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On the construction of non-affine jump-diffusion models

Pavel V. Gapeev* Yavor 1. Stoev!

We describe a method for construction of jump analogues of certain one-dimensional diffusion
processes satisfying solvable stochastic differential equations. The method is based on the reduction
of the original stochastic differential equations to the ones with linear diffusion coefficients, which
are reducible to the associated ordinary differential equations, by using the appropriate integrating
factor processes. The analogues are constructed by means of adding the jump components linearly
into the reduced stochastic differential equations. We illustrate the method by constructing jump
analogues of several diffusion processes and expand the notion of market price of risk to the resulting
non-affine jump-diffusion models.

1 Introduction

Stochastic differential equations play an important role in the theory of stochastic processes and
are commonly used to describe the dynamics of assets of random nature in various models of insur-
ance and finance. The standard methods based on Picard iterations are used for the construction
of pathwise solutions of such equations in the case of regular drift and diffusion coefficients. Al-
ternatively, one can study certain classes of the so-called solvable stochastic differential equations
which can either admit explicit solutions or at least be reduced to the corresponding first-order
ordinary differential equations. The former class was considered in Gard [12; Chapter IV], where
closed-form strong solutions were obtained to stochastic differential equations with linear coefhi-
cients, by introducing the appropriate integrating factor processes. The latter class was studied in
(ksendal [23; Chapter V], where the equations with general drift and linear diffusion coefficients
were reduced to the ordinary differential form. The extensions of the Ornstein-Uhlenbeck processes
to the case of driving Lévy processes was proposed in Barndorff-Nielsen [1]. The general class of
solvable stochastic differential equations was expanded in [10] to the case of jump-diffusion processes
driven by Wiener processes and Poisson random measures of finite intensities. The tractability of
the resulting analytic solutions of the constructed equations was shown in Iyigiinler, Caglar, and
Unal [16], by analysing the accuracy of the numerical approximations obtained from the appropriate
discretisation schemes. The Laplace transforms of the first exit times from two-sided intervals for
certain one-dimensional jump-diffusion processes satisfying solvable stochastic differential equations
were recently computed in [11].
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It is known that exponential Lévy processes are widely used for the description of the price
dynamics of risky assets in models of financial markets (see, e.g. Cont and Tankov [3] for an extensive
overview containing various theoretical and numerical issues). Along with the classical models based
on compound Poisson processes, modern examples include exponential variance gamma processes,
normal inverse Gaussian processes, and hyperbolic processes (see, e.g. Madan and Seneta [22],
Barndorff-Nielsen [1], and Eberlein and Keller [9] for the description of the corresponding models).
An introduction to jump-diffusion modelling for asset prices and the term structure of interest
rates was provided in Runggaldier [24] in the context of the pricing and hedging problems. The
definition and a complete characterisation of the class of regular affine processes was carried out in
Duffie, Filipovié¢, and Schachermayer [8], which laid the foundations for a wide range of financial
applications. The popularity of the affine class can be explained by the fact that the logarithms
of the characteristic functions of the transition distributions of such time-homogeneous Markov
processes represent affine functions of the initial states. The analytical tractability of the affine
models is implied from the properties of the coefficients defining these affine relationships, which
solve an associated family of ordinary differential equations. These features made the affine processes
widely applicable for the description of the dynamics of term structures of interest rates, the models
of credit risk and stochastic volatility, as well as the pricing of contingent claims by means of
Fourier transforms (see, e.g. Duffie et al. [8; Chapter XIII], Duffie [7], Kallsen [18], and Kallsen,
Mubhle-Karbe, and Vo8 [19] and the references therein, respectively).

Despite an obvious recent focus on the affine and more general polynomial processes (see, e.g.
Cuchiero, Keller-Ressel, and Teichmann [6] for the definition of the latter processes and their applica-
tions), some alternative models have attracted a considerable attention in the financial mathematics
literature. