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Abstract

We prove several facts about cellularity andκ-cellularity of λ-Lindelöf groups generated by their
κ-stable subspaces. For example, if a Lindelöf groupG is generated by itsκ-stable subspace then
κ-cellularity (and hence cellularity) ofG does not exceedκ. In particular,ω1-cellularity (and hence
cellularity) of a Lindelöf group does not exceedω1 if this group is generated by itsω1-Lindelöf
subspace which is aP -space. For any cardinalµ with ω < µ � c a Lindelöf groupG is constructed
which is separable (and hence has countable cellularity) whileω-cellularity ofG is equal toµ.
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1. Introduction

It is well known that cellularity (i.e., the Souslin number)c(X) of compacta (i.e., com-
pact Hausdorff spaces)X may be arbitrarily large but cellularity of any compact group is
countable. Tkǎcenko [9] proved that cellularity of everyσ -compact group is also count-
able. In particular, it is true for groups generated by their compact subspaces (for example,
for the free topological groups of compacta). Sinceσ -compact groups are Lindelöf and
Lindelöfness is the nearest property of compactness type to that of compactness, it was
natural (after Tkǎcenko’s result) to find out the behavior of cellularity in the class of Lin-
delöf groups.

The situation for Lindelöf groups is much more complicated than for compact ones.
Generalizing Tkǎcenko’s result onσ -compact groups, Uspenskii [12] showed thatc(G) �
ω for any LindelöfΣ -groupG (a spaceX is calledLindelöf Σ if it is a continuous image
of a perfect preimage of a separable metrizable space). Tkačenko [10] and Uspenskii [12]
proved thatc(G) � 2τ for anyτ -Lindelöf groupG (a spaceX is calledτ -Lindelöf if every
open cover ofX has a subcover of cardinality� τ ). Tkačenko [10] constructed a Lindelöf
group G with c(G) = ω1. In [3], a Lindelöf groupG is presented withc(G) = c. The
following problem arose in connection with the results cited above.

Problem 1.When is

(a) c(G) � ω;
(b) c(G) � ω1,

for a Lindelöf (and for an arbitrary) groupG?

A partial answer is contained in Uspenskii’s paper [13] where the notion ofτ -stability
of a space is used. Recall that a spaceX is calledτ -stable [1] if nw(Y ) � τ for any space
Y which is a continuous image ofX and has acondensation (i.e., a one-to-one map) onto
a space of weight� τ . It is completely natural to considerτ -stability in the case of topolog-
ical groups because anyGτ -neighbourhood (i.e., aGτ -set) containing the identity element
of an arbitrary topological groupG contains a closed subgroupH such thatG/H has
a condensation onto a space with aτ -locally finite base (which will have the weight� τ

if G is τ -Lindelöf or c(G) � τ ). In [13] (see Theorems 4, 5 and Corollary 1), Uspenskii
gave an upper bound for the cellularity of aλ-Lindelöf group supposing that it is gener-
ated by aµ-stable subspace. In particular, he stated thatc(G) � ω1 for any Lindelöf group
G generated by its ω-stable subspace. He also showed that the last inequality cannot be
strengthened.

Sometimes it is more productive to consider more strong cardinal functions than cellu-
larity in the theory of topological groups. Recall the corresponding definitions.

A family η of subsets of a spaceX is calleddense in a family ξ of subsets ofX if
every element ofη is contained in some element ofξ and cl∪η = cl∪ ξ . Evidently, the
inequalityc(X) � τ is equivalent to the property: any familyξ of open sets inX has a
dense inξ subfamily of cardinality� τ . This observation explains the following definition
(and the term “τ -cellularity”).

https://www.researchgate.net/publication/285519812_A_topological_group_generated_by_a_Lindelof_S-space_has_Suslin's_property?el=1_x_8&enrichId=rgreq-82920482dce1c4534c87356b42ba5df4-XXX&enrichSource=Y292ZXJQYWdlOzIyOTM0Mzc0NDtBUzoxNDc3MzI1NTU2MzY3MzZAMTQxMjIzMzU5NDEwOA==
https://www.researchgate.net/publication/285519812_A_topological_group_generated_by_a_Lindelof_S-space_has_Suslin's_property?el=1_x_8&enrichId=rgreq-82920482dce1c4534c87356b42ba5df4-XXX&enrichSource=Y292ZXJQYWdlOzIyOTM0Mzc0NDtBUzoxNDc3MzI1NTU2MzY3MzZAMTQxMjIzMzU5NDEwOA==
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Recall that:

