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apstract Algebre is 2 branch of mathematics in Wwhicn a
‘ lerde smount of research iz currentlyu teking =lace, his
researeh includes the investigztion into different tupes of
zldepraic structures such 2s fieldss rimdgss groursry and their
Frorerties, The historw of zldebrs is as rich 28 the sciernce
itself. It is me intention to investiszate 2 crucisl ster in
the develorment of zlsebra! the Reginning of noncommutztive
aldenra.

Noncommutative alsebrs cenm brace it’s roonots Lo the
develorment of the austernions buw Williem Rowan Hemiltorn i
1843, These quaternions were the firet svstem of mumbers Lo
abandon the commutetive mrorertw, This investisation
show the develorments Lhat motivated Hamilton’s search for

this rnumber sustem, It will also relste how Hazmilten

subseauently develored nhis avaternions: and

Pel

he resctions to

Nis work by the methemaetical community 2t the Lime, The o

these auaternions are viewed todaw and tne inflyeneso

avetarnions heve had on the studw of sldgebre will slsa ba
examined.,

Te set the historical stase for Hemilton‘s work it

should be moted that bw about 1700 a2lmost 211 of what caEn be

called 2lementare mathematics nad beern established,

Arithmetics bhasic asldebras and Euclidesn deometry were well
esteblished., Elementare tridonometrye and nzlueticel dgeometruw

were poth femilier. Althoush esnelwesi

i

was not o os Fiv

3

foundetion wet: Newton end Leibnitz had introduced caloulys
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‘ and some aof it's azrplicat lons were known, Durins




sidghteenth century there was much interest in this "new’ aree
af caculus,. Much of the work was done e men wno neld
interegsts in mechenics or a2stronomw or similiar fieldssd
therforer Lthe work waz aimed more at arrplications than towsrd
2 deerper understanding of calculus.

The list of these eighteenth centurs men includes many

familiar names. In France the trio of Lesendres Ladgranges and

-

Leplzee were a2ll a2ctive. Legendre and Lerlzce worked on
cotential theorw and Larlace worked on differentiazl epustions

among other area2s. Englend wes somewnat isolated during thisg

time from the mathematicel communitw of Lthe continent

o

af tne disrutes between the students of MHewton and thoss of
Leibmitz. Endlend still reeslized the cantribputions of Tawlar
amd Msclazurin on series nonetneless. The Hernoulli familws

Deniel: Jzmess and Jonhn contributed in manw ares of

ard deomatr=, Ferhare the most noteworthwz of eidghtesntb

contury methemeticians wes Leonard Euler whoss work toushod

uron zimoet 211 eress of maith including caloulusy sgeometnra:
2lsgebrar 2nd even the rehilosorhz of science.

Thus Tor 2 centurs Lthe emrhasis in mathematical work wes

ar srelicetions of ca2lceulus. In the mawt centurw: Lho

minetesnth: there waes 2 slow shift in pmrneeis toward
potebiishing the foundetions of different discielines.
Hemiltom: borp in 180%, wes doing his work Just as this shift
wes taking slsee and his diescoverw motivated the furither
develornent of zlsebra.

W.8, Hamilton wes sroud of being an Irishmeny having




peen porn in Dublin snd z2ttending Trinity College there slso.
He was 2 child rrodigy and excelled in anw zrez he tried his
nand at. It was his earlye work on ortics and ravgs which
garned him nis early rerutaetion in the scientific commumitw.
His Wwork "Theorys of Sustems of Raws' wa2s lardely resronpsiple
for Dis arrointment 25 Rowel Astronomer a2t Dunsink
Qiservetory, He later incorerorated ideas from thisz into
meenanics alsod thoudh these ortical-mechanicel zhnalodies
ware not Tully 2erereciated until the time of Scroedinser’s
work in tne twentieth centuruJ

Hemilton a2lso endowed roetre and meterhuzicss which is
grrarent in most of his writinds, Indeeds the writinss of
Kent in his "Critigue of Fure Reazson® dgreatlw influsnced
Hemiltorn’'s earlwe ideazs on aldebra.

Az noted earliers Ensgslend had been somewhat isolated
from continentsl Eurore during the eighteenth cermturw. I
L8113 the Anslzticel Societw was formed 2t Cambridge which
worked towerd reuniting with the contiment., Georse Fescook
wes one of the oridinsl members of this societwy and his
Writing on a2ldedbre wes verw influentisl., In Fescock s
"Treetice on Aldebra* (1830 he made 2 distinction hetuweern
whet he called *arithmeticel asldebra® snd "sembolic aldepra,
The former describes 2lgebrz when the sumbhols dsed stand for

arithmetical cuentitiess the latter when the sumbols are not

necessarile dealing with numbers or magnitudes &t a3ll.

Fezcock thus zllowed the free use of "imrossible euantities®

i sumbolic algebrar such zsr negative numbers Wnichh have no




meaning in 2n aldebrs of magnitudes. FPezcock did erut fortn
. some restrictions om the use of swmbolic aldebra. These were
summed ur pw whet he called *The Princirle of the FPermaznence
af Eauivalent Forms® which states! "Whatever form iz
gldgebraicelly ecuivelent to srnother when exrressed in dgeneral
sumbolsy must continue to e equivalent whatever tLhose
sumbols denote. Whatever eauivalent form is discoverzble in
aritnmaetical aldebre comnsidered a3s the science of sudgdgestion:
when the sumibels are generaz2l in their forms thoudh srecific
in their valuer will continue to be z2n eauivalent form when
the syempols zre denerzl in their nature zs well zs their
2
form." This basicallyg meant that the usuzl rulee Tor
maniruletion of sumpols from zrithmaeticasl aldgepra ztill
‘ arrlied to swmibolic aldebra. These usual rulesy at tne
paeginning of the mineteenth centurys were understood Lo el
1, Equel cquantities zdded to 3 third gield sauel
auantities.
2¢ tatbite=a+tlbto?
3. atb=pta
4, Eauazls added to equals give eauals
5. Equals added to unecuals dive uneoausals
b a(held=(apic
v ab=pa
8., 2(ptci=abtac
It was the seventh of these that the austernions would not

oney.

‘ Hemilton wss revolied by Lthis aprrosch to aldgebrar Tor




it seemed to him "to reduce azlgebrz to 2 mere sustem of
symbols and nothing mores..." Hemilton felt that in order for
zldebra to have more solid foundations tharn those suddested
b Feacock the elements of algebrz must be investigaled
further. He thus set out to develos 3 bhetter azrrroach Lo the
concert of number. Hamilton thousht of the concert of number
in very metarhusical terms ss is evidenced in his
"Metarnusical Remarks® in which he wroter "..,.Relations
petween succesive thoudght thus viewed 2¢ succesive states aof
ane more denera2l and changing thouwusght, are the rrimarw
relations of zalgebrz. +..For with Time znd Srace we connecth
2ll continuous changes and by sumbols of Time and Sepszce we
rezszcn on a2nd realise Frogression.' These concerts were
similiar to ideas in Kanmt’s "Critique of Fure Reasszaons" in
which Kent outlines the omly "Fure Scierces® as being those
pesed on "Fure Time" or 'Fure Srace.,' Since Hamilton wished
for aldebra to fulfill these recuirements to he =2 *Fure
Sciencer” hne set out to define "number® in terms of "Fure

Time. Mamilton Frorosed thazt 2 number should bhe thousht of

2% a8 ster in times then addition could be thousht of

consecutive sters in time and subtrzction ze sterz back in
time. He wut forth these idess formalle when he deliverad n
telk "Aldgebra 25 the Science of Fure Time' to the BEritish

Association in Dublin.BThis dave @ verye metsenhwsi
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to the concert of numbers; but it sroved the necessary preak

from the restrictions aof the *sermarence of forms® that would

#rovide for the develorment of oustermions. Hamilton ©




uzed tnis new concest of cumber in

comelaxy numbers.,

Working wiltn comrlex numbers

time. Comelex numbersy like

concertusl srobplems thowdgh, Egler

#rarnicel rerresentaetions

Later Wessel: Arsgendr znd Gauss devel

abogt 1830 it was denerally

2eecer

muamber atid in the comrlexw wmlanes

gxiz" amd o z2lond a rerpondicular

Wwze addition and multislicsa

ne rarformed deometriczlly 28 shown
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further develorment of




imaginard.

