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Abstract
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1 Introduction

There exist two generalizations of classical complex analysis to higher dimensions using geometric algebras. The
first one is the theory of monogenic functions introduced R. Delanghe in [1] based on Euclidian metric, and
further developed in [2]. In [7] the solutions of the Dirac equation were obtained by considering functions of
axial type. This indeed gave rise to Vekua-type systems that was solved in terms of special functions.

The second one is the theory of hypermonogenic functions based on the hyperbolic model. The advantage
of hypermonogenic functions is that the positive and negative powers of hypercomplex variables are included
into the theory, which is not in the monogenic case. Hence elementary functions can be defined similarly
as in the classical complex case. In [4]-[6], H. Leutwiler and S.L. Eriksson introduced hypermonogenic and
k—hypermonogenic functions, and studied some of their properties in Clifford analysis. Hypermonogenic func-
tions are generalizations of the monogenic functions and the k—monogenic functions are extensions of the
hypermonogenic functions. When k = n — 1, a k—hypermonogenic function is a hypermonogenic function, and
when k = 0, a k—hypermonogenic function is a monogenic function.

The aim of this paper is to introduce a similar class of the axial two-sided monogenic functions presented
in [7] for the case of k—hypermonogenic functions, and hence to provide new characteristics of the two-sided
k—monogenic functions. In order to do that we structured the paper as follows: in the Preliminaries section
we recall some basic notions about Clifford analysis and k—hypermonogenic functions. In Section 3, we study
the generalized Cauchy-Riemann -system for two-sided k—hypermonogenic functions. In the last section we
investigate axial symmetry for the solutions of the two-sided k—hypermonogenic system in terms of Bessel

functions.

*The final version is published in Advances in Applied Clifford Algebras, 27-No.1 (2017), 111-123. It as available via the website:
https://link.springer.com/article/10.1007 /s00006-015-0605-2


https://core.ac.uk/display/83600322?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

2 Preliminaries

2.1 Theory of monogenic functions based in the Euclidian metric

We consider the n-dimensional vector space R™ endowed with an orthonormal basis {e1,- - ,e,}. We define the
universal real Clifford algebra CY; , as the 2"-dimensional associative algebra which obeys the multiplication
rules e;e;j+eje; = —20; 5. A vector space basis for C¥y ,, is generated by the elements eg = 1 and e4 = ey, - - - ep,,,
where A = {hy,...,h} C M ={1,...,n}, for 1 < h; < -+ < hy < n. Each element x € C¥ly, can be
represented by z =, x4e4, T4 € R. The main involution is defined by 1’ =1, ¢} = —¢; forall j = 1,...,n,
and we have (ab) = a'l’.

A function u : U — C¥p 5, has a representation u =) , useq with Cl ,-valued components u4. Properties
such as continuity will be understood component-wisely. Consider the null solutions of the so-called generalized
Cauchy-Riemann or Dirac operator 0x = Z?:l €0, in R™. More precisely, a (¥, —valued function u defined
on a open set U C R", continuous and differentiable, is said to be left (resp. right) monogenic in U if Oxu = 0
(resp. udx = 0). Furthermore, functions which are both left and right monogenic are called two-sided monogenic,
i.e., functions that satisfy Oxu = 0 = u0x. An important application of this class of functions is in the resolution
of many important systems such as the Riesz system, the Maxwell equations and the Hodge system. For more
details about Clifford analysis we refer [1, 2].

In this paper we study the theory related to case R"~!. Let z € R*"™1 f: Q — Cly,,_1 a differentiable
function, where Q C R"~!. For the Dirac operator the so-called commutator relations are

Ox(zf) =—-(n—1)f-2Ef—20,f,
(fz)0y =—(n—1)f =2Ef — (fo.)z,

where Ef = Z;:ll 70, is the Euler operator and the Dirac operator is decomposed as Ox = 0y + €,0:, =
> i1 €0, + €n0y, .