• a Gτ -set (= a set of type Gτ ) in a spaceX is the intersection of at mostτ -many open
sets inX;

• aGτ -family in a spaceX is a family ofGτ -sets inX;
• theτ -cellularity celτ (X) of a spaceX is max(ω,min{λ: anyGτ -family ξ in X has a

dense inξ subfamily of cardinality� λ}).

It seems that the definition of celτ X was given by M.G. Tkǎcenko. The case of celω X

was considered, for example, in [13].
Evidently,

c(X) � celλ(X) � celµ(X) for λ � µ.

Note that Uspenskii [13] proved the inequality celω(G) � ω for Lindelöf Σ - (in par-
ticular, for σ -compact) groups and Pasynkov [6] stated the inequality celτ (G) � 2τ for
τ -Lindelöf groupsG. These results strengthen Tkačenko’s and Uspenskii’s ones onc(G)

cited above. In this paper, a strengthening of Uspenskii’s results from [13] will be obtained
and some additional information will be given even forc(G) of some Lindelöf groupsG.

The following problems may be formulated in connection with the cited above results
and Problem 1.

Problem 2.When is

(c) celω(G) � ω;
(d) celω(G) � ω1,

for a Lindelöf (and for any) groupG?

Problem 3. Is it true thatc(G) = celω(G) for all Lindelöf groupsG?

A complete answer to Problem 3 will be obtained in this paper. It will be shown that, for
Lindelöf groups, the difference betweenc(G) and celω(G) may be arbitrary (in possible
limits).

Often the cardinal functionτ − cl(X) = min{µ: for anyGτ -family ξ in X, the closure
cl(

⋃
ξ) is aGµ-set inX} is considered together with celτ X.

Evidently,

λ − cl(X) � µ − cl(X) for λ � µ.

Note that the inequalityω − cl(X) � ω which implies, for example, the almost perfect
normality of X [2], is useful in examinations of inductive dimensions [6] and is often
proved together with the inequality celω(X) � ω. The last inequality is stated by Uspenskii
in [12] for Lindelöf Σ -groups. Some upper bounds forω − cl(G) for special Lindelöf
groups will be given in this paper.

The proof of the main result of Section 2 (Theorem 1) is based on considering the
inverse spectrum (= inverse system)SG defined by a topological groupG, which consists

https://www.researchgate.net/publication/242993040_On_a_generalization_of_perfectly_normal_spaces?el=1_x_8&enrichId=rgreq-82920482dce1c4534c87356b42ba5df4-XXX&enrichSource=Y292ZXJQYWdlOzIyOTM0Mzc0NDtBUzoxNDc3MzI1NTU2MzY3MzZAMTQxMjIzMzU5NDEwOA==
https://www.researchgate.net/publication/238852339_On_inverse_systems_and_cardinal_functions_of_topological_spaces?el=1_x_8&enrichId=rgreq-82920482dce1c4534c87356b42ba5df4-XXX&enrichSource=Y292ZXJQYWdlOzIyOTM0Mzc0NDtBUzoxNDc3MzI1NTU2MzY3MzZAMTQxMjIzMzU5NDEwOA==
https://www.researchgate.net/publication/285519812_A_topological_group_generated_by_a_Lindelof_S-space_has_Suslin's_property?el=1_x_8&enrichId=rgreq-82920482dce1c4534c87356b42ba5df4-XXX&enrichSource=Y292ZXJQYWdlOzIyOTM0Mzc0NDtBUzoxNDc3MzI1NTU2MzY3MzZAMTQxMjIzMzU5NDEwOA==
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of all quotient-spacesG/Hα , whereHα is a closed subgroup ofG. Generally speaking,
this spectrum is not continuous (i.e., for some well-ordered by inclusion family of closed
subgroupsHα,α ∈ A, of G and forH = ⋂{Hα: α ∈ A} the spaceG/H may not be the
limit of the inverse spectrum of the spacesG/Hα), but sometimes this problem may be
taken care of (see, for example, [6,7]). In this paper, the continuity ofSG is stated in some
places.

