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Abstract—The voltages at which Micro-Electro-Mechanical resonators, such as those used for inertial sensors [16] or
(MEM) actuators and sensors become unstable, known as pull- quartz replacement [17]. For these devices, the DC bias must
in and lift-off voltages, are critical parameters in MEMS design. s be chosen adequately far from the pull-in point to avoid
The state-of-the-art MEMS simulators compute these paramets . . .
by simply sweeping the voltage, leading to either excessively |arger_10nllnear or e\{en lunstable behawor. Therefore, puII-l!d an
computational cost, or to convergence failure near the pull-in or lift-0ff computation is key to a wide range of MEMS designs.
lift-off points. This paper proposes to simulate the behavior at There are some well-established techniques for com-
pull-in and lift-off employing two continuation-based algorithms.  pyting the pull-in voltage. Based on the formulation of
The first algorithm appropriately adapts standard continuation boundary-element method (BEM) and finite element analysis

methods, providing a complete set of static solutions. The second 4
algorithm uses continuation to trace two kinds of curves and (FEA) [18]-[21], these methods can be used for a wide

generates the sweep-up or sweep-down curves, which can proeid range of MEMS design. However, these algorithms directly
more intuition to MEMS designers. The algorithms presented in sweep the voltage (i.e., solves the static problem at a set of

this paper are robust and suitable for general-purpose industrial monotonically increasing input voltages), and once thé-ipul

MEMS designs. Our algorithms have been implemented in a P : ; P
commercial MEMS/IC co-design tool, and their effectiveness is Pomt is passed, they must find a solution which is no longer

validated by comparisons against measurement data and the near” the SOIU“Q“ at the previous voltage.' As a resgltsﬁhe
commercial FEM/BEM solver CoventorWare. methods may fail to converge near the puII-ln, or requireynan
iterations even if they converge by luck. Some analytical an
numerical approaches can avoid the computational isswgs ne
pull-in for some specific devices [22]-[26], but none of them

|. INTRODUCTION are general or without heuristics. In [26], [27], the vatéb
A. Motivation used in the DC sweep is changed to a variable dependent

MEMS devices are widely used in system-on-chip (SO voltage and position, such as charge. This change moves

applications such as sensors, actuators, as well as duecit 1€ instability to a larger voltage value enabling robust-pu
tional blocks [1]-[7]. Due to the increasing design comitiex compu'gatlon, but retains thg difficulties in determlnlrfgtdnff.
and the emergence of MEMS/IC co-design, Electronic Desid®’ designs other than the ideal parallel plate. The algorit
Automation (EDA) tools are highly desired for device-level [25], [26], [28] requirea priori kQOW|§dge aboyt the path
and system-level MEMS design [8]-[15]. This paper preserﬁ%ken by parts_ of 'Fhe design, which limits their generahty._
a robust and general-purpose framework to simulate two kgy2hdard continuation methods were employed to help esti-
parameters in MEMS design: the pull-in and lift-off voltage mate the pull-in voltages [29]_[3,11 basgd on some S|mpllf|ed
It is well known that the coupling of electrostatic and/EMS models or for some specific devices. Such algorithms
mechanical forces leads to a small set of voltage valuB8/E been extensively investigated by the applied mathiesnat

which are unstable and cause the device to rapidly shift fro?ﬁmr_nun,'ty [32_]_[34] and have been successfully apP"Ed to
one state to another [1]. Depending on specific applicatioriCuit simulation [35]. Nevertheless, standard contiiara
such instability must be avoided or could be exploited. F&90rithms can be unsuitable to simulate industrial MEMS
instance, when designing MEMS switches, such as those ug&g§'9ns that are in a more general form (c.f. the end of
in RF [6], logic [2]-[5], or digital mirror [7] applications Section I_I—C). Compared W|th puII-ln,. much Ies_s attenti@s h
these instabilities are exploited: once the instabilitpassed, peen paid to the' computation Of I'ﬁ'Off’,Wh'Ch can be as
the device rapidly switches either from “off’ to “on” asiMPortantas pull-in for MEMS switch devices [2]-{7].

the moving part is “pulled-in” to make contact with a fixed

surface, or from “on” to “off” as the device “lifts-off" the B. Summary of Contributions

fixed surface. On the other hand, for stable operations oesom . . . :

