived from it.

Much care is taken to the derivation and geometrical interpretation of the Hadamard
form of the second derivative. Here it is helpful to deal only with a quadratic form for a
single perturbation instead of a bilinear form for two perturbations. Finally, we sketch, how
our results can be applied and extended to settings with partial differential equations.

1.1 A general embedding
Consider a one-parameter family of orientation preserving diffeomorphisms
¢: I xR — R?
(t,z) = o(t, x),

where I C R is an open interval, containing 0 and ¢(0,-) = Id. We define for ¢t € I the
vector fields

v(t), v, (t) : RT — R?

via v(t, x) := ¢4(t, x), ve(t, ) = ¢t (t, x). For brevity, we will write v = v(0) and v; = v¢(0).
Thus, local Taylor expansion around ¢ = 0 yields:

1
(t,x) = x + vt + §vtt2 + o(t?).
For kinematic interpretation of this approach, we may think about ¢ as (pseudo-)time, so

that v can be interpreted as a velocity field and v; as an acceleration.
Consider also two smooth functions f : I x R = R and F : I x R* — R, such that

F(t,p(t,x)) = f(t,z) V(t,z) €I xR?
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and thus consequently
F(0,z) = f(0,z) Yz eR™L

We observe that F(¢,-) is defined on the codomain of ¢, while f(t,-) is defined on the
domain of ¢.

By the relation of F'(t,¢(t,x)) = f(t,z) and by the chain rule we easily derive relations
between the derivatives of F' and f at t = 0:

Fa::fwa Ft+Fw¢t:ft Le. Ft:ft_facv- (1)

The expression Fy is commonly called shape derivative of f (with respect to ¢), while f; is
called the material derivative of f. This naming suggests a tacit identification of the two
different functions f and F. In fact, often they are identified, and one writes F, = f’ for
the shape derivative and f, = f for the material derivative of f. In our paper, we will,
however, distinguish both functions, by using capital and lower case letters.

Denoting X := ¢(t,x) we are interested in the time dependent integral:

Hﬂ:iéﬁﬁﬁﬁwﬂdX, 2)

and in particular in its first and second derivatives with respect to ¢. Since

mzéﬂm@m

we will denote these derivatives as first and second order shape derivatives or shape sensi-
tivities of fs x) dz with respect to the embedding ¢(t,z) and f(¢,x). In classical shape-
optimization one chooses F'(t, X) constant in time. In view of (2) this corresponds to
the geometrical intuition that the integrand is chosen fixed in the back-ground, while the
domain of integration evolves.

The basis of our considerations is the following integral transformation rule:

I<t)_/¢>(t$) F(t,X)dX = / o(t,x))J(t, ) dm—/ftsc (t,x) dx (3)

where we observe the occurrence of the well known measure tensor:

\/det 2)T ¢, (8, 2)T by (t, ) B(x))

with B(x) € R¥* being a matrix that consists of k orthonormal tangent vectors to S.

Our task is now to compute the first and second derivative I;(0) and I;;(0) of I(t) with
respect to time. This can be done via the right-most expression in (3), because it is defined
on a fixed domain.

Theorem 1.1. The first and second order shape sensitivities satisfy:
0) = [ s+ fids (4)
s

I14(0) = /Sftt +2fe e + [ da. (5)

Proof. Straightforward application of the product rule to

t):/sf(t,x)J(t,x)dx

taking into account that J(0,z) = Id. O
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The most difficult part of this paper will be the analysis of J;;. We note that the case
k = d, where J = det ¢, is well understood. For the case k = d — 1 one also finds results
in the literature, where, however, a different representation of J, via a unit normal field is
employed. Our approach treats these cases in a unified way.

In addition to the computation of the terms involved it is common to rearrange and
analyse them further, in order to get some geometric understanding of the situation. For
example, we expect that I(t) = const, if F' is constant in time and ¢ leaves S invariant.
As a consequence, only certain parts of the vector field v contribute to I;(0) and I (0).
Such formulas are known as Hadamard forms of I; and I;. It is known that the derivation
of the Hadamard form requires higher regularity of the employed data, but yields useful
geometrical understanding.

1.2 General structure

Before we carry out our program in detail, we discuss the general structure that we expect,
in particular, concerning second derivatives.

In Section 2.3 we will see that J; depends linearly on v and J;; is quadratic in v and
linear in v¢. Similarly, in the case F'(t) = const, f; depends linearly on v and f;; contains
quadratic terms in v and linear terms in ;.

This yields that I;(0) is a linear form in v = ¢(0):

while I;;(0) is the sum of a quadratic form ¢(v), and a linear form [(v):
I14(0) = l(ve) + q(v).

Very often v, is given as a function of v so that I(v:(v)) is quadratic in v, so that we can
define the following quadratic form in v:

q(v) := U(v(v)) + q(v)

Remark 1.2. Terms of the form [(v;) always occur when the composition of a function
g : X — R with a family of non-linear mappings ¢ : I x X — X is differentiated at ¢t = 0:

d
79° Oli=0 = guPt = g2V

d2
229 ° Gli=0 = Gza(Dt: Ot) + 9obrt = gz (v, V) + govy

In that case, we would have ¢(v) = gz (v, v), I(v:) = g,v:. We also observe that the second
term vanishes if g, = 0, i.e., at critical points of g o ¢.

For a given family ¢(t, ) of transformations we can now predict the value of I(¢) by

I(t) = 1(0) + L,(0)¢ + %Iﬁ(ow‘ +o(t2)

=1(0) +I(v)t + %(q(v) +1(ve))t + o(t?).

up to second order, as long as v and v; are available.
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If I;(0) = 0, i.e., at a critical point of the above shape-functional, we can derive second
order optimality conditions, depending only on v (because then I, =1 = 0):

I(t) = 1(0) = 3 (av) + L0 +0(t*) = a0} +o(t?).

Once, the quadratic form ¢ has been computed, it is easy to construct a corresponding
bilinear form b(-, -), such that
b(v,v) = 4(v) Y.

Since ¢ is quadratic, its second derivative ¢’ is independent of the point of differentiation
and symmetric as a bilinear form by the Schwarz theorem. We thus set

o, w) = 2" (0)(v, w) = 2" (0)(w, ) = b(w,v).

This may be useful in the context of SQP-methods for shape optimization. However, we
will not elaborate on this topic.

Special cases

Concerning the construction of ¢(¢,x) there are two approaches which are commonly used
and an additional, more recent approach. All of them construct ¢(t, z) from a given velocity
field vg(x):

i) The perturbation of identity method [12, 4] chooses ¢(t,x) := x + tvg(x). This means
that ¢(t, z) satisfies the initial value problem:

+(t, ) = vo(x)
¢(0,2) = x.

Hence, ¢(t,z) may be interpreted as the flow of a moving vector field. Each point
¢(t, x) evolves with constant velocity vg(x).

We see that v(t,x) = ¢¢(t,x) = vo(x) and

ve = ¢1(0,-) =0,
q(v) = q(v),

b, w) = 50" (0)(v,w).

(6)

ii) The velocity method [2] defines ¢(t, ) via the following modified initial value problem:

Pu(t, ) = vo(é(t, 7))
#(0,2) = x.
In this construction we may view w as a time-independent velocity field in the back-
ground and ¢(¢, z) as the trajectory of a particle that moves in this field.
It follows v(0,z) = vo(x) and

(7)

vy = vo(@(t, ))tlt=0 = V0,20t = V0,200 = Va,
q(v) = q(v) + l(vzv),

b(v,w) = %q”(O)(v, w) + %l(uww + wgv).
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The non-symmetric shape hessian discussed in [2] is given by

~ 1
b(v,w) := iq”(O)(v,w) + 1(vaw).
iii) Alternatively, an approach via Riemannian shape manifolds can be chosen [10]. We
only sketch this approach. A second order initial value problem of the following form
is used to define ¢(t, ):

vy(t, ) = By, 5)($ v(t,x),v(t, r))

or(t,2) = v(t,2)

0(0,) = vo(a) ®)
¢( v‘r) = .

