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A Kokotsakis polyhedron with quadrangular base is a neighborhood of a quadrilateral in
a quad surface. Generically, a Kokotsakis polyhedron is rigid. In this article we classify
flexible Kokotsakis polyhedra with quadrangular bases. The analysis is based on the
fact that any pair of adjacent dihedral angles of a Kokotsakis polyhedron is related by a
biquadratic equation. This results in a diagram of branched covers of complex projective
lines by elliptic curves. A polyhedron is flexible if and only if all repeated fiber products
of coverings meet in the same Riemann surface, which is then the configuration space
of the polyhedron.

1 Introduction
1.1 Kokotsakis polyhedra

A Kokotsakis polyhedron is a polyhedral surface in R3, which consists of one n-gon
(the base), n quadrilaterals attached to every side of the n-gon, and n triangles placed
between each two consecutive quadrilaterals. See Figure 1 for the case n = 5.

If all faces are viewed as rigid plates, and edges as hinges, then the polyhedron

is in general rigid. Indeed, every interior vertex has only one degree of freedom, so that
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Fig.1. A Kokotsakis polyhedron with a pentagonal base.

any two dihedral angles adjacent to a vertex are related by an equation:

Fia(@1,902) =0, Foz(p2,93) =0,... Fni(gn, 1) =0

In a generic case, the solutions of this system form a discrete set, and the polyhedron
cannot be deformed. A natural question is to find all special shapes that allow isometric
deformations.

Antonios Kokotsakis, a student of Carathéodory, studied these polyhedra in his
PhD thesis in 1930s. As a result, he found a necessary and sufficient condition for the
infinitesimal flexibility and described several classes of flexible polyhedra [10]. At the
same time, Sauer and Graf [20] studied the case n = 4 and also found several flexible

special cases.

1.2 The approach

We provide a classification of flexible Kokotsakis polyhedra with quadrangular base,
that is, for n = 4. The description is not absolutely explicit, see discussion at the
beginning of Section 3.

Our approach is based on a diagram of branched covers between Riemann
surfaces constructed as follows.

A substitution z; = tan % transforms F; ;1 (¢;, ¢i+1) = 01into a polynomial equation
P;i1(2,2i11) = 0 with z; € RP!. By allowing z; to take complex values we arrive at a
Riemann surface

Ciir1 =1{zi,2i11) | Piiy1(2i, 2i41) = 0} (1)
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with two coordinate projections
Z; € (CPI < Ci,i+1 — CPI D Ziy1,
which form the following diagram

Css — CP! <=— Cu
' v
CP! CP!

f !

Cy3 — CP! =— Ciz

Now, if a polyhedron is flexible, then there are paths in C;;.; whose projections to the
common CP!'s coincide. These paths can be lifted to a bigger diagram involving fiber
products of C;_;; and C;;1, see Section 6.2. To find the conditions for this big commuta-
tive diagram to exist, we consider holomorphic parametrizations and study the branch

points of the surfaces and covers.

1.3 Related work

1.3.1 Branched covers, elliptic curves, and Euler-Chasles correspondences

Another example of an application of complex analysis to an algebraic problem
is Ritt's characterization of composite and commutative polynomials [16, 18]. To achieve
that, Ritt studied the monodromy of a composition of branched covers. His approach
has partly inspired our work.

Instead of the tetrahedral angles at the interior vertices of the Kokotsakis polyhe-
dron, it is more convenient to study the spherical quadrilaterals obtained by intersecting
these angles with a unit sphere. It was discovered by Darboux [6] that the configuration
space of a Euclidean quadrilateral is an elliptic curve. In particular, he derived from it
a very nice but little known porism on quadrilateral folding, see [9]. Darboux's elliptic
parametrization does not extend to the spherical case, so we will use a different one.

The equation of the configuration space (1) has the form
A222°W? + A902% + QoaW? + 2a112W + o = 0 (2)

as was discovered by Bricard in [4]. On the other hand, this is a special case of the so-
called Euler-Chasles correspondence, which in a generic situation describes an elliptic
curve. The correspondence is 2-2, that is, to one value of z there usually correspond two

values of w, and vice versa.
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Fig. 2. Kokotsakis polyhedron with a quadrangular base as a part of a quad surface.

Thus, a Kokotsakis polyhedron is flexible if and only if the composition of associ-
ated Euler-Chasles correspondences contain an identity component. A similar problem
was studied by Krichever [11] in the context of the quantum Yang-Baxter equation. See

[7, Section 10] for a survey.

1.3.2 Flexible octahedra and cross-polytopes

A neighborhood of a face of an octahedron is a Kokotsakis polyhedron with a
triangular base. It flexes if and only if the octahedron does. Flexible octahedra were
studied and classified by Bricard [4]. Bricard derived the equation 2 between the tangents
of halves of dihedral angles and used the elimination method to solve the system: the
resultant of P;, and P,; must have a common factor with P,;. Nawratil [12] studied flexible
Kokotsakis polyhedra with triangular base that cannot be extended to octahedra.

Stachel and Nawratil [13, 14, 22] applied Bricard’'s method of resultants to the
Kokotsakis polyhedra with quadrangular base and obtained a partial classification of
flexible polyhedra. The case of irreducible resultants remained open.

As a generalization of Bricard’s flexible polyhedra, Gaifullin [8] studied flexible
cross-polytopes in space-forms of arbitrary dimension. Gaifullin's approach is similar
to ours.

In a different manner, elliptic curves came up in the work of Connelly [5] who

studied flexible bipyramids. See also the work of Connelly and Alexandrov [1].

1.3.3 Quad surfaces

A Kokotsakis polyhedron with a quadrangular base can be viewed as a part of
a quadrangular mesh, see Figure 2. It is easy to see that a simply connected piece of a
quadrangular mesh is flexible if and only if each of its Kokotsakis subpolyhedra is. Quad
surfaces are a natural analog of parametrized smooth surfaces and have been studied

in this context since about a century, see the book [19].
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There was a recent surge of interest to quad surfaces. First, they give rise to
various discrete integrable systems [3, 21]. Second, they have obvious applications in
the architectural design [17]: curved facades and roofs made of quadrangular glass
panels can be found in abundance in the modern cities. Third, flexible Kokotsakis poly-
hedra (a special case called Miura-ori) found application in industry as solar panels for
spacecraft [15].

1.4 Organization of the article

Section 2 introduces the notation and describes parametrizations of the configuration
spaces of spherical quadrilaterals. It also explains the terminology later used in Section
3 to list all flexible Kokotsakis polyhedra.

In Section 4 parametrization theorems for configuration spaces of spherical
quadrilaterals are proved.

Section 5 studies couplings of two four-bar linkages, that is, the fiber products
of configuration spaces of two quadrilaterals. Involutive and reducible couplings (i.e.,
trivial fiber products) are classified.

Finally, in Section 6 the diagram of branched covers associated with a flexible
Kokotsakis polyhedron is introduced and studied based on the results of two previous
sections. The most interesting and difficult case of a polyhedron without involutive

couplings is dealt with in Section 6.6.

2 Notation and Preliminaries

Vertices of a Kokotsakis polyhedron and the values of its planar angles at the interior
vertices are denoted in Figure 3. Clearly, it is only a neighborhood of the base face
A,A,A3A, that matters: replacing, say, the vertex B; by any other point on the half-line
A1 B, does not affect the flexibility or rigidity of the polyhedron. We will assume that all

planar angles lie between 0 and 7: 0 < oy, B;, i, &; < 7.

2.1 Spherical linkage associated with a Kokotsakis polyhedron

The idea of associating with a flexible polyhedron, a movable spherical linkage goes back

to Bennett [2, Section 7], who used it in his study of the motion of flexible octahedra.
For each of the four interior vertices A;, A,, Az, A4 consider its spherical image,

that is, the intersection of the cone of adjacent faces with a unit sphere centered at

the vertex. This yields four spherical quadrilaterals Q; with side lengths «;, 8;, 41, ; in
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Fig.4. Two coupled spherical quadrilaterals associated with the edge A;A,.

this cyclic order. Spherical images of two adjacent vertices are coupled by means of
a common dihedral angle. Equivalently, for every edge A;A;,; we have a scissors-like
coupling of two spherical quadrilaterals, see Figure 4.

On Figure 5 two different ways to couple all four quadrilaterals Q; are shown.
The left one is a closed chain of quadrilaterals on a sphere (due to §; + 82 + 83 + 8, = 27),
so that it incorporates all four couplings. The right one fits better with Figure 3 but
is in general not closed, so that the coupling between Q; and Q, must be encoded by

requiring the equality of marked angles.

Lemma 2.1. Every Kokotsakis polyhedron gives rise to spherical linkages as shown on
Figure 5. Vice versa, every spherical linkage of this form corresponds to some Kokotsakis
polyhedron, if we require 8, + 8, + 83 + 84 = 27 for the linkage on the right.

A Kokotsakis polyhedron is flexible if and only if either of the corresponding
spherical linkages on Figure 5 is flexible. For the linkage on the right, the two marked

angles are required to stay equal during the deformation. O
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Fig.5. Spherical linkages with scissors-like joints associated with a Kokotsakis polyhedron.

Proof. How to associate with a Kokotsakis polyhedron a spherical linkage was
explained above. To construct a Kokotsakis polyhedron for a given chain of quadrilater-
als, start by choosing as the base any Euclidean quadrilateral with the angles §;, 85, 83, 84.
At the vertices of the base, construct tetrahedral angles that have spherical quadrilater-
als Q; as their spherical images. The fact that the corresponding angles of Q; are equal
in pairs means that these tetrahedral angles fit to form a Kokotsakis polyhedron.
During an isometric deformation of a Kokotsakis polyhedron the planar angles of
its faces remain constant. Thus isometric deformations of the polyhedron correspond to

motions of the linkages on Figure 5 (with the equal angles condition for the right one). W

Thus, in order to classify all flexible Kokotsakis polyhedra, it suffices to classify

all flexible spherical linkages as on Figure 5 with §; 4+ 8, + 83 + 8, = 2.

2.2 Algebraic reformulation of the problem

For fixed lengths of the bars, the shape of the spherical linkage introduced in Section 2.1
is uniquely determined by the four angles ¢, ¥, ¥, and 6 on Figure 6. If we introduce

the variables

0
z:tang, wh =tanﬂ, W2=tanﬁ, u = tan —, (3)
2 2 2 2

then the relation between each pair of adjacent angles can be expressed as a polynomial

equation in the corresponding variables:

Pi(z,w;) =0 Py(z,wy) =0 @
4
P;(u,w;) =0 Py(u,wy) =0
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Fig.6. Angles determining the shape of a spherical linkage.

Thus we have the following lemma.

Lemma 2.2. A Kokotsakis polyhedron is flexible if and only if the system of polynomial
equations (4) has a one-parameter family of solutions over the reals. O

One possible approach to the problem (modifying Bricard’s approach to a system
of three equations) is to compute the resultant R,,(w;, w,) of P; and P, as polynomials
in z and similarly the resultant Rz, (w,, w,). The polyhedron is flexible if and only if the
algebraic sets R;; = 0 and Rz, = O have a common irreducible component, which, in turn,
is equivalent to the vanishing of the resultant of R;, and Rz,. This plan was partially
realized by Stachel and Nawratil, but the case of irreducible R;, and R34 remained out

of reach.

2.3 Branched covers between configuration spaces

Put

Z;:={(z,w;) € (CP)? | Pi(z,w;) =0}, i=1,2

Z13 = {(z, w1, wy) € (CP")’ | Py(z, w;) = 0 = Py(z, wy)}

Then Z; is the complexified configuration space of the quadrilateral Q;, and Z;, is the
complexified configuration space of the spherical linkage formed by coupling Q; and Q.
(The projection of Z;, to the (wy, w,)-plane is the zero set of the resultant R;, defined in
Section 2.2.)

A component of Z; is called trivial, if it has the form z = const or w; = const.

For non-trivial components, the restrictions of the maps Z;;, — Z;, i = 1, 2 are branched
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Fig.7. An involutive coupling and the action of j;, on its configuration space.

covers between Riemann surfaces. If the solution set Z,; of the system (4) is one dimen-
sional, then the map Z,; — Z;, is also a branched cover, and we obtain a diagram of
branched covers shown on Figure 15, Section 6. All maps in this diagram are at most
two-fold, and the configuration spaces Z; can be classified as in Section 4. However, the
analysis of the diagram is still complicated enough, and we bring more structure in it
by distinguishing certain sorts of couplings.

First, a coupling (Q,, Q,) is called involutive, if a component of its configuration

space Z;, carries an involution that changes the value of z but preserves w;:
Jizi (W1, 2z, W) = (wy, 2/, wy)
This means that the involutions
Jit (wy,2) = (wy,2) and Jp: (wy,z) > (wy,2")

on Z, and Z, are compatible: z’ = z’. Geometrically, j; is a “folding” of the quadrilateral
Q,. Therefore a coupling is involutive if and only if the two marked angles on Figure 7,
left, remain equal during the deformation. (The coupling between Q, and Q, on Figure 7
is chosenin the same way as on Figure 5, right; the involutivity has a more nice geometric
meaning if the coupling is chosen as on Figure 5, left.)

A detailed study of the configuration space Z;, is the subject of Section 5.
Involutive couplings are studies in Section 5.4 and classified in Lemma 5.9.

Second, a coupling (Q,, Q,) is called reducible, if the algebraic set Z;, is reducible,
while Z; and Z, are not. This property is hard to visualize: the real configuration space of
a coupling may have several connected components all of which are parts of one complex
component.

Reducibility of (Q;, Q,) is related to the reducibility of the resultant R, (w,, wy)
defined in Section 2.2. Moreover, a coupling is involutive if and only if the resultant is a

square. For more details see Section 5.1.
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2.4 Types of spherical quadrilaterals and associated parameters

Let Q be a spherical quadrilateral with side lengths «, 8, v, §, in this cyclic order. The
form of the configuration space of Q depends on the number and the type of solutions

of the equation
a+pfEy+s=0(mod2r) (5)
Definition 2.3. A spherical quadrilateral Q is said to be

e of elliptic type, if equation (5) has no solutions;

e of conic type, if equation (5) has exactly one solution;

e adeltoid, if it has two pairs of equal adjacent sides, and an antideltoid, if it
has two pairs of adjacent sides complementing each other to x;

e anisogram,if pairs of opposite sides have equal lengths, and an antiisogram,

if lengths of opposite sides complement each other to . O

Circumscribable spherical quadrilaterals are characterized by« +y = 8+ and
thus are of conic type according to our terminology (possibly degenerating to a deltoid).
The link of a vertex of a quad surface satisfies this condition if and only if the faces
adjacent to this vertex are tangent to a circular cone. Because of this, surfaces with this
property are called conical meshes by Pottman and Wallner [17] and find an application
in the freeform architecture. We call these quadrilaterals conic for a different reason:
their configuration spaces are described by quadratic equations.

At the beginning of Section 4 we show that every spherical quadrilateral belongs
to one of the types above. The theorems below, also proved in Section 4, describe the
configuration spaces of all types of quadrilaterals. They provide a vocabulary for the
description of flexible Kokotsakis polyhedra that follows in Section 3.

The classification given in Definition 2.3 and parametrization of the configura-

tion spaces in some cases are due to Bricard [4, Section II].

Theorem 2.4 (Bricard). The configuration space Z of an (anti)isogram with side lengths

a, B,y, 8 has the following form.
(1) Ifa=p =y =235=7%, then all components of Z are trivial:

Z={z=0}U{z=o00}U{w =0} U{w = oo}

10
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space.

(3)

(4)

If Q is an antiisogram and at the same time (anti)deltoid, then Z has one

non-trivial component with the equation

B B =, fo=B=mn—y=m-96
z = kw, where k = (6)
—cosa, fa=8=nmn—-B=m—y

If Q is an antiisogram and not an (anti)deltoid, then Z has two non-trivial

components of the form

where
sin% cos%
KE§—=r, —=— (7)

If Q is an isogram: « = y, f = § with not all sides equal to 7, then the

non-trivial components of Z are described by the equation
z=—", (8)

where « taking one or two values according to whether Q is a deltoid and

given by the same formulas as in the antiisogram case. O

Since ¥ € R, we have z € R & w € R. This is the real part of the configuration

Theorem 2.5. Let Q be a deltoid or an antideltoid that is neither isogram nor antiiso-

gram. Then the affine part of the non-trivial component of its configuration space has

the following parametrization.

1)

Ifa=68 8=y or a+é=m=pB+y,then

z™ = psint, w = e/—ue", (9)

11
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where

sin?§ 1, ifa=3$
= 3 —1, m =

sin” y -1, ifa+s=n
_ tand +tany m, ify+6>m,

H’_ ’
tand —tany —m, ify+s<n

2) Ifa=B,y=8 or a+pB=mn=y+34, then

z = 1/—)et, w" = gsint, (10)
where
sin®§ 1, ify=4
= 3 —_ ]_, n =
S o -1, ify+é=m
_ tand +tanoa | ifa+6>m,
tand — tan« —n, ifa+s<n
For square roots we adopt the convention /x € R, UiR,. O

It can be shown that p? > 0 & u > 0 and g*> > 0 & A > 0. The real part of the
configuration space is parametrized by t € £7 + iR if both parameters are positive and

by t € RU (& +iR) if they are negative.

Theorem 2.6. The affine part of the configuration space of a spherical quadrilateral of

the conic type has the parametrization
z"™ = psint, w" = gsin(t + tp), (11)

Here the exponents m and n are determined according to the table

n=1 n=-1

m=1 a+y=p+9$§ a+pB=y+4

m=—-1|a+5§=8+y a+B+y+5=2n

12
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The amplitudes are given by

sina siné . siny sin§ .
pz‘lf—leRwUlRm, qz‘/#—leRwUlRw;
sin B siny sina sin
The phase shift satisfies
. [sinBsind
tan to =1, |—F——
sin« sin y

The indeterminacy in t, up to the summand 7 is resolved in the table below: it gives an

interval in which t, lies, depending on the values of pg and o.

pgeR.y pgeiR.y, pgeR_g

o<T iR>0 % + iR>0 T+ iR>o ’
o>m | 7+iR.g 37” +iR.g iR_g
where
a+pty+s if _
— I o+ Yy = ﬂ —+ )

—a+B+y—$ : _
= 4w, fa+p=y+4

a+p—y—0 : _
Lt fat+s=B+y
—a+p—y+s : _
2T 4, ifa+B+y+8=2n

The real part of the configuration space consists of two lines on a cylinder (plus
a singular point at infinity, which corresponds to the folded quadrilateral). The exact
parameter range depends on the signs of p?, g* and the relation between o and . See [9,
Section 3.2.3], which deals with the case of a Euclidean quadrilateral.