One of standard class of monogenic functions are so called spherical monogenics. We denote by Py ;(z) a
k-homogeneous monogenic polynomial with [-multivector values, i.e., 0y Py (z) = Py (2)0; = 0, Py i(z) =

(=1)!Pyi(z) and EPy (z) = kP (z). We will also consider the following formula presented in [7]
0z (Pri(z)z) = (2Pyi(2))0z = (—1)' (20 = n + 1) Py i(2). (1)

Also if r = |z| and B is a real valued differentiable function, then 9, B(r?,z,) = 220, B(r?, z,,).

Suppose that Py (z), k € Ny, is a left monogenic homogeneous polynomial of degree k in R and with values in
the real Clifford algebra Cfp ,,. A remarkable class of monogenic functions are the so-called axial left monogenic
functions of degree k (see [9, 10]). These are left monogenic functions of the form (A(zo,7) + £ B(zo,r)) Py(z),
with A and B being R—valued and continuously differentiable functions depending on the two variables (zg,r).
The functions A and B satisfy the Vekua system (see [11])

OpyA—0,B = 3tm=1l p
0z, B+0,A=0

We point out that every left monogenic function u defined in a open set of R"™! invariant under SO(n) may be
written as u = Y- My, where M}, is an axial left monogenic functions of degree k (see [9]). In [7] the authors
introduced a similar class in the space of two-sided monogenic functions, which they called axial two-sided
monogenic functions.

2.2 Theory of hypermonogenic functions based on the hyperbolic metric

In the case of hypermonogenic functions we deal with the modified Dirac operator d,u + iQu, functions
f:Q — Cly,, and Q C R™ where ’ is the main involution such that Q'f := (Qf)" and Qu is given by the
decomposition ©u = Pu+ Que,, with Pu, Qu € C¥; ,,. The functions satisfying the preceding equation are called
k—hypermonogenic functions. In the case k = n — 1 they called hypermonogenic functions. The Dirac operator
is defined by 9, = 0y, + €10s, + -+ + €,0,, and functions are with the paravector variable f = f(z) with
r = x9+ 2161 + - + Tpe,. In this paper we consider theory, which based vector variables and derivates. In
this case we will talk hypergenic functions instead of hypermonogenic functions.



3 Generalized Cauchy-Riemann -systems

Consider a functions f :  — Cly,,. We may always write these functions on the form f = Pf 4+ e,Qf, where
Pf,Qf : Q@ — Clypn—1. In the hyperbolic function theory the fundamental operators are

MLf = 0cf + —Qf, MLf = fox+ —Q'f.

These operators act on differentiable functions f : @ — Cly,, and they are called modified Dirac operators. If
ML f =0 (or M!f =0) a function is called left (or right) x-hypergenic function. If M. f = M" f = 0 is f called
two-sided k-hypergenic . Let us first prove some formulae related to P and () operators.

Proposition 3.1 If z € R*! and f: Q — Clon, then
(a) P(zf) =aPf and P(fz) = Pfz

(b) Qzf) = —zQf and Q(fz) = Qfx

(¢) Plenf)=—Qf and Q(enf) = Pf.

(d) Plenzf) =2zQf and Q(enzf) = aPf

(¢) Plenzfz) = 2Qfz and Q(enzfr) = zPfx.

Proof: All the properties follow from straightforward calculations. For example, for the second property we
have

zf =aPf+ze,Qf =zPf —enzQf, fz=Pfz+e.Qfz.
From the previous equalities follows the second property. In a similar way we proceed for the other cases.
|

Theorem 3.2 (Generalized Cauchy-Riemann -system for two-sided x-hypermonogenic functions)
If f = Pf +e,Qf is differentiable function then MLf = M"f =0 if and only if

aPf —0:,Qf + —-Qf =0,
8wnpf - 8LQf =0,
(P13 — 0., Q' f + —Q'f =0,

Tn

9o, P'f +(Qf)0z = 0.
Proof: We compute

ML = O+ —Q)(PS +eaQf) = 0Pf — a0,Qf — 0, Qf + Q.

n

Since e, A = A'e,,, if A € Cl,,_1, we have

MIf = MI(Pf+eaQf) = (Pf)ox+en(QF)Dr — 05, Q' f + —Q'f.