To attemrlt to glleviate this inconsisterncwe Hazmilton

1N
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put to define comrlex rnumbere 2¢ he had rez2l numbers: 2=
sters in time. Thise time thousgh ne comrared couples of
moments in Ltime (AlsA2) instezd of single moments. He then
defined 3 ‘comrarison® between two momenlt courles ms!
(BR1+sB2)-(A1,A2)=(B1-A1B2-42)

Thiz then led to defining 2 opew kiond of number whose
orerationsd were defined {(similisr to above) to remain
consistant witn the oreraztions of comrlex numbers: put Lhess
orerations were no londer derendant on the zddition of real
to imsginere auentities. This was the first derzrture from
tne rezl number line 2s the basis for aldgebra.

Thues Hzmilton had invented rezl number courles znd
defined orerations of addition amd multirlication on then

wnicin 8llowed them to corresrond entirelws with the comeles

71

pumbers. Intuitivelw this led him {2nd others) Lo searchins

i

for 2n eauelly satisfuing sustem of trisles. Thizs was 2
natursl direction to turn since it is the nest order after
courles end e2lso @ desirable goply fTor 2 suztem of Lrisles

would horefully give 2 new metnod of working with

three-srace (analodgous to number courles and the o
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#lamel, Hemilton wes encouradged in this searcoh Dy

fee
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Graves: 2 dYoumndg mathemeticizn and friendr who waes immediztelw

-t 20 T el

interested in the rossible trislets afler reading Hemilton’s

"Essaw on Aldebra 25 the Science of Pure Time.,?®

Hemilton searched on and off for the irislets for ithe
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next thirteen zeare following his Essa=z. Each zttemst Lo
define orerations on the trirlets faziled to zztisfw 2 besic
desired rrorerte for the swstem to be useful., His earlu
attemrts at defining & multirlication fa2iled Lo be
distributiver and 2lso wielded 2 zero result for
multislication of certein sa2irs of non-zero trirlets. Thess
earlw failures were discouradging but thew did not cSiminish
Hemilton’e conviction that 2 satisfuing svstem of trislets
existed, Inm fact such 2 sustem does not exists bDult this wes

not #roved until 1847 {after Hamilton had zbandoned the

S
e
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trirlets in favor of the austernions) when Harmkle =raved Lhsz

"no Herercomelex number swstem could satisfw all the laws of
eldebrs.” Ten w2ears later (1877) Frobenius among others
(Feircer Certany and Criessman) sroved that only one extrs
division aldebre (begond Real and Comrlex numbers) is made
rossibtle by drorring the restriction to & commutative
multirlication. This extre division algebrz iz the
auaternions,. {(In fzact dropeing sssociativity zlso zdds omlws
one more a2lgebrasy thet being the Cavlew Numbers of dimension

By proved e Milnore: Rott znd others 19%8)
To see in more detail the sroblems ercountered b

Hemiltorn inm hi

5]
1

earoeh Tor the nonexistent trislets: it 1

enlightening to follow his ﬁethodﬁ and 2 later parer hu &,

Feirce showing thne imrossibilite of Tinding the trirlets.
Ore eproperts Hemilton felt the trirlets should satisfu

was that of tne modulus {lensgth or normds thet is: thet the

modulus of the sroduct of two numbers eguals the s=roduyct of




tne moduli of two numbers. As seenr this is satisfied by the
number codrles and if the trislets were to rerresent lines in
three-srace then it seemed necessary for them to satisfy this
rrorerte also. To make trirlets an extension of comeplen
numbers he a2ssumed 3 form wtwitzk  with i =4 =-1. Thus
geometricaslley 4 wes to rerresent a2n exis rerrendicular to
the real and 1  axes., To check if the lazw of modulus iz
gatisfied note thet multirlication of 2 trirlet with iteels
wields!:

. . . . 2 2 i .
{udaitedr (uteiterd)=w - 2" +20uwit

[

zddwz(idtdis
Ther setting the moduli on both sides eaual to one znother?
Ptz ®) G etz d Gt mu® o2y $(2ue ) $(2un)t F(Run
fassuming  id=4di a5 Hamilton did im his first attememts). Butb
rotice thet this wields an extrz term on the risnt (the | wx
term?, To alleviate thiz rroblem Hamilton saw two roscible
zolutionsy to set the 1id term to zero or to let id=-.i
which would mean giving ur commutativitye. He chose the
latters since it seemed more matural to think two opreosibelw
directed lines might add to zero thenm te think thet tuo
mon-zero lines multirlied to zero. Thus he continued setbiinsg
Lad=— i

e next euestion wes "will the lzw for the

multirlicetion of vectors imnm the comrlex slane =till hold i+

i

the mlene is in the three dimensionegl srace?' Takinsg two

trirlets {2tpited) snd (xtuitzd) he checked {eszin wiblh

id==-d1Y snd confirmed that the rroduct line doesz lie i Lihe
same elane defined e the two limes. But the sroduct of the




two deneral trirlets gave a result?

. (athited) Guteitzdd)=(ax-bu-czi+lavtm) i+ (aztea) it (bo-cul il
from which two rroblems arise immedistelu’ cres that the
modulus of the right side will have four terms which can not
e the modulus of any trirlets znd twor thet the BREFFaTENnCe
of the 1id terms shows the rroduct not to be 2 triplet and
thus the multirlication is not closed, Further investigation
at this roint reveals the imrossibility of e zatisfactorw
solution to this dilemma. In 3 sarer bw B, Feirces he notes
that for closure of multirlication to hold for this gererazl
Froduct sou must have id=dtei+fd for some real drest, MNow
multirling both sides om the right bw J dives?

—i=diteiij-f
. now substituting for iJ wieldsy after some rearrangins!
O=(de~f)+(e”+1)it+(d+ef)
wihich imerlies that e +1=0 put e was defined zg real and Lhge
closure for multirlication of dgeneral trirlets is imrossiple.
Hemilton did rot see this and continued to tre and overcome
this sroblem by wvarious methodss until he ceame uron the
auaterniones,

Hamilton’s inssirstion for the aguaternions came on
Ootober 16r 1843 while walking to Dublin with his wife. It
was on this walk that he rezlized that the fourth term in Lhe
Froduct would rot be 2 eroplem if he were to work with sets

af ordered 4-turles instead of trirlets. Thus the deneral

form of these auaternions could be z+bpitcdtdk. As imeplied

‘ from nis work with tri
-

Hemilton set 1d=k  a2nd
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I N S 3 .,
i =Jd =k =-1. He then only needed values for the remaining

cross-terms which setisfied the desired rrorerties. Moting
that dk=ziid=i%*d=-J and similarle ki=-i hne arrived at
values for these cross terms. Checking the law of modulus
revealed adain the need to abandon the commutztive rrorertu
gnd he adains 2s with the trirletss set id=-Ji which led to
3 comrlete list of "multirlication sssumptions® a2s he called

themt

id=—-Jdi=k 3 dkh=-kd=i1 % ki=-ik=]
It wes these exrpressions he scratched down in hiz excitement
. , . L 4
while on the Hrousgham RBriddge on his walk.
Using these z2bove zssumrtions and the componentuwisze
gddition similar to that for the number courles the
multirlicetion of two Henerasl auaternions wields?

{ M U M Yy f [l = L N . \____‘(_‘ 1 — - ' - . y
la ta, ite,dta, ki(b +b, itb, dtb kI=(a b -e, b, 3,0 -2, b )4

o - S I )
+Gzo|+d3b4 B by rid

-~

a,b,tey b ta, b, e, b, 1t
(a¢b‘+alb4+azbj~33bzﬁk
from which it cen be seen thet closure for multieslication
holds anmd thet the law of the modulusz z2lszo is sztisfieds
winich srroved so troublesome for the trirlets. Hemilton
aquickly clkecked and confirﬁed that 211 the familiar laws of
arithmetic held excert for commutativitwe, He later remarked

that "At this stazdesr thems I felt assured zlready that

auaternions must furnish 2n interesting and sroba

o
fomt
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imrortent field of mathematical research! I felt zlso thet




thew contained the solution of 8 difficultyr which a2t
intervals hed for many vears eressed on my mind: resrectins
the earticularisation of useful applicétion of zome szHreat
rrincirles lond since rerceived bw me resrecting roluplets pp
sets of numbers.“‘He then immediatelz rresented hnis
auasternions to the Rowal Irish Academw.