MEMS devices, small perturbations in the applied voltage By appropriately modlfy|_ng standa_rd continuation T“e.th'
bias should not produce large perturbations in the positi8 s, we present two algorithms to simulate the pull-inflift

; - ; behavior and demonstrate their application in indastri
of the moving components. Typical examples include MEM$S . . -
g P yp P MEMS designs. Based on a hybrid FEA/analytical-model plat-
Z. Zhang and L. Daniel are with the Department of Electricaiiaering form [36], our algorithms are applicable for general indiast

and Computer Science, the Massachusetts Institute of TeEmn¢MIT), MEMS designs with little heuristics.
Cambridge, MA 02139, USA (Email:_zhang@mit.edu, luca@mit.edu). . . . .
M. Kamon is with Coventor, Inc., 625 Mount Auburn Street, Caidide, The first method appropriately modifies standard continua-
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real-world MEMS designs. By properly modeling the contact Fixed support
effects and modifying the stability analysis, this meth@uoh ¢ Spring k oT _Vio Vm ¥V

provide a complete plot of multiple solution branches for 1z D A
a practical MEMS design. The large computational cost or 2 e
failures around the pull-in and lift-off points are avoided v -7

The second approach is motivated by the needs of som d // B

designers for more intuitive static solution curves of sprap xed p

or sweep-down. This method uses continuation to trace two (@) (b)

kinds of curves. Specifically, it traces the solution curde Fig. 1: (a) Parallel-plate electro-static actuator etestatic
the original MEMS problems before and after pull-in/lifto 5t ator. (b) Hysteresis effect of this actuator.

points, and it traces a newly defined curve to capture the jump

between states that occur at the instabilities. Unlike adsted

DC-sweep the convergence failures around pull-in andffft- B. Difficulties in Standard MEMS Simulators

can be mitigated or avoided. In this algorithm, an approach i
proposed to detect the pull-in/lift-off point with high agacy,
which can be useful for sensitivity analysis or for analgzin M(2)Z + K(x)z + F(x,u(t)) =0, Q)
the noise tolerance in MEMS-based digital VLSI.

A general MEMS design can be described by

wr]erex € R" denotes displacements and rotationgt)

The proposed algqnthms have bgen vepﬂed on mdusft”&‘enotes the inputs such as voltage sourdé$y),K(z) €
MEMS designs. In this paper, we will provide the simulation, ,, ., . . . .
. ) . are the mass matrix and damping coefficient matrix,
results of two practical MEMS designs, and we will alsg

; re%pectively;F(w,u(t)) denotes the net forces from inertia,
compare our proposed methods with measurement data and . : : X
amping, electrostatic and mechanical forces. Througtiosit

existing relaxation-based FEA/BEM-based MEMS simulator

. . . paper,x and Eq. (1) are properly scaled, such thats on
CoventorWare [37] to validate the efficiency and effecteen the order of1 and F(x,u(t)) is on the order ofl0=S. If

1. PRELIMINARIES the MEMS model is included in a circuit simulatar)=6 is
consistent with the:A scale for currents.

A. An lllustrative E I . :
n s .ra ve >.<amp ¢ ) In the static statey(¢)=u is constanti = & = 0 and (1)
The pull-in and lift-off effects are best illustrated by th‘?educes to

idealized parallel-plate electro-static actuator in Fig. [1]. F(z,u) = 0. )

The movable top plate is attached to a simple spring, the fixed

bottom plate is covered by a thin dielectric layer of thickne In pull-in/lift-off analysis, the state-of-the-art sinatbrs select

d, and a DC voltagé/ is applied across the plates. The gap monotonic DC input sequeneg, (k = 1,2,---), and then

between the two plates is The positionz of the upper plate Solve F'(zx, ux) = 0 for z;, by Newton’s method using,—;

is restricted to move only in the-direction. We assume thatas an initial guess. This idea works for many MEMS designs,

z = 0 when the DC voltagd’ = 0. but it is not robust. First, selecting a good initial guessas
Pull-In: When increasing’ from 0, z will decrease e€asy when state jumping occurs. Second, Eg. (2) normally has

smoothly if V is not too big, since: is a stable equilibrium multiple solutions, and the DC-sweep method may converge

point [1]. WhenV approaches a critical valué;, called the to the wrong one. Finally, the Jacobian matrix around pull-

pull-in voltage, the stability of the equilibrium point = zp;  I/lift-off is ill-conditioned or even singular, causingeMton’s

is lost (point A in Fig. 1b). If we further increaseé slightly, method to fail. Sometimes the DC-sweep method can achieve

due to instability the upper plate will abruptly crash dowria convergence around the pull-in/lift-off points “by luckiut at

come into contact with the dielectric layer (shown by point BXcessive large computational cost.