Here B is the spray (cf. e.g. [7, IV.§3]) associated with the given Riemannian metric
of the infinite dimensional shape manifold. By g) is for each ¢ a bilinear mapping
in v, which is assumed to have appropriate transformation properties with changes
of charts. We remark that this spray is the infinite dimensional analogue to the well
known Christoffel symbols and depends on the metric of the shape manifold. The
above initial value problem is used to define geodesics on an infinite dimensional
manifold of diffeomorphisms. We note

= ¢tt(07 ) = BS('Ua U)»
q(v) = q(v) +(Bs(v,v)),

b(v,w) = %q"(O)(U,w) + %Z(BS(U,w)).

2 Domain expressions of shape derivatives

In the following, we consider R? equipped with the standard scalar product

d
a-b:= Z a;b;
i=1

and a smooth submanifold of S € R%. We denote by TS the tangent space of S at = € S
and by N, S its orthogonal complement, the normal space of S at x.

2.1 Projection onto the tangent space

A central quantity in the differential geometry of submanifolds is the orthogonal projection
to the tangent space at a given point x € S. We associate to each s € S an orthonormal

basis {b1,...,bx} of T,,S, whose members form the columns of a matrix B = B(x). Then
we define the orthogonal projection onto 7,5 as follows:
P(z) : RY — R?

w — P(z)w = B(z)BT (z)w

We see that P(z) is independent of the choice of orthonormal basis B of T,S: if B is
replaced by BQ and Q € R**¥ is an orthogonal matrix, then BQ(BQ)T = BBT. Recall
that P(z)P(x) = P(x), ran P(x) = TS is the tangent space, and ker P(z) = N,S is the
normal space. By I — P(x) we obtain the projection onto N,S. Most of the time we will
drop the argument x and just write P instead of P(x).
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Splittings. Let v : S — R? be a vector field on S. By Pv we denote the vector-field,
defined by (Pv)(z) = P(x)v(z) for all € S. In this way we can be split v orthogonally
into a tangential field s and a normal field n:

v=Pv+ (I —Plv=s+n.

Similarly, we can split the derivative f, of a function f: R? — R as follows into a normal
and a tangential part:

fz :frp‘i’fm(I*P) :fs+fn7
so that fsv = f,Pv = fys and f,v = f.(I — P)v = fyn.
Further, just as the gradient Vf(z) € R is defined as the unique vector, such that
Vf(z) w = fi(z)w for all w € R, we define the tangential gradient V,f(z) € T,S via

Vsf(x) w= fs(x)w.

Tangential trace. Consider the classical trace of a matrix A € R¥*:
d
trA:= Z e; - Ae; (e; = it unit vector in Rd).

i=1

The tangential trace of A can be defined as:
k
trg A:=tr AP = tr BTAB = Zbi - Ab;.
i=1

Obviously trg only depends on P and not on the particular choice of B and trg A = trg A7
With its help we define corresponding (in general only positive semi-definite) matriz scalar
products for linear mappings:

k
<A1,A2>Sﬂs = tI‘S(A,{PAQ) = ZPAle . PAQbi,
i=1
k
(A1, Ag)oy = trg(A] (I — P)Ag) = > (I — P)Asb; - (I — P)Azb;.
i=1

From the expressions on the right we immediately see symmetry and positive semi-definite-
ness. For (-, -)5,s we observe additional symmetries:

<A’{,A2>SHS = tr(AlPAgP) = tI‘(AgPAlp) == <Ag7A1>SHS == <A1,Ag>sﬂs. (9)

Tangential divergence. Application of the tangential trace to the derivative v, of a
vector field v yields the tangential divergence:

divg v := trg v,.

By a straightforward computation we obtain the following well known product rule with a
scalar function f:
divg(fv) = fsv + fdivsv. (10)
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2.2 Derivatives of the measure tensor

In view of Theorem 1.1 we need expressions for the derivatives J; and Jy; of the measure
tensor

) = \/det(B(x)T s (t, 2)T s (1, 7) B(x)).
Lemma 2.1. The first and second order sensitivities of the measure tensor are given by:

Jy = J¢(0,) = divg v (11)
Ju = Ju(0,-) = (divs v)2 - (vg,vgﬁ)%g + (Vg V2) sn + divg vg. (12)

Proof. We abbreviate C(t,x) := ¢,(t,7)T ¢, (t, 2) (known as the right Cauchy-Green tensor
in elasticity) and A(t,z) = BT (2)C(t,x)B(x) so that J(t,x) = \/det A(t, ).

(det A); = tr((det A)A™'A;) = det Atr(A™1A))
tI‘(AilAt)t = tI‘(—AilAtAilAt + AilAtt),

so at t = 0, where A = I}, and ¢, = I; we have, inserting
Ay = BC,B = B (¢X ¢t + ¢2,¢2)B = B (v, + v )B
and
Ay = B"CyB = BT (¢L ot + drisba + 2025102¢) B = BT (e + vl + 202 v,) B

we get
1
Jp = ((det A)'/?), = 5 (det A)7H2 det Atr(AT'Ay)

1 -r1 1
= E(det A2 tr(AT1Ay) = B tr(4;) = 3 tr(BT (v, +v1)B) = divg v,

1 1
Ji = ((det A)M/?),, = 5((det AV (AT A + §(det A2t (AT Ay,

id t, Atr(AilAt)z + %(det A)1/2 tI‘(—AilAtAilAt —+ AilAtt)

=11 1 1
A=T i tr(4,)% — = 5 tr(Audr) + 5 tr(Aw)

1 1
= (divg 11) - = tr BTC,BBTC,B + - trg(vzf + v £+ 2v V)
= (divg v)? — 5(6}, ChYss +divs vy + trgvlv,.

We continue

(Co, CT Y5 = (va + 07 vy 40 ) s @ (0 4+ 0T, 0, 4 02) s = 2tr5 (v, + 07 ) Po,.

Hence,
1 T T
—§<Ct, CIh o s +trsvlv, = —trg(ve + v1)Po, + trs vlv,
= —trg vy Pv, + trg v, (I P, <vf,vm>sﬂs + (Vg Uz ) son-

Summing up, this yields the claimed representation of Jy. O
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As a short hand notation we introduce the bilinear form:
Qv,w) = divgvdivg w — @f, Wa)sss + (Vg Wa) sons (13)
which is symmetric by (9) and by symmetry of (-,)s v and write:

Ju = Qv,v) + divg v;.

2.3 First and second shape derivative

Inserting the results from Lemma 2.1 into the formulas of Theorem 1.1 yields:
I,(0) = / fi + fdivgvdx
s
1:(0) = / fre +2frdive v + f(Q(v, v) +divg vt) dx.
s

Next we formulate the second derivative in terms of F' and its temporal derivatives. Since
ft = Fy + f,v we obtain

I;(0) = / Fy, + fyv+ fdivgvdax.
s

If we define
I(f,v):= / fov+ fdivgvdx (14)
s

we can write

It(O):/SFtd:E—i—l(f,v). (15)

Differentiating F; + F,v = f; once more with respect to ¢t we obtain at ¢t = 0:
Ftt + 2th’l} + sz’UQ + Fm’Ut = ftt~ (16)

where again F, = f, and F,, = f.,. This yields a volume formulation of the second
derivative:

1,4(0) = /S Fy + 2(Fypv + Fydivgv) + (fove + f divg vy) do
+ /S fon(0,0) + 2fp0 divs v + FQ(v, v) da.
If we define ¢(f,v) as the integral in the second line of this equation:
q(f,v) ::/s fra(0,0) +2fpvdivg v+ f((dive v)® = (0], va)sos + (Ve V) sow) dz (17)
and [ is given by (14) we obtain:
() = [ Fade +2(F0) +1(f.0) +af.0). (18)

The representation of (15) is sometimes called domain expression of the shape derivative.
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3 Concepts from differential geometry

Our next aim is to analyse (14) and (17) further by deriving the Hadamard form of these
expressions. This will yield a deeper geometrical understanding of I; and I;;. It will turn
out that only certain parts of v enter into the shape derivatives. Further the curvature of
S and its boundary 9S will play an important role.