In the elliptic case introduce the notation
a+pB+y+4 _ —a+pB+y+4
o=——", d=0-a=——— ",
2 2
and similarly B =0 — 8,7 =0 — ¥, 8 = 0 — §. Applying this transformation twice yields

the initial quadruple of numbers. Denote

sino sin 8 siny sin$

s — s Ty e — . g!
sino sin Bsiny sind

13
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Because of the last equation of Lemma 4.2, if equation (5) has no solution, then we have

M # 1. More exactly, we have

M <1 & tpin + ¥max < 0 < T O Qpin + Xmax > 0 > T

M > 1 < amin + Qmax > 0 < T OF Opin + Omax < 0 > T,

where oy, respectively, an., denotes the smallest, respectively, the biggest of the

numbers «, 8, ¥, 8.

Theorem 2.7. The configuration space of a spherical quadrilateral of the elliptic type
has the following parametrization.

(1) IfM <1, then
z=psnt, w=qgsn(t-+tpy), (12)

where sn is the elliptic sine function with modulus k = +/1 — M, and the

phase shift ¢, satisfies
sino sin
dn t() = T Z
\ sinasiny

z=pcnt, w=qcn(t+tpy), (13)

(2) IfM > 1, then

where cn is the elliptic cosine function with modulus k = +/1 — M !, and the

phase shift ¢, satisfies
sino siny
dn tO = .—.y
\ sina siny

In both cases the amplitudes p and g are given by

sin« sin 8 . sin y sin$ )
p=,—————=-1€eR UiR.,, q= %—IGRX)ULRN)
sino sin § siny siné

The value of dn ¢, determines the phase shift up to a real half-period 2K. This indeter-

minacy is resolved in the table below: it gives an interval in which ¢, lies, depending on

14
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the values of pg and o.

pq R, pq € iR Pq € R
o<m (0,iK") (K,K +iK') (2K, 2K +iK') U
o>n| (2K,2K +iK') (3K,3K + iK’) (0,iK")

The real part of the configuration space has two components in the sn-case and
one component in the cn-case. See [9, Section 3.3.5] for a discussion of the Euclidean
case.

To finish setting up the notation, consider orthodiagonal quadrilaterals, that is,
those whose side lengths satisfy the relation

COS COSy = cos BCosé

An orthodiagonal quadrilateral is either (anti)deltoid or of elliptic type, see Section 4.5.
We exclude the case whena =g =y =6§ = %, as it leads only to trivial deformations,
see Theorem 2.4 and Section 6.1.

We refer to a vertex of a quadrilateral by naming the two sides incident to it. We
say that an (anti)deltoid has apices «§ and By, ifa =8, 8=y, ora+3=m =8+ .

Definition 2.8. Let Q be an orthodiagonal quadrilateral. We define the involution
factors at each of its vertices, excluding the apices if Q is an (anti)deltoid, as follows.

The involution factor at the vertex «d is

tand+tano : b hs
A= tand—tana ’ if 7& 2 or é 7& 2

cos f+cos y ifoa=68=1=

cos f—cosy ' 2

Similarly, the involution factor at the vertex y§ is

tandé+tan y : b T
tand—tany ' lf)/ ;é 2 or § 75 2

cos f+cosa
cos B—cosa '

ify=6=7%

Besides, for an orthodiagonal quadrilateral of elliptic type we put

A=Dp-1) 3 T

cosp;S ’ if 6 7& 2
vi=1312(nw—Dtane, ifé=y =7
2h—Dtany, ifd=a=7

15
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for an (anti)deltoid with apex «é we put

—1 : b
o Joms IFS
2tany, ifd=a=7
and for an (anti)deltoid with apex y§ we put
£ 1, if 6 # 7 .
2tana, iféd=y =7

In the (anti)deltoid case the values of A and p coincide with those given in

Theorem 2.5. Also there are the identities
Pt =4p, qE* =4

The involution factors are well-defined real numbers different from 0. For exam-
ple, if « = % and § # %, then A = % =—-1.Ifa =8 ora + 8 = m, so that the denominator
or numerator in the first formula for A vanish, then either Q is an (anti)deltoid and has
no involution factor at the vertex éo, or « = § = 7, and A is computed by the second
formula. The second formula makes sense since 8 # y by assumption that d« is not an

apex.

2.5 Switching a boundary strip

Here we describe an operation that transforms one flexible Kokotsakis polyhedron to
another flexible one. Switching the right boundary strip consists in replacing on Figure 3
the vertex C; by its mirror image with respect to A; and C, by its mirror image with
respect to A4. Switching the left, lower, and upper boundary strips is defined similarly.

In the intrinsic terms, switching the right boundary strip consists in replacing
B1, Ba, Y1, va by their complements to . It can transform the spherical quadrilateral Q;, i =
1,4 from an isogram to an antiisogram, or from deltoid to antideltoid, or change n; to —n;
if Q; was of conic type. We will use this repeatedly to simplify the case distinction. The

action of switching on the equation of the configuration space is described in Lemma 4.5.

3 The List of Flexible Kokotsakis Polyhedra

Main theorem. Every flexible Kokotsakis polyhedron with quadrangular base belongs
to one of the following classes, possibly after switching some of the boundary strips (as

described in Section 2.5).

16
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(1) Orthodiagonal (or T-surfaces, Graf-Sauer surfaces).

(2) Isogonmal (or V-surfaces, discrete Voss surfaces).

(3) Equimodular.

(4) Conjugate-modular.

(5) Linear compounds.

(6) Linearly conjugate.

(7) Chimeras.

(8) Trivial. O

Each of these classes is further subdivided into subclasses. A subclass is
described through a system of equations on the angles «;, 8, 34, 8; of the faces of the
polyhedron or on the parameters p;, g;, ti, ki, 1;, etc. defined in terms of these angles in
Section 2.4. Usually the number of equations is less than the number of parameters,
and often there is a way to solve the system by the elimination method. We did not
do it for all the cases, therefore we do not guarantee that there is a flexible Kokotsakis
polyhedron in each subclass.

Another (and more serious) problem is that solving the corresponding system
of equations produces angle values «;, 8;, i, §; for which the complexified configuration
space is not empty. This does not imply the non-emptyness of its real part (i.e., the
configuration space of two coupled spherical quadrilaterals is always non-empty, but
its real part may be empty).

Also, the real part of the configuration space may (and usually does) contain
self-intersecting polyhedra. Thus, still another question is whether every subclass con-
tains a non-self-intersecting flexible polyhedron. Sometimes the self-intersections can
be removed by switching the boundary strips, see Section 2.5.

Certainly, it would be useful to give an example of a flexible polyhedron in each of
the cases. Also one would like to know the extrinsic geometric properties of the polyhedra
in each class, as it is the case for Bricard octahedra, or for the orthodiagonal involutive

type, the first one in the list below.

3.1 Orthodiagonal types

3.1.1 Orthodiagonal involutive type
A Kokotsakis polyhedron belongs to the orthodiagonal type, if its planar angles

satisfy the following conditions.

17
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(1)

All spherical quadrilaterals Q; are orthodiagonal:
COS (; COS y; = COS B; COS §;

Geometrically this means that the plane C;A;A; is orthogonal to the plane
B,A A, (this property is preserved during a deformation of a tetrahedral
angle), and the same holds for the corresponding pairs of planes through
the vertices Ay, A3, Ay. We exclude the case o; = f; = y; = §; = 7, as it leads
to trivial deformations only, which are described in Section 3.8.

The couplings of adjacent quadrilaterals are compatible, see Definition
4.18. Geometrically this means that each of the polygonal lines C14A,4,C,,
ByA,A3B3, C3A3A,Cy, B4ALA B, on Figure 3 remains planar during the defor-
mation. Because of condition (1) each of the AB-planes is orthogonal to each
of the AC-planes.

The angles of the base quadrilateral satisfy the condition
C0S §; COS §3 = COS 8, COS O4

Together with §; + 8, + 85 + 8, this implies that the base quadrilateral is a
trapezoid.

The compatibility condition 2) can be made more explicit. For example, if §; +68, =

82 + 383 = m and «;, §; # 7 for all i, then the compatibility is equivalent to

tano;  tanos  tan 61

+ya=m, +ys=m, = =
SRS CIRE tan a, tan oz tan §,

so that, in particular, the AC-planes are parallel.

This class of flexible Kokotsakis polyhedra was described by Sauer and Graf in

[20] and called “T-Flache” (from “Trapezflache”). Sauer and Graf proved their flexibility

by a geometric argument.

3.1.2 Orthodiagonal antiinvolutive type

(1)

(2)

All quadrilaterals Q; are orthodiagonal and elliptic:
COS ¢; COS y; = €Os fB; cos §;, «; £ B; & y; £8; # 0(mod2m)
The involution factors at common vertices are opposite:

A=Az, M1 =—H4, H2=—U3, A3=—lg

18
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(3) The following relations hold:

vi o vl v v v? v2 _
A Asps Aoiz Aafla A1 Aapto

3.2 Isogonal type

A polyhedron of basic isogonal type is characterized by the following conditions.
(1) All quadrilaterals Q; are antiisograms:
ait+yi=nm=p+38 1=1,234
(2) Ome of the following equalities hold:
K1K3 = KoKy,

where «; are as in Theorem 2.4. Note that «; may take two values if Q; is not
an (anti)deltoid.

A general polyhedron of isogonal type can be obtained from a basic one by
switching some of the boundary strips. For example, switching the left and the right
or the upper and the lower boundary strips transforms all antiisograms to isograms.

Flexible polyhedra of isogonal type were described in [20] and named discrete
Voss surfaces. They have two flat realizations corresponding to «; + 8; + y; + ; = 27 and
to o; — B; + y; — 8; = 0. Miura-ori [15] is of this type.

3.3 Equimodular type

Here we have two subcases:

3.3.1 Elliptic case

Assume that
o4 + ﬂi + Vi + (Si 75 O(mod2n) (14)

for all choices of 4. Introduce the notation

o+ Bi+yi+d  _ —ai+fit+yit+6
Oji= ————(————, =0 = 5

2
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Similarly, g, := o; — i, V; := 0i — ¥, 8; := 0; — &;. Denote

sin o sin B; sin y; sin §;
=——, bji=—, Gi=——, dii=—=, M:=abd;
sin o; sin 3; siny; sin §;

The polyhedron is of equimodular elliptic type if the following three conditions

are satisfied.
(1) Quadrilaterals have equal moduli:
M, =M, =M; =M, = M
(2) Amplitudes at common vertices are equal:
a,d, = apd,;, bycy =bsc;, asd; =asds, bscy =bicy
(3) The sum of shifts is a period:

4K7 + 2iK'Z, M <1
tixt, ttattse A, A=

4K7 + (2K + 2iK))Z, if M > 1,

where t; is determined up to the real half-period 2K by

A aiCi, ifM<1
dnti =
1 .
o ifM>1

and the indeterminacy is resolved at the end of Theorem 2.7.

Together with the restriction 8; + §; + 83 + 8, = 27 this gives nine conditions on
sixteen angles of a Kokotsakis polyhedron. However, as follows from [10, Sections 9, 10],
these conditions are not independent, so that a polyhedron of elliptic equimodular type
depends on eight parameters instead of seven.

3.3.2 Conic case
The polyhedron is of basic equimodular conic type if the following conditions

are satisfied.

(1) All spherical quadrilaterals Q; are circumscribed: «; + y; = ; + 4.
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(2) Their amplitudes at common vertices are equal:

sin «; sin §; sin o, sin §, sina,sinfB,  sinwssinfB;
sinB; siny;  sin B, siny, siny, sind,  siny;sinds
sin a3 sin 83 sin a, sin &, sinaysinf;  sina; sin B,
sinB;siny;  sinBisiny, siny, sind,  siny; sinég,

(3) The sum of shifts is a multiple of 2x:

tlﬂ:tzitgit4€2ﬂz

Here t; € C is determined up to 7 by

. [sin B;sin§;
tant; =i, | ————,
sin«; S1In y;

(one of the i's on the right-hand side is the imaginary unit), with the indeterminacy
resolved as in Theorem 2.6.

Switching all four boundary strips results in replacing condition (1) by

(1) All spherical quadrilaterals Q; have perimeter 27: «; + 8; + y; + 5;.
This is an origami.

3.4 Conjugate-modular type

3.4.1 First elliptic conjugate-modular type
(1) All quadrilaterals Q; are elliptic of cn-type: M; > 1 for all i.
(2) The moduli of Q; and Q3 are equal and conjugate to those of Q, and Qy:
M, = M;, M; = M,, L—FL: 1
M, M,
(3) The amplitudes satisfy the following relations:

Pi_yk o Gk Bk @k
2 k' q k' pa k' qa k'
where k = /1 — M; ' is the Jacobi modulus of Q;.
(4) For some of the eight choices of the + signs on the left-hand side, the

following equation hold:

O(modA) ifPL =93 91 _ B3 gpP1 B3 % _ _P3
. . ’ - r - - r -

tl + ltz + ts + lt4 — p2 q2 " 94 j 2 b2 92 " 44 j 2

2K(modA), if2L =23 9% _— _P3qopPL_ 83 4 _DB3

! D2 a2’ qa pa D2 a2’ qa P4

The last condition implies that t; +t; € KZ + iK'Z and t, + t, € K'Z + iKZ.
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3.4.2 Second elliptic conjugate-modular type
(1) All quadrilaterals Q; are elliptic of cn-type: M; > 1 for all i.
(2) The moduli of Q, and Q4 are equal and conjugate to those of Q, and Qj:
1 1

My =M, My=M,, —+-—=1
1 4 2 3 Ml M2

(3) The amplitudes satisfy the following relations:

!

D1 .k Ds )
—_— = :l': —, = ’ —_— = :l': —’ = '
D2 lk’ 42 =43 Da lk 4a =G

where k = /1 — M, is the Jacobi modulus of Q,.
(4) For some of the eight choices of the + signs on the left-hand side, the

following equation hold:

. . O(modA), if L — Pa
t, £it, its £t = P2 p3

2K (modA), if 2L = B4
P2 p3

The last condition is rather restrictive. It implies that ¢, + t, € KZ + iK'Z and
t, £ t3 € K'Z + iKZ. If t, + t, is a half-period of A, then the polyhedron is of linear
compound type described in Section 3.5.

3.5 Linear compound type

A coupling (Q;, Q,) is called linear if it results in a linear dependence between tan %

and tan %:
W1 = CWy (15)

(Strictly speaking, if one of the components of the configuration space of the coupling
has this equation.) If the coupling (Q3, Q4) is also linear with the same value of ¢, then the
polyhedronis flexible, and we say that it belongs to the linear compound type. Switching
the right or the left boundary strip transforms the linear dependence to w,w, = ¢'.
Planar-symmetric and translational types from [22] are special cases of linear
compounds.
Below we list all linear couplings (Q;, Q,) together with the corresponding values

of c.
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3.5.1 Coupling of (anti)isograms
Both Q; and Q; are isograms or both are antiisograms. The coefficient ¢ in (15)
equals

K2

K1
with «; as in Theorem 2.4. Switching the lower boundary strip transforms isograms to

antiisograms.

3.5.2 Linear lateral (anti)deltoid coupling

(1) Q, and Q, are both deltoids or both antideltoids, coupled laterally:
a;=pi, vi=9d, or
o+ pi=m=yi+35

(2) The coupling is involutive, that is, A, = X,. If «;,8; # 7, then this is

equivalent to

tan o, tan o,

tan 81 o tan 82

The coefficient ¢ equals

£2  if Q, and Q, are deltoids,

IS
%’ if @, and Q, are antideltoids

with & as in Definition 2.8. In particular, if §; # Z, then g—f = %

3.56.3 Linear frontal (anti)deltoid coupling
(1) Q, and Q, are both deltoids or both antideltoids, coupled frontally:

a; =8, Bi=vu i=1,2, or

ai+8=m=pB+v i=1,2
(2) The coupling is reducible, which means that

sina;  sina,
sing; sinp,
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The coefficient ¢ equals

v —h sin(a; + f1) sin(az — B2)
NeTTa sin(az + B2) sin(ey — Br)’

see Theorem 2.5. Switching the lower boundary strip transforms deltoids to antideltoids

while preserving the coefficient c.

3.5.4 Linear elliptic coupling
Configuration spaces of Q; and Q, are elliptic curves. Besides, in the notation of
Section 3.3.1 we have

(1) Q, and Q; have equal moduli M; = M,, as well as equal amplitudes at the

common vertex:
a,d, = a,d,, b,c; =bsyc,
(2) The shift difference is a (real) half-period: t, — t; € {0, 2K}. Or, equivalently,
aiC; = aC;

Then we have

—1 . . .
adi=l ©if gino, sino, > 0,
c = cpdg—1
_ jad -1 . . :
/czdzfl, if sino; sinoy, < 0

3.5.5 Linear conic coupling
(I) Quadrilaterals Q; and Q, are either both circumscribed or both have

perimeter 27:

ity =p+68 1=1,2 (16a)

a+Bit+yi+8i=2n, i=1,2 (16b)

(2) Their amplitudes at the common vertex are equal, and the shifts difference

is a half-period:

sina; sina, siny; siny,

sinf; sinB,’ sind; siné,
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The value of ¢ is given by the following table

(16a) (16Db)
siny) sind;
i i & - G — [Smesing
sino; sino, > 0 C ¢! . wherec= |50
sinay sinBy
sino; sino, <0| —¢ —c¢!

3.6 Linearly conjugate types

These are polyhedra, where Q, and Q, are antiisograms, so that they result in linear
dependencies z = x,w; and u = k,w,. Polyhedra Q, and Q; must be of the same type,

and their equations are related by the above linear substitutions.

3.6.1 Linearly conjugate antideltoids

(1) Q; and Q3 are “parallel” antideltoids:
ot =r=p+n, wth=m=y3+3
(2) Q; and Q4 are antiisograms:
arty=m=Paty, ostya=m=ps+0
(3) The following conditions are satisfied:
ki = A3,  Kal1 = Kok,
where w1, ¢, A3, € are as in Definition 2.8, and «,, k, as in Theorem 2.4.

