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The spectrum of doubly and triply heavy baryons remains experimentally unexplored to a large
extent. Although the detection of such heavy particle states may lie beyond the reach of exper-
iments for some time, it is interesting compute this spectrum from QCD and compare results
between lattice calculations and continuum theoretical models. Several lattice calculations ex-
ist for both doubly and triply charmed as well as doubly and triply bottom baryons. Here, we
present preliminary results from the first lattice calculation of doubly and triply heavy baryons
including both charm and bottom quarks. We use domain wall fermions for 2+1 flavors (up down
and strange) of sea and valence quarks, a relativistic heavy quark action for the charm quarks,
and non-relativistic QCD for the heavier bottom quarks. We present preliminary results for the
ground state spectrum.
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1. Landscape of heavy baryon spectroscopy

Experimental observations of charmed and bottom baryons date back to the mid 1970s with
the discovery of the Λ+

c , and to the early 1990s with the discovery of the Λb. Since that time, the
experimental spectrum has filled out with many precise measurements of the ground state energies
of singly charmed and bottom baryons. In the past 10 years, results from BaBar and Belle, as well
as the D0 and CDF experiments at Fermilab have provided more precise measurements of heavy
flavor ground and excited states as well as a first glimpse of several new states, most notably the
controversial Ωb at CDF [1] and D0 [2] and the Ξcc at SELEX [3][4]. Although the former con-
troversy has been resolved by a more recent measurement at LHCb [5], the latter observation has
still not received experimental verification to date, and is only marginally in agreement with most
current theoretical results. It is controversies like these, as well as the prospect of observations
of new states that make this an exciting time for lattice QCD. The opportunities for heavy flavour
spectroscopy from the lattice are threefold: 1) Lattice results can help to resolve controversies like
the ones mentioned above (providing a model-independent point of comparison for current exper-
imental measurements), 2) Lattice results can help to provide predictions for as yet unobserved
states and 3) Spectroscopy calculations can help to pin down values for the low energy constants
(LEC’s) of chiral perturbation theory (a job that lattice calculations are uniquely suited for as quark
masses can be varied), helping to aid in the understanding of hadronic physics at low energies. The
predictive power of lattice QCD is especially exciting in the context of the upcoming increase in
operating energy at the LHC scheduled for 2014.

The interest in heavy baryon spectroscopy within the lattice community is reflected by the
array of calculations of the spectra of singly, doubly, and triply heavy baryons dating back to 2002
with Ref. [6] and more recently with [7],[8] and [9]. The interest in heavy hadron spectroscopy
has not been limited to the lattice community, and there has been significant recent progress in
theoretical calculations of the charmed and bottom baryon spectra as well using various mod-
els [10][11][12][13]. Included among these calculations are several determinations of the doubly
heavy baryons which contain charm and bottom quarks. With the exception of the early quenched
heavy hadron study [6], this subsector of doubly heavy states remains largely unexplored in lattice
calculations, and there is no existing experimental data on charmed bottom baryons. This is a void
that the present work will seek to fill, while at the same time reinforcing the existing lattice calcu-
lations of the charmed and bottom baryon spectra with a calculation using a single action for the
light quark sector.

2. Lattice actions and parameters

In the present work, we utilize ensembles of gauge field configurations generated by the
RBC/UKQCD collaboration [14]. We work at one lattice volume, with spatial extent L ≈ 2.7
fm, and two lattice spacings: a fine lattice spacing with a≈ 0.0849 fm, and a coarse lattice spacing
with a≈ 0.1119 fm. These ensembles were generated using the Iwasaki gauge action and include
2+1 flavors of dynamical light quarks implemented with a domain-wall action. Propagators for
the light up and down quarks were generated on these ensembles at both the unitary point (where
the sea quark mass is equal to the valence quark mass) as well as at several other lighter masses.
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Strange quark propagators at an additional strange quark mass were computed on the coarse lattice
at the light quark unitary point, allowing for an interpolation to the physical strange quark mass.
The current calculation therefore includes sea-sea pion masses in the range mss

π ≈ 295 MeV - 352
MeV, while the valence-valence pion masses range from mss

π ≈ 227 MeV - 352 MeV. The kaon mass
range is: mvv

K ≈ 523 MeV - 586 MeV. This partial quenching in both the light (up and down) and
strange sectors, requires special care to be taken in ensuring that chiral extrapolations are correctly
performed.

