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Abstract

In several fields of Physics, Chemistry and Ecology, some models are described by Liouville systems. In this article we first prove
a uniqueness result for a Liouville system in R2. Then we establish a uniform estimate for bubbling solutions of a locally defined
Liouville system near an isolated blowup point. The uniqueness result, as well as the local uniform estimates are crucial ingredients
for obtaining a priori estimate, degree counting formulas and existence results for Liouville systems defined on Riemann surfaces.
Published by Elsevier Masson SAS.

Résumé

En plusieurs champs de Physique, Chimie et Ecologie, quelques modgles sont décrits par les systémes de Liouville. Dans cet
article nous prouvons d’abord un résultat de caractére unique pour un systeme de Liouville dans R2. Alors nous établissons une
estimation uniforme pour les solutions d’explosion d’un systeme de Liouville localement défini prés d’un point d’explosion isolé.
Le résultat d’unicité, aussi bien que les estimations uniformes locales sont les ingrédients cruciaux pour obtenir a priori 1’estimation,
les formules comptant le degré, et I’existence pour les systeémes de Liouville définis sur des surfaces de Reimann.
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1. Introduction

In this article we are concerned with the following generalized Liouville system:

n
Aui+Y aijhje"i =0, iel={l,....n}, £CR% (1.1)
j=1
where £2 is a subset of R2, hy, ..., h, are positive smooth functions, A = (a;;)nxn 18 an invertible, symmetric and

non-negative matrix.
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(1.1) is an extension of the well-known classical Liouville equation

Au+Ve' =0, Q2 CcR?,

which finds applications in many fields in Physics and Mathematics. For example the Liouville equation is related to
finding a metric whose Gauss curvature is a prescribed function [7]. In Physics, the Liouville equation represents the
electric potential induced by the charge carriers in electrolytes theory [25] and the Newtonian potential of a cluster of
self-gravitation mass distribution [1,4,26,27]. Moreover, it is closely related to the abelian model in the Chern—Simons
theories [16-18].

The Liouville systems are natural extensions of the Liouville equation and they also have applications in different
fields of physics, chemistry and ecology. Indeed, various Liouville systems are used to describe models in the theory
of chemotaxis [12,19], in the physics of charged particle beams [2,14,20] and in the theory of semi-conductors [24].
For applications of Liouville systems, see [8,13] and the references therein. Here we also note that another important
extension of the Liouville equation is the Toda system, which is closely related to the non-abelian Chern—Simons
theory [15,28].

Chanillo and Kiessling [8] first studied the type of Liouville systems described by (1.1) with constant coefficients
in R? and they proved that under certain assumptions on A, all the entire solutions (£2 = R?) are symmetric with
respect to some point. Their result was improved by Chipot, Shafrir and Wolansky [13], who proved among other
things the following symmetry result:

Theorem A (Chipot-Shafrir—-Wolansky). Let A = (a;j)nxn be an

invertible, symmetric, non-negative and irreducible matrix, (1.2)

u={uy,...,u,} be an entire solution of

n
Au; +Zaije“f =0, Rz,
Jj=1

(1.3)
/e”" <oo, iel=/{l,...,n}.
R2
Then there exists p € R? such that all uy, . .., u, are radially symmetric and decreasing about p.

Recall that a matrix A is called non-negative if a;; = 0 (i, j € I), irreducible if there is no partition of I =1; U I,
(IiNIp=9Y)suchthata;; =0,Vi € I1,Vj € .
It turns out that the following quadratic polynomial is important to the study of (1.3):

Aj(0)=4Y 01— Y ajoio0j, JcI={l,...,n}, (1.4)
ieJ i,jeJ
Whereaiz%fRze”i,az{al,...,an}.

It was first proved by Chanillo and Kiessling [8] that entire solutions of (1.3) must satisfy a Rellich—Pohozaev
identity:

Ar(0)=4) 0i— Y aijoio; =0. (1.5)

iel i,jel
Later Chipot, Shafrir and Wolansky [13] proved the necessary and sufficient condition for the existence of entire
solutions to (1.3):

Theorem B (Chipot-Shafrir—Wolansky). Let A satisfies (1.2). Then o = {01, ..., on} satisfies
Ap(0)=0 and Aj(0)>0, VOIGJ &I, (1.6)

if and only if there exists a solution {uy, ..., u,} of (1.3) such that % f]RZ éli =0y, i el
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From now on we use IT to represent the hyper-surface that satisfies (1.6). It is immediate to observe that for each
o ={o1,...,0,}on I, there is more than one solution corresponding to . Indeed, let {u, ..., u,} be such a solution,
then {vy, ..., v,} defined by

vi(y) = ui(xo+8y) +2logs, VxgeR2 V8>0,icl,

clearly solves (1.3) and satisfies fRZ eV = fR2 e" (i € I). A natural question is: are all the solutions corresponding
to o obtained from {uy,...,u,} by translations and scalings? Our first result in this paper is to give an affirmative
answer to this question:

Theorem 1.1. Let A satisfies (1.2), u = (uy,...,u,) and v = (v1, ..., v,) be two radial solutions of (1.3) such that
Jr2€"i = [gae¥, i €1, then there exists 8 > 0 such that vi(y) = u;(8y) +2logs, i € I.

As is well known, for various equations it is important to have a classification of all the global solutions. The
classification theorems of Caffarelli, Gidas and Spruck [6], Chen and Li [11], Jost and Wang [16] and Lin [22] play a
central role in the blowup analysis for prescribing scalar curvature equations, prescribing Gauss curvature equations,
Toda systems and prescribing Q-curvature equations, respectively. The existence result of Chipot—Shafrir—Wolansky
(Theorem B) and the uniqueness result (Theorem 1.1) can be combined to serve as a classification theorem for the
study of the blowup phenomena of Liouville systems.

In [13] Chipot, Shafrir and Wolansky also studied the Dirichlet problem for the Liouville system (1.1) on bounded
domains. They considered the nonlinear functional F':

F(u) = Z/ UNuVu; — Z,o]log(/he ) u € H} (2),

zjel

where a'/ (i, j € I) are the entries of A~!, p; (i € I) are constants, and h; (i € I) are positive smooth functions.
Suppose the matrix A = (a;;) is positive definite, it was shown in [13] that F' is bounded from below in HO1 (£2) if and
only if A;(p) 20 (o = (p1,.-..,pn)), and a minimizer of F (u) exists if Aj(p) > 0. Obviously the Euler—Lagrange
equation for the functional F is the following:

n
hieti
Au; + ai]pj]—4=0, QCRz, iel,
,; Jahje" (1.7)
u; =0 onas2,

so the existence problem for (1.7) is solved if Aj(p) > 0.
It is also natural to consider Liouville systems on Riemann surfaces. Let (M, g) be a Riemann surface of volume
equal to 1, then the following variational form

Jo(u) = Z/ U ;i Vou, —i—Z/p, " Zp,log/he

lle ]]M

corresponds to the system

A +Zn: ( hjel 1) 0, M, icl (1.8)
glUi Pjdij\ 7 7 7 — =0, , 1 . .
= fM hje'idV,

(1.7) and (1.8) are generalizations of the Liouville equation defined locally or on Riemann surfaces, respectively.
For the single Liouville equation, various results on a priori estimate, degree counting formula and the existence
of solutions have been obtained by Chen and Lin [9,10]. To study (1.7) and (1.8), it is important to understand the
asymptotic behavior of blowup solutions.