3.6.2 Linearly conjugate conics

(1) Q; and Q3 are conic quadrilaterals of perimeter 27:
atpitrn+é =2r=az3+Bs+r3+3ds,

and equations «; + ;£ y; +3; = 0(mod 27) have fori = 1, 3 no other solutions.

(2) Q, and Q4 are antiisograms:

at+yvy=n=0+Y, aatya=m =P+
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(3) The following relations hold:

ts, if cycs > 0
qs = lk2|lp1, Q1 = lkalps, t1 =
ts+m, ifcye, <O

3.6.3 Linearly conjugate elliptics

(1) Quadrilaterals Q, and Qj are elliptic and have the same modulus:
M, = M3
(2) Qi and Q, are antiisograms:

o+ v=nm=PF+VY: dsa+ya=7=Ps+0d,

(3) The following relations hold:

t3: ifK2K4 >0
P1 = lk2lqs, p3=lkalqy, t =
t; + 2K, ifkykys <O

3.7 Chimeras

This is the largest class; we do not split it into smaller classes, in order not to imitate
Borges' taxonomy of animals.

A common feature of the polyhedra listed here is that each of them contains
tetrahedral angles of different types. Potentially they could be used to join pieces of

flexible quad surfaces of equimodular, orthodiagonal, or isogonal types.

3.7.1 Conic-deltoid

(1) Quadrilaterals Q, and Q3 have perimeter 27:

ay+Po+yve+6=2n, az+Ps+ys+83=2m

and form a reducible coupling: g, = gs.

(2) Quadrilaterals Q, and Q, are antideltoids reducibly coupled to Q; and Qs:

o+ =n=p+1, P1=D2

s +84 =7 =Ps+ Vs, Pa=P3
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(3) The number ty determined by
51\/__11«1 = &4 —M4eit0
is related to the shifts of Q, and Q3 through
to = £t; £ 1o,
where any of the four combinations of signs are allowed.

3.7.2 First orthodiagonal-isogram

(1) The quadrilateral Q, is orthodiagonal:
COS o] COS y; = COS B COS &
(2) Q. and Q4 are antideltoids that form involutive couplings with Q;:

ar+PBo=m=y+8, A=Ak

A+ 04 =7 =Pa+Vya, M1 = MUa

(In particular, this implies that Q; is not an (anti)deltoid.)
(3) Q3 isanisogram: az = y3, B3 = §s.

(4) the parameters of Q; must satisfy the relation

v = k3620,

with«, v, &, and ¢ as in Theorem 2.4 and Definition 2.8. In particular, if §; # 7

fori=1,2,4, then this condition becomes

K3 COS8; = COS 5 COS Iy

3.7.3 Second orthodiagonal-isogram

(1) The quadrilateral Q; is orthodiagonal:
COS &1 COS y; = €OS f1 COS &

Besides, Q; is neither deltoid nor antideltoid.

(2) Q,is an antideltoid forming an involutive coupling with Q;:

ar+Bo=m=y+8, A =Ai
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(3) Qs is a deltoid coupled with Q, frontally, and Q4 is an antiisogram:
a3 =Pz, Y3=2683 Qatya=Ps+d
(4) The following two equations hold:
Kiﬂl = A3, Kkav1 = &2&3,
with «, A, i, v, &€ as in Theorem 2.4 and Definition 2.8.

3.7.4 Conic-isogram

(1) The quadrilateral Q, is a conic quadrilateral of perimeter 2sx:
o+ B2+ vy, + 682 =21,

equation «y & B, + y» £+ 8, = O(mod2x) has no other solutions.
(2) Quadrilaterals Q, and Q3 are antideltoids reducibly coupled with Q,:

D1 =D2. G2=Q3
(3) Q4 is an isogram with

. +it
2810/ — 187Ky = q3&5

3.7.5 Conic-antiisogram

(1) The quadrilateral Q, is a conic quadrilateral of perimeter 2s:
oy + P2+ y2 + 82 =21,

equation wy £ B, + y» £ 8, = O(mod27) has no other solutions.

(2) Quadrilaterals Q, and Q3 are antideltoids reducibly coupled with Q,:

D1 =D2, (42=Qs

(3) Q. is an antiisogram with

. +it
e1l8/— 1672 qaésks = 2
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3.7.6 Frontally coupled deltoid and antideltoid versus reducibly coupled elliptics

(1)

(Q;, Qy) is a frontal coupling of a deltoid with an antideltoid:

a1 =061, Pi=wn, o+ ==+,

which is irreducible: S2eL - shoz
sin 1 sin fip
Quadrilaterals Q; and Q4 are elliptic with configuration spaces parametrized

by sn and form a reducible coupling:
Ms =My <1, p3s=ps

either the sum or the difference of shifts equals a quarter-period with the

. . !
imaginary part £:

U

K
:l:tg:l:t;; :lK—’—l?

The following relations hold:

Ml—ﬁr Mz—qgr 4142=%Q1QL ifl=0
My = —qg: M2 = —%: 68 = —Zigcl\/%k)chchf ifl=1
,U«1=q£, M2=%§, §1§2=—2(;—;—EIC)Q1QZ’ ifi=2
1 =—qg, Mz=—%§, §1§2=——2i(kl\/_%k)q1qz, ifl=3

3.7.7 Reducible conic-deltoid coupling versus isogram-deltoid coupling

(1)

(2)

The quadrilateral Q; is a conic quadrilateral of perimeter 27x:
a3+ B3+ y3 + 83 = 27,

equation a3 £ B3 + y3 £ 83 = O(mod2x) has no other solutions.

The quadrilateral Q, is an antideltoid:
Ay +8s =7 =Pa+Va
that forms a reducible coupling with Qj:

D3 =Da
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(3) The quadrilateral Q; is an antideltoid:
ot =r=p+n
(4) The quadrilateral Q, is an antiisogram:
ay+y2 =7 = fs+6

(5) The following relations hold:

' 2ie4/— a3
+2it 4 4
13, g-l =C q ’
2

M1 = [4€

where =+ in the first equation must match the + in the second equation, and

Z = c,w, is the equation of an irreducible component of Z,.

3.7.8 Three reducibly coupled conics versus an isogram

(1) Quadrilaterals Qsz, Qq4, Q, are conic with perimeter 27:
o+ pi+vyi+d=2r, fori=341,

and equations «; + §; + ¥; = §; = 0(mod 27) have no other solutions.
(2) Couplings (Qz, Q4) and (Qq4, Q,) are reducible:

D3 =DPa, Ga=q
(3) Quadrilateral Q, is an antiisogram:
ay+y2 =1 = P2 +6
(4) The following relations hold:

O,ifl(z >0
qs = |kalp1, t1 Ttz ity =
w,ifky, <0

3.7.9 Three reducibly coupled elliptics versus an isogram

(1) Quadrilaterals Qsz, Q4, Q, are elliptic and have equal moduli:

M1=M3 =M4
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(2) Couplings (Q3, Q) and (Q4, Q,) are reducible:
DP3=DPs, qa=q
(3) Quadrilateral Q, is an antiisogram:
art+y,=m=p+5

(4) The following relations hold:

O,isz >0
P1 = lk2lqs, ti £tz =

2K,if k, <O

3.7.10 Involutively coupled orthodiagonal and antideltoid versus reducibly coupled conic
and deltoid

(1) The quadrilateral Q; is orthodiagonal:
COS ¢ COS y; = COS fB; COS 8y,

but is neither deltoid nor antideltoid.

(2) Q,is an antideltoid forming an involutive coupling with Q;:
O+ Pr=m=y+8, A=A
(3) Q3 is circumscribed:
a3 =y3, Pz =20
(4) Q4 is a deltoid forming with Q3 a reducible coupling:

sinoy  sinassiné,
g =084, Pa=Ya, ) = :
sin“g, sinpfzsinys

(5) The following relations hold:

’ +it

2ty V1 2184 —Ua€ U3

K1 = [4q€ e
&2 qs

(the £ in the first equation must match the + in the second equation).
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Fig.8. Trivially flexible Kokotsakis polyhedra.

Fig.9. The only degenerate configurations that don't count as quadrilaterals.

3.8 Trivial types

We call an isometric deformation of a Kokotsakis polyhedron trivial, if it preserves
one of the dihedral angles at the central face. In Section 6.1 trivial deformations are
classified, which leads to the four types shown on Figure 8. During an isometric defor-
mation, shaded faces move, while white faces stay fixed in R3. Any other trivially flexible
polyhedron is obtained from one of these by switching some of the immobile boundary

strips.
4 Configuration Space of a Spherical Four-Bar Linkage

4.1 Side lengths of a spherical quadrilateral

A spherical quadrilateral is a collection of four points (vertices) on the unit sphere,
together with a cyclic order such that no two consecutive vertices form a pair of
antipodes. Thus for any two consecutive vertices there is a unique great circle pass-
ing through them; the shortest of its arcs joining the vertices is called a side of the
quadrilateral. We allow the edges of a quadrilateral to intersect and overlap, except in

one of the ways shown on Figure 9.

Lemma 4.1. There exists a spherical quadrilateral with side lengths («, 8, y,§) if and

only if the inequalities
O<a<m, a<B+y+d<a+2rn (17)

are fulfilled, as are all those obtained by exchanging « with g, y, or §. d
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Proof. The necessity of the first three inequalities in (17) follows from our definition
of a spherical quadrilateral. To prove the necessity of the fourth one, replace a vertex
by its antipode and apply the third inequality. The equality cases in the third and the
fourth inequalities correspond to degenerate quadrilaterals shown on Figure 9.

To prove the sufficiency, note that a spherical triangle with side lengths «, 8, ¢
exists for all ¢ € [|o — B, min{«a + B, 27 —«a — B}]. The inequalities (17) together with those
obtained by permutations imply that

[l — B, minfa + B, 27 —a — B} N[ly — 4|, min{y + 6,27 —y —§}] # &,
therefore we can construct a quadrilateral by putting two triangles together. |

Recall the notation

G_a+,3+)/+8
N 2

—a+pB+y+4

, d=0—o= 5 '

B=0—-B,7=0—y,8 =0 — 4. Inequalities (17) imply similar inequalities for @, 8,7, §,
so that the latter are also side lengths of a quadrilateral.

The following lemma is proved by using standard trigonometric identities.

Lemma 4.2. For any «,f,y,8 € R and for o, @, B,7,6 as defined above the following
identities (and all obtained from them by permutations) hold.

a+B=y+4
sin@ sin 8 — sina sin 8 = sino sin(oc —a — B) = siny sind — siny sin§
sina sin g — siny siné = sin(c —a — y) sin(oc — B — )
=sinwsinf — siny siné
sino sin(c —a — B)sin(oc — B — y)sin(oc —a — y)

= sina sin A siny siné — sin@ sin B siny sin s a

4.2 The configuration space as an algebraic curve

For any numbers «, 8, y,8 that satisfy inequalities (17), the associated configuration
space is the set of all spherical quadrilaterals with side lengths «, 8, y,§ in this cyclic

order, up to an orientation-preserving isometry. A quadrilateral with given side lengths
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Fig.10. Angles ¢ and ¢ determine the shape of the quadrilateral.

is uniquely determined by the values of two adjacent angles; on the other hand, these

angles satisfy a certain relation. By performing the substitution
z:tanf, w:tanﬂ, (18)
2 2

where ¢ and  are as on Figure 10, we arrive at a polynomial equation in z and w.

Lemma 4.3 (Bricard [4]). The configuration space of quadrilaterals with side lengths «,

B, v, é in this cyclic order is the solution set of the equation

CZZZZWZ + Cz()Z2 + Con2 + 2C11Z2wW + cog = 0, where (19)

a+B+y—-8 . a—B+y -394
sin

Cyp = sin 5 5 = sind sin(oc — B — §)
—B—y -3 —y =34

Czozsina /327/ sina+'32y =sinasin(c — 8 — )

L ao+B—y+d . a—B—y+ds . _ .
Coz = Sin 2 sin 2 =sinysin(c — B — y)
Cc;; = —sinasiny

L a—B+y+8 . a+pB+y+d .=
Coo = Sin : sin : =sinBsino O

Proof can also be found in [9, 22].
The substitution (18) identifies R/27Z with R U {oo} = RP!. Therefore equation
(19) must be viewed as an equation in two projective variables. This is achieved by

bihomogenization
szZlez + CztoWS + C'()zZ(z)le + 261121W120W0 + C()()ZSWS =0, (20)

where z = ;—(‘) w = ;",—(1) see [9] for more details.
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Fig.11. Isomorphism between the spaces Z(«, 8,y,8) and Z(«, 7 — B, 7 — y,9).

Definition 4.4. The solution set of equation (20) in (CP')? is called the complexified
configuration space of quadrilaterals with side lengths «, 8, y, § and is denoted by
Z(a, B,v,8) or just briefly by Z. O

The following lemma will be useful in the next section.

Lemma 4.5. Let«,B,y,8 be a quadruple of numbers satisfying inequalities (17). Then
the map

(CPH? — (CPYH?

1

(z, W) (—z ", w)

restricts to a bijection Z(«, 8,y,8) = Z(w —a, 7w — B,v,d), and the map
(CPH? — (CPYH?
(z,w) > (z,—w )

restricts to a bijection Z(«, 8,y,8) —> Z(a,m — B, — y,8). O

Proof. It suffices to prove only the first part. This can be done by making the sub-
stitutions « — 7 — «, B — 7 — B in (19). The bijection between the real parts of the
configuration spaces is established by replacing the vertex «f by its antipode and using

tan £% = —(tan £)~’, see Figure 11. u

4.3 Classifying configuration spaces

Here we prove Theorems 2.4-2.7.
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Let Q be a spherical quadrilateral with side lengths «, 8, y, § in this cyclic order.
The shape of the configuration space will depend on the number of solutions of the

equation
a+pEty+8=0(mod2r) (21)

Because of (17), there is no solution with one or three minus signs. Thus, every solution
of (21) corresponds either to the sum of two sides being equal to the sum of two others
or to the sum of all sides being equal to 2.

If equation (21) has at least two solutions, then it is easy to show that Q has
either two pairs of sides of equal lengths or two pairs of sides, lengths in each pair
complementing each other to 7. If these are pairs of opposite sides, then Q is an isogram
or antiisogram,; if these are pairs of adjacent sides, then Q is a deltoid or antideltoid. It

follows that every quadrilateral belongs to one of the types described in Definition 2.3.

Proof of Theorem 2.4. If Q is an antiisogram, then equation (19) becomes
sin(a — 8)z% + 2sinazw + sin(a + §)w? =0 (22)

If « = § = 7, then the bihomogenization (20) yields z,zow,w, = 0. That is, the config-
uration space consists of four trivial components: z = 0, z = co, w = 0, and w = oc.
Similarly, if« = B ora+ 8 = 7, then there are two trivial components and one non-trivial
of the form z = xw with « given by (6). Finally, if « # 8 and « + 8 # 7, then by solving
the quadratic equation (22) (for which the identity sin(a — 8) sin(« + 8) = sin® « — sin* B
might be useful) we find two non-trivial components with « as given in (7).

If Q is an isogram, then equation (19) becomes
sin(a — B)z*w? — 2sinazw + sin(a + 8) =0,

and the argument is similar. Alternatively, one can use the first switching isomorphism
of Lemma 4.5. |

To deal with the (anti)deltoid case, we need the following lemma.

Lemma 4.6. The affine algebraic curve aw? + 2bzw + ¢ = 0 with a,b,c # 0 has the

parametrization z = psint, w = re’, where

J—=5, if bc > 0
p= %, r= ‘ O
b ~J/=%, ifbc <0
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The proof is straightforward. Recall our convention /x € iR, for x < 0.
The (1,2)-bihomogenization of the curve aw? + 2bzw + ¢ = 0 contains two

additional points (co,0) and (co, 00).
Proof of Theorem 2.5. If Q satisfies « = §, B = y, then equation (19) becomes
sin(8 — y)w? — 2sinyzw +sin(6 +y) =0 (23)

The (2, 2)-bihomogenization (20) contains a trivial component z = co. The affine part of
the non-trivial component can be parametrized according to Lemma 4.6, which yields
parametrization (9) for the case m = 1. The case m = 1 follows by the first switching
isomorphism of Lemma 4.5. Finally, parametrizations (10) are obtained by exchanging

z with w and « with y. [ |

Let now Q be a quadrilateral of conic type. Consider first the case when the

unique solution of equation (21) is « + y = B + §. Then we have

oc=a+y=p+9,

a=y, 3281 Y =q, S:ﬁ,
oco—pf—-—a=8—a, o—PB—-—y=5§—y

It follows that ¢, = 0 in (19) and that the other coefficients are

Cyo = Siny sin(d — @), Cgz = sina sin(s — y),

(24)
c;; = —sinasiny, cyp =sino sind
Lemma 4.7. The affine algebraic curve
C20Z2 + Conz + 2CIIZW + Copo = 0 (25)
with ¢ # 0, Coz # 0, Coo # 0, €%, — C20Co2 # 0 has the parametrization
z =psint, w =gsin(t+ ty),
where the amplitudes and the phase shift are given by
p= [ Co2C00 q= Co2Coo0 COS tn — C11Coo0
- o - S o— 75 _ _ <__
%) — C20Co2 c?) — C20Co2 (¢, — €20C02)Pq
(the phase shift is determined only up to the sign). O
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Proof. It is easy to show that the functions x = sint, y = sin(t + t,) parametrize the

curve
x% 4+ y? — 2cos toxy — sin’ty =0 (26)
Substitution x = f—), y = % transforms this to
q*z% + p*w? — 2pq cos tozw — p?q® sin®t, = 0
and the formulas for p, g, cos t, are found by solving the proportion
q* 1 p?: —pqcosty: —p*q®sin®ty = Cy0 : Coz : C11 : Coo [ ]

In order to apply Lemma 4.7 to the equation (19), we need the following
specialization of Lemma 4.2.

