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Abstract: Given S € R and o, k > 0, we analyze an abstract version of the nonlinear stationary model
in dimensionless form

u’" — (ﬁ + QJ(;I |u'(s)|2 dS)u” + k(u - V) =0
v = (B+o [ V(P ds) —ku—v) =0

describing the equilibria of an elastically-coupled extensible double-beam system subject to evenly
compressive axial loads. Necessary and sufficient conditions in order to have nontrivial solutions
are established, and their explicit closed-form expressions are found. In particular, the solutions are
shown to exhibit at most three nonvanishing Fourier modes. In spite of the symmetry of the system,
nonsymmetric solutions appear, as well as solutions for which the elastic energy fails to be evenly
distributed. Such a feature turns out to be of some relevance in the analysis of the longterm dynamics,
for it may lead up to nonsymmetric energy exchanges between the two beams, mimicking the transition
from vertical to torsional oscillations.
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1. Introduction

1.1. Physical motivations

For engineering purposes, the mathematical modeling process can be viewed as the first step towards
the analysis of both static and dynamic responses of actual mechanical structures. Nevertheless, it relies
on an idealization of the physical world, and has limits of validity that must be specified. For a given
system, different models can be constructed, the “best” being the simplest one able to capture all the
essential features needed in the investigation. Among others, models of elastic sandwich-structured
composites are experiencing an increasing interest in the literature, mainly due to their wide use in
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sandwich panels and their applications in many branches of modern civil, mechanical and aerospace
engineering [30]. Sandwich structures are in general symmetric, and their variety depends on the
configuration of the core. Such devices are designed to have high bending stiffness with overall low
density [9, 18]. In particular, sandwich beams, plates and shells are flexible elastic structures built up
by attaching two thin and stiff external layers (beams, plates or shells) to a homogeneously-distributed
lightweight and thick elastic core [23]. Their interest, which is relevant in structural mechanics, has
been recently extended even to nanostructures (see e.g. [6] and references therein).

Models of elastic sandwich structures can be obtained by applying either the Euler-Bernoulli theory
for beams or the Kirchhoff-Love theory for thin plates. In this context, several papers have been
devoted to the mechanical properties of elastically-connected double Euler-Bernoulli beams systems.
For instance, free and forced transverse vibrations of simply supported double-beam systems have
been studied in [17, 22, 26], while the articles [31, 32] are concerned with the effect of compressive
axial load on free and forced oscillations. Within the framework of nanostructures, axial instability and
buckling of double-nanobeam systems have been analyzed in [21, 27].

Once a model is established, the next step is to (possibly) solve the mathematical equations, in
order to discover the nature of the system response. In fact, the main goal is to predict and control the
actual dynamics. To this end, the analysis of the steady states, and in particular of their closed-form
expressions, becomes crucial. This is even more urgent when dealing with nonlinear systems, where
the longterm dynamics is strongly influenced by the occurrence of a rich set of stationary solutions.

1.2. The model

In this paper, we aim to classify the stationary solutions, finding their explicit closed-form expres-
sions, to symmetric elastically-coupled extensible double-beam systems. For instance, a sandwich
structure composed of two elastic beams bonded to an elastic core (Figure 1a), or the road bed of a
girder bridge composed of an elastic rug connecting two lateral elastic beams (Figure 1b). In both
cases, the mechanical structure can be described by means of two equal beams complying with the
nonlinear model of Woinowsky-Krieger [29], which takes into account extensibility, so that large de-
formations are allowed. The beams are supposed to have the same natural length £ > 0, constant mass
density, and common thickness 0 < h < £. At their ends, they are simply supported and subject
to evenly distributed axial loads. A system of linear springs models the elastic filler connecting the
beams: when the system lies in its natural configuration, the beams are straight and parallel. The dis-
tance between the beams is equal to the free lengths of the springs. Denoting by v € (-1, %) the Poisson
ratio of the beams, the dynamics of the resulting undamped model is ruled by the following nonlinear
equations in dimensionless form (see the final Appendix for more details about the derivation of the
model)

(1 -v) h?

T( t @6ttxx)u + 6axxxxu - (X + ||5xu||2)5xxu + K(l/[ - V) =0,

o1 —v) , 2 , , . ) (1.1)
h ( = W ttxx)v + 0 xxxxV — (X + ” xV” ) xxV — K(Lt - V) - 0’

having set

1= ( fo P ds)i.
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In the vertical plane (x-z), system (1.1) describes the in-plane downward rescaled deflections of the
midline of the beams”
u,v:[0,1]1xR* - R

with respect to their natural configuration (see Figure 1a). It may be also used to describe out-of-plane
rescaled deflections of the same double-beam structure, accounting for both vertical and torsional os-
cillations (see Figure 1b). In the latter situation, each beam is assumed to swing in a vertical plane and
the lateral movements are neglected. The structural constants 6,k > O are related to the common flex-
ural rigidity of the beams and the common stiffness of the inner elastic springs, respectively, whereas
the parameter y € R summarizes the effect of the axial force acting at the right ends of the beams:
positive when the beams are stretched, negative when compressed.
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Figure 1. In-plane (a) and out-of-plane (b) deflections of a double-beam system under
compressive axial loads 5 = y/9.

In this work, we are interested in the stationary solutions to the evolutionary problem (1.1), subject
to the hinged boundary conditions. Namely, setting

X 1 K
== eR, =—->0, k=-=>0,
F=5% ©=5 5

we consider the dimensionless system of ODEs

" — B+ ol |Hu’ +k(u—v) =0,

(1.2)
V" — (B +olVIP)V' = k(u—v) =0,
supplemented with the boundary conditions
u(0) =u(l) =u”0)=u"(1) =0,
0) = u(l) ©0) ) (1.3)
v(0) =v(1) =v"(0)=v"(1) =0.

It is apparent that problem (1.2)-(1.3) always admits the trivial solution # = v = 0, while the occurrence
and the complexity of nontrivial solutions strongly depend on the values of the structural dimensionless
parameters f3, o, k, all of which are allowed to be large (see the final comment in the Appendix).

*The functions u, v are appropriate rescaling of the original vertical deflections of the midline of the two beams
UV :[0,{]xR" >R,

in comply with the dimensionless character of system (1.1). See the Appendix for more details.
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1.3. Earlier results on single-beam equations

When system (1.2) is uncoupled (i.e. in the limit situation when k = 0), the analysis reduces to the
one of the single Woinowsky-Krieger beam

I/l”” _ (,8 +Q”u/”2)u// — O

In this case, it is well-known that an increasing compressive axial load leads to a series of fork bifurca-
tions. The critical values of 8 at which bifurcations occur depend on the eigenvalues of the differential
operator (see e.g. [2, 8]). After exceeding these values, the axial compression is sustained in one of
two states of equilibrium: a purely compressed state with no lateral deviation (the trivial solution) or
two symmetric laterally-deformed configurations (buckled solutions). This is why the phenomenon is
usually referred to as buckling. Another interesting model, formally obtained by neglecting the second
equation of system (1.2) and by taking v = 0 in the first one, reads

u”" — (B + ol [P + ku = 0,

namely, a single Woinowsky-Krieger beam which relies on an elastic foundation. In this case, bifur-
cations of the trivial solution split into two series, whose critical values depend also on the ratio k
between the parameters « and ¢ connected with the stiffness of the foundation and the flexural rigidity
of the beam [3].

1.4. The goal of the present work

Clearly, when the double-beam system (1.2) is considered, the picture becomes much more difficult.
To the best of our knowledge, in spite of the quite large number of papers about statics and dynamics
of single Woinowsky-Krieger beams (e.g. [2, 3, 7, 8, 10, 11, 12, 14, 15, 24]), no analytic results con-
cerning models with a coupling between two (or more) nonlinear beams of this type are available in
the literature. This may be due to the fact that classifying and finding closed-form expressions for the
solutions to equations of this kind is in general a very difficult, if not impossible, task. Indeed, it is
usually unavoidable to replace distributed characteristics with discrete ones, so producing approximate
solutions by resorting to some discretization procedures. Unfortunately, this strategy can be hardly
applied when multiple stable states occur (see e.g. [18] and references therein).