To carry out our program we need some concepts from differential geometry of subman-
ifolds. For convenience of the reader (the notation varies in the literature) we will give a
rather self contained exposition, based on the projection P : R? — TS at a point = onto
the tangent space and its derivative T, P. Readers familiar with these concepts may want
to browse quickly over this section.

We assume that the mapping:

P:S — LR RY)
x— P(x)
is differentiable. The derivative of P at x is a linear mapping
T,P:T,S — L(RY RY).

Thus, for b € TS we obtain a linear mapping T, P(b) € L(R¢, R%). We write T, P(b)v € R¢
to denote the derivative of P at 2 € S in direction b € T, S, applied to v € R?. From the
product rule, we obtain for any vector field v : § — R% at x € S and b € T, S:

(Pv)yb =T, P(b)v + Puv.b. (19)

Lemma 3.1. Let b € T,.S be arbitrary. Let s be a tangential and n a normal vector field
on S. Then the following relations hold:

T.P(b)s = (I — P)s;b € N,S, (20)
T,P(b)n = —Pn,b e T,S. (21)
The following symmetries are valid:
S1,82 € TIS = TIP(Sl)SQ = T:EP(SQ)S:[ (22)
vi,v20 €RY = vy - (TuP(b)va) = vg - (T P(b)vy) (23)
i.e. T,P(b)= (T,P))"
S$1,80 €TSS = 81 -NyS9 = Sg - NypSy. (24)

Proof. Since Ps = s, (19) yields s,b = T,,P(b)s + Ps,b and thus (20). Similarly, we use
Pn =0 to deduce (21). For (22) we compute for two tangent vector fields:
T,P(s1)s2 — TpP(s2)s1 = (I — P)(s1,582 — $2.451) = (I — P)[s1,82] =0,

since the Lie-Bracket [s1, s3] of two tangent vector fields lies again in the tangent space
T, S. Next, (23) follows from differentiating the following identity w.r.t. x in direction b:

0=wv1 - P(x)vy — vg - P(x)v1,
which expresses the symmetry of the orthogonal projection P(z). Finally, we show (24):

81 - MgSy = 81 - Pngsy 2 —s1 T, P(sa)n sy —n - T, P(s2)s1

22) —n - Ty P(s1)s2 = —8g - T P(s1)n @ §2 Mg 51
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For any vector field © of constant norm, we have the identity:

025(@.@)xw:vxw.{; = d,w Lo YweRL (25)

In particular, if dim.S = k£ — 1 and 7 is a unit normal field, we obtain

Ngs Ln = ngseTl,S VseT,S = rann, C1,S.

3.1 Second fundamental form

By (22) we see that the second fundamental form:

h:T,SxT,S— N,S

(s1,82) — h(s1,82) := =T, P(s1)s2 (26)

is well defined as a symmetric bilinear vector valued mapping (cf. e.g. [7, XIV §1]). We
have chosen the sign of h(+,-), such that the corresponding curvature vector points outward,
if S is a sphere.

If {b;};=1. 1 is an orthonormal basis of T,.S, we define a curvature vector k on S:

:Zk: h(bs, b;) ZTP )b; € N,S. (27)
i=1
We will see that « - n locally approximates the change of k-volume of S, if S is moved in
normal direction n.
Proposition 3.2. For any normal vector field n we have the formula:
n-k =divgn. (28)
For any scalar function a: S — R it holds divg an = adivg n.

Proof. We compute:

divgn = trgn, = trg Pn, = — trST P()n

k
:be T, P(b Zn T, P(bi)bi = »_m-h(bi,b;) =n- k.
=1

With this we get adivgn = a(n - k) = (an) - k = divg an. O

Hypersurfaces and principal curvatures

If S is an orientable k = d — 1 dimensional manifold (a hypersurface), then N,S has
dimension 1. Thus we can define (up to sign) a unit normal field 7 on S with 7 -7 = 1.
Moreover, h(s1, s2) is collinear with 7. In this case, the second fundamental form can also
be defined as a scalar function:

h(s1,s2) := - h(s1,s2).

Since this is a symmetric bilinear form, we get an orthonormal basis of eigenvectors with
eigenvalues k1 ... Kk, the principal curvatures. These are the eigenvectors and eigenvalues
of the mapping — T, P(-) : T,,S — T,,S (which is known as the shape operator).
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Further, we can define the (scalar valued) additive curvature,

and the mean curvature H := &/k.

3.2 Gaussian curvature and Laplace-Beltrami operator

In this section we indicate the geometrical meaning of some expressions that arise in the
Hadamard form, derived below.
Concerning (12) we observe that for purely normal fields v = n and v; = 0:

Jtt = Q(n,n) = ((leS n)2 - <n£a nm>S—>S) + <nzanm>3—>N-
We will see that the sum of the first two terms
K(n,n) := (diven)? — (0L, ny)s.s (29)

and also the last term (n,,n,)s,x have a clear interpretation.

Gaussian curvature. The first part of Jy; can be seen as a generalization of the Gaussian
curvature. Taking into account that T, (b)n € TS for all b € T,,S we observe:

k
24 21
(T n)ss 2 (nayna) s 2 (TP, ToP(In)s.s = S TuP(b)n - To P(b)n
=1

we observe

K(n,n) = (k-n)? — (TuP(-)n, ToP(-)n) ss-

Thus, K (n,n) does not depend on the derivatives of the normal field n.
The following proposition gives K(n,n) a geometric interpretation:

Proposition 3.3. For the term K(n,n) we distinguish the following special cases:
i) for k € {0,1,d} we have K(n,n) =0.
it) for k = d — 1 let n = nn, where 1 is a unit normal field. Then with the principal
curvatures Ki . .. K and
K = Z RiKj

1<i<j<k

we have R
K(n,n) = n*K(n,n) = n* 2K.

In particular, K = k1ks is the Gaussian-curvature for k=2 and K=0 fork=1.

Proof. If k = 0, then T,,S = {0} and all terms vanish, if k¥ = 3, then n = 0 and all terms
vanish.
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For the remaining terms we recall that T, P(-)n : T,S — TS is symmetric, and thus
there is an orthonormal basis {b;};=1.. x of T,.S, consisting of eigenvectors of T, P(-)n with
eigenvalues Ay, ..., A;. Further, we compute

k
_n.ﬁzzn.ﬂp b—Zb ToP(bi)n =Y bi- Aibi = 3 A

k
(TyP(:Yyn, T, P(-) SﬁS—ZTP )n - Ty P( Z—)n:ZAibiv\ibi:Z)\f.

Thus we obtain:
k 5 Kk
- (Z)\) Y= Y 2w
i=1 i=1 1<i<j<k
For k = 1 this sum is empty, for k = d — 1 and n = ni we have T, P(-)n = nT, P(-)n and
thus \; = nk;, with the principal curvatures ;. Hence in this case
K(n,n) = (n-r)? = (T,P(-)n, ToP(-)n) s s = Z 2\ = 2n° Z kik; = 2° K.
1<i<j<k 1<i<j<k
O
The scalar quantity & that is defined for hypersurfaces thus adds up products of pairs
of principal curvatures. In other words, K is the sum of second order minors of h( -). For

k = 2 there is only one such minor, namely det h( ) = K. Later K helps to approximate
to second order how much S is stretched, if moved in direction 7.

