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Chapter 1

Evolutionary game of coalition building under
external pressure

Alekos Cecchin and Vassili N. Kolokoltsov

Abstract We study the fragmentation-coagulation, or merging and splitting, model
as introduced in [16], where N small players can form coalitions to resist to the
pressure exerted by the principal. It is a Markov chain in continuous time and the
players have a common reward to optimize. We study the behavior as N grows
and show that the problem converges to a (one player) deterministic optimization
problem in continuous time, in the infinite dimensional state space ¢!. We apply
the method developed in [8], adapting it to our different framework. We use tools
involving dynamics in ¢!, generators of Markov processes, martingale problems and
coupling of Markov chains.

Key words: Fragmentation-coagulation, merging and splitting, evolutionary coali-
tion formation, Markov decision process, major agent, mean field limit.

1.1 Introduction

In this paper we study dynamic optimization problems on Markov decision pro-
cesses composed of a large number of interacting agents, in particular we investigate
the so called fragmentation-coagulation, or merging and splitting, model. Our aim
is to analyze its limit as the number of players tends to infinity.

Following Kolokoltsov [16] we describe a model which is a Markov chain in
continuous time. A natural reaction of the society of small players to the pressure
exerted by the principal can be executed by forming stable groups that can con-
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front this pressure in an effective manner (but possibly imposing certain obligatory
regulations for the members of the group). Analysis of such possibility leads one
naturally to models of mean field enhanced coagulation processes under external
pressure. The major player can change her strategy only in discrete deterministic
time.

Coagulation fragmentation processes are well studied in statistical physics, see
e. g. [19]. In particular, general mass exchange processes, that in our social envi-
ronment become general coalition forming processes preserving the total number of
participants, were analyzed in [13] and [14] with their law of large number limits
for discrete and general state spaces. In the same way problems in economics, like
merging banks or firms on the market, were studied in [21] and [22]. While an ap-
plication to scientific citation networks or the network of internet links is discussed
in [17]. Some simple situation of nonlinear Markov games on a finite state space
was analyzed in [15], proving the convergence of Nash-equilibria for finite games
to equilibria of a limiting deterministic differential game.

Very recently, several authors have studied games of coalition formation. A no-
tion of core equilibrium in proposed in [9], and found via a fixed point method.
An application to contracts and networks is analyzed in [10]. A study of the in-
centives offered by the government to municipalities to merge into larger groups is
provided in [24]. Players preferences over winning coalitions are derived by apply-
ing strongly monotonic power indices on the game in [12], where the author also
investigate whether there are core stable coalitions . An application of systems of
coalition formation to the climate change problem is discussed in [7], where also
numerical simulation are performed.

Here we are interested in the response of such systems to external parameters that
may be set by the principal who has her own agenda. Thus we add to the analysis
a major player fitting the model to a more general framework. There are two main
difficulties in studying this model. Firstly the total number of coalitions is not con-
stant in time, as they can merge or split. Secondly the dynamics both of the system
of small players and of the limiting system are supposed to lie on the infinite dimen-
sional space ¢ ! which can be viewed also as a space of measures, instead of a fixed
R?. In fact the dimension of the state space for the system of coalitions grows as the
number N of small players tends to infinity. If the system is in the state x € ¢! then
X = hny where ny, is the number of coalitions of size k and 4 is a suitable parameter
depending on N, for instance the inverse of the initial number of coalitions.

Our main result is to show that this problem converges, as N grows, to a one
player deterministic optimization problem in continuous time, in the infinite dimen-
sional state space ¢', the so called mean field limit. We prove convergence of the
value functions and provide also an approximated optimal policy for the system of
small players. Such optimal policy is usually found by using dynamic programming
for the finite horizon case, but this approach suffer from the curse of dimensionality,
which makes them impractical when the state space is too large. Solving the HIB
equation for the limiting system numerically is sometimes rather easy. It provides
a deterministic optimal policy whose reward is remarkably close to the optimal re-
ward.
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We apply the method developed by Gast, Gaujal and Le Boudec in [8], where the
authors obtained the same kind of results , but in a different setting. They consider
discrete time Markov chains as prelimit systems whose state space is finite and
fixed. Their proofs are in line with classic mean field arguments and use stochastic
approximation techniques. Moreover their approach is algorithmic: they construct
two intermediate systems: one with a finite number of objects controlled by a limit
policy and one with a limit system controlled by a stochastic policy induced by the
finite system.

Several papers in the literature are concerned with the problem of mixing the
limiting behavior of a large number of objects with optimization. In [5], the value
function of the Markov decision process (MDP) is approximated by a linearly
parametrized class of functions and a fluid approximation of the MDP is used. It
is shown that a solution of the HJB equation is a value function for a modifica-
tion of the original MDP problem. In [23], the curse of dimensionality of dynamic
programming is circumvented by approximating the value function by linear regres-
sion. In [8] they use instead a mean field limit approximation and prove asymptotic
optimality in N of limit policy. Actually, most of the papers dealing with mean field
limits of optimization problems over large systems are set in a game theory frame-
work, leading to the concept of mean field games, introduced by Lasry and Lions
[18] and P.E. Caines, M. Huang and R.P. Malhamé [2].

Notice finally that in this paper we analyze only a preliminary step for a full game
setting with major and minor players, namely the response of the minor players to
the action of the major one. The full analysis (not developed here) would include
the reaction of the major on the behavior of the minor players and the search for
the corresponding equilibrium. However, this development does not seem to present
serious difficulty, since our analysis reduces it effectively to a two-player game: the
major and the pool of small players.

Contribution and structure of the paper

In [16] Kolokoltsov shows the convergence of the optimization problems related to
the system of small players to an optimization problem in discrete time for the lim-
iting system (this will be similar to theorem 3). His proof is based on an argument
that is focused on the generators of the Markov chains and shows their convergence.
In this paper we want to show the convergence to an optimization problem in con-
tinuous time, so we apply the ideas from [8] where they used a completely different
argument for the proof, focusing on trajectories and constructing two auxiliary sys-
tems.

In section 2 we describe properly the fragmentation coagulation model starting
from [16], the limiting system and the related optimization problems. We define the
state space where all the dynamics considered lie, which is a compact set S C ¢!, and
in the end we state the assumptions we need to obtain the convergence. In section
3 we present our main results and define the two auxiliary systems. Then we show
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how to construct an approximated optimal policy starting from an optimal action
function for the mean field limit. Moreover we consider a class of applications in
which a particular choice of the rate functions allows to reduce the limiting problem
to an optimization problem in one dimension, providing an explicit solution in a sim-
plified case and a more effective numerical scheme in general. Finally in section 4
we complete the proofs, showing that the general requirements for convergence ex-
pressed in [8] can fit to our model, with some modification. We use theorems about
semigroups and generators of Markov processes and related martingale problems.
Moreover we apply the notion of coupling of Markov chains and also a particular
Markovian coupling.

1.2 Model and assumptions

1.2.1 The space B (L,R]

We denote, as usual, the space of measures

N(N) = {x:(xl,xz,...):xkER, Z|xk| <<><>}. (1.1)
3

Denote by ¢} the space of positive measures on N: £} (N) := {x € ¢! : x; > 0}. The
usual norm in ' is ||x|[;1 := Y |xxl-

Let L: N — R be the identity function, which means L(k) = k. We define a new
norm |[x[|g1 () := Xx L(k)[xc], so that we can consider the subset of /!

ML) = {xeél oy <°<>}

which is a Banach space equipped with this norm.
Let us denote by B(L,R) the ball of radius R in ¢! (L), centered in 0, and ¢! (L) :=
NL)neL, B (L,R) :=B(L,R)NL..

Lemma 1. The set B, (L,R) is relatively compact in the norm topology of £'.