Here, our aim is to fill this gap. To this end, we first recast (1.2)-(1.3) into an abstract nonlinear sys-
tem involving an arbitrary strictly positive selfadjoint linear operator A with compact inverse. Then, we
classify all the nontrivial solutions, finding also their explicit expressions. In particular, every solution
is shown to exhibit at most three nonvanishing Fourier modes. According to our classification, the set
of stationary solutions to nonlinear double-beam systems is very rich. The nonlinear terms accounting
for extensibility substantially influence the instability (or buckling): the effects are higher with increas-
ing values of (minus) the axial-load parameter 3, and give rise to both in-phase (synchronous) buckling
modes and out-of-phase (asynchronous) buckling modes. This feature becomes quite important in the
study of the longterm behavior, as it may lead up to nonsymmetric energy exchanges between the two
beams under small perturbations. In the asymptotic dynamics of a double-beam structure like the road
bed of a girder bridge (Figure 1b), a nonsymmetric energy exchange of this kind is apt to mimic the
transition from vertical to torsional oscillations, such as those occurred in the collapse of the Tacoma
Narrows suspension bridge (see e.g. [20] and references therein). Another remarkable fact is that the
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model (1.2) has been derived under the assumption that the ratio #/¢ between the thickness and the
natural length of the beam is very small; the critical values at which bifurcations occur are consistent
with such an assumption, namely, they are of order 4/ as well. We also stress that system (1.2) is
dimensionless, and no physical parameters have been artificially set equal to one. Finally it is worth
noting that, as a consequence of the abstract formulation, all the results are valid also for multidimen-
sional structures. In particular, they are applicable to flexible double-plate sandwich structures with
hinged boundaries, provided that the plates are modeled according to the Berger’s approach [1, 16].

1.5. Plan of the paper

In the next §2 we introduce the aforementioned operator A, and we rewrite (1.2)-(1.3) in an ab-
stract form. In §3 we prove that every solution can be expressed as a linear combination of at most
three distinct eigenvectors of A. The subsequent §4 deals with the analysis of unimodal solutions (i.e.
solutions with only one eigenvector involved). In particular, we show that not only a double series
of fork bifurcations of the trivial solution occur, but also buckled solutions may suffer from a further
bifurcation when —f exceeds some greater critical value. In §5 we study the so-called equidistributed
energy solutions (i.e. solutions with evenly distributed elastic energy), and we prove that bimodal and
trimodal steady states pop up. In §6 we classify the general (not necessarily equidistributed) bimodal
solutions, while in §7 we show that every trimodal solution is necessarily an equidistributed energy
solution, The final §8 is devoted to a comparison with some single-beam equations previously studied
in the literature. The derivation of the evolutionary physical model (1.1) is carried out in full detail in
the concluding Appendix.

2. The Abstract Model

Let (H, (-, ), || - ||) be a separable real Hilbert space, and let
A: DA eH—-H

be a strictly positive selfadjoint linear operator, where the (dense) embedding ©(A) € H is compact.
In particular, the inverse A~! of A turns out to be a compact operator on H. Accordingly, for r > 0, we
introduce the compactly nested family of Hilbert spaces (the index r will be omitted whenever zero)

H = DAY,  (u,v), = (A2u,A%),  |lull, = |A%ul.

Then, given S € R and o, kK > 0, we consider the abstract nonlinear stationary problem in the unknown
variables (u, v) € H> x H?

A’u+ C,Au+k(u—v) =0,
2.1
A% + C,LAv —k(u—v) =0,
where
C. =B+ ollull; and C, =B+ olvli. (2.2)
Definition 2.1. A couple (u,v) € H? x H? is called a weak solution to (2.1) if
{<u, $)2 + Culit, $)1 + k((u = v), ¢y = 0, 03
W2 + C(v, )1 — k((u —v), ) = 0,
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for every test (¢, ) € H> x H2.
It is apparent that the trivial solution u = v = 0 always exists.

Example 2.2. The concrete physical system (1.2) is recovered by setting H = L?(0,1) and A = L,

where )

d
L=— with D(L) = H*0, 1) N H)(0, 1).
dx?

Here L(0, 1), as well as Hé(O, 1) and H*(0, 1), denote the usual Lebesgue and Sobolev spaces on the
unit interval (0, 1). In particular

H? = H*(0,1) N Hy(0,1) € H'=Hy0,1) € H=L*0,1).
Notation. For any n € N = {1,2,3,...} we denote by

0<, >

the increasing sequence of eigenvalues of A, and by e,, € H the corresponding normalized eigenvectors,
which form a complete orthonormal basis of H. In this work, all the eigenvalues 4, are assumed to
be simple, which is certainly true for the concrete realization A = L arising in the considered physical
models. Indeed, in such a case, the eigenvalues are equal to

A, = n*n?

with corresponding eigenvectors

e, (x) = V2 sin (nmx).
3. General Structure of the Solutions

In this section we provide two general results on the solutions to system (2.1). To this end, we introduce
the set of effective modes
E={n:4,<-6}L

Clearly,
E+0 o B<-4. (3.1

Therefore, if E # 0,
E={1,2,...,n.},

where’
ny, = max{n : 14, < -8} = |E|.

Example 3.1. When A = L (the Laplace-Dirichlet operator introduced in the previous section), we
have
E = {n:n*n* < -B).

Accordingly, in the nontrivial case 8 < 0,

B
|E|:[ —;l—l,

the symbol [a] standing for the smallest integer greater than or equal to a.

THere and in what follows |S| denotes the cardinality of a set S  N.
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We begin to prove that the picture is trivial whenever the set E is empty.
Proposition 3.2. IfE = 0 system (2.1) admits only the trivial solution.

Proof. Let (u,v) be a weak solution to (2.1). Choosing (¢, ) = (u,v) in the weak formulation (2.3),
and adding the resulting expressions, we obtain the identity

2 2 29(1112 210l 2
llull; +1IVIl; + (B + ollulDIlully + (B + olVIIDIVIT + kllu = vI[” = 0.
Then, exploiting the Poincaré inequality
2 2 2
Alwlly < lwllz, - Yw e HY,

we infer that
(A + B)(lully + VI + ollull} + olvII} + kllu — vI[* <0,

and, since 4; + 8 > 0, we conclude thatu = v = 0. O

Accordingly, from now on we will assume (often without explicit mention) that (3.1) be satisfied.
As it will be clear from the subsequent analysis, this condition turns out to be sufficient as well in order
to have nontrivial solutions. Hence, a posteriori, we can reformulate Proposition 3.2 by saying that
system (2.1) admits nontrivial solutions if and only if the set E is nonempty.

The next result shows that every weak solution can be written as linear combination of at most three
distinct eigenvectors of A.

Lemma 3.3. Let (u,v) be a weak solution of system (2.1). Then
U= Z e, and V= Z Vnén

for some a,,y, € R, where a, # 0 for at most three distinct values of n € N. Moreover,
a, =0 & v,=0.

Proof. Let (u,v) be a weak solution to (2.1). Then, writing

U= Z a,e, and V= Z Vn€n
n n

for some a,,y, € R, and choosing ¢ = = ¢, in the weak formulation (2.3), we obtain for every n € N
the system

A2 n + Cudpa, + k(a, —7y,) =0,
" @+ K = ) (3.2)

Aovn + Codyyn — k(e —y,) = 0.

It is apparent that
a, =0 & v,=0.
Substituting the first equation into the second one, we get
Yoo + CoA, + KA + C, A, + k) = Ky,
Hence, if v, # 0 (and so a,, # 0), we end up with
A+ (Cy+ CHA + (C,Cy + 2k, + K(C, + C,) = 0.

Since the equation above admits at most three distinct solutions A,, we are done. m]
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Summarizing, every weak solution (#, v) can be written as

u= i Qp, e, and V= 23: Vn;€n;» (3.3)
i=1 i=1

for three distinct n; € N and some coefficients «,;,y,, € R. In particular, from (2.2), we deduce the
explicit expressions

3 3
Co=p+o) Ael and  Co=B+0) L. (3.4)
i=1 i=1
In addition, when

a,#0 & vy, #0,

the corresponding eigenvalue A, is a root of the cubic polynomial
P(A) = 2+ (C, + C)A* + (C,C, + 2k)A + k(C, + C)).
Notably, when the equality C,, = C, holds, the polynomial P(1) can be written in the simpler form
P(1) = (14 C)(A* + C,A + 2k).

