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ABSTRACT 

Purpose: Radiotherapy of solid tumors has been performed with various fractionation 

regimens such as multi- and hypo- fractionations. However, the ability to optimize the 

fractionation regimen considering the physical dose distribution remains insufficient. 

This study aims to optimize the fractionation regimen, in which we propose a graphical 35 

method for selecting the optimal number of fractions (n) and dose per fraction (d) based 

on dose volume histograms for tumor and normal tissues of organs around the tumor.   

Methods: Modified linear-quadratic (LQ) models were employed to estimate the 

radiation effects on the tumor and an organ at risk (OAR), where the repopulation of the 

tumor cells and the linearity of the dose-response curve in the high dose range of the 40 

surviving fraction were considered. The minimization problem for the damage effect on 

the OAR was solved under the constraint that the radiation effect on the tumor is fixed 

by a graphical method. Here, the damage effect on the OAR was estimated based on the 

dose volume histogram. 

Results: It was found that the optimization of fractionation scheme incorporating the 45 

dose volume histogram is possible by employing appropriate cell surviving models. The 

graphical method considering the repopulation of tumor cells and a rectilinear response 

in the high dose range enables us to derive the optimal number of fractions and dose per 
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fraction. For example, in the treatment of prostate cancer, the optimal fractionation was 

suggested to lie in the range of 8-32 fractions with a daily dose of 6.3-2.2 Gy. 50 

Conclusions: It is possible to optimize the number of fractions and dose per fraction 

based on the physical dose distribution (i.e., dose volume histogram) by the graphical 

method considering the effects on tumor and OARs around the tumor. This method may 

stipulate a new guideline to optimize the fractionation regimen for physics-guided 

fractionation. 55 

 

 

 

KEYWORDS 

fractionated radiotherapy, linear-quadratic (LQ) model, universal survival curve (USC), 60 

repopulation of tumor cells, dose volume histogram (DVH)
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1. INTRODUCTION 

   Radiotherapy with external irradiation for the treatment of solid tumors is currently 

performed by the fractionated irradiation scheme based on the four R’s concept (repair, 

redistribution, repopulation, and reoxygenation) [1]. In standard fractionated 65 

radiotherapy, 60-70 Gy (1.8-2.0 Gy per day) is delivered in about 30 fractions for 

curative treatment. Many studies have examined the effectiveness of various 

fractionation schemes such as multi-fractionation and accelerated radiotherapy [2-6].  

Hypo-fractionated radiotherapy with a high daily dose in a small number of fractions 

has also drawn attention because it has revealed a capability to eradicate tumors without 70 

increasing adverse effects compared to standard multi-fractionation [7-9]. In addition, 

stereotactic body radiotherapy (SBRT) for lung cancer [10, 11] and hypo-fractionated 

SBRT for prostate cancer using a precise localization technology [12, 13] are being 

conducted in which the physical dose distribution is optimized before the selection of a 

dose fractionation. In these circumstances, the appropriate fractionation regimen in 75 

accordance with the prescribed dose to the target region must be determined. Although 

many studies have attempted to find or predict the appropriate fractionation regimen 

[14-17], studies to optimize the number of fractions and to discern the applicability of 

multi- or hypo-fractionation remain insufficient. 
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   Recently, Mizuta et al. have proposed a mathematical method to select a 80 

fractionation regimen based on physical dose distribution [18], and relevant 

investigations into this have been reported subsequently [19-22]. Following the paper 

[18], the authors also presented a graphical method using a “TO plot” to determine the 

appropriate fractionation regimen based on the relation between radiation effects on the 

tumor and an organ at risk (OAR) [23]. These studies have shown explicit criteria for 85 

selecting better fractionation methods, which are determined by the physical dose 

distribution and the α/β value in the linear-quadratic (LQ) model. They concluded that 

multi-fractionation with constant dose is better when the ratio of α/β values for the OAR 

and tumor is less than the ratio of doses to the OAR and tumor δ while 

hypo-fractionated irradiation is better when the ratio of α/β values is greater than δ. 90 