Sacrificing commutativitye was & ster not rrevicusly
teken by any mathemeticians and was 3 bhrezk from Fezcock’s

"Fermznence of Forms.,® Ferhars what nad mede it more sessw for

Hemilton to do so was that im his work with trirlets oo

geometrical rerresenteations in three-srace he noticed Ltheat
rotations in three-srace do not commute eithers thus if the
new numbers and their multirlication were to rerresent lines
and rotations thew should also reflect this rrorertw.

Secrificing commutetivits and moving to auaternions from

trirlets sursrrised those reorle who had been in close contact

with Hamilton. John Graves and fAugustus lDeMorsan bolth resctod
Wwith surrrise and some dealousys but thew were both

enthusiastic that Heamilton had been zble to "invernt® Lhese

euaternicons rather than having to find them using ewizt

[
'}
o

rules of aldgedbra, This was the hedinning of attemets to
grrive st more azldebras that did not follow the rules of
ordinere arithmetic bhu othaf mathemeticians and thus *"The
Fermanence of Forms" wes shattered bw Hemilton’s discoverw.
Hamilton wished for these auaternions to sive the

desired resresentztion of memirulations of lines

three-srace bul this eresented & concertual sroblem. I+t wss




intuitively obvious to think of the irdrand kb comraonents

the auaternions as rerresenting three mutuzlly rerrendicul

linesy pbut the first real comromnent wae harder to intersre

Hemilton’'s first inclination wes to think of this as
rerresenting 2 time coordinate but this remaoined ==

srecuylation on nis rart. He resolved to think of it 2=
rerresenting 2 fourth Frorortional to the is ¢ ds 5 a2nd

put that it wes 2 line only to the extent that it could he

of

ar

e

oo or

moved on forward and backward, Thus he thousht of Lthis "lipe"
gag a scale and called the rezl comronent of his austernions

rart. He thern thought of the Lhree

o

(=3

_,.
=3
[
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e
o

cpefficients as rerresenting directed line sedment

“

celled the "wvector® sart of the quaternion. {(This wae tLhe
Tirst use of these terms in this denerzl sense.)

Having defined 2 multirlication that was not
commutastiver Hamilton realized thet division would nobl pe
unemitiguouss thus he defired division in terme of 2 auotie
roawith ¢ such that e=ra  {(or e=gpr) for divigsion of &
auaternion # b¥ the auzternion r. Thus to find thise r
introduced o' $If a=z+bitodtdk  then a=s-bi-cd-dk
{anslodgous to the comrlex condugates F¥bi=a-pbi) and Tetdtin

Mig)=rnorm of a= az+bz+cl+d1
he defined o' as! q =a’/Nla), Thiz leads to {for p=
grd N{al#o): rEpQ
gnd thus e definition for 2 austernion auotient.

Now if this defimition of multirlication and division
wes Lo De uwseful ss multirlicstion of limes Hemilton felt

"imadginere®

—
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L , A |
that four conditions must be mets these being!?

{a) The direction and magmitude of the =roduct must be
determined unzmbiduously by the two factor lines,

() The direction and sidgn of the Froduct lime is
reversed when one of the factor lines is reversed,

(c) The relationshir of the rroduct lime arnd Lthe factar

lines must remzin the sames inderendent of anw oriermtation in

sFace. Thus the srace is summetrical and coordinate free,

(i The distributive law holds far the multislication of
vectorsy which maw be rerresented as the sum of comronents.
From these srorerties Hamilton deduced that the auotient orp
Froduct of &wm rarallel lines must be a3 scalar and the
auotient or sroduct of two rerrendicular lines must he o
vector rerrendicular to the two original vectors. From this
gnd the distributive law he corncluded that the auotisnt of

o~

ans two vectors can be rerresented be the "sumbolic sum® af =
zealer and =2 vector., Fop instances if the line tal ie Lo bhe

divided by the lime =3 then?

bia={D,+h, 7+

w

=(h, faltib, +a)
Wwith b" and QL the breakdown of o into the sum of

comronents rearellel and rerrendicular to 2 and with T, Sad

2 sealar and  (by+a) =2 wvector, Thus he defined nhi

auaternions 2¢ the auotient of the two lines which was then =
definition based on Zeometrus inderendant of a2lgebra,

Then bw multisrling onle the vector rortions of tuce
auaternions « a2nd o' wou zrrive at?

r a X . - .
Lrtldatddelb y (v

L.
.
o




0

The scalar rart of the rroduct Hamilton denoted ze 8.4 aznd
the vector rart as Y.xa',

Verg earle in his work with quaternions Hemilton zlso
introduced the differential orerator (which he celled nebleae)

d d

asi <1-‘=‘-'i(;d;) +‘j(2f;:) th{337

W

He e2lso then showed that when arrlied to 2 scaler wroint
function Ulxsgrz) it rroduced 2 vector?

=W LM Y
au= 32 i+ B gk

end when arrlied to 2 continuous vector woint furction

vy 2ll functions of  wswr and o

Vmypdtv, dtv bk with v sy
it sroduced a2 auzternion

_ WV L AV, Vs 2V, 3V o 3V, Vay iy - DV AV,
Ymey¢ 80 4 8 V2 222 &2 - 20 201 .. 2V (2l o 2Y oy
4Y L3 T 3ot 33l Ty az)1+‘ 3 Bx;d+‘ - ik

Hamiltons with insight from his backsground in mechamics znd

aorticers remazriked thet "arrlications to snalultical
. . P . .B . g
must be extensive to 2 high dedree, He certaimnly s=raved
correct on this roint 2s it can he seen that d4U is whaet is
now known 2¢ the gradient of U and the zcalar rart af qu

i the nesative of what is row called the divergerce of

and the vector sart is called the curl of Vs 211 of which

gre used extensively in most branches of Fhewsice todaw.

-~

Be the fzet thet Hamilton failed to investidate Furiher
these srorerties it is evident thet he hsd become more o
mathemetician thaen 2 rhusicist bw this roint in time. He much
Fraferred to work out =2 comelete and rigorous descristion of
the auaternions snd their 2lgebraic znd geometric srosarhieo

-

which he did with Lhe result of his work takins o Lhirep

volumesr Leclures oo Quateroions end Elemenis of Gusiermioos




(2 vols)., He noted the failure of multirlication of wectors

. alone to satisfw manwe sldgebraic rrorerties. For exemrler the
existence of two tures of rroductsy dot and crosss one of
which fails to heve closure and the other fails to be

commutative or zssociativer and hoth do not satisfw the law

i3]

of the modulus., Thus Hamilton rreferredr 5% & mathemeticiane
to work with the whole euatermion 2nd thus wes only forced to
abandon commutativite.

At this roint one can look back z2nd see another rezson
why these "numbers® that Hemilton sought after first sz
Ltrirlets had to contain four elements and zlzo why
commutativity had to e lost. As noted earliers Hamilton had
noticed that rotetions in three-srace need not commubte. Lhus

. if the aquaternions 2re viewed 35 orerators which rotstes

given vector zbout an axis in serace gnd expand or conptrzet it

glsos then 9ou czn see thet two comronente zre needed ta Fiu
the axisz of rotations 2 third to srecifw the zngle the wvector

ig to be rotasted 2nd & fourth to srescribe the conbtraction orp
. 3 .. . . . . L
exransion, Viewing the austernions this wawrs and notimsg thet

thew azct s linear orerstors on vectorssy thew should he

exrresseble 2s matrices, Mot surepricsingly 2 metrix
rerresentetion of rfuaternions doee existy it is 2¢ follows!?

q, —ql "qJ s 9%
A - 0\,_ “q ‘G‘q. qa
q) G4 c‘l _q?—
C‘q. ‘q_; q?_ qI

whiceh cen be decomrosed into 2 form more like 2 austermion

‘ Asapaiteital by sebting!
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From which it can be checked that iL=JL=kZ=“1 Just 25 with

A

L
q}*q:+q;#ﬁ+

the austernions and similiarlue if |A| #03 5'2
which is znalodous to the inverse worked oul by Hezmilton.
This matrix resrresentation makes the noncommutativits
imelicit.