2. Cellularity and τ -cellularity of λ-Lindelöf groups for λ < τ

Recall that iw(X) � τ for a spaceX if X has a condensation onto a space of weight
� τ .

Definition 1. For cardinal numbersλ andµ, λ � µ, a spaceX will be called(λ,µ)-stable
if nw(Y ) � µ for any continuous imageY of X with iw(Y ) � λ.

Note that the(λ,λ)-stability coincides withλ-stability.

Definition 2. A topological groupG will be called(strongly) algebraically (λ,µ)-stable,
λ � µ, if for any closed normal subgroup (for any closed subgroup)N , iw(G/N) � λ

implies nw(G/N) � µ. A group will be called (strongly) algebraically λ-stable if it is
(strongly) algebraically(λ,λ)-stable.

Lemma 1. If a topological group is generated by a (λ,µ)-stable subspace then it is alge-
braically (λ,µ)-stable.

Proof. Assume that a groupG is generated by its(λ,µ)-stable subspaceA and H is
a closed normal subgroup ofG such that iw(G/H) � λ; let p :G → X = G/H be the
canonical map. Then, forB = pA we have iw(B) � λ and so nw(B) � µ. Since nw(Bn) �
µ, n = 2,3, . . . , andG/H is a continuous image of a countable discrete union of powers
Bn, we have nw(G/H) � µ. �

Recall that an inverse spectrumS = {Xα,pβα;A} is calledλ-continuous for an infinite
cardinal numberλ (see, for example, [6]) if, for any monotone mappingj :λ → A, there
existsγ = supjλ in A and∆{pγj (θ): θ ∈ λ} is a homeomorphism onto the limit of the
inverse spectrum{Xj(θ),pj (κ)j (θ); θ ∈ λ}.

The following proposition is a generalization of Theorem 4 from [13] (for a slightly
stronger notion ofλ-continuity than in [13]).

Proposition 1. Assume that λ < τ and a λ-Lindelöf group G is generated by a subspace
X which is (µ, τ)-stable for all µ with λ � µ < τ . Then G is the limit of a λ+-continuous
τ -directed inverse spectrum S = {Gα,pβα;A} of topological groups such that:

(1) nw(Gα) � τ for all α ∈ A;
(2) the limit homomorphisms pα :G → Gα are open.

https://www.researchgate.net/publication/238852339_On_inverse_systems_and_cardinal_functions_of_topological_spaces?el=1_x_8&enrichId=rgreq-82920482dce1c4534c87356b42ba5df4-XXX&enrichSource=Y292ZXJQYWdlOzIyOTM0Mzc0NDtBUzoxNDc3MzI1NTU2MzY3MzZAMTQxMjIzMzU5NDEwOA==
https://www.researchgate.net/publication/238852339_On_inverse_systems_and_cardinal_functions_of_topological_spaces?el=1_x_8&enrichId=rgreq-82920482dce1c4534c87356b42ba5df4-XXX&enrichSource=Y292ZXJQYWdlOzIyOTM0Mzc0NDtBUzoxNDc3MzI1NTU2MzY3MzZAMTQxMjIzMzU5NDEwOA==
https://www.researchgate.net/publication/242993493_On_the_relative_cellularity_of_Lindelof_subspaces_of_topological_groups?el=1_x_8&enrichId=rgreq-82920482dce1c4534c87356b42ba5df4-XXX&enrichSource=Y292ZXJQYWdlOzIyOTM0Mzc0NDtBUzoxNDc3MzI1NTU2MzY3MzZAMTQxMjIzMzU5NDEwOA==
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We need the following lemma to prove Proposition 1.

Lemma 2.Suppose that G is a λ-Lindelöf group and a family η = {Nα: α ∈ A} of closed
normal subgroups of G is λ-directed (assuming also that α < β if Nβ ⊂ Nα); let N = ⋂

η.
Then

(1) for any neighbourhood O of the identity e of G, there exists a neighbourhood U of
e and α ∈ A such that U · Nα ⊂ O · N;

(2) the topological group X = G/N is the limit of the inverse spectrum of topological
groups S = {Xα = G/Nα,pβα;A}, where pβα is the canonical map of Xβ onto Xα

for β > α.