In this article, we consider the following local estimate crucial to the study of (1.7) and (1.8): Let uk = {u’]‘ s n}
be a sequence of functions which satisfies
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n
k
Auf+ 3 ahkei =0, BICR? el
j=1
/hﬁfe”f-‘gc, iel k=12,...,

By

where B is the unit ball with center O, {hf }ier are positive C! functions uniformly bounded away from 0:

et <hb <o, n};ax|Vh§-‘|<c1, iel, k=1,2,....
1

Suppose 0 is the only blow-up point for u* and each component of u* has a finite oscillation on 9 By :
mgxu{f <C(R2), VReB\{0),iel k=1,2,...,

|uf-‘(x) —uf(y)| <cp, VYx,ye€eodBy,iel

(1.9)

(1.10)

(1.11)

(1.12)

Our main assumption on #* is that u* converges to a Liouville system of n equations after scaling: Let u'f (x{‘ )=

. 1o ke k
maxg, uf‘ Gel), e =e 2101 and

) =uf (exy +xf) —uk(xF), yeu, iel, (1.13)
where 24 :={y; e_%“lf(xll{)y +x]1‘ € B1}. Then
vk = (vk, ..., vF) converges in Clzoc(Rz) tov=(vi,...,0Un), (1.14)
which is a solution of the Liouville system
¢ 2 k(.,k
Av; +§aijh,»evf =0, R% b= lim Ai(xf), el
Note that vy, ..., v, are all radial functions because by Theorem A they are all radially symmetric with respect to a

common point and 0 is the maximum of v{. Our major local uniform estimate is:

Theorem 1.2. Let A satisfies (1.2), uk = (u’f, e uﬁ) be a sequence of solutions to (1.9) such that (1.9)—(1.14) hold.

Then:

(1) there exists a sequence of radial solutions vk = (Vk, ey V,{‘) of

" k
AVE+D aihk )" =0, R, /evf <oo, iel,
j=1 R2

such that along a subsequence
luf(x) — VF(x —xf)| < C(A,co,c1,0), i€l xeBy,

where o = (01, ...,0y), 0; = ﬁ f]R2 hie¥i, V¥ is uniquely determined by:
(@) V{(0)=uj (kxb; k
®) a2 h’;(O)eV.f = [p hhe", j=1,....n—1.

(2) There exists § > 0 such that

k A
> i / et / B =8x Y / ikt 4 0(e=h),
B B

i,jel ieIBl

(1.15)
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First we note that since every entire solution of the Liouville system satisfies (1.5), fRz hf‘l(O)eVnk is uniquely
determined by (b) and

s k

> ai / hk(0)e"" /h’;(O)er =81y / nk0)e"" .
ij R2 R2 i R2

Second, one is tempted to think that (1.15) is equivalent to |v£‘ —vi| < C (i € I)in £2. In fact, the function v may not

be V¥ scaled according to the maximum of «* and the difference between v* and v may not be uniformly bounded
in £2;. This is a special feature of Liouville systems which can be observed from the entire solutions of (1.3) as

follows: Every point on I7T corresponds to an entire solution. Let 0% = (crlk, e a,’l‘ ) be a sequence of points on I7 that
tends to o = (071, ...,0,). Let {wk = (w’l‘, e wf,)} be a sequence of solutions corresponding to o; which converges
in C120C (R2) to w = (w1, ..., wy), a solution corresponding to o. By standard potential analysis (see [13])

wk(x) = —(Za,'jajl-‘) Injx| + O0(1), |x|>1,
j
and

w; (x) = —<Za,~jq/> Inlx|+0Q), |x|>1,i€el.

J

From the above we see that even though 0¥ — o, the difference between w* and w may not be finite at infinity.
Therefore the choice of V¥ in the statement of Theorem 1.2 is necessary.

For Liouville equations without singular data, the type of estimate in Theorem 1.2 was first derived by Li [21].
Later Bartolucci, Chen, Lin and Tarantello [3] and Jost, Lin and Wang [18] established the same type of estimates
for Liouville equations with singular data and Toda systems, respectively. The results of Li[21] and Bartolucci, Chen,
Lin, Tarantello [3] have been improved by Chen and Lin [9] and Zhang [29,30] to a sharper form.

The estimates in Theorem 1.2 would be very important when a sequence of solutions {uF} of (1.8) has more than
one blowup point. Suppose uk = (u’f, e uﬁ) is a sequence of solutions of (1.8) with p; > 0 (i € I). Assume that
p1, p2 are two blowup points, and the assumptions of Theorem 1.2 hold in neighborhoods around p; and p>. By
Theorem 1.2 there exist two entire solutions obtained from the scaling of u¥ at p; and p,. The question is whether
these two entire solutions are equal. Indeed, the answer is yes when A is positive definite, which is a consequence
of Theorems 1.1 and 1.2 (see Section 5 for a proof of this fact). The conclusion here is crucial to proving a priori
estimates for (1.7) and (1.8). In a forthcoming paper [23] we shall discuss the a priori estimates, degree counting
formulas and existence results for (1.7) and (1.8).

Our next result concerns the location of blowup points for a sequence of blowup solutions. Let {u*} be a sequence
of solutions of (1.9) that satisfies the assumptions in Theorem 1.2. Let {wik}ie 7 be the harmonic functions defined by
the oscillations of uf‘ on 0Bj:

Ay =0, B,
1
k k k
Vi =u; — T / u;dS, ondBj.
aB)
By the mean value property of harmonic functions we have wl.k (0) = 0. Also, since {ui.‘},-E 1 have bounded oscillation

on 0B, all the derivatives of {wl.k},'E 1 on By, are uniformly bounded.

Theorem 1.3. Let h;, ; (i € I) be limits of h;‘ and l/fik, respectively, then under the same assumptions in Theorem 1.2

Z(M + VW’(O))O =0
i \ i) l o

Theorem 1.3 can be used to determine the locations of blowup points for (1.8) in the following typical situation.
Let {u*} be a sequence of blowup solutions to (1.8) with p; > 0 (i € I), A satisfies (1.2). In addition we assume
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A to be positive definite for simplicity. We can certainly assume || M hf.‘e”f'c dV, =1 (i € I) because for any solution
u={uiy,...,uy}to(1.8), adding a constant vector {Cy, ..., C,} to u gives another solution. Suppose pi, ..., p, are
disjoint blowup points of u* such that around each p; (t =1, ..., m), u* converges in ClzoC (R?) to a Liouville system
of n equations after scaling. Let G be the Green’s function with respect to —A, on M:

—AG(x,p)=6,—1, /G(x,p)dVg(x)zo
M

Corresponding to G we define

1
G*(x,p)=G(x,p)+ gx(f’) logr

where r = d,(x, p), x is a cut-off function supported in a small neighborhood of p. Using G*, the blowup points
D1, - .., pm are related by the following equation:

Vghi(ps)
;( h(os) m(ija,j)Zle (ps,pl)) s=1,...,m, (1.16)
where V| G* means the covariant differentiation with respect to the first component.

Even though the results in this paper (Theorems 1.1-1.3) have their counterparts for the Liouville equation, there
are some essential differences between the Liouville equation and the Liouville system that make the analysis for
the latter harder. First, the uniqueness theorem (Theorem 1.1) for the system is generally harder to prove than one
single equation, because of the lack of the Sturm-Liouville comparison theory for the linearized system. New ideas
are needed to handle this difficulty. In this article, we mainly use the method of continuation to prove Theorem 1.1.
Second, for the Liouville equation on R?

