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AN ALTERNATIVE NATURAL DEDUCTION FOR THE
INTUITIONISTIC PROPOSITIONAL LOGIC

Abstract

A natural deduction system NZ, for the full propositional intuitionistic logic,
is proposed. The operational rules of NZ are obtained by the translation from
Gentzen’s calculus LJ and the normalization is proved, via translations from
sequent calculus derivations to natural deduction derivations and back.
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1. Introduction

It is well-known that sequent formulations of some substructural logics can
be obtained from Gentzen’s calculus LJ, by rejecting or restricting some of
the structural rules, whereas operational rules need not differ from the op-
erational rules that are given for intuitionistic logic in LJ (see [1]). On the
other hand, Gentzen’s natural deduction calculus NJ [3] doesn’t have the
similar property. Our motive in formulating natural deduction system N'Z
is to set up an intuitionistic natural deduction system, from which natural
deduction systems of some substructural logics can be obtained, by getting
the control over the discharge of assumptions, whereas operational rules
need not differ from the operational rules in N'Z (as for sequent calculi).

I This work is supported by the Ministary of Science and Technology of Serbia, grant
number ON174026.
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It is well-known that the natural deduction rule A — I:

a f
aNp

can be of one of the following forms:

I I r A

a p a p
or: _

aNp aNp

where @ denotes a natural deduction derivation of a with open assump-

tions from I'. Open assumptions are called the contexts of the rules, so the
rule on the left is usually referred to as a context-sharing rule and the rule
on the right, as a context-independent rule (I' and A which appear in the
later, may be different). We have the similar notion for the rule — —E:

a a—pf
3 .

For the plain intuitionistic logic, contexts of those rules are irrelevant,
therefore, in intuitionistic natural deduction calculi, operational rules are
either context-sharing, as e.g. in NJ [8], or context-independent, as e.g. in
Gentzen’s NJ and von Plato’s natural deduction [6]. On the other hand,
this is not the same in Gentzen’s sequent calculus LJ, where two types of
operational rules are present: the rule which corresponds to A — I, i.e. the
rule A — IS, is context-sharing and the rule — —I A, which corresponds to
— —F, is context-independent:

I'a TFB TFa B,AFA

A—TIS: —— " 5 _JA:
THaAB a— B,T,AFA

(A is either singleton or empty).
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In this paper we give a natural deduction system NZ, with both types
of operational rules, context-sharing and context-independent ones. We
obtain them by a translation of Gentzen’s operational L.J-rules, into nat-
ural deduction. The idea of formulating natural deduction systems for
intuitionistic logic, by translating sequent calculi, is not new (see e.g. [5],
[6]). Actually, the technique employed here is substantially that given by
Negri and Plato in [5], [6]. However, sequent calculi in [5], [6] are with
context-independent rules only, unlike LJ, therefore our natural deduction
system differs from those in [5], [6].

Moreover, instead of usual assumptions, i.e. initial formulae o, we use
general assumptions, in the form of initial rules:

A, 1, ., Oy

«

in NZ. As a consequence, N Z-derivations are free from vacuously dis-
charged assumptions, meaning that every formula which is discharged by
the application of some inference rule, really occurs in the upper part of
at least one initial rule in that derivation. Below, we give two derivations
of the formula o« — (8 — «). In the derivation on the left, we use initial
formulae, whereas in the derivation on the right, we use initial rules:

1) (2

2) (8], [o]

[ (— [)(1) L (— 1)(1)
B n® B @
a— (= a«) a— (8= a)

We note that, in the derivation on the left, the formula [ is vacuously
discharged (we also say cancelled), by the application of the rule (— T),
with the discharge label (1), unlike in the derivation on the right, where
the assumption [ really occurs. Moreover, the initial formula « in the
derivation on the left, stands in for the derivation of « from «, i.e. for the

e
derivation —, therefore it acts as both, an assumption and a conclusion.
@

On the other hand, in the derivation on the right, every formula acts either
as an assumption or as a conclusion.
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It should be mentioned that the use of generalized assumptions, in
formulating natural deduction for intuitionistic propositional logic, is not
new. E.g.; in the sequent-style natural deduction NJ, in [8], axioms are of
the form:

ok .

However, our system A'Z and NJ are different systems, as mentioned above.
The paper is organized as follows. In Section 2, we give the sequent
calculus formulation GI of the full propositional intuitionistic logic, with
the property that the structural rules of cut and weakening are admissible
in it. In Section 3, we present the natural deduction system NZ. In
Section 4, we prove that N'Z is sound and complete for the full propositional
intuitionistic logic. In the closing section we give some remarks.