However, in these cases, the optimal number of fractionation turned out to be infinite or 

a single fraction. These optimal numbers of fractionation do not support the clinical 

results achieving good performance with 30 to 40 fractions in standard irradiation and 

three to ten fractions in SBRT. The reason for this defect is presumably that they did not 

consider the repopulation process of the tumor cells and the rectilinear response of the 95 

survival curve in the high dose range. In their study, the LQ model was applied to an 

analytical method, and a graphical method was contrived to illustrate the optimal 
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condition of the fractionation. However, the LQ model has a tendency to overestimate 

the radiation effect on tissues in high dose regions [24-27], while this model doesn’t 

explicitly include consideration of the repopulation of tumor cells. Besides, their 100 

optimization method has another important limitation, i.e., a uniform irradiation is 

postulated over the tumor and OARs. For the use of the method in actual clinical 

practice, it is necessary to improve the method to be able to consider the non-uniform 

physical dose distribution, particularly for OARs. 

   In this study, the same methodology as in their previous work is extended to more 105 

precise conditions by adopting the cell survival models that consider the effect of 

repopulation of tumor cells and the rectilinear response in the high dose range as the 

modified LQ model. We improve the optimization method capable of considering the 

non-uniform physical dose delivery to OARs based on dose volume histograms 

(DVHs). 110 

 

2. METHODS 

2.1 The surviving fraction model 

   First, we define the effect on the tumor E1(d) and the damage effect on an OAR 

E0(δd) as follows, 115 
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 )(ln)( 11 dSdE  ,     (1) 

)(ln)( 00 dSdE   ,     (2) 

where S1(d) and S0(d) are the surviving fractions of the tumor and OAR (subscript 1 is 

for tumor and 0 for OAR), respectively, and δ (δ≥0) is the proportional factor 

representing the dose ratio of the OAR to tumor (i.e., d is the dose to the tumor and δd is 120 

the dose to the OAR).  

   In order to examine the effects on the tumor and OAR in radiation exposure, we 

adopted the following three models instead of the simple LQ model used in the previous 

studies [18, 23]: 1) LQ model considering the repopulation of the tumor (LQ- 

repopulation), 2) Universal survival curve (USC) [28], 3) USC considering the 125 

repopulation of the tumor (USC-repopulation). 

 

LQ model considering repopulation of the tumor (LQ-repopulation) 

   When we define d as the absorbed dose, the surviving fraction S(d) for the 

LQ-repopulation model is described by 130 
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Here, T is the total treatment time, Tk is the starting time and Tpot is the doubling time 

for repopulation of tumor cells. By taking the repopulation of tumor cells into account, 

we expect to be able to estimate the effects of a multi-fractionated radiotherapy. 135 

 

Universal survival curve (USC) 

   The concept of USC was introduced in 2008 by Park et al. It is constructed by a 

combination of the LQ model in the low dose range and the multi-target model in the 

higher dose range [28]. The surviving fraction with USC is given by 140 
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where Dt,1 and Dt,0 are the transition dose (or boundary dose) from linear-quadratic to 

purely linear shape. The USC provides a rectilinear description of the surviving fraction 

in the high dose range above the transition dose while preserving the quadratic nature of 145 

the LQ model in the low dose range. It has been reported that the USC is more realistic 

than the LQ model [28] because it has more success in modelling the outcomes of hypo 

fractionation with high dose per fraction as in SBRT [29-31]. Taking advantage of the 

USC in describing a realistic surviving fraction in the high dose range, it is expected to 
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estimate the effects more accurately for hypo-fractionated radiotherapy because a high 150 

dose per fraction is necessary for hypo-fractionation. 

  

USC considering repopulation of the tumor (USC-repopulation) 

   The surviving fraction in the USC-repopulation is described by  
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This is a hybrid model having the features of the above two models, which aims for the 

precise estimation of the effects in both the multi-fractionated and hypo-fractionated 

irradiation regimens.  