Proof. Let p :G → X and fα :X → Xα be the canonical maps. Evidently,X is λ-
Lindelöf.

Take a neighbourhoodO of e. There exists a neighbourhoodU of e such thatU2 ⊂ O.
The familyξ = {G \ Nα: α ∈ A} ∪ {U · N} is an open cover ofG. SinceG is λ-Lindelöf,
there exists a subcover{Nα: α ∈ B} ∪ {U · N} of ξ with B ⊂ A, |B| � λ. Sinceη is
λ-centered, there existsβ ∈ A such thatβ > α for any α ∈ B. ThenNβ ⊂ ⋂{Nα: α ∈
B} = G \⋃{(G \Nα): α ∈ B} ⊂ U ·N . HenceU ·Nβ = U2 ·N ⊂ O ·N , so (1) is proved.

Let Y be the limit ofS andpα :Y → Xα , α ∈ A, be its projections. Sincefα = pβα ◦fβ

for β > α, a continuous homomorphismf :X → Y is defined so thatfα = pα ◦ f , α ∈ A.
SinceN = ⋂

η, the mapf is a monomorphism. Ify = {yα}α∈A ∈ Y then the setsf −1yα

are closed inX and their family isλ-centered (becauseA is λ-directed). It follows from
theλ-Lindelöfness ofX thatf −1y = ⋂{f −1

α yα: α ∈ A} �= ∅. Hencef is an epimorphism.
Finally, (1) implies thatf is open and so we may identifyX andY by means off . �
Proof of Proposition 1. We may suppose (see [4]) thatG is a subgroup of the product
Π of topological groupsGi of weight� λ, i ∈ I . Let A = {α ⊂ I : |α| � τ }; prα be the
restriction toG of the projection of the productΠ onto the subproductΠα = ∏{Gi : i ∈ α},
Nα = pr−1

α eα (whereeα is the identity of the groupΠα), Gα = G/Nα , πα be the canonical
map ofG ontoGα , α ∈ A; pβα be the canonical map ofGβ ontoGα for β > α (i.e., forβ ⊃
α), α,β ∈ A. Evidently,we have a τ -directed inverse spectrum of topological groups S =
{Gα,pβα;A}. Let H be the limit ofS andpα :H → Gα be the limit projections,α ∈ A.
Evidently, for everyα, the groupGα has a continuous monomorphism to the groupΠα .

Let us prove (1).
Let |α| = ν. Take the case whenλ � ν < τ . Thenw(Πα) � ν < τ and, by Lemma 1,

nw(Gα) � τ . Now letν = τ . Take an injective and (strongly) monotone mappingj : τ → A

such thatj (θ) < α for all θ ∈ τ andα = ⋃{j (θ): θ ∈ τ } = sup{j (θ): θ ∈ τ }. Then the
family of all Nj(θ), θ ∈ τ , is λ-directed andNα = ⋂{Nj(θ): θ ∈ τ }. Sincew(Πj(θ)) < τ ,
by Lemma 1, nw(Gj(θ)) � τ , θ ∈ τ . Hence, by Lemma 2, nw(Gα) � τ . We have
proved (1).

Let us prove thatS is λ+-continuous.
Take a monotone mappingj :λ+ → A. Sinceλ+ � τ , we haveδ = ⋃

j (λ+) ∈ A and
δ = supj (λ+). LetSδ = {Gj(θ),pj (κ)j (θ); θ ∈ λ+}. If δ ∈ j (λ+) then, evidently, the group
Gδ is the limit of Sδ . If δ /∈ j (λ+) then |δ| > λ. Hence the setB = {β ⊂ δ: |β| � λ} is
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λ-directed andNδ = ⋂{Nβ : β ∈ B}. By Lemma 2,Gδ is the limit of the inverse spectrum
Σδ = {Gβ,pγβ;B} and its limit projections coincide with the homomorphismspδβ , β ∈ B.
The homomorphismspδj (θ) define a continuous homomorphismiδ of Gδ to the limit Hδ