2. Sequent calculus GI

Let £ be a language of the propositional calculus with the propositional
constant | and the binary connectives —, A and V. Formulae of L are
defined inductively, as usual. We shall use «a, 3, v,p,... as schematic
letters for formulae of £. As usual, ~« can be defined as o — 1. Greek
capitals T, TI, ©, ... will denote finite (possibly empty) multisets (lists
without order) of formulae.

Sequents are expressions of the form I' F ~.

G has the following postulates:
Azxioms:
Iaka 1, TFy

Structural rules:

contraction: weakening: cut:

Ioaakxy '~ I'a a, [T~
W W) - (K (cut)
I'atk~y I'at~y | I I e

Operational rules:

'k« ILGE~y a,'Fp
(= 1) — (> 1)

OILa— BFy 'ca—p
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TakFy I,pF~ I'-a =g
Al ————— (A r
LanBExy I‘,aAﬂF’y( ) 'Fanp ()
NakF~y | DGR e I'Fa T'Ep
(v 1) (Vv r)
Tavpky 'Favp 'Favp

There are some minor differences between GI and some other sequent
calculi for intuitionistic propositional logic, e.g. LJ [3], G2i [9] and GO0:
[6]. However, all of them are mutually equivalent.

The admissibility of the rule of cut in GI, can be proved by a standard
cut-elimination procedure, via the elimination of the rule of multicut. I.e.,
instead of cut we eliminate the multiple cut rule of the following form:

I'Fa a, ..., 1y
..., Ik~

Moreover, the rule of weakening is also an admissible rule in G1I:

(mcut)

LEMMA 1.  FEwvery cut-free GI-derivation can be transformed into a cut-
free GI-derivation of the same endsequent, in which no weakening occurs.

PrOOF: It is easy to show that weakening never needs to follow imme-
diately any other rule in a cut-free GI-derivation. O

DEFINITION. Cut-free GI-derivations with no applications of the rule of
weakening, will be called normal GI-derivations. o

COROLLARY 2. Every GI-provable sequent has a normal GI-derivation.

3. Natural deduction N'Z

We formulate the natural deduction system NZ, by a translation of axioms
and logical rules of GI into inference rules of N'Z.
First we consider the axioms of GI. The meaning of o, ' - «, i.e. of

a,aq,. .., F a (the multiset I' = aq,...,q, is possibly empty) is that
from o, oy, ..., a, we can derive «. In the natural deduction notation, this
is written as:
Q, Q.. Oy
a )

which is one of our initial rules of NZ.
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The other axiom in GI is L, aq, ..., a, F v, which gives another initial
rule of N'T:
Liag,...,an

v

The meaning of the rule (— 1) in GT is that if there is a derivation of «
from I' and there is a derivation of v from II, 3, then there is a derivation
of v from I',II, « — . In the natural deduction notation, this is written
as:

r ILpW
a—f
o — (e
’ LS
N

which is the elimination of implication rule, denoted by (— E) in NZ.
With [5] we denote, as usual, the discharging of the assumption 8. To
indicate what is discharged and where, we write the little number within
parentheses, here (1), next to the discharged assumption § and next to
the mnemonic symbol for the rule applied, (— E). Those numbers will
be called discharge labels and they must be fresh in the derivation so far
constructed. We note that this rule is almost the same as von Plato’s
rule (D E) in [6]. The only difference is due to our use of initial rules
instead of initial formulae, i.e. that instead of von Plato’s initial formula

a — [ we use the initial rule This is the general formulation

a—f
of the implication elimination rule, and it differs from the corresponding
Gentzen’s rule, which is the special elimination rule. All other elimination
rules of N'Z will also be given in their general form.

The rule (— 1) is a two-premises contezt-independent rule. On the other
hand, the rules (A r) and (Vv 1) are two-premises context-sharing rules.
To obtain the corresponding natural deduction rules, we need to assign
labels to assumptions, as in [4]. We shall call them the assumption labels.
Formulae with the same assumption label are treated as if they were the
same formulae. This means that when a formula with a label is discharged,
all formulae with the same label are discharged at the same time. We use
integers for assumption labels (to distinguish them from discharge labels,
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we write them without parentheses). The natural deduction formulation
of the rule (A r) is:

vy vy

(AT)
alp

By the application of this rule, the corresponding formulae from I" in the
derivation of «, and from I' in the derivation of 3, are assigned with the
same assumption labels. This is indicated by ¥ in I'V (if a formula from
I' in the derivation of 3, already has a label, assigned to it earlier in the
derivation, then, by the application of this rule, this formula gets a new
label, in order to equalize it with the label of its corresponding formula
from T in the derivation of «).