A arrarent inconsistencwy in attitude by Hemilton wes
fhis rerulsion of the comrlex number rerresentation a+bi ard
his own aquaternion rerresentation a+zitadtak when the Ledel
terms were obviousleg Just 2s imadinary 2s the i term in Lhe
comelex numbers and hence can not be added to the real sart
of & quaternion in 8 strict sense of addition., This hothered
Hezmilton and he never resolved this comrletely in hic
thinking, He thowugnht of the auaternions as "denoting portluy o
numbers and rartle 2 lines which two rarts are to be
conceived a2s auite distinct in kimd from each others alinougn
thew sre sumbolicelly addeds that is 2lthoush their swumbole
are written with the sign + intarpoged.ﬂoHe admitted thnat
this was dgetting close to an attitude similiar to that of
Feacock’s thet he had earlier criticized. This sroblem can e
avoided Dy viewing the auatermions in moderm terms 29 o
noncommutative division rings or skew field, Thoudght of this

Wway we let Q

ZRXRXRXR:. Then under comronentwise addition {

is 2 drour, Next letting 1=01+0+0:0) - znd 1=(0s190+0 and

G0 Gel0) and  k={(0s0s0as17 and-let a3l=(as0:0:0),




Di=(0syhe0s0) >y Cd={0s0rc2Q) and dh={(0s050sd). Then =2
. general element of (@ can be viewed as!
a=(a8sbrcrdi=altpit+citdk
Then to defime multirlication on @ let?
i =d =k =-13% idsh=-4dij Jk=i=-kjs ki=_j=-ik
Thern multirlication cen be defined to sstisfe the
distributive law anzlodous to auaternion multislication.
Inverses are then defined ast
8 =&/ * with a=(a~bi~-cd-dk)
agnd thusg 211 of the field awioms can bhe szeen to be satisfied:
and 2 noncommutative division aldebrs is obtained:'Thiﬁ then
does not relw on any "addition® of resl to imesdinary rarts
which troupled Hamiltony but these theories were ot
develored until much later {(In fact it was Hamilton’'s work
@
which was the insriration for much of these developments).

To see now Hamilton’s introduction of these aquasternions
would kindle & seerch for other numbers of higher order ope
only nas to look two months after his initisl eresentation of
gusternions. John Gravesr who a3s noted esrlier was in close
contect with Hamilton throughout his search for the trisles,
sent to Hamilton 2 svstem of hurercomelex numbers comrosed aof
eight elements: which 2lso were noncommutastive hut odid
satisfe the law of modulus and closure errorertu. Braves zokec

Hemilton to rublish these results put Hemilton delawed end

noticed later that Graves’ "octaves® did not satisfy the

[

ggsociative law, {(This was the first use of this term zrd “Lhe

. first reslizetion thet 2rn z2lgebra might rnot sstisfe this




" . .
srorertw.y Thus Hamilton wrote pack to Greves sudgesting he

tre and alter nNis multirlication to trye and mend Lhig

H

difficulte, During this delesw Arther Cavlewr who had slso
been reading Hamilton’s work: rublished an aldgenrs
essentiszlly identical to Graves’ octaves and thus thew became
krown s8s Caglew numbers. UeMordaen was 2lso influenced iDu
Hemilton’s sbendonment of the commutative lzw znd srorosed =2
swetem of trirletsr which z2llowed the rroduct of two finite
trirplets to be zero z2nd the cuotient to bhe indeterminate.
Hemilton rebuked these tuyres of sustems for diving ur Loo
many Frorerties to e useful a3t all.

s wes noteds Hamilton did not fullye develor the vector
gnelsis from hie cuatermnionss ne feltl the guatermions would

e the answer to the rhvsicist’e rroblems,: Indeed tne

ks

nesicist Jemes Clerk Maxwell stated *thne invention of the
caleulus of Quasternions is 2 ster towards thne knowledse of
puegntities related to seace unich carn only De comeared: for
it

imrortancery with the invention of the trirle vcoordinstes

o

L Descart9§,'u Meaxwell then went on to wuse cuaternions in
his work on electricity 2nd medgnetism, It was Maxwell wnho
wrote Hemilton’s 4@ "mapla® zs ¢ "del® zgnd coined the names
caonverdence for U {(later divergence for -eU) end curl for
the vector rortion of U,

By the late nineteentn centurwy there was what could e

called 2 war Soing on between the "auatermionists® and the

fun
i
L
[
-
=

fvector analiwed The auaternionists felt that Lthe

auaternions should e dsed in 211 vector work hecause of Lhe




feilindgs of vectors aldebrazicalle’ the vector anazlusists on
the other hend dealt with the scaler 2nd vector sarts of the
auaternions serarately to make calculations simpler when onlw
one Fart was of interest. Mawmwell’s *Treatice om Electricitw

and Madgnetism® and Hamilton’s works on auaternions greotlu
influenced both J.W.Gibbs and Oliver Heavisides but Lhew both
saWw the "cerreinzg slong® of both rarte of 3 guasternion zs

neind tedious., It was by these two men thet vector znawlsis

wes reallw develored, Gibbs rublished nis Elements af Yector

g

Aualgsiz (1884) and Heaviside dave 2 detziled trestment of
vector znalwsis in the first volume of his Elecirpmaspebic
Iheprs (1893). Teitr the main rroronent of the auatermionss
rescted to Gibbs’ work with vidor rroclzimings *Frof, William
Gibbs must be ranked 25 one of the retarders of the
Quaternion rrodresss in virtue of his ramehlet on Vectar
Analusisi 2 sort of hermarrhadite monsters comrounded of the
notations of Hamiltorn and Grassmann.' Heaviside came Lo
Gibbs’ defense in & rarer caelled "Some Electrostatic and
Madnetic Relatioms® in which he writess "there is drezt
advantade in most rracticasl work in idnoring auaternions
altodether.,,.there is no auestion a3s to the difficultwe and
1
the rractical inconvenience of the quaternion sustem.' This
Pattle was waded into the twentieth centurws but as can be
zeens the use of auatermions has now been abandoned he
rhesiciste for basically the verw resons outlined b
Heaviside.

Much of alsSebrazic work beindg comeleted in the haold




centure after the introduction of the auaternions waes zlso
influenced to 38 lesser dedree by the work of Hermann
Grassmann. Grassmann touched on manwe of the sezme idess =<
Hemiltons but from 2 more general and shilisorhical assrozch.
His work Ausdebnungslehre (1844) included much of auaternion
aldebra and vector enslesis but did rnot center on Just ane
gldebra, In these dearg ( 1843-1870) manw rnew sldebras
arrezred lardelw due to the inssirstion of Hemiltons
auaternions. There 2t first seemed to bhe 2 state of cheos in
2ldgebra as prorerties were zbandoned in exrerimentation but
it soon became clear that the direction of study of multisle
aldebras were still "subdect to laws® ae noted nhwe Gibbhs.
Bendamin Feirces one of the first grest American
mathemeticianss was one of the earlw surrorters of Hamilton
and refered to him once z¢ "the immortzl author of

auaternions, Fiece summarized 211 the zldebraze of
nerercomrlex numbers known by 1870 in his work "Linesar
Assaciative Al#ebras.” Tnis shows how rich this ares fadg
hecome in 2 relatively zhort reriod of time after Hamiltorn
firszt epresented his auaternions, The develorment of these
ather aldgebras wes zlso resraonsible in sart for the

auaternions becoming lesz interesting to the methematicsl

comnunity, 25 thew became one of mane zlsebraic structures

1

that did mot obew 211 the femilar rules of zrithmetic.