Proof. By Prohorov’s compactness criterion a family of measures is relatively com-
pact in the weak topology if and only if it is tight. We have Y ; kx; < R for any
x € B (L,R). Thus for any n € N and any x € B, (L,R)

ank< kak<2kxk<R

k>n k>n

which gives ¥y, xx < § for any n € N and any x € B, (L,R). So for any € > 0 there
exists n € N such that
x(N\ [0,n]) Z X <E

k>n
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for all x € B, (L,R), which means that the tightness condition is satisfied.

By Schur’s theorem, any weakly convergent sequence in /! is actually convergent
in the norm of ¢'. Therefore the set B, (L,R) is relatively compact in the topology
of /1.

We denote by B, (L, R] the closure of B, (L, R) in the norm topology of ¢!, which
is compact in ¢!, although not in the topology of ¢! (L). The set

S:=B.(L,R]

will be the state space for the dynamics considered.

We will assume that the functions defined on S have some regularity. Let Z be
a closed convex subset of a normed space ¥ and f : Z — Y a function. Recall
that the directional derivative Df (x) : Y — Y of f in the point x € Z is a linear
form that calculated in a vector & € Y is defined as Df(x).& := lim;_,¢o w
The second order derivative D f(x) is a bilinear form defined as D f(x).[€,n] :=
D(Df(x).€).n. Thus the norms of the derivatives in Y are defined as norms of linear
maps:

IDf )y := i IDf(x)-&lly, (1.2)
ID?f()lly == sup  |ID?f(x).[&,n][ly. (1.3)
lgli=linl =1

We say that f € €1 (Z) if the function (x, &) + Df(x).€ is continuous from Z x Y
to Y. Similarly, f € €2(Z) if the function (x,&,n) — D?f(x).[§,n] is continuous
from Z x Y2 to Y. These are subsets of %’(Z) and Banach spaces under the norms

1fllgrz) = sup LIPSy + £ )l } (1.4)

A lle2(z) = Slelg{l\sz(x)HY HIFy - (1.5)

We will use these definitions for the sets Z = S, which is convex and compact,
and Y to be either ¢' or ¢'(L).

1.2.2 System of small players

We describe a so called fragmentation-coagulation, or merging and splitting, model
in which there are N indistinguishable small players that form coalitions to resist to
the pressure exerted by a major player, following [16].

The state space is

N/ := {n = (ny,ny,...) : there is only a finite number of non zero entries} (1.6)
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where n; € N denotes the total number of coalitions of size k, so the total number of
small players is N =} ; kn and the total number of coalitions is } ; nz. The dynamics
will be better described in the rescaled space

AN/ = {x = hn = (x1,x2,...)} (a7

where h can be taken, for instance, as the inverse of the initial number of coalitions.
We want to study the limit as 4 — 0. All this AN/™ spaces, as & changes, can be
viewed as subspaces of the space ¢!. The total number of players is conserved: this
motivates the choice of L(k) = k in the previous section, since ||x|[;1 ;) = 2N for any
state x; we will return to this in 2.5.1.

The dynamics evolves in continuous time as a Markov chain. It is described as
follows:

e to any randomly chosen pair of coalitions of size i and j is attached a random
exponential clock of parameter hC;(x,b) so that they merge if it rings;

e to any randomly chosen coalition of size i is attached an exponential clock of
parameter Fj;(x,b) such that, if it rings, the coalition splits into two coalitions of
size jandi— j

Here the functions C and F may depend on the whole composition x and b is a
control parameter which lies in a compact metric space (E,d).

The minimum of all these exponential random variables is an exponential random
variable with the parameter

s =s(x,b) := Y nminjhCij(x,b) +ZnF,]xb) (1.8)
i,j

When this minimum clock rings, the system goes from the state n to either n —
e; —ej+ei; (two coalitions merge) or n —e; +e; + ¢;_; (a coalition splits). The
sequence (e;);>; denotes the standard basis in R*. The first case happens if the

minimum holds for the clock of parameter iC;;(x,b), thus with probability given by

% While the second case happens with probability fij Ex bg"’

Hence the infinitesimal generator of this Markov chain on the space N/ is

/’lCij (x, b)ninj

s(x,b) [Gn—ei—ej+eir;)—Gn)] (19

AbAnG(n) = s(x, b) Z

i,J

s(x,b) ZZ U €i+€j+€i—j)_G(n)]~

ii<j

Equation (1.9) can be equivalently presented as the infinitesimal generator
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AppG(x ZCU x,0)x;x;[G(x — he; — hej + he; j) — G(x)] (1.10)
ij

+ - ZZF,]xbx, (x —he;+hej+ hei_ ;) — G(x)]

i j<i

of the Markov chain describing the system of small players on the space hN/" C
(Y(N), for every G € €(S).

Notation 1 X" (z,x,b) is the state (in S) at time t of the Markov Chain given by this
generator (1.10) which is in x at t = 0, under the control parameter b given by the
major player.

The process X" (t,x,b) describes the evolution of the coalitions of small players,
which will be also called the system with N agents.

1.2.3 Limiting system

The limiting deterministic evolution, the mean field limit, is described by the so
called Smoluchovski equation. For every x in the compact subset S C ¢! the ODE
for the component i is

= fi(x,b) : ZC], —j(x,b)xjxij ZZC,] x,b)x;x; (1.11)
Jj<i
+2) Fji(x,b)x; ZEbe
j>i j<i

Notation 2 X (t,x,D) is the flow at time t of the ODE
&= f(x,b) (1.12)

starting in x at t = 0 under the control parameter b € E, where f is given by (1.11).
In integral form

X(t,x,b) :x+/0tf(X(s,x,b),b)ds. (1.13)

We view the dynamics given by a deterministic ODE as a Markov process. The
semigroup is
UG(x) = G(X(t,x)) (1.14)

for every G € €'(S), and its generator is given by

Zﬁ 8x (1.15)

for any G € €' (S). The first order partial differential operator defined in (1.15) has
characteristics which solve equation (1.12).
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So, for the limiting ODE given by (1.11), the corresponding infinitesimal gener-
ator given by (1.15) is

G JdG 9G

ApG(x Zc,] (x,b)xix; [a ,ﬂax,»ax,] (1.16)
G 8G G
+Z,:;Z:<1Ej wbh [ "o, 9%}

forany G € ¢'1(S) and b € E.

We can thus deduce that pointwise convergence of the generators holds. Namely,
for the generators of the Markov chains defined by (1.10) and the generator of the
deterministic limit defined by (1.16), we obtain

lim Ap 4G (x) = ApG(x) (1.17)
h—0

for every G € €'(S), x € S and every b € E.

We show moreover the convergence in law, for any fixed parameter b € E, of the
processes X" to X in the Skorokhod space D([0,T],S) of cadlag functions, which
is the right space where to study these processes. The convergence is then also in
probability, as the limit is deterministic, and hence a constant in the Skorokhod
space.

Proposition 1. Let all the functions C;; and F;j be in 6’ (S). Suppose that the initial
points x(h) converge in (' to xo, as h — 0. Then the processes X"(-,x(h),b) con-
verges in law on the Skorokhod space D([0,T],S) to X(-,x0,b), as h — 0O, for any
b € E; whereas the processes are defined in notations 1 and 2.

Proof. Let b € E be fixed. The set ! (S) is a dense linear subspace of ¢(S) and
under the assumption of smooth C;; and F;; it is invariant under the limiting semi-
group (U;) defined in (1.14), since the function f defined in (1.11) turns out to be
in €' (S). So by ([11], proposition 17.9) the set ! (S) is a core for the generator A,
defined in (1.16).

Then expanding G in Taylor series we have that

lim/\h_hG:AbG (118)
h—0
uniformly for every G € €' (S). Thus the claim follows from ([11], theorem 17.25)
which characterizes the convergence of processes in D([0,T],S).
1.2.4 Controlled systems

Here we deal with the system of small players under some control, i.e. a strategy
given by the major player. We assume that this major player focuses in finite horizon
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time n7 and can update her strategy only in discrete times
kt k=0,1,....n—1.