of Sδ such thatpδj (θ) = pj(θ) ◦ iδ , wherepj(θ) is the limit projection of the spectrumSδ ,
θ ∈ λ+. The surjectivity of allpδj (θ) implies the density ofiδGδ in Hδ . Since, for any
β ∈ B, there exists the minimal numberθ(β) ∈ λ+ such thatβ ⊂ j (θ(β)), the continuous
homomorphismkβ = pj(θ(β))β ◦pj(θ(β)) :Hδ → Gβ is defined. Since the inequalityγ > β,
for γ,β ∈ B, implies the inequalityθ(γ ) � θ(β), we convince ourselves that

kβ = pj(θ(β))β ◦ pj(θ(β)) = pj(θ(β))β ◦ pj(θ(γ ))j (θ(β)) ◦ pj(θ(γ ))

= pγβ ◦ pj(θ(γ ))γ ◦ pj(θ(γ )) = pγβ ◦ kγ .

Hence a continuous homomorphismk :Hδ → Gδ is defined such thatpδβ ◦ k = kβ for
anyβ ∈ B. But since

pδβ ◦ k ◦ iδ = kβ ◦ iδ = pj(θ(β))β ◦ pj(θ(β)) ◦ iδ = pj(θ(β))β ◦ pδj (θ(β)) = pδβ

for anyβ ∈ B, we conclude thatk ◦ iδ is the identity map ofGδ . The Hausdorffness ofHδ

and the density ofiδGδ in Hδ imply that iδ andk are mutually inverse homeomorphisms.
We have proved thatS is λ+-continuous.

Sinceπα = pβα ◦ πβ for anyα,β ∈ A, α < β, a continuous homomorphismπ :G →
H is defined such thatπα = pα ◦ π , α ∈ A. The epimorphness of allπα implies that
πG is dense inH . SinceG is a subspace ofΠ , we conclude thatπ is a topological
embedding. Finally, for any pointh ∈ H , the familyh∗ = {π−1

α pαh: α ∈ A} is closed inG
and isτ -(and soλ-)centered. It follows from theλ-Lindelöfness ofG that

⋂
h∗ �= ∅. Since⋂{p−1

α pαh: α ∈ A} = {h}, we haveh ∈ πG. Henceπ is an isomorphism. The openness
of πα , the surjectivity ofπ and the relationπα = pα ◦ π give us the openness ofpα . �
Theorem 1.Suppose that λ < τ and a λ-Lindelöf group G is generated by a subspace X

which is (µ, τ)-stable for all µ with λ � µ < τ . Then

c(X) � celω(G) � celτ (G) � τ and ω − cl(G) � τ − cl(G) � τ.

Moreover, for any Gτ -family ξ in G, there exist a normal closed subgroup N of G and
a closed (and Gτ -) family η in H = G/N such that nw(H) � τ , |η| � τ and the family
p−1η (where p is the canonical map of G onto H) is dense in ξ .

Proof. Let ξ be aGτ -family in G.
Take an inverse spectrumS = {Gα,pβα;A} with the properties such as in Proposition 1.
SinceS is τ -directed, we may find a familyζ in G such that its elements are contained

in elements ofξ ; for everyF ∈ ζ there existα = α(F ) ∈ A and a closed setΦ = Φ(F)

in Gα such thatF = p−1
α Φ;

⋃
ζ = ⋃

ξ . Suppose that there is no dense inζ subsystem of
cardinality� τ . Then, for any ordinal numberθ < τ+, there existα(θ) ∈ A, a closed (and
Gτ -) setΦθ in Gα(θ) and a pointxθ ∈ Fθ = p−1

α(θ)Φθ ∈ ζ such that

xθ ∈ Fθ \ (
cl∪{Fκ : κ < θ}), θ < τ+. (1)

Let Cθ = {xκ : κ < θ}, 2� θ < τ+; C = {xθ : θ < τ+}.
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Theτ -directedness ofS allows us to suppose that

α(κ) � α(θ) for κ < θ < τ+. (2)

Since nw(Gα) � τ for all α ∈ A, there existsθ(1) < τ+ such thatpα(1)Cθ(1) is dense in
pα(1)C. Let δ(1) = α(θ(1)). It is possible, by means of transfinite induction and using the
τ -directedness ofS andτ+, to chooseθ(k) < τ+ andδ(k) ∈ A, k < λ+, so that