in Fig. 1b). The solid green curve fro = 0 to point A in

Fig. 1b shows the stable equilibrium solutions. C. Background of Continuation Methods

Lift-Off. Under a large inpul” > Vpi, the upper plate  continuation algorithms have been extensively studied and
keeps contact with the dielectric layer. ASis reduced t0 a \sed in non-MEMS communities [32]-[34]. Lek (y)eR"
critical valueVi,0, called thelift-off voltage, the electrostatic 5. yeR™1, continuation methods try to trace the curve:
force is equal to the spring force and the displacemet
(point C of Fig 1b) becomes an unstable equilibrium point. ¥(y) = 0. 3)
The upper plate will jump up and separate from the bOttoRYarting from a “previous” solution poinf,_;, a continuation
plate (point D of Fig. 1b) if the inpul” is further reduced.  5150rithm computes the “next” point, by two steps. First, it

Hysteresis: Fig. 1b shows the pull-in/lift-off effects_ of this generates a predicty, close to the “next” exact solutiog,.
actuator. The displacement depends on both the InpUl  gecong, starting fromy, a corrector is applied to get the exact
and its past history. Within the hysteresis regidiid < V' < sojutiony, located on curve (3). The predictor and corrector
Ver) there exists another equilibrium solution branch showgyether pose a constraint equatigy) = 0 € R'. Combining

by the dashed curve between points A and C. This branchyjigs constraint with (3) yields a determined equation
an unstable equilibrium, therefore it is not practicallyefus,

but its connection to the two stable branches is key to the B(y) = ( U(y) ) —0. (4)
success of the first simulation method proposed in this paper



One can solve (4) by a standard Newton’s method witt @) (b)

Yy = pr as an initial guess to get the exact “next poipy. Yk
Specifically, one updates the solution by a Newton’s iterati Vi1 ':._pk
solve J" Ayt = ®(y;), 5
m+1 — am A m ( )
get Yge Yg
for m = 0,1,2,---, until convergenceJ;" € R(»+Ux(n+1)  Fig. 2: (a) perpendicular corrector, (b) arclength cowecthe
is the Jacobian matrix ob(y) at each iteration step. blue solid arrows represemsvy_.
1) Predictor: Tangent predictor is one of the most popular
predictor schemes [32]. Withy,_; and itstangent vector
vL_1, ONE constructs a tangent predictor by 3) Limitation in MEMS Simulation:Standard continuation
methods have been employed to estimate the pull-in volt-
Dk = Yp—1 + As vp_1. (6) ages [29]-[31] based on some simplified MEMS models or

for some specific devices. In [31], multiple solution points

Here As > 0 is a properly selected step size. Graphicafly are manually calculated to analyze the stability of a one-

is a unit-length vector tangent to the curve (3), defined by dimensional MEMS model. Such applications of continuation
to MEMS simulation are limited because: 1) contact effects
0¥ (y)

are not properly modeled, leading to abrupt changes in the
dy 7 structure of the governing equations; 2) existing contiioma
packages (c.f. [34]) use ordinary differential equaticd®ES)

with rank (M (ys)) = n if y;, is not a bifurcation point or itis @ @ model description, which can correctly compute the

a saddle node [32]. One can first get a veatgrby solving static solutions of MEMS described by differential algebra
equations (DAEs) but may lead to erroneous stability amalys

( M (y) )w ( 0 ) Therefore, an automatic CAD framework to simulate both
k f—
1

M(yk)vk = 0, Hvk” = 1, with M(yk) =

Y=Yk

vl @) the pull-in and lift-off behavior of general industrial MES/
designs is highly desirable.
and then get;, by normalization:

1. Two CONTINUATION-BASED METHODS

v = wi /| |w|ls. 9 . . .
F /1wl ©) In our simulator, a MEMS device is constructed from

arametric component libraries. Such libraries can be be-
avior/analytical models or macromodels from high-order
EM/BEM analysis. Based on their physical locations, the
components are automatically connected and then the 2nd-
order equation (1) is constructed based on a network asalysi
For details, we refer the readers to [38], [39].
To solve the pull-in/lift-off problem, we treat the DC input
w in (2) as an unknown variable and obtain a solution curve

2) Corrector: Here we introduce the perpendicular correcE
tor and the arclength corrector, which are graphically ShOVﬁ
in Fig. 2 and will be used in our MEMS simulator.