Remark 3.4. Adding the two equations of system (3.2), we infer that

Cu n CV n
A, = _Gu® + Gy (3.5)
an + ’}/n

whenever «, + vy, # 0. This relation will be crucial for our purposes.
As an immediate consequence of Lemma 3.3, we also have

Corollary 3.5. Every weak solution (u,v) is actually a strong solution. Namely, (u,v) € H* x H* and
(2.1) holds. Even more so, (u,v) € H X H" for every r.

Remark 3.6. In the concrete situation when A = L, every weak solution (u, V) is regular, that is,
(u,v) € C=([0, 1]) x C=([0, 1]).

Finally, in the light of Lemma 3.3, we give the following definition.

Definition 3.7. We call a solution (u, v) unimodal, bimodal or trimodal if it involves one, two or three
distinct eigenvectors, that is, if @, # 0 (and so y, # 0) for one, two or three indexes n, respectively.

4. Unimodal Solutions

We now focus on unimodal solutions. More precisely, we look for solutions (u, v) of the form

{” = dnn 4.1

V= "YnCn,
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for a fixed n € N and some coeficients «,, ¥, # 0. In order to classify such solutions, we introduce the

positive sequences*

2k 3k
n:_+/ln d n:_+/lm
Hn = an =

along with the (disjoint) subsets of E
E] :{l’l:/ln<—ﬁS/ln},
By ={n:pu, <-B <},
Es={n:v, < -6}
Clearly,
E] U EQ U E3 = E

Then, we consider the real numbers (whenever defined)

F

ﬁ:un

3
Il
+

S

|+
I I
I+

H

:
||
H

204,

\/ B+ by = Vo= Au+ B Ayt n — v B )

R
H+

~
Il

204,

\/_ﬁ'l_:un_vn_/ln_ \/(ﬁ+/ln+:un_vn)(ﬁ+vn)

4.2)

hereafter called unimodal amplitudes, or u-amplitudes for brevity. By elementary calculations, one can

easily verify that

o, eR o 2,<-p4,
a/:,Z €R < Mn = _ﬂ’
o, €ER & v, <-pB,
a,€eR o v, <-B

Lemma 4.1. For every fixed n € N, let us consider the set
y={a;,;1i=1,2,3,4}.

Then, T, contains exactly

e 2 distinct nontrivial u-amplitudes {a;, |} lf nekE;
e 4 distinct nontrivial u-amplitudes {« j SJifne Ez,
e 8 distinct nontrivial u-amplitudes {« j a/n 2 a/;3, = ifn€Es.

fObserve that A, < u, < v,.
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Ifn ¢ E, the set I, is either empty or it contains exactly the (trivial) u-amplitudes «, | = a; | = 0.
Proof. We analyze separately all the possible cases.

e If n € E,, there are only two distinct nontrivial u-amplitudes, that is, @; ,. Indeed, when u,, = -5,

e If n € E,, there are only four distinct nontrivial u-amplitudes, that is, a/j1 and “32- Indeed, when

Vn = _ﬁa
ot o+ - = -
@3 =04 =@, and Q3= Qg = Q5.

e If n € B3, all the eight v-amplitudes a7 ; are distinct and nontrivial.

If n ¢ E, all the u-amplitudes 0‘;_:,," whenever defined, are trivial. In particular, the only two allowed
amplitudes are @, ; = @, = 0. O

Figure 2. The u-amplitudes o;; for a fixed n €

We are now in a position to state our main result on unimodal solutions.

Theorem 4.2. System (2.1) admits nontrivial unimodal solutions if and only if the set E is nonempty.
More precisely, for every n € N, one of the following disjoint situations occurs.

o [fn € By, we have exactly 2 nontrivial unimodal solutions of the form

(L{ V) _ (a’;,l €n, (Z:;’l en)
> - - p—
(a/m1 en, @, e,).

e Ifn € By, we have exactly 4 nontrivial unimodal solutions of the form
+ +

(an,l €n, an,l en)

@, | en, @, | €n)

(ay, en @, ,€n)

(oz,;,2 ey, oz::l e,).

(u,v) =

AIMS Mathematics Volume 2, Issue 1, 28-69
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o [fn € B3, we have exactly 8 nontrivial unimodal solutions of the form

() ens @y, €n)
(@, en> @, €)
(@5 €ns @, 5 €n)
(@, 5 €ns @, €n)
(7,5 €n, @, 4 €0)
(@, 3 en @, 4 €)
() 4 €ns @, 5 €n)

(@, 4 en, @, 5 €n)

(u,v) =

e [fn ¢ E, all the unimodal solutions involving the eigenvector e, are trivial.

In summary, system (2.1) admits 2|E;| + 4|E,| + 8|E3| nontrivial unimodal solutions.

Proof. Let us look for nontrivial solutions (u, v) of the form (4.1). Choosing ¢ = ¥ = e, in the weak
formulation (2.3) and recalling (3.4), we obtain the system

La, + B+ 0,a)) A, + k(a, —y,) =0,
Ly, + B+ 0, YD) A yn — k(a, —y,) = 0,
which, setting

and w, = —,

Bk A
2 k

can be rewritten as
2
= Wy, (M, + 0a;),
Yn = Wn@p(1y + © ;) 43)
@, = wn’yn(nn + Q)’n)
Solving with respect to @,, we arrive at the nine-order equation

4.8 4 3.6, 4 2 4 4 2 2 4.3 2 2 2.2
a0’ a,w, + 30" a,w,n, + 30" a,w,n, + oa,w,mn, +oa,w,n, +w,n, —1)=0.

If @, = 0 the solution is trivial (since in this case also vy, is zero). Otherwise, introducing the auxiliary
variable

Xy = Wy (1 + 0,
we end up with
(2 = D2 = xywun, + 1) = 0.

Making use of the relations

An
Wyl = _?( _,8 + Uy — Vn— /ln)a
) “4.4)

An
wﬁni -4 = E('B + Ay + Uy = Va)(B + V),

one can easily realize that the solutions are the u-amplitudes «;;; given by (4.2). Hence, according to
Lemma 4.1, we have exactly
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e 2 distinct nontrivial solutions {« ;;'1} for every n € Ey;
e 4 distinct nontrivial solutions {oz,f] a;,} for every n e Ey;
e 8 distinct nontrivial solutions {a j oz,;2, oz,;3, } for every n € Ej.

By the same token, when n ¢ E, we have only the tr1V1al solution. We are left to find the explicit values
¥;» Which can be obtained from (4.3). To this end, it is apparent to see that

Yot = @y
Yoz = @y
Moreover, invoking (4.4) and observing that the product w,n, is negative when n € Es,
+ \/E(wnnn + VW%U,% - 4) \/_wnnn + sznn 4
=+
2

711,3 - = 2 0 /12

wnﬂn nn 4 ¥
+ \/_J 2@/12 = a’n74,

and
+ \/_(wnnn Vw%nn 4) [—wa, — o, — 4
nd 2042
—WpN, + wznn 4 .
The theorem is proved. m|

5. Equidistributed Energy Solutions

In order to investigate the existence of solutions to system (2.1) which are not necessarily unimodal,
we begin to analyze a particular but still very interesting situation.

Definition 5.1. A nontrivial solution (u, v) is called an equidistributed energy solution (ee-solution for
brevity) if
lully =M & Cu=0C,. (6.1

At first glance, this condition might look restrictive. Though, as we will see in the next two lemmas,
EE-solutions are in fact quite general. In particular, they pop up whenever a mode of u is equal or
opposite to the corresponding mode of v.

Lemma 5.2. With reference to (3.3), if
W@y, = Y Y, #0
for some (possibly coinciding) n;, n;, then (u,v) is an eg-solution. In particular, this is the case when®
|| = lynl # 0

for some n;.