Au+e* =0, R? /e”<oo.
RZ

All the solutions satisfy fRz e" = 8m. However, for the Liouville system (1.3), let 0 = (o1, ..., 0y,) be the integration
of the entire solutions, which is on I7T (see (1.6)). From Theorem B we see that under some conditions we have a
continuum of solutions, as every point on 71 corresponds to a family of solutions. This difference on the structure of
entire solutions exists not only between the Liouville equation and the Liouville system, but also between the Liouville
system and Toda systems [18]. Finally, for the Liouville equation, the Pohozaev identity is a very useful tool, which
gives a balancing condition between the interior integration and the boundary integration. However, for the Liouville
system, the information from the Pohozaev identity is limited, as we have more than one equation. In this article, we
use the uniqueness theorem (Theorem 1.1) to remedy what the Pohozaev identity cannot provide.

The organization of the paper is as follows: In Section 2 we prove Theorem 1.1 for two equations. We feel that the
case of two equations is more explicit and represents most of the difficulties of the system. Then in Section 3 we prove
the general case of Theorem 1.1 by mainly stating the difference with the proof in Section 2. In Section 4 we prove
Theorem 1.2 and in Section 5 we prove Theorem 1.3 as well as (1.16). Finally in Appendix A we list a few Pohozaev
identities to be used in different contexts.

2. Proof of Theorem 1.1 for two equations

In this section we prove Theorem 1.1 for two equations. So the system is

Auy +ap et +ape?r =0,
Auy + appe'! 4+ axpe*? =0, Rz,

@.1)
/e”1<oo, /e“2<oo,
R2

R2
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where the assumption on A now becomes a;; > 0,i =1,2, ajp > 0 and a%z #ajjax. Let

1

T 27
R2

Oj

e"  and m,-:Zaijaj, i€1={1,2}.
J

By standard potential analysis (see, for example [13]) we have

m;>2, iel={1,2}, (2.2)
and

ui(x)=—m;Inlx|+0(), |x|>1,i€el. (2.3)

Let u = {u1, u>} be a radial solution of (2.1) and we consider the linearized equation of (2.1) at u:

(r¢f(r))/+zaije”f¢j(r)r=0, O<r<oo, i€l (2.4)
J

Lemma 2.1. Let ¢ = (¢1, ¢2) be a solution of (2.4), then ¢;(r) = O(Inr) at infinity fori € I.

Proof. Let ¢ (t) = (Y1 (¢), Y2(¢)) be defined as
Vi) =g¢i(e"), iel
Then y satisfies

YO+ a2 1) =0, —co<t<oo, i€l
j

Let Y3 =, Yu =y} and F= (y1,..., ¥4)7, then F satisfies

F =MF
where M = (g ;) B is a 2 x 2 matrix with B;; = —a;;¢*/) 2 For ¢ > 1, the solution for F is
F(t) = lim M) M pq), (2.5)
N—o00

where 7, ..., ty satisfy t; = j*€, j=0,...,N,e =t/N. Since ui(e') +2t ~ (—m; +2)t when ¢ is large and m; > 2
(see (2.2)), we have ||B|| ~ e~ for some § > 0 and ¢ large. With this property we further have

IMI¥ < Ce ™ k=2,3,...,t>0, (2.6)
for some &1 > 0. Using (2.6) in (2.5) we have

[FO|=0@), t>1.
Lemma 2.1 is established. O

Lemma 2.2. Let ¢ = {¢1, ¢2} be a bounded solution of (2.4), then ¢ = C(ru’, + 2, ru’, +2) for some constant C.

Proof. Let
¢0 = (ru’1 +2, ru’2 + 2),

itis easy to verify that ¢° solves (2.4) and ¢° is bounded. We prove Lemma 2.2 by contradiction. Suppose ¢ =(¢1,92)
is another bounded solution of (2.4) and is not a multiple of #°, then ¢° and ¢ form a basis for all the solutions of (2.4).
Since ¢1(0) and ¢;(0) cannot both be 2, without loss of generality we assume ¢ (0) = 0 and ¢,(0) = 1. We use E to
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denote the set of all solutions. Since every solution is a linear combination of ¢ and ¢, all the solutions are bounded.
Let

-
S= {(x ‘9 (@1,02) € E, ¢1(0) =2, ¢2(0) =« < 2, such that fe“’(j),-(s)sds >Qforallr >0, iel;.
0
We note that if ¢»(0) =2, then ¢ (rr) = (ru’l(r) + 2, ru/z(r) + 2). It is easy to see that 2 € S because
r
/e“"(sué +2)sds =r2ei) >0, iel.
0

Next we see that S is a bounded set. Because if o < 0, let ¢ = {¢1, ¢>} be the bounded solution such that ¢ (0) =2,
$2(0) = . Then for "2y (s)s ds < 0 for r small enough. So « ¢ S.

Set ap = infs or. Then we claim that ag € S. In fact, let {oy € S} tend to oy from above as k — oo, let ¢* = {qbf, ¢]2‘}
correspond to . Since o € S, for se”fgbf‘ (s)ds > 0, for all ». Moreover, it is easy to see that ¢>k converge to a

solution ¢ = (¢1, ¢») in E because ¢X’s are linear combinations of ¢° and ¢. It is also immediate to observe from the
convergence that

.
fe“"dn(s)sds >0, forallr>0,i€el.
0

Thus,

r

’”¢;(V)=—Za,~‘,~/e”f¢j(s)sds<O, iel.
P

So both ¢ and ¢, are non-increasing functions. Since they are bounded functions, for each i € I there exist r; — oo
such that r;¢/(r;) — 0, which leads to

o0
Zaij/e“fq&j(s)sds:O, iel.
i 0

Then we obtain the following from the invertibility of A:
0.¢]
/e”"d),- (s)sds =0, iel. 2.7
0
Since ¢ and ¢, are non-increasing functions, (2.7) implies that

lim ¢;(r) <0, iel.
r—00

Indeed, for example for ¢q, fooo e"1¢1(s)sds = 0 and the monotonicity or ¢ imply either lim,_, o, ¢1(r) < O or
¢1 = 0. Then we see immediately that the latter case does not occur, as ¢1(0) = 2. Similarly for ¢,, the case that
¢» = 0 also does not happen because ¢ % 0. Another immediate observation is ¢, (0) > O.

For the above, we have

r

/e””d)is ds >0 if¢;(r) >0, and

0

r o
/€"i¢i5ds>/eui¢isdszoa if ¢i(r) <0.
0 0

Thus ag € S.
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Now we claim that fc_)r € > 0 small enougtl, og—€ € S. Indeed, conside{ ¢— ed;, opviously this is a solution to (2.4)
and satisfies ¢1(0) — €¢1(0) =2, ¥ (0) — e (0) = ag — €. Since {¢p| — €¢1, P2 — €¢2} is a bounded solution of (2.4)
we have

o0
/e“f (pi —egi)sds =0, iel.
0

For r large and € small, since ¢ (r) and ¢, (r) are smaller than a negative number for r large, it is easy to choose €
small enough so that

oo

/eui(¢i —edi)sds <0, iel,
r
for all large r large. Consequently

r

/e“" (pi —ei)sds >0, iel, (2.8)
0

for all large r. Then by possibly choosing € > 0 smaller, we can make (2.8) hold for all r > 0. ¢g — € € S is proved.
This is a contradiction to the definition of «y. Lemma 2.2 is established. O

Now we are in the position to complete the proof of Theorem 1.1 for two equations. We consider the following
initial-value problem:

u'
u! + L+ a;e =0, i=1,2,
Lo 2}: ! (2.9)
u1(0) =a, u2(0) =0.
Casel.q;; >0,i=1,2.