With p, andwv,_, a perpendicular corrector seeksunder
the constraintAy, = y, — pi IS perpendicular tay,_1 [32].
Therefore, the constraint functiaf(y) is constructed as

9(y) = vi_1 (y — 1), (10)
U(y) = F(z,u) =0, with y = [z;u] € R"H, (15)

the Jacobian of which is . - -
which forms a connected set similar to that in Fig 1b.

dg(y) /0y = vi_,. (11)
A. Method 1: Complete-Plot Analysis
In arclength corrector, the solution poigt should locate oy first method appropriately modifies a standard con-

on the following sphere [32]: tinuation method to compute the whole solution curve for
U € [Umin, Umax), Wher€um,i, andu,.x are the minimum and
Clyr—1,A8) ={y| lly — yr—1ll, = As}. (12)  maximum DC inputs of interest, respectively. Doing so asoid
the discontinuity and state jumping of pull-in and lift-affat
Consequently, the constraint function is written as is Cha”enging for previous a|gorithms_
1) Modeling the Contact ForceThe contact force should
9) =y — yr—1ll, — As. (13) be modeled carefully to make the governing equation smooth
enough. The importance of smoothness has been well recog-
The Jacobian of this constraint function is nized in circuit simulation, but it has not attracted enough
T attention in the MEMS community. Consequently, discontinu
dg(y) /0y = M (14) ous models are frequently used in MEMS simulation, making

1y — yr—1lly continuation algorithms infeasible to track the lift-oftbavior.
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Fig. 3: lllustration of contact softening (< 0 means that two Fig. 4: Hybrid continuation for pull-in and lift-off analjs
layers make contact).

only need to check the bounded generalized eigenvalue with
The contact force is applied as a pressure load that g |argest real part (denoted as,).
linearly dependent on the penetration of the two contact|y order to computer,,, we first build a shifted matrix
layers [40]. Both materials making contact are treated Bancil (A(z), E(z) — eA(z)), where the shift parameteris a
compliant materials with elastic moduli#s,, £ and thickness smay| positive scalar. The shift parameter maps all unbednd
Hl_ and H,, respectiyely_. The effective contact stiffness P&jeneralized eigenvalues df(z),E(z)) onto the left-hand
unit area of contact is given by complex plane but has little influence on its bounded eigen-
. values. Then we compute the generalized eigenvalue with the
¢ = E B/ (EvH + B Hn). (16) " maximum real part for this shifted matrix pencil, and usesit a

This stiffness is used to compute a contact pressure (face pn approximation t@,.. Some iterative algorithms [41], [42]
unit area of contact) only when the materials are in contad@ve been well developed based on deflated Arnoldi itersition
(i.e., z < 0 in Fig. 3). The pressure-displacement relationshipuch algorithms can efficiently solve the eigenvalue proble
is shown by the blue dashed line in Fig 3, with effectivéor the shifted matrix pencil. Therefore, the computationa
stiffness ¢ being the slope. However, this contact force igverhead caused by the stability checking is negligible.

not differentiable atz=0. To improve the convergence of 3) Implementation IssuesOur experience shows that the
Newton’s iterations that rely on the continuity of the fistler Perpendicular corrector can fail around pull-in/lift-offhere
derivative, the corner at=0 is smoothed with an exponentialsharp turning points appear; and the arclength correctgr ma
delay as shown by the red line. The “contact softening@use improper branch jumping when a large step size is
distance shown in Fig 3 i$0 nm by default but can be used. Therefore, our simulator selects the correctors -adap

chosen smaller in order to be very small value compared ti¥ely: whenAs > Asyy,, the perpendicular corrector is used;

