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Abstract. We present a detailed analysis of the effect of the well known third π∗ resonance on the angular
behaviour of the elastic cross section in electron scattering from pyrimidine. This resonance, occurring
approximately at 4.7 eV, is of mixed shape and core-excited character. Experimental and theoretical
results show the presence of a peak/dip behaviour in this energy range, that is absent for other resonances.
Our investigations show that the cause of the peak/dip is an interference of background p-wave to p-wave
scattering amplitudes with the amplitudes for resonant scattering. The equivalent resonance in pyrazine
shows the same behaviour and the effect is therefore likely to appear in other benzene-like molecules.

1 Introduction

Electron [1–5] and positron (see [6] and references
therein) scattering from pyrimidine have received signif-
icant amounts of attention in the last few years, with a
number of experiments and calculations [7–10] carried out.
The main reason for this interests is that pyrimidine serves
as a model for the pyrimidinic nucleobases thymine, cy-
tosine and uracil. Since experimental work [11] confirmed
that low energy electrons can damage DNA via dissocia-
tive electron attachment (DEA), there has been signif-
icant interest in understanding electron scattering from
DNA components [12] and in particular the formation and
characteristics of the resonances that lead to DEA. From
the computational point of view, the higher symmetry of
pyrimidine reduces the size of the calculation and there-
fore allows for more sophisticated and detailed calcula-
tions than for the nucleobases. This, in turn, allows for a
better comparison with experiment.

A detailed study of low energy electron scattering from
pyrimidine and its isomers using the R-matrix method [9]
revealed the presence of a large number of resonances.
Three of these, of π∗ character, were first identified by
Nenner and Schulz [13] and confirmed later by experi-
ments [2] and calculations [1,9]: the lowest two are pure
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shape resonances but the third one is of mixed shape core-
excited character [7,9,13]. The effect these resonances have
on the angular behaviour of the elastic cross section has
not been investigated in detail.

Recent experiments [14,15] have provided a very de-
tailed analysis of both elastic and inelastic (mainly elec-
tronic excitation) electron scattering from pyrimidine: the
determination of both differential and integral cross sec-
tions as well as excitation functions has enabled a thor-
ough comparison with theory. An interesting feature in
the excitation functions (angular differential cross sections
plotted for a specific scattering angle as a function of scat-
tering energy) is the presence of a peak/dip in the energy
range of the third π∗ resonance [14]. This feature is par-
ticularly visible for backward scattering angles. This be-
haviour is confirmed by calculations using the R-matrix
and Schwinger multichannel methods that also show the
feature as a dip/peak for angles below 45◦. Although no
indication of these dip/peaks has been reported in other
systems, this may be due to the large energy spacing used.
The other π∗ resonances in pyrimidine do not lead to the
observation of this behaviour in the computed excitation
function (the resonances are too narrow to be observed in
the experiments), nor is it apparent for the core-excited
shape resonances that appear above 5 eV. We present here
an investigation, using the R-matrix method, of the origin
of the peak/dip behaviour linked to the third π∗ reso-
nance. Section 2 introduces very briefly the methodology
used while Section 3 summarizes the details of the calcula-
tion. Sections 4 and 5 present our results and conclusions
respectively.
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2 The R-matrix method and computation
of the differential cross sections

The R-matrix method and its application to electron-
molecule collisions is well established. We provide a brief
summary below and refer the reader to earlier publi-
cations [16,17] for a detailed description. We apply the
method within the fixed-nuclei approximation. For the
calculations presented here we have used the UKRmol+
suite, a re-engineered version of the UKRmol codes [18].
The use of the new suite enabled us to perform calcula-
tions in quadruple precision and thus improve the quality
of the continuum description (by retaining all continuum
functions in the diagonalization step [18]).