Lemma 4.8. Ifa+y =B+ 3§ =: o, then the following identities hold.

sina siny — sin 8siné = sin(§ — &) sin(8 — y)
siny sind — sina sin 8 = sino sin(§ — «) g

sina siné — sin 8siny = sino sin(§ — y)

Proof of Theorem 2.6. If « +y = B + §, then equation (19) takes the form (25) with c;;
as in (24). If equation (21) has no other solutions, then ¢y, co2, Coo 7 0. Besides, because
of Lemma 4.8 we have

€% — Cy0Co2 = sina sin Bsiny sind # 0

Thus we are in a position to apply Lemma 4.7. It yields

sin B sin y sin« sin S

B \/sina sin(§ — y) _ \/sina sin(d — )

which coincides with the formulas given in Theorem 2.6 due to Lemma 4.8. Furthermore
we have
sino 5 sino siny

coSty= ————, COS“ty= — - - - e R\ [0,1] (27)
n sinesiny —sin B siné
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It follows that tan? t, = —:;‘ﬁﬂ. Since the phase shift is determined only up to the sign,
asiny

we choose ty with Im ¢, > 0, that is, Imtan ¢, > 0, which leads to the formula in Theorem

2.6. Finally, the range of cosine
. T,
IR, — [0, +00), 2 + iR, — (—o00,1]

and equations (27) lead to the table determining Re t,.
The other cases can be reduced to « + y = g + § with the help of switching

isomorphisms of Lemma 4.5. For example, if « + = y + §, then we denote
o =apf =78,y i=7—y,8:=39,

sothat o'+ y’ = B'+§'. Hence the configuration space Z(«’, 8/, ', §') has the parametriza-
tion z = p'sint, w = q'sin(t £ t;), where p’, ', and t; are computed by applying the
formulas of Theorem 2.6 to the angles «’, f/, ', §'. By composing this with the second
switching isomorphism of Lemma 4.5, we obtain the parametrization

z=p'sint, w'=—¢'sin(t+ty) = q sin(t + (¢, + 7))
of the space Z(«, 8, y,§). It remains to note that p’ = p, ¢ = g, tant, = tant;. On the
other hand, we have

g YHE Y+ a—f-y+S
N 2 N 2

+7Tr

which is < x if and only if ¢ > 7 with o given by the table in Theorem 2.6. This accounts
forty =ty + . |

In the elliptic case we use the following lemma.
Lemma 4.9. For any given k € (0,1) and ¢, € C, the functions
x(t) = sn(t; k), y(t) =sn(t+ to; k)
parametrize the affine algebraic curve

2

x? +y? —k?*sn®tox?y® — 2cntydntyxy —sn’ty =0 (28)

(all elliptic functions in the formula have Jacobi modulus k).
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Similarly, the functions

x(t) =cn(t; k), y@) =cn(t+tyk)

parametrize the affine algebraic curve

sn?t cnt sn?t
4y R xy? -2 xy — (k)P =0, (29)
Y dn2 to Y dn2 to Y ( ) d.n2 to
where k' = +/1 — k? is the conjugate modulus. O

See [9] for a proof and historical references.

Proof of Theorem 2.7. If Qisofelliptictype, then neither of the coefficients in equation
(19) vanishes. We need to show that the substitution z = px, w = qy transforms (19) into
one of the equations (28) or (29), where p, g, k, and ¢, are as described in Theorem 2.7.
We don't give an analog of Lemma 4.7, because the formulas expressing p, g, k,
and t, through the coefficients c;; are rather complicated. On the other hand, in [9] it is

explained how the values of p and g can be guessed. So let's just substitute

\/sina sin(o — B — y) \/sino sin(o — f — a)
zZ = X, W=

B sinwsin siny sin§
(due to Lemma 4.2, these coefficients are p and g of Theorem 2.7) into

sin@sin(oc — B — a)z* + siny sin(o — B — y)w?

+sinédsin(oc — B — 8)z’w? — 2sina sin yzw + sin Bsino = 0

We obtain
X2yt — sino S:inff - (i_ y)X2 )
sin@siny
2pgsina siny siné sin B siné

=0 (30

- : : Xy + — .
sino sin(c —a — B)sin(c —  — y) sin(c —a — B)sin(c — B — y)

Two cases must be distinguished: M := Siiesinpsinysind g andq pr > 1.

sin@ sin B siny sin§

If M < 1, then we have to show that equation (30) arises from (28) by substituting

k_m_\/sinasin(a—a—ﬁ)sin(a—,B—y)sin(o—ﬁ—a)

sin@sin fsiny sin§
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and t, as described in Theorem 2.7. From

sin« sin
dnt, = _—Z
\ sin@siny
and sn?t, + k2 dn’ t, = 1 we compute

—sinBsiné —sinBsiné

2
SNty = — : = - . s = . T
°” sin(o —« — p)sin(c — B —y) sinasiny —sinBsind

It follows that the constant term and the coefficient at x?y? in (30) are equal to —sn? ¢,

and —k? sn? t,, respectively. Further, sn?t, 4+ cn? t, = 1 implies that

cn?t, =

" sin(c —a — B)sin(c — B —y)

sina siny (k')?
-

0) U (1, +00)

It follows that the square of the coefficient at xy in (30) equals 4 cn? t, dn® to. The sign
of the coefficient resolves the +2K-indeterminacy of t,. Indeed, equating the coefficient
with —2cnty,dnt, leads to

Together with the following information about the range of elliptic cosine:

(0,iK") = (1,+00), (K,K +iK') — <o,—i%>,

(2K, 2K 4+ iK') > (—00,—1),  (3K,3K +iK') > <O,i%>

this yields the table in Theorem 2.7.
If M > 1, then a similar argument shows that equation (30) arises from (29) by

substituting

K — sino sin(c —«a — ) sin(c — B — y) sin(oc —a — y)
N sina sin B sin y sin 8

and t, as described in Theorem 2.7. The value of dn t, implies this time that
—sinpBsiné ) sinasiny

sn’tp= —————————, cn’ty =
sinasiny — sin 8siné

sinasiny — sin 8siné

The coefficient at xy yields the same formula (31) for cn . |
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Fig.12. Involutions i and j on the configuration space of a quadrilateral.

4.4 Branch points and involutions

Let Z = Z(a, B,y,8) C (CP')? be the complexified configuration space of a quadrilateral
with side lengths «, B8, y, §, see Section 4.2. An irreducible component of Z is called
trivial, if it is described by an equation of the form z = const or w = const.

If Z° is a non-trivial component of Z, then both projections
f:2° - Cp? g: Z2° - CP!
(z,w)— z (z,w)—>w

are branched covers. Since equation (19) has degree 2 both in z and w, the degrees of f
and g are at most 2. Let A ¢ CP' and B c CP! be the branch sets of the maps f and g,
respectively. Denote by

i:2°—>2° VA A
(z, W) — (z,W) (z,w) — (Z/,w)

the deck transformations of f and g (defined only if the corresponding branched cover is
two-fold). Geometrically, involutions i and j act by folding the quadrilateral along one

of its diagonals, see Figure 12.

Lemma 4.10. Branch sets and involutions of the configuration space Z of a spherical

quadrilateral Q have the following form.

(1) If Q is an (anti)isogram, then for each of the non-trivial components of Z
(there can be 0, 1, or 2 of them), the maps f and g are homeomorphisms.

(2) If Q1is an (anti)deltoid with apex o4 (i.e., if eithere =and B =y ora +§ =
7 = B + y), then the map g is a homeomorphism, and the map f is two-fold
with the branch set and involution

A={xp™"}, iit—>m—t
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Similarly, if Q is an (anti)deltoid with apex «f, then f is a homeomorphism,

and g is a two-fold branched cover with
B={+q"}, j:t—>m—t

(3) If Qis a conic quadrilateral, then the curve Z c (CP')? is irreducible and
has a unique singular point (0~™,07") (where 07! := o). On the regular part
of Z, both maps f and g are two-fold branched covers with branch sets and

involutions

A ={£+p™}, lit—~>m—t

B = {+q"}, Jit (r—2ty) —t

(4) 1If Q is an elliptic quadrilateral with M < 1 (i.e., Z is parametrized by sn),
then both maps f and g are two-fold branched covers with branch sets and

involutions
_ p ;.
A= :I:p,:l:E , 1:t— 2K —t

B= {j:q,j:%], Jites (2K — 2to) —t

If Q has M > 1 (i.e., Z parametrized by cn), then the branch sets and

involutions are given by

k/
A:{:I:p,:tipg}, I:t—> —t

. k .
B:{iq,ilqz}, Jit—> =2ty —t

Proof. In the (anti)isogram case, the assertion follows from the fact that each non-

1 see Theorem 2.4. The affine curve

trivial component has the form z = cw or zw = cw™
z = cw contains in its biprojective completion the point (0o, 00), and the curve z = cw !
contains (0, co) and (oo, 0), which ensures that both maps f and g are homeomorphisms.

If Q is a deltoid with apex a8, then Z° is the (1, 2)-biprojective completion of the
affine curve (23). It is readily seen that g is a homeomorphism (we have g=!(0) = (o0, 0)
and g1 (c0) = (00, 00)). Formulas for the branch points of f and for the involution i follow
from the parametrization (9) of the affine part of Z°.

If Q is a conic quadrilateral with o + y = B + §, then the affine part of Z has the

form (25), which is a nonsingular affine curve. The biprojective completion adds a single
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point (0o, 00), whose neighborhood is equivalent to zZw? = 0. Formulas for branch sets
A and B and involutions i and j follow from the parametrization (11). For other types of
conic quadrilaterals the situation is similar.

Finally, if Q is elliptic, then the parametrization (12), respectively (13), defines
an analytic diffeomorphism C/A — Z. The branch sets A and B can be computed as the
sets of critical values of the functions z = z(t) and w = w(t), respectively. Formulas for

the involutions follow from the properties of the functions sn and cn. |

4.5 Orthodiagonal quadrilaterals

A quadrilateral is called orthodiagonal, if its diagonals are orthogonal to each other.

Lemma 4.11. A spherical quadrilateral with side lengths «, 8, v, in this cyclic order

is orthodiagonal if and only if any of the following equivalent conditions is fulfilled.

Ccos cosy = cos Bcosé (32a)
sin@siny = sin B sin§ (32b)
In particular, isometric deformations preserve the orthodiagonality. O

Proof. Condition (32a) is equivalent to the orthodiagonality due to the spherical
Pythagorean theorem. Equivalence between (32a) and (32b) follows by simple trigonom-

etry. |

Clearly, deltoids and antideltoids are orthodiagonal. Also, an (anti)isogram is

orthodiagonal only if it is an (anti)deltoid at the same time.

Lemma 4.12. If an orthodiagonal quadrilateral is not an (anti)deltoid, then it is of
elliptic type, its configuration space has the sn-parametrization (Case 1 of Theorem 2.7),
and the phase shift ¢, is a quarter-period: Im¢, = % Conversely, every quadrilateral

with these properties is orthodiagonal. O

Proof. By the remark preceding the theorem, if Q is not an (anti)deltoid, then it is
either conic or elliptic. Thus its configuration space has one of the parametrizations

from Theorems 2.6 and 2.7, and hence by Lemma 4.10 carries the involutions i and j.
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A simple geometric argument shows that Q is orthodiagonal if and only if i and

j commute or, equivalently, if and only if (i o j)? = id. On the other hand, since
ioj(t) =t+ 2to,

the involutions i and j commute if and only if ¢y is a quarter-period. In the conic case, %,
cannot be a quarter-period since Im ¢, > 0. Neither can it in the cn case, since there we
have ;A = KZ + K+T‘K/Z, which has an empty intersection with KZ + (0,iK’) > t,. Thus

the configuration space is parametrized by sn, and the lemma is proved. |

If in an orthodiagonal quadrilateral we have § = 7, then due to (32a) we must

i _z _z
have eithera = 7 ory = 7.

Lemma 4.13. The configuration space of an elliptic orthodiagonal quadrilateral is
described by one of the following equations.

(1) If§ # Z, then

(s (s
<sin(8 — )z + w> (sin(8 —y)w+ LW—H/)) =4sinasiny cosé,

(2) Ifa=4=7, then

cos cos 1
((cosﬂ —cosy)z+ M) (W + —> =4siny
z w

(3) Ify =6 =7, then

=4sina O

<z + é) <(cos,3 — Ccosa)w + w)

Proof. Equation cosw cosy = cos ff cosd can be shown to imply

sin(8 — «) sin(8 — y) = 2cossind sin(c — f — 8)
sin(§ — «) sin(d + y) = 2cos§sinw sin(oc —  — )
sin(§ + @) sin(d — y) = 2cosédsiny sin(oc — 8 — y)
sin(§ + «) sin(§ + y) = 2cos § sin B sino
(the proof can start with siné sin(c — 8 —8) = 2(cos B — cos(a +y —§))). This shows that

the equation in the first part of the lemma is equivalent to (19). The second and the third

part are proved by similar transformations. |
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Remark 4.14. With the help of the identities from Lemma 4.2 one can show that

C22  C20 . . .= .= e e
det =sinosiny(sinfsind —sina siny),
Co2  Coo

where c;; are the coefficients from (19). By Lemma 4.11, the right-hand side vanishes if
and only if the quadrilateral is orthodiagonal. It follows that equation (19) takes the
form (az? + b)(cw? + d) = zw if and only if the quadrilateral is orthodiagonal. This fact

is also expressed and proved in a different way in Lemma 4.16 below. O

The involution factors and other parameters introduced in Definition 2.8 allow
to abbreviate the equation of the configuration space of an orthodiagonal quadrilateral

in the following way.

Corollary 4.15. The configuration space of an orthodiagonal quadrilateral has the

equation
(z+rzH(w+puw™) =v, if Qisnotan (anti)deltoid (33a)
z+ iz ' =tw", if Qis an (anti)deltoid with apex af (33b)
w4+ puw ™t =¢z™, if Qis an (anti)deltoid with apex o (33c)
Here m = 1, respectively, n = 1, if Q is a deltoid, and m = —1, respectively, n = —1,if Q
is antideltoid, A, i, v, &, ¢ are as in Definition 2.8. O

The involution factor A is defined if and only if the projection g: (z,w) — w
restricted to the non-trivial component Z° is a two-fold branched cover of CP!. Recall
thatj: (z, w) — (2, w) denotes the deck transformation of g. In general, z’ depends both
on z and w. But equations (33) show that in the orthodiagonal case z' depends only on
z. In other words, the involution j descends to an involution f,(j): CP! — CP!.

The next lemma explains the term “involution factor” and shows that the pushout

Jf.(j) exists only in the orthodiagonal case.

Lemma 4.16. The involution j: (z,w) — (2/,w) on the configuration space of an
orthodiagonal quadrilateral acts by z’ = Az~!, where A is as in Definition 2.8.
Conversely, if the involution j descends to an involution on CP!, then Q is an

orthodiagonal quadrilateral. O

Proof. The first part is immediate from equations (33).
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5

Fig.13. A compatible coupling of orthodiagonal quadrilaterals.

If f is two-fold, then the map £, (j): z — z'is well defined if and only if foj = fojoi.
The last equation implies that either j = joiorioj =joiholds. Asj # joi, we conclude
that i and j must commute. This implies that ¢, is a quarter-period, and thus by Lemma

4.12 the quadrilateral is orthodiagonal. |

Lemma 4.17. Coefficients A, i, v in the equation (33a) are expressed in terms of the

modulus and amplitudes as follows:

2 2 k . !
(%5 58pe), =%
P2 @ _ 204k ) if it — iK'’
Vi ra)., iftg = 2K + 5
()\-r Mr U) = pz q2 k;/’fl_k) . iK/ D
(—?,—T, Tk pq), lft():K—i-T
2 2 sy . !
(%~ —fipe), =3k -+

Proof. The formulas are obtained by substituting z = px and w = gy in the equations

( N 1)( 1) L 204k ( 1)( 1) L2 -k
X+ — — ) =t—, (x—— —— )=t

k) iy kvk AN kvk
describing the curves x = snt, y = sn(t + ty) for the values of ¢, given above. |

Definition 4.18. Orthodiagonal quadrilaterals Q; and Q, are called compatible if one
of the following holds:

e theinvolution factors of Q; and Q, at their common vertex are equal: A; = Ay;
* Q, and Q; are frontally coupled deltoids;
e Q, and Q; are frontally coupled antideltoids. O

Geometrically, a coupling of compatible orthodiagonal quadrilaterals is char-

acterized by the property that during a deformation the angles marked on Figure 13

remain equal.
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Fig.14. Coupled four-bar linkages.

The coupling (Q;, Q;) on Figure 4 is compatible orthodiagonal if and only if
during a deformation of the polyhedron on Figure 3 the points A;, 4,, C;, C, remain in

one plane, and this plane is always orthogonal to the planes B;A;A, and B,A3A3;.

5 Configuration Space of Two Coupled Four-Bar Linkages

In Section 4 we studied the complexified configuration space Z of a spherical four-bar
linkage on Figure 10, together with the projections f: Z — CP! and g: Z — CP' that
output the tangents of half the angles ¢ and . In this section we study the configuration

space of two four-bar linkages coupled as shown on Figure 14.

5.1 Coupled four-bar linkages and fiber products of branched coverings

The configuration space Z;, of the coupling on Figure 14 is the solution set of a system

of equations:
Zyz == {(wy, 2, wy) € (CP')° | Py(z,w) = 0, Py(z, w;) = 0}

Here P, and P, are polynomials whose zero sets are the configuration spaces Z; and Z,.

Thus we have a commutative diagram

CP! Z12 CP! , (34)
f f2
N N
Zz Zl
N
CP!
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where each of the maps is the restriction of a projection (CP')® — (CP')% or (CP)? — CP'.

It is easy to see that the commutative square in (34) is a fiber product diagram:
Z1a = Z) Xcp Zy = {(X1,X2) € Z) X Z3 | fi(x1) = fo(x2)}

The set Z;, is an algebraic set and can have several irreducible components. In
particular, this is the case when Z; or Z, is reducible. We are not interested in trivial
components of Z; given by z; = const or w = const, which will be dealt with in Section
6.1. Therefore let us restrict the diagram (34) to some non-trivial components Z? and Z7
of Z; and Z,.

Each of themaps f;: Z? — CP! is either a homeomorphism or a two-fold branched
cover. If f; is a homeomorphism, then so is fl, and the branched coverfz is equivalent
to f>: Z3 — CP.

The following lemma describes the fiber product Z? x 1 Z3 in the case when both
maps f1|Z(1) and lezg are two-fold branched covers. This is a simple special case of the

general description of the components of a fiber product over CP?, see [16, Section 2].