Tn
Hence, we obtain
P(M, f) = 0:Pf —0:,Qf + Q.
QM f) = 82, Pf — 0:Qf,
POMf) = (Pf)de 00, Q' + Q' f,
QM f) = 0un P'f + (QF) e

Let us also derive some formulae for modified Dirac operators.

Proposition 3.3 Let f: Q — Cly,, is a differentiable function. Then



(a) ML(zf)=—(n—1)f —2Ef —aM.f,
(b)) M (fz)=—(n—-1)f=2Ef—(Mf)z,
(c) Mi(enf) +enMLf = —20,, f + £ F,
(d) Mi(enf) +enMif =2e,fOx+ 7= f"
Proof: We have
Mi(af) = Ox(xf)+ -Qaf)
= Ou(ef) + ende, (2f) + - Qlaf)
= (0= 1)f = 2B ~ 20, f + eal, (af) ~ -2Qf
= —(n—1)f-2Ef—zMf.

In a very similar way

M(fz) = —(n—1)f —2Ef — (Mf)z.
We have also that
My(enf) = Mi(enPf—Qf) = Ox(enf) + - Pf
= Oelenf) +ende (enf) + - PF

= —ea0of =0y, f + —PF.
and
enMLf = enduf + —enQf = endef = Or,f +—enQf.
Combining the previous equalities we obtain
My (enf) + enMif = =20, f + - .
For the terms in the right-hand side of the last equality we have
Mj(enf) = Mi(enPf = Qf) =enfdx+ - P'f
and
endif = enfO+ —enQ'f.
which implies
M (enf) + enMLf = e, fOx + %P’f +enfOy + zi"enQ'f — 2, [y + %f’.
[ |

We look for solutions which are invariant around x,-axis, i.e., depend only coordinates (r,x,), where r = |z|.
Therefore we consider only the functions of the form

G = PG+ ¢,QQG, (2)
where

PG = Ao(r® 2,)zPri(z) + As(r? 2,) Pra(z)z,

QG = Ai(r®,2,)Piy(z) + As(r®, 2,) 2Py ()2,

and Py is k-homogeneous I-multivector valued spherical monogenic. We want to find the functions A; such
that G is a two-sided k-hypergenic. In order to proceed we need to prove the following technical lemmata.



Lemma 3.4 If B = B(r?,x,) is an arbitrary differentiable function, then
Ox(BzPyi(z)) = (BPx1(2)z)0x
= (= 201B(r*, 2n)r* — (n+ 2k — 1)B(r?,20)) P, (2),
Ox(BPy1(z)z) = (BzPy1(2))0x
=201 B(r®, 2p)zPri(z)z + (—1)'(2l = n+ 1) B(r®, 2,) Py 1 (2).
Proof: The commutator relations gives
Oz (Bz Py i(z)) = —(n + 2k — 1)B(r?, ,) Pry(z) — 201 B(r?, 2,)r* Py (z).

Using formula (1) we obtain

0y (BPy,(z)x) = 201 B (2, xn)z Py (z)z + (— D20 — n+1)B(r? ) Pri(2).

Lemma 3.5 If B = B(r?,x,,) is an arbitrary differentiable function, then

8£(B(r2,:cn)ng’l(g)§) = ( — 201 B (r mn)r —(n+2k+ 1)B(r xn))Pkl(g)g
+ (=)' 2 —n +1)B(r?, 20z Py (z),

(B(rz,:cn)ng,l(g) )0z = (f 2813(1" xn)r —(n+2k+1 )B(r2 :rn))ngl(g)
+(71)l+1(21 n+1)B(r s ) P (2)z.