Since a;; > 0, by Lemma 3.2 in Section 3, the solution pair u; (r) exists for all ¥ > 0 and i = 1, 2, and satisfies

o
/e”"(r)rdr<+oo, i=1,2.
0
Set
o
ai(a)z/e“"(r)rdr, i=1,2.
0

Thus o (@) = (01, 07) is a function of @ and lies in IT (defined by (1.6)), which is a curve: Aj(c) =0 (o1, 02 > 0).
We want to prove that

o:R—1I

is a 1-1 and onto map. Since both R and IT are connected, it suffices to prove o is an open mapping. In the following,
we want to show the claim

? 5
%;ﬁo and %;éo for all & € R2. (2.10)

Then the openness of o follows immediately.
We prove this claim by contradiction. Suppose there exists « such that, say, d,01 = 0. This implies immediately
that
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o
/reul(pl —o, (2.11)
0

where ¢ = dyu;. Correspondingly we set ¢o» = dyur. Then {¢1, ¢} satisfies the linearized system (2.4). By
Lemma 2.1 ¢; (r) = O(Inr) at infinity. The Pohozaev identity for (2.4) is (see Appendix A for the proof)

-

Z<r2¢,~ (r)e'i =2 / 5€"i i (s) ds) == a7 (rg{) (ru;(r). (2.12)

i 0 ij
The first term on the left-hand side of (2.11) tends to 0 as r — oco. To deal with the terms on the right-hand side, first
we use the equation for ¢; to get
r
—rd),{(r) = Zail / sel¢(s)ds.
L

The equation for u; gives lim,_, rug (r) = —m;. Putting the above information together we obtain the following
from (2.12):

> (m —2)/se”"¢>i(s)ds =0.
i 0

By (2.11), we have
(,¢]
/e”i¢irdr =0, i=1,2.
0
Using (2.12) for the equation for ¢; we have

r 00
—r(pl{(r):/Za[je"j¢jsds:—/Zaije”fqﬁjsds:O(r_‘s)
5 , 5

for some § > 0. Therefore ¢; (i € I) is bounded at infinity. By Lemma 2.2, there is a constant ¢ such that ¢; =
c(ruy’ +2), ¢» = c(rup’ + 2). But one sees immediately that this is impossible because ¢1(0) = 0, ¢2(0) = 1. The
claim is proved.

Theorem 1.1 for this case is implied by the claim. In fact, suppose {it1, it2} is another pair of radial solutions
of the Liouville system so that fRZ elli = ng e (i =1,2). By scaling, we may assume u3(0) = u2(0) = 0. Since
the mapping o : R"~! — T is one-to-one and onto, we have u;(0) = it (0). Consequently u; = u; (i € I), hence
Theorem 1.1 is proved for the case a;; > 0,i =1, 2.

Case 2. There exists i such that a;; = 0.

Set
My ={a|e e L'(R?), j=1,2, u= (uy,uz) is a solution of (2.9)}.

Similar to the previous step, the map I1; — II is an open mapping. Since aj; = 0 or azp =0, I1 is non-compact and
connected. Thus ¢ is 1-1 and onto from each component of I7; onto /7.

Now suppose 1 has two component, say IT 11 and [T 12 Choose any o of I1. Then there exist oy € IT 11 ,and ap € IT 12
such that u! = (u!, up!) and u = (u12, u22) are the corresponding solutions of (2.9) and satisfy

oo o0

1 2
/e”irdrzfe”/rdrzoj, j=1.2.

0 0



C.-S. Lin, L. Zhang / Ann. 1. H. Poincaré — AN 27 (2010) 117-143 127

Clearly, AR such that for » > Rg and some § > 0,
(u’;)’(r)r <—Q2+428), j=1,2k=1,2.

Now consider the perturbation of (2.9):

2
Aui+ Y (aij +€8ij)e" =0, R i=12,
j=1
u1(0) =a, u2(0) =0.
Here we require € € (0, §p) where &g is so small that the matrix (a;; + €6;;)nx» is non-singular for all € € (0, dp). Let

uke = (ullc’é, ug’e) be the solution of (2.13) with respect to the initial condition (o, 0) (k = 1,2). For §p small we
have

(2.13)

(5)r<—@2+8) atr=Rp, 0<e<.
Then by the super-harmonicity of ulje it is easy to show
(u];.’e(r))/r <—(Q2+8) forr>=Ry.
Thus, 3C > 0 and R; > Rg such that
&0 <@ forr > Ry, (2.14)
Hence fork =1, 2,

o0 o0
ke k
o (o) = [e”f Oy dr = / i r dr +o()=o0j+o(l), j=12,
0 0

where o(1) — 0 as € — 0.
Next we claim that

80—; adj
W(O{k)z a(ak)‘i'o(l)- (2.15)
Indeed,
aof - uk’f(r) au] €
W(ak)zfre Y W(”)d'ﬁ J=12,k=1,2. (2.16)
0
31/16'€ Bug'e

(4> —55-) satisfies the following linearized equation:

k,e

ke 2
ou;’ ke OU;
: Jj .
—A( ala ) = jg_](aij +€8jj)€u] W, 1= l, 2.

Using the argument of Lemma 2.1 we have

<Clnr, r>2,i=12, 2.17)

Z)ui.(’6
e (r)

l,e

where the constant C is independent of € € (0, §p). Moreover, for any fixed R > 0, ag; (r) converges uniformly to

1
aa%(r) over 0 < r < R with respect to €. Using the decay estimates (2.14) and (2.17) in (2.16) we obtain (2.15) by
elementary analysis.

Since lime .o 22" (@) = 2% () # 0, there exists 1 (€) = a1 + o(1) such that

o1(1(e)) = 01 (2). (2.18)
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Both (o] (a1 (€)), 05 (1 (€))) and (o] (@2), 05 (a2)) satisfy A;€(o€) =0, which reads

2 2
Z (aij +€8ij)ofa; =426i€'
i=1

i,j=1

Using (2.18) in the above we have

02 (a1(€)) = 02 (@2).

Since «(€) # an, it yields a contradiction to the uniqueness property that the system (2.13) satisfies. Hence the
proof of Theorem 1.1 for two equations is complete. 0O

3. Proof of Theorem 1.1 for the general case

The proof for the general case of Theorem 1.1 is similar to the case of two equations. We mainly focus on the
difference in this section.

First we point out that Lemma 2.1 still holds for the general case with the same proof. The first major result in this
section is the following:

Lemma 3.1. Let ¢ = (¢, ..., ¢n) be a bounded solution of

(r¢i() + > aije"irg;(r)=0, 0<r<oo, iel={l,....n}, (3.1)
j=1

then ¢;(r) =ru.(r)+2,iel={1,...,n}.

Proof. Let ¢° = (ruy(r) +2,...,ru,(r) + 2), then by direct computation one sees that ¢V is a solution of (3.1).
Suppose there is another bounded solution ¢! = (¢ 11, e, ¢,ll) different from ¢°, without loss of generality we assume
¢1(0) =0, as one of qbl.] (0) must be different from 2. To derive a contradiction we define

S= {(x; 5 a bounded solution ¢ such that ¢1(0) =2, ¢;(0)=«; <3, i=2,...,n; « =min{ay, ..., o}

r

/euf(S)¢i(s)sds >0, Vr>0,i¢ I}.