7> 0and n € N are fixed, and in each time step the controller can change the control
parameter b regarding what has happened in the time interval.

The starting point of the Markov chain is xo = x(h) € hZ/™, with the control pa-
rameter by. After the first time step the Markov chain is in the state x; = X,(T,xo, bo).
Now the major player can change the parameter, so it becomes b; = b; (x;) that may
depend on the current state of the system. She repeats the same procedure at each
time step and therefore, in the end, we get what is called a policy.

Notation 3 A policy is a sequence of decision rules
T = (T, T1yeeey My—1) (1.19)
that specify the action of the mayor player at each time step, with
Ty = T (xx ) (1.20)

and
X =X"(T, 01,70 1). (1.21)

Let X!(t,x0) denote the state of the system at time t when the controller applies
policy m, starting from the initial point xo. To shorten the notation we shall some-
times write X!(t) instead of X!(t,x0). It is called the controlled system of small
players.

Equation (1.21) can be also written as x; = Xfr‘(k’c). At each time step k7T the
controller has an instantaneous reward B(xy, by ) and in the end she has a final reward
Vo(xn). Our goal is to find a strategy that maximizes

Vit (x(h)) : = E[tB(x0,70) + ...+ TB(Xn—1, Tu—1) + Vo ()] (1.22)
= 5| Y eBxE k), 7O kD) + Vo) | XECO) =xo]
k=0

where B and Vjy are given continuous functions. It is called the value for the system
with N players. The maximum over all possible policies is then the optimal value
for the system with N agents

Vit (x(h)) = supVz , (x(h). (1.23)
T
We may want to find this optimum value via the usual dynamic programming

method. First of all we define the Shapley operator

SV (x) = suplzB(x b) + E(V (Xy(t.x.b)))] (1.24)
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and then by backward recurrence
VI =S[hVi_1, (1.25)

hence we get
Vi =S[h"V,. (1.26)

n

However this procedure might be unfeasible to calculate practically when the
number of players increases. So we will consider the optimum of the limit and then
study how close these optima are.

1.2.4.1 Controlled limiting system

We want to study the mean field limit system, given by equation (1.11), in a classical
control theory setup. Recall that (E,d) is a compact metric space, the one where the
parameter b lies.

Notation 4 We define an action function fo be a piecewise Lipschitz function from
finite horizon time to E
o:[0,T] > E.

We note that an action function is different from a policy, because the latter de-
pends on the state of the system at each step, while the former does not. Thus in this
context we rewrite equation (1.12) where f is defined in (1.11) as

i=f(xa), (1.27)

meaning x(r) = f(x(z), a(z)) for every t > 0, considering hence b = a(¢), i.e. the
control parameter is a function of the time.

Notation 5 X(z,x, &) is the flux of the ODE (1.27), i.e. the solution at time t that is
in x at t = 0 under the control parameter b= a = o(s). In integral form

X(t,%0, ) :xo+/Otf(X(s,x0,a),oc(s))ds. (1.28)

We are in a finite horizon time 7" and now we want to maximize
T
Va(x) = / B(X(s,x, @), &t(s))ds + Vo(X (T, x, ) (1.29)
0
where B and Vj are the same as in (1.22). This is the value of the limiting system.

The optimal value is then
v(x) = supvg(x). (1.30)
[0
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Our aim is to study how and under what assumptions we have the convergence of
the optimum of the system of small players (1.23) to this optimum (1.30). In fact we
want both / and 7 tend to 0. To achieve this goal we need further auxiliary systems,
to get also the convergence for every policy and every action function.

1.2.5 Stability of S

We show that the state space S := B, (L, R] is stable for all the dynamics considered.
We need some regularity for the functions involved in the model. We require that
all the functions C;;(x,b) and F;(x,b) are positive and in €%(S) in the variable x,
for any b, i.e. twice continuously differentiable on the compact subspace S C ¢!, in
the topology of ¢!. Since S is convex we can take the directional derivatives in every
direction, so we have

C :=sup; ;Gjj(x,b) < oo, F=sup) Fj(x,b) <oo (1.31)
ioj<i
5. IF;
C(1) = sup, |G (xb)| <o, F(1)i=sup Y |5 (x,b)’ <o (132)
ik =il 0%k
2
2%C; Fij
C(2) :=sup, ., |G ,b‘ o, F(2):= J(x.b)| < 61.33
@)= sup [ o) < @)= | SR )| <139

These constants are all finite as S is compact.

Let us recall that L is the identity, i.e. L(k) = k. Therefore, using the above equal-
ities in (1.11) we get that also f : § — ¢! is twice continuously differentiable (in
%?(S)) as a map both in £' and in ¢! (L) with the following bounds

1F ()l < 3CIxl 71 +3F [[x] | (1.34)

f ey < 3(Cllxl [ +3F)[[xl[g1 1) (1.35)
[IDF)[ < 6C]|x|[p1 +3F +3[C(1)]|x|[p1 + F (1)]][x]] 1 (1.36)
DSl 1y < 8CIIxllon gy +3F +32C1D) Il [ + F)]Inl [y (1.37)
1D @)l < 6[C+F(1)+[C(1) + FQ)llella +C@IWGE]  (138)
D f ()1 ry < 9[C+F(1)+[C(1)+F(2)H\x\lz1@)+C(2)||x||?1<L)]-(1.39)

We recall now some fact about ODEs in Banach space of measures. In the Marko-
vian dynamics of the system of small players every state represents the number of
coalitions of different sizes, which is of course positive. Hence we are interested in
an evolution f : S — ¢! for the dynamic (1.12) x = f(x) that preserves positivity,
i.e. such that for any initial point x € €1+ the solution X (¢,x) belongs to Eﬁr for any
t > 0. We say that f must be conditionally positive, in the following sense:
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Definition 1. A function f : /! — ¢! is said to be conditionally positive if for any
x € ¢! with x;, = 0 one has fi(x) > 0.

Further, we need the following definitions.

Definition 2. A function f: ¢} — ¢! is called L-subcritical if

Y L(k) fi(x) < 0. (1.40)
k

As a motivation, we observe that < ||x||, () < 0if f is L-subcritical and t = f(x).
Definition 3. A function f : ﬁﬂr — ¢! is said to satisfy the Lyapunov condition if

Y LK) fi(x) <a) L(k)x+b (1.41)

k k
for some constant a and b, for all x € ¢1..
The main result concerning the dynamics in ¢! is the following lemma.

Lemma 2. Assume that the function f is conditionally positive, satisfies the Lya-
punov condition and is Lypschitz continuous in the norm of £' (L) on any bounded
set of {'(L). Then for any x € £' (L), the Cauchy problem (1.12) has a unique
global (defined for all times) solution X (t,x) in ¢} (L). Moreover

X(t,x)EB+(L,e“t(|\x\|é1(L)—I—bl‘)). (142)
In particular if f is L-subcritical then any B (L,R) is invariant.

Proof. By local Lipschitz continuity and conditional positivity, evolution (1.12) is
locally well-posed and preserves positivity. Moreover, by the Lyapunov condition,

(LX(1.%)) < (L) +/0'[a(L,x(s,x)> 4 blds

where (L,x) =Y ; L(k)x; is the duality between functions and measures. So by Gron-
wall’s lemma and the preservation of positivity

0<(L,X(t,x)) <e™[(L,x)+bt],
implying that the solution can be extended to all times with required bounds.

We have found that, if the assumptions of the lemma are satisfied, the set
B (L,xo] is invariant under an L-subcritical evolution f and the ODE has a unique
global solution, starting from xg.