Proof: Using the commutator relation we have
O (2Pr1(z)z) = —(n — 1) Pra(z)z — 2E(Pr(2)z) — 205 (Pr(z)z)
—(n+2k+1)Pi(z)z+ (1) 20 —n+ 1)zPr(z),
and similarly
(2Pii(2)2)85 = —(n + 2k + 1)aPru(z) + (—1)" (2l — n + 1) Pey(2)z.
Then we have
Oz (B(r?, zp)zPri(2)x) = 8. B(r®, zn)zPri(z)x + B(r?, 2,)0z (2 Pri(2)x)
=(- 201 B(r?, xn)1r* — (n + 2k + 1) B(r?, @n)) Pri(z)z
+ (=D 2L = n+ 1)BO?, 2n) 2Py (z).
Similarly
(B(r?, 2n)x Py 1 (2)2)0y = 2Py (2)28:, B(r®, z,) + B(r?, z,) (@ Pri(x)z)ds

:(—2813(1" ,xn)r” — (n 4 2k +1)B(r?, @n))zPri(z)
+ (=D 2l = n+ 1) B0, 20) Pri(z)z.

Using these we may compute the following technical lemmata.
Lemma 3.6 If PG is as in above then

0:PG = (PG)x = (— 201 Aa(r”, 2)1” — (n+ 2k — 1) A (1%, )
+ (=12l —n+ 1) As(r?, 2)) Pea(z) + 201 A3 (r?, 2n)zPr 1 (z)z
Proof: We compute
0:PG = (PG)0y = 8x(As(r®, 20)2Ps.1(2)) + Oa(As (1%, 20) Prt(2)z)

= (=201 A2(r® @)r” — (n+ 2k — 1) Aa(r?, 2n)) Pra(z)
+201 As(r®, wn)zPea(z)z + (—1)' (20 = n+ 1) As(r®, 2n) P (2)
= (=200 A2(r", 2a)r” — (n+ 2k — 1) A2 (1%, 3)
+ (=12 = n+ 1) As(r?, 2n)) Pei(z) + 201 As(r?, @)z Pr 1 (z) 2.



We may also deduce that
P'G = As(r?, )2’ Pra(a) + A3(r?,2,) Pea(z)'a’ = (=1)™QG,
and
QG = Ai(r®,wn) Pr(@) + As(r?,on)2 Py (2)'z’ = (=1)'QG.

In this case the generalized CR-system takes the form

8,PG — 8y, QG + %QG =0, (3)
0, PG — 0,QG = 0, (4)
8. PG — (—1)""18,, QG + (71)”1%% =0, (5)
(-1)""8,,QG + (QG)d, = 0. (6)

For Q-part we obtain the following symmetric formulae.
Lemma 3.7 If QG is as in above then

0:QG = 201 A1 (%, )2 Py 1 (z)
+ (- 201 Aa(r®, xn)r® — (n 4 2k + 1)A4(r2,xn))Pkyl(§)g
+ (=D)L = n 4+ 1) As(r?, 20) 2Py (z)

and

(QG)Dy = 201 A1 (72, 0) Pyt ()
+ (= 201 A4(r% )1 — (n+ 2k + 1) As(r®, 20) ) 2 Pri (z)
+ (—1)l+1(2l —n+ 1)A4(r2,xn)Pk,l(g)g.

4 Two-sided k-monogenicity

Now we write the preceding Cauchy-Riemann -system in component form using the formulas in above. After a
straightforward computation, equations (3) and (4) gives us the system

Oy, A1 (1%, 1y,) — —Al(r 1) + 201 Ao (r?, 2,12,
+(n 42k — 1) Ax(r?, z,) — (=DH20 —n + 1)A3(r?, 2,) = 0,
201 A1 (12, 2,) — Op, Aa(r?, ) — (=DH2l — n + 1) Ay(r?, z,) = 0, (7)
201 Ay (12, 2)1% + 0y, A3 (1%, 20) + (n + 2k + 1) Ay (r?, 2,) = 0,
Op, Ag(r? 1) — xinA4(r2, Tn) — 201 A3(r?, z,) = 0,