0

By direct computation 2 € S, which corresponds to the solution ¢°. Since ¢? (i € 1) is strictly decreasing, we can
choose ¢ small enough to make all components of ¢° + ¢! strictly decreasing. By choosing 7 or —¢ we can make
2 — € € § for some € > 0 sufficiently small. Let & be the infimum of S and let af = {oz’f, R oz’,j} € S be a sequence
in S that tends to & from above. Suppose ok = {oX, ..., ¢,’1‘ } is the solution corresponding to oX, then we claim that
{¢*} converges to ¢ = {1, ..., ¢,}, which is also a bounded solution with strict monotone properties described in S.
Indeed, let Y™ = (Y1", ..., ¥,") be the solution to (3.1) such that w;” 0) = 8;”. By Lemma 2.1 /" (r) = O(Inr) at
infinity. ¢* can be written as

P =3 akym (3.2)
m=1

Since o < ozf‘ <3 (i €I)forall k, along a subsequence, af converges to {1, ..., &, }. As a consequence, ¢k converges

to é = an:l ™ uniformly over any compact subsets of R2. The monotone property of ¢k implies that
r
/eufd_n(S)sds >0, iel, Vr>0.
0
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On the other hand, since ¢k are all bounded functions, for each ¢{‘ we find r; — o0 such that r; (¢{‘)/ (r;) = 0. This
leads to
o

/ > aije gk ()sds =0, iel.
0o J
Since A is invertible we have

o n o0
o:/e“quf(s)s ds = Zafnfe”f(%im(s)sds, iel (3.3)
0 m=1_
Since fooo e"iy" (s)s ds is well defined, we let ok = (@1,...,a,) to get
o0
/ M 9gi(s)s=0, iel. (3.4)
0

Using the argument for the case of two equations as well as the assumption that A is irreducible we know each ¢;
decreases into a negative constant at infinity and q_ﬁi (0) > 0. As a consequence, for e”f(“)éi (s)sds >0 foreachr >0
and @ > 0. Thus @ € S. Then as in the case for two equations, {¢ + t¢'} for ¢ small enough also satisfies the strict
monotone property described in the definition of S. Therefore & — € € S for € > 0 small enough. This is a contradiction
to the definition of &. Lemma 3.1 is established. O

Now we complete the proof of Theorem 1.1 for n equations. Let u = (uy, ..., u,) satisfy

” u;(r) u; j
ul-(r)—i- - +Zaij61=0’ O<r<oo,icel,
J

i (3.5)
/re""(r) dr < 00, ’
0
ur(0)y =41, ..., up—1(0)=pFp—1, u,(0)=0.
The following lemma is useful for the case a;; > 0.
Lemma 3.2. Let a;; > 0 (i € I), then for all B = (B1,...,Pn-1) € R"L there exists a solution u = (u;, e, Uy)
to (3.5).
Proof. By standard ODE existence theory we see that for 8 = (81, ..., Bn—1) € R, there exists a radial solution
u=(ui,...,Uu,) in the neighborhood of 0. Then by writing the system as a first order ODE system we see the right-
hand side always satisfies the Lipschitz property, therefore by Picard’s theorem the solution exists for all » > 0. We
are left to show that fooo i gds < 0o. Let v (t) =u;(e’) + 2t (i € I), then v = (vy, ..., v,) satisfies

v (1) + Zaije”-"(’) =0, —oco<t<oo,icl
J
From the equation for u; we have

,
ruj(r) = —/Zaije”f(s)sds <0, r>0,i€el
0o J
Consequently v;(¢) <2 for t € R. Fix #p € R we have, for t > 19,

t
vf(t):vl{(to)—/Zaije”-/(s)ds, iel.
1) ]
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Since a;; > 0 and a;; > 0, it is easy to see that there exists ¢ > 7y such that vlf (1) < 0. Choose ¢ such that vlf (n) =
—4 < 0 for some § > 0, then we see from the equation for v; that

vi(t) <vi(t) =8¢ —1), t>1,

which is equivalent to u;(r) < (—2 — 8)Inr + C for r > e'l. Therefore fooo eti®gsds < co. Lemma 3.2 is estab-
lished. O

Recall that 0; = % Jraeti = fooo eti®sds. o =(o1,...,0,) € IT. Let
Iy :={B=(Bi...., Bu—1); (3.5) has a solution}.

Note that by Lemma 3.2, IT| = R"1Vifa; >0foralli € I. The mapping from I7; to [T is surjective. Here we claim
that it is locally one-to-one. Indeed, let M be the following matrix:

dg,o1 ... 0,01
M= : - :
08,0n-1 ... 0B, ,0n—1
We claim that M is non-singular for 8 € [T and o € I1. We prove this claim by contradiction. Suppose there exists
a non-zero vector C = (cy, ..., c,—1)7 such that MC = 0. Then by setting 8 = c181 + - -- + cu—_18,—1 We have
0o = 0oy =+ =0g0,—1 =0. (3.6)

On the other hand, [T is defined by A; = 0, which reads
Z a,‘ja,»aj = 4205.
ijel iel
By differentiating both sides with respect to 8 we have
Z(Zaijoj — 2)3/301‘ =0.
i J
Since Zj ajjoj > 2, (3.6) implies dgo, = 0. Set ¢; = dgu; (i € I), then ¢ = (¢1, ..., ¢,) satisfies the linearized
equation (3.1) and ¢, (0) = 0. From dgo; =0 (i € I) we have
o
/e“’qb,-(s)sds =0, iel,
0

which implies from (3.1) that ¢ is bounded at infinity. By Lemma 3.1 ¢; = ru;; + 2, then we see immediately that this
is not possible as ¢, (0) = 0. Therefore we have proved that M is non-singular for all 8 = (81, ..., B,—1) € I1;.
We further assert that there is one-to-one correspondence between 1] and I1. This is proved in two steps as follows.

Casel.q; >0,iel.

In this case, IT; = R"~!. The mapping from IT; to IT is proper and locally one-to-one. Since both R”~! and IT
are simply connected, there is a one-to-one correspondence between them. Let u = (u1,...,u,) and v = (v, ..., vy)
be two radial solutions such that u, (0) = v, (0) =0, fR2 et = fRZ eVi (iel). Thenu;(0)=v;(0) (i=1,...,n—1).
Consequently u; = v; (i € I). Theorem 1.1 is proved for this case.

Case 2. There exists ig € / such that g;, ;, = 0.

We prove this case by a contradiction. Suppose ¥ = (ﬁ{‘, ey ,357]) € IT; for k =1,2 and B! # B2, let u¥ be the
solution corresponding to ¥ such that Jxe oM = Jr2 el = o; (i el).
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Just like the case for two equations, we consider the following system

u;(r) , .
! (r) + IT + Z(a,-,- +e8ij)ei =0, 0<r<oo, i€l
J
i (3.7)
/e”"(r)rdr<oo, iel, ’
0
ur0)y=41, ..., up—1(0)=pyp-1, u,(0)=0.
Let u*€ be the solution to (3.7) that corresponds to the initial condition B¥ (k=1,2). Let ok€ = (alk’e, el a,f’e)
ke
be defined as crl.k’6 = f0°° reti” ) dr (i =1,...,n). By the same argument as in the case of two equations, we have
ok€=(o1,...,00) +0(1) (k=1,2)and
80ik’€ d0; . .
=—+4o(), i=1,....,n, j=1,....n—1, k=1,2.
0B; 9B
Consequently the matrix
aﬁlalk’e e aﬁnflo'lk’e
&, ' k,
8ﬁlo-nj] e 8/3”710”761
is non-singular at 8! or 82 for € small. On the other hand, o€ and 0>€ both satisfy
A; (Uk’e) = 4—2:01-](’€ — Z (aij + E(Sij)dik's()]]-{’e =0,
el i,jel (3.8)
A5>0, 0LJ&I1
We use I1€ to represent the hyper-surface described as above. For o€ = (0’12 € U,,2 ¢y e IT¢, we can find ,31’5 =