Let us check that the assumptions of lemma 2 are satisfied for f definedin (1.11).
The function f is conditionally positive because its domain is S, which is a subset of
¢!, and the functions C;;(x,b) and F;;(x,b) are positive. Further, if we consider the



1 Evolutionary game of coalition building under external pressure 13

function G € €' (S) defined by G(x) = ||x|| ¢1(1) = Likx and apply the generator
(1.16) to this function then we have Y ; kfi(x) = 0, since the derivatives of G are
g—g(x) = k. This implies that f is L-subcritical.

Considering equation (1.37) and thanks to the boundedness of S in ¢!(L) we
obtain that f is Lipschitz continuous as a map in £!(L). So all the assumptions of
lemma 2 are satisfied, showing the well posedness of the problem and the invariance

of S. We would like this set to be invariant also for the system of small players.

1.2.5.1 State space for the small players

For any /, X"(t,x) is a continuous-time Markov chains on AN/" ¢! . Let us say
that X" (¢, x) are L-non-increasing, if any jump of X" (t,x) cannot increase L. In this
case a trajectory X" (z,x) stays forever in B, (L,R) whenever the initial point x €
By (L,R). Moreover X " is L-subcritical in the sense that its generator Ay p satisfies
the inequality A, 5 (L) <O0.

The Markov chains X" (¢,x(h)) are L-non increasing and have bounded genera-
tors. In fact the state space of the coalitions of small players is actually finite for any
fixed /. Indeed we recall that if X" (¢, x) is in the state x then x; is / times the number
of coalitions of size k. The total number of small players is fixed N = N(h) for any
h, so x;, = 0 for any k > N and x; < N/h for any k < N, meaning that the state space
is finite.

The total number of small players N is of course constant. So the norm in ¢! (L)
of the states x of the Markov chain X"(¢) is conserved:

N N
Xl oy = Y ko = h Y kng = hN (h). (1.43)
k=1 k=1

Hence if the initial point x(%) is in § = B4 (L,R] then any state is in S, i.e. the set
B (L,R] is invariant for the dynamics of X".

Notation 6 S(h) is the finite state space of the Markov chain X", the system of
N = N(h) small players. It is a subset of the compact B (L,R] in £' and a subset of
RN and of the set hN/™. Denote by M (h) the number of elements of S(h)

S(h) := hN"NB (L,R)].

So we can define S := B, (L, R] for a suitable R such that this set contains all the
initial data x(/) and x¢. Such an R exists because we will consider limy,_,ox(h) = xo
and then the sequence is bounded. S is the compact set in ¢! invariant for all the
dynamics considered. Thanks to (1.43) we have

R

N(h) <+ (1.44)
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for any h. Further limy,_,o M (h) = limj,_,o N(h) = +oo and the finite spaces S(h) are
decreasing, i.e. if & > [ then S(h) C S(I), and Uy~ S(h) C S. Moreover

S(hycSc (L) c e cr (1.45)

1.2.6 Assumptions in the model

Let us summarize the assumptions we make on our model. Recall that in the system
of N small players the controller acts at time steps k7 fork=0,1,...,n— 1.

e (H1) S= B, (L,R]is the state space of all the dynamics considered, and the initial
states lie in S;

e (H2) The functions C;;(x, b) and F;;(x,b) are positive and in € 2(S) in the variable
x, for any b € E, and Lipschitz continuous in the variable b, for any x € S;

e (H3) The rewards B(x,b) and Vy(x) are Lipschitz continuous in x in the £>-norm,
uniformly in b, and B is bounded;

e (H4) The time step T = t(k) depends on A, as well as N = N(h) does, and

lim ©(h) = lim ©(h)+/N(h) = 0;
h—0 h—0
e (HS) The horizon T is fixed and the number of steps is

n(h) = L(Th)J (1.46)

for any h, which tends to infinity, as /4 tends to 0;
e (H6) The rescaling parameter / of the model is such that

lim h(N(h))* = lim 7(h) (N(h))*>=0. (1.47)

Equivalently, we can think of studying the limit as N tends to infinity. So the pa-
rameter 7 = h(N) has to satisfy the latter conditions and it represents the rescaling
parameter for the system of N players.

1.3 Mean field convergence

In this section we present our main results. We follow the ideas in [8], hence we
firstly introduce the two auxiliary systems.
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1.3.0.1 First auxiliary system

This is a system with N agents controlled by an action function borrowed from the
mean field limit. More precisely, let @ be an action function that specifies the action
to be taken at time #. Although o has been defined for the limiting system, it can
also be used for the system with N players. In this case, the action function & can
be seen as a policy that does not depend on the state of the system.

At step k, the controller applies action

oy := a(kt),

so (1.20) gives a policy (ap,...,0,—1) as in (1.19), but independent of the state of
the system.

By abuse of notation, we denote by X/(¢) as in (3) the state of the system at time
t when applying the policy derived from the action function & as explained above.
In what follows policies will always be denoted by 7 and action functions by o.
Here (1.21) becomes

xe=X"(T,01, 04-1) = Xb (k7),

starting from initial point xo with control parameter oy = ,(0).
The value for this system, similarly to (1.22), is defined by

Vet (x0) 1 = E[TB(x0,0) + ...+ TB(Xn—1, C—1) + Vo (x)] (1.48)
=E il TB(Xg (kt), au(kT)) + Vo (X4 (n7))| X4,(0) = x()] .
k=0

1.3.0.2 Second auxiliary system

The method of proof uses a second auxiliary system in which trajectories are con-
sidered. This is a limiting system controlled by an action function derived from the
policy of the original system with N agents.

Consider the system with N players under policy 7. The stochastic process Xg =

X fr’_’n( n) is defined on some probability space . To every @ € £ there corresponds

a trajectory Xf;(a)), and for every @ € £ we define the piecewise constant action
function A (), as explained in the following

Notation 7
Al(@):]0,T] - E

is an action function such that

e this random function is constant on each interval [kt,(k+ 1)t[ for any k =
0,1,...,n—1;
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o Al(@)(kT) := m = m (X" (k7)) is the action taken by the major player of the
system with N agents at time slot kT, under policy 7.

Recall from notation 5 that for any xy € S C ¢'(N) and any action function o,
X (xo, ) is the solution of the ODE (1.27). For every @, X (t,x0,A%(®)) is the solu-
tion of the limiting system with action function A% (@), as in (1.28), i.e.

X(150,A%(@) =30+ [ F(X(s.50,AL(@)) AL@)(5)ds. (149)

The value function for this system is as in (1.29).

When @ is fixed, X (¢,x0,A" (®)) is a continuous time deterministic process cor-
responding to one trajectory X/ (). When considering all possible realizations of
X%, X (t,x0,A") is a random, continuous time function coupled to X7, i.e. a stochas-
tic process. Its randomness comes only from the action term A’},, in the ODE (1.27).
In the following we omit the dependence on @ in our writing. A% and X will always
designate the processes corresponding to the same ®.

1.3.1 Main results

The main result establishes the convergence of the optimization problem for the
system with N players to the optimization problem for the mean field limit, through
their value functions.

Theorem 1. Under assumptions (HI1)-(H6), if limy,_,ox(h) = xo almost surely, re-
spectively in probability, then
lim V" (x(h)) = v(xo) (1.50)
h—0

almost surely, respectively in probability, where V" and v are the optimal values

defined in (1.23) and (1.30).

The second result states that an optimal action function for the mean field limit
provides an asymptotically optimal strategy for the system with N agents. Let us
denote by (X (1));>0 the continuous time process which is the affine interpolation
of X!'(¢) (the first auxiliary system) in the points k7 and similarly by X/ (¢) the affine
interpolation of X(¢) under policy 7.