θ(k) < θ(l) if k < l < λ+, δ(k) = α
(
θ(k)

)
and

clpδ(k)Cθ(k+1) = clpδ(k)C, k < λ+. (3)

Sinceλ+ � τ , we haveθ(∞) = sup{θ(k): k < λ+} < τ+. It follows from (3) and (2)
that the mappingδ :λ+ → A is monotone. Hence, there existsδ(∞) = sup{δ(k): k < λ+}
in A. The setpδ(∞)Cθ(∞) is dense inpδ(∞)C becauseS is λ+-continuous. Hence
pδ(∞)xθ(∞) ∈ clpδ(∞)Cθ(∞). It follows from the openness ofpδ(∞) that xθ(∞) ∈
clp−1

δ(∞)pδ(∞)Cθ(∞). But (see (2))δ(∞) � α(κ) for all κ < θ(∞). Hence

xθ(∞) ∈ clp−1
δ(∞)pδ(∞)Cθ(∞) ⊂ cl∪{

p−1
α(κ)pα(κ)xκ : κ < θ(∞)

}

⊂ cl∪{
Fκ : κ < θ(∞)

}
.

But, by (1), this is impossible. Thus there exists a dense subfamilyζ ′ of ζ of cardinality
� τ .

SinceS is τ -directed, there exist an indexα ∈ A and a closed familyη in H = Gα

such thatζ ′ = p−1
α η. It follows from the openness ofpα that cl∪ ξ = cl∪ ζ = cl∪ ζ ′ =

p−1
α cl∪η. Since nw(H) � τ , we conclude that cl∪η and cl∪ ξ areGτ -sets inH and in

G respectively. Evidently, the required normal subgroupN of G is p−1
α eα , whereeα is the

identity of the groupH . �
Corollary 1. If a Lindelöf group G is generated by its (ω,ω1)-stable (in particular, ω- or
ω1-stable) subspace then

c(G) � celω(G) � celω1(G) � ω1 and ω − cl(G) � ω1 − cl(G) � ω1.

This corollary is a generalization and a strengthening of Corollary 2 in [13].

Corollary 2. If a Lindelöf group G is generated by a µ-stable subspace, µ > ω, then

c(G) � celω(G) � celµ(G) � µ and ω − cl(G) � µ − cl(G) � µ.

Recall that a spaceX is aP -space if everyGδ-subset ofX is open inX. Also recall that,
for a discrete spaceX and an infinite cardinal numberτ , the one-pointτ -Lindelöfication
LτX is the disjoint union ofX and a pointl with the topology consisting of all subsets
of X and all sets of type{l} ∪ (X \ L), where|L| � τ . Evidently,LτX is a τ -Lindelöf
P -space. Since every first countable continuous image of anyω1-Lindelöf P -space con-
sists of not greater thanω1 points, anyω1-Lindelöf P -space is(ω,ω1)-stable. Thus we
have the following.
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Corollary 3. If a Lindelöf group G is generated by a ω1-Lindelöf (in particular, Lindelöf )
subspace which is a P -space then

c(G) � celω(G) � celω1(G) � ω1 and ω − cl(G) � ω1 − cl(G) � ω1.

This corollary is a generalization and a strengthening of Corollary 3 in [13], Theo-
rem 3.8 in [5] and Corollary 4.14 in [11].

3. Lindelöf groups with countable cellularity and arbitrary (possible) ω-cellularity

Theorem 2. For any µ, ω < µ � c, there exists a Lindelöf separable group Fµ with
nw(Fµ) = µ, iw(Fµ) = ω and (c(Fµ) = ω <)celω(Fµ) = µ which is (ω,µ)-stable but
is not (ω,λ)-stable for λ < µ.

Proof. Let R2 be the set of all points of the spaceR
2 andTe be the topology ofR2.