(B, ..., BY<)) such that
ﬂ},s =,3,1' +o(), j=1,2,....,n—1,

and a solution i€ of (3.7) with the initial condition (8], ..., 81|, 0) such that

After using A =0 in (3.8) we have

o
iy 2.€
re' dr =o0,°.
0

Then the difference between B! and 82 implies B'€ # B2 for € small. A contradiction to the uniqueness property
satisfied by the system (3.7). Theorem 1.1 is proved for all the cases. 0O

4. Proof of Theorem 1.2

First we state a Brezis—Merle type lemma:
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Lemma 4.1. Let 2 be an open, smooth, bounded subset of R>. If

Z k uk .
al-jhje i<4r -6, iel={l,...,n}
o)
for some § > 0, then for any §21 € 2, there exists C (6, §2, £21) > 0 such that

uk(x)<C, xe1e€e,iel.
Proof. Let fik (i € I) be defined as
k
—Aff @) =) ahtes, @2,
J
Ky =0, onag.
Then by Theorem 1 of [5], we have

/e(1+51m" dx <C.

2
where §; > 0 depends on 8. For any 2 € £2, let x € §2/, suppose B(x, §2) C §2, we have, by the mean value property

) = £ = s / (k) — FEO)) dy
B(x,87)
<C / (W) — fE)*dy
B(x,87)
gC/(e"f'€+efik) <C, iel.
2

So by writing uf‘ as uf — fl.k + fik we see that e'i € L1+ (£2"),iel.Let fik be defined as

- k
_Afik(x)zzaijhljeuj()c)’ Q/,
jel
fFx)=0, ond2, iel.
Then standard elliptic estimate gives | fik |<Cin ' (i €l). Let 2" € 2/, then for x € £2”, as before we have

ub ) = ub () = FF o0 + FF ) < C/(e”f +ef)+c<c.

Q/
Lemma 4.1 is established. O
Recall that 0; = %fRZ h;eVi (i € I) where h; = limk_mohf.‘(O). Since v = (v, ..., v,) satisfies the Liouville
system in R?, we have
Zaijgj >2, iel. “4.1)
Jjel
Let 6; =1lim, o limg_, o % f B, hi.‘e”f'{, then the assumption in Theorem 1.2 implies
4.2)

o >0y, 1€l

So (4.1) also holds for {7;};¢;.
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Lemma 4.2.
Z a,-j(?i&j :4261‘. (43)
i,jel iel

Proof. In the first step we prove that in a small neighborhood of 0, say, B(0, o), uf.‘|3 g — —oo fori € I and any
fixed 0 < R < rg.
Indeed, since (4.1) holds for & = (&1, ...,5,), we have )

definition of &;, we find r¢ small and r; — O such that f B, \B et <eo (@ el). Let
ro \Bry

jel ajjoj > 2+ 3¢q (i € I) for some €y > 0. By the

W) =ub(rey) +2nre, Iyl <ritro, i€l

Then the equation for ﬁf‘ is

~k k ok -1
—Av; Zzaijhj(rk')e I, Iyl < ro.

Jjel
Let
v(r)——/ <r<r, ro,zel
0B,
Then
1
—k\/ ~k k
(Ui) r) = E/Avi = /Zal]h (rr-)e’ ldy.
B, By
Forr > 1,

/Zaijh];(f”k')eaj>4ﬂ+2eo, iel.
B J

So by the definition of #¥,

9 () < (—2— G—O)r_l, r>1,iel
T

Consequently
k(rk ro) <2+ )lnrk +C—> —o00, iel.

For any fixed R € (0, o), ui has bounded oscillation on any d Bg, then we know uf‘ — —oo uniformly on d Bg. As
an immediate consequence, u¥ converges to —oo on all compact subsets of By \ {0} because u* is bounded above in
By \ Bg and u¥ has bounded oscillation on 3 Bj.

The second step is to use the first step to evaluate all the terms in the Pohozaev identity. Let G(x, y) be the Green’s
function with the Dirichlet condition. By the Green’s representation formula we have:

k k uk G (x,y) uk .
u,-(x):/G(x,y)Zaijhje”.z_ / T iy )dSy iel.
By J 9B
The Pohozaev identity for the system (1.9) defined on 2 is of the following form (see Appendix A for the proof):

Z(f(x . Vhf.‘)e”f + the”{'(>

iel “o

(Eemtet v sty i )

82
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Let 2 = Bg (R € (0, 1)) in the Pohozaev identity, using the fact that uf‘ — —o0in Cfoc(Bl \ {0}) we observe that

/ Z(x . v)hf-‘e“f —0 and /(x . Vhf-‘)e”f -0, iel
aBg ! B

Also we have
1 !
z—nyz{.‘e“?—mZ&,-.
nBR i i
For |x| =R,

k G (x,y) .
Vu;’.‘(x)=/VXG(x,y)Za,-jh];e“/ — f Vx(Ty>uf(y), iel.
B J 3B,

The second term of the above is the gradient of a harmonic function that has bounded oscillation on dBj. Let
k — 00,

dpuk (x) — +0(),  opuf(x)—>o0Q), iel |x|=R. (4.4)

2. 4ij0;
R
Using (4.4) in the Pohozaev identity, we have
Zaij5i5'j = 42& + O(R).
ij i
Lemma 4.2 is established by letting R — 0. O

Now we claim
g =0, I1€l. 4.5)

To see this, let s; = 6; — o;. We know from (4.2) that s; > 0 (i € I). Since for {0;};c; we also have
ZaijO'iO'j =4ZO’,‘
ij i
we obtain the following equation for s; from Lemma 4.2 and the above:

(S s+ 2 S i =4 s
j i i j i
Since both Zi a;jo; and Zj ajjo; are greater than 2, it is easy to see from the above that s; =0 (i € I). (4.5) is
proved.

zlk(,rlf)

Leteg=e" "2, I_zg‘(y) = hf(eky + xll‘) (i € I). Here we recall that ull‘(x{‘) = maxp, ui‘ (i € I). Then we have

ok
—Avf‘ = Za,-jhll;evf, 2, 1el,
J

where 2 :={y; ery +x{‘ € By}. Let

1
of =5 et and mf = ayok, iel (4.6)
B J

Wehavea!‘—)ai andmi.‘—>mi >2((el).

Proposition 4.1. Given § > 0, there exists R(5, A, co, c1,0) > 1 such that for all large k,

(—=mf = 8)Inly| < vF(y) < (—mf +8)Inlyl, ye 2\ B, i€l 4.7)
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Proof. By the convergence of v to v; in CloC (R?) we only need to prove (4.7) for 2R < |y| < ! Where R > 1. By
the Green’s representation formula we have, for x € By andi €1,

uf.‘(x):/G(x,z)(Zaijh.ke“I;(zv /Wuf(z). (4.8)

B J 9B

Since the major term of the Green’s function is — % In|x — z| and the oscillation of uf‘ on d B is bounded, we have

1 k
u§<x)—uf‘(x{‘)=gf i (Zal, n uj(Z))dz+0(1)-

[x —z]
By
where uk (xk) = maxg, u;. Since our assumption is that uk converges to v = (vy, ..., v,) after scaling. The radial
symmetry of v; 1mphes
k( kY k(. k uk (k) k L.
|ui(xi) uj(xj)‘gcv e 244 |x -|—>0, i,jel.