$1n fact, we will implicitly show in our analysis that the latter condition is necessary as well in order to have Eg-solutions.
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Proof. Let n;,n; be such that
a’nia/nj = iyniYnj ?& O'

Choosing ¢ = ¢ = ¢, in the weak formulation (2.3), we obtain

2 a, + C A, +k(a,, —v,) =0,
: 5.2)
ﬂ%;iyni + Cv/lniYni - k(aﬂi - 'Yn,) = Oa
while, choosing ¢ = ¢ = e,,, we get
2 _
{ﬂn‘jan_/ + Cu/lnjanj + k(an_,' - yn_;) - O’ (5 3)
5 B .
/lnj)’n, + Cv/ln_,-')/nj - k(anj - 7}1,) =0.
Then, from (5.2),
k(a'n- - 711)
Co=-2,————,
' Ap, Oy,
k(a, — v,
C,=-1,+ —( - y’).
An Y,
These expressions, substituted into (5.3), yield
2 2 _
/lnj/ln,-a'n,-a/nj - /lnl./lnja'nia'nj - k/lnjanj(a/n, - ')’n,-) + k/ln,a/n,(a'n] - )/nj) - 0’
/lﬁj/ln,-'ym’)/nj - /1,21i/1n_,-7n,-7nj + k/lnj'ynj(an,- - 711,-) - k/ln,-'}/n,-(an_/ - 7n,) = O
If
a’nianj = yniynj ?& 07
subtracting the two equations of the system above we readily find
|an,-| = |')’nl-|-
On the other hand, if
anianj = _Yn,-'ynj ¢ O’
(implying n; # n;), adding the two equations of the system we still conclude that
|an,~| = h/nll
At this point, an exploitation of (5.2) gives C, = C,. O
Lemma 5.3. With reference to (3.3), if
W Yn; = A Yo, # 0
for some n; # nj, then (u,v) is an Eg-solution.
Proof. By assumption, there exists @ # 0 such that
Ay, = WY, and p; = TYn,-
Due to Lemma 5.2, to reach the conclusion it is sufficient to show that @ = —1. If not, exploiting (3.5),
1 = _Cua/n,- + Cv7ni _ _Cu’ZD' +C, _ _Cua'nj + Cv)/nj _
" @, + Y, @ + 1 A, + Vo, "
yielding a contradiction. O

We now proceed with a detailed description of the class of Ee-solutions.
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5.1. The unimodal case

The unimodal solutions have been already classified in the previous section. In particular, from
Theorem 4.2 we learn that all unimodal solutions, except the ones involving the u-amplitudes a7 , and
a; , arising from the further bifurcation at v, = —f, are in fact ee-solutions. That is, system (2.1) admits

2|Eq| + 4[E;| + 4[Es|
unimodal Ee-solutions, explicitly computed.

5.2. The bimodal case

In order to classify the bimodal ee-solutions, we introduce the (disjoint and possibly empty) subsets
of EXE

By ={(n1,ny) : ny <ny, Ay, + A, < =B and A, A, = 2k}

and
B, = {(l’l],l’lz) :n < np, /ln2 < —ﬁ and /lnl(/lnz — /1,11) = 2k}

Then, setting
B = Bl U BQ,

we have the following result.

Theorem 5.4. System (2.1) admits bimodal Ee-solutions if and only if the set B is nonempty. More
precisely, for every couple (ny,n,) € NxXN with ny < ny, one of the following disjoint situations occurs.

o [f (ny,ny) € By, we have exactly the (infinitely many) solutions of the form

U= xe, +ye,,,
V= —Xey, — Ye,,,
for all (x,y) € R? satisfying the equality
O Ay, +0* A, + Ay + A, +B=0  with  xy#0.

o [f (n1,ny) € By, we have exactly the (infinitely many) solutions of the form

U = Xxep, + Yén,,
V= —Xéy, + Yén,,

for all (x,y) € R? satisfying the equality
sz/l,,l + Qyle,,2 + A, +8=0 with xy # 0.

o [f(n1,ny) & B, there are no bimodal e-solutions involving the eigenvectors e,, and e,,.
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Proof. Let us look for bimodal gg-solutions (u, v) of the form

{u =y, ey + ay,ep,,

V="Ynln t Vn€ns>

with ny < n, € N and @, y,, € R\ {0}. Choosing ¢ = ¢ = e,, in the weak formulation (2.3), we obtain

/lﬁla/n1 + Cydp, @y, + k(@y, — vn,) =0,
/lﬁlynl + Codny Y, — k(@n, —yn) =0,

while, choosing ¢ = ¢ = e,,, we get

A2 @y, + Cudny @y, + ke, —vs,) =0,
A2 Vi, + Cody Y, — k(@, = v4,) = 0.

Since we require C, = C,, we infer that

k ny - ni
Cu=—dy — % (5.4)
k n — /n
Co= —1, + —(al‘ Yn) (5.5)
nlynl
k n = /n
C.= _/lnz - (a;lz o Y 2), (5.6)
ny&ny
k n = /n
Cu= Ay + w (5.7)
ny Yy
At this point, we shall distinguish three cases.
o When
Vi, T Ay = O,
Yn, + @p, =0,

equations (5.4)-(5.7) reduce to
A, Cy = —/lﬁl - 2k,
A, Cy = —/lﬁQ — 2k,

implying
A, A, = 2k.

Moreover, the value C,, is determined by (3.4), which provides the equality
00 Ay, + 00y Ay, + Ay + Ay + B = 0.

Hence, there exist bimodal ee-solutions (explicitly computed) if and only if the pair (n,,n,) € B;.
© When

7n1 + am = O’

VYn, + @, # 0,
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we take the difference of (5.7) and (5.6), establishing the identity
Vi, = Ay
Thus, equations (5.4)-(5.7) reduce to

ni

ApCu = 2 — 2k,
Cu = _/lnz,

implying
A, (A, = Ay,) = 2k.

Again, the value C, is determined by (3.4), which gives
Qaﬁlﬂnl + Qaﬁzﬂnz + Ay, +5=0.

Hence, there exist bimodal ee-solutions (explicitly computed) if and only if the pair (n,n;) € B,.

o We show that the remaining case
Y, + @ #0

is impossible. Indeed, taking the difference of (5.5) and (5.4), we find
Vi = Uy -
If y,, + @y, = 0, from (5.4) and (5.6) we conclude that
0 <2k = 2,,(1,, — Ay,) <O,
yielding a contradiction. On the other hand, if y,, + @,, # 0, we learn once more that
Yy = Qny.

But in this situation, equations (5.4) and (5.6) lead to 4,, = 4,,, and the sought contradiction follows.
O

5.3. The trimodal case

Finally, we classify the trimodal ee-solutions. To this end, we consider the (possibly empty) subset
of EXEXE

T ={(ni,n2,n3) : ny <np <mnz, A,;, <= and A, (A, — Ap,) = Ap, (A, — Ap,) = 2k}.

The result reads as follows.

Theorem 5.5. System (2.1) admits trimodal eE-solutions if and only if the set T is nonempty. More
precisely, for every triplet (n1,n,,n3) € N X N X N with ny < n, < n3, one of the following disjoint
situations occurs.
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o [If (ny,ny,n3) € T, we have exactly the (infinitely many) solutions of the form

U= xe, +ye,, +z¢e,,
V= —Xxe, —Ye,, + 2e,,,

for all (x,v,z) € R? satisfying the equality
szxl,,l + Qylen2 + sz/lm + Ay, +B8=0 with xyz # 0.
o If (ny,ny,n3) ¢ T, there are no trimodal Ee-solutions involving the eigenvectors ey, e,,, €,,.

Proof. The argument goes along the same lines of Theorem 5.4. For this reason, we limit ourselves to
give a short (albeit complete) proof, leaving the verification of some calculations to the reader.
As customary, let us look for trimodal ge-solutions (u, v) of the form

U= Qp €y + Ap, €y, + Apy€ps,
V= 7n|en1 + ynzellz + yn3en3’

with n; < n, < n;3 € Nand @,,,y, € R\ {0}. Accordingly, from the weak formulation (2.3), choosing
first =y = e,,, then ¢ = ¥ = ¢,,, and finally ¢ = ¥ = ¢,,, we obtain the six equations

Cu — —/lnl _ k(alnl - 7}11)’
Ay @y,
k n — /n
C‘M:—/lnl'l'—(a/1 71),
An Yy
Co= -, @
n a’n
k(e 2_;/ ) (5.8)
C,= A, + —>—""2-,
Any Yy
k ny — /n
C, =, — m = V),
Apy @y
k Ay — Vo
Cu - _/1"3 + M’
AnyYns
where the condition C, = C, has been used. The next step is to show that
7n1 + a’nl = 07
Vi, T Qp, = 07 (59)
VYny + @y # 0,

being the remaining cases impossible. To prove the claim, the argument is similar to the one of Theo-
rem 5.4. For instance, assuming

Yn, T Ay = 0,
Ynz + anz = O’
Yy + @y =0,
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system (5.8) reduces to
A, Cy = —/12 - 2k,
An,Cy = —/l,%z — 2k,

A0, Cy = =2, = 2k,

forcing
2k = Ay, Ay, = Ay, A,

and yielding a contradiction. The other cases can be carried out analogously; the details are left to the
reader. Within (5.9), we take the difference of the last two equations of (5.8), and we obtain

Vny = Uns-

Thus, system (5.8) turns into
A, Cy = —/lil — 2k,

A0, Cy = =2, = 2k,
C = Ay,

implying
/lnl(/ln3 - /lnl) = /1n2(/1n3 - Anz) = 2k.