For the bottom quarks, we use improved lattice NRQCD [15] accurate through order v4 and
Λ2

QCD/m2
b, with the value for the coefficient c4 computed specifically for the Iwasaki gauge action

by Tom Hammant. As the mass of the charm quark is too light to call for a non-relativistic treatment
on the current lattices, we use instead a relativistic heavy quark action in the Fermilab interpretation
[16]. The action we use is of the same form as the one in Ref. [17]. To tune this action for the charm
quark, the bare action parameters ν and m0 were simultaneously tuned to match the spin-averaged
charmonium mass and enforce the dispersion relationship, both of which are given by:

MSA =
1
4

Mηc +
3
4

MJ/ψ , c2 =
E2

(
ppp2
)
−M2

0

ppp2 . (2.1)

The additional bare parameters in the relativistic heavy quark action, cE and cB were set to
their tree level values from lattice perturbation theory.

3. Extracting masses

Starting from three quark fields q, q′, q′′, we construct two basic types of baryon operators,
given by

O5[q,q′,q′′]α = εabc (Cγ5)βγ qa
β

q′bγ (P+q′′)c
α , (3.1)

O j[q,q′,q′′]α = εabc (Cγ j)βγ qa
β

q′bγ (P+q′′)c
α , (3.2)

where a,b,c are color indices, α,β ,γ are spinor indices, C is the charge conjugation matrix, and
P+ is the positive-parity projector

P+ = 1
2(1+ γ0). (3.3)

We also compute the energies of heavy pseudoscalar and vector mesons, using two-point func-
tions of the operators

O(M)
5 [q̄,q′] = q̄γ5q′, (3.4)

O(M)
j [q̄,q′] = q̄γ jq′. (3.5)

It turns out to be useful to form certain linear combinations of baryon and meson energies, in
which the quark-mass dependence and some of the other systematic uncertainties are expected
to be reduced. For hadrons containing b quarks, such linear combinations can also be used to
cancel the NRQCD energy shift, while for hadrons containing c quarks, this can help to eliminate
effects introduced by tuning the relativistic heavy quark action for the charm sector. These linear
combinations are taken as follows:
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MO = Mlatt
O − nc

2
Mlatt

SAc
− nb

2
Mlatt

SAb
+

nc

2
MPDG

SAc
+

nb

2
MPDG

SAb
. (3.6)

Here, nc,b is the number of charm or bottom quarks in the baryon, and MSAc,b is the spin
averaged charmonium or bottomonium mass.

We construct an operator basis using various levels of Gaussian smearing at the source and
sink. We are reusing previously computed domain wall light and strange propagators, therefore we
do not have the freedom to change the source smearing on these quarks. For the heavy quarks, we
establish a hierarchy of smearing by reducing the level of smearing of the charm quarks in relation
to the light quarks, and reducing the level of smearing of the bottom quarks in relation to that of the
charm. The reasoning behind this is that the heavier fermions are expected to have a more spatially
localized wavefunction. We apply smearing to either all or none of the heavy quarks, leading to 2 x
2 correlation function matrices for the triply heavy interpolating operators, and a 2 x 4 correlation
function matrices for the doubly and triply heavy interpolating operators. Simultaneous fits of the
resulting correlation function matrices were then carried out, allowing for variable fitting ranges for
the individual correlation functions. This allows for an optimal fit range to be chosen for correlation
functions with varying levels of excited state contamination. This process of choosing the optimal
fit ranges was carried out by using initial guesses of the best fit ranges, and then stochastically
minimizing the total χ2/d.o. f . as a function of the fit ranges. An example of the effects of this
minimization procedure can be seen in Figure. 1
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Figure 1: An illustration for the effects of the stochastic fitting range determination for the state Ωccb. Here,
the left hand plot corresponds to the initial guesses for fitting ranges, while the right hand plot corresponds
to the optimized fitting ranges.