Lemma 5.1. Let fi: Z) — CP! and f,: Z — CP' be two-fold branched covers with
branch sets A;,A, C CP!, respectively. Then their fiber product Z;, has one of the

following forms.

(1) IfA; # A, then bothfl andf~'2 are two-fold branched covers with branch sets
7 (A,) and f; ' (A,), respectively. The composition fi of; = f, of; is four-fold,
and its monodromy has the form (12)(34) around A, \ 4,, (13)(24) around
A; NA,y, (14)(23) around A, \ A,. Here 1,2, 3,4 is an appropriate labeling of
the preimage of some point.

(2) If A, = A, (so that the covers fi and f, are equivalent), then Z,, is equivalent

to the union of two copies of Z?:
Zy =200z

The restrictions of fl and f; to Z¥" and Z)~ are homeomorphisms, and the

compositions

N f £ f
7025 707 1 70 and 2025 z07 L 28

differ by postcomposition with the deck transformation of Z) (equivalently,

by precomposition with the deck transformation of Z?). O
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5.2 Reducible couplings

Definition 5.2. A coupling of spherical four-bar linkages on Figure 14 is called
reducible, if there exist non-trivial irreducible components Z? and Z) of Z, and Z,,

respectively, such that the fiber product Z¥ x.p1 Z9 is reducible. O

By Lemma 5.1, a coupling is reducible if and only if the maps f1|Z? andf2|zg are
two-fold branched covers and their sets of branch points coincide: A; = A,. Each of the

components Z? can have one of the following forms, see Section 4:

« Equation (21) has no solutions; then Z? = Z; is an elliptic curve with the

parametrization
Zi ={(z,wy) | z = p;F;(t), w; = q;Fi(t + t;)}, (35)

where F;(t) = sn(t, k;) or F;(t) = cn(t, k;).
« Equation (21) has exactly one solution; then Z? = Z; is a conic with the

parametrization
Zi={(z,w;) | 2™ = p;sint, w;" = g; sin(t + t,)}, (36)

where m;, n; = £1 depending on the form of the solution of (21), as described
in Theorem 2.6.

e The quadrilateral Q; is either deltoid with «; = §;, 8; = y; or antideltoid with
ai+ 6 =m =P+ y;, and

Z) = {(z,wy) | z;" = pisint, w; = /= pie", }, (37)
where m; = 1 if Q; is a deltoid, and m; = —1 if Q; is antideltoid, and with ¢;

and p; as in Theorem 2.5.

We have |A4;| = 4 when Q; is elliptic, and |A;| = 2 when Q; is a conic quadrilateral
or an (anti)deltoid. Therefore a reducible coupling is only possible between two elliptics,

or between two conics, or between (anti)deltoid and conic, or between two (anti)deltoids.

5.2.1 Reducible couplings of elliptic quadrilaterals
Lemma 5.3. A coupling of two elliptic quadrilaterals Q; and Q, is reducible if and only
if the parametrizations (35) of their configuration spaces satisfy one of the following

sets of conditions:
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(1) F, and F, is the same elliptic function (sn or cn), and

ki=k;, pi=p.=:p

In terms of the side lengths of Q; and Q, this is equivalent to

sin «; sin §; sin a, sin §, sin B, sin y; sin B, sin y;, (38)
. —_— . ry = . —_— . s . - . —_— = . - . —
sina; sind;  sina, Sind, sinfB,;siny,; sinp,siny,

The components of the configuration space Z;, of the coupling have the

following parametrizations:

(wy =qF(t —t1),z=pF(t), w; = @:F(t + t2)} 39)
Ulwy = qiF(t — t1),z = pF(t), wy = @2F (t — t2)}

(2) F,=cn(-,k)) and F, = cn(-,k,) and

& .k

k2 4+k2=1,
1 2 p2 kz

The components of the configuration space of the coupling have the follow-

ing parametrizations:

b19q2

2

P1q2

2

{W1 =qicn(t —t, k), z=picn(t, k), w, = cn(t + itz,kl)}
(40)

cn(t — itz,kl)} O

U {Wl =g cn(t —t1, k), z=prcn(t, k), wy, =

Proof. Branch points are given by part (4) of Lemma 4.10. In the sn case either all four
points are real or all purely imaginary, while in the cn case there are two real and two

imaginary points. Thus we have two possibilities:
b1 .
{ipllik_}:{iPZIi_} if F; =sn(-, k)
1
. Kk .k, .
+pi,Eipi— 1 = £ P, Lips— if F; =cn(-, k)
ki ks

If p; = p,, then in both cases we have k; = k,, which results in the case (1) of the Lemma.
The parametrization (39) follows from parametrizations (35) and from the action of the
involutions i; and i, on Z; and Z,.

Recall that p; e R, UiR,, so that p; = —p, is not possible. It remains to check if
the elements of A, can be equal to those of A, “crosswise.”
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In the sn-case because of p; € R, UiR, we have only the possibility

_ b _b
p1—k2, D2 k,

which cannot occur because of 0 < k; < 1. In the cn-case we have

.k . Kk D1 k1
= +ip,—2 and p, = +ip,—+~ & k' =k,and &— = +i—,
b1 pz k, bz b k, ! ? D2 k,
which leads to the Case (2) of the Lemma.
To obtain a parametrization of Z;, in the second case, use Jacobi's imaginary
transformation:

.k . .
i—cn(it+ K + iK', k)

D=k e

It leads to the following parametrization of Z,:

.k .k .
Zy, = {(z, wy) |z = zpzk—/1 cnt, wy = quk—/l cn(t + ltz)}
1 1
By making, if needed, the parameter change t — t + 2K, this can be rewritten as z =

picnt, wy = "117—‘212 cn(t + it,), and we obtain (40). [ |

5.2.2 Reducible couplings of conic quadrilaterals
Lemma 5.4. A coupling of two conic quadrilaterals Q; and Q, is reducible if and only
if the parametizations (36) of their configuration spaces satisfy one of the following sets

of conditions:

(1) m; = my, =t m and p;, = p, =: p. In terms of the side lengths, this is
equivalent to

sin «; sin §; sin a, sin §,

- ; = — : (41)
sin B sin y; sin B, sin y,

with an additional condition that each of («;, 8;, 14, 8;) satisfies one of the

equations
aityi=pi+68, aitp=y+éd (&Gm=1)
or each satisfies one of the equations

o+ =PB+v, a+ptrvitdi=2r (&m=-1)
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The components of the configuration space of the coupling have the follow-

ing parametrizations:

{w' = q;sin(t — t,), 2" = psint, w,? = g, sin(t + t,)}

(42)
U{w,! = q, sin(t — t,), 2™ = psint, w,? = g, sin(t — t,)}
(2) m;y=-myandp, = j:piz. The components of the configuration space of the
coupling have the following parametrizations:
. . cost, +isint,cost
{W;ll = q, sin(t — t,), 2™ = p; sint, w,? = q, 2 z }
sint
t _isint . (43)
cos t, — isint, cos
U{WILI = q sin(t — t,),z™ = p; sint,w,? = q, 2 i 2 } 0

Proof. Branch points are given by part (3) of Lemma 4.10. Thus A, = A, is equivalent to
{£p:1} = {£p2} ifm; =my

1
{:l:pl} = {:l:—} if m;, = —m;
)2

The parametrization of Z;, in the first case is obvious. In the second case we must set

. m 1 . 1
p1sint=z"1"=——— &sint = ——,
p2sint’ sint’
where t and ¢’ are parameters on Z, and Z,, respectively. (If we have p, = —piz, which

happens when the amplitudes are imaginary, then make the parameter change t — t+.)

This determines two different automorphisms of CP! = (C/27xZ)U{ioc}. Since sint’ = -

sint

implies cost’ = +icot t, we have

. cost, isint,cost
sin(t’' £1t,) =

’

sint

which leads to the parametrization in the Lemma. |
5.2.3 Reducible couplings involving deltoids

An (anti)deltoid Q, is said to be frontally coupled with Q, if the common vertex

of Q, and Q, is an apex of Q,. Otherwise, Q, is said to be laterally coupled with Q,. The
map f; |Z(1) in the diagram (34) is two-fold if and only if Q; is coupled frontally.

Lemma 5.5. A coupling (Q;, Q;) with Q, a frontally coupled (anti)deltoid is reducible
if and only if one of the following sets of conditions is satisfied.
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The quadrilateral Q; is conic, m; = m,; =: m and p; = p, =: p. In terms of
the side lengths, this is equivalent to

.2 . .
sin® o sin a, sin é,

sin?B, sinp;siny,

with the additional condition:

Ql deltoid é()l2+]/2=,82+82 0ra2+ﬂ2=y2+82

Q, antideltoid = oy +8, = B2+ Y2 0r ay + B2 + y2 + 8, = 21

The components of Z;; can in this case be parametrized as

(Wy = e14/— €%, 2™ = psint,w,? = g, sin(t + t,)}
(44)
U{w, = &1/—m1€", 2™ = psint, w,? = q, sin(t — t,)}

The quadrilateral Q, is conic, m; = —m,, and p; = j:plz.
The components of the configuration space of the coupling have the follow-

ing parametrizations:

it _m . ny cost, +isint,cost
Wy =&/ —e,z7 =p;sint, w,” =qs

sint
(45)

. cost, —isint,cost
t : na
U{W1=81 —m e, z" =p;sint,w,” = q»

sint

Both Q; and Q; are frontally coupled deltoids or frontally coupled antidel-
toids (so that m; = m, =: m) such that p; = p, =: p in (37). In terms of side

lengths:

sinwe; sinap either o; = 6;, i = v .
- = — and fori=1,2
sin B, sin B,

ora;+6 =m=p+v

The components of the configuration space of the coupling have the follow-

ing parametrizations.

(W) = g1/ 1€, 2™ = psint, w, = g53/— 126"}

U{w, = e1/—m16%, 2™ = psint, w, = —ey/— e}

Q, is a deltoid, Q, is an antideltoid such that p;p, = 1.
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The components of the configuration space of the coupling have the follow-

ing parametrizations.

. . eit -1
W, = e/~ "%, 2™ =p,sint, wy, = egn/—pg—
e’ +1

eit+1}

it .
U {Wl =& —//Llel ,Zml = p; S1n t, Wy = —&34/— U2 oit 1

Proof. Cases (1) and (2) are treated similar to Lemma 5.4.

In the Case (3) we have A, = A, if and only if p, = p,, see part (2) of Lemma
4.10. Parametrizations of the two components of the fiber product is straightforward
from (37) by taking into account the involution action ¢t +— 7 — t (or, alternatively, its
description in Lemma 4.16).

In the Case (4) we must adjoin to the parametrization (37) the equation w, =

e2/—J12€" , where sint'sint = 1. The latter equation is equivalent to
(ei(t+t’) —eit ¢ it + 1)(ei(t+t/) +elt — el +1)=0, (46)
which implies the formula in the lemma. |

5.3 Fiber product and resultant

The fiber product Z;, = Z? xp1 Z9 lies in the space (CP')® with coordinates (wy, z, wy),
and its projections to the (z,w;) and to the (z, w) planes are the spaces Z? and Z9,
respectively. Consider now the projection to the (w;, w;)-plane and denote by W its

image:
w2y, —> W,
(wy, 2z, w3) = (W, Wa),

which we call the partial configuration space of the coupling. Then we have
W := {(w;, w,) | 3z € CP' such that (z, w,) € Z?, (z, w) € Z3}

If PY and P? are polynomials defining the components Z? and Z?2, respectively, then the
set W (at least its affine part) is the zero set of the resultant of the polynomials P? and
PJ viewed as polynomials in z.

If the coupling is reducible, then the resultant is a reducible polynomial, so that

W consists of several irreducible components. In this case it is convenient to use the
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parametrizations of the irreducible components of Z;, that we obtained in Section 5.2 in

order to obtain the descriptions of the components of W.

Lemmab5.6. The following are the equations of the irreducible components of the space

W for some of the reducible couplings.

(1)

If (Q,, Q,) is a reducible non-involutive coupling of elliptic quadrilaterals,
then

2 2 2 2
A WiW5 + AW, + Go2Wy + 241 W1 W3 + Ao = 0

If (Q;, Q) is a reducible coupling of conic quadrilaterals such that m; = m,
and p; = p; (Case 1 of Lemma 5.4), then

2n 2n n n
AWy ! + A2 W, 2 + 2@11W11W22 + agp = 0

for some a;; € R, except for the components corresponding to t; — t, =
O(mod).

If (Q,, Q,) is areducible coupling of conic quadrilaterals such that m; = —m,
and p;, = :I:pi2 (Case 2 of Lemma 5.4), then

2n 2n 2n 2n n n n n
w, 1W2 2+a20W1 l+a()2W2 2+2a11W11W22+a10W11+a()1W22+a00 =0 (4:8)

for some a;; € C with az, @oz, @11, @10, @01 # 0. The polynomial is irreducible.
If Q, is an (anti)deltoid, and Q, is a conic quadrilateral such that m; = m,
and p; = p; (Case 1 of Lemma 5.5), then

2i _Mleiitz 1y

+2ity 1
wy + e 2wy zslq—Wz
2

If Q, is an (anti)deltoid, and Q, is a conic quadrilateral such that m; = +m,

and p;, = :I:pi2 (Case 2 of Lemma 5.5), then

w?+ 2aw; + b

ny
=cw,?, 49
e : (49)

where the fraction on the left-hand side is irreducible.
If Q, is a deltoid, and Q; is an antideltoid such that p;p, = 1 (Case (4) of
Lemma 5.5), then

W1W2 F 894/ — oW1 F 814/ — U1 W2 + 1824/ — 14/ —12 = 0 U
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Proof. Inthe Case (1) each of the components of W has the parametrization of the form
wi =qiF(@t), wy=qF(t+ty),

where t;, is either ¢; £ ¢, or t; £ it,. For an irreducible component, ¢;, is not a half-period
of the elliptic function F, and the component is described by a biquadratic equation of
the above form.

Similarly, in the case (2), the components of W are parametrized by
W, =q sin t, wy,= q> Sln(t + (tl + tz))

If t, ¢, ¢ {0, 7}, then the corresponding component is described by a quadratic equation
without a linear part.

In the case (3) by Lemma 5.4, part (2) we have a parametrization of the form

. c+dcost
w,! =asint+bcost, wy?=-—-——"
sint

with a, b, c,d # 0. It suffices to consider the case n; = n, = 1. One easily computes

. dw, + bc w,w, — ac
sint=———, coSt=—"——
bW2+ad

By substituting this into sin® ¢ 4+ cos?t = 1 we obtain the equation
wiw; + d*w? — b*w? — 2acw,w, + 2bcdw, — 2abdw, + (a’c? + b*c* — a*d*) =0

The polynomial at the left-hand side is irreducible, since it describes a 2-2 correspon-
dence, and W7 is also a double cover over both Z, and Z,.

In the cases (4) and (5) the equations are found by substituting w, = c,e into
sin(t+t,) = —el(mz)—;l(mz) and cos(t£t,) = —e”titz)ge_”mz)
irreducibility of the rational function in the case (5) is equivalent to the non-divisibility

in the formulas of Lemma 5.5. The

of the numerator by e & 1. This, in turn, is equivalent to tan ¢, # i that was observed in
Section 4.3 after the proof of Theorem 2.6.
Finally, equations in the case (6) follow from equation (46). [

5.4 Involutive couplings

Consider the projection (47), where Z,, is the fiber product of non-trivial components Z?

and Z? of the configuration spaces Z, and Z,. Let Z% be some irreducible component of
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Zy2. Then the map 7 restricted to Z?, is either an isomorphism or a two-fold (possibly

branched) cover.

Definition 5.7. A coupling (Q;, Q,) is called involutive, if there exists an irreducible
component Z9, of Z9 xp1 Z9 such that the restriction of the projection (47) to Z9, is two-
fold. O

Lemma 5.8. The coupling (Q;,Q,) is involutive if and only if the maps g; and g,
on the diagram (34) (with Z? in place of Z;) are two-fold, and the corresponding deck

transformations j;: Z? — Z? lift to a common involution ji,: Z{, — Z9,. O

Proof. If (Q,,Q,)isinvolutive, then the deck transformation of the two-fold cover Z?, —
WP has the form

(W, 2z, W) — (W, 2z, wy) (50)

It follows that j; and j, are two-fold and that (50) is a common lift of their deck
transformations.
In the opposite direction, if j; and j, lift to an involution j,,, then we have 7 oj;, =

7, and since j;, # id, this means that 7 is two-fold. |

5.4.1 Classification of involutive couplings

Lemma 5.9. Any involutive coupling (Q;, Q,) has one of the following forms.

(1) The quadrilaterals Q; and Q, are orthodiagonal and have equal involution
factors at their common vertex: A; = A, see Definition 2.8. (In particular this
means that A; are defined, that is, if Q; is an (anti)deltoid, then it is coupled
laterally.)

(2) The quadrilaterals Q, and Q, are elliptic and form a reducible elliptic cou-
pling of the first type from Lemma 5.3. Besides, t; £ ¢, is a half-period of the
corresponding elliptic function.

In terms of side lengths this means that, in addition to equations (38), we

have either

sin o, sin y; sin a, sin y;,

sing, siny, sin&,siny,’
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which is equivalent to t; — t, € {0, 2K}, or

sina, sin y; sin a, sin y,

sin@, siny,  sinp,sing,’
which is equivalent to ¢, + t, being a half-period with Im(t; + t,) = K.
(3) The quadrilaterals Q; and Q, are conic and form a reducible conic coupling
of the first type from Lemma 5.4. Besides, t; — t; = O(modx).

In terms of the side lengths this is equivalent to

sin o, sin o, sin y; sin y,
sinf; sinp,’ siné, siné,

with an additional condition that each of («y, 81, y1,81) and (g, B2, V2, 82)

satisfies one of the equations
a+y=B+6 a+p=y+5 (&m=1)
or each of them satisfies one of the equations
a+s=B+y, a+B+y+d=2n (&m=-1) O

Proof. By assumption, both covers g; and g, are two-fold. Assume that the map f; is an
isomorphism. Then, according to the classification of configuration spaces (in particular,
Lemma 4.10), the quadrilateral Q, is an (anti)deltoid coupled to Q; frontally. Then, by

Lemma 4.16, the deck transformation j; acts by

Z Azt

If j; and j, have a common lift (50), then j, must descend to an involution on CP! given
by the same formula. By Lemma 4.16, this happens if and only if the quadrilateral Q, is
orthodiagonal and has the same involution factor at the d«-vertex as Q,. Thus we arrive
at a special case of the situation described in part (1) of the Lemma, with a laterally
coupled (anti)deltoid as one of the orthodiagonal quadrilaterals.