With this observation and the definition of v (4.8) can be rewritten as

1 |z] .
k _ k v; (z)
v; (y)——zn/ |y—z|< E ajjh’ie )dz—l—O(l), iel (4.9)

£k

The proof of (4.7) can be put into two steps. First we show: For N > 1, there exists R >> 1 such that for |y| > 2R and
all large k,

vk(y) < —2MIly| = N, |y|>2R, i€l (4.10)

To this end, we use the argument in Lemma 4.1. Since crl.k

R > 1 such that

— oj, for € > 0 small to be determined, we choose

vk .
ei <e, i€l
$2k\Br

Fix r > 2R and set
1
Bi(z) = v (rz) +2Inr +2N, 5 < Izl <2, i€l
By letting hi(z2) = ﬁf (rz) we have
_ - Ty 1 )
—Av;(2) = Zaijh./(z)e N Ui @), S <ll<2iel
J

Note that for simplicity we omit k in v;(z) and A;. It is readily verified that

/ Vi@ gz < N / e”ik(y)dy, iel.

f<lzl<2 2 \Br
Now we choose € to be small enough so that
Zaijﬁ];evf <3m, iel.
2\Bg J

The inequality above implies

i .
el <C, iel, @.11)

By\B |
2
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where C is independent of N. Using (4.11) and the argument in Lemma 4.1 we have
vi(z) <co, lzl=1,1i€l, 4.12)

where cg is a universal constant. (4.10) follows immediately from (4.12).
In the second step we use (4.10) and (4.9) to prove (4.7). First since |z| ~ |y — z| for |z| > 2|y|, we have

1 ok
vf‘(y)=§ / n <Zaijhlfev-’(1)>dz+0(l).
j

1 Tk 0@ 8
E/|ln|z||<2a,~jhjevfz dz<Jsinlyl, Iyl > R, (4.13)

where R; will be chosen large in terms of §. Indeed, we can choose R so large that
L 3 ayike’s @ dz < 5/10 (4.14)
2 T z : :
Bay\Br,

Then the integral in (4.13) can be divided into two parts, one part is the integration over Bg,, the other part is the
integration on By)y| \ B, . Since e" decays faster than | y|727% for some 8; > 0, we use the convergence of vf to v;
to obtain that the integration over Bg, is O(1). For the other term it is easy to see from (4.14) that the integration over
By \ B, is less than % In|y|. The last term to deal with is

1 p ok
~5 / lnly—Z|<Zaijhlj‘.ev/“))dz.
j

Bajy|

For this we divide By into two sub-regions:
21 ={z e Izl <Iyl/2}, §25 := Bajy| N 2k \ §21.

Since |y — z| ~ |y| for z € £21 and

1 I 1)
— aiihie'i —mk| <
271/2 : ijnj 1

2

=20
for |y| large. We obtain immediately that
‘Efln|y —~ zI(Zaijhie”t <Z>> dz —m! ln|y|‘ <ghbl Iyl R
21 J
_ ok
To estimate the last term: —% fﬂz In|y —z| (Zj aijhl;ev-/ (Z)) dz, we use polar coordinates and (4.10) to obtain

’ /ln|y - Z|<Zaijﬁljc-ev§(z)) dz
2 j

for a universal constant C. Choose N large enough we see this term is less than 1‘3—0 In|y|. Proposition 4.1 is estab-
lished. O

< Ce Vinly|

Since mf‘ —m; >2,e"%Y ~ 0(|y|~27%) for some 8, > 0. Using this in the proof of Proposition 4.1 again we see
that

[vf () —mfIn(1+|y])| < C(A,co,c1,0), ye, iel (4.15)
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Proposition 4.2.
Zaijaikajl»‘ =4Zc7ik + O(e,ﬁ) (4.16)
ij i
where ¢ > 0 is a small number.
Remark 4.1. Proposition 4.2 is equivalent to the second statement of Theorem 1.2.

Proof of Proposition 4.2. Let m > 2 be less than mi‘ (i € I)and Ly = ¢; © for ¢ > 0 small. We estimate each term of
the Pohozaev identity on Ej := B(0, Lg):

Z( /(y . Vﬁf-‘)e”t‘k +2P_Li-‘e“ik> =1L / (Zﬁfe"tk + Z(aijavvf‘avvlj‘- — %aij (va‘ . va)))
; ) i i

! Ey Ey

By the decay rate of vf (j =1,2), we have

/(y . Vl_zi.‘e”f'() :ek/y . Vhf?(eky +x{‘)e”ik =0(e), i€l

Ey Ey
— k — .
/zhi?e”i =471'Ul.k + O(Lk m+2)7 iel.
Ex
Similarly
ka;‘lfevf =0(L;""), iel
0E;

Now we estimate Vvl{‘ (i € I). By the Green’s representation formula:

—p ok 0G(y,n) )
Wf‘(y)=/vyG(y,n)(Zaijh’;e“ﬂ”))dn— / Vy(#)vf(n)d&], iel 4.17)

2 J 382

The last term above is the gradient of a harmonic function. We know that if f is a harmonic function on Bg, then
IVF(0)| < C-osc(f)/R. By this reason we know that, since vl{‘ has bounded oscillation on 082 and |y| = Ly < ek_l s
the last term of (4.17) is O (eg).

To estimate the first term of (4.17), we use

1
G(y,n)= —Elnly —nl+ Hi(y,n).

For |y| = Lk, Hx(y, n), as a function of 5, is a harmonic function of the order O (In ek_l) on d82;. So for n € Ey, using
Hy(y,n) = Hy(n, y) and standard gradient estimate for harmonic functions, we have

maxyg, Hy

[V He ] = |V Hely | < =5 = 0(<}).
k
Consequently
/Vka(y, n)(Zaijﬁ];e”§> = 0(62)
Ey J

for 6 € (0, 1). We are left with the estimate of the term

1 “p ok
—Z/Vy(lmy—17|)Zaijh];-evl(”)dn.
Ey J
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For this we use

1 1
9y, <_E Injy — nl) — 0 <_E 1n|y|>

C L =nalyP = yalnlP + 250 X e
2 ly =nl2lyl?

and elementary estimate to obtain

1 —p ok _
—Z/Vy(lnb/—m—1n|y|)(2aijhl;evf(n))dn=O(LkmﬂlnLk).

Ey J
Consequently
aavf(y)=[3a(——ln|y|><zauh € f)dn
k
k Ya

=-mi |2+0(L "HinLy), iel, a=1,2.