 160 

2.2 Radiation effects of OARs based on dose volume histogram 

   In the previous study [23], the doses to the tumor and OAR were assumed to be 

delivered uniformly for simplicity (i.e., the proportional factor δ was stipulated to be 

constant). However, in the actual situation in radiotherapy, the dose is delivered 

non-uniformly. This is true particularly for the dose to the OAR. To take account of the 165 



10 

 

physical dose distribution of the OAR, we introduce a probability density function f0(δ) 

as a function of δ [23],  





0

0 1)(  df , 0)(0 f .     (9) 

The function f0(δ) is equivalent to the differential DVH of the OAR. Thus the formula of 

the damage effect to the OAR, given in Eq. (2), can be replaced by  170 





0

000 )()(ln)(  dfdSdE .     (10) 

Here, the dose to the tumor is assumed to be uniform with d Gy assuming that a precise 

dose delivery to the tumor is achieved by a modern irradiation technique such as 

intensity modulated radiation therapy (IMRT). 

   Next, we consider N-time fractionated irradiation with a series of dose delivery (d1, 175 

d2,…, dN). If an equally-fractionated dose plan is assumed (the validity of this 

assumption has been discussed in Ref. [18]), the effects on the tumor and OAR are 

given as follows:  

     )()](ln[)()]([ln)),(Reg( 11
0
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     



0

000 )()]([ln)),(Reg(  dfdSdNE N
,    (12) 180 

where f() is the differential DVH (subscript 1 is for tumor and 0 for OAR) and 

Reg(N,d) represents the fractionation regimen with the number of fractions N and the 

prescribed dose per fraction to the tumor d Gy. The dose to the tumor was assumed to be 
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approximately uniform as in Eq.(11). These formulae enable us to separately estimate 

the effect on the tumor and the damage effect on the OAR corresponding to various 185 

fractionation regimens in the case of non-uniform dose to the OAR. 

 

2.3 Optimization of fractionation regimen 

   The essential goal in radiotherapy is to sterilize tumor cells to a requisite level while 

normal tissues (especially OARs) are preserved intact as much as possible. Although we 190 

could deal with the dual problem by attacking the tumor cells as intensely as possible 

under an acceptable damage level to OAR, the former principle was adopted in the 

present study. In accordance with this basic policy, we define the fractionation regimen 

that yields the minimum damage effect on an OAR while the effect on the tumor is 

fixed (e.g., by 30-time fractionated irradiations with total dose 70 Gy) as the optimal 195 

fractionation regimen, 

)),(Reg(1 dNE  → Fixed, 

)),(Reg(0 dNE  → Minimization. 

By regarding the dose (d) as an intervening variable, we can plot a curve to illustrate the 

relation between )),(Reg(1 dNE  and )),(Reg(0 dNE , which we call a “TO plot” [23].  200 
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By the use of the TO plot, the optimal fractionation regimen was sought to minimize the 

damage effect on the OAR while the effect on the tumor was fixed at a targeted level.   

 

3. RESULTS AND DISCUSSION 

   As an example, we applied our optimization method to a case of IMRT for prostate 205 

cancer with bladder and rectum as OARs. Nowadays, IMRT for prostate cancer may be 

performed with standard fractionation or hypo-fractionation as in SBRT. However, we 

have not had any principle to determine the appropriate dose fractionation even with the 

same dose distribution. Figure 1(a) shows a set of DVH samples created to imitate a 

typical case of IMRT for prostate cancer. The differential DVH corresponding to f(δ) is 210 

also given in Figure 1(b). Tumor volume and density are described as a function of the 

ratio (δ) of OAR dose to PTV dose (not directly as a function of the delivered dose). 