Laplace-Beltrami Operator. Next, we relate the term (n,,n,)s,v to the Laplace-
Beltrami operator on S in weak form.

Proposition 3.4. For the term (ng,ng)s,~n we distinguish the following special cases:
i) for k € {0,d} it holds (ngy,ng)s.n =0.
it) for k =1 we have (ngy,nz)s,xv = (I — P)ns - (I — P)ns.
i) for k=d—1 let n =nn, where i is a unit normal field. Then:
Mgy Naz) sy = Vsn - Vsn (Laplace-Beltrami Operator) .
Proof. If k =0or k = 3, (ng, n.)s,~ is an empty expression. The case k = 1 follows simply
from the definition of (-,-)s v and the relation ny, = n, by, where by is the only basis vector
of T,S.
Consider the case k =d — 1. Let b € T,,S. Then we compute:
A ngb = (NA)gb = A - bR + N1 - Aigd = b
With this we get for an orthonormal basis {b; }i=1._ :

(I = P)ngb; - (I — P)ngb; = Y (- ngb;)it - (i ngb; )i
k=1

M=

<n:l)7 n:L’>S~>N =

b
Il
—

I
NE

(N Z) = Vin - Vgn.

bl
I
—
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3.3 The boundary 0S of §

Since we need the Gauss-theorem we will also consider the boundary 95 of S. We will
assume that 0S5 is either empty or a k — 1 dimensional submanifold of R?. In the latter case
there exists a unique field of outer unit-normals 7, where (z) € N,05 NT,S. This yields
orthogonal splittings:

T,S = span {0} ® T,0S, N,0S =span {0} ® NS, R?= N,S @ span {0} ® T,0S.

Of course, also S has, as any smooth k — 1-dimensional submanifold of R?, a projection
Pyg : R? — R? with range 7,05 and kernel N,0s, a tangential trace trag A = tr APjg, a
divergence divgs v = trgg vs, a second fundamental form:
has : Tan X Tan — Nmas
hos(o1,02) = =T Pys(01)o2,

and a curvature vector (here {f;};=1.. x—1 is an orthonormal basis of T,,05):

k—1

Kos = Y has(Bi, Bi) € N,OS.

i=1
Since 0S has a unique outer normal field 7 € N,9S N T,S it is reasonable to define an
additive curvature of 95 relative to S as above by:
kos := V- kas € R.

Lemma 3.5. For anyn € NS and x € S we have the relations:

k-n=(kas +h(D, D)) n (30)
divgv =divgg v + U - v D. (31)

Proof. If n € NS is a normal vector and 01,09 € 1,05, then

mn- h(CTl,UQ) = —N- (I — P)O'LzUQ = 7([ — P)Tl . 0'1,10'2 = 7([ — Pas)n . 0'1@0'2

32
= —n-(I = Pys)o1,,02 =n-has(o1,02). (32)

The third step is possible, because n € NyS C N;9S and son = (I — P)n = (I — Pyg)n.
With the orthonormal basis {f31,...,fk-1,7} of T,,S = T,,0S @ span {{'} we compute:

k—1

= h(Bi, ) n+h(p,0)n
=1
k
Z oS Buﬁz n+h(ﬁ,ﬁ)n=masn+h(ﬁ,ﬁ)n

||°°

Similarly we obtain

k—1
divgv = E Bi - vpBi + U - v, =divggv + U - v, D.

i=1
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If 5 is a tangential vector field, divg s is the intrinsic divergence on the manifold S and
we have the Gauss integral theorem

/divssdas:/ v-sdg, (33)
S oS

where 7 is the outer unit-normal field of 05S.

Proposition 3.6. For any vector field v = s+n = Pv+ (I —P)v on S we have the formula:

/divsvdx:/n~nd:17+/ ﬁosdfz/n~vd:c+/ U-vd. (34)
5 s s s as

If f is a scalar function on S then we have

/fdivsvdx:/fn-v—fsvda?—i—/ fo-vde. (35)
s s as

Proof. (34) follows from (28) by linearity of divs and (33). For the second identity in (34)
we note that k € N,T,s0ov- -k =n-k and ¥ € T, P, so that v-7 = s- 0. Finally, (33)
follows from (34) and the product rule (10). O

The theorem of Gauss can be used to connect the weak and the classical form of the
Laplace-Beltrami operator of a scalar function n : S — R:

/ Vsp-Vende = / ws(Vsn) da = / divg(eVsn) — p(divg Ven) do
s s 5

:/w(—divsvsﬁ)dm—k/ ©Vsn-vdf Yo e C(S,R).
s as

3.4 A lemma on nested divergence

In the derivation of the Hadamard form we will observe the occurrence of nested divergence.
The following lemma yields a useful formula:

Lemma 3.7. For a vector field v and a tangential vector field s we have:
Q(v,s) =divgvdivg s — <UZ, Sz)s0s + (Vg Sz)son = divg((divg v)s — v,8).
Proof. By the product rule (10) we obtain:
divg(divg vs — vgs) = divg vdivg s + (divg v) s — divg vys.
Now we analyse (divg v),s — divg vys further:

(divg v)z8 = (tr Pvg)ys = tr(Tp P(8)vy + Pvgy(s,-)) = tr(ve T P(8)) + trs vz (s, ),
divg vy8 = trg(vys)y = trg Vga (S, ) + trg(vess).

We observe that v,, cancels out:

(divg v)zs — divg (v28) = tr(v, T P(8)) — trs(veSs)
=tr(v, T P(s)(I — P)) + trg (v, (T, P(s) — s4)).
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For the first term of the right hand side we compute:
tr(0, T P(s)(I = P)) ) tx(0, PT.P(s)(I = P)) = (T, P(s)(I — P)v, P)
= (T P(8)T, v0) s (TP (), Va) s = (T = P)sy U)o = (2, ) s
For the second term we obtain:
trg(ve (I — P)sy — 82)) = —trs(vePsz) = (vl 5,) 505

Adding everything up yields the desired result. O

4 Hadamard forms of shape derivatives

To derive Hadamard forms we split our perturbation field v on S into a tangential part s
and a normal part n, i.e.,
v=s+n=Pv+ (I — P)v.

We stress that this is only possible on the manifold S and not on all of R%. Consequently,
while expressions like s;s, n;s, or v,n are well defined, expressions like s,n would require
an extension of s beyond S, which is not available in a canonical way.

Further, let s tangential vector field s on S. Then on 95 we split s as follows:

s=0+v=_"Pygs+ (I — Pss)s
into a normal part v and tangential part ¢ with respect to the boundary 9S. Thus on 05
we can write v =0 + v +n.
4.1 First shape derivative

Application of the Gauss theorem (34) immediately yields the well known Hadamard form
of the first shape derivative. Recall the definition of the curvature vector  in (27) and the
outer unit vector ¥ of 9S.

Theorem 4.1. The first shape derivative is given by the following formulas:
I;(0) = [SFt dx +1I(f,v) (36)
where
l(f,v)z/s(fn—i—fn-)vdx—i—/asfﬁmdg. (37)

Proof. We compute straightforwardly, using the product rule for divg and the Gauss theo-
rem:

It(O):/ft—&—thdx:/Ft—&—fxv—l—fdivsvvdx
s s

(g)/Ft+fxv+diVva_fsvdx:/Ft—f—fn’U—FdiVSf’de
S S

(34)

:/Ft+fnv+fﬁ-vdx+/ fv-vds.
S as
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Taking into account that f,v = fin, k-v = k-n, and v-? = v - U we can write
alternatively:

It(O):/SFt—i—(fx—i—fm)nd:c—i—/asfﬂ-z/dg. (38)

4.2 Second shape derivative

We recall that the second shape derivative in volume form reads:

14(0) = /SFtt da + 20(F, ) + 1(f,v0) + ().