From now on assume that both f; and g, are two-fold, that is, each of Z¥ = Z,
and Z9 = Z, is either a conic or an elliptic curve. We will distinguish two cases: when
the coupling (Q;, Q,) is reducible and when not.

If (Q;, Q,) is reducible, then consider case-by-case possible parametrizations of

the components of Z;, given in Lemmas 5.3 and 5.4.
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s wi=qF(t—t), z=pF(t), w;=qF(t=xt),

where F = sn or cn, and the choice of +t, or —t, shift yields two different components

of Z;,. The involution j; acts by

. 2K +2t; —t, if F=sn
Ji(®) =
2t; — t, if F=cn

In order for j; to preserve the value of w,, we must have
sn(t +t,) =sn(2K + 2t —t+t;) or cn(txt,) =cn(2t; -ttty Vi,

respectively. This is equivalent to t; £¢, being a half-period of sn, respectively, cn. Hence
we have the situation described in part (2) of the Lemma. Because of Im ¢;,Im ¢, € (0,K’)
the possible half-periods are

{iK', 2K + iK'}, in the sn case
t1 — 1ty € {O,ZK} or t;+1t, € (51)

{K +iK’,3K + iK'}, inthe cn case

The corresponding conditions on the side lengths follow from the formulas for dn ¢, in
Theorem 2.7 and from the identities dn(iK’ — ) = icmg and dn(K + iK' — t) = —ik' 2%

5087 cntg”

e wy=gqcn(t—t;), z=pcnt, w;= ”;—;’2 cn(t £ ity)

Similar to the previous case, t; +it, must be a half-period of cn, that is belong to 2K7Z +
(K + iK’)Z. This is impossible, since Im ¢; € (0,K’) and Im(it,) is a multiple of K’. Thus

this coupling cannot be involutive.
e wl=gqsin(t—t), z"=psint, w,?=q;sin(t=+ty)

Arguing as before, we see that t; £+ ¢, must be a multiple of x. Since ¢; and ¢, have
positive imaginary parts, we have t; — t, = nw. By the formula for tan ¢; from 2.6 this is

equivalent to

sin A, sin §; sin B, sin é,

sin o, sin y; sin a, sin y;,
Together with (41), this is equivalent to the condition on the side lengths in the Lemma.

n2

i : totisint t
« wi'=gqsin(t—t), 2z™ =p;sint, w, oS fp+isinty cost

=Qq sint
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The lift on involution j, acts by t — 7 — 2t; — t which does not preserve the value of
w,(t), so this coupling cannot be involutive.

If the coupling (Q;, Q,) is irreducible, then we have

Zio ={(@t, t) € Z1 x Z, | i(t) = fo(t)},

where we identified Z; and Z, with their parameter domains. The common lift j;, of the

involutions j; and j, is the restriction to Z;; of the map
(1,J2): Zy X Zg — Zy X Z,
On the other hand, we have another map of Z;, to itself:
(i1,id): Z1p — Zy2,
which changes w; while preserving z and w,. We have
(ir,1d) o (1, J2) (8, ¥') = (¢ + 21, J2(1)),
hence
((G1,id) 0 (2, J2)*(t, 1) = (t + 41, t)

Since this maps Z;, to itself, we have fi(t + 4t;) = f1(t) for all ¢t. That is, the phase shift
t; is a quarter-period of the function parametrizing Z;. By an argument from Lemma
4.12, this implies that Q; is orthodiagonal. Similarly, by using (id, i) in place of (i, id),
we show that Q, is orthodiagonal. But then, by Lemma 4.16, the involutions j; and j,
descend to CP!. They descend to the same involution z — z' if and only if A, = A,. Thus

we are in the situation of the part (1) of the Lemma. |

5.4.2 The partial configuration space of an involutive coupling
Lemma 5.10. Let (Q;,Q;) be an involutive coupling of orthodiagonal quadrilaterals.

Then the quotient space W := Z;,/j;» is the solution set of the following equation.
(1) If neither Q; nor Q, is a deltoid, then

1N -1
W+ mw, = v—(Wz + pawy ), (52)
2
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(2) If Q, is an (anti)deltoid laterally coupled to Q; that is not an (anti)deltoid,
then

V1 —ngy

wi + M1W;l = E_WZ (53)
2

(3) If Q, and Q; are laterally coupled (anti)deltoids, then

ny __ §_2Wn2

1 — 2
&

Here u; are the involution factors from Definition 2.8, and v;, &;, n; are as in Corollary 4.15.
O

Proof. Follows directly from the equations of the configuration spaces given in
Corollary 4.15. |

Lemma 5.11. Let (Q;, Q) be a reducible involutive coupling as described in parts (2)
and (3) of Lemma 5.9, and let Z}, be the component of its configuration space carrying

the involution j;,. Then the quotient space W° := Z%,/j;, has the following form.

(1) If (Q,, Q) is elliptic, and t; — t, is a half-period, then

. . . siny; siné
cw,, if sino;sino, >0 St
, Wwhere c=

—cw,, if sino;sino, <0

siny sind;
w; = B er—
sinypsindy 1

sinyy sindy

(2) If (Q;,Q,) is conic such that
a+yi=pi+d8& 1=1,2

and t; — t, € {0, 7}, then

siny; sind; 1

cw,, if sino;sino, > 0 Siney sin f;

, Where c¢=
—cw,, if sino;sino, <0

Wy = sinypsindy 1

sinay sin By

(3) If (Q;,Q,) is conic such that

ai+Bi+yi+&=2r, i=1,2,
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and t, — t, € {0, 7}, then

clwy, if sino;sinoy, > 0
w; = ’
—c'w,, if sino;sinoy, <0
where c is given by the same formula as in the previous case. O

In a reducible equimodular coupling of conic quadrilaterals, the side lengths
can satisfy conditions other than those in parts (2) and (3) (see Lemma 5.4), but we will

not need the equation of W in these cases.

Proof. Lett, —t, € {0,2K} be a real half-period of an elliptic function F. Then Z?, is the
second component in (39), and its quotient (obtained by forgetting the coordinate wy) is

described by the equation

Z—;Wz, 1ft1—t2=0
W1 ==

_%Wz' ift; —t, =2K
If the coupling is geometrically realizable (i.e., W N (RP')? is a curve), then g, and g, are
either both real or both imaginary. Since we also have p; = p,, formulas in Theorem 2.7

determining Re t, imply that Ret; = Ret, if and only if either 01,0, < 7 or 07,05 > 7. By

observing finally that % = \/g if x and y have the same sign, we arrive at the formula
in the Lemma.
The argument in the conic case is the same. [

5.5 Lateral coupling of deltoids
Lemma 5.12. Let Q, and Q; be laterally coupled deltoids:
o =puyi=08,1=1,2

If their coupling is non-involutive, then the configuration space Z;, is described by the

equation
aw? + 2bwyw, + cw; +d = 0, (54)
where
_ A2 _ _ A2
azios—Zdai' =_0015816(l:1062262' Cziw—zdr;z' d=(d —d)’
and d, = 224 g, = 2% O

tanog tanag *
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Proof. The spaces Z; and Z, have equations of the form w; = a;z + b;z™!, i = 1,2, see

Corollary 4.15. The coupling is non-involutive if and only if

det (al bl) £0
as bz

! can be expressed as linear functions of w; and wy,

If this is the case, then z and z~

1

whose substitution in zz~! = 1 yields equation (54). |

6 Proof of the Classification Theorem

For every Kokotsakis polyhedron, the dihedral angles at the edges of its central face
determine its shape uniquely. These angles were denoted by v, ¢, ¥», and 6, and the
tangents of their halves by wy, z, w,, and u, respectively. See Section 2.1 and the begin-
ning of Section 2.2. Therefore a continuous isometric deformation is represented by a

non-constant map

I— (SH*
(55)
t = (Y1(0), @(1), Y2(0),0(1)),

where I C R is a segment. Recall that the dihedral angles at each pair of adjacent edges
are related through an equation that is polynomial in the corresponding tangents of

half-angles, see (4).

6.1 Trivially flexible polyhedra

A deformation will be called trivial, if one of the functions v, (t), ¢(t), ¥ (t), or 6(t) is
constant. Let us classify trivial deformations.

In every trivial deformation there is a pair of adjacent dihedral angles one of
which remains constant while the other one varies. Let ¢(t) = const and ¢ (t) be chang-
ing. From the classification of the configuration spaces of spherical quadrilaterals in
Section 4 it follows that either ¢(t) = 0 or ¢(t) = x; in the former case, Q; is a deltoid
with «; = §; and B, = y,, in the latter case Q, is an antideltoid with «; +68; =7 = 81 + 1.
A case-by-case analysis of the behavior of the dihedral angles v, (¢t) and 6(t) leaves us

with the following possibilities.

e Both 6(t) and ¥, (t) are changing;
e 6(t)is changing, ¥,(t) =0 or x;
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e 0(t) =0 or m, while v, (t) is changing;
e 0(t) =0 or z, while ¥,(t) = const ¢ {0, }.

The corresponding flexible polyhedra are described in Section 3.8.
6.2 A diagram of branched covers

Assume that the deformation (55) is non-trivial, that is neither of the angles remains
constant during the deformation. Make the substitution (3) and consider the irreducible
components of the configuration spaces Z; containing the deformation (55):

(w1 (8),2(t) € 2, (2(t), wa(t)) € Z;,

(wa(t), u(t) € Z3, (u(t),w,(t) €Z) Vtel

The components Z? are well defined since by choosing, if needed, a subinterval of I we
may assume that the path avoids singular points of all Z;.

Denote further by ZJ, the irreducible component of the fiber product (see
Section 5.1)

Z0 xept Z9 = {(wy, 2z, wy) | Py(wy,2) = 0, Py(z, ws) = 0}

that contains the path (w; (), z(t), w,(t)) (again we might need to choose a subinterval for
7%, to be well defined). Define similarly Z3,, Z3,, and Z2,. Then define Z?,, as the irreducible

component of
Z?Z XZS 223 = {(Wllzr W2Iu) | Pl(wllz) = OrPZ(Zr WZ) = OIPS(WZI u) = O}l

and similarly Z3,,, Z3,,, and Z3,,. All these algebraic sets have dimension 1, because they
are branched covers of Z?j, which are branched covers of Z?. On the other hand, the

intersection of any two of them contains a non-constant path. It follows that
0 0 0 0 . 70
Zigs = Zpzq = Z3a1 = Za12 =" Zay

The set Z3, is thus a one-dimensional irreducible component of the solution set of (4).
We obtain the diagram of branched covers on Figure 15.

6.3 Involutive polyhedra and involutive couplings

Each of the maps on Figure 15 is either an isomorphism or a two-fold branched cover.
Let us concentrate on the multiplicities of the maps h;; in the center of the diagram.

Definition 6.1. A deformation of a Kokotsakis polyhedron is called involutive, if at least

one of the maps h;; is two-fold. Otherwise, the deformation is called non-involutive. [
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Fig.15. A diagram of branched covers associated with a (non-trivially) flexible Kokotsakis

/

NN
s

f
Ccp!

polyhedron.

(By abuse of terminology, we will sometimes say that the polyhedron is involu-
tive or non-involutive, although a priori it is possible that the same polyhedron has an
involutive and a non-involutive deformation.)

If the deformation is non-involutive, then Z3; can be identified with each of Z
according to h;, and the big diagram collapses to a smaller one on Figure 31 in Section

6.6, where the non-involutive case is dealt with.
Lemma 6.2. An involutive polyhedron contains an involutive coupling. O
Proof. Let h3, be two-fold. Consider the commutative square

Zo (56)
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N SN SN SN
NN NS NS

Fig.16. Possible multiplicities of maps in a fiber product.

where 7; is as in (47) and W° is an irreducible component of the partial configuration
space

W = {(w,, ws) € (CP")? | 3z, u € CP' such that (w;,z, wy, u) € Z2}

This is the diagram of a fiber product, and therefore if hs, is two-fold, so is mj;. By

Definition 5.7 this means that the coupling (Q;, Q,) is involutive. [ |

The multiplicities of the maps in a fiber product diagram can be only as shown
on Figure 16. Here a double arrow represents a two-fold branched cover, and a simple
arrow represents an isomorphism.

The case when both (Q;,Q,) and (Q3, Q4) are involutive is studied in Section
6.4. In this case the commutative square (56) might have the form of the second square
on Figure 16, so that a priori there may be non-involutive polyhedra with involutive
couplings.

If (Q,, Q) is involutive, and (Q3, Q4) is not, then hs, is double and h,, is simple.
This case is dealt with in Section 6.5.

6.4 Combination of two involutive couplings

If (Q;,Q,) and (Q3, Q,) are involutive, then we have
Z% /12 = W° = 23, /aa

Equations describing the quotient of the configuration space of an involutive coupling

are given in Lemmas 5.10 and 5.11. Consider them case by case.

6.4.1 Cubic case

The space W° is described by an equation of the form

—1 -1
awy +byw, " = a,wy + baw,
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This is the Case (1) of Lemma 5.10. Thus both couplings (Q;,Q;) and (Q3, Q4) con-
sist of compatible orthodiagonal quadrilaterals neither of which is an (anti)deltoid. By

comparing the coefficients at the corresponding terms, we obtain

M1 = M4, M2 = U3, V1V3 = Valy

The first two equations say that the involution factors of Q, and Q,, respectively,
of Q, and Qj, at their common vertex are equal. The third equation is equivalent to

cos §; cos 83 = cos 8, cos §,. Thus we get the orthodiagonal involutive type 3.1.1.

6.4.2 Rational case

The space W° is described by an equation of the form
aw; +bw;' = wy!

This means that Q; and Q, form a compatible pair of orthodiagonal quadrilaterals, Q,
is an (anti)deltoid while Q; not, and the same is true for the pair (Q4, Q3). By comparing

the coefficients, we obtain

U1 = s, Ny =TNg, W3 =1

Thus Q; and Q, have equal involution factors at their common vertex, and Q,, Q; are
either both deltoids or both antideltoids. By Definition 4.18 this means that all pairs
of adjacent quadrilaterals are compatible. The last equation implies cos§; cosd; =

cos §, cos 8, so that we get again the orthodiagonal involutive type 3.1.1.

6.4.3 Linear case

The space W° is described by an equation of the form

w
wW;W, = const or — = const
Wa

By switching, if needed, the right boundary strip (i.e., replacing 81, y1, B4, and y, by their
complements to 7) the former case can be reduced to the latter. We thus have a linear
compound as defined in Section 3.5. By Lemmas 5.10 and 5.11 each of the couplings
(Q;, Q) and (Q3, Q4) has one of the following forms.

e two deltoids or two antideltoids, coupled laterally and with equal involution

factors at the common vertex;
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» a reducible coupling of two elliptic quadrilaterals with the shift difference
t, —t, € {0,2K};

* a reducible coupling of two conic quadrilaterals with the shift difference
t, —ty € {0, }.

The first and the second linear couplings are listed in Sections 3.5.2 and 3.5.4. Let us
show that the third one can be reduced to the cases described in Section 3.5.5. We have
m; = m, by Lemma 5.9 and n; = n, because of w; = cw,, hence the side lengths of both
Q, and Q, satisfy the same of the four possible relations «; + 8; £+ y; + §; = 0(mod2x). By
switching, if needed, the lower boundary strip, these four restrict to two possibilities
(16a) and (16Db). The same can be done with the coupling (Qs, Q).

6.5 Combination of an involutive coupling with a non-involutive

Assume that (Q;, Q,) is involutive, and (Q3, Q4) is not. The polyhedron is flexible if and
only if W, = W, where

W, = m12(2Y,) = Z3, /12, Wy = m34(Z3,)

We will consider all of the forms that (Q;, Q,) can take and study the multiplicities of

the maps in the diagram on Figure 15.

6.5.1 The involutive coupling is equimodular

That is, (Q;,Q,) has the form described in parts (2) and (3) of Lemma 5.9. By
switching, if needed, the boundary strips we can assume that (Q;, Q,) is one of the
linear couplings described in Sections 3.5.4 and 3.5.5.

The maps between configuration spaces have multiplicities as shown on
Figure 17, where dotted lines stand for the maps with unknown multiplicities. However,
with the help of Figure 16 we can determine most of them, see Figure 17.

The two remaining dotted arrows are either both simple or both double. Thus
(Q3, Qy) is either a coupling of (anti)isograms or a reducible coupling of (anti)deltoids.
Theorem 2.4 and Lemma 5.5 imply that such a coupling yields a linear dependence
w; = cw, if and only if Q3 and Q4 are of the same type (e.g., both are antideltoids) and
allow us to compute the coefficient c. We thus have a polyhedron of linear compound

type, where (Q3, Q,) is as in Section 3.5.1 or 3.5.3.
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Fig.17. Solving the diagram for Section 6.5.1.

\ |

y /\* . )~ \.
\. _ \. _

Fig.18. Solving the diagram for Section 6.5.2.

6.5.2 The involutive coupling consists of two (anti)deltoids

Modulo switching, (Q;, Q,) is as described in Section 3.5.2. Again, the diagram
can be solved as shown on Figure 18.

It follows that (Qs, Q4) has the same form as in the previous case, and we have

a linear compound coupling.
6.5.3 The involutive coupling is orthodiagonal with one (anti)deltoid
Without loss of generality, let Q, be an (anti)deltoid, Q; orthodiagonal elliptic.

By switching, if needed, the left boundary strip, we can transform Q, to antideltoid.

Then, according to Lemma 5.10 we have

v
w, = {(W1,W2) | wy + pwawy =€—1W2} (57)
2

70



//doc.rero.ch

http

y oo 4 y
° o< -0 >0 ° °

o
o
\

L,
=

Fig. 19. Solving the diagram for Section 6.5.3.

Figure 19 shows the map multiplicities that we obtain by diagram chasing. The

further case distinction depends on the multiplicity of the question mark map

Case 1. The question mark map on Figure 19 is two-fold.