4. Chiral/Continuum extrapolations

As this spectroscopy calculation has been performed using several unphysical pion masses, in
order to obtain a final result that is comparable to experimental results (as well as provide useful
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predictions for baryons that have yet to be observed) we must perform an extrapolation of our
results to the physical pion mass. One complicating factor stems from the fact that the calculation
was performed using partial quenching in the light quark sector in order to extend the range of
pion masses beyond those offered by the set of gauge field configurations used. To perform the
extrapolations, we use partially quenched heavy hadron chiral perturbation theory (PQ HHχPT) as
a guide. PQ HHχPT constructs the chiral Lagrangian to include heavy quark symmetries in the
infinite mass limit. Expressions have been derived for the sea and valence mass dependence of
singly [18] and doubly heavy [19] baryon masses, the latter relying on quark-diquark symmetry
to relate the properties of singly heavy mesons to doubly heavy baryons. As the chiral expansion
for SU(3) is thought to have poor convergence properties, we perform our extrapolations using
SU(4|2) HH PQχPT. For singly heavy baryons, we extend existing expressions [18] for the baryon
masses to include O (1/mQ) corrections, while for the doubly heavy sector, we use the expressions
presented in Ref. [19]. To include finite volume effects that appear from performing the calculation
in a finite sized box, we include corrections to the chiral functions taken from Ref. [20]

In addition to the light quark mass dependence, the dependence on the finite lattice spacing
must be accounted for. In order to accomplish this, we parametrize the lattice spacing dependence
by adding a term of the form caa2 to each of the chiral extrapolations. We then set ca to zero to
obtain the results in the continuum limit.

In order to stabilize the fits, the axial couplings g1,g2,g3 (included in the chiral loop terms) are
constrained using Gaussian priors to be near their values as calculated for the infinite mass limit in
Ref. [21]. The Gaussian width used in the constraint was taken to be the statistical uncertainty for
the gi from Ref. [21] with an additional increase in the the width for the charmed baryons versus
bottom baryons.

An example of the chiral and continuum extrapolations is presented in Figure 2.

5. Results and future outlook

Results for these extrapolations are presented in Tables 1 and 2. The uncertainties presented
in these tables are statistical only. Systematic uncertainties are currently being explored, in both
the mass extractions and chiral extrapolations. The limited mass range of mss

π may be inadequate
in constraining the chiral extrapolations, therefore we are currently working to supplement the data
sets with an additional sea pion mass.

Baryon Lattice (GeV) Expt. (GeV) Baryon Lattice (GeV) Expt. (GeV)

�c 2.137(74) 2.286 �b 5.456(114) 5.619
⇤c 2.444(81) 2.454 ⇤b 5.781(96) 5.811
⇤⇤

c 2.518(82) 2.518 ⇤⇤
b 5.802(97) 5.832

⇥c 2.372(58) 2.467 ⇥b 5.760(80) 5.791
⇥0

c 2.526(62) 2.575 ⇥0
b 5.947(81) -

⇥⇤
c 2.600(62) 2.645 ⇥⇤

b 5.971(81) -
⌅c 2.615(67) 2.685 ⌅b 6.008(80) 6.071
⌅⇤

c 2.690(67) 2.765 ⌅⇤
b 6.036(80) -

Table 1: Chiral and continuum extrapolated results for all singly heavy states considered in the present work.
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Figure 2: Example chiral and continuum extrapolations for the singly charmed states. Here, the open
symbols represent partially quenched data while the filled symbols represent unitary points. The dashed line
represents the coarse lattice spacing, the dotted line the fine lattice spacing and the solid line represents the
continuum limit extrapolation. Both extrapolations are presented with the finite volume effects removed.

Baryon Lattice (GeV) Baryon Lattice (GeV) Baryon Lattice (GeV)

�cc 3.558(39) �cb 6.877(52) �bb 10.185(53)
�⇤

cc 3.627(54) �⇤
cb 6.915(62) �⇤

bb 10.191(56)
⇥cc 3.689(38) ⇥cb 6.973(48) ⇥bb 10.250(51)
⇥⇤

cc 3.773(38) ⇥⇤
cb 7.040(48) ⇥⇤

bb 10.283(51)
⇥ccc 4.794(9) ⇥ccb 7.989(11) ⇥⇤

ccb 8.012(12)
⇥cbb 11.177(9) ⇥⇤

cbb 11.206(11) ⇥bbb 14.370(10)

Table 2: Chiral and continuum extrapolated results for all doubly and triply heavy states considered in the
present work.
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