Beceuse gualternions have heen wvirtually szbhendoned fows

~

Dy Ry

sicists in favor of vector znelusis and b

mathematicians in fawvor of vectaor space

LI

1




austernions 2¢ 2 fazilure. E.T., BEell lzhels Hamiltom *The
Irish Tradeds" beczuse he felt his talents were wasted nu
“ea8rs of work on the auasternions, In facts the austermions
gtill form 2 bhesic ewasmrle in the theorw of division rings.
Qther imrortent exameles cen be constructed uysing them zs 3
model. For exzmeles HEPStEiHISUEES *avaternions® with integer
coefficients to mrove the theorem of Ladraznsge thet every
rositive inteder is 2 sum of four sauarec. He daes tnis bw

investidating divigion im the ring of intedgral austermions.

Thus the quaternions are verwy imrortent 2s 2 fundamental
models and have a verietw of arrlications still todew. Thoush
it is true thet thew are not zs fundamental 25 Hemilton had
nored.

Although austernions were mot 211 Heamilton thouwsnt Lhew

would ber their dizcoverw wazs the necessary orealk from bLhe

]

S0

rerted laws of zlsebrz for the field to exrand,. The

L

auaternions were the ster that orened the waw for
investigetion of different zlgebras and the eventual Orogs
Theorws Ring Theorws Field Theory ete. that comepose Lodaw s

study of sbstract ezldebra. Thus the auaternions’ imrortance

not their direct usesr but rathers the auzternionzs’

