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" mathematicians for the past century. The problem appears when

The problem of stability is of primary concern in the

qualitative theory of differential equations, and has occupied

considering solutions to the differential equation %=f(t,x)
where x=( x1(t),?..,xn(t) )T and f(t,x) is a nonlinear function
of XypeoesX o While no known method of solving this equatiop
explicitly exists even for the case n=2, it is possible to
discuss the qualitative properties ofvx1(t) and xz(t) where
x1(t) and xz(t) denote, for eiample; the popuiations, at time t,
of two competing species. The qualitétivé attributes under
consideration include points of equilibripm and the question

of the stability of solutions in.neighbofhoods of these points.
Note that an equilibrium point ogcg?é @h?n the values Zq and Z,
exist at which the two specieé'eéh coex§St together in a steady
state; that is, if there are 2z, and z, such that x1(t)=z1 and
X2(t)=22 is a solution of the differential equation (above),
then (z1,z2) is a point of equilibrium. Further note that the
problem of stability arises when considering what will happen
when members of species 1 are added to the picture; The question
is whether the values x1(t) and xz(t) wi%l remain near their
equilibrium values as time t tends to infinity, or if species 1
will gain a significant advantage from the added members and
commence eliminating species 2. While points of equilibrium

can be determined directly by observing that %(t)=0 if x(t) 2%

and therefore,_xo is an equilibrium value of the differential

equation, if, and only if, f(t,xO)QO, the question of stability
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is not as easily resolved. That is, because it is not
possibie to solve the diffentlal equation explicitly, the on;y;
case of stability it is feasible to consider solving, 1s the:®
situation where f(t ,x) ‘does ' not depend on t explicitly, but is
a function of x alone; dlfferent;al equations such as these

are labeled "autoﬂomodéb"‘§ﬁ6mpleteeresolution of the stability
question is only p0331ble (generally) for two cases of autonomous
differential equatlons, namely llﬁear systems and equilibrium

solutions. SCHRTI S TR SRS
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Every solutlbn of‘the lln@arLdlfferentlal .equation Xx=Ax:
can be identified as elther stabﬁe“gr unstable; that is, the
question of stablllty can be amﬁWered conclu81vely To clarify
stablllty, let x=é(t) be a - solmtmon to the differential equation
%=f(x), and conSIder~the f011031ng formal definition.of stability:

The solutibhn x=g{t) of#%kEfE{R) iacstable.
if every solution #(t) of %=f(x) which
starts sufficiently close to #(t) at =0
must remain close to #(t) for all future
time t. The solution 4(t) is unstable if -
there exists at least one solution ¥(t)
of %=f(x) which starts near ¢#(t) at t=0
but which does not remain close to 4(%)
for all future time. More precisely, the
solution #(t) is stable if for every 6>0
there exists §=§{6) such that
hé (t)=g3(t)icc if 14;(0)-4;5(0)I<8(6),
42.5.,n for every sblution #(t) of -
=f(x

It 1s noy pOSSlble to settle the stability. questidon i Qﬁ&vir%"ﬁf
u81ng the follow1ng important theorem:

‘Theorem 1. (a) Every solution x=¢(t) of
%¥=Ax is stable if all the eigenvalues of
A have negative real part. -
(b) Every solution x=g(t) of %=A% is wis- -
anstéable if at least one eigenwvalue of Aﬁ
has positive real part.

Suppose that.all the elgenvalues
A have real part <0 and k1 101,..



: have zero real part. Let hi;=igy have
- S - multiplicity k;. This means thit the o
. ’ characteristic“polynomial of A can be -
v : factored into the form K
. p(N=(-io)E . . (-1 K qR)
where all the roots of q(\) have negative B
real part. Then, every solution x=4(t) Sl Ry
of %=f(x) is stable if A has kj linearly = ..~
independent eigenweétors for edch eigen- .
value nj=iogy. Otherw1se,‘every solution-
é(t) is uns able.%gp
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it is'a very strong type of stabillty Applylng Theorem 1
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to answer the questlon of stablllty for llnear systems

requires employlng knowledge galned'

)

fln "MATH 240 (Linear Algebra)

with respect to flndlng characterlsticfpolynomials and eigen-

values, as demonstrated by the worked problems in Appendlx I:

Problem Portfollo.

The problem of stability can also- be’ ‘resolved for dﬂher

solutlons,.where the equatm@n to be- con31dered st gif

k=Ax+g(x) where g(x)=( g1(x),...,g (x) ) is very smallvww’

-compared w1th X. Determlnlng stablllty for these E
oﬁfis ageompllshed by: employlng a- parallel ver51on o

L - B R i } . - ;.,,._‘*'
Gllows., ,5' -”'~3‘% %_"?,ff‘ P 7 5
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W Theorem 2. #upgose that the vecto
w Pnetibn g(x)/&ixil‘g(x)/max{lgq(
dg a continuous functlon of x1,

which van1§hes for 'x=0." Then,
‘Ca) The equlllbblum solu




k=Ax+g(x) is asymptoti ally stable 1f “the

S equilibrium solution x%t) 20 of. the "“linear-
.-‘ ) . ized" equation k=Ax is’ as'ymptotlcally stable.

o ' Equivalently, the solution x(t)=0-cf = -
k=Ax+g(x) is asymptotically stable:if all
the eigenvalues of A haVe negatiye
(b) The equlllbrlum SO'ut'Onfx(t’ :

 %=Axtg(x) is unstable.if

- value of A has positiv
(c) The stability of 't
x(t)=0 of k=Ax+g(x) can
from the stablllty of -
solution x(t)=0 of &

an equlllbrlum solut;on of z §§?i{'
is equivalent to the stab111t§f'

when compared " to 2. Based’ upoq$;ﬁ
L

’&" “

“~lemma can be presented.