Theorem 2. Under assumptions (HI)-(H6), let o be a piecewise Lipschitz continu-
ous action function on [0,T), of Lipschitz constant Ky, and with at most p disconti-
nuity points. Then there exist functions J, Iy and B’ satisfying

lim I, (h =1limJ(h,T)=0, limB(h,8)=0
hfg)O(?a) hgr(l) (7 ) ) g]l% (7 )
—
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such that for all € > 0

. J(h, T
P{ sup [ Re(e) =X (1,50, 0)|| > [|[¥"(0) —xo | + (. 0T +] ew} LI
0<t<T €
(1.51)
and
VA(X"(0)) = va(xo)| < B ([ X"(0) x| ). (1.52)
Inequality (1.52) implies also that if
lim X"(0) = xo (1.53)
h—0
almost surely, respectively in probability, then
lim V2 (X"(0)) = v (x0) (1.54)
h—0

almost surely, respectively in probability.

The following corollary combines Theorems 1 and 2. It states that an optimal
action function for the limiting system is asymptotically optimal for the system of
small players.

Corollary 1. If o, is an optimal action function for the limiting system and if
limy, o X"(0) = xo almost surely, respectively in probability, then

lim Vi (x"(0)) - v*(x"(0))| =0 (1.55)

almost surely, respectively in probability.

Proof. The assumption says that there exists an action function ¢, that maximizes
v, 1.e. v(xg) = vq, (x0) = maxy vg(xo). Hence we have

VL (X"(0) - Vi (x(0)| <

Vi (XH(0)) = v (x0) | + [V (X"(0)) = v(xo)

So, if (1.53) holds, the first modulus goes to 0 by (1.54) and the second by (1.50).
Therefore (1.55) is given combining Theorems 1 and 2.

1.3.1.1 Auxiliary results

In order to prove the main theorems we need two auxiliary results.

Theorem 3. Under assumptions (HI)-(H6), there exist functions Iy and J satisfying
limy, o Ip(h, &t) = limy,_,oJ(h,T) = O such that for any € > 0, h > 0 and any policy
T
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{ (h,T)
P< sup .
0<t<T

£2
(1.56)

If (1.53) holds this theorem shows the convergence in probability of the con-
trolled system with N agents, with explicit bounds.

The second statement deals with the convergence of the value for the controlled
system of small players to the value of the second auxiliary system. Let 7 be a policy
and A be the sequence of actions corresponding to a trajectory of X, as in notation
7. Equation (1.29) defines the value for the deterministic limit, whereas « is an ac-
tion function. When applying the random action function A%, this defines a random
variable v (x0). A consequence of Theorem 3 is the convergence of V/(X"(0)) to
the expectation of this random variable.

X3(1) = X (t,%0,A%)

> [HX}’(O)fon +Io(W)T +é] eLlT} <!

Theorem 4. Let A},‘z be the random action function associated with X,’; as in notation
7. Under assumptions (HI)-(H6), there exist a function B satisfying

lim B(h,8) =0 (1.57)
h—0
5—0

such that

VAX"(0)) = Elvgg (50)]| < BO,

’Xh(O) —X()H). (1.58)

This implies that if (1.53) holds almost surely, respectively in probability, then

lim [V/(X"(0)) — E[v 1 (x0)] ] -0 (1.59)
h—0 T
almost surely, respectively in probability.

The proofs of the main results use the two auxiliary systems. The first auxiliary
system provides a strategy for the system with N agents derived from an action
function of the mean field limit. It can not do better than the optimal value of the
system of small players and it is close to the optimal value of the mean field limit.
Therefore the optimal value for the system with N players is lower bounded by the
optimal value for the mean field limit.

The second auxiliary system is used in the opposite direction: it shows that for
large N the two optimal values are the same.

1.3.2 Requirements for convergence

Let us denote by ||x|| the £>-norm of x and define the drift of the model as

F'(x,b) :== E(X"(1,x,b) — x). (1.60)
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Due to Theorems 2-6 in [8], in order to prove Theorems 1-4 it is sufficient to show
that

e (A1) There exist some non random functions /; (7) and I (h) such that

lim /7 (h) = lim L (h) =
fng () = i () =0

and that for all x and all policies 7 the number coalitions A”(k) that perform a
transition between time step k7 and (k+ 1)7 satisfies

E(AR(k) X (kT) = x) < %11 (h) (1.61)
E(AMRPIXR(ke) =) < 5 eh(h); (1.62

e (A2) There exist a function Iy(h) such that limy,_,oIo(h) = 0 and

H F"'(x,b)

= pte)| < o 163

for every x € S and b € E where the function f is the one in (1.11), and moreover
f is defined on S x E and there exists a constant L, such that

f(x,b)] < La; (1.64)

e (A3) There exist constants L, K and Kp such that forallx,y € Sand a, b € E

[|F"(x,b) = F"(y,b)[| < Li||x — y[[I() (1.65)
||B(x,b) — B(y,b)|| < Kg||x—l| (1.67)
Vo (x) —=Vo)[| < Kgllx—l| (1.68)
and the reward is bounded:
suIS)max{|B(x,b)\,|V0(x,b)|} = [|B]|co- (1.69)
xXe
beE

We will show in the next section that if our assumptions (H1)-(H3) are satisfied
then (A1)-(A3) hold.
Let us now fix the functions appearing in (A1), (A2) and (A3):
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K := 6CR+3F +3R[C(1)R+F(1)], (1.70)
Ly := 3CR2+3FR, (1.71)
Io(h) :== +/ ()2(R1+hR2), (1.72)
I1(h) := T(CR*+F), (1.73)
L(h) := (CR*+ F)[t(CR*+F)+h], (1.74)

where

Ry :=3(CR*+ FR)(6CR+3F +3C(1)R* + F(1)R),
Ry :=54(CR* + FR)(C+F(1)+C(1)R+ F(1)R+C(2)R?).
Clearly limy,_,Iy(h) = limy,_oI; (h) = limy,_o (k) = 0 if (H4) holds. L; actually
depends on &
Li =Ly(h) := KeM2VNT (1.75)
where M, :=3(C(1)R? +2CR + F(1)R+F). Hence L, is tends to the constant K by
(H4), as h tends to 0.

Let us define the functions [),J,B, B’ appearing in the statements of Theorems
2-4 by the following equations

J(h,T) == 8T {L} [L(h)T* + L (h)*(T + )| + N(h)* 2L (h —H’Lz . (1.77)

ki
) (1.78)

(T+1)% (1.79)

1h(h,a) = Ip(h) + tKeK-LIT [1{2 +2<1+m1n{ })||a||m} (1.76)
2]
—1

B 8) = 1B+ Ka/20 1)+ Kn(6 -+ 1 (4)T) (17 +

2

3 LT _ 1 + X713 2 1

+5 {e” + 2} K3 ||BlI&J(h,T)3

23 L

and B'(h,8) has the same expression as B(h,d) replacing Iy(h) by I)(h, ). From

(H4) and (H6) follow that limy,_,o J (h, T) = limy,_,o I} (h, &) = 0 and limy,_,o B'(h,8) =
6—0

limhﬂg B(/’l, 8) =0
6—0

1.3.3 Constructing an optimal policy

By means of corollary 1, an optimal action function for the mean field limit is
asymptotically optimal for the system of small players. This provides a way for
constructing an asymptotically optimal policy.

We denote by u(x,t) the optimal cost over horizon [¢, T] for the limiting system.
Under our hypothesis, the following proposition holds.
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Proposition 2. The value function u(x,t) is the unique, bounded and uniformly con-
tinuous, viscosity solution in S x [0, T] C £ x [0, T] of the Hamilton-Jacobi-Bellman
equation

du(x,t) B
—— —r;leag({Vu(x,t) -f(x,b)+B(x,b)} =0 (1.80)

which satisfies the terminal condition u(x,T) = Vy(x).