the thicknesses and gaps of a given design. otherwise, we use the arclength corrector. Our simulates us
2) Stability of the MEMS Static Solutionsn order to 10~° as a default value fosg,. o o
analyze the stability of the computed static solutigriz; u), ~ Pointy, can be identified as a pull-in/lift-off point if the
one must consider the following DAE that is equivalent ta (1yoltage changes from increasing to decreasing, or viceavers
vp+1(n+ Dog(n+1) <0, 19
E()% = F(zu), with E(z) = | () Méx) (- Lok (n 1) (19)
—F? ) (17) implying that the stability may be changed when the state is
z = [ i ] and F (z,u(t)) = [ ;,u ] switched fromy;, to gy 1.
Linearizing (17) around = [z,0]" yields a linear model: B, Method 2: Hybrid Continuation Approach
s o [ Joc(y) © This subsection presents an alternative approach that com-
E(2)z = A(2)Z, with A(z) = [ 0 L, | (18) putes the pull-in and lift-off voltages with high precisiamd
then directly computes the jump in state that occurs in a
whereJpc(y) = —%, andZ is a small deviation fromx. typical capacitance-voltage curve. It is motivated by some

The stability ofy=[z; u] is checked by computing the boundedpecific needs in MEMS design: 1) many MEMS designers
generalized eigenvalues of the matrix pen@il(z), E(z)). It prefer a solution curve from monotone DC inputs that is
is trivial to show that this matrix pencil may have positivgphysically more intuitive than the solutions generated oy t
generalized eigenvalues even if all eigenvaluedaf(y) have first algorithm; 2) sometimes the pull-in/lift-off pointsead
negative real parts. Whefxy, ux) is a turning point of (15), to be calculated with high accuracy (e.g., when analyzirg th
it is a bistable equilibrium of ODE:=F(z,u) and of our sensitivity of pull-in/lift-off with respect to a design pamneter;
MEMS equation (1). At this point/pc (yx) is singular, and 3) for some devices (e.g., gyroscopes), the designers d&e on
the linear system (18) has a pole at zero. As a result, we oiyerested in the pull-in behavior, and thus only sweep-up
need to check the stability of one point after pull-in/lf;  solution curves are needed. It is hard to tell which method
since pull-in/lift-off is a bistable point that represeitsssible is superior over the other, since their performances depend
changes in the stability of solution branches. In practiee, the designer's needs and the specific design cases.



1) New Curve for State Jumpindenote the pull-in point MEMS+ [36], which combines high-order mechanical finite
Ain Fig. 4a byya = [za;ua] and a point B on the solution elements with a commercial implementation of the MEMS
branch after pull-in agjs = [zp;up], whereug = ua + behavioral modeling ideas of [9]-[12]. As a hybrid finite-
Awu and Au > 0 is a perturbation of the DC input. Pickingelement/behavioral platform, it can simulate a wide range
an already computed point on the continuous solution branch MEMS devices both for MEMS design and MEMS/IC
before point A, we form a new curve by co-design. Given a user-created “3D schematic” reprasgnti

- i - the design and the corresponding material data, the design

Vy) = (1= A F (@, ) + AF (z, p12) = 0 (20) tool constructs the nonlinear equations as in (1) and the
with y = [z;A] € R™™, 1y < ua and uy = up. Starting corresponding Jacobians. This system is then accessibi ei
from A = 0 and applying a continuation method, we can trader MEMS design in MATLAB, or for MEMS/IC co-design
the curvey = [z; A] until A = 1, obtaining pointB. Note that as a component in system and IC simulators (e.g., MATLAB
curve (20) is different from that used in the two-parameteSimulink [43] or Cadence Spectre [44]). Designs are typjcal
Homotopy circuit simulator [35]. Furthermoré,(z, 1) is a represented with 1 to 1000 degrees of freedom, depending on
nonlinear function rather than a linear one. Adding a lineahe desired level of accuracy.
term does not help much in solving our MEMS problems, We report the simulation results for an RF-MEMS capac-
which is also observed in previous circuit problems [35]. Tor [45] and a 4-terminal nano-electro-mechanical (NEM)
trace this curve we use the algorithm in Section llI-A, withelay [2]-[5]. To validate the proposed algorithms, we cangp
the function and Jacobian evaluations modified accordinglythe simulation results of the first example with measurement