The R-matrix method is based on the division of space
by a sphere of radius a. This sphere defines: (i) an inner
region where the scattering electron is indistinguishable
from the target electrons and correlation and exchange ef-
fects play an important role; (ii) an outer region where
exchange between the scattering electron and electrons of
the target molecule can be neglected. The radius a must
be chosen so that the charge densities of the relevant elec-
tronic target states and orbitals are fully contained inside
the R-matrix sphere.

In the inner region, a set of basis functions Ψk de-
scribe the system. These are determined by diagonalis-
ing the non-relativistic hermitian Hamiltonian (hermitic-
ity is ensured by addition of the Bloch operator [16])
of the N + 1 electron system. Whether a single or sev-
eral target states are included in the expansion of the
Ψk determines whether the calculations use the Static-
Exchange/Static-Exchange plus Polarization or Close-
Coupling approximation.

Having obtained the basis functions Ψk, the R-matrix
is constructed at the boundary between regions and propa-
gated through the outer region to an asymptotic distance,
where the K-matrix is determined by matching to known
asymptotic expressions. In the outer region, the interac-
tion potential between the scattering electron and those
of the target is approximated with a single-centre expan-
sion [17]. In our calculations, we restrict ourselves to in-
cluding the dipolar and quadrupolar interactions.

Once the K-matrices are obtained, it is trivial to de-
termine the T-matrices using:

T = 2ıK(1 − ıK)−1. (1)

In the following we will refer to the integral elastic cross
sections which, for electron incoming with momentum k,
are calculated using the equation:

σ(E) =
π

k2

∑

Γ

∑

S

∑

l,l′

∑

m,m′

2S + 1
2

|T Γ
l,m;l′,m′(E)|2, (2)

where S is the total spin of the system, Γ runs over all
irreducible representations of the molecular point group
and l and m define the angular behaviour of the scattering
electron.

The differential cross sections (DCS) have the form

dσ

dΩ
=

∑

L

ALPL(cos θ), (3)

where PL(cos θ) are the Legendre polynomials and θ is
the scattering angle measured with respect to the incident
electron beam. The coefficients AL are determined from
the molecular-frame T-matrix elements using an adapted
version of POLYDCS [19]. The full expression for the AL

coefficients is complicated but for our purposes it is only
important to remember that the AL coefficients are ul-
timately a function of the sum of products of the type
Tl1,m1;l

′
1,m

′
1
T ∗

l2,m2;l
′
2,m

′
2

with the summation running over
all combinations of the l, m indices.

POLYDCS generates rotationally resolved DCS. This
reintroduces their dependence on the initial and final ro-
tational states of the target molecule. Our elastic differen-
tial cross sections are calculated summing over final rota-
tional states (and assuming the molecule is initially in the
ground rotational state). Convergence with the number of
final rotational states must be checked.

3 Characteristics of the calculation

The R-matrix results presented here were determined us-
ing the cc-pVDZ basis set and CASSCF orbitals ob-
tained from a (10,8) active space (i.e. 10 electrons are
distributed over 8 active orbitals) using MOLPRO [20].
These were used to generate the electronic wavefunctions
of the ground and 28 excited states that were then in-
cluded in the Close-Coupling scattering calculation. The
R-matrix radius a was set to 13 a0 and continuum func-
tions with l ≤ 5 were employed. Further details of the
calculations can be found in earlier work [8,9]. We note
here that polarization effects are usually underestimated
by our Close-Coupling calculations for diazines and sim-
ilar molecules [9]. For this reason shape resonances tend
to appear at higher energy in our calculations than in the
experiment.

Pyrimidine is a dipolar molecule belonging to the C2v

point group. This means that the sum over L in equa-
tion (3) is unconstrained and diverges in the fixed-nuclei
approximation. This problem is normally remedied us-
ing a Born correction for a rotating dipole. However, no
Born correction is included in the calculations shown be-
low which focus on the analysis of the DCS arising from a
structure due to low angular momenta. Pyrimidine is an
asymmetric top, but two of its rotational constants dif-
fer by about 5%. This allows us to approximate it by a
symmetric top. The calculations included final rotational
states up to j = 9 and the DCS were obtained combining
T-matrices for all doublet scattering symmetries.