These show that the PTV is well controlled while the dose to the bladder is relatively 

low and the range of dose to the rectum is spread. We assumed a set of the parameters 

as: α1=0.15, β1=0.015, α0=0.04, β0=0.02, Tpot=28 day and Tk=0 while Dt,1 and Dt,0 are 215 

fixed at 6 Gy as a typical condition [28]. The effect on the tumor is targeted to the value 

equivalent to a 30-time irradiation (total dose is 70 Gy) as a conventional fractionation 

regimen. The damage effects on the OARs and the effect on the tumor based on Eq. (11)  
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and Eq.(12) can be calculated by numerical integrations.  220 

 

 

FIG. 1. Example of the dose volume histogram for treatment of prostate cancer: (a) 

dose volume histograms (DVHs) for bladder, rectum and planning target volume (PTV), 

(b) differential dose volume histograms for bladder, rectum and PTV. 225 

 

  Table1. Optimal fractionation schemes for organs at risk of prostate cancer 

 LQ-repopulation USC USC-repopulation 

Bladder    

  Number of fractions 1 8 8 

  Dose per fraction (Gy) 24.0 6.5 6.3 

  Total dose (Gy) 24.0 52.3 50.7 

Rectum    

  Number of fractions 32 40* 32 

  Dose per fraction (Gy) 2.2 1.8 2.2 

  Total dose (Gy) 70.9 73.0 70.9 

*The upper limit of the number of fractions was supposed to be 40 in this case although 

the optimal number was given to be infinity in the optimization method. 

 230 
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The results of the analysis on the optimal fractionation conditions from the TO plot are 

presented in Table 1. Here, we have performed the search for the optimal number of 

fractions from 1 to 40 times (we set 40 times as the maximum fractionation number 

tentatively, according to a typical clinical condition [32]). The TO plot calculated with 

the LQ-repopulation model for the bladder and rectum is shown in Figure 2. In this case, 235 

the plots show that a single fraction is the best for the bladder whereas 32 fractions is 

the best for the rectum. By using Eq.(3) and Eq.(4), the relevant optimal daily doses for 

them are calculated to be 24 Gy and 2.2 Gy, respectively. Figure 3 shows those for the 

USC model, where the optimal number is 8 fractions for the bladder and 40 fractions for 

the rectum. From Eq.(5) and Eq.(6), the doses per fraction are 6.5 Gy and 1.8 Gy, 240 

respectively. Figure 4 is for the case of the USC-repopulation model. We find that the 

optimal numbers are 8 fractions for the bladder and 32 fractions for the rectum while the 

doses per fraction for them are 6.3 Gy and 2.2 Gy, respectively, from Eq.(7) and Eq.(8).   

 

 245 
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 250 

 

 

 

FIG. 2. TO plots for bladder and rectum calculated with LQ-repopulation model. 

(a) TO plot for bladder, (b) Enlarged view of TO plot for bladder (□ area in (a)), (c) TO 255 

plot for rectum, (d) Enlarged view of TO plot for rectum (□ area in (c)). (N: Number of 

fractions) 

 

 

 260 
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 265 

FIG. 3. TO plots for bladder and rectum calculated with USC model. 

(a) TO plot for bladder, (b) Enlarged view of TO plot for bladder (□ area in (a)), (c) TO 

plot for rectum, (d) Enlarged view of TO plot for rectum (□ area in (c)). (N: Number of 

fractions) 

 270 
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 275 

 

 

 

 

FIG. 4. TO plots for bladder and rectum calculated with USC-repopulation model. 280 

(a) TO plot for bladder, (b) Enlarged view of TO plot for bladder (□ area in (a)), (c) TO 

plot for rectum, (d) Enlarged view of TO plot for rectum (□ area in (c)). (N: Number of 

fractions) 

 

 285 
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   We can summarize the results of this planning case so far as: 

(i) If we adopt the LQ-repopulation model, the optimal fraction number n is 1 for 

bladder and 32 for rectum. The result for the bladder 24 Gy per 1 fraction may be 290 

underestimated.  

(ii) If we adopt the USC model, the optimal fraction number n is 8 for bladder and 

above 40 for rectum.  