2) Basic Simulation FlowWe denote the curves in (15) anddata and the second example with CoventorWare [37]. We
(20) asCurve 1 andCurve 2, respectively. Here is the basiccompare our continuation-based simulation with the DC-
flow of pull-in analysis: 1) we first use continuation (rathegweep simulation in MEMS+ to show the robustness and
than DC sweep) to track Curve 1 until a jumping point (e.gefficiency. In MEMS+, the maximum iteration number of the
point A in Fig 4a) is approached; 2) by tracking Curve 2 witiNewton’s method in continuation-based algorithms is set, as
continuation, we obtain a solution point after state jurgpinversus100 in the DC-sweep based simulation approach. For
(Point B in Fig 4a); 3) starting from Point B, our simulatosstability checking, the MATLAB routineéigs' is employed to
tracks Curve 1 again, until another jumping point appeass. ompute the generalized eigenvalue with the largest raal pa
shown in Fig 4b, the only difference in lift-off analysis (iffor the shifted matrix pencil. The total CPU time required
required) is keeping DC input monotonically decreasing. for stability checking is belowl second for each MEMS

3) Accurate Detection of Pull-in/Lift-Off PointsThe pull-  example. Such time is negligible compared with the overall
in/lift-off points must be automatically detected suchtttt® computational cost.
simulator can switch correctly from Curve 1 to Curve 2. Let

be a pull-in/lift-off point, thenrank (J =n—1and
v P P (o)) B. Tunable RF-MEMS Capacitor

wi(n+1) =vi(n+1) =0. (21) We first consider a tunable RF capacitor [45]. As shown in

Our simulator sets a small thresheld> 0 and regardg, as the left part of Fig. 5, this capacitive switch has a movable
a pull-in or lift-off point if long beam with an octagonal capacitor at the center. On one
22) side (left in the 3-D schematic) of the movable beam, the

top part works as an RF conducting path. On the other side
Since in this hybrid scheme we are not interested in thgght part of the schematic), the electrode underneath the
unstable solutions, we shall prevent passing over the pueam works as the primary actuation electrode, while the
in/lift-off points when tracking Curve 1. To achieve thifiet remaining area not taken up by the conducting path is used as
solution pointy, is disregarded iy, (n+1)vx—1(n) <0, then 3 secondary actuation electrode. Small bumps (shown by red
the step size\s is reduced to recompute a neythat satisfies jn the 3-D schematic) underneath the electrodes are used to
the constraint in (22). For some complex MEMS switches witiinprove the reliability and limit the contact. The bump Heig
extremely thin dielectric layers, the curvature aroundlifte jnfluences not only the shape of the structure after contact,
off points may be very small and the solution curve is stihyt also the entire CV curve as investigated in [38]. In this
rather flat after scaling. As a result, the last component,of \work, we consider only the design case with).d-ym bump
may decrease slowly even if the solution pajatis very close height to demonstrate the proposed algorithms. This device
to the lift-off. In this caseyy, is also regarded as a lift-off point s fapricated using IBM 0.18m CMOS process, and the die

log(n+ 1)] < €.

if the step size is below a small threshold: photos are shown in the right part of Fig. 5. The fabrication
As < 5, with ey > 0. (23) Process is detailed in [46]. Since this device has a symmgtri
» . structure, we construct a model for only half of the desigthwi
By default, we set;=10"" ande;=10"". symmetric boundary conditions. This model has one J-beam

component,15 electrode contacts anzR shell components,
) ) leading to a nonlinear system wi#h5 degrees of freedom.
A. Simulation Setup 1) Complete-Plot Continuation in MEMS+Using the

The proposed algorithms have been implemented and aomplete-plot pull-in/lift-off simulation algorithm desgbed in
tegrated within the commercial MEMS/IC co-design tooBection IlI-A, the hysteresis curve is obtained afigiseconds

IV. NUMERICAL RESULTS
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Fig. 6: Pull-in/lift-off result for the RF capacitor, by cqtete- Fig. 7: Pull-in/lift-off result for the RF capacitor, usintpe
plot pull-in/lift-off analysis. hybrid continuation method.