Using this in the computation of the Pohozaev identity we obtain (4.16). Proposition 4.2 is established. O

Now we are in the position to prove (1.15). One can find {o; 1 }ics that satisfies A7 (0. ) =0, which is

> aijoiroj =4 o
ij i

so that
oix=0f, i=1,...,n—1, Onk — 0y = O(ep) (4.18)
for some § > 0. For {o; t}ier we let VEk=(Vk ..., 1_/,{‘) be the unique global solution so that {\_/ik},-E 1 are radial with

respect to the origin,

1 ; _
E/hf(O)erk —oix. iel, VKO =

Note that the uniqueness is proved in Theorem 1.1. Using o; x — o; (i € I) as k — oo, we assert that \7l.k —v (el
in ClzOc (R?) because v = (vy, ..., v,) is the only radial solution that satisfies % fRz hie'i =o; and v{(0) = 0. On the
other hand, by standard potential analysis

|Vi(y) +mixInly|| < C(A,0), |yl>2,

where m; = Zj a;jjoj k. (4.18) implies |m; j — mf.‘| = 0(6,‘3). Thus by (4.15) we have
i) = VED)| < CA co.c1,0), v e

Let Vl.k be defined by

VE(ery) + 2loger = VA (y).

then the second statement of Theorem 1.2 is established. O
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5. Proof of Theorem 1.3 and (1.16)

In this section we prove Theorem 1.3 and (1.16). Let

~ g k .
uf:uf—lﬂk hf:hf-‘e'/’i, iel.

i

Since ¥ (0) = 0 we have

Vi (0 VA0
~k’( ) = VY0 + k’( ).
7 0) 1k (0)
Let |£] = 1 be a unit vector, then a Pohozaev identity for i* = (zilf, ey llﬁ) is of the form (see Appendix A for the
proof)
~p ik k- O 1 ~ y
/(Zaéhfeui) = / <Zeu" hEE v+ Za” <8quf8§u§ - 5(5 v)(Vak - Vu’j‘)))
Bp ! aBg ! ij

By choosing 0 < R < 1, it is easy to see from the decay rate of iti‘ that

/ Z(e’szlf@ . v)) — 0.
3Br !

. ~p ik e . . .
Also, since hf.‘e”i — 2mo;idg in distributional sense, the left-hand side of the Pohozaev identity tends to

d:hi(0)
"L 0 "

i

To consider the limit of Vftf (x) for |x| = R, we use the Green’s representation formula:

~ ~k
i (x) = / G(x,n) ( > aihh (77)6“/(")> + constant.
B J

By taking the derivative on x and letting X — oo, we have

Vitk (x) = 2mmi Vi G(x,0) = m; |x—|

X
Using this in the computation of the Pohozaev identity we see the limit of the right-hand side is 0. Therefore we have
obtained:

3 0chi©)
hi0)

iel.

i

Since £ is arbitrary, Theorem 1.3 is established. O

Proof of (1.16). Since fM hf.‘e“rk =1 (i € I) the equation for {uk} is (see (1.8))

n
k
Aguf + " pjaij(hEe's —1) =0, M. (5.1)
j=1
Recall that {p1, ..., p,} are disjoint blowup points for {u*}. Let

lim lim — / Rket av (5.2)

oir = lim lim — el . .
o r—0 k—o0 27T ! §

B(p:.r)
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Our assumption is that around each p;, {u*} converges to a Liouville system of n equations after scaling. Let § > 0 be
small enough so that B(p;,§) (t =1, ..., m) are disjoint. For each ¢, let Mtk be the maximum of {uf}ieI in B(ps,$).
In the isothermal coordinates around p;, g = e?8y and Ag = e~? A where 8 is the Euclidean metric. We also have
¢ (0) = |V (0)| = 0. With these properties (5.1) in B(p;, §) becomes

n
k
Auff+ijaije¢hj(e“f—1)=0, Bs, i el.
j=1
Let f; satisfies
Af,-:ijaije‘Phj, B(s, i€1,
J

and f; =0 on d B, then the equation for uf can further be written as

k A
A+ £) + Y pjaije?~inje'it =0, B, iel. )
J
Let

1 k
k k ; k k
Bs J
By Theorem 1.2 and ¢ (0) = 0 the limit of ol.k[ is o0j; (defined in (5.2)). Let m;; > 2 be the limit of mf.‘t, then from
Theorem 1.2 we have, for x € 0 B(p;, §):

k

mi —2
uf(x):-”TM,"+ O(l), x€dB(p,d),iel t=1,...,m. (5.4)

From the Green’s representation of uf‘ it is easy to see that the difference between uf‘ (x) and uf‘ (y) for x, y away from
the blowup set is uniformly bounded. Therefore for fixed #; and t,, using Mtk — 00 we obtain from (5.4) that

miy — 2

=Anp, LEI. 5.5
mitz _2 158%) i ( )

We claim that A;,;, = 1. Indeed, {o;};c; satisfies
> aijoicj =4y o
ij i
which can be written as
Za”mitm/‘t =4 Za”m/‘t.
ij ij
The above is equivalent to
Za”(m” —2)(mj —2)= 4Za'1.
ij ij
Replacing m;; by m;; and m;;, respectively in the above, we have

(1=27,) > d=o.
ij

Recall that A is assumed to be positive definite. So Zij a’ > 0, we have A =101,0=1,...,m).
We can further claim that

1
Ojt = ——, ie[vtzls"'smv (5.6)
2rm



C.-S. Lin, L. Zhang / Ann. 1. H. Poincaré — AN 27 (2010) 117-143 141
k . .
because fM hi.‘e“i =1(@Gel),my, =m, (i €l)and

/ e dVy—0, iel.
M\UL, B(pr.9)

The Green’s representation for uf‘ is

k
uf(x):ﬁi-‘+/G(x,n)2pjaijhje"jdvg. 5.7
M j

The last term of the above tends to

ZG(x,pt)(Zp,-a,-,)/m. (5.8)
t=1 j

Recall that

1
G(x,n)=—Exlnd(x,n)+G*(x,n)- (5.9)

For x € dB(ps, §), by choosing the support of y possibly smaller, we observe that G(x, p;) = G*(x, p;) for t # s.
Therefore, let ¢ be the harmonic function on B(py, §) defined by the oscillation of uf‘ on 9 B(ps, 8), using (5.7)—(5.9)
we have

m
lim V = V1G*(ps, idi .
Jim Vg (ps) 2 1G*(ps Pz)(Z,O]aU)/m
= J
Then (1.16) is a consequence of Theorem 1.3 and the above. O
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Appendix A. The Pohozaeyv identity for the Liouville system

In this section we derive the Pohozaev identity for the Liouville system
n
—Auj =Y ajjhje, QeR’ iel (A1)
j=1

The Pohozaev identity for (A.1) is

Z(/(x -Vhj)e' —|—2h,~e”">
iel Q
= /(Z(x -v)h;e" + Zai-/ <3uuj(x -Vu;) — %(x V) (Vu; - Vuj)>>. (A.2)
1 i,]

82
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Proof of (A.2). We write (A.1) as
=Y dlAuj=hie'i, 2,iel (A3)
J

By multiplying x - Vu; to the right-hand side of (A.3) and integration by parts, we obtain the following terms:

/(x -V)h;e" —Z/h,-e”" — /(x -Vh)e'.
082 2 2

Multiply x - Vu; to the left-hand side of (A.3) and use integration by parts, we have, after taking the summation
oni:

n n
—Z /a”&vujx~Vu,-+/2a”Vu,~Vuj+Z/Z Zalijaaujaubui-
TY: o i ij o a=1b=1

Using the symmetry of @’/ and integration by parts again the left-hand side is equal to

y 1 »
— Z / a’dujx - Vu; + 2 Z / a’ (x -v)(Vu; - Vuj).
ij 90 o
Then (A.2) follows. O

A different version of the Pohozaev identity is as follows. Let & be a unit vector, then we have
. , i 1
> / dhiei = / D eihiEv)+ ) dl (avuiagu,- — 5 V) (Vui - w,-)) (A4)
o) e i i

The third Pohozaev identity is for the linearized system:

(réi() + ZaijeLlfrqﬁj(r) =0, O<r<oo,icl.
j

The Pohozaev identity is:

r

o\ Peir)et =2 / se“igds | == a (rg; (1) (ruj(r)). (A.5)
i 0 i,j

To derive (A.5) we just need to write the linear system as

=Y () =€y, el
J
Multiply ru(r) to both sides of the above and use integration by parts, we obtain (A.5).
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