Moreover, the value C, is determined by (3.4), which provides the equality
Qam/lnl + Qa ,An, + Qa Ay + Ay +5=0.

Hence, there exist trimodal ee-solutions (explicitly computed) if and only if the triplet (n;,n,,n3) €
T. a

Corollary 5.6. Let (u,v) be a trimodal ee-solution. Then, with reference to (3.3), if ny < ny < nj the
eigenvalues A,,, Ay,, Ay, fulfill the relation

Apy + Ay = Ay
Proof. In the light of Theorem 5.5, we know that (n,, n,, n3) € T. In particular,
Apy Ay = ) = Ay (g = Ay).
Since 4,, # 4,,, the conclusion follows. m]

6. General Bimodal Solutions

In this section, we investigate the existence of general (not necessarily equidistributed) bimodal solu-
tions to system (2.1). First, specializing Lemmas 5.2 and 5.3, we obtain

Theorem 6.1. Let (u,v) be a bimodal solution. With reference to (3.3), if

L4 |a/n1| = b’nll #0, or
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L4 |a'n2| = b/nzl F 0; or
L4 a’nla'nz = iynlynz ;é Oy or

® @y Vn, = UnyYny #0,
then (u,v) is an Eg-solution.

Even if Theorem 6.1 somehow tells that a bimodal solution is likely to be an Ee-solution, it is
possible to have bimodal solutions of not equidistributed energy. Indeed, the complete picture will be
given in the next Theorem 6.8 of §6.4. Some preparatory work is needed.

6.1. Technical lemmas

In what follows, (n;,n,) € N X N is an arbitrary, but fixed, pair of natural numbers, with n; < n,.
We will introduce several quantities depending on (n;, ny). Setting

An,
¢ ={n,m) = -~ > 1, (6.1)

ny

and
k — Ay, A,

R, 6.2
T (6.2)

o =o0(n,m) =
we consider the real numbers (defined whenever o # 0)

(+ 1D+ - Do?

© = O(ny,np) = ol

and
C+D-- 1)02.

(o

Y =Yn,n) =

By direct computations, we have the identity
O =W =47 -,
which, in turn, yields

(- 1?0 = 2( + )o? + (¢ + 1)

2 2 _ 2
@ -H2 =92 -4 -

(6.3)

This relation will be useful later. Then, we introduce the real numbers (whenever defined)

O+ VO -4

X = X(mi,m) = ——
Y=Yn,n) = (D_f\/m,
W=Wmn,n)= @,
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Lemma 6.2. The following are equivalent.

o At least one of the numbers X, Y, W, Z belongs to R.
o All the numbers X, Y, W, Z belong to R.
o Ay Ay € (0,2K1\ (K} 0r Ay, (A, = dyy) € [2k, 00).

Proof. It is apparent to see that
XeR & &>24 o YeR,

and
WeR & W¥’>4 & ZeR.

Moreover, in the light of (6.3),
P4 o Y4

Therefore, in order to reach the conclusion, it is sufficient to show that
¥2>4 o An An, € (0,2k]\ {k} or A, (A, — Ay,) € [2k, 00).
To this end, exploiting (6.3),

An, An, * K,

¥2>4 o
(& - 1?0 =22+ Do+ + 1) > 0.

Making use of the trivial inequality o < 1, one can verify by elementary calculations that

- =2+ D?+(+ 1) >0

if and only if
1
cre(—oo,i]u[—l,l).

-7

Since .
+
o e (-, f—A o (= ) € [2k, 00),
and
ocel-1,1) & A, A, €(0,2k]\ {k},

the proof is finished.

Lemma 6.3. The following are equivalent.
e X=Y.
o W=7
o A, An, =2k or A, (A, — Ay,) = 2k.

The argument goes along the same lines of Lemma 6.2 (actually, it is even simpler). For this reason,

the proof is omitted and left to the reader.

At this point, we state a simple but crucial identity, which follows immediately from (6.3) and the

definitions of the numbers £, ®, ¥V, X, Y, W, Z.
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Lemma 6.4. We have the equality
(X-W=LY-Z=(-1)o, (6.4)

provided that the expressions above are well-defined.

6.2. The numbers m and N

A crucial role in our analysis will be played by the following two real numbers (again, defined

whenever o # 0)
K> + kA, (A, — ) + A2 A2

— i — A 6.5
m=m(n,ny) A — IO, (6.5)

and
M = M ) k2 - k/lnl(/lnz - /1"1) + /1'211/17212 6 6)
=M(ny,ny) = (A, A, — k) A, . ©

In particular, it is immediate to verify that
co<0 = M>m>0.

Such numbers can be written in several different ways as functions of X, ¥, W, Z. To see that, we will
exploit the relations

XY =1,
X+Y=0,
(6.7)
Wz =1,
W+Z=VY,
valid whenever X, Y, W, Z € R. Then, setting
kX — /lﬁl -k
f=fn,m)= T,
kY — A7 —k
g =g(m,m) = T,
and making use of (6.4), it is easy to prove that
kW — /lﬁz -k
A (6.8)
kZ — /liz -k
8= —/lng .
Lemma 6.5. We have the equalities
kW?(X - Y) kX-Y)
Srawren T T a-2y
and
Do g REE=D) kX1
A, (X2 -1) Ao, (1 = Y2

provided that the expressions above are well-defined.
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Proof. Exploiting (6.7), we obtain the identities

w: w1
W2-1 W-7Z 1-27%
X2 X 1

X2-1 X-Yv 1-1r*
Thus, in order to complete the proof, it is sufficient to show that

kW3(X - Y)
-m=g+——",
/l,,l(W2 -1
and X
e gy XXV
/l,,l(X2 -1

To this end, in the light of (6.4), (6.7), (6.8) and the definitions of £, o, 'Y, g, we compute
kWXHX -Y) kY-, -k kWYX -Y)

ET LV D) T 4 aawEo)
~ kZ -5 —k . kW2(W - Z)
An, A, (W2 = 1)
~ kZ — A7, —k+ kW
A, A,
K- 2~k
A,
_ k& - kol + ka? — 0'/1132 + Ay, Ay
B oAy,
(k = Ay Ay + kA + kdy Ay,
- ok,
= —-m,

while, making use of (6.7), along with the definitions of £, o, @, g, we have
kXXX -Y) kY- -k kX
g+ = + —
A, (X2 =1) An, An,
k® - A% —k
= —/lnl
_ k+ko?l —ko? — oAy An, + A2
oAy ¢
(k= Ay Ay)* + kA, + kA, Ay,
B ok,

= -

The lemma is proved.
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6.3. The circle-ellipse systems

We need to investigate the solvability of the circle-ellipse systems

A, +ot*A, +B =T,
or-dy, + ot Ay, +B=f 69)
or*, X* + 0P A, W? +B =g,
and
A, +ot’A, +B =g,
o ord, +B=¢g (6.10)
Qr2/l,,l Y2+ Qtz/lnzzz +B=f,

in the unknowns r and ¢.
Lemma 6.6. The following hold.

o Let A, Ay, € (0,k). Then neither system (6.9) nor (6.10) admit real solutions.

o Let A, A,, € (k,2k). Then system (6.9) admits real solutions (r,t) with rt # 0 if and only if the
same does (6.10), if and only if
m< - <M.