imrortance was Ltheir brezking swaw from an 2ssumed universal

guW- commutativite- and revezling new cancertuyal horizons.
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	Abstract AlSebra is ~ branch of mathematics in which _ 
	larSe amount of research is currentl~ taking place. This 
	research includes the investigation into different t~pes of 
	algebraic structures such as fields, rings, groups, and their 
	properties. The histor~ of algebra is as rich as the science 
	itself. It is m~ intention to investigate a crucial step in 
	the development of algebra: the beginning of noncommutative 
	Noncommutative algebra can trace it's roots to the 
	development of the Guaternions b~ William Rowan Hamilton in 
	1843. These Guaternions were the first s~stem of numbers 
	.. - 
	abandon the commutative propert~. This investiSation will 
	show the developments that motivated Hamilton's search 
	this number s~stem. It will also relate how Hamilton 
	subseGuentl~ developed his Guaternions, and the reactions to 
	his work b~ the mathematical communit~ at the time. The was 
	these Guaternions are viewed toda~ and the influence the 
	auaternions have had on the stud~ of alSebra will also be 
	To set the historical stage for Hamilton's work it 
	should be noted that b~ about 
	1700 almost all of what 
	can 
	.- - 
	called 2lementar~ mathematics had been established. 
	Arithmetic, basic algebra, and Euclidean geometr~ were well 
	established. Elementar~ triSonometr~ and analstical Seometr~ 
	were both fafniliaT't AlthouSh analssis was f'!ot orl a 
	foundation ~et, Newton and Leibnitz had introduced 
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	Titles
	interests in mechanics or astronoms or similiar fields; 
	therfore, the work was aimed more at applications than toward 
	a deeper understandinS of calculus. 
	The list of these eiShteenth centurs men includes mans 
	familiar names. In France the trio of LeSendre, LaSranSe, and 
	Laplace were all active. Lesendre and Laplace worked on 
	potential theors and Laplace worked on differential eQuations 
	amonS other areas. EnSland was somewhat isolated durinS this 
	time from the mathematical communits of the continent because 
	of the disputes between the students of Newton and those of 
	Leibnitz. EnSland still realized the contributions .of Taslor 
	and Maclaurin on series 
	nonetheless. 
	The BeT'noull::. 
	Daniel, James, and John 
	contributed in mans area of calculus 
	and Seometrs. Perhaps the lTJost noteworths of eiShteenth 
	centurs mathemeticians was Leonard Euler whose work touched 
	upon almost all areas of math includins calculus, Seometrs, 
	alSebra, and even the philosophs of science. 
	Thus for a centurs the emphasis in mathematical work ~as 
	on applications of calculus. In the next centurs, the 
	nineteenth, there was a slow shift in emphasis toward 
	establishinS the foundations of different disciplines. 
	Hamilton, born in 1805, was doinS his work Just as this shift 
	was takinS place and his discovers motivated the further 
	developmer~t of al~ebr2. 
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	hand at. It was his earl~ work on optics and ra~s which 
	earned him his earl~ reputation in the scientific communits. 
	His work "Theors of S~stems of Rass" was larsels responsible 
	for his appointment as Rosal Astronomer at Dunsink 
	Observator~. He later incorporated ideas from this into 
	mechanics also; thoush these optical-mechanical analoSies 
	were not full~ appreciated until the time of Scroedinger's 
	\.,10 T'k 
	in t.he twentieth 
	Hamilton also enJo~ed poetr~ and metaph~sics, which is 
	apparent in most of his writinss. Indeed, the writings of 
	Kant in his "CritiQue of Pure Reason" Sreatl~ influenced 
	Hamilton's earl~ ideas on alsebra. 
	As noted earlier, EnSland had been somewhat isolated 
	from continental Europe during the eiSht.eenth centur~. In 
	1813 the Anal~tical Societs was formed at CambridSe which 
	worked toward reuniting with the continent. GeorSe Peacock 
	was one of t.he original members of this societs and his 
	writing on algebra was ver~ influential. In Peacock's 
	"Treatise on AISebra"(1830) he made a distinction between 
	what he called "arithmetical alSebra" and 'ssmbolic algebra." 
	The former describes alSebra when the s~mbols used stand for 
	arithmatical Quantities, the latter when the s~mbols are not 
	necessarils dealing with numbers or magnitudes at all. 
	Peacock thus allowed the free use of "impossible Quantities" 
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	summed UP b~ what he called .The Principle of the Permanence 
	of EGuivalent Forms. which states: .Whatever form is 
	algebraicall~ eQuivalent to another when expressed in general 
	s~mbols~ must continue to be eGuivalent whatever those 
	s~mbols denote. Whatever eauivalent form is discoverable in 
	arithmatical algebra considered as the science of suggestion, 
	when the s~mbols are seneral in their form, though specific 
	in their value, will continue to be an eGuivalent form when 
	the s~mbols are Seneral in their nature as well as their 
	manipulation of s~mbols from arithmatical algebra still 
	applied to s~mbolic alsebra. These usual rules, at the 
	beginning of the nineteenth centur~, were understood to be: 
	1. EGual auantities added to a third ~ield eaual 
	Guantities. 
	2. (atb)tc=at(btc) 
	3. atb=bta 
	4. Eauals added to eauals sive eauals 
	5. Eauals added to uneauals give uneouals 
	6. a(bc)=(ab)c 
	7. ab=ba 
	B. a(btc)=ab+ac 
	It was the seventh of these that the Guaternions would not 
	obe~. 
	Hamilton \4aS T'evolte"d b~ this .:3PPT'oach to algebra~ for 
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	alSebra to have more solid foundations than those suSgested 
	bs Peacock the slemecls of algebra must be investigated 
	further. He thus set out to develop a better approach to the 
	concept of number. Hamilton thought of the concept of number 
	in vers metaphysical terms as is evidenced in his 
	"Metaphssical Remarks' in which he wrote, Relations 
	between succesive thou~ht thus viewed as succesive states of 
	one more general and changing thou~ht, are the primars 
	relations of algebra. ...For with Time and Space we connect 
	all continuous change, and by symbols of Time and Space we 
	reason on and realise progression.' These concepts .were 
	similiar to ideas in Kant's 'Critiaue of Pure Reason,. in 
	which Kant outlines the only 'Pure Sciences" as being tnose 
	based on .Pure Time" or 'Pure Space." 
	Since Hamilton wished 
	for al~ebra to fulfill these reauirements to be a "Pure 
	Science," he set out to define "number" in terms of .Pure 
	Time." Hamilton proposed that a number should be thought of 
	as a step in time, then addition could be thousht of as 
	consecutive steps in time and subtraction as steps back in 
	time. He put forth these ideas formally when he delivered nlS 
	talk "AlSebra as the Science of Pure Time" to the British 
	Association in Dublin.3This ~ave a very metaphysical footins 
	to the concept of number, but it proved the necessars break 
	from the restrictions of the .permanence of forms. that would 
	. P T' 0 v ide f 0 Y' the de '.,1 e lop IT! e n t 0 f C~ u ate r n ion s. H a IT! i 1 ton f i 1"::; t 
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	used this new concept of number in the further development of 
	cOIYIPle:< numbers. 
	WorkinS with complex numbers was vel's familiar bs this 
	time. Complex numbers, like neSative numbers, posed 
	conceptual problems thoush. Euler was one of the first to use 
	Sraphical representations of complex numbers in his work. 
	Later Wessel, ArSand, and Gauss developed this method and bs 
	about 1830 it was seneralls accepted to represent the complex 
	nUIYiber 3+bi 
	in the complex plane, with ~ 
	alons C:~ "real 
	axis. and b aIonS a perpendicular 'ima~inars axis,' and in 
	this was addition and multiplication of complex numbers could 
	be performed Seometricalls aS'shown below. 
	MULIIE:LIC~HIOi:1 
	~q={~ +~ 
	. }(h ~ 
	h ' 
	..: 
	.., ~-, -.., 
	E: :::: b I + b 1. :i. 
	td.B:::(a,+b, )+<ac..+b'2.)i 
	In this was the Unorm" or lensth of the lines was preserved 
	.- - 
	f'elation.;::.t 
	norli,(:8)::: 
	!: nor IY. ( (.1 ) J [ no f'ln ( B ) :] = I.: a ~ + a~ ) .: b ~ + b ~ ) 
	.-. 
	Alt~tQugh this was o'f ITlar'lipulating cOJbPle}: numbers ~ave 
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	imaginary. 
	To attempt to alleviate this inconsistenc~ Hamilton set 
	out to define complex numbers as he had real numbers, as 
	steps in time. This time though he compared couples of 
	moments in time (Al,A2) instead of single moments. He then 
	defined a 
	.comparison. between two moment couples 
	This then led to defining a Dew kiDd of number whose 
	operations were defined (similiar to above) to remain 
	consistant with the operations of complex numbers, but these 
	operations were no longer dependant on the addition of real 
	to imaginar~ Quantities. This was the first departure from 
	the real number line as the basis for algebra. 
	Thus Hamilton had invented real number couples 
	defined operations of addition and multiplication on them 
	which allowed them to correspond entirel~ with the complex 
	numbers. Intuitivel~ this led him (and others) to searching 
	for an eauall~ satisf~ing ssstem of triples. This was a 
	natural direction to turn since it is the next order after 
	couples and also a desirable goal, for a ssstem of triples 
	would hopefull~ give a new method of working with 
	three-space (analogous to number couples and the complex 
	plane). Hamilton was encouraged in this search bs John 
	a ~oung mathemetician and friend, who was immediatels 
	interested in the possible triplets after reading Hamilton's 
	.Essa~ on Algebra as the Science of Pure Time." 
	Hamilton searched on and off for the triplets for ~ne 
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	next thirteen sears followinS his Essas. Each attempt to 
	define operations on the triplets failed to satisfs a basic 
	desired properts for the s~stem to be useful. His earl~ 
	attempts at defining a multiplication failed to be 
	distributive, and also ~ielded a zero result for 
	multiplication of certain pairs of non-zero triplets. These 
	earls failures were discouraSins but the~ did not diminish 
	Hamilton's conviction that a satisfsinS s~stem of triplets 
	existed. In fact such a ssstem does not exist, but this was 
	net proved until 1867 (after Hamilton had abandoned the 
	triplets in favor of the Quaternions) when HankIe proved that 
	"no H~percomplex number s~stem could satisf~ all the laws of 
	alsebra." Ten ~ears later (1877) Frobenius amonS others 
	(Peirce? Cartan, and Criessman) proved that onl~ one extra 
	division alsebra (be~ond Real and Complex numbers) is maGe 
	possible b~ droppinS the restriction to a commutative 
	multiplication. This extra division algebra is the 
	8uaternions. (In fact droppinS associativit~ also adds onl~ 
	one more algebra, that beins the Ca~le~ Numbers of dimension 
	8, proved bs Milnor, Bott and others 1958) 
	To see in more detail the problems encountered bs 
	Hamilton in his search for the nonexistent triplets, it 15 
	enliShtenins to follow his methods and a later paper b~ B. 
	Peirce showins the impossibilit~ of findinS the triplets. 
	One propert~ Hamilton felt the triplets should satisfs 
	was that of the modulus (lensth or norm); that is, that the 
	. modulus of the product of t~JO numb(::!T's eCilJals the :~"I'oduct cf 
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	thT'ee-space then it seemed necessaT'~ foT' them to satisf~ this 
	PT'opert~ also. To make triplets an extension of complex 
	numbers he assumed a form xt~itzk with 
	. '1. .7. . ' 
	geometT'icall~ J was to represent an axis peT'pendiculaT' to 
	the T'eal and 
	axes. To check if the law of modulus is 
	satisfied note that multiplication of a triplet with itself 
	!:delds.~ 
	Then setting the moduli on both sides eGual to one another: 
	e asslJ!l'!ing 
	iJ=Ji 
	as Hamilton did in his first attempts). 
	notice that this sields an extra teT'm on the T'ight (the 
	term). To alleviate this problem Hamilton saw two possible 
	solutions, to set the 
	1J teT'm to zero or to let 
	i.j::=:-ji 
	which would mean givinS UP commutativits. He chose the 
	latteT" since it seemed more natural to think two oPPo5itel~ 
	directed lines might add to zero than to think that two 
	non-zero lines multiplied to zero. Thus he continued settin~ 
	The next Question was "will the law for the 
	multiplication of vectors in the complex plane still hold IT 
	the plane is in the three dimensional space?" Taking two 
	triplets (a+bi+cJ) and (x+~i+zJ) he checked (aSain with 
	iJ=-ji) and confiT'med that the product line does lie 
	same plane defined b~ the two lines. But the product 
	th2S~: 
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	two seneral triplets save a result: 
	(a+bi+cJ)(x+yi+zJ)=(ax-by-cz)+(ay+bx)i+(az+ca)J+(bz_cy)iJ 
	from which two problems arise immediately; one, that the 
	modulus of the risht side will have four terms which can not 
	be the modulus of any triplet, and two, that the appearence 
	of the 
	iJ terms shows the product not to be a triplet and 
	thus the multiplication is not closed. Further investisation 
	at this point reveals the impossibility of a satisfactors 
	solution to this dilemma. In a paper by B. Peirce, he notes 
	that for closure of multiplication to hold for this seneral 
	product you must have 
	iJ=d+ei+fJ for some real 
	multiplins both sides on the risht by J gives: 
	-i=dJ+eiJ-f 
	now substituting for 
	iJ yields, after 
	some rearransin~: 
	which 
	that e~+1=O but e was defined 
	and thus 
	implies 
	real 
	closure for multiplication of general triplets is impossible. 
	Hamilton did not see this and continued to try and overcome 
	this problem by various methods, until he came upon the 
	Guaternions. 
	Hamilton's inspiration for the Guaternions came on 
	October 16, 1843 while walking to Dublin with his wife. It 
	was on this walk that he realized that the fourth term in the 
	product would not be a problem if he were to work with sets 
	of ordered 4-tuples instead of triplets. Thus the general 
	form of these Guaternions could be a+bi+cJ+dk. As implied 
	iJ=k 
	and 
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	that ik=iiJ=i~J=-J and similarl~ kJ=-i 
	he arrived at. 
	values for t.hese cross terms. Checkins the law of modulus 
	revealed asain the need to abandon the commutative propert~ 
	and he asain, as with the triplets, set 
	iJ=-Ji 
	which led t.o 
	a complete list of .multiplication assumpt.ions. as he called 
	them: 
	.1. .1. I.~ 
	1 =.J =(.. =- 
	iJ=-Ji=k ; Jk=-kJ=i ; ki=-ik=J 
	It was t.hese expressions he scratched down in his excitement. 
	while on the Broushaffi Bridse on his walk.+ 
	Usins these above assumptions and the componentwise 
	addition similar to that for the number couples the 
	multiplication of two seneral Quaternions ~ields: 
	I", 
	'0\'", ' 
	'Jl 
	' : 
	!-, i 
	':") 
	'-I-,', _ 
	-",' -::> h ) 
	,'" I 131. I c>~.J a... '.., , 01. 1 '-:\ '"' 1.:.+ '. -, c>, C I .. Z. "'3°.3 '"'+ _ + .. 
	( a I b"t, t a'2, b, t a3 b~ - a 4 b 3 ) i + 
	from which it can be seen that closure for multiplication 
	holds and that the law of the modulus also 1S satisfied, 
	which proved so troublesome for the triplets. Hamilton 
	Quickl~ ckecked and confirmed t.hat all the familiar laws of 
	arithmetic held except for commutativity. He later remarked 
	that "At this stase, then, I felt assured already that 
	Guaternions must furnish an interestins and prQbabl~ 
	. important field of mathematical T'esearch: I felt also that. 
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	the particularisation of useful application of some sreat 
	principles lens since perceived by me respectins polsplets er 
	sets of numbers."iHe then immediatel~ presented his 
	Guaterniens to the Ro~al Irish Academs. 
	SacrificinS commutativit~ was a step not previousls 
	taken bs an~ mathemeticians and was a break from Peacock's 
	.Permanence of Forms." Perhaps what had made it more eass for 
	Hamilton to do so was that in his work with triplets 
	Isometrical representations in three-space he noticed that 
	rotations in three-space do not commute either, thus if the 
	new numbers and their multiplication were to represent lines 
	and rotations the~ should also reflect this properts. 
	SacrificinS commutativit~ and movinS to Guaterniens from 
	triplets surprised those people who had been in close contact 
	with Hamilton. John Graves and AuSustus DeMorsan both reacted 
	with surprise and some Jealous~, but the~ were both 
	enthusiastic that Hamilton had been able to "invent" these 
	Guaternions rather than havine to find them usins existins 
	rules of alsebra. This was the beginninS of attempts to 
	arrive at more algebras that did not follow the rules of 
	ordinary arithmetic by other mathemeticians and thus "The 
	Permanence of Forms" was shattered by Hamilton's discovers. 
	Hamilton wished for these Guaternions to give the 
	desired representation of manipulations of lines in 
	. thr'ee---;:.pace but this PPf:sent.0)d a conceptual problem. It 1.1;:,.:::. 
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	intuitively obvious to think of the 
	the auaternions as representins three mutually perpendicular 
	lines, but the first real component was harder to 
	Hamilton's first inclination was to think of this 
	representinS a time coordinate but this remained as 
	speculation on his part. He resolved to think of 
	it 
	representinS a fourth proportional to the 
	is , Js , and ks, 
	but that it was a line onl~ to the extent that it could be 
	moved on forward and backward. Thus he thousht of this "line" 
	as a scale and called the real component of his auaternions 
	the "scalar" part. He then thousht of the three "imaSinar~' 
	coefficients as representinS a directed line seSment which ne 
	called the "vector" part of the auaternion. CThis was ~ne 
	first use of these terms ln this Seneral sense.) 
	Havins defined a multiplication that was not 
	commutative~ Hamilton realized that division would not be 
	unambiguous, thus he defined division in terms of a auotient 
	f' ,with 
	r such that p=ra 
	for division of the 
	auaternion p b~ the auaternion 
	r. Thus to find this 
	r he 
	introduced (1-17 If a=atbitcJtdk then a'=a-bi-cJ-dk 
	( a n a log 0 IJ S. tot h e c C) I1J pie ;.: con Jus ate, at t1I := a - b i) a r'J d 1 ;:;:. t tin ~i 
	This leads to Cfer p=ra 
	and I',,! C c<) :1:0) : 
	and thus a definition for a auaternion auotient.' 
	Now if this definition 
	of multiplication and 
	. l.-Ji:i'c.; ~o be IJs.eful a':;:. mlJlti:::'licat.ion of lines HalTJilton felt 