and equations (5) and (6) gives us the system

Op, A1 (1%, 1) — ﬁAl(TQ, Tn) — (20 —n+ 1) Ax(r?, z,),
+(=1)!20, A3(r?, 2p)r? + (1) (n + 2k — 1) A3(r?, z,) = 0,
201 A1 (12, 2,) — (=1)10,, A3(r?, ) — (=D)Y 2l — n + 1) Ay(r?, z,) = 0, (8)
201 Ay (12, 2,)r? + (=110, Aa(r?,2,) + (n+ 2k + 1) Ay (12, 2,) = 0,
O, Aa(r?, ) — £ Ay(r?, @) + (=1)1120, As(r?, 2,)+ = 0.

Hence, in order to obtain the conditions over A;, As, Az, A4, such that G is two-sided k-hypergenic, we need
to combine the systems (7) and (8). To do that we will need to split our study in two cases: when [ is even and
when [ is odd.



4.1 The Case [ =2j

Supposing that [ is even, systems (7) and (8) become, respectively, equal to

Op, A1 (r?, xy) — iAl(rQ L) 4 201 A (12, )12,

Tn
+(n+ 2k — l)Ag(r ,Zn) — (4 —n + 1)A3(r2,xn) =0,
201 Ay (r%, z,) — 8%A2(7’ xn) — (4 —n+ 1) A4 (r?,z,) =0, (9)
201 Ay(r?, ) r? + 0, As(r?, zn) + (n + 2k + 1) Ay (r?, z,) = 0,
(

Or, Ag 7“2,30”) — §A4(r2,xn) — 201 A3(r2, 2,) = 0,

and

835"141(7‘2,@%) - 7A1(7q xn) (4] -—n-+ 1)A2(7‘2 xn)v
120, A3(r?, Jzn)r + (n+ 2k — 1)A3(r?,z,) = 0,

281A1(r2,xn) 8%143(7“  Tn) — (4 —n+ 1)A4(T , &) =0, (10)

281A4(r2,xn)r + arnAg(TQ Zp) + (n 4 2k + 1) Ay(r Q,xn) =

anA4(r2,xn) — iA4(r Tp) — 281A2(r ,Zn) = 0.

The function G is two-sided k-hypergenic if the correspondent equations of (9) and (10) can be solved at the
same time., i.e., if
201 Ao (r?, )1 + (n + 2k — 1) Ag(r?, 2,) — (45 —n + 1) A3(r?, z,),
—(4j —n+ DAy (r? x,) + 201 A3 (12, 2,)72 + (n + 2k — 1) A3(r?, ),
Dy, A (12, 2,) = 0, A3(r?, 1), (11)
Op, A3(r?, ) = Op, Aa(r?, 1),
81A3(T2, mn) = 81142(7‘2, $n)

From the third and the fourth equation of (11) we get

Op. (As(r?, ) — Ag(r?, 2,)) = 01(As(r?, ) — Aa(r?,2,)) = 0,

and consequently As(r?, z,) — Az(r?,x,,) is constant. The first equation gives
201 (A2(r®, zn) — As(r?, )1 + (n 4 2k — 1)(Aa(r?, z,) — As(r®, z2))
+(4f —n+ D)(A2(r®,20) — As(r®,z0)) = 0,
ie.,

Az(r?,z,) = Ao (r?, 2,,). (12)

Combining (12) with system (9), we finally obtain that G is two-sided k-hypergenic if and only if coefficients
satisfies the Vekua-type system

201 Ao (12, )12 + aan1(’/‘2,£Cn) — xiAl(’l”Q, Tn)
+2(’ﬂ +k— 2] - I)AQ(Tzaxn) = Oa
201 A1 (r?, x,) — O, Ao (12, 2,) — (45 — n + 1) A4 (r?,z,) = 0, (13)
281A4(r2, xn)r2 + &rnAg(TQ, Zn) + (n+ 2k + 1)A4(r27 Zp) =
20, A (12, 2n) — Oy Aa(r?, ) + £A4(r27xn) —0.