In which case, system (6.9) admits exactly four distinct real solutions, and the same does (6.10).
Besides, they do not share any solution.

o Let A, (Ay, — Ap,) € (2k, o). Then system (6.9) admits real solutions (r, t) with rt # 0 if and only
if the same does (6.10), if and only if
M < L.

In which case, system (6.9) admits exactly four distinct real solutions, and the same does (6.10).
Besides, they do not share any solution.

Proof. We first observe that systems (6.9) and (6.10) do not share any solution. Indeed, if it were so,
we would have f = g (meaning that X = Y) and therefore, in the light of Lemma 6.3,

Ao =2k or A, (A, — Ay) = 2k.

Then, setting s = /%, we can rewrite (6.9) and (6.10) as

r +S =
x2r2+W2 =G, O

and
r?+s* =G,
(6.12)
Y’ +7%s* = F,
where
F=f_'8 and G:g_’B,
04y, 04,
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In particular, calling
kX-7)
= —)— >0,
o,
we have the equality
F=G+v (6.13)

Systems (6.11) and (6.12) represent the intersection between a circle and an ellipse, both centered at
the origin. Therefore, real solutions (r, s) with rs # 0 exist if and only if the radius of the circle is
strictly greater than the minor semi-axis of the ellipse and strictly smaller than the major semi-axis of
the ellipse. In such a case, there are exactly four distinct solutions. We shall distinguish three cases.

o Case 1: A, A, € (0,k). By direct computations, one can easily see that
Y>0>2,

implying
W>X>1>Y>Z7Z>0.

In particular, the number v is strictly positive. As a consequence, in the light of the discussion above
and (6.13), system (6.11) admits real solutions (r, s) with rs # 0 if and only if

G G
— <G+v< .
w2 X?
Being X? > 1, it is apparent to see that the relation above is impossible. Analogously, system (6.12)

admits real solutions (r, s) with rs # 0 if and only if

G+v G+v
7 <G< 72

Again, being Y? < 1, the relation is impossible. In conclusion, neither system (6.11) nor (6.12) admit
real solutions.

o Case 2: Ay, A, € (k,2k). By direct computations, one can easily see that
Y<d<-2,

implying
Z<Y<-1<X<Wx<NO.

Analogously to the previous case, we infer that system (6.11) admits real solutions (r, s) with rs # 0 if
and only if

Being W2 < 1 and X? < 1, in the light of Lemma 6.5 we get

kWX - Y) kXXX -Y)

N (s R R oy i

- .
Ay (W2 = 1)
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Moreover, system (6.12) admits real solutions (r, s) with rs # 0 if and only if

G+v G+v
<G< .
Z? Y2

Being Z> > 1 and Y? > 1, invoking Lemma 6.5 we conclude that

k(X -Y) k(X -7)
Ta-z P

=9

nee EaCN

o Case 3: Ay, (Ay, — A,,) € (2k, 00). By direct computations, one can easily see that
< -2 and ¥Y>2,

implying
Y<-1<X<0<Z<1<W.

Arguing as in the previous cases, system (6.11) admits real solutions (r, s) with rs # 0 if and only if

Since W? > 1, the relation above reduces to
G
G+v<—.
X2

Being X? < 1, making use of Lemma 6.5 we end up with

kXX - Y)

M= o—go A7)
NG

-B.

On the other hand, system (6.12) admits real solutions (r, s) with rs # O if and only if

G+v G+v
<G< .
Y2 Z?

Again, since 0 < Z? < 1, the relation above reduces to

G+v

7 < (.

Being Y2 > 1, an exploitation of Lemma 6.5 leads to

kX-Y)

M= g 20
§T . (-12)

< .
The proof is finished. O
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6.4. Classification of general bimodal solutions

In order to classify the general bimodal solutions, we introduce the (disjoint and possibly empty)
subsets of N X N, with m and 9t given by (6.5) and (6.6),

Bf = {(l’ll,I’lz) m < np,m< —ﬁ < I and /lnl/lnz (S (k, 2]()},

and
B> = {(n1,m) : ny <np, M < =B and A,,(A,, — A,,) € (2k, )},

and we set
B* = B} UBJ.

Lemma 6.7. We have the inclusion B* C E X E. In particular, B* has finite cardinality.

Proof. By means of elementary computations, one can easily verify that the following implications
hold:

A An, € (K,2k) = A, <m,
Ay (A, = Ay) € 2k, 00) = 2, <.

Therefore, by the very definitions of B* and E,
(n1,m) €eB* = (n,m) € EXE,
as claimed. O

We have now all the ingredients to state our main theorem.

Theorem 6.8. System (2.1) admits bimodal solutions of not equidistributed energy if and only if the set
B* is nonempty. More precisely, for every couple (ni,n;) € N X N with n; < ny, one of the following
disjoint situations occurs.

o [f(ny,ny) € B*, we have exactly 8 distinct bimodal solutions of not equidistributed energy: 4 of
the form

u=re, +te,,
v =rXe, +tWe,,,

where r,t solve system (6.9), and 4 of the form

u=re, +te,,,
v=rYe, +1t”Ze,,

where r,t solve system (6.10).
o If(ny,ny) ¢ B*, there are no bimodal solutions of not equidistributed energy involving the eigen-
vectors ey, and ep,.

In summary, system (2.1) admits 8|B*| bimodal solutions of not equidistributed energy.
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Proof. Let us look for bimodal solutions of not equidistributed energy (u, v) of the form

{u = @y €y, + Ay,

V= 7n|en1 + ynzenza

withn; <n, € Nand ,,,y, € R\ {0}.

¢ Step 1. We preliminarily show that

An, An, € (0,2k) \ {k} or

An, (A, = ) € 2k, 00).

(6.14)

To this end, with reference to the weak formulation (2.3), choosing first ¢ = ¢ = e,, and then ¢ = ¢ =

en,, we obtain the system

@ (A2 + Cydy, + k) = kyy,,
Yu (i, + Cody, + k) = kayy,,
@y, (/1,212 + Cu/lnz +k) = k7n2»
V(A + Cod, + k) = katy,.

Next, setting

/lﬁl +Cyd,, +k

Xy

k

b

L +Cy +k

Yy

k

b

A, + Gy, K

Xn,

k

b

A, + Gy, tk

Yny

we get
-xmynl = 17

XnyYny = 17

Observe that o # 0, otherwise

k

X Yn = 1’

Xy Yn, = 1’

$xpy =

xnz H

gynl = yn27

o

{xy — (= Do = Xy,
é{ynl - ({ - 1)0- = Yn,-

yielding /? = 1 and contradicting the assumption n; < n,. Therefore, we obtain

Xy Y =

1,

Xp, + Y, = D,

AIMS Mathematics
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Xy Yn, = 17 (619)
X + Yy = P (6.20)

Clearly, the solutions are given by the four quadruplets

X, Y, W,2),
X.Y.Z, W),
Y, X, W,2),
Y, X,Z,W).

Since at least one (hence all) of the quadruplets has to have real components, making use of Lemma
6.2 we infer that

Ap Ay € (0,2k] \ {k} or A, (A, — A,,) € [2k, 0).
In addition, due to the fact that (&, v) does not have equidistributed energy,
Cu * Cv = Xny F Yn, -

Thus, an exploitation of Lemma 6.3 yields

An, An, # 2k,
/lnl(/an - /lnl) * Zk»

and (6.14) follows.

o Step 2. We now prove that, within (6.14), the coefficients a,, and «,, are solutions of system (6.9) or
(6.10). Indeed, from (6.16) and recalling the definitions of f and g, four possibilities occur:

c kW — 22—k
M_f_ /lnz D) (621)
c :g:kZ—/lﬁz—k
A,
or
c kZ - 22—k
o L (6.22)
kW — 22—k '
yv—8 = s
A,
or
kW — 22—k
u—8= s
Ans (6.23)
kZ -2 —k '
v - /lnz D)
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or
kZ - 22, -k
C,=g=—"—",
A (6.24)
kW — 22—k '
C,=f=—77"7".
A,

At this point, exploiting (6.14) and Lemma 6.3, we learn that W # Z. As a consequence, taking into
account (6.8), we conclude that only systems (6.21) and (6.24) survive. Recalling the explicit forms of
C, and C, given by (3.4), we remain with

Qai./lm + Qaiz/lnz +B=1,
OV Any, + OV Any + B =8,

and
0, Ay + 005 A, + B = g,
{mﬁlﬂn, +0YaAn, +B = f.
Finally, due to (6.15), in the first case we infer that

Y = Xanp
Y, = Wa’nza

while in the second one
Yo = Ya'n] s
Vi, = Ly, .

o Step 3. Collecting Steps 1-2 and Lemma 6.6, there exist bimodal solutions of not equidistributed
energy (explicitly computed) if and only if the couple (n;,n,) € B*. O

6.5. Two explicit examples

We conclude by showing two explicit examples of bimodal solutions of not equidistributed energy.
In what follows, in order to avoid the presence of unnecessary constants, we take for simplicity o = 1,
and we choose 1
A = pL,
being L the Laplace-Dirichlet operator of the concrete Example 2.2. Accordingly, the eigenvalues of A
read
A, = nz,

with corresponding eigenvectors
e,(x) = V2 sin(nmx).