Since the Hadamard form of the linear term [ is already known, it remains to analyse the
quadratic part:

q(f,v) = / foz(v,v) + 2fpvdive v + fQ(v,v) dz.
s
Our strategy is the same as for the first shape derivative. First, we use the product rule to
write as many terms as possible as tangential divergence of some vector fields. Second we
apply the Gauss theorem on S to interpret them as boundary terms. Finally, an additional

application of the Gauss theorem on 05 yields further information.
Recall the definition of the symmetric bilinear form Q(-,-) in (13) and the discussion of

Q(n,n) = K(n,n) + (ng,nz)son, (39)

in Section 3.2. We have seen that K (n,n) generalizes the Gauss curvature, and (n,, n.) s~
is a generalization of the Laplace-Beltrami Operator.
Now we derive a form of ¢(f,v) that is amenable to the application of the Gauss theorem.

Lemma 4.2. The following formula holds:

fQw,v) +2fpvdivg v+ for(v,v) = fFQ(n,n) + 2fsn(kn) + frz(n,n)

. . (40)
+divg (f(divs(s +2n) — (s + 2n)s)s + fo(s +2n)s) — fu(s +2n),s.

Proof. By Lemma 3.7 we compute (taking into account the symmetry of Q):
divg(divs(s +2n)s — (s + 2n).s) = Q(s + 2n,s) = Qv+ n,v —n) = Q(v,v) — Q(n,n).
and thus
fQ(v,v) = fdivg (divs(s +2n)s — (s + 2n),s) + fQ(n,n).
To pull f into the divergence term we compute by the product rule:

fdivs(divs(s + 2n)s — (s + 2n),s) — divs (f(divs(s + 2n) — (s + 2n)y)s — foss)

(0 —fs(divg(s+2n)s — (s + 2n)z8) + fesdive s + (f28)ss

= fs(s+2n)ps + fru(s,8) + feszs — divg(2n) fzs
= (fs + .f.'zc)SrcS + 2]05»(7?/15) + .fac.’r(sa 5) - dle(f’I'S 277,)

and conclude

fQ(v,v) = divs(f(divs(s + 2n) — (s + 2n)s)s) + fQ(n,n)
—divg(fzs(s+2n)) + (fs + fo)Szs + 2fs(nzs) + fou(s,s).
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The terms in the first line of (41) can already be found in (40). Next, we compute:
2fpvdive v=2divg(frvv) —2(fv)sv=2divs(frvv) — 2frvs8 — 2frz(v, S). (42)

To show (40) we have to add (41), (42), and f;»(v,v), and then simplify the expression. In
particular, we observe:

—divg(fazs(s+2n)) + 2divg(fevv) = diveg(—fas(s + 2n) + 2fzsv + 2 f,nv)
= divg(fzss) + 2divs(fans) + 2divs(fann) = divs(fz(s + 2n)s) + 2fon(k - n),
(fs + fu)ses + 2fs(nas) — 2foves = (= fn + 2f2)505 — 2fzv28 + 2fs(nas)

= —fnSzS — 2fr(nz8) + 2fs(nys) = — frnses — 2fpnngs = — fu(s + 2n),s,
fa2(8,8) = 2f22(0,8) + faa(v,v) = fax(v,n) = foa(n, s) = faz(n,n).

Taking all this into account finally yields (40). O

We will now apply the Gauss theorem on S to the first line of (40) and then, in
Lemma 4.4, a second time to some terms on 95. This yields the main result of this paper:

Theorem 4.3. The second shape derivative is given by the formula

1,4(0) :/SFttdQH—Ql(Ft,v)+l(f,vt)+q(f,v) (43)
where
l(fw):/(fn—ﬁ—fﬁ;-)vdx—ﬁ— fo-vdE
s as
and
q(f,v) = [ fo-(hos(o,0) = 2(n+v)20) + (fo + fras:) (v + 2n)(v-D) dE

oS (44)
+/S(fn+f/f')(h(57 $)=2ng8)+ f (K (n,n)+(ng, na)sn ) +2fan(ng)+ foo(n,n) da.

Proof. We apply the Gauss theorem to the divergence term in the second line of (40) and
obtain:

/Sdivs (f(divs(s +2n) — (s 4+ 2n))s + fo(s + 2n)s) dz

(45)
- /s —f((s+2n)es) - kdx + Ipg

with the boundary term
Ips = /65 f(divs(s +2n)(s-0) — ((s 4 2n)4s) D) + fu(s + 2n)(s-D) dE.

Adding the second line of (40) to the first integral in the second line of (45) we can also
define a full term:

Ts = [ =t 10 (s 20)25) + FQUnun) + 2fen(m) + fro(mm)do (46)



4.2 Second shape derivative 19

and thus split (40) as follows:
q(fv”) = IBS + IS-

We will prove that Iss and Ig are equal to the first and the second line in (44), respectively.

We begin with Is. Taking into account (39) the last three terms of the integrand in (46)
can easily be identified in the second line of (44). Concerning the first term, we note that
for any vector field w

(fn + f’i)w = (fn + f“')(l - P)w
and thus may compute

(fn+ fr)szs = (fo+ fr)I — P)szs = (fo + fr)TuP(s)s = —(fn + fr)h(s, ),

and conclude
/ (Ut Fr) (5 + 20)p8) di = / (o + fr)(h(s, 5) — 2nas) da.
S S

Summing up yields the integral terms over S as stated in (44).

Let us turn to Iyg. First, we regroup terms as follows:
Ios = / f(divs(s +2n)(s9) — ((s + 2n)xs)~ﬁ) + fuls + 2n)(s-0) de
as

:/ f(divs(s) — sps-0) dé Jr/ 2f (k- n)(v-D) — (ngs)-0) + fols+ 2n)(v-0)dE.
oS

as

Now we apply the Gauss theorem is to the first integral of the second line, which is performed
in Lemma 4.4, below. In the second integral we split x-n = (kgs+h(?,7))-n by Lemma 3.5.
By these two operations and subsequent reordering of terms we get:

Ips = /a (frosv)(w0)+ [0+ (hos(o,0) — 2v0) — (foo)(v - D) dE

5
+ [ 21 (((nos + 1(0,2))0) 9) — (ra +0))9) + ol + v 4+ 2m)(09) d
as
= /a f- (has(o,0) = 2(n+v),0) + (fu + fros) (v + 2n)(v-D) dE
+ / 2f (M2, D) - n)(v-0) — (ngv)-0) dE.
as
We observe that the third line of this computation coincides with the first line of (44). To

show that the fourth line vanishes, we compute, taking into account that v € T,.S:

Ngv -0 = Pngyv -0 2 T, P(v)n-v ) T, Pw)o-n=h0) -n= (- 0)h(D,D) n.

Thus, also Ips is equal to the boundary integral that appears in (44), as claimed. O
Lemma 4.4.
/ f(divs(s)(v- D) — (sz8) - ) d
oS

(47)

= s f(kasv)(v - D) + fi-(hos(o,0) — 2v,0) — (fo0) (v - D) dE.
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Proof. Application of (31) and the Gauss-theorem (35) on 95, using 9(9S) = () yields:

flv-D)divg sd€ = f(v-0)(divas s+ (0 - s57)) d§ (48)
as as

flw-D)v-Kros +0-s.0)— (f(v-D))ssdE.
as
Here kgg € N,0S is the curvature vector of 05 and (f(v - 7)), is the tangential derivative
of f(v-7)in 9S. Now

(f(’/'ﬁ))asz(f(V'ﬁ))wa':f((VxU)'Z>+V'l>xo')+f3co'(l/'ﬁ)'

Since v and ¥ are collinear we have v - i,0 = 0 by (25) and also v = (v - )P, implying
(v-D)0 - 8,0 = Usyv. So we obtain

fdivss(v-D)dE = f((v- D)V Kog) + D+ (550 — v30)) — foo(v-D)dE.

as oS

Taking into account the term —s,s - ¥ in the left hand side of (47) we compute:
U (SpV — VpO — 828) = =V« (820 + Vo) = =0 - (0,0 4+ 2v,0) = U - (hgs(o,0) — 2v,0).