Let us recall that the definition of viscosity solution in a Hilbert space, as ¢2,
does not differ from the usual one. Further, under our assumptions, the Hamiltonian
defined as H(x, p) := maxpep{p- f(x,b) + B(x,b)} for any (x,p) € S x £? is such
that

|H (x,p) —H(y,p)| < C|lx—yl[(1+]|pl])
|H (x, p) —H(x,q)| < Cl||p—qll,

where C is a constant. Therefore existence and uniqueness of bounded and uni-
formly continuous viscosity solutions to (1.80) are implied by Theorem 5.1 in [6].

We state the algorithm presented in [8] for constructing an asymptotically opti-
mal policy for the system of small players X" via an optimal action function for the
mean field limit X:

e Let X"*(0) be the initial condition of the limiting system. Solve the Hamilton-
Jacobi-Bellman equation (1.80) on [0, 7n(/4)]. Assume this provides an optimal
control function o;

e Construct a policy 7 for the system of small players: the action to be taken under
state X" (k) at step k is

(X" (k7)) := o (k7).

The asymptotic optimality of the related value is ensured by corollary 1. The
policy 7 constructed above is static in the sense that it does not depend on the state
X" (kt) but only on the initial state X”(0). The deterministic estimation of X" (kt) is
provided by the differential equation.

The algorithm described above uses an optimal action function for the limiting
system which may not exist, as we observed above. A sufficient condition for its
existence is that the set f(x,E) x B(x,E) is convex for all x € S; a proof of this fact
can be found in [1].

However the existence of an optimal action function is actually not necessary
in the algorithm described above. Indeed, if there is no optimal control of the HIB
equation (1.80), one can replace the optimal o, used in the algorithm by an action
function which is h-optimal. This still provides an asymptotically optimal policy.

1.3.4 Example

We show here that in a class of applications the limiting problem can be reduced to
an optimization problem in one dimension. This provides a computationally much
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more effective scheme in order to obtain an asymptotically optimal policy for the
system of small players, in view of the algorithm presented above.

Firstly, we study a particular case in which the mean field limit admits an explicit
solution. So let us consider E = [0, 1] and a particular shape of the functions C;; and
F;;, in which the there is no dependence on x:

Cij(x,b) =b (1.81)

1-b
i—1°

Fij(x,b) = (1.82)
In particular if b is 1 then only merging is possible. While if it is O only splitting is
possible.

Let m(x) := ¥,;x; be the norm of x € ¢!. With these rates the limiting evolution f
in (1.11) can be studied considering only the dynamics of the norm. Evaluating the
limiting generator (1.16) on G = m we obtain

Y fi(x,b) = —bm* + (1 —b)m. (1.83)
i
Hence the evolution of m is described by

m(0) = mo, (1.84)

{m = —bm? + (1 —b)m
which is in fact an ODE on R ..
If b is constant then the explicit solution to (1.84) is

- mp(l —b)ell-b)
m(t,mo,b) = T b— mob + moe =5 (1.85)

if b # 1. In particular, if b = 0, m(t,mg,0) = mpe’. While if b = 1

B 1+tmgy

m(t,mp, 1) (1.86)

Observe that m(z,mg, b) is a continuous and strictly decreasing function of b € [0, 1],
for any value of 0 < ¢ < T and my > 0.

We assume that there is no instantaneous reward and that the final reward Vj =
Vo(m) is a strictly concave function of m which has a unique maximum in m*. The
value function V in this case can be computed explicitely, that is

Vo(meT 1) if m < m*e=(T—")
V(t,m) = { Vo(m®) itme T <m < s (1.87)

Vo <1+(7}"11—t)m) it m> 1—(7’31—t)m* :
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Ifmre T <my < % denote by b*(T,my) the unique value of b € [0, 1]
such that m(T,mo,b) = m*. Therefore, if m(0) = mo, an optimal action function for

the mean field limiting problem is to choose the constant value

1 if mg < me (T~
a*(t,mg) = a*(mg) := { b*(T,mp) if mre=T=1) < my < #jwm* (1.88)

This example can be generalized to the case in which the rates C;; and F;; depend
also on the norm of x. Namely, let

Cij(x,b) = bfc(m(x)) (1.89)
Fj(eb) = 1 folm(x). (1.90)

where fc and fp are some Lipschitz continuous and non-negative functions. The
dynamics (1.84) for m becomes

{m —bfc(m)m? 4+ (1—b) f(m)m (1.91)

m(0) = myg.

Also in this case, the mean field limiting problem reduces to an optimization
problem in one dimension. Thus there are numerical schemes which provide an
%-optimal action function in feedback form (see e.g. [1]). These are much more ef-
ficient than trying to solve the Bellman equation (1.26). In fact the prelimit problem
is allowed to be tackled when N is lower than a few tens: see [20].

1.4 Proofs of convergence

In this section we show that (A1)-(A3) hold in our fragmentation-coagulation
model. So (H1)-(H6) hold and recall that the compact state space S C 0! is stable
for all the dynamics considered.

1.4.1 Lipschitz continuity of the limit

We verify that (1.66) and (1.64) are satisfied for the function f in (1.11), if (H2)
holds. We actually do not need f to be in 2(S), but only in %! (S). We use the fact
that

[l | = Tlell2 < Tl < [Ixllrzy <R (1.92)

for any x € S. So equation (1.34) gives
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|If(x)|| < 3CR*+3FR
for all x € S, which is the assumption (1.64) with bound
Ly := 3CR?> +3FR. (1.93)
By (1.92) and its definition (1.2) we get also
IDFW)|p < [IDF@]a Vres
which, together with equation (1.36), yields
[|Df(x)||,2 < 6CR+3F +3R[C(1)R+F(1)]. (1.94)

Applying then the mean value theorem in the convex space S, for every x and y
in S there exist a point z in the segment [x, y] such that

fO)=fx) =Df(2).(y—x).
Thus taking the ¢>-norm and using the fact that Df is a bounded linear map we get

) =F@I < 1IDf ()| 2lly =l

for all x and y in S. According to (1.94) we find that the limiting function is Lipschitz
continuous in x, for the £2-norm with

K = 6CR+3F +3R[C(1)R+F(1)] (1.95)

as a Lipschitz constant.
Clearly (H3) implies (1.67), (1.68) and (1.69).

1.4.2 Convergence of the drift

Here we prove (1.63). Recall that the drift of the model is
FM(x,b) := E[X"(7,x,b) — x].

The semigroup U/ of the Markov process X" is defined by
U'G(x,b) := E[G(X"(t,x,b))]

for any G € €(S,R) and t > 0. U is the identity and U, satisfies the Kolmogorov
differential equation

%U,hG(x,b) = AnpUl"G(x,b) = Ul A, G (x,b), (1.96)
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where Ay, ;, is the infinitesimal generator defined in (1.10).
We apply U,h to the projection on the k-th coordinate G. This function is in
%¢'(S,R) and

Fl'(x,1) 1= Gy (E[Xh(f,)gb) —x}) — EGy(X"(,x,b)) —x; = U'Gy(x,b) — Gy (x).