The first π∗ resonance in pyrimidine appears in the
2A2 symmetry (around 0.5 eV in our calculations) and
the other two in the 2B1 symmetry (around 0.7 eV and
4.7 eV respectively). The resonance of interest is the sec-
ond one of 2B1 symmetry and it forms in a number of
partial wave scattering channels. The elastic scattering
channels for this symmetry are listed in Table 1.

http://www.epj.org
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Table 1. All partial wave channels (corresponding to real
spherical harmonics) of the continuum electron contributing to
scattering in 2B1 symmetry from the ground electronic state
of pyrimidine included in our calculation.

i (channel index) l m
1 1 1
2 2 1
3 3 1
4 3 3
5 4 1
6 4 3
7 5 1
8 5 3
9 5 5

Fig. 1. Angular distributions for elastic scattering from
pyrimidine for large scattering angles as a function of scat-
tering energy.

4 Results

Figure 1 shows the calculated electron angular distribu-
tion for pyrimidine for scattering angles above 140◦ as
a function of the scattering energy. The sharp cut-off in
the angular distribution just above the energy of the 3rd
π∗ resonance (4.7 eV in these calculations) is clearly visi-
ble. Figure 1 also shows an enhancement of the scattering
cross section in the energy range 7–13 eV which is caused
by a pair of overlapping resonances (identified as g̃ 2B1

and x̃ 2B1 in Ref. [15]). This higher energy enhancement
is smooth and does not show a cut-off effect (nor does
the experimental excitation function for 180◦). As stated
above, this cut-off behaviour is not visible either in the
energy range of the first two π∗ resonances which are not
shown in the figure.

The cut-off is linked to the structure which manifests
itself in the calculated excitation functions as a dip/peak
in the forward direction, a peak/dip structure in the back-
ward direction and a simple peak at 90◦ (see Fig. 2). This
cut-off is also nicely visible in the experimental excitation
functions for 180◦ [14] where it appears as a peak/dip
structure. (The variation in the forward direction for 25◦
is a bit harder to see in the experiment [14] since it
is superimposed on the strong forward-peaking dipolar
background. On the other hand, the peak at 90◦ which
separates the forward and backward scattering is nicely
visible). The forward and backward scattering behaviour
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Fig. 2. Excitation functions for 20◦ (red line), 90◦ (green line)
and 180◦ (blue line).

Fig. 3. Detail of the angular distributions in the energy range
of the third π∗ resonance for forward (lower panel) and back-
ward (upper panel) scattering. Note the colour scales are dif-
ferent for each panel.

in the vicinity of the resonance is clearly illustrated in
Figure 3.

The most useful clue to what is happening is provided
by the contributions of the individual T-matrix elements
Tij (where i and j denote the channels listed in Tab. 1)
to the integral elastic cross section for the 2B1 symmetry.
These are shown in Figure 4 where the second and third π∗
resonances are visible (the first π∗ resonance is of 2A2 sym-
metry). For the avoidance of confusion, from now on we
will refer to the “4.7 eV” resonance when referring to the
third π∗ resonance (i.e. the second one visible in Fig. 4).
The contributions in Figure 4 are determined omitting se-
lected T-matrix elements from the expression (2) for the
integral cross section.

http://www.epj.org
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Fig. 4. Contributions of the 2B1 T-matrix elements to the in-
tegral elastic cross section. Full red line: full 2B1 contribution
to the integral elastic cross section; dashed green line: contri-
bution of the T11 element; dotted blue line: contribution of the
diagonal Tii, i > 1 elements; dotted pink line: contribution of
the off-diagonal Tij elements. The inset shows the detail of the
energy range between 3 to 6 eV where the 4.7 eV resonance
appears.