and 420 Newton iterations in total. This curve consistsgsf ~ 3) Comparison with DC Sweep in MEMS#e use2 V
data points, with smaller step sizes around the pull-a/Iif2S @ Step size to perform a DC sweep simulation between
off points. Fig. 6 compares the simulation results with th@g~50 V. The sweep-up simulation converges fast before pull-
measurement data provided by WiSpry [47]. The simulatdg SINce the solution curve is very smoth and flat, but itsfail
pull-in voltage is38.52 V, which is close to the measurement® converge ati V. This implies a pull-in voltage between
result (betweers6 V and 38 V). The capacitance after pull- 38V and 40 V, which agrees with our continuation-based

in is about0.20 pF, which agrees with the measurement. Theimulations but is different from the measurement results.
simulated curve shows a first lift-off point 48.27 V leading 1he mismatch between the MEMS+ model and the practical

to an abrupt reduction of the capacitanceé)td5 pF at18 V. fabricated device is mainly caused by the fabrication pgsce
In the measurement, we observe a first lift-off betwasry  Variation. In order to obtain the lift-off curve, a sweepado
and 20 V and a capacitance value 6f139 pF at18 V. The simulation is performed, which fails at the first startingrto
secondary lift-off point from our simulation i6.16 V, after 50 V. For this example, increasing the maximum number of
which the movable beam is completely released. The measufg§tions does not help achieve convergence, since thetegd
secondary lift-off point is betweet V and 18 V, which again Solution becomes unbounded.
matches our numerical simulation. .

2) Hybrid Continuation in MEMS+: The hybrid contin- C- 4-Terminal NEM Relay
uation algorithm in Section IlI-B generates the pull-in and This 4-terminal nano-electro-mechanical (NEM) relay
lift-off curves separately as shown in Fig 7, which is alsshown in Fig. 8 is used in ultra low-power VLSI design [2]-
very close to the measurement data. The pull-in curve censigs]. It models the U-shaped springs with beam elements, the
of 39 data points with much smaller step sizes around stajate with shell elements, and the electrostatics with comdd
jumping, which is obtained at the cost 262 seconds and84 mapping based elements, leadingl®® degrees of freedom
iterations in total. The lift-off curve haS7 data points, which in total. The shells contribute most to state variables ard a
is obtained afte382 seconds of CPU time anth8 Newton necessary in order to capture the overly-driven case destri
iterations. Note that the more intuitive results are olgdiat below and the effect of stress in the gate. The device is
the cost of more CPU time, since in this algorithm we tracgwitched by applying a voltage between gate and body to pull
multiple curves by continuation methods. The computed-puthe moving plate toward the substrate to make a connection
in voltage is38.634 V, and the computed first and secondarpetween the contact dimples and the drain/source. We set the
lift-off voltages arel8.061 V and 16.164 V, respectively. voltages at the drain, source and substrate (body) nod#g to
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Fig. 8: The 3-D schematics of the 4-Terminal NEM Relay (exagted byl0x in z-direction). The left part shows the moving
part only. The contact dimple and channel are shown in greghtlae gate in blue. The right part adds the fixed contact
electrodes (source and drain) in red and actuation (bodgfreldes in gray.