Inserting this into our previous computation yields the desired result. O

Extension to piecewise smooth boundaries

In applications one sometimes encounters domains S with non-smooth boundaries, such as
polygons. Let us discuss briefly changes of our formula in the case that 9.5 is only piecewise
smooth. It is well known that the Gauss theorem on a smooth manifold S can still be
applied, under relatively weak assumptions on the smoothness of 0S. By and large, 95 is
allowed to be non-smooth on a set of dS-measure zero. Under this assumption, our first
application of the Gauss-theorem in the proof of Theorem 4.3 is still feasible.

However, the second application of the Gauss theorem in the proof of Lemma 4.4 has to
be done with care. Assume that 95 is the finite union of smooth manifolds 0.5; with unit
outer normal fields ;. Assume further that each 95; has a boundary 99S; = 9(9S;) with
unit outer normal field fi;. Then the left hand side in (48) can be replaced by:

/asf(divs(s)( D) — (s08) - 7) dé = Z/ (divs(s)(v - 9) — (s08) - 7) dé

Separate application of the Gauss theorem to each of the summands yields the following
sum of boundary terms in addition to (48):

Z f(s-0;)(s-n;)dr.
89S,
This sum then has to be added to (44). If two parts 0S; and 0S; share part of their
boundary, then one can summarize the contribution of this part to ¢(f,v) as follows:

/ F((5- ) (s 80) + (5 55)(5 - ) de.
905:NDDS;

If the transition between 05; and 0S; is smooth, then this contribution vanishes, because
then 0; = ﬁj and 0; = —ﬁj.

Similarly, if S itself is non-smooth, but can be decomposed into finitely many smooth
parts S;, then the results of Theorem 4.1 and Theorem 4.3 still apply to each .S; and can

be summed up.
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5 Geometric Interpretation and Applications

This section is devoted to the geometrical interpretation of our formulas for I; and I;;. It
turns out that each term of the Hadamard form models a distinct effect that occurs during
deformation of S.

5.1 Sensitivity of k-volumes

Of special interest is the case F = f = 1 = const, which captures changes in the pure
k-dimensional volume of S. First of all we note that all terms with derivatives of f and F
drop out in (44) and we obtain the shorter formulas:

It(O):/Sf<a~ndnc—l—/asf/-l/dac7 (49)
I:(0) = /Sli < (h(s,8) + v —2ny;8) + K(n,n) + (Ng,Ny) sy dx
+ / V- (hos(o,0) + v — 2(n 4 v),0) + Kas - (v + 2n)(v-D) dE.
o8

The first shape derivative is rather straightforward to interpret. The first part of I;(0)
reveals that S expands or shrinks in the presence of curvature x # 0 by moving in normal
direction, because normals spread or converge due to curvature. This is also reflected by the
identity x-n = divg n. Second, S expands or shrinks by moving across 9.5 in direction of the
outer unit normal 7 of 3S. This change is approximated by the second part of I;(0). While
JS is moving, it sweeps over a certain k-dimensional submanifold of R?, a “boundary strip”.
The integrand 7 - v can be interpreted the rate of change of the local width of this boundary
strip, thus the corresponding integral approximates the rate of change of its k-volume.

Also the second shape derivative consists of a full part that covers stretching and shrink-
ing of S and a boundary part that describes how the k-volume of S changes if 0.5 moves.
We observe purely normal, purely tangential and mixed terms that we will discuss in detail
in the following.

By Proposition 3.3 we can interpret K(n,n) as a sum of increase of two-dimensional
area. Recall that K describes the Gauss curvature for d = 3 and k = 2. Together with its
counterpart k- n the term K (n,n) captures stretching of S due to curvature and movement
in normal direction n to second order.

The term (n,, n,)s.~ is present even for flat S and has been identified in Proposition 3.4
as the Laplace-Beltrami operator on S if K = d — 1. It captures stretching of S that occurs
due to changes in curvature. A spatially varying normal field may produce “wrinkles® in
S, increasing its k-volume.

The last term in the boundary integral ksgs - (v + 2n)(v-¥) describes change of k-volume
of S that is caused by a combination of moving 0S5 in direction © and at the same time
stretching 0.5. The quantities kgs - n and kg - v describe the change of k — 1-volume of 85
to first order when 95 is moved in direction n and v, respectively. This is then multiplied
by v - D, the rate of change of width of the boundary strip. The effect of n on the k-volume
of S is twice as large as the effect of v.

Modified acceleration. Finally, we consider the mixed term x - (h(s,s) + v — 2nys)
(and its counterpart on the boundary o - (hgs(o,0) + v —2(n+v);0)). As we will explain
in the following, this term describes a stretching of S that is induced by curvature and
simultaneous acceleration of the movement of S into normal direction.
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This statement is obviously true for v; = ¢4(0, -), the acceleration of each point.

In addition, the presence of the term h(s,s) indicates that straight movement along a
purely tangential field in total may result in an acceleration of .S into normal direction. The
resulting change of k-volume is reflected by the term & - h(s, s). Later we will see that in
the velocity method tangential fields satisfy h(s,s) + v; = 0.

Let, for example S C R? be a circle around 0 with radius ry and unit tangent field
§. Its second fundamental form is known as h(as$, 85) = af/ro. Consider the tangential
field s(x) = 75(x) of constant velocity 7 and the deformation ¢(t,x) = = + ts(z). Since
x - s(x) = 0 we may compute:

r(t,x) == /ot x) - d(t,x) = Vo -z +ts(x) - ts(x) = /r2 + 1272

Thus, 7(t,z) is independent of x and so ¢(¢,5) is again a circle that expands as time
progresses. Differentiation of this formula with respect to time yields 7(0) = 0 as expected,
but also a radial acceleration r4(0) = 72/rg = h(s,s). This is the acceleration in normal
direction, predicted by our formulas.

Next we illustrate the occurrence of the third term —2n,s, which describes tangential
transport of a non-constant normal velocity, by an example. Consider S = R x {0} in R?
so T,;S = R x {0} and 7 = e5. We introduce cartesian coodinates x = pe; + gea, where
e1,eg are the unit vectors. Set s = s(x) := Teq, i.e., tangential transport with constant
speed, and n(z) = npes, i.e., a normal velocity that depends linearly on the first coordinate.
Setting ¢(t,x) := x + t(s + n(x)) we notice that ¢(t,.5) is the graph of the linear function
q(t,p) = (p — 7t)nt. We observe acceleration of the graph in negative normal direction:
q1:(0,p) = —27mn = —2n,s, as predicted.

In the same way we can interpret the summands in the corresponding boundary term
v - (hos(o,0) +vi —2(n + v),0). This term describes the change of k-volume of S due to
acceleration effects into direction © at dS. Let us point out the perfect analogy of these
two terms:

ngs = (I —P),Pv and (n+v),o=((I— Pys)v)sPasv
and remark the interesting identity:

neo 0 % Pngo- 0% “T,P(o)n b= —T,P(c)0-n = h(,0) - n, (51)

which shows that no derivatives of v are needed to evaluate this term.
To reflect these considerations in our formulas, we introduce a modified acceleration field
Uy on S x S as follows:

o h(s,s)+ve—2nzs : x€S\0S

() = { hos(o,0) + vy —=2(n+v)eo : x €IS )

With that notation we can write the second shape derivative in the following way:

1,4(0) :l(l,f;t)+/SK(n,n)+<n,¢.,nx>sHN dx—i—/asmas-(u—i—Zn)(uz?)dg.