(1.97)

Let us denote u(t,x,b) := UGy (x,b). The Taylor formula applied to u; in the
variable ¢ gives

ur(T,x,b) = ur(0,x,b) + T%(O,x,b) + ;%(s,x,b) (1.98)
for a fixed s €]0, 7[ and for every x and b. We have
ur(0,x,b) = Gi(x) = x¢ (1.99)
and according to (1.96)
duy,
W(O,x,b) = Apput(0,x,b) = Ay, Gi(x) (1.100)

for every x and b.
The generator (1.10) calculated on the projection, using Gy (e;) = Oy, gives

1
Abﬁth(X) = z Zcij(Lb)X,’Xj [Gk(x — hei - hej‘ + h€i+j) - Gk(x)]
iJ
1
+ 5 Z ZF,-j(x, b)x; [Gx(x — he; + hej + he,_ ;) — Gy(x)]
ii<j
= ZCij(x,b)x,-xj [3i+j,k — 6,' — 6j }
iJ

—|—ZZF}j(x,b)x,- [Sjk+5i—j,k -5 ]

ii<j
= Z C,-‘,k,,-(x,b)x,-xk,i - Zij (x, b)xkxj - ZCik (x, b)xixk
i<k J i
+ Y Fu(x,b)xi+ Y Fii(x,b)xi — Y Fij(x,b)x
i>k i>k Jj<k

and, observing that C;; = Cj; and F;; = F; ;_;, the latter expression is exactly fi (x,b)
defined in (1.11), whence
Ap pGi(x) = fic(x,b) (1.101)

for every x and b.
We need also an estimate of the latter term in (1.98). Equation (1.96) yields

82uk

0
W(S»X,b)*UglAb,th(x) = Ul Ap p Ap pGi(x) = Ul Ay fi(x,b).

ot
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We use then the fact that the semigroup Ush is, for any s, a contraction in the space
% (S,R) equipped with the sup-norm ||G||e := sup,cg |G(x)|. Thus the latter term in
(1.98) is bounded by

82uk
ot 92

H A afell. (1.102)

(sxb‘

forany x € S,b € E and s > 0.
The estimate for the norm of Ay j, f is found applying again the Taylor formula

to fi:

Ap pfr(x ZC,]xbx,x][fk(x he; —hej+ hejy ;) — fi(x)]
ij

+- ZZF,,xbx,[fk(x he; +hej+ hei_j) — fi(x)]

i j<i

0
_ZC,ijx,xJZ fk ( itjl — 511_6]'1)
+hY Cij(x, b)xix; ZZ 67, Wfk(y) (it = 81 = 81) (Birjm — Bim — Sjm)
i,j mn

+ZZF,ijx,Zafk 1+51 gl 5:1)

i j<i

+hZZEJXbx’ZZSX 5 6;[+51 Jid — 0; )(Sjm+6i7j,m_6im)

i j<i

for certain fixed points y and z in S. This gives, using the estimates (1.31), (1.36)
and (1.38) and the definitions of the norms of the derivatives D f and D?f,

| Apfe(x)| < CIIx|[7 (BIIDS )11+ RIID* F(3)]|1)
+ x|l BIDS(x)]| + 9D £ (21 1)
< CI[x|[71 3 (6C] x| +3F +3[C(1)||x][ 1 + F (1)]]]x]]1)
+54h (C+F(1)+[C(1)+F@)yllp +C)IIyI[7)]
+ F|[x[| 1 [3(6C|[x][ 1 +3F +3[C(1)|[x] |1 + F (1)][[x]| 1)
+54h (C+F (1) +[C(1)+F )]zl +C(2)]Izl[7)]
< (CR* 4 FR)[3(6CR+3F +3C(1)R* + F(1)R)
+54h(C+F(1)+C(1)R+F(1)R+C(2)R?)]

foreveryxe Sandb € Eandk=1,...,N(h).

Therefore
| Apafil|.. <Ri+hR, (1.103)
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for every x € Sand b € E and k = 1,...,N(h), where R| := 3(CR*> 4 FR)(6CR +
3F +3C(1)R*> + F(1)R) and R, := 54(CR* + FR)(C+ F(1) + C(1)R+ F(1)R +
C(2)R?).

Equations (1.97) and (1.98), by means of (1.99), (1.100) and (1.101), lead to

2 82
F(6b) = Tfi(x,b) = - 55 (s.3,b)
and this applying (1.102) and (1.103) yields
h 7’
[Fx.b) = Tfile,b)| < 5 (R + i)
for any k = 1,...,N(h). Considering the #>-norm we have hence

HFh(TXb) _f(va)H = \/W%(Rl +hR>)

which is (1.63), whereas Ij is given by (1.72).

1.4.3 Lipschitz continuity of the drift

Here we verify that the drift F”* of the model is Lipschitz continuous and we also
find a constant for which it is bounded in /2. We use two tools. The first is the fact
that the process

Mq(1) == G(X (1)) — G(X(0)) — / A(X(s))ds (1.104)

are martingales with respect to the filtration generated by the Markov process
X (t),>0, for every G in the domain of its generator. While the second tool is the
notion of coupling for Markov chains.

We want to study the behavior of the two Markov chains X" (¢,x,b) and X" (z,y, b)
for x # y and link them in some sense in the product space. So we could define a
coupling of these stochastic processes in terms of their distributions in the space of
paths D([0,T],S), the space of cadlag functions, for fixed initial points. However,
for given marginal Markov processes, the resulting coupled process may not be
Markovian. So we introduce the following fundamental definition, which can be
found for instance in [3].

Definition 4. Given two Markov processes with semigroups U;(t) and generators
Aj, or transition probabilities P;(t,xy,-), on (E;,&}), j = 1,2, a Markovian coupling
is a Markov process with semigroup U (¢) and generator A, or transition probability
P(t;x1,x2,-), on the product space (Ej x E», & ® &) having the marginality:
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P(I;X],XZ,AI XEQ) =P (l‘,xl,Al) vVt > 0,x1 € E1,A; € &7,
ﬁ(l;xl,xz,El XAQ) :Pz(t,xz,Az) Vt > 0,x € E,Ay € &.

Or equivalently
U(t)G(xl,xz) =U; (t)G(xl), Yt > 0,x € E,G € B((g]),

[j(t)G(xl,XQ) = UQ(I)G(XQ), Vi >0,x, € E;,G€E B((gaz),

where B(&) is the set of all bounded &-measurable functions. Here on the left
hand side G is regarded as a bivariate function, although it depends on only one
variable.

AG()Cl,xz) =G(x;) Vx €E|,G€B(&),

AG(X] X)) =G(x2) Vxp € E»,G € B(6),

where G on the left hand side is regarded as above.

The main result concerning coupling of Markov chains, whose proof can be
found in [3], is that the two parts given in the definition are equivalent under certain
conditions, for instance if the two Markov chains take value in a finite state space. A
Markovian coupling always exists: the simplest is the independent coupling. Con-
sider a finite set E = E| = Ej, in the notations of the above definition. The generator
of the independent coupling is defines by

AG(x1,x2) := A G(-,x2) (x1) + A1G(x1, ) (x2)
for any G € ¢ (E?).

Hence, for fixed h and b (which will be omitted in the following writing) we
consider any coupling operator A, of the Markov chain X”(¢) and itself, which gives
the semigroup U/". The coupled process will be called (X" (¢),Y"(t)), although we
consider the same process, to avoid misunderstandings. Then by (1.104) the process

Me(t) 5= (X0, Y4 (1)) — g(X*(0),7(0)) — [ Ag(x"(s) ¥ (5))ds (1.105)

is a martingale for any g € € (S(h) x S(h)).
We let

E[G(X"(1))] := E[G(X"(1))X(0) = x] = E[G(X"(t,x))] = U/'G(x)
and

BV (X" (1), Y1) 1= O'g(,) = £ [g(X"(0), Y (1)) | (X"(0),Y"(0)) = (x,7)]

for any x and y in S(h). Therefore the martingale M, defined in (1.105) leads to
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t ~
BV X! 0.7 ()] - ) = £ | [ Relxh o). v o)as|  1.106)
0
forany ¢t > 0 and g € €(S(h) x S(h)).
Considering g (x,y) := x; — yx and Gy (x) = x, by means of definition 4 and iden-

tity (1.101), we have
Agi(x,y) = AGy(x) = AGy(y) = fi(x) = fu(y)
and
E® [gr(X"(7),Y"(7))] = g (x,y) = E*[X{ (7)) —x— E” [X{ (7))} +y = F{ () = B (9)

by definition (1.60) of the drift. Hence equation (1.106) yields
P - 0) = 8| [ (70060 - 1) ) |
0

which, taking the £>-norm and applying Fubini’s theorem and the Lipschitz conti-
nuity of f (1.66), becomes

h h ' X,y
P )PPl <K [ B

‘Xh(s) —Yh(s)Hds (1.107)
for any coupling operator A, where K is defined in (1.95).
Now we need the following lemma, which is stated for instance in [4]:

Lemma 3. Let U; be a strongly continuous semigroup on E with generator A whose
domain is 9, a € R be a constant and f € 9. Then U, f < e™ f if and only if
Af<af.