This yields the multiplicities on Figure 20, left. Thus Q4 is an (anti)deltoid com-
patibly coupled with an orthodiagonal non-deltoid Q; (since the map h,; is two-fold),
and Q3 is an (anti)isogram. By switching, if needed, the upper boundary strip we can
transform Q, to an antideltoid. Let us find the equation of the space W,.

By Theorem 2.5 and Corollary 4.15 we have
Z§ = {(u, wp) | u*" = kawy}, Zf;) ={(u,wy) | wy +M4Wf1 =Cu '}

The equation of W, is obtained by substituting the first equation in the second one. We
have W, = W, if and only if the resulting equation is proportional to (57). Thus we must

1

have u™! = k3w,, which means that Q; is an isogram, and

M1 = Wa, k35284 =11

The first equation holds automatically, since Q, and Q, are compatible. The second one is

an additional restriction. Altogether we obtain a polyhedron described in Section 3.7.2.

Case 2. The question mark map on Figure 19 is an isomorphism.
This yields the multiplicities on Figure 20, right, where the dotted lines are either
both simple or both double. We make a further case distinction.

Case 2a. The dotted lines on Figure 20, right, are simple.
Thus Q; is an (anti)deltoid, and Q4 is an (anti)isogram. Let us find the equation

of the space W,.
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Fig.20. Cases 1 and 2 of Section 6.5.3.

By Theorem 2.4 and Corollary 4.15 we have
Zy = {(w,wy) | u+2rsu™ =&wy?),  Z9 = {(u,w) | U™ = kaw}

By eliminating the variable u we must obtain an equation of the form (57). It follows
that n, = 1, so that Q; is a deltoid. By switching, if needed, the upper boundary strip,
we can transform Q4 to an antiisogram, so that u = x,w;. By making this substitution
and comparing the coefficients with those in (57), we obtain the necessary and sufficient
conditions for flexibility:

M_M é53_1)1
Loy, 2=
K Lok &

As a result, we obtain a polyhedron described in Section 3.7.3.

Case 2b. The dotted lines on Figure 20, right, are double.

Thus Q, is an (anti)deltoid forming a reducible coupling with Q3. It follows that
Q3 is conic. The two situation when (Qs, Q,) is reducible are described in Lemma 5.5,
and the equations for the corresponding space W are given in Lemma 5.6.

If ms = my, ps = p4, then the equation of W, is

Wi+ ,u,4ei2it3 Wfl — e 2i\/—_meiit3 W;3
qs

which has the same form as (57) if and only if n; = 1. By switching, if needed, the
upper boundary strip, we can achieve ms; = m, = 1. Then the conic quadrilateral Qs is
circumscribed, and Q, is a deltoid. By equating the coefficients at w; ' and w,, we obtain

necessary and sufficient conditions of flexibility, as described in Section 3.7.10.

72



//doc.rero.ch

http

Fig.21. The diagram for Section 6.5.4.

Ifms = —my, p3 = j:i, then the set W, is described by equation of the form (49),

thus W, = W, cannot take place, and there is no flexible polyhedron in this case.

6.5.4 The only involutive coupling is orthodiagonal without (anti)deltoids

By Lemma 5.10 we have

v
W, = {(wy, wy) | wy + uywy ' = V—I(Wz + paw, ) (58)
2

If both hy; and hy are two-fold, then the couplings (Q,, Q3) and (Q4, Q;) are
involutive. Up to a rotation of the diagram, this situation was considered in Section 6.4.
Thus assume without loss of generality that h,3; is an isomorphism. Then we obtain the

map multiplicities as on Figure 21.

Case 1. The question mark map on Figure 21 is two-fold.

This yields the multiplicities on Figure 22, left. The quadrilateral Q; is either
conic or elliptic, thus its configuration space ZJ = Z; is an irreducible curve described
by an equation of the form (19). Since Q, is an isogram, the equation of W, is obtained
from that of Z2 by a linear substitution u = cw; or u = cw,'. Therefore it cannot have

the form (58). Thus there are no flexible Kokotsakis polyhedra with this diagram.

Case 2. The question mark map on Figure 21 is an isomorphism.
This yields the multiplicities on Figure 22, right, and makes a further case

distinction necessary.

Case 2a. The dotted lines on Figure 22, right, are simple.
Then (Q3, Q4) is a lateral coupling of (anti)deltoids. By switching, if needed, the
left and/or the right boundary strips we can transform them to deltoids. Then W, has
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Fig.22. Cases 1 and 2 of Section 6.5.4.

equation (54) which contradicts (58) (the former polynomial cannot be a factor of the

latter). Thus there are no flexible Kokotsakis polyhedra with this diagram.

Case 2b. The dotted lines on Figure 22, right, are double.

Then (Q3, Q,) is a reducible non-involutive coupling of conic or elliptic quadri-
laterals. Equations of the reducible components of the space W, are described in Lemma
5.6 and are all different from (58). Hence this diagram also does not produce any flexible

Kokotsakis polyhedra.

6.6 Flexible polyhedra without involutive couplings

By the argument in Section 6.3, if a deformation contains no involutive couplings, then
the diagram on Figure 15 collapses to the diagram on Figure 31. The further classification
is based on the multiplicities of the maps h;.

If h; is two-fold and Z; is conic or elliptic, then both couplings (Q; ;,Q;) and
(Q;, Q;4,) are irreducible. This case is analyzed in Section 6.6.1. Here we find the only
flexible polyhedron whose vertices have elliptic configuration spaces coupled non-
involutively and non-reducibly (which means that all resultant polynomials R;; are
irreducible).

The cases when h; is two-fold, and the polyhedron Q; is either (anti)deltoid or
(anti)isogram, are dealt with in Sections 6.6.2 and 6.6.3. In Section 6.6.4 we study the

case when all h; are isomorphisms.

6.6.1 Irreducible coupling with a conic or elliptic quadrilateral
Lemma 6.3. Assume that the quadrilateral Q, is conic or elliptic and that fz and g, are

equivalent two-fold branched covers. Then Q;, Q,, and Q, are all elliptic.
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Fig.23. A half of the diagram from Figure 15, under the assumptionfz >~ gs.

Besides, the corresponding phase shift ¢; satisfies eitherIm ¢; = lKTl orImt, = lKTl

and the branch set C, offz and g, has one of the forms depicted on Figures 24 and 25. [

Proof. If fz is equivalent to g, then we have the situation depicted on Figure 23. Since
fz is two-fold, the map f, is also two-fold. The same holds for the map g,. The two-fold
branched covers f~'2 and g, are equivalent if and only if they have the same branch set.

By Lemma 5.1, this means

ffl(Az) = QII(B4) =:Cy, (59)
where A, and B, are the branch sets of the maps f; and g4, respectively.
As a full preimage under f;, the set C; is invariant under the action of the deck

transformation i; of the two-fold cover f;. Similarly, C, is invariant under the deck
transformation j; of g;:

11(C) = C1 =J1(Cy)
Consider a parametrization of Z; obtained in Theorems 2.6 and 2.7:

Zy = {(p,F (1), 1 F(t + 1))},
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%K) %K)

! I

0 4K, 0 4K,

Fig.24. The sets C; and C; + t; (marked with o) for Im ¢, = IKTl and F = sn. The sets contain two
branch points of sn (marked with x) each.

9K + 2iK 2K’ + %K)
¢
e )_
O‘J . 4K, 0 4K,

sl
Fig.25. Thesets C; and C; +t; forIm¢; = LKTl and F = cn. The sets contain two branch points of
cn each.

where the function F is sin, sn, or cn. By identifying Z; with its parameter domain,

we have

H@®) =piF@), gi1(t) =qFt+t)
Because of
1y 0J1(t) =t + 2t,,
the set C; is invariant under the shift by 2¢;. This implies that F # sin, because the orbit

of the shift by 2t, is infinite in C/27Z (recall that Im t; # 0), while the set C; is finite.
It follows that Q, is elliptic, F = sn(-, k;) or cn(-, k;). Let

4K, 7 + 21K\ Z, if F=sn

4K\7 + (2K + 2iK))Z, if F =cn

76



//doc.rero.ch

http

be the period lattice of F. We have Z; = C/A. On the torus C/A, the orbit of the shift by
2t, is finite if and only if Im ¢, = lKT‘ for some n > 2 (recall that Im¢, € (0,iK;) and Ret,
is a multiple of K;).

Equation (59) implies that C; ¢ C/A is invariant also under the involution
t— —t, ifF=sn, t— 2K, —t, ifF=cn

Indeed, the set A, is symmetric with respect to 0, and we have —snt = sn(—t) and
—cnt = cn(2K; — t). Combined with the invariance with respect to involutions i; and j;

this implies that C; is invariant under the group generated by three point reflections
t— —t, t—2K;—t, t—2t;—1t

Another set of generators for the same group consists of two shifts and one point

reflection:
t—t+2K;,, t—t+2t, t— —t
Thus we have
Ci=((x+A)U(—x+ An) /A (60)

for some x € C, where

2iK]
n

Since |A,/A| = 2n, it follows that

4n, ifx ¢ 1A,

|C| = (61)

2n, ifxe A,

From the classification of the configuration spaces we know that |A,| = 2 (if Q, is an
(anti)deltoid or conic quadrilateral) or |A,| = 4 (if Q, is an elliptic quadrilateral). Since f;
is a two-fold cover, equation (59) implies that |C;| < 8. Thus, due to (61) we have n < 4.

Let us show that n # 4. If n = 4, then by (61) x is a half-period of A,. Without
loss of generality,

X € {OIK].!_tll_tl +K1}
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Consider first the case F = sn. If x = 0, then 0 € C;, hence 0 = f,(0) € A,, which is
impossible, see Lemma 4.10. If x = K;, then we have |A,| > 4 because K; is a branch

point for the function sn(-, k;) and
|C.| = 2|A;| & C; contains no branch points of fj

Similarly, x = —t; would imply 0 = g,(—t;) € By, and x = —t; + K; would imply that C,
contains a branch point of g;. Summarizing, there is no half-period shift of A, whose
image under f; and g; would consist of four points, all different from 0. In the case
F = cn the argument is similar. Thus n # 4.

Let us look at the case n = 3. Because of (61) and |C;| < 8, the point x must be a
half-period of Aj:

iK| iK|
3 3

X € {OIKII_IIKI + I

If F = sn, then x = 0 would lead to 0 € A,, and x = % would lead to oo € A,. It follows
that C; is one of the sets depicted on Figure 24, with C; + t; being the other one. The
images of C; and C; + t; under the map ¢t — p; sn(t, k;), respectively, t — q; sn(t, k),
consist of four points each. Thus we have |A;| = |B4| = 4, and therefore both Q, and Q4
are elliptic quadrilaterals.

For F = cn the situation is similar. The sets C; and C; +t; are shown in Figure 25.

Finally, consider the case n = 2. We have Im¢;, = K%, therefore by Lemma 4.12
the space Z; is parametrized by F; = sn. If x € %Az, then we have either Im x = 0(modK})
or Im(x + ¢;) = 0(modKj). Without loss of generality, assume the former to be the case.

Then we have either
C, =x+ A, = {0,2K,,iK}, 2K, + iK}},
in which case 4, = {0, 00}, which is a contradiction, or
€, =x+ A, = {Ky, 3Ky, K, +iK,, 3K, +iK}},
in which case A, = A, and the coupling (Q,, Q,) is reducible, so thatf; is not two-fold.
This contradiction shows that x ¢ %Az, so that |C,| = 8 and hence |A;| = |B4| = 4, that is,

Q; and Q, are elliptic.
This finishes the proof of the Lemma. |
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Fig.26. The diagram for Lemma 6.4.

Lemma 6.4. Assume that the quadrilaterals Q; and Q, are elliptic and that f~2 and
ga are equivalent two-fold branched covers over Z;, and ﬁ and g; are equivalent two-
fold branched covers over Z,, see Figure 26. Then the quadrilaterals Q; and Q, are
orthodiagonal, and their involution factors at the common vertex (see Definition 2.8)

are either equal or opposite: A; = +2,. |
Proof. By Lemma 6.3, the imaginary part of the phase shift ¢, of the configuration space
Z; equals either I% or I% In the former case, equation (59) and Figures 24 and 25 provide

us with the following information about the branch set A,.

IfImt, = KTi and F; = sn(-, k;), then one of the following holds:

2iK;
Az = {:l:plr:tpl sn (K] + %,k1>} (623)

K
Ay, = {i%,ipl sn <K1 +1T1,k1>} (62b)
1

IfImt, = KTi and F; = cn(-, k;), then one of the following holds:

2iK]
A, = {j:pl, +p, cn (%,h)} (63a)
/ 'K/
Ay = {:tiplg, +p, cn <K1 + % k1>} (63b)
1

If Imt, = K%, then by Lemma 4.12 F; = sn(-, k;). Hence, equations (59) and (60)
imply

J4
= —_—
A, {:I:pl sn(x, k), :|:k1 p——— } (64)

On the other hand, by Lemma 4.10 the set A, consists of four real or four purely

imaginary points if F, = sn(-, k;), and from two real and two purely imaginary points if

79



//doc.rero.ch

http

F, = cn(-, ky). Since

2iK’ iK' 2iK’ iK' .
sn K+T , sSn K+? , cn 3 eR, cn K+? c iR,

each of the quadruples in (62) and (63) consists either of four real or four imaginary
points. In (64) also, we cannot have two real and two purely imaginary points, but only
four of the same kind. It follows that F, = sn(-, k).

By reversing the roles of Q; and Q, in the above argument we see that F; =
sn(-, k1), so that the Case (63) falls out of consideration. Moreover, by Lemma 4.10 we

have

A, = {:i:pz, ilﬁ} (65)
k,

Claim 1. If Imt, = % then k, < k, and either p, = p, or ZZ—: = ’;—Z.
’;—2 . On the other hand, due to the

monotonicity of sn on the segment [K;, K; + iK;] we have

1 K + LS !
< sn —, < —
! 3 ' k,

Indeed, since 0 < k; < 1, we have |py| <

Thus, if (62a) occurs, then the first entry in (65) equals the first entry in (62a), and the

second one equals the second one:

1 S 2iK; k 1
— , — =sn | K + —_—, < —,
bz =D k, ! 3 k,

which proves the claim in the situation of (62a). Similarly, if (62b) occurs, then we have

b1 _ P

sn K—i—iK{k =
kl—kzl J4 1 3 'k = D2,

which also implies k; < k.
/ 2 2
Claim 2. 1f Im¢, = 7}, then 22 = +%2.
1 2
This follows from taking the products of entries in (64) and (65).

By reversing the roles of Q; and Q, we obtain analogs of Claims 1 and 2 with k;

and k, as well as p; and p, interchanged.
It follows that we cannot have Imt; = % and Imt, = %, because by Claim 1

this would imply k; < k, and k, < k;. We cannot have Im ¢, = % and Imt, = % (or vice
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versa), because then Ié = :i:% together with p, = p, or ‘% = ‘;—2 implies k, = k,, which
contradicts k; < k,.

Hence we have Im t, = K% and Imt, = I% By Lemma 4.12 both quadrilaterals Q,
and Q, are then orthodiagonal. Their involution factors are equal or opposite by Claim
2 and Lemma 4.17. u

Lemma 6.5. Let (Q;,Q2, Q3,Q,) represent a flexible Kokotsakis polyhedron without
involutive couplings. Assume that Q, is elliptic or conic and that the coupling (Q,, Q,)
is irreducible. Then the polyhedron belongs to the orthodiagonal antiinvolutive type
described in Section 3.1.2. O

Proof. If(Q;, Q,)isirreducible while Q, is conic or elliptic, then the mapfz: Zyy — Zyis
two-fold. Since there are no involutive coupling components, the coverings fz and g, are
equivalent, see the beginning of Section 6.6. Thus we are in the situation of Lemma 6.3.

Lemma 6.3 implies that Q;, Q,, and Q, are elliptic, and their configuration spaces
are all doubly covered. By non-involutivity, the double covers over Z, and Z, are equiv-
alent, which implies that Q; is also elliptic. It follows that we can apply Lemma 6.4 to
any pair of adjacent quadrilaterals.

Thus all Q; are elliptic orthodiagonal quadrilaterals, and the involution factors
at their common vertices are equal or opposite. If two involution factors are equal,
then the corresponding coupling is involutive, which contradicts our assumption. Thus

we have

A =—ky, H2=—U3, A3=—la, o= —l

By Corollary 4.15, the configuration space of the polyhedron is the solution set
of the system

(Z 4z H(wy + pwyh) =1y
(z =z (W, — uaw, ') =,
U+ rsu™ ) (Wy + pawy ') = vs
(u—Au D)Wy — pwy ') = vy

By computing the resultants or by making trigonometric substitutions, we obtain the

necessary and sufficient conditions for this system to have a one-parameter set of
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Fig.27. Solving the diagram for Section 6.6.2.
solutions:
Vo i v
Ay Asps AMs A Aipn o Apa
Thus the polyhedron has the form described in Section 3.1.2. |

6.6.2 A double cover over an (anti)deltoid

Without loss of generality, the map h, is two-fold, and the quadrilateral Q, is
an (anti)deltoid. Besides, we may assume that Q, is coupled to Q; frontally, so that the
map f, is two-fold and the map g, an isomorphism. Completing fiber product squares
according to Figure 16 and using the assumption that no conic or elliptic is doubly
covered, we determine multiplicities of all but two of the other maps, see Figure 27, left
and middle.

Since the maps h; and h, are two-fold, the coupling (Q;, Q,) is irreducible, that
is the branch sets of f; and f; are different: A; # A,. Then the branch set f, '(4,) of h;
consists of four points. Since the covering g; is equivalent to h,, it branches also over
four points. It follows that the quadrilateral Q; is elliptic. Similarly, Q, is also elliptic,
so that f; and f, are two-fold, see Figure 27. Note that (Qz, Q4) is a reducible coupling.

The spaces Z? and Z9 have the equations
Wi+ mwy ! =02™, Wy + paw, !t = 2™
If m; = m,, then the space W, is the solution set of the equation
-1 __ Cl -1
wy + w, = C_(WZ + paw, ),
2

which must be irreducible, because the coupling (Q;, Q) is irreducible by assumption.

Thus we have W, # W2, because the latter is described by an irreducible equation from
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Fig.28. The diagram in the Case 2.

part (1) of Lemma 5.6. Thus we have m; = —m,, that is one of Q,, Q, is a deltoid, and
the other an antideltoid.