	page 15
	Images
	Image 1
	Image 2
	Image 3
	Image 4

	Titles
	that four conditions must be met, these being:) 
	(a) The direction and magnitude of the product must be 
	determined unambiguously by the two factor lines. 
	(b) The direction and sign of the product line is 
	reversed when one of the factor lines is reversed. 
	(c) The relationship of the product line and the factor 
	lines must remain the same, independent of an~ orientation 1n 
	space. Thus the space is symmetrical and coordinate free. 
	(d) The distributive law holds for the multiplication of 
	vectors, which ma~ be represented as the sum of components. 
	From these properties Hamilton deduced that the Quotient or 
	product of two parallel lines must be a scalar and the 
	Quotient or product of two perpendicular lines must be _ 
	vector perpendicular to the two original vectors. From this 
	and the distributive law he concluded that the Quotient of 
	an~ two vectors can be represented by the "symbolic sum" of _ 
	scalar and a vector. For instance, if the line b 
	divided b~ the line a then: 
	wi th b/f and bJ. the breakdown of b 
	into the S.IJITJ of 
	components parallel and perpendicular to a and with 
	a 5.cala!' and 
	a vector. Thus he defined his 
	Quaternions as the Quotient of the two lines which was then Q 
	definition based on geolTJetr~, independant of algebra. 
	Then b~ multipling only the vector portions of two 
	Quaternions ~ and ~'~ou arrive at: 
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	Very early in his work with Buaternions Hamilton also 
	introduced the differential operator 
	(which he called nabla) 
	it produced a vector: 
	4U 
	~. 
	111..( . 
	and when applied to 
	a continuous vect.or point function 
	all functions of x?y, and _ 
	it produced a Buaternion: 
	Hamilton, with insight from his backS round in mechanics and 
	remarked that "applications to analyltical physics 
	must be 
	extensive to a hish 
	correct on this point as it can be seen that 4U is what is 
	now known as the Sradient of U, and the scalar part of ~V 
	is the neSative of what is now called the diversence of V 
	and the vector part is called the curl of V, all of which 
	are used extensively in most branches of Physics today, 
	Bs the fact that Hamilton failed to investisate further 
	these properties it is evident that he had become more a 
	mathemetician than a physicist by this point in time, He much 
	preferred to work out a complete and riSorous description of 
	the auaternions and their alSebraic and seometric properties, 
	l~lhich hE.' did wit.h the T'0.'s.ult cd his work takins UP thT'e0) 

	Tables
	Table 1


	page 17
	Images
	Image 1
	Image 2

	Titles
	existence of two t~pes of products, dot and cross, one of 
	which fails to have closure and the other fails to be 
	commutative or associative, and both do not satisf~ the law 
	of the modulus. Thus Hamilton preferred, as a mathemetician, 
	to work with the whole Guaternion and thus was onl~ forced to 
	abandon commutativit~. 
	At this point one can look back and see another reason 
	wh~ these "numbers" that Hamilton sousht after first 
	triplets had to contain four elements and also whs 
	commutativits had to be lost. As noted earlier, Hamilton had 
	noticed that rotations in three-space need not commute. thus 
	if the Guaternions are viewed as operators which rotates a 
	siven vector about an axis in space and expand or contract i~ 
	also, then sou can see that two components are needed to 
	the axis of rotation, a third to specifs the ansle the vector 
	is to be rotated and a fourth to prescribe the contraction or 
	. " 
	the Guaternions this wa~, and notins 
	that 
	the~ act as 
	linear operators on vectors, thes should 
	expressable as matrices. Not surprisinsl~ a matrix 
	representation of Guaternions does exist, it is as follows: 
	A :: 
	which can be decomposed into ~ form more like a Guaternion 
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	' 000 
	o -I 00 
	1 000 
	0 0 -I 0 
	0 0 0 -I 
	F T' 0 m w h i chi t can be c h e c ked t hat i'2.. = J 1.. = k'Z.. = - 1 
	which is analosous to the inverse worked out bs Hamilton. 
	This matrix representation makes the noncommutativits 
	implicit. 
	An apparent inconsistenc~ in attitude bs Hamilton was 
	his repulsion of the complex number representation atbi and 
	his own Guaternion representation ataitaJtak when the i~J~k 
	terms were obviousls Just as ima~inar~ as the i term in the 
	complex numbers and hence can not be added to the real part 
	of a Guaternion in a strict sense of addition. This bothered 
	Hamilton and he never resolved this completel~ in his 
	thinking. He thought of the Guaternions as "denoting partl~ a 
	number, and partls a line, which two parts are to be 
	conceived as Quite distinct in kind from each other, although 
	thes are ssmbolicalls added, that is although their s~mbols 
	this was settins close to an attitude similiar to that of 
	Peacock's that he had earlier criticized. This problem can be 
	avoided bs viewins the Guaternions in modern terms as a 
	noncommutative division rins, or skew field. Thousht of this 
	wa~ we let Q=(RXRXRXR). Then under componentwise addition Q 
	is a Sroup. Next lettins 
	and 