We look for solutions of the form A,(r?,z,) =Y oo, 1% A, i(z,), where

(oo}

A (r? ) =Y 20" Ag (), On, Aglan) =Y 17 AL (2). (14)

1=0 =0



Substituting (14) in system (13) and making some calculations, we get

oo

ZTQi |:4:2A11(xn) — Ay i(zn) — (45 —n+ 1)A47¢($n)] -0

oo 15
Z % [AY (n) + (4i + n + 2k + 1) Ay 3(2,)] =0, )
Zrm [ Ag () + %A4,i(;pn) - Ag,i(xn)} ~0.
Since all the coefficients should be equal to zero, we get the first order system
Al () = —= Ay (@) + 22+ 1+ k —2j — 1) Ay 4(,) = 0,
T Ayaln) = Ay (o) — (4 = n+ D Agn) =0, "

A () + (4i+n 42k + 1) Ay i(zn) =0,
44
7142,1(3%) + ;A4,i(37n) - A4,i(xn) 0.

Using the techniques of ordinary differential equations [8] and properties of special functions [3], we obtain our
solutions of system (16) in terms of Bessel functions, namely

k41

Ar(zg) = "R+ 8] _82;) = Ar) 2n” (B Jis (VAza) + C Vi (V)]
Ag(wn) = —\/ZTT% [B Jk+1 \/>J3n) +C Yk+1 (fxn)} s

As(en) = 20® [B Ty (VAr,) + C Vi (VAz,)]

4i(n+2k+1+4i)

where B, C are arbitrary real constants and A = . Hence, our functions A, take the form

e
> (2i(2 + 85 — 2n) — Ar) Pt g, 2
Al(r2,xn)—;( (2+8 )4i2 )T (B s (V) + € Vi (VAz,)|
k+1

e 2i+1 2
As(r?,wn) = Ao(r? mn) = =Y \/ZT—% [B Jip1 (VAz,) +C Yﬂ(ﬂxn)] )
pard 43 2 p)

Aa(r? ) = 3% wt (B Jios (Vo) + O Yies (VAn)|

=0

Remark 4.1 In an analogous way, this case can be studied for solutions of the type Aq(r?, xn) = Y oo g nAqi(r?).

4.2 The Case [ =25+ 1

Supposing that [ is odd, systems (7) and (8) become, respectively, equal to

Op, A1 (12, 2,) — i141(7“2 L) 4 201 As(r?, ) r?
Tn
+(n+ 2k — 1)A2(r Tp) 4 (45 +2 —n+1)Az(r? z,) =0,
201 A1 (1%, xy) — Oy, Ao(r?,2) + (45 +2 —n + 1) Ay(r?,2,) = 0, (17)
201 Ay(r?, x)r% + 0, As(r?, 20) + (0 + 2k + 1) Ay(r?, z,) = 0,
83?nA4(T2a zn) - §A4(T271'n) - QalAS(T2ax7L) =0,

and

Op, A1 (12, 2,) — —Al (r?,2n) — (45 + 2+ n+ D Ax (12, )
—231A3(1"2,xn)7“ — (n+2k —1)A3(r?,z,) =0,
201 A1 (r?, @) 4+ Op, As(r?,2,) + (45 +2 —n 4+ 1) As(r?, 2,,)
201 Ay(r?, 2n)r? — aznAQ(TQ, o) + (n+ 2k + 1) Ay(r?, 2,) =
3%144(7"2,3:") — —A4(r2 Tp) — 281A2(r ,Zn) = 0.