For m; = —m; the equation of W, has the form
(W1 + paw (W + pow;y ') = 618 (66)
At the same time, by Lemma 5.3 W? has the parametrization
wy = qiF(t), wy;=qF(t+t),

where t,, = t; £ t, or t;, = t; +it,, and g, = g», respectively, ”;—Zz. If this curve satisfies
an equation of the form (66), then the involution (w;, w;) — (w}, w;) descends to CP!,
and thus t;, is a quarter-period of F, by an argument from Section 4.5. If F = cn, then
w1 and u, in (66) must be purely imaginary, which is not the case. Thus we have F = sn

and t;, = t; + t,. By changing the sign of t,,, if needed, we can assume

4

K
tlzz:l:tl:l:tz EKZ—}-I,?

It follows that W? has equation of the form (z + Az ')(w + pw™!) = v with coeffi-
cients given by Lemma 4.17, where (q;, g») must be substituted for (p, q). By equating

the coefficients to those in (66), we obtain conditions described in Section 3.7.6.

6.6.3 A double cover over an (anti)isogram

Without loss of generality, the map h, is two-fold, and the quadrilateral Q; is
an (anti)isogram.

This yields the multiplicities on Figure 28, and we make a case distinction

according to the multiplicities of the two question mark maps.

Case 1. Both question mark maps are isomorphisms.
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Fig.29. Cases 1 and 2 of Section 6.6.3.

This leads to the diagram on Figure 29, left. Thus Q; and Q3 are antideltoids, and
Q, and Q, are (anti)isograms. By switching, if needed, the lower and/or the left boundary
strips, we can transform Q; and Q3 to deltoids, so that their configuration spaces have

equations

-1 -1
Wy + mw, T =62

(67)
u+ru ! = Ew, !

Configuration spaces of (anti)isograms correspond to linear substitutions:

uil = KqW1y, Zj:1 = KoW>
In order for these substitutions to transform one of the equations (67) to the other, Q,
must be an antiisogram: z = x,w,. But Q, may be either isogram or antiisogram (and its
type can be changed by switching the upper boundary strip). This leads us to linearly

conjugate antideltoids described in Section 3.6.1.

Case 2. One question mark map is two-fold, the other an isomorphism.

Without loss of generality, we obtain the diagram on Figure 29, right.

Then (Qz, Q4) is a reducible coupling, and Q, is an (anti)deltoid. It follows that
Q5 is conic.

There are two types of reducible couplings between a conic quadrilateral and
an (anti)deltoid, see Lemma 5.5. For the second type, equation of an irreducible compo-
nent Zj, has the form (49), which differs from the equation of Z, obtained by a linear
substitution in the equation of an (anti)deltoid. Thus Q; and Q, satisfy the conditions
described in part (1) of Lemma 5.5: ms = my, p3 = p4.

By Lemma 5.6, the two irreducible components of Z3, are described by equations

2e4i/— a3

+2it -1 __ ng
wy + //L4e 3W1 = q—W2
2
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Fig.30. Subcases of Case 3, Section 6.6.3.

At the same time, the non-trivial irreducible component of Z;, is given by a linear

substitution z = cw;" in
-1
Wy + pwy s = §z™

By switching, if needed, the lower and/or the upper boundary strips, we can transform
Q, and Q4 to antideltoids: m; = —1, m3; = m, = —1. By switching the left boundary strip,
we achieve n; = —1, so that Q; has perimeter 27. Then we must have z = cw,, that is Q,
is an antiisogram.

By performing the substitution, we obtain the conditions on the coefficients
described in Section 3.7.7.

Case 3. Both question mark maps are two-fold.

This leaves two possibilities shown on Figure 30.

Case 3a. Figure 30, left.
Quadrilaterals Q; and Q3 are conic or elliptic, Q, and Q, are (anti)isograms. That

is, irreducible components of Z, and Z, correspond linear substitutions

z = ow,, Ut = kawy (68)
that should transform the equation of Z; into the equation of Z; (both Z, and Z; are
irreducible curves). It follows that either both Q; and Q3 are conic or both are elliptic.

If Q; and Q; are conic, then by switching boundary strips we can make them
both to have perimeter 27. This means that the equations of Z; and Z; have the form
(19) with cgg = 0 and all other coefficients different from 0. Substitutions (68) preserve
this property if and only if 1 = 1 in both cases, that is, if and only if Q, and Q,
are antiisograms. The substitutions (68) must establish bijections between the branch

sets of fi and g3, and, respectively, those of g; and f;. This implies that the following
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conditions are necessary:

s = TKop1, G = Tkaps

It can be seen that they are also sufficient, provided that the shifts ¢, and t; are
accordingly related, see Section 3.6.2.
If Q, and Q3 are elliptic, then we use switching to transform Q, and Q, into

antiisograms, so that both exponents in (68) equal 1. Then we have

W, = {w1 — QuF\(t), wy = %F1<t+ tl)}
2

w, = {W1 = %Fs(t), wy = q3F3(t + ts)}
4

It follows that F; and F; is the same elliptic function with the same modulus. If k5, k4 > 0,
then we have W,, = W, if and only if the amplitudes and the shifts in the two parametriza-
tions coincide. (Recall that the amplitudes belong by definition to R, UiR,.) If x, < O,

then we have

W, = (w1 = aFi(®), wo = —2LFi(t + 6 4 2K0)
2
Dealing with the other combinations of signs of «, and «, similarly, we obtain conditions

described in Section 3.6.3.

Case 3b. Figure 30, right.

Quadrilaterals Q,, Q3, Q4 are conic or elliptic, Q, is an (anti)isogram. Both cou-
plings (Q3, Q4) and (Q4, Q) are reducible. Therefore either all of these quadrilaterals are
conic or all elliptic.

Let us show that in the conic case each of the reducible couplings is of the first
of the two types described in Lemma 5.4. Assume the converse; then without loss of
generality (Qs, Q4) is of the second type. Then the space W? is the solution set of an
irreducible equation of the form (48). The equation of W, has a different form, since it
is obtained by a linear substitution z*! = x,w, in the equation of Z,. Hence W, # W{. It
follows that the couplings (Q3, Q4) and (Q4, Q) satisfy ms = my, ny = n,. By switching

boundary strips, we can achieve

mi=ni=—1, fOI‘i=3,4,1
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It is easy to see that Q, must be an antiisogram (cf. Case 1 of this Section). Thus we have

W, = {w;! = q,sint, w,' = iyp; sin(t + )}

W? = {w;' = qusint, w,"' = gz sin(t + t3 = t4)}

If k; > 0, then the amplitudes must be equal, and the shifts are either equal or opposite. If
k3 < 0, then the shift t; must be changed by 7. We obtain a polyhedron from Section 3.7.8.

If Qs, Q4, and Q; are elliptic, then the reducibility of the couplings (Qs, Q4) and
(Qq4, Q,) implies that either all three quadrilaterals are of sn-type, have equal moduli and
equal amplitudes at common vertices, or all three are of cn-type with equal or conjugate
moduli, see Section 5.2.1. Let us show that the moduli cannot be conjugate. Assume the
converse. Then, using the parametrizations from Lemma 5.3, one can show that some
linear combination of ¢;, t3, t4 with coefficients +1, 4i, involving at least one +1 and at

least one +i, must be a real half-period. But we cannot have, say,
t, + lt3 + Lt4 S {O,ZK},

sinceIm t, € (0,K’) and Im(it3), Im(it,) € {0,K’,2K’,3K’}. In the case of one +i coefficient,
one looks at the real parts. Thus all moduli k;, i = 3,4, 1, are equal.
By switching, the quadrilateral Q, can be transformed to an antiisogram: z =

koWy. Then we have
D1
w, = {Wl =q.F(t), w, = K—F(t-i- tl)}
2

WY = {wy = quF(t), W = qsF(t + t3 £ ta)},
where F = sn(-, k) or F = cn(-, k). We obtain a polyhedron from Section 3.7.9.

6.6.4 All maps h; are isomorphisms
Then for every CP! on Figure 31 the two covers over it have the same multiplicity.

Up to rotation of the diagram, there are six possibilities shown on Figures 32 and 33.

Case 1. There is no doubly covered CP!.
Then all Q; are (anti)isograms, and non-trivial irreducible components of their

configuration spaces are described by the equations

P =qqwy, zZl =w,, Ut =kwn, Ut = kaun

In order for this system to have a one-parameter set of solutions, the number of +1 among

the exponents must be even. By switching a boundary strip, we change the exponents
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Fig.31. A diagram of branched covers associated with a deformation without involutive
couplings.

Fig.32. Cases 1, 2, and 3 of Section 6.6.4.

in two consecutive equations. Therefore we can transform all exponents to +1 and thus
all quadrilaterals to antiisograms. As a result, we obtain a polyhedron described in
Section 3.2.

Case 2. One doubly covered CP!.

By switching, quadrilaterals Q; and Q, can be transformed to antiisograms.
Then the space W? has an equation of the form w; = cw,. The coupling (Q;,Q,) is a
reducible coupling of (anti)deltoids. There are two classes of such couplings, see parts
(3) and (4) of Lemma 5.5. It is only in the Case 3 that W) is described by a linear equation,
that is, if Q, and Q; are both deltoids or both antideltoids. Thus we obtain a compound
of linear couplings from Sections 3.5.1 and 3.5.3.

Case 3. Two doubly covered, non-adjacent CP!.
If Q, and Q; are both deltoids or both antideltoids, then the space W? is
described by a linear equation. Thus Q; and Q4 must also be either both deltoids or

both antideltoids, and we have a compound of two linear couplings from Section 3.5.3.
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Fig.33. Cases 4, 5, and 6 of Section 6.6.4.

If Q, is a deltoid, and Q, an antideltoid (or vice versa, which is related by switch-
ing the lower boundary strip), then by the part (6) of Lemma 5.6 the spaces W and W_
are described by equations

WZ0 = {wlwz F o/ — oW1 L 814/ — U1 W + €184/ — 1/ — 2 = 0}
Wy = {wiw; F e3¢/ —sW £ 48/—1a Wy + £384+/— 137/ —1a = 0}

It follows that we must have u, = us and pu; = w4, that is, the couplings (Q,, Q;) and
(Qq4, Q,) are involutive. This contradicts our assumption that the polyhedron contains

no involutive couplings.

Case 4. Two doubly covered, adjacent CP!.
Similar to the Case 2 of Section 6.6.3, the reducible coupling between Q; and Q,,
as well as that between Q, and Q3 must have the form described in part (1) of Lemma 5.5.
By switching, we can achieve m; = m, = —1 and n, = n3 = —1, so that Q, has perimeter
27, and Q; and Q5 are antideltoids.
By Lemma 5.6 the space WY is described by one of the equations
2i — ei—itz B

+2i -1
wi + w e 2wy =glq—W2
2

The equation of W, is obtained by substituting in

u—+ )\.3u71 = §3W;l

1

either u = k4w, if Q4 is an antiisogram, or u™! = x,wy, if Q4 is an isogram. The equation

of W, has then the same form as equation of W?. The equality of the coefficients at
w, ' implies the equality of the coefficients at w;' due to g, = g3. We obtain flexible

polyhedra from Sections 3.7.4 and 3.7.5.

89



//doc.rero.ch

http

Case 5. Three doubly covered CP'.

Then each of (Q;, Q,) and (Q4, Q3) is a reducible coupling of an (anti)deltoid with
a conic quadrilateral. Lemma 5.6 implies that we have either m, = m, and m3; = m, or
m; = —m, and m3 = —my, and furthermore n, = n; and g, = g3. Thus by switching we
can achieve that Q, and Q3 have perimeter 27; then Q, and Q, are either both deltoids
or both antideltoids.

If Q, and Q, are antideltoids, then we have

w? = {w1 = g1 /— 1 e", w, ' = gy sin(t £ tz)}

WS = {Wl = &4 —/L4eit,, W;l =(qs Sin(t/ + t3)}
The two parametrizations of w; differ by a shift: ¢’ = ¢t + ¢, where
E1/ T = &4 —M4eit0 (69)

By substituting t’ = t + t, in the second parametrization of w,, we obtain t, = +t, + t5.
This leads to a polyhedron described in Section 3.7.1.
If O, and Q4 are deltoids, then we have

. cost, +isint,cost
0 t -1
WZ =W =& —[,Llel ' W, =(q» "
sint
) costs +isint;cost
0 t —1 3 3
W, =1i1w; =g —ae”, W,  =4(qs3 :
sint

Again, by looking at w; we obtain t' = t + t;. But comparing the zeros of w, in both
parametrizations we arrive at to € {0,7}. Then (69) implies that u; = u4, that is, the
coupling (Q,, Q,) is involutive. This contradicts our assumption. (But we obtain a flexible

polyhedron which is a compound of couplings from 3.5.2 and 3.5.5.)

Case 6. All CP! are doubly covered.
In this case every coupling must be reducible, hence either all quadrilaterals are

elliptic or all of them are conic.

Case 6a. All quadrilaterals are elliptic.

By Lemma 4.10, in the sn case the branch points are either all real or all imag-
inary, while in the cn case two of them are real, and two imaginary. Hence either all
quadrilaterals are of sn type or all of them are of cn type.

In the sn case by Lemma 5.3 we have the following parametrizations of a

component W2 = W?.
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WP ={w, =q snt, wy=qsn(t+t; 1)}

WS = {W1 = (481 t,, Wy = Qg3 Sn(t/ —+ t4 + tg)}

The parameters t and t’ are either equal orrelated by t' = 2K —t. The second substitution
leads to a reparametrization of W2 with w, = g, sn(t—t,¥t3). It follows that the spaces W,
and W, have a common irreducible component if and only if ¢, £¢,+t3+ ¢, is a period of sn
for some of the eight possible choices of signs. Together with the reducibility conditions
P1 = P2, Q2 = q3, P3 = P4, G4 = q; this leads to the description of the equimodular type of
flexible polyhedra given in Section 3.3.1.

Let all quadrilaterals be of cn type. A reducible coupling of elliptic quadrilaterals
of cn type can have one of two forms described in Lemma 5.3. If all couplings are of the
first type, then the situation is similar to that in the sn case, and the polyhedron is
of equimodular type. Otherwise let k = k; be the Jacobi modulus of Q,. Each of the
other moduli k; equals k or k' = /1 — k2. From the parametrization (40) the following

necessary condition for flexibility can be deduced:
t1 + €ty + €33 + €484 € {0, 2K1},

where ¢; = 1 if k; = k, and ¢; = i if k; = k’. By looking at the real or imaginary part of
this linear combination, we conclude that exactly two of the moduli k; must be conjugate
to k. Without loss of generality, there are two possibilities:
kl = kg = k, kz = k4 =k (703)
kl = k4 = k, kz = k3 = k, (70b)

In both cases we have

Pk ek

2 ky'  pa ks

If (70a) takes place, then we have the parametrizations

DP19q2

D2

Wz(’:{wlqucnt, Wy = Cn(t—I—tl:I:itz)}

wy = {wl P ony, wy=gien@ 46+ it4)}
Pa

It follows that t' = £+t or t’ = +t + 2K. In the former case we have q, = ‘%, in the latter

g = —”;—T. By comparing the two representations of w,(t), we arrive at the description

given in Section 3.4.1.
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If (70Db) takes place, then we have q; = g4 and g, = g3, because the corresponding

couplings are reducible and quadrilaterals have equal moduli. The parametrizations are

w? = {Wl =gq,cnt, W2=plq2

z

cn(t +t, + itg)}
2

w? = {Wl =gqscnt, w,= P4Gs cn(t +ty + it3)}
Ds
It follows that either t' = t or t’ = —t, so that we finally arrive at
P

PUont +t, +ity) = P2 on(t + t, + its)
D2 ps

Thus either ;’—; = ;j—‘a‘ and t; +it, +it;+t, =0or Z—; = —i—‘; and t; +it, +it; +t, = 2K. This
type is described in Section 3.4.2.

Case 6b. All quadrilaterals are conic.
If all couplings are of the type described in part (1) of Lemma 5.4, then we
can achieve by switching that m; = —1 and n; = —1 for all i. We have the following

parametrizations:

W? = {w, = q,sint, wy = qysin(t+t, +1t,)}

W = {w, = gusint’, w, = gzsin(t’ + t; & t3)}

As q; = q4, we have either t' = t or t' = = — t. By equating the two expressions for wy,
we obtain t; +t; +t3 +t, = 0(mod 27). Thus we have a polyhedron of conic equimodular
type, see Section 3.3.2.

If the coupling (Q;, Q,) is of the second kind, then the space W? is described
by an equation of the form given in part (3) of Lemma 5.6. By comparing this with the
equation in part ((2)) of the same Lemma, we conclude that the coupling (Q3, Q4) must
also be of the second kind. We claim that then (Q;, Q3) and (Q4, Q;) must be of the first
kind. Indeed, if all couplings are of the second kind, then we can achieve by switching
n; = n, = 1 and n3 = ny = —1. Then the spaces W? and WY are described by equations
of the form

2 2 2 2
ApWiWy + QWi + QoeWy + 241, W W3 + A1oW) + Qo1 W2 + Qoo = 0

/ 2.2 / 2 ’ 2 _
ApeWiW5 + Qg WiW,o + ajowiwy +--- =0,

respectively, where ao; # 0. This contradicts the assumption W? = Wp.
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Thus the only possibility, up to a cyclic shift of indices, is that (Q,,Q,) and
(Q3,Q4) are of the second kind, while (Q,, Q3) and (Q4,Q;) are of the first kind. By
switching, we can achieve n;, = ny, = —1 and n, = n3 = —1, so that we have the

parametrizations

. cost, tisint,cos(t+t
WZ°={W11=qlsmt, Wy = Qs 2 2 0S( 1)}

sin(t + ;)
Ccos t3 = isint, cos(t’ + t4) }

w? = {Wl_l =gq,sint’, w,=qs

Sin(t/ + t4)
Since q; = q4, we have either t' =t or t' = = — t. In the first case, by looking at the zeros
of w,, we obtain t; = t4, so that the coupling (Qq4, Q,) is involutive that contradicts the

assumption of this section. The parameters cannot be related by ¢’ = = — ¢, since this

would lead to t; = —t4, which contradicts Im¢; > O.
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