It should be noted that the use of assumption labels is not new in
formulating natural deduction systems. In fact, the use of labels is quite
standard in natural deduction systems of substructural logics (see e.g. [2]
where labelled natural deduction system for the implicational fragment of
the relevant logic R is presented, and [4], for the natural deduction system
for intuitionistic linear logic).

Natural deduction NZ
Initial rules:

o, Q1,...,0n liag,...,ap
@ ) ry )
where the multiset aq, . . ., a, is possibly empty. Formulae from the premises
of the initial rules will be called the assumptions.

Logical rules:
r I, 8D, ..., [B|M T, )™, ... [a]®

a—

a—f o vy

(S =M

8l a— g
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I o, [0 A
alp
a A
v ! ey’ =T
Y alp
T, BW,....[8W
aAp : r
A\
aAp - 2l (/\E)gl)
o
VI
av B (VI)q
FN7[C¥](1)’.,.7[04](1) FNv[ﬁ]@)va[ﬁ]@)
aVp ; : r
Oévﬁ vy ’Y (\/E)(l)7(2)
Y
— (VI
av B (VI)g

We note that there is no need to formulate the natural deduction rules
which correspond to the structural rules of cut and weakening, since it
is sufficient to consider normal GI-derivations. The remaining structural
rule, the rule of contraction, is implicit in natural deduction, in the form
of multiple discharge of assumptions.
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We give an example proof of a distribution law in NZ:

1 1
o2 1 2 F o4 3 4
[0]®, 181 []®, (8D (o), P (o, 0]?
«a B @ 24
[g\/,y]<4) v (AT) oy (AI)
[an(BV]® By (anB)V(aAy) " Wl)(g;
PABYNID an(Bvy) (anBViery) @
an(Bvy) (aAB)V(any) )
(AE)

(anB)V(any)
(an(BVY)) = (anB)V(any)

(=n®)

The use of general, instead of special elimination rules in natural de-
duction, allows us to define normal derivations as in [4], [6]:

DEFINITION. A derivation is in normal form when all major premises of
elimination rules are conclusions of initial rules. o

We note that every N'Z-derivation is in normal form.

4. Equivalence of GI and NZ

GI and NT are equivalent, and with this we mean:

THEOREM 3. For any formula ~y, there is a derivation of F v in GI iff
there is a derivation of v with all assumptions discharged in NZ.

PROOF: We define a translation from a normal G I-derivation 7, of a sequent
F~, to natural deduction, inductively according to the last rule applied.

The last applied rule in 7 can be one of: (— r), (A r) or (V r). Then
the translation is given as follows:

s 1
+ M)
Fa—p a—f
T U st 2
Fa FB Fa FB
12 — (A ) = —— (1)

FanB anfB
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T st ™ ™
Fa Fa F
(Vr) — —— (VI) (Vr) — —— (VI)
Favpg aV Favpg aVp

In each case of translation, we write sequent calculus derivation(s) in
the upper part, the rule in natural deduction notation and the conclusion
of that rule in the lower part. The sequent calculus derivation(s) in the
upper part will be called the sequent calculus segments of the translation,
noting they are the same as the corresponding sequent calculus derivations
given on the left-hand side of . Those derivations will be translated in
the further steps of the translation.

The formula o from [a](l) F £ in 1.1, will be an assumption, discharged
by the application of the rule (— I), in a natural deduction derivation,
obtained by the translation. This is the reason why instead of a we write
[@]) in 1.1., i.e. why we add brackets and the discharge label (1). In the
following translations, we shall use [I'] to denote a multiset of bracketed
formulae, assigned with discharge labels.

Let Tr be a translation so far constructed and let one of its sequent
calculus segments be the segment S, which is given on the left-hand side
of — below. If the last rule in S is an operational rule, then we have:

Ut St
I+ @[]+ A
01, —MLES (> 1) = L. I8 (-p®
[ Fa—pB o—fB
provided () is new discharge label in the translation so far constructed.
1 Uy
'k I, 5 +
2.2. a Can) (= 1)
[T, (1], [ = B]®) =
[Oé — ﬁ]uc) T )
a—p ko [, [0y :
(=B
Y

provided (i) is new discharge label in the translation so far constructed.
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T o U1 2

'+ '+ I'l+ I+
2.3. “ p (A1) - a -8 (AT)

CkFang aAp
S| [ A B]F) T
Tl A I, [o]® - .