Proof. (<) Let Af < af, then by Kolmogorov’s equation

d
EUtf:AUth aUf.

Thus by Gronwall’s lemma
Uf <e®Uyf =e™f.
(=) Let U, f < e™f, then by definition of the generator

U f— o
Af=1lim P = i €
t—0 1 t—0 t

f=oaf.

Hence we want to apply this lemma to the coupling operator Ay, and the function
p(x,y) =||x—y]|, in order to obtain an upper bound of the right hand side in (1.107).
So we have to choose a particular coupling for which there exists & € R such that
the condition
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Ap < ap (1.108)

is satisfied.

We use the so called coupling of marching soldiers, introduced by Chen in 1986
and whose description can be found for instance in [3]. This gives a Markov chain
in S(h) x S(h) such that, if it is in (x,y), it jumps to

e (x+z,y+z) atrate min{g(x,x+2),q9(»,y+2)},
o (x+z,y)atrate [g(x,x+2) —q(y,y+2)]",
o (x,y+z)atrate [g(x,x+2) —q(y,y+2)],

for any z € S(h), where g(x,y) are the rates, i.e. the elements of the Q-matrix, of the
Markov chain X". It is a Markov coupling, i.e. it satisfies definition 4 part 2, since
min{a,b}+ (a—b)* = a for any a,b > 0.

Set h;; = —he; — he; + he;.j and h'/ = —he; + he + he;_ ;. Thus the generator
of the marching coupling A of the Markov chain X", whose generator is defined in
(1.10), is given by

Ahg X y Zm]n{clj xl-xj7 <Y>yiyj}[g(x+hij>y+hij)_g(x7y)} (1.109)
+ - Z 1 (0)xix; — Cij (0)yiy,) " [8(x+ hij,y) — g(x,)]
+ - Z lj xlx] ( )yly]} [g(xay‘i’hij)*g(xvy)]

+ - szm{Fl/ x)xi, Fij(y)y }[g(x+hij7y+hij)—g(x7y)]

i j<i

+5 ZZ ()% = Fi ()il " [g(x+ 17, y) — g(x,y)]
ij<i

+5 ZZ (X — Fj(0)yil~ [g(xy+h7) —g(x,y)]
ij<i

forany g € € (S(h) x S(h)). Hence, calculating this generator (1.109) in the distance

function p(x,y) = , we obtain
Anp (x,y) < 3)|Cij(0)xix; — Cij(¥)yiy;| +3 X ) | Fj(x)xi — By (v)yi] - (1.110)
iJ i j<i
using the identity a™ +a~ = |a| for any real number a and the upper bound ||x —
y—z|| =[x —y|| < ||z]| < 3h whereas z can be either —he; — he + he; j or —he; +

hej+he;_;.
In order to get an estimate of the above equation, we shall consider the two func-
tions u,v: § — RV*N = RN where N = N(h), defined by

uij(x) := Cj(x)xix; (1.111)
vij(x) i= Fj(x)xiT0 1ol (i — J)- (1.112)
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So the right hand side in (1.110) is equal to
3llu) — a3l +3]Iv(x) v -
The derivatives of u and v are given by

814,']‘ 8C,,( )
8xk ()C ox, Xk

———=xixj + Cij(x) Oxj + Cij(x)x; Ok

and

Ivij JF;j(x .
Tx;:(x) = ( a;i )x,-+F,'j(x)5ik> H]07+m[(lfj).

Thus we apply the mean value theorem to get

[eeoe) = u)[er +[[v(x) =v()l o

=H"”<Z>fH e

<y |5

ijk

)€
al
GV,J

w) |16l

ik j<i

c( )||Z‘|g1||§\|él+2CHZH£'H§||£1+F(1)||W||el||§”el+F|“§||€1
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for any x,y € S(h) and for certain z and w in S, where & = x —y. The latter inequality

follows from (1.31) and (1.32).
Therefore (1.110) becomes

App(x,y) <3(C(1)R* +2CR+F(1)R+F)||x —y||n

for any x and y in S(h). If we use the estimate ||x —y||,1 < v/N||x—y|| for any x and

y in S(h) then

Anp(x,y) < Man/N(R)||[x— ||,

(1.113)

where M, := 3(C(1)R?> +2CR + F(1)R + F) is constant, which says that (1.108)

holds with o := M+/N(h) > 0.
Thus we can apply lemma 3 to the marching coupling, so that

Y

X)) < e lx =]

for any s € [0, 7] and x # y € S(k). Hence (1.107) becomes

T
[IF"(x) = F* ()] < K/O e®[|x —yllds < Kte*||[x -y,

which is (1.65) where L, is the function defined in (1.75):

IF" (x) = F* ()| < K"V [ —y|.



32 Alekos Cecchin and Vassili N. Kolokoltsov

1.4.3.1 Boundness of the drift

Applying (1.104) simply to the process X", without considering couplings, we ob-
tain

T
F'(x,b)=E U f(Xh(s,x,b))ds] (1.114)

0
Hence from (1.114), by means of (1.64), we get also an upper bound for the drift:
||F"(x,b)|| < Lot (1.115)

for every x € S(h) and b € E, where L; is defined in (1.93).

1.4.4 Bounds for A

We find an estimate for E(A%(k)|X" = x) where A (k) is the number of coalitions
that perform a transition between time step k7 and (k+ 1)7. Because of Markovian-
ity the above expectation is independent of k, so we can suppose k = 0. Hence we
consider E(A"|X"(0) = xq), where A" is the number of coalitions that change their
state between 0 and 7.

If the system is in xp in # = O there is an exponential clock of parameter s(xg,b)
such that, when it clicks, the system changes its state, say it goes in x1. Now there is
an other exponential clock of parameter s(x, ) such that, when it clicks, the system
changes its state, say it goes in x,. We repeat this procedure until we arrive at time
7. Note that A" is then less or equal than the number of clicks that we get from 0 to
T.

Thus to estimate A" we take an upper bound of s(x,b) defined in (1.8)

s(x,b) = Zninthij(x,b) +ZniFl-j(x,b),

iJ

for any x € S(h). Using assumption (1.31) on C;; and F;; we have

2
s(x,b) < Cthinj +FZni =Ch <an> +FZn,-
inj i i i
for any x and b. According to (1.44) ¥;n; <N(h) < %, which gives

s(x,b) < —(CR®>+FR).

S e

Hence for any x € S(h) and b € E, s(x,
only on A:

) is bounded by a constant s that depends

h 1

s ::z(CRZ—FF). (1.116)
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For a constant s the number of occurrences of clicks is known to be a Poisson

process of intensity s. Thus for a constant s the number of clicks from O to 7 is a ran-
dom variable X with Poisson distribution of parameter s7. This implies in particulat
that E(X) = st and E(X?) = st(1 +s7).

Hence the expectations for A” are bounded by

E(A"X"(0) =xo) < st

and

E((A")?[X"(0) = xo) < s"t(1+5"7)

for any xo € S(h). Using (1.116) we find

E(A"X"(0) = x0) < —7(CR*+F)

S| =

and

E((AM?1X"(0) = x0) < ~7(CR*+F)[1 + %(CRZ +F)1]

‘,_.3'\'—‘

T(CR? + F)[t(CR* + F) + h).

h2

Therefore (1.61) and (1.62) hold with the bounds specified in (1.73) and (1.74).
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