The first π∗ resonance in this symmetry has the same
qualitative behaviour (a peak) in all the contributions.
However, not all T-matrix elements have the same qual-
itative behaviour in the vicinity of the 4.7 eV resonance:
unlike the others, the T11 amplitude (one component of
the p-wave to p-wave scattering) does not contribute as
a peak but as a dip/peak structure. No doubt this is due
to an interference between the background and the reso-
nant parts comprising the T11 matrix element. In the full
2B1 contribution (red line in Fig. 4), the shoulder caused
by the T11 element leads to the resonant peak being non-
symmetrical and its maximum being shifted slightly to-
wards higher energy with respect to the peak caused by
the rest of the T-matrix elements (incidentally, one can
also observe that it is the off-diagonal elements that are
mainly responsible for the strong rise of the cross section
at lower energies as expected: the dipolar interaction cou-
ples partial waves with Δl = ±1).

The calculation of the DCS requires combining T-
matrix elements for all scattering symmetries. This gives
rise to the possibility of a significant interference between
partial waves coming from different scattering symmetries.
To estimate the importance of the T-matrix elements from
the other symmetries, we calculated the summed integral
cross sections taking into account only the dominant sub-
sets of all T-matrix elements. These are shown in Figure 5.

We can see that the contribution from the mostly
dipole-induced transitions between partial waves differing
by one unit of angular momentum (green dashed line) is
the one that most influences the shape of the cross section
at low electron energies below approx. 3 eV. At higher en-
ergies, the other important contribution comes from the
background p-wave to p-wave scattering (2A1, 2B1 and
2B2 scattering symmetries; note that when all 3 symme-
tries are included the Tp,p contribution is much bigger than
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Fig. 5. Contributions of selected types of T-matrix elements
to the summed integral cross section. Red line: summed in-
tegral cross section including all T-matrix elements. Green
dashed line: contribution of T-matrix elements Tij with Δlij =
±1. Dashed blue line: contribution of the T-matrix element Ts,s

(i.e. Tl=0,m=0;l′=0,m′=0). Dotted magenta line: contribution of
the Tp,p elements. Dotted-dashed light blue line: contribution
of the Td,d elements. Dotted black line: contribution of the Tp,p

elements with the resonant contribution around the 3rd π∗ res-
onance removed. The inset shows in detail the energy region
corresponding to the 4.7 eV resonance.

when only the 2B1 p-wave to p-wave T-matrix element is
taken into account) and from the s-wave to s-wave scatter-
ing (2A1 symmetry). In particular, the p-wave background
scattering (dotted black line) attains a maximum almost
exactly at the location of the 3rd π∗ resonance. We have
already established that the contribution of the p-wave to
p-wave scattering amplitude to the integral cross section
in the 2B1 symmetry is significantly affected by the in-
terference between its background and resonant parts, see
green dashed line in Figure 4. The existence of this in-
terference together with the large magnitude of the com-
ponents of the p-wave to p-wave scattering amplitudes
from the other symmetries leads to the hypothesis that
the asymmetry in the angular distributions for this reso-
nance is caused by interference between the background
p-wave to p-wave and the resonant scattering amplitudes
for the 3rd π∗ resonance.

In order to test this hypothesis, we performed fits of
the 2B1 T-matrix elements in the energy range 3 to 6 eV
to the resonant formulae [21]:

Tij(E) = T bg
ij (E) + T res

ij (E), (4)

T res
ij (E) = − a2

ij

E − ER + ıΓ/2
, (5)

T bg
ij (E) = Aij + BijE, (6)

where Aij , Bij , ER, Γ and aij are the fitting parameters
(ER and Γ being the resonance position and width). For-
mally, the parameters aij are determined using the partial
widths, γi, for entering/leaving the resonance [21]:

aij = γiγj . (7)

http://www.epj.org
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ij |2/E and (c) cross

resonant/background, 2Re[T bg
ij T res∗

ij ]/E. The contributions of
the T-matrix element T11 are plotted using a black line and
those of Tij , {i, j} �= {1, 1} using a red line.