Example 6.9. Let
k=3 and (n1,mp) = (1,2).

In this situation, an easy computation shows that

X=-2+ \/5,
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Y =-2- V3,
W=-7+4V3,
Z=-7-4V3,
and 61
m= <16 =9
Accordingly, if S is such that 6l
T < —B < 16,

the couple (n;, n,) belongs to B}. Hence, there exist four solutions of the form

u=aqae; +aes,
v=(V3=2aie; + (4 V3 = Tases,

where a, @, € R solve the system

@} +4a2=3V3-10-4,

(V3 -2 +42(4V3 -7 = -3V3 - 10 -,
and four solutions of the form

{u =16 + @es,

v=—( ‘/§ +2)aie; — (4 V3 + Tases,
where ay, @, € R solve the system

@’ +4a% =-3V3-10-5,
(V3422 +4a2(4V3+ 7> =3V3-10-.

For instance, when 8 = —31/2, the solutions of system (6.25) are

(xay, xay) and (xay, Faz),

@ = _J%@_—lz ~ —1.93185,
263 —45

with

_ ! \/ 362 V3 - 627 ~ —1.31948,
2 N 2(5042 V3 - 8733)
while the solutions of system (6.26) are
(xay, =ay) and (xay, Fap),
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with

@ = — /—7‘/§+ 12 051763,
26 V3 +45

@ = —1\/ 362V3+627 ) o,
2\ 2(5042 3 + 8733)

Example 6.10. Let
k=1 and (ny,m) = (1,2).

In this situation, an easy computation shows that

-4
X = ;\ﬁ,
3
—4 -
yo 4= V1
3
11+4
W = +—\/7,
3
11-4
7= 1-4VT
3
and 14
M= —.
3
Accordingly, if S is such that
14
_— < —_
3 P

the couple (n;, n,) belongs to B3. Hence, there exist four solutions of the form

u=ae +aes,

V7 -4 47 + 11
V= e + ——— e,
3
where ay, @, € R solve the system
7-4
a%+4a§:‘/_3 -2-p,
V7 -4y AVT+112 4+ V7
2 2 _
P Ay S GAAAL AR

and four solutions of the form

u=ae +aes,

4+ V7 +11—4\/7

y=— 3 ae; 3

ar€;,
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where a1, @, € R solve the system

4 7
+3\/_ ap

4+ V72 11 —4N72 \T-4
(V) M - Y
3 A3 3

For instance, when 8 = -5, the solutions of system (6.27) are

at +4ak = - 628)

2
a;

2-B.

(xay, xay) and (xay, Faz),

with

@ = -2 \/31(28 YUND ) soso,
3\ 35+16V7

~ —0.03587,

6

1\/ 883 + 316 V7
) = ——
18011 + 6808 V7

while the solutions of system (6.28) are
(ia/l, ia’z) and (ia/l, ¢(X2),

with

@, = ! \/31(“ V7-28) ~ —0.71992,
16 V7 - 35

@, = —1\/ 316 V7 - 883 ~ —0.25809.
6 \ 6808 V7 — 18011

7. General Trimodal Solutions

Finally, we consider general trimodal solutions to system (2.1). As previously shown, trimodal Eg-
solutions exist. Then, one might ask if system (2.1) admits also trimodal solutions of not equidis-
tributed energy. The answer to this question is negative.

Theorem 7.1. Every trimodal solution is necessarily an Eg-solution.

Proof. Let (u,v) be a (general) trimodal solution. In particular, with reference to (3.3), a,, # 0 and
vn, # 0 for every n;. Assume by contradiction that (u, v) is not an gg-solution. Then, in the light of

Lemma 5.3, the vectors
[)nl] [)nz] [ ’13]
ny ’ n» ’ ’}/n3

are pairwise linearly independent. Accordingly, each of them can be written as a linear combination of
the other two. In particular, there exist a, b, ¢, d, e, f # 0 such that

@y, = aay, + ba,,,
{ ) (7.1)

Yns = @Yny + DYy,
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Qy, = CQy, +da,,,
(7.2)
Y = C¥my + A¥nys
and
Oy, = ey, + fa,,, (7.3)
Yy = €Yy + [ Vns-
Moreover, due to Lemma 5.2,
anl + yn] 7& 07
Ay, + YV, # 0, (7.4)
Apy + Vi #0.
Therefore, recalling (3.5),
Cu ni + Cv ni
A, = —20m T v¥m (1.5)
a/n] + ynl
Cu n + CV n
/lnz — _M, (7.6)
Ay + Yy
Cua'm + van%
Ay = —————2, (7.7)
Ay + Vs
Substituting the expressions of «,, and y,, given by (7.1) into (7.7), we obtain the identity
[a(alrn + 7n1) + b(a,nz + ynz)]/ln3 = _Cu[aanl + banz] - Cv[aynl + b’y}’lz]
which, making use of (7.5)-(7.6), yields
Ad,, +Ba,, = (A+B)4,, (7.8)
where
A =ala, +vn) and B = b(a,, + Vu,)-
An analogous reasoning, exploiting now (7.2) and (7.3), provides the further equalities
CA,, +Da,, = (C+ D)4, (7.9)
EA,, + FA,, = (E+F)A,, (7.10)

having set

C = c(an, + VYn)s
D = d(an, + V),
E= e(am + 7n|)’
F = flan + V)

Since a, b, c,d, e, f # 0, from (7.4) we learn that A, B, C,D, E, F # 0. Then, introducing the matrix

A B —(A+B)
M=|-(C+D) C D
E —(E+F) F
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and the vector

we rewrite (7.8)-(7.10) as
MA=0.

Direct calculations show that Det(M) = 0, thus Rank(M) < 3.

o If Rank(M) = 2, in the light of the Rank-Nullity Theorem the solution set is a one-dimensional linear
subspace of R?, explicitly given by

A
A
A

KerM) =<4 = tAeRG.

In particular, this forces 4, = 4,, = 4,,, implying the desired contradiction.
o If Rank(M) = 1, there exists w # 0 such that

A=wB,
(1 +w)C =D.
Substituting the explicit expressions of A, B, C, D into the system above

a(ay, +vn,) = wb(ay, + Vn,), (7.11)
c(1 + w)ay, + Vn,) = d(an, + V). (7.12)

Then, plugging (7.1) into (7.12) and exploiting (7.11) and (7.4),
c(1 + w) = db(1 + w).
Since 1 + w # 0 (due to the fact that D # 0), we end up with
c =db.

Appealing now to (7.1) and (7.2),

ni

(1 + da) [“’“] = 2d [“"3],

meaning that the two vectors
)/n1 yﬂ}
are linearly dependent. m|
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Example 7.2. As a particular case, let us consider

p+l

A=L7?, peN,
with L as in Example 2.2. In this situation, the eigenvalues read
/ln — np+ln_p+l.

Accordingly, given a trimodal solution (which, as we know, is necessarily an Eg-solution) and exploit-

ing Corollary 5.6, we deduce the relation
p+1 p+l _  p+l
no+n, =ny .

Therefore, when p = 1, they form a Pythagorean triplet. Otherwise the identity is impossible, due
to the celebrated Fermat’s Last Theorem proved by A. Wiles in recent years [25, 28]. Hence, for
p=2,3,4,..., trimodal solutions do not exist.