2.4. ary A1) — anp [T, [o] 2 (AE)(®)

[T, o A B8 - Y

provided (4) is new discharge label in the translation so far constructed.
We proceed similarly when the endsequent of 7y is I', B - ~.

T 1
'ka Tk«
25, — (v (VD)
T Favp aVp
We proceed similarly when the endsequent of 71 is I' - 3.
1 )
Iak T8k
26, Loty LR
[T], [a v B]®) Fy
[a v B]*) T T
aVvp ), [a)PFy (1,89 F

RN ORE)

provided (i) and (j) are distinct and new in the translation so far con-
structed.
If the last rule in S is the structural rule of contraction, then we have:

™
97 oot~y st
q7. ——— (WE) —
T, [a]® F ~ [T, [a] ™), [a]®) + 4
If S is an axiom, then we have:

k k ko

3.1. [a](k), [al](kl), o [an](k”) Foa — [Ol]( )7 [Ch]( 1), ce [an}( )

!

k k K

3.9. [L](k), [Ozﬂ(kl), o [an](k") Fy o [J—}( )7 [041}( 1), R [an]( ) .

7y
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Our translation produces natural deduction derivations with discharges
fully formalized. On the other hand, the assumption labels which should
be assigned by the application of the rules (A I) and (V E) are missing.
However, they are not needed. Really, the purpose of assumption labels
in natural deduction derivations is to identify different occurrences of the
same formulae, in order to discharge all of them at the same time, but this
is guaranteed by our translation.

Thus, we have proved:

If w is a normal GI-derivation of a sequent = vy, then its translation is
an N'Z-derivation of v with all assumption discharged (and it is normal,
by our definition).

We now define the translation of an NZ-derivation of a formula -,
with all assumptions discharged, to a GI-derivation, inductively, according
to the last rule used. Multisets of open assumptions II, I' and ©, which
appear in natural deduction derivations, are possibly empty.

If the last rule of the natural deduction derivation is (— I), then we
have the following cases. If exactly one occurrence of « is discharged by
the application of the rule (— I), then:

I, [o] I, o
g @) B
—_— =D s — (5
a—f IFa—=p

(Note that if (— I) is the last rule of our derivation, then II is empty.)
On the right-hand side of — we remove the discharge label (i) and
brackets in [a](i), to denote that « is the open assumption in the derivation
of B from II, a.
If at least two occurrences of « are discharged by the application of the
rule (— I), then:
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) « ) 7 « 7a7 7a
I [a]® (@) I
0 =@ — (W),
a—f ILakp
— (=7
IF-a—p

where double line next to (W) denotes possibly several contractions (at

least one).
If the last rule is (— E), then we have the following cases:

o  1m[g® e IB
a— : :
a—f a gl , o ~
@ — (5 )
v O, ILa— fEy
ILB,...3
e 1IL[AY,....[5" C)
o — : ; Y
a—f o« vy , e’ IL B~y
B ()
v O, ILa— fE~y

If the last rule is (A I), then we have:

r r r r

@ Q@

—— (A) » ———— (A D)
alp 'tanp

(Note that we omit assumption labels.) If the last rule is (A E), then we

have the following cases:
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T, [a]® | e
alAp
anp (i) Y
(AE) ()]
gl FanfEy
T, [a]®, ..., [o]® Fa,...,«
alAp
anp 2l (4) 2
(AE)] P —— (W)
gl INakFy
— ]
TanpFry
We can proceed similarly for the rule (A E)a.
If the last rule is (V I), then we have:
T r
“ “ imilarly for (VI)
V) ————— (V1) similarly for .
VB (VD) TFavp (v 1) y 2

If the last rule is (V E), then we have the following cases:
F>[a](i) Fv[ﬁ](j) I'a rp

aVp
aVp ~y

we DO o T
Y Favpty
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L[], [o]® r,[89,...,[8]Y
aVp
V
ki i b R SIORCR
v
F)a7 )a F’ﬁ) ’ﬁ
Y
E——) — (V)
Fak~y I, pF~
(v 1
Favpky

If the last rule is an initial rule, then we have:

Ay, ..oy Oy
—_— = a,0,...,0, P
@
Liag,...,an
v

We note that the sequent calculus derivation obtained by this transla-
tion is mormal, thus we have proved:

— Llyaq,...,anF .