For simplicity we have treated the aij independently of
each other. We are justified in doing so since we are not
interested in the partial widths but only in separating the
resonant, T res

ij , and the background, T bg
ij , contributions to

the T-matrix elements.
The obtained resonant, background and cross terms

(i.e. 2Re[T bgT res∗]/E) are shown in Figure 6. We can
clearly identify a strong background contribution to the
scattering amplitude T11 which describes p-wave to p-wave
scattering. In comparison, the background contributions
in all other channels are an order of magnitude smaller
(see Fig. 6b), and do not cause a significant dip/peak
behaviour of the resonant/background cross terms in the
vicinity of the resonance, see Figure 6c.

These results explicitly demonstrate that the slight
asymmetry of the resonant peak in the integral cross sec-
tion in the vicinity of the resonance is due to coherent
superposition of the background and resonant scattering
amplitudes in the p-wave to p-wave channel in the 2B1

symmetry.
To analyze the DCS in the vicinity of the resonance

we separate the T-matrix elements into their resonant
and background parts (see Eq. (4)), and investigate the
effect various interferences between the background and
the resonant scattering amplitudes have on the dip/peak
(or peak/dip) shape of the angular distributions.

We begin by removing from calculation of the DCS
those terms corresponding to the interference of the back-
ground, T bg

p,p(
2B1), and resonant, T res

p,p (2B1), parts of the

T11 element in the 2B1 symmetry. The resulting excita-
tion functions are shown in Figure 7 (red line). We can
see that while contribution of these terms to the backward
scattering is non-negligible their absence does not lead to
the removal of the asymmetry in the excitation functions
for the forward and backward direction (although their
removal has the expected effect of removing the dip/peak
structure from the integral cross section as Fig. 4 implies).
The asymmetry is somewhat reduced by removing all in-
terference terms of the type T bg

p,p(
2B1)T res∗

all,all(
2B1) + c.c.

(dashed green line) suggesting that the background p-wave
to p-wave scattering amplitude from the 2B1 symmetry in-
terferes with a number of resonant amplitudes (not only
with T res

p,p ).
In the final step we remove all interference terms of

the type T bg
p,pT

res∗
all,all + c.c. (see Fig. 7). Note that this re-

quires removing interferences originating in the T-matrix
elements of the 2A1 and 2B2 symmetries which contain the
rest of the p-wave scattering channels {l, m} = {1, 0} and
{1,−1} respectively. We observe that removing these in-
terference terms removes almost perfectly the asymmetry
in the excitation functions for the forward and backward
directions.

The angular distributions for the forward/backward
direction obtained using this procedure are shown in Fig-
ure 8. Indeed we observe a symmetric resonant peak super-
imposed on a smooth background, as is particularly obvi-
ous if this figure is compared to Figure 3. We conclude that
the dip/peak and peak/dip structure in the angular distri-
butions is caused predominantly by an interference of the
strong background p-wave to p-wave scattering amplitude
with the amplitudes for resonant scattering. We note that
the resonant peak becomes slightly more symmetric when
removing, in addition to those mentioned above, interfer-
ences between the resonant and the background s-wave to
s-wave scattering (not shown).

Interestingly, while forming at lower electron energies,
the second π∗ resonance (i.e. the first resonance of 2B1

symmetry, appearing at �1 eV) shows only a very small
modulation of its shape in the integral cross sections due
to the superposition of the background and resonant scat-
tering amplitudes. A small dip/peak modulation in the
DCS appears only in the forward direction. This resonance
is significantly narrower and appears predominantly in the
T11 matrix element which is also the one responsible for
the small asymmetry of the resonant peak in the integral
cross sections. However, it can be inferred from Figures 4
and 5 that in the resonant energy region the background
p-wave to p-wave contribution passes through a minimum
and therefore its superposition with the resonant ampli-
tude is minimized.