5.2 Sensitivity of general integrals

Also for general integrands, we will give an interpretation of the arising terms. We start
with the first shape derivative and split it into three parts:

It(O):/SFtdx—i—/anvdx—l—[/Sfﬁmdm—i— 8Sfﬁ.vdg].



5.3 Special cases 23

The first integral captures the temporal change of F' on S. The second integral models
how I(t) changes for spatially non-constant f due to a slight shift of S in space. The two
integrals in square brackets are known from Section 5.1. They approximate the change of
I(t) that is caused by a change of k-volume of S, scaled by f.

In full detail, the second shape derivative looks as follows:

I:(0) = / Fy dx —|—/ 2(Fip + Fir)vde —|—/ 2F 0 - vdE
s s a8

+/S(fn+fli-)(h(87 5) + vy —2n,8)+ f (K (n,n)+ (g, na) s ) +2fzn(ner) + foz (n,n) do

+ fo-(has(o,0) + vy —2(n + v)40) + (fo + fros ) (v + 2n)(v-p) dE.
oS

In the first line we recognize the second order model Fy; for F' and the mixed term 2{(F},v),
where [ is given by (37). This term combines first order temporal changes of F' and the
change of I(t) due to deformation of S. Further, the first parts of the second and the
third line are modified acceleration terms, discussed in Section 5.1. Using the modified
acceleration field ¢; from (52) they can be summarized by I(f,9;). Now our formula looks
much more concise:

Itt(O) = /SFtt dx + ZZ(Fu’U) + l(f, 7715)
—|—/ f(K(n,n) + (ng, n$>s_,N) + 2fon(nk) + fee(n,n)de
S
[ et Pros )+ 20)(0-9) de.

This form can be related to the structure theorem of the hessian, presented in [9].

Having discussed the first line of this expression, let us consider the integral over S in
the second line. It consists of three parts. The first part is a second order model for the
k-volume of S, scaled by f. We have already discussed this term in Section 5.1. The second
term 2f,n(n-k) is a mixed term that combines first order change of f due to shifts of S in
normal direction and first order change of the k-volume of S. Finally, by f..(n,n) second
order changes due to shifts of S in normal direction are captured.

The integrand (f, + fros)(v + 2n)(v-P) in the third line is the product of two factors.
The two summands of the first factor (f, + fros-)v and (f, + fras-)n approximate to
first order the change of [ ag f d§, when 95 moved in direction v and n, respectively. As in
Section 5.1 the second factor (v-) can be interpreted as rate of change of local width of the
boundary strip. Their product gives us a second order term for the change of I(t) caused
by movement of 3S. At first glance, the factor of 2 in v + 2n looks surprising. However,
below we will give an example that illustrates its significance.

5.3 Special cases

In the following we consider a couple of special cases to relate our results to existing formulas
and to illustrate some effects. Throughout this section we consider the case that F' is
constant in time (so F; = Fy; = 0) for the sake of brevity.
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Tangential fields. If v = s, i.e, n =0 on S our shape derivatives simplify to:
L) = [ fo-vde
oS
10(0) = [ U+ ) (bs.5) + vy dot [ firlhos(o, )+ i = 2050) + (sosev)50) .
S oS
If additionally v = o, i.e., ¥ = 0 on 95, then I;(0) = 0 and

1,(0) = /S (o + F)(bs8) v ot [ g5 (hos(o,0) + v0) de

For the perturbation of identity method, where v; = 0, we observe a second order change
of I that depends on the curvature of S and 9S. This reflects, as described above, that
straight movement along tangential directions induces a normal acceleration.

For the velocity method we have vy = s, on S and thus (h(s, s) +v¢) -k = 0. Similarly,
on 9S we have v, = 0,0 and thus (hog(o,0) + vi)-& = 0. Hence, for the velocity method
we obtain in I;;(0) = 0 in the fully tangential case. This fits to our expectation: if ¢(¢,-) is
the flow of a field that is tangential to S and 95, then S should not change and thus I(t)
should be constant.

Volume integrals. Consider the case that S is a smoothly bounded open subset of R,
This implies that 7,5 = R? and thus v = s and n = 0. Moreover, h(-,-) = 0 and
k = 0. Consequently, the integral over S in I; and [I;; vanishes. On 3S we can write
s=v+o0=00+0 with § = v- ¥ and compute (kpsv)(v-7) = 0%(kosD) = 0%kps. From
(25) we obtain 7,0 - ¥ = 0 and thus:

Vo -0 = (00)z0 -0 = ((0,0)0 + 00,0) - U = 0,0.
Abbreviating f, := f,¥ we thus obtain the formulas:
L(0)= [ fOds, (53)
a8
Li(0)= [ f(hos(o,0) + v -0 —20,0) + 02(fs + fras) dE. (54)
a8

In I;;:(0) we observe a modified acceleration term and a purely normal contribution. If v = v
is purely normal on 95, F' = const, and v; = 0, we retrieve the well-known formula:

L0(0) = /8 U+ Fros) de.

Hypersurface integrals. In the case of closed orientable hypersurfaces, where 95 = 0,
we have a distinguished outer unit normal field 7». Then we can write our splitting v = nn+s
on S where 7 : § — R is a scalar function. The curvature vector can now be written as
Kk = kn, and thus
L I PR . Ay (25)
NS Kk =RK(MN)zs - N = KNS - A+ nyps-N) = ANgs.

Moreover, by Proposition 3.4 (ng;,n.)s.~v = Vsn- Vsn is the Laplace-Beltrami Operator in
weak form on S. Using the notations h(-,-) = h(:,-) - 7, fa := fot and fapn := foe (N, 1) we
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obtain the following formulas:

1,(0) = /S 0o+ fR) da,
I4(0) = /(fﬁJrf/%)(}Al(S»S) + v —2058) + (2K f 4 2fak + fan) + f(Van - Van) da.
S

The first term in [;;(0) is again a modified acceleration term. In Proposition 3.3 the role of
K has been discussed. It is the sum of the second order minors of the second fundamental
form and thus 2172K describes the second order change of local area by normal translation.
For d = 2 we have K = 0, while K is the Gauss curvature for d = 3.

The Laplace-Beltrami term V1 - V1 takes into account changes of curvature due to
non-constant normal velocity. It is still present if S is flat and then reduces to the classical
Laplace operator.

A similar formula for I;; has been derived in [6]. However, the Laplace-Beltrami term
seems to be missing there. For normal fields v = n this formula simplifies to

1,(0) = /S 02 (fan + 26 + 2K ) + f(Van - Vo) o

This formula can also be found in [5] for the special case d = 2 (so K = 0).

If S is not closed, then the boundary term in (44) must be added. However, no significant
simplifications arise in this case.

Let us illustrate the role of K with an example: let S be the sphere in R? around 0 with
radius 9. Define ¢(t, z) := x + v(x) with v(x) = ni(zr) and n = const on S. Since 7 points
in radial direction, the radius r(t) of the sphere changes linearly in time as r(t) = ro + tn.
Further, we have for the surface area I(¢):

2
I(t) = / da = 4nr(t)? = 4n(ro + tn)? = daro + t 8mnro + 0] 8mn?,
s
which coincides with its own second order expansion. It is known that the principal curva-

tures of the sphere satisfy k1 = ko = 1/rg so k = k1 + k2 = 2/7¢ and K = l/rg. Now we
can evaluate our formulas:

I,(0) = / kndx = kndrrd = 8mro,
S
I,(0) = / 2K n? dx = 2Kn? 47r2 = 811,
s
and confirm that they coincide with the exact result.