X0 device are given in the right of Fig. 10. At point A, the coritac
| —— SourceDimple/? dimples do not touch drain or source and thus the device.is off
When the gate voltage is further increased, the contact ésnpl
touch the drain and source and turn the device on (point B).
1 If the gate voltage is further increased, after point C traepl
collapses onto the body electrodes while the contact disnple
rise slightly, losing contact with the drain and source (p@).
Lift-off ] —L—Pull—in point | Similarly, when the gate voltage decreases frodV to 0V,
i the sweep-downward curve is: G H -1 —-J— K — O,
| implying that the relay is always off. This observation icaties
Lift-off point—> that to ensure correct switching, the gate voltage shouldeo
] : : ; : 6 higher tharV. Due to the many solution branches, getting the
pull-in and lift-off curves needs some knowledge of nordine
Fig. 9: Pull-in/lift-off result for the “properly-driven"™NEM  dynamic theory, and thus a hybrid continuation simulatiGaym
Relay, using complete-plot pull-in/lift-off analysis. be necessary for some users.
2) Hybrid Continuation in MEMS+: Now we use the
hybrid continuation method to simulate both the properlgl an
and we consider the gate voltage as a variable. Due to ®¥erly driven cases. The simulation results for the prgperl
symmetry of the device and of the inputs, the position of ttéiven case is shown in Fig. 11, which co8&s seconds and
drain contact is the same as the source contact. This devi8 steps in total 50 seconds and91 iterations for pull-in
is expected to turn on under high gate voltage and turn @fhalysis,133 seconds and12 iterations for lift-off analysis).
under low gate voltage. Driving the gate with a higher vadtagThe resulting pull-in and lift-off curves consist 68 and 42
than pull-in can improve switching times, but care must beoints, respectively. Clearly, the devices are correailyied
taken that the gate is not driven so high as to cause the gafeand off by controlling the gate voltage. The pull-in arft |i
to collapse onto the body. To that end we investigate bo®ff voltages are calculated accurately without regard Far t
contact pull-in/lift-off and collapse pull-in/lift-off. simulator’s step size to be 2.683V and 2.442V, respectively
1) Complete-Plot Continuation in MEMS+Eirst we con- For the overly-driven design, the hybrid continuation simu
sider the “properly-driven” case by setting,;, = 0V and lation generatg’7 points at the cost 0674 seconds and260
Umax = 6V (i.€., the maximum gate voltage). This simulatiodterations for pull-in analysis, and3 points at the cost of
costs150 seconds and79 Newton iterations, generatin@p 886 seconds and)&3 iterations for lift-off simulation. The
solution points. The results produced by our complete-pléisplacement of the source dimple is intuitively shown in
continuation show that the pull-in and lift-off voltagesear Fig. 12. In this plot, it becomes obvious that:
2.68V and2.44V, respectively. The pull-in and lift-off behavior 1) When the gate voltage is increased frowto 10V, the
is shown in Fig. 9. The results show that the NEM relay can ~ contact dimples touch drain and source af2e#83V.
be switched on and off correctly when,., = 6V. Next we However the contact is lost aftér091V although the
consider the much more complicated “overly-driven” case by  contact dimple lowers down slightly again afeef28V.
setting umax = 10V. For this case, the complete-plot pull- 2) When the gate voltage is reduced frofiV to 0V,
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in/lift-off analysis generate880 solution points at the cost of the contact dimples always lose contact with drain and
802 seconds an@886 iterations. Multiple state jumpings are source. When the gate voltage reducesl 684V, the
observed from the solution curve in Fig. 10. Increasing the  contact dimples rise slightly, and it suddenly jumps up
gate voltage from)V to 10V, the sweep-up curve is: G A as the gate voltage reducesitd 20V.

— B - C - D - E—~ F— G. The bottom images of this The observed state jumpings are consistent with our results
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Fig. 10: Pull-in/lift-off result for the “overly-driven” NEM Relay, by complete-plot pull-in/lift-off analysis. Th@ot in the left
bottom is a zoom-in showing the multiple pull-in/lift-ofiomts. The right part shows the positions of the contact demyhile
the gate voltage is monotonically increased, which is viedrem the source/drain terminal (i.e., along the channef) &
exaggerated bg0x in z-direction.
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Fig. 11: Pull-in/lift-off result for the “properly-drivenNEM  Fig. 12: Pull-in/lift-off result for the “overly-driven” NEM
Relay, using hybrid continuation method. Relay, using the hybrid continuation method.
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from complete-plot continuation plotted in Fig. 10. sweep-upward simulation fails at=6.5V. The sweep-down

3) Comparison with DC Sweep in MEMS+For the simulation fails to converge for the first DC_inpmzlov N
properly-driven case, the DC sweep-up fails around pu”_(ﬁgardlesg of the ch0|9e qf the sweep step size. .In addition,
when the step size is below 0.2V. For example, with a inptifhen the input step size is reduced below 0.5V, it becomes
step size o0.1V the sweep-up simulation cannot proceed t§ven more difficult to achieve convergence.
u=2.7V after 320s. Meanwhile, this implies that the pull-in 4) Comparison with CoventorWareto validate the result,
occurs around.7V, which agrees with the results from ourwe compare our algorithms with the pull-in/lift-off analys
continuation-based simulations. The sweep-down simaratiin the latest version of CoventorWare [37]. In Coventor-
fails at the first pointu=6V after the maximum number of Ware, the MEMS designs are described by a coupled finite-
iterations. The DC-sweep method cannot handle the overBlement/boundary-element (FEM/BEM) formulation, which
driven case. With the input sequenae[0:0.5:10]V, the DC can model the geometry in full detail for highly accurate
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