0




The function G is two-sided k-hypergenic if the correspondent equations of (17) and (18) can be solved at the
same time., i.e., if

201 Ao (r?, ) + (n + 2k — 1) As(r?,2,) + (45 +2 — n 4+ 1) A3(r?, 2,,)

—(45 + 2 —n+1)Ax(r? z,) — 201 A3(r?, z,)r% — (n + 2k — 1) A3 (2, z,,),

*amnA2 (TZ; 'Tn) - amnAg(T’Q, zn)a (19)

8I"A3(7“2, an) = _8a:nA2(r2; xn)a

1 As(r? xy) = 01 A2(r?, 2),
From the third and the fourth equation of (19) we get

aw, (A3(7‘2,.’L‘n) + AQ(T2axn)) = a1 (Ag(’l“z,l‘n) + A2(r2>$n)) = 07

n

and consequently A (72, z,) + As(r?, x,,) is constant. The first equation gives
201 (Az(r®, mn) + As(r®, zn))r® + (n+ 2k — 1) (A2 (r*, ) + As(r?, z0))
+ (4542 —n+1)(A2(r®, zn) + A3(r?, 2,)) = 0,
ie.
As(r?,z,) = —Aa(r?, 2,). (20)

Combining (20) with system (17), we finally obtain that G is two-sided x-hypergenic if and only if coefficients
satisfies the Vekua-type system

200 Ao (12, 2,)72 + 0, A1 (r?, xy) — ﬁAl(TQ,mn)
+2(n+k — 25 — 2)As(r?,2,) = 0,
200 A1(r?,2) — Op, A2(r?, zn) + (4 — n+ 3)Ay(r?,2,) = 0, (21)
200 Ay (r?, 2,)12 — O, Ao (1%, 1) + (n+ 2k + 1) Ay (r?, 1) = 0,
201 Ao (12, 20) + Op, As(r?, ) — —A4(r ,&p) = 0.

As we had done for the even case, we look for solutions of the type Aq(r?,z,) = > i 7% Aqi(2y), where
NA(r? z,) Z 2iu* A (), Op, Ag(1?, 22,,) Z r21A' (22)
i=0

Substituting (22) in system (21) and making some calculations, we get

Zrzi [A'm(mn) — wiAl,i(xn) +22i+n+k—25— 2)A2,i(azn)} =0,

ZTW [:Au(fﬂn) — Ay (zn) + (4] —n + 3)A47i(1'n):| -0

1=

o

0
r? [ AL (xn) + (4i+n+ 2k + 1) Ay i(z,)] =0,
=0

ZTZZ |:ZA271($7;) - §A47z(mn) + Ail,z(x"):| =0.
=0 "

Since all the coefficients should be equal to zero, we get the first order system

Al () — miAL,-(xn) +2(2i+n+k—2j —2)Agi(zn) =0,

4 n
7341 i(n) — AY (@) + (4] =+ 3) Ay i(2n) = 0,

— Ay (zn) + (4P +n+ 2k + 1) Ay i(z,) =0,
43 K /
7A2,i($n) - ;A47i(xn) =+ A4,i($n) =0.

(24)

Using the techniques of ordinary differential equations [8] and properties of special functions [3], we obtain our
solutions of system (24) in terms of Bessel functions, namely

As(ay) = TR =3 _ggz) A7) Tn” [B Jios (VAz,) + C Y%(\/an)] :
Ao (an) = */ZTT“ [B g1 (VAza) +C Yﬁ(\/ﬁxn)] ,

k+1

Ag(zp) = 202 |:BJk 1 (VAz,) +C Y 1(\/>55n}7



4i(n+2k+1444)
I

where B, C' are arbitrary real constants and A = . Hence, our functions A, take the form

) k41
2 = (4i(n — 3 — 49) + Ar) ¥ g2
Ai1(r®,zy,) = Z; 5 [B J%(\/an) +C Y% (\/Ewn)] ,
2 = VA g
Ao (r?, ) = ; e [B s (VAzy) +C Y%(\/an)] :
. = VA g b
Ag(r? wp) = = [B Jipr (VAz,) +C Y@(x/ﬁxn)] ,
= 49 2 2
> k41
2 S5
As(r® zy) = z:;r Tn [B J% (VAz,) +C Y% (\/an)]

Remark 4.2 In an analogous way, this case can be studied for solutions of the type Aq(r?, xn) = Y oo TnAqi(r?).
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