Line Integrals. In this case we have (up to sign) a unit tangent field § and we may write
v =mn+ 78, where 7 = (s-§). Now OS5 consists of just two points, say 1 and zy and it
holds © = +38, depending on the direction of s. Assuming that $(x1) = P(x1) we obtain the
opposite at xg. With this we can compute

1,(0) = /S fon+ fn-x)da + fr]".

To write down I;; concisely, we define ng := n,3$, so that n,s = ™, § = ™ng By Proposi-
tion 3.3 we get K(n,n) = 0 and by Proposition 3.4 we obtain, setting 1z := (I — P)ns.

(ng,ng)soy = (I — P)ng - (I — P)ng = nig - .
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Further, we observe k = h(3,3) and thus h(s,s) = 72h(3,5) = 72k. We end up with the
formula:

I:(0) = /S(fn + fE) (TR +vp — 2ng) + (fﬁsﬂs + 2fzn(kn) + foz(n, n)) dx

k!
xT

+ (fo(v 4 2n)7 + v, - 8)

As usual we observe the modified acceleration term and the contribution of the normal field
in the full integral.

Let us illustrate here the occurrence of the factor 2 in the term f,(2n + v) with an
example. Let S = [0,e;] be a straight line in R? with end-points 0 and e;, so § = e;.
Let also F(t,x) = f(z) = f.x be a linear function on R?. We shift and stretch S by the
transformation ¢(t,x) = x + t(n + s(x)), where n = es and s(z) = 7(x)e; = (e1 - x)e;. We
observe that 0 is mapped to ¢tn and e; is mapped to tn + (1 + t)e;. Further we observe
v(0) = —s(0) =0 and v(e;) = s(e1) = e;. Exact computation of I(t) yields:

1+t
I(t) = / F(t,z)de = / foxdz = fo(tn + Xer) dA
o(t,5) [tn,tn+(1+t)eq] 0

t2

2
(14 61) = %fmel +t(fan + frer) + 5.]0.70(271 +e1)

2

. fm((lth)thr
2 2
_ %frel n t(/sfmnd:c n f7|81) n %fI(QnJr V)TIE = 1(0) + t1,(0) + %Itt(()).

So in this case I(t) coincides with its second order expansion, which coincides with our
computations.

Point evaluations. For completeness we also consider the trivial case k = 0, s0 S = {zo}
is a single point, S = 0, 7,8 = {0}, NS = R? and v = n. In this case our formulas read,
as expected:

It(o) = Ft + fa:va
Itt(o) - Ftt + 2Fwtv + fa::L’(U7U) + fzvt7

to be evaluated at xg.

5.4 Integrands involving derivatives of functions

In this section we extend our study of sensitivity to integrals of the form

[ #@yds = [ 1w ula) (e da,
s s

where u : R? - Rand [ : S x R x R? — R. Again, we construct an embedding of that
problem, first defining pairs of functions:

Ut ¢(t,x)) = ult, z)
L(tv qS(t,x), u7g) = l(t’xa uvg)

and then consider again the integral

() = /d) L FeXax = /S £t 2) (¢, 2) do
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where
F(t,X) = L(t, X, U(t, X), Ux (t, X)) and f(t,z) = F(t, 6(t,)).

Since U (¢, ¢(t, z)) = u(t,z) we obtain by the chain-rule:
ug(t,2) = (U(L, ¢(1, 2)))x = Ux (L, 6(t, 1)) ¢u (L, ).

Thus, we have to define

ft, o) =1tz u(t, ), us(t, 2) 0, * (t, x))
to achieve:
F(ta ¢(t,£L’)) = f(ta Z)

With these definitions, our previous results are applicable straightforwardly.

Sensitivity of solutions of a semi-linear elliptic equation

As a simple application and illustration we consider the following equation with Dirichlet
boundary conditions:

0= / Vu(z) - Vw(z) — d(z,u(z))w(z)de Yw e C(NQ).
Q

The following sensitivity results (at least to first order) are well known (cf. e.g. [12]), the

aim of this discussion is rather to demonstrate the ease of derivation of these formulas with

the help of our general results. Here it is helpful that F; and F}; are still present in (36)

and (43). Again, questions of differentiability are excluded here (for a discussion cf. e.g. [2,

Chapter 10] and [14, 3]). We focus only on the formal derivation of the sensitivity equation.
Here, as usual Vu = ul, and we can write the above equation as follows:

0= /Qf(x) dx:/ﬂl(x,u(m),um(x),w(x),wm(m‘))dx:/ ug (x)wl (z) — d(z, u(z))w(z) du.

Q

We establish a sensitivity result for any solution u with respect to small perturbations of
S = Q. Hence, we would like to compute to first and second order the change in U(t, X),
if © is transformed slightly.

To establish an embedding of this integral for a family of deformations, we have to give
Vu, or better u, sense in the deformed region. Here the physically meaningful embedding
is to use the derivative w.r.t X = ¢(¢, x):

VxU(t,X) :=Uk(t,X) = ¢ 7 (t,z)ul(t, x).

This leads us to the embedding;:

I(t):/ VxU(@#t, X)-VxW(t, X)-D(t, X,U(t, X)) W(t,X)dX VW(t,-) e Cy(o(t, Q)
#(t,9)

so that our integrand is given by
Ft,X):=VxU(t,X) VxW(t,X)—D(¢ X,U(t,X))W(t,X).
Its first time-derivative at ¢ = 0 reads:

Fy :=VxU, - VxW + VxU - VxW; — (D;W + D, UW + DW,).
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Classically, D(t, X, u) = D(X,u) is constant in time for fixed argument u, so that D;W = 0.
Our embedded equation now is 0 = I(¢) and thus 0 = I;(0) = I;+(0).
Since W has compact support on 2 this yields in general:

It(O):/QFtdx+ 6Qf(v~z))d§:/QFtdx:O. (55)

The boundary term vanishes, because f has compact support in €.

To compute the shape derivatives U; and Uy it is easiest to choose the testfunction
W(t,X) = W(X) independent of time, since W has compact support in §2 which is inherited
for small ¢ to ¢(t,2). Then W; = 0 and most terms in F} drop out so that we obtain:

F,=VxU -VxW + D, UW.

From (55) we conclude the first order sensitivity equation:
0= / VU, - VW + D, UW dx YW € C;°(Q). (56)
Q

As for the second time derivative of F we compute (taking into account Dy; = Dy, = 0):
Fy =VxUy - VxW + (Dy U + D Uy )W.

Similarly, the second order sensitivity equation (54) becomes a quite simple expression,
because all boundary terms drop out due to compactness of the support of f:

Q Q

The Dirichlet boundary conditions read u(t,z) := ug(z) for all € 9, which implies
w(x) = uy(x) = 0 for all x € 9Q. By the relation between U and u we obtain the following
boundary conditions (the second via (16)):

Up = up — Uz = —Uzp¥ = —Uy v on 0,

Upt = gt — 2Uge¥ — Uge¥? — upvy = —2(Up) o — Upev® — U0y on 0f).

= 2u,wv2 + 2, vV — ul,a:v2 — UV = ul,mv2 + u,, (20,0 — V).

For the velocity method vy = v,v we compute Uy = 1,0 + u,v,0 = (uyv)zv = —(Up)pv.
If v = o is purely tangential on 9f, then U; = 0 on ). For v; = v,v this implies Uy =
—(Uy)z0 = 0, for v; = 0 we have in contrast Uy = —u,,0% = u,0,0 = —u,haqo(c,0) # 0.
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