Lemma 1. Let f(x) hgv-,,s
partial der1vat%v&s;'*
of its variables x1,
can be written in th
: cul ot £ (%04 g) =06k
where g(z)/max ¢la

contlnuous functlon
for z=0.

M

is stable or unstable:

1. Set z=x-x0.

2. Write f(x0+§7eln 1he fbrm‘Az+g(z) is

. a vector-valued p#tynomial in Z1seeesZn
. e : beginning with mms.,@yﬁi order ‘two or
more. -




3. Compute the eigenvalues of A. If all
the eigenvalues of A have negative real
part, then x(t)=x0 is asymptotically
: stable. If one eigenvalue of A has
- positive geal part, then x(t)2x0 is
unstable.
Examples of finéingJgll'phglgqgilibriumvsQlupions of a system
5£'equatioﬁs éndfgf'aét;rmiﬁiﬂgwthé stability'or instability
of these solutions, can be found in Appendix I.
Another facét of qualitative theory is the geometric

study of differential equations. Since the intent of pursuing
qualitative theory is to acquire the most complete description
possible of all solutions of the system of differential equations
dx/dt=f(x,y), dy/dt=g(x,y), the graphs of the solubions of the
system would 'assi%t the gualitative study. Observe that each
solution x=x(t),y=y(t) of dx/dt=f(x,y),dy/dt=g(x,y) traces out
a curve in 3-space (t,x,y). Note that each of the solutions
x=x(t),y=y(t) where tpstcty of dx/dt=f(x,y),dy/dt=g(x,y) also
traces out a curve in 2-space (x,y), or the x~-y plane. That
is, the set of points (x(t),y(t)) define a curve C in the X-y
plane, as t traverses the interval (to,t1). The curve thus
defined is called the orbit or trajectory‘of the solution .
x=x(t),y=y(t) and the x=y plane is oalledlthejphase—planetdf-“ ;?E
the solutions. While graphing the solutions in 3=space¢is
possible (ex. helix), it 'is not as manageable as considéfipgj“f 
the phase-plane. Defining the eurve C in 2-spacé allgws’ ‘
enOugh“divéTSity'to satisfy the intent of qua.liteﬁcivet“~
Yet'dges_not involve the compiexity of three—dimensién&f
plotting. Some examples of 2-dimensional orbitsJéié”
lines,:parabolas, sets of curves, and;ﬂamilies Yff?ﬁ

Note fhat thé orbits of the sélutions’k=x{s)

-5 -
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dx/dat=f(x,y),dy/dt=g(xsy) -are thevsolutian:curves of the -
first-order scalar equation dy7dxéé(k;§)/f(x}y)s~which§¥"

unfortunately, cannot (in geﬁeralﬁf%eﬁégivéd~ekﬁiiéitlyij”

However, securing a precise representation\of all the

orbits of dx/dt=g(x,y), dy/dt g(x;y)ﬁuag'stlglibe acegpplished,

is moving.. Furthermore, theebon'

extended to inclddebcurves.i

to defend itself from poséible attacg by the other. FEach of

the two nations beli%ves the d&hgerwof attack to be quite

real, and bases its. apprehenéloﬁs upon the preparedness of

the other to engage in war. The model under consideration




‘denotes the war readiness of nation one, a represents’the

ﬂ¢x(t)y(t) desmgnates the combat loss rate for the guerrlla

change of each depends upon the constants a,b, g,h k,

Note that k indicates the war readiness of nation twos“

cost of armanents for nation sne, b depicts éxpénse of
arming nation two, and, finally, g and h designate the
grievances that;nationoone feels toward nation two, and that
nation two holdsyagalnst nation one, respectively. By«
xeomparlng the European arms race of 1909-1914 (World War I)
w1th Rlchardson s model, and by mnoorporatlong data such as.

the defense budgets of each alliance, a high correllation is

found between the two, »1th.regard to Rlchardson s choice of

.constant values.;,Ené@rst&nﬁﬁng<of thesarms race nodels as a

i

o '
nodels extended those studles to 1nclude models for conven-.

tional guerilla oombat for example, dx/dt=?cxy+f(t),
dy/dt——dx+g(t), where X denotes guerllla forces, c 1ndlcates

the combat effectlveness coefflclent of the opponent Vs




force versus a conventional force, where the:model.is: "~
dx/dt=-ay+f(t), dy/dtz-by+g(t), the form of which is vary
similar to Lanchester's conventional-guerilla combat model.
Through data available from the battle of Iwo,mea;(World

War II), such as, casualty reports brokenkddﬁﬁi - military

unit.foér eachhnation, it is possible to test th ﬁ'ffectlve—
ness of Lanchester's work. Final conclu81ons,,based upon

the Lanchestrian model for Iwo Jima, dx/dt——ay+f(t),“N

con51der1ng mathematical theorles, ?was, such as L E.

Richardson's theory of conflict saé@ﬁell as Lanchester s

combat,. models and ‘the battle of‘Iwé Jima. Through these
models it is poss1ble to a0ﬁ81dbr varlous outcomes of a war,
given sufficient data. The questlon/problem of stability

has yielded many useful applications, in the realms of physics
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of'biology, ecology, and

medical research.




Endnotes

aun, Differential eguations and*théirfﬁ

1Martin Br
New York, Inc., New York:
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ZPMartin Braun,p.388.
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