	page 19
	Images
	Image 1
	Image 2
	Image 3
	Image 4

	Titles
	~ seneral element of Q can be viewed ast 
	Then to define multiplication on Q let: 
	. 1. . 1.. I. 1,. 
	iJ=k=-Ji; Jk=i=-kJ; ki=J=-ik 
	Then multiplication can be defined to satisf~ the 
	distributive law analo.ous to auaternion multiplication. 
	Inverses are then defined as: 
	a =a/lal\. with a= (a,-b i -cJ-dk) 
	and thus all of the field axioms can be seen to be satisfied, 
	does not rel~ on an~ "addition" of real to ima.inar~ parts 
	which troubled Hamilton, but these theories were not 
	developed until much later (In fact it was Hamilton's work 
	which was the inspiration for much of these developments). 
	To see how Hamilton's introduction of these Quaternions 
	would kindle a search for other numbers of higher order one 
	Dnl~ has to look two months after his initial presentation of 
	auaternions. John Graves, who as noted earlier was in close 
	contact with Hamilton throughout his search for the triples, 
	sent to Hamilton a s~stem of h~percomplex numbers composed of 
	eight elements, which also were noncommutative but did 
	satisfy the law of modulus and closure property. Graves ask eo 
	Hamilton to publish these results but Hamilton dela~ed i3nd 
	noticed later that Graves' "octaves" did not satisf~ the 
	associative law. 
	(This was the first use of this term and 
	~ first T'ealization that an slgebl'a might not satisf':;! thi~::. 
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	,1- 
	. tT'~ and alter his multiplication to tT'~ and mend this 
	difficult~. During this dela~ Arther Ca~le~, who had also 
	been reading Hamilton's work, published an algebra 
	essentiall~ identical to Graves' octaves and thus the~ became 
	known as Ca~le~ numbers. DeMorgan was also influenced b~ 
	Hamilton's abandonment of the commutative law and proposed _ 
	ssstem of triplets, which allowed the product of two finite 
	triplets to be zero and the auotient to be indeterminate. 
	Hamilton rebuked these t~pes of s~stems for giving UP too 
	man~ properties to be useful at all. 
	As was noted, Hamilton did not full~ develop the vector 
	analsis from his auaternions, he felt the auaternions WOUI0 
	be the answer to the ph~sicist/s problems. Indeed the 
	ph~sicist James Clerk Maxwell stated "the invention of the 
	calculus of Quaternions is a step towards the knowledge of 
	Quantities related to space which can onl~ be compared, for 
	it's importance, with the invention of the triple coordinates 
	b~ Descartes.,13 Maxwell then went on to use Quaternions in 
	his work on electricit~ and magnetism. It was Maxwell who 
	(4T'ote Hamilton's 4 'nabla" as 7 .del" and coinedl:..he name.':;. 
	converSence for vU (later divergence for -vU) and curl for 
	the vector portion of vV. 
	B~ the late nineteenth centur~ there was what could be 
	called a war going on between the "auaternionists" ana the 
	"vector anal~sists.u The Quaternionists felt that the 
	Quaternions should be used in all vector work because 
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	failin~s of vectors al.ebraically; the vector analysists on 
	the other hand dealt with the scalar and vector parts of the 
	auaternions separately to make calculations simpler when onls 
	one part was of interest. Maxwell's "Treatise on Electricits 
	and Magnetism" and Hamilton's works on auaternions greatls 
	influenced both J.W.Gibbs and Oliver Heaviside, but thes both 
	saw the "carrsing alan.' of both parts of a auaternion as 
	being tedious. It was by these two men that vector anaslsis 
	was realls developed. Gibbs published his Elemeots of ~ecto~ 
	aDal~sis (1884) and Heaviside gave a detailed treatment of 
	vector analysis in the first volume of his Elect~oma.oetic 
	Ibeo~~ (1893). Tait, the main proponent of the auaternions, 
	reacted to Gibbs' work with vi.or proclaimin., 'Prof. William 
	Gibbs must be ranked as one of the retarders of the 
	Quaternion progress, in virtue of his pamphlet on Vector 
	Analysis; a sort of hermarphadite monster, compounded of the 
	notations of Hamilton and Grassmann.' Heaviside came to 
	Gibbs' defense in a paper called 'Some Electrostatic and 
	Magnetic Relations' in which he writes, "there is .reat 
	advantage in most practical work in ignoring Quaternions 
	alto~ether...there is no auestion as to the difficults and 
	battle was waged into the twentieth century, but as can be 
	seen, the use of auaternions has now been abandoned bs 
	physicists for basically the vers resons outlined by 
	Heaviside. 
	Much of algebraic work being completed in the half 
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	Grassmann. Grassmann touched on man~ of the same ideas as 
	Hamilton, but from a more seneral and philisophical approach. 
	His work ausdebcuDgsleb~e (1844) included much of Guaternion 
	algebra and vector anal~sis but did not center on Just one 
	algebra. In these ~ears 
	1843-1870) man~ new algebras 
	appeared largel~ due to the inspiration of Hamilton's 
	Guaternions. There at first seemed to be 
	a state of chaos In 
	algebra as properties were abandoned in experimentation but 
	it soon became clear that the direction of stud~ of multiple 
	algebras were still "subject to laws" as noted b~ Gibbs. 
	Benjamin Peirce, one of the first great American 
	mathemeticians, was one of the earl~ supporters of Hamilton 
	and refered to him once as "the immortal author of 
	8uaternions." Piece summarized all the algebras of 
	hspercomplex numbers known by 1870 in his work "Linear 
	Associative Algebras." This shows how rich this area had 
	become in a relatively short period of time after Hamilton 
	first presented his Guaternions. The development of these 
	other algebras was also responsible in part for the 
	Quaternions becoming less interesting to the mathematical 
	community, as the~ became one of many algebraic structures 
	that did not obey all the familar rules of arithmetic. 
	Because Guaternions have been virtually abandoned now, 
	by physicists in favor of vector anal~sis and bs 
	mathematicians in favor of 
	1./ e c t D!' ';:. pac e s , 
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	Guaternions as a failure. E.T. Bell labels Hamilton "The 
	Irish Tra~ed~. because he felt his talents were wasted b~ 
	~ears of work on the Guaternions. In fact, the Guaternions 
	still form a basic example in the theor~ of division rinss. 
	Other important examples can be constructed usins them as a 
	model. For example, Herstein'Suses "Quaternions. with inteser 
	coefficients to prove the theorem of Lasranse that ever~ 
	positive inte~er is a sum of four SQuares. He does this b~ 
	investisatin~ division in the rin~ of inte~ral Guaternions. 
	Thus the Quaternions are ver~ important as a fundamental 
	model, and have a variet~ of applications still toda~. ThouSh 
	it is true that the~ are not as fundamental as Hamilton had 
	hoped. 
	Although Guaternions were not all Hamilton thousht lhes 
	would be, their discover~ was the necessar~ break from the 
	accepted laws of al~ebra for the field to expand. The 
	Quaternions were the step that opened the wa~ for the 
	investigation of different algebras and the eventual Grou? 
	Theor~, Rins Theor~, Field Theor~ etc. that compose todas's 
	stud~ of abstract alSebra. Thus the Quaternions' importance 
	was not their direct use, but rather, the auaternions' 
	importance was their break ins awa~ from an assumed universal 
	law- commutativit~- and revealins new conceptual horizons. 
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