8. Comparison with Single-Beam Equations

We conclude by comparing our results on the double-beam system (2.1) with some previous achieve-
ments on extensible single-beam equations. As customary, along the section, we will set

Cy =B+ ollull;. (8.1)
The following theorem has been proved in [8].

Theorem 8.1. The nontrivial solutions of the single-beam equation
Au+C,u=0
are exactly 2|E|, where, in the usual notation,
E={n:1,<-8}

denotes the (finite) set of effective modes. Such solutions are unimodal, explicitly given by

_ﬁ _ /ln
o4,

H

u, ==

n e’l’

for every n € E.
Concerning the case of single beams which rely on an elastic foundation, the result reads as follows.

Theorem 8.2. The nontrivial solutions of the single-beam equation
Au+CAu+ku=0 (8.2)
can be either unimodal or bimodal (but not trimodal). In addition, the following hold.
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e Equation (8.2) admits nontrivial unimodal solutions if and only if the set

F= K A
—{fl./l—+ n<—ﬁ}

n

is nonempty. More precisely, for every n € N, one of the following disjoint situations occurs.

— If n € F, we have exactly 2 nontrivial unimodal solutions of the form

1
uf,f:i\/ y (—ﬁ—%—/ln)en.
04y n

— If n ¢ F all the unimodal solutions involving the eigenvector e, are trivial.

e Equation (8.2) admits nontrivial bimodal solutions if and only if the set
G ={(n1,ny) : my <ny, Ay, + Ay, < =B and A, A, =k}

is nonempty. More precisely, for every couple (n;,n,) € N with ny < ny, one of the following
disjoint situations occurs.

— If (n1,ny) € G, we have exactly the (infinitely many) solutions of the form
u = xep + yen,,
for all (x,y) € R? satisfying the equality
0 Ay + 0V Ay + Ay + Ay + =0 with  xy#0.

— If (n1,ny) ¢ G, there are no nontrivial bimodal solutions involving the eigenvectors e,, and
€n,-

Theorem 8.2 has been proved in [3], in the concrete situation when A = L (the Laplace-Dirichlet
operator). We present here a short proof, which is valid even in our abstract setting.

Proof of Theorem 8.2. Let u be a weak solution! to (8.2). Arguing as in the proof of Lemma 3.3, that
1s, writing
u= Z e,

for some «, € R, we obtain, for every n € N, the identity
/lfla/n + Cy A, + ka, = 0.

Hence, if a,, # 0, we infer that
X+ CA,+k=0.

TAnalogously to (2.3), u € H? is called a weak solution to (8.2) if, for every test ¢ € H?,

<M, ¢>2 + Cu(”» ¢>| + k(”v ¢> =0.
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Since the equation above admits at most two distinct solutions A4,,, we conclude that the nontrivial
solutions to equation (8.2) can be either unimodal or bimodal (but not trimodal).
First, let us look for unimodal solutions u« of the form

u=aye,

for a fixed n € N and some coefficient @, # 0. Analogously to the proof of Theorem 4.2, from (8.2)
we obtain

A+ B+ o)A, +k =0,
which implies
2 _ 1
n Q/ln

k
(_B_A_,,_A")'

Therefore, there exist nontrivial unimodal solutions (explicitly computed) if and only if n € F.
Next, let us look for bimodal solutions u of the form

U= Qe + Apep,
with n; < ny € Nand a,, € R\ {0}. Similarly to the previous situation, from (8.2) we obtain the system

o +Cudy, +k=0,
A +Cudy, +k=0.

Hence
A Ay, = k

and the value C, is determined by (8.1), which yields the relation
00 Ay, + 05 Ay + Ay + Ay + B = 0.
Therefore, there exist nontrivial bimodal solutions (explicitly computed) if and only if (n;,n,) € G. O

A closer look to Theorems 8.1 and 8.2 reveals that the set of steady states of the double-beam system
(2.1) is very rich, and by no means represents a “double-copy” of the set of stationary solutions of a
single-beam equation:

e According to §4, nonsymmetric unimodal solutions pop up, as well as unimodal solutions for
which the elastic energy is not evenly distributed. This feature is illustrated in the forthcoming
pictures”. Moreover, not only a double series of bifurcations of the trivial solution occurs, but
even buckled unimodal solutions suffer from a further bifurcation (see Lemma 4.1 and Figure 2
of §4).

e According to §5 and §6, system (2.1) admits infinitely many bimodal and trimodal Eg-solutions,
and also finitely many nonsymmetric bimodal solutions of not equidistributed energy.

IThe notation in the captions is the same as in §4.
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Figure 6. Nonsymmetric out-of-phase unimodal solutions (a7 4, a7 ;).

9. Appendix: Dimensionless Models of Double-Beam Systems

Let us consider a thin and elastic Woinowsky-Krieger beam of natural length £ > 0, uniform cross
section €, and thickness 0 < h <« €. The beam is supposed to be homogeneous, of constant mass
density p > 0O per unit volume, and symmetric with respect to the vertical plane (£-z). Hence, we can
restrict our attention to its rectangular section lying in the plane y = 0. Identifying the beam with such
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a section, we assume that its middle line at rest occupies the interval [0, £] of the £-axis. According to
the physical analysis carried out in [8, 13], in the isothermal case the motion equation for the vertical
deflection of the midline of the beam

U:¢&1el0, xR —R

reads ,
Eh G
BU——(2D+ 0:.U 2d)a U=—.
202(1 — ) j; 10U ds e = 7
Here,
oh? ERh?
e=0p0.. -2 .+ ——" 5
PO = 2 O T o0 — 2

denotes the evolution operator, while

|Q2] > O is the area of the cross section,

E > 0 is the Young modulus (force per unit area),

ve(-I, %) is the Poisson ratio, which is negative for auxetic materials,

D € R is the axial displacement at the right end of the beam,
G : [0,£¢] x R* — R is the vertical body force applied on the section Q.

We point out that the model is obtained by supposing the beam slender (i.e. 7 < ), and the modulus
of the axial displacement D small when compared to the length of the beam (i.e. |D| < € as well). See
also [4, 5, 19] for more details.

Assuming that G is due to the distributed and mutual elastic action exerted between two equal
Woinowsky-Krieger beams with vertical deflections U = U(&,7) and V = V(&, 1), respectively, we let

G, 1) = —x|[U,1) = V(E 1),

being » > 0 the uniform stiffness (force per unit length) of the elastic core. In this situation, the model
describing the motion of the resulting elastically-coupled extensible double-beam nonlinear system
becomes

Eh ¢ , 9
LU - TS Vz)(2D + fo 10:U(s)” ds) Oge U + m(U V) =0,
Eh ¢ 9
LV — ———(2D 2 _ X v-w=o0
\% 252(1 — Vz)( + L |05V(s)| dS) (9_ng 9] U-v)y=0

In order to rewrite the system in dimensionless form, we exploit the fact that the two beams have
the same structural parameters. In particular, ¢ is viewed as the common characteristic length of the
beams, while the characteristic time 7, is obtained by means of the well-known shear wave velocity ¢,

in bulk elasticity, given by
3 E
TN+

Then, the characteristic time 7 is equal to the ratio £/cy. Explicitly,

[202p(1 + v)
To = —
E
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Consequently, introducing the dimensionless space and time variables

v=2ci01]  and 1= er
£ To

along with the rescaled unknowns u, v : [0, 1] Xx R* — R defined as

U(tx, Tot V(lx, 7ot
u(x’ t) = M and v(X, t) = M’
4 4
we end up with the dimensionless model
(1 -v) h? 2
T(att - Wattxx)u + 5axxxxu - (/\/ + ||6xu|| )axxu + K(I/l - V) = 0,
(1 -v) h?
T(att - @attxx)v + 6axxxxv - (/\/ + ”axvllz)axxv - K(Lt - V) = 07
where || - || denotes the L?>-norm on the unit interval [0, 1], and
h? 2D 2x6%(1 —v?)
6 = — 0’ = — R, B — O
602 X=7° “TEon

Under reasonably physical assumptions on the stiffness x of the elastic core, and since D and & are
comparable, we may conclude that |y| and « share the same order of magnitude //¢, whereas ¢ is much
smaller. Accordingly, |y/d| and x/6 may assume large values, for their order of magnitude is £/h > 1.
Hence, all the stationary solutions exhibited in this paper are physically consistent.
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