If d is an N'Z-derivation of v with all assumptions discharged, then its
translation is a normal GI-derivation of - ~.

Having the translations from normal GT derivations to NZ-derivations
and vice versa, we can now complete the proof of our Theorem. Let 7 be
a GI-derivation of - «. Then there is a normal GI-derivation 7™ of ~.
By the translation defined, the translation of 7" is an N Z-derivation of
~, with all assumptions discharged. Conversely, let d be an N Z-derivation
of ~, with all assumptions discharged. Then its translation is a (normal)
GI-derivation.

O
COROLLARY 4. In an NZ-derivation of v with all assumptions dis-
charged, each formula in the derivation is a subformula of ~y.
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5. Some final remarks

We note that in the formulation of the THEOREM 3, we use a closed NT
derivation, rather than saying that there is a derivation of v from I' iff the
sequent I' F  is derivable. The reason for this is the implicit treatment
of the rule of contraction in NZ. Due to that, only a contraction whose
contraction formula is active, in a sense that it is a side formula of an oper-
ational rule in a sequent derivation, can be expressed in natural deduction.
In an arbitrary derivation of ' - 7y, we can guarantee that every contraction
formula is active, only when I' is empty.

NZ-derivations are normal, by the definition. As a consequence, they
are not closed under composition (it is clear that a composition of normal
derivations need not be a normal derivation). In spite of that, we can prove
the following CLOSURE LEMMA, indirectly, via a proof of cut-elimination
for the calculus G1.

CLOSURE LEMMA. If there is a derivation of o from T in NI and there is

a derivation of B from ay...,ca, A in NI, then there is a derivation of
fromT,....T'A in NT.

PROOF: Let D; be a derivation of o from I' and let Dy be a derivation
of 8 from a,...,a, A in NZ. We use the translation given in the proof of

T
the Theorem 3, to translate D; and D into normal GI-derivations e
«
2 . . . .
and . Every contraction in m; and ms is obtained by a
a,...,a,AFp

translation of an operational rule with multiple discharge of assumptions.
This means that every contraction formula in m; and 7y is active.
Then, by eliminating multiple cut in:

st T
I'Fa a,...,a,AFp
I, .T.AFB et
we obtain a normal GI-derivation 7™ of I',... T, A + 8. This derivation

is also with active contraction formulae, only (the elimination procedure
does not need to produce contractions with inactive formulae). This is
crucial for our translation from a sequent calculus derivation of a sequent
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I,....,I'; A+ S to a natural deduction derivation of § from the multiset of
open assumptions I',... T', A.

The translation from a sequent calculus derivation, of a sequent I' - -,
to a natural deduction derivation of v, from the multiset of open assump-
tions T', is given inductively, as in the proof of the Theorem 3, with only
difference that sequent-formulae without discharge label may appear here
(they are denoted by ©). E.g.:

1 st
,OF M et
1.1. u (= 1) — M (_ﬂ)(l)
OFa—p a—f
US| 2 T To
OFa OFp OF OFg
1.2 (A1) — (AD)
GI—a/\ﬁ a/\ﬁ
1 o
F,@ll_()é H,,B,@g}_’}/
(1], [0, [or = B]*), 01,05 F v
[a%ﬁ](k) m o
a—f I,0ka  [M,[H"Y,0,Fy ,
(—»E)®
v
1 uw)
Ia,®Fy I'B,0kFy
26 (\/ 1) —
[T, [ v B, 0 F 5
[ v B ! T2
(1) (4)
aVpj [, 0y [IL[BY,0Fy )
Y
1
o7 Ioa,a,®Fy we) T
7. ————— (WE) —
0], [a]®), © k- ~ ], [, []®, 0 F v
(k) N e (LN
3.1 o] @), [on] ). a0 @ o vy (O ol

«
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By this translation we obtain an N Z-derivation of 3 from I',...,T', A.

O

Finally, natural deduction calculi of some substructural logics can be

obtained from NZ, in a way we obtain their sequent calculus formulations

from GI. E.g., by rejecting the rule (W) in GI, we obtain a contraction-

less logic whose natural deduction system can be obtained from NZ by

forbidding multiple discharge of assumptions. Or, by restricting the axioms
in GI to:

ata and I e

we obtain a weakening-less logic, whose natural deduction system can be
obtained from N'Z by restricting initial rules to rules of the following forms,
only:

The former is the BCK logic and the later one is the distribution-less
relevant logic. The problems of similar nature are discussed also in [7],
however, on the basis of the calculi which are different from ours.
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