Following Przimusin’ski [8, Corollary 4], representR
2 as the union of two disjoint sets

T1 andT2 so that, for anyn ∈ ω and any closed in(R2)n setF , the relationF ∩ (Ti)
n = ∅

for i = 1 or i = 2 implies the relation|F |n � ω (i.e., there exists a countable setA ⊂ R
2

such thatF ⊂ ⋃{(R2)1 × · · · × (R2)i−1 × A × (R2)i+1 × · · · × (R2)n: i = 1, . . . , n}).
Below T n

e denotes the topology of(R2)n. Put Ri = {(x, y) ∈ Ti : y = 0}, i = 1,2.
We may suppose that|R2| = c. Let T be a new topology onR2 a base of which is
Te ∪ ({{(a,0)} ∪ {(x, y) ∈ R2: (x − a)2 + (y − ε)2 < ε2}: (a,0) ∈ R2, ε > 0}). Put
P = (R2,T ).

For anyµ, ω < µ � c, fix a subsetAµ of R2 of cardinalityµ and letPµ be the set
R2 \ (R2 \ Aµ) with the topology induced byT on it. Evidently, the discrete topology
is induced onAµ in Pµ. Hence nw(Pµ) � µ. Since the spacePµ \ Aµ has a countable
base and|Aµ| = µ, we have nw(Pµ) � µ. Thus nw(Pµ) = µ. It follows from this that
nw((Pµ)n) = µ for anyn ∈ ω. Since the free topological groupFµ = F(Pµ) of the space
Pµ is a continuous image of a countable discrete union of all finite powers of the spacePµ

andFµ containsPµ as a subspace, we have nw(Fµ) = µ.
Evidently, the spacePµ is separable. Hence all of its finite powers and the groupFµ are

also separable and soc(Fµ) = ω.
We now show that the spaceFµ is (ω,µ)-stable but not(ω,λ)-stable forλ < µ. The

first assertion follows from the fact that the network weight of all continuous images of
Fµ is not greater thanµ. The second one follows from the inequality nw(Fµ) � µ and
from the fact thatFµ has a condensation onto a separable metrizable space. Indeed,Pµ

has a condensation onto a subsetQµ of R
2. HenceFµ has a continuous isomorphism onto

the free topological groupGµ of Qµ. The existence of a countable base inQµ implies
the existence of a countable network inGµ. This allows to condenseGµ onto a separable
metrizable space. Hence iw(Fµ) = ω.

We next prove thatFµ is Lindelöf. It is sufficient for this to prove that all finite powers
of Pµ are Lindelöf (the method of the proof is similar to one in [8]).

First, we shall prove thatPµ itself is Lindelöf. Letη be its open cover. TopologiesTe

andT coincide onT1. Hence there exists a countable subfamilyζ of η coveringT1. The
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set
⋃

ζ contains a neighbourhoodO of T1 in the subspaceR2 \ (R2 \Aµ) of the spaceR2.
It follows from this (by the choice of the setsTi ) thatPµ \ O is countable. This allows to
choose a countable subcover ofη.

Suppose that all powers(Pµ)m, 1� m < n, are Lindelöf. We show thatX = (Pµ)n =∏{(Pµ)k: k = 1, . . . , n} is also Lindelöf. Letη be an open cover ofX. As above, there
exists a countable subfamily ofη covering some neighbourhoodO of (T1)

n in the sub-
space(R2 \ (R2 \ Aµ))n of the space(R2)n. By the choice of the setsTi , there exists a
countable setC in Pµ such that(Pµ)n \ O is contained in the union of subproductsΠk ,
k = 1, . . . , n, of the productX such that the factor ofΠk is contained in(Pµ)k is C and
other factors coincide with the corresponding factors ofX. ThusX \ O is contained in the
countable union of subsets homeomorphic to(Pµ)n−1 which are Lindelöf, by the inductive
assumption. It follows from this thatη has a countable subcover. We have proved that all
finite powers ofPµ and (so)Fµ are Lindelöf.

Finally we prove the equality celω(Fµ) = µ. The inequality celω(Fµ) � µ follows from
the relation nw(Fµ) � µ. All one-point sets inFµ are of typeGδ becauseFµ may be
condensed onto a (separable) metrizable space. SincePµ is a subspace ofFµ and contains
a discrete (in itself) subspaceAµ of cardinalityµ, theGδ-family of all one-point subsets
of Aµ has no dense subfamily of cardinality< µ. �
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