To further confirm our understanding of the interfer-
ence effects we have performed, for this first resonance in
the 2B1 symmetry, the same background/resonant parti-
tioning of the T-matrix elements and found that removing
the interferences between the background p-wave to p-
wave amplitudes and the resonant scattering amplitudes
eliminates the small asymmetry in the DCS in the for-
ward direction but introduces a slight asymmetry in the

http://www.epj.org
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Fig. 7. Excitation functions calculated removing various interference terms. Dotted pink line: all terms included; red full
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p,p + c.c. for all symmetries is excluded. Here “c.c” denotes the complex conjugate.

backward direction. Removing, in addition to the previous
terms, interferences between the background s-wave to s-
wave and resonant amplitudes restores the symmetry of
the resonant peak in the backward direction while keep-
ing the symmetry of the forward peak unaffected. This
suggests that, for the �1 eV resonance, there are two
small but competing interference effects at play: interfer-
ence between the background s-wave to s-wave and reso-
nant scattering amplitudes and interference between the
background p-wave to p-wave and resonant scattering am-
plitudes. The contribution of the s-wave background scat-
tering to the interference with the resonant amplitude is
not surprising since the s-wave background peaks close to
the energy of the resonance (see Fig. 5). However, whether
a given background scattering amplitude will play a sig-
nificant role in the interference with the resonant one de-
pends not only on the magnitude of its contribution to the
cross section but crucially on its phase with respect to the
resonant amplitude.

5 Conclusions

We have analyzed the structure present in the excita-
tion functions of electron scattering from pyrimidine in
the energy range corresponding to the third π∗ resonance.

Fig. 8. Detail of the angular distributions in the energy
range of the 4.7 eV resonance for forward (lower panel) and
backward (upper panel) scattering with the interference terms
T bg

p,pT
res∗
all,all + c.c. removed. Note that the colour scales are dif-

ferent for each panel.
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We conclude that the structure is due to the coherent su-
perposition of the background p-wave to p-wave elastic
scattering amplitudes and the elastic resonant scattering
amplitudes (for all partial waves) in that energy range.
The structure is not linked to the mixed core-excited shape
character of the resonance and could therefore be present
in other resonances both in this and other systems. In-
deed, we have also analyzed the data for electron colli-
sions with the non-polar molecule pyrazine obtained in
our previous work [22] and found the same asymmetry in
angular distributions in the vicinity of the third π∗ res-
onance. We have also shown that the background con-
tribution responsible for the asymmetry of the third π∗
resonance (around 4.7 eV) is weak in the energy region of
the first resonance of the same symmetry (around 1 eV)
explaining why, for this first resonance, the variation of
the shape of the excitation functions with the scattering
angle is negligible.

We note that this effect can affect the comparison of
theory and experiment: the background contribution to
the scattering depends relatively strongly on energy so
that shifting the resonance position away from where it
is observed in the experiment will result in a significant
modification of the relative phase between the background
and the resonant phase shifts. Consequently the dip/peak
structure in the angular distributions will be modified.
Therefore, it is obvious from this analysis that the agree-
ment with experiment will depend on the ability of the
calculation to reproduce the resonance position fairly well.
The difference of around 0.3 eV between our calculations
and experiment seems good enough in this case.

We are extremely grateful to Prof. Michael Allan who encour-
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so, seek a deeper understanding of the physics being described.
Additionally, Z.M. acknowledges useful discussions with Dr
Alex Harvey. This work was supported by EPSRC and the
ARCHER eCSE01-013 project; Z.M. acknowledges the use of
the VULCAN computer cluster at the Max-Born Institute.
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15. K. Regeta, M. Allan, Z. Maš́ın, J.D. Gorfinkiel, J. Chem.

Phys. 144, 024302 (2016)
16. J. Tennyson, Phys. Rep. 491, 29 (2010)
17. P.G. Burke, R-Matrix Theory of Atomic Collisions:

Application to Atomic, Molecular and Optical Processes
(Springer, 2011)

18. J.M. Carr, P.G. Galiatsatos, J.D. Gorfinkiel, A.G. Harvey,
M.A. Lysaght, D. Madden, Z. Maš́ın, M. Plummer,
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