(iii) If we adopt the USC-repopulation model, the optimal fraction number n is 8 for 

bladder and 32 for rectum.  295 

   It may be appropriate to use the USC-repopulation model because it is the most 

practical model among the three. However, there still remains the crucial problem to 

determine a unique number of fractions under the condition that n=8 is the best for the 

bladder while 32 is the best for the rectum. In Table 2, we summarize the damage 

effects on the bladder and rectum for n=1, 8, 20, 32 and 40, where n=20 is the average 300 

of 8 and 32. As is shown in Table 2, n=20 seems to be able to provide a well-balanced 

strategy between the fraction numbers 8 and 32.   
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  Table2. Damage effects on rectum and bladder for USC-repopulation model 

n Dose par fraction Total dose Effect for Rectum Effect for Bladder 

1 38.70 38.70 2.155 0.607 

8 6.34 50.69 1.409 0.490 

20 3.21 64.14 1.371 0.499 

32 2.22 70.94 1.363 0.505 

40 1.86 74.24 1.364 0.508 

  305 

   In the previous studies for physical-guided fractionation (PGF) [18, 23], the 

radiation effect was estimated based on the LQ model and a simple rule was found: a 

multi-fractionated irradiation with a constant dose per fraction is better when the ratio of 

α/β value of the OAR to that of the tumor is less than δ, while a hypo-fractionation 

irradiation is appropriate when the ratio is greater than δ. However, the optimal number 310 

of fractions for the multi-fractionated irradiation was infinity and a single fraction was 

optimal for the hypo-fractionated irradiation. Infinite number of fractionations can be 

regarded as a low dose rate irradiation and the success of implanted brachytherapy with 

the nominal treatment period of 1 to 2 weeks is an example. However, for the treatment 

period longer than 2 weeks (where we need to consider the repopulation), it is not 315 

logical to neglect the effect of repopulation in the LQ-model. In the present study, when 

we used the LQ-repopulation model, 32 fractions rather than infinite was shown to be 

optimal. This is consistent with the clinical fact that the standard irradiation with 30 to 

40 fractions in 2 months achieves an excellent tumor control and a low complication 
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rate. Our study suggests that the LQ-repopulation model is more appropriate than the 320 

LQ model without consideration of repopulation in standard external radiotherapy.   

   The TO plot analysis with the LQ-repopulation model predicts that a single fraction 

is the best for the bladder in the treatment of prostate cancer. However, there have not 

been any trials which use a single fraction of high dose irradiation. This may be due to 

emotional fear for serious side effects caused by a single high dose irradiation based on 325 

the over-estimation of the curvature of dose response curve in the LQ-model or 

LQ-repopulation model. In this study, we have shown that the USC model or 

USC-repopulation models predict that 8 fractions with 6-6.5 Gy as a daily dose is 

optimal for the bladder in the treatment of prostate cancer, which is quite similar to the 

dose fractionation regimen actually used in clinical studies of SBRT. This similarity 330 

may be just a coincidence but suggests the superiority of the USC-model for the 

estimation of the rectilinear response in the high dose range. If we adapt the TO plot for 

the treatment period shorter than 4 weeks in hypo-fractionated irradiation where we 

need to consider the rectilinear response in the high dose range, the USC model is more 

appropriate. However, the TO plot using the USC model predicts that 40 fractions is the 335 

best in range of 1 to 40 fractions, i.e. that infinite fraction is the optimal for the rectum.                      
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   On the other hand, the TO plot with the USC-repopulation model predicts 8 

fractions and 32 fractions as the best fractionation for the bladder and rectum, 

respectively. For covering both of the schemes above (i.e., standard radiotherapy in 2 

months and SBRT with high dose per fraction), our results suggest that the 340 

USC-repopulation model is the most reasonable model to be used in this analysis as far 

as the parameters are reasonably pre-determined for these calculations. However, it is 

another issue whether we should select 8 fractions, 20 fractions or 32 fractions as the 

optimal fractionation for this particular patient with prostate cancer. It depends on the 

relative severity of the adverse effect for the bladder and rectum, past medical history of 345 

the patient in the bladder and rectum, whether the patient is taking anti-coagulant 

medication or not, and other complications. The final decision requires clinical decision 

by physicians at present but the PGF can provide additional guidance for the physician. 

In the future, the importance of PGF will increase by introducing weighting factors for 

each OAR. We adopted the USC model as the survival model to consider the linearity of 350 

the surviving fraction at high dose range. However, it would not be necessarily unique 

to the USC model and the similar superiority to the LQ model can be expected even 

when we use other models such as the nonlethal probability model [33] 
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   In this study, we have paved the way for the TO plot for the optimization of the dose 

fractionation in actual IMRT using DVH by introducing a probability density function 355 

f(δ). Because f(δ) is equivalent to the differential DVH, the optimization is possible by 

incorporating the DVH derived from a three-dimensional treatment planning system.  

The present study with three types of the modified LQ model shows a similar tendency 

that leads to the selection in terms of multi- or hypo- irradiation. In the case of IMRT for 

prostate cancer, multi-fractionation is better because the rectum corresponds to tissue 360 

for which the ratio of α/β is less than δ. On the other hand, hypo-fractionation is better 

for the bladder because the ratio of α/β is sometimes greater than δ for the bladder. 

However, the optimal fraction number is estimated not necessarily to be infinity or 

single when we use the modified LQ models. The survival models associated with the 

repopulation of tumor cells enable us to derive the optimal number of fractions as a few 365 

dozens of times (such as 32 times) rather than infinity for the rectum. In addition, by 

means of the models considering the linearity of the surviving fraction at high doses, we 

can derive the optimal number of fractions (such as 8 times) rather than a single fraction 

for the bladder. In this study, we adopted the USC model as the survival model to 

consider the linearity of the surviving fraction in the high dose range and confirmed the 370 

similar tendency to other models such as the nonlethal probability model [33]. By 
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taking account of the repopulation of tumor cells and the linearity in the high dose range 

in the LQ model, the optimization method was improved to be able to derive the 

optimal fractionation schemes, which supports empirical evidence found in clinical 

cases.  375 

   The previous studies were confined to the case that the dose distribution in the 

tumor and OAR are uniform. It should be natural to suppose that the local dose to OARs 

depends on their positions around a tumor while the dose to the tumor is realized almost 

uniform with a precise dose delivery technique such as IMRT. In this study, the 

optimization method has been extended to the case of non-uniform dose distribution of 380 

OARs by introducing a probability density function f(δ). Because f(δ) is equivalent to 

the differential DVH, the optimization is possible by incorporating the dose volume 

histogram. The optimization via TO plot using dose volume histograms is a promising 

method for the determination of the appropriate fractionation regimen in modern 

radiotherapy, where the physical dose distribution is determined before the selection of 385 

dose fractionation. 

   The actual response of tumor and normal tissues may depend on multiple factors 

(e.g., reoxygenation and redistribution) that cannot always be included in simplified 
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mathematical formulae. Therefore, further investigations are required to confirm the 

true optimal fractionation scheme through prospective clinical trials.  390 

 

 

 

4. CONCLUSIONS 

   In this study, we have attempted to derive the optimal fractionation condition (the 395 

number of fractions, dose per fraction and total dose) by quantifying the effects on the 

tumor and OAR based on our optimization method. As the results, we came up with the 

following conclusions: 

(1) The graphical method (TO plot) for the radiation effects associated with the 

repopulation of tumor cells and a rectilinear response in the high dose range enables us 400 

to derive the optimal fractionation scheme for IMRT and SBRT of prostate cancer, 

which may support other appropriate cases in clinical studies.  

(2) It is possible to take account of the dose volume histogram as the physical dose 

distribution in the fractionation schemes to be optimized. 

   We have improved the TO plot method approaching practical use in physics-guided 405 

fractionation, which may lead to a new guideline to optimize the fractionation regimen 

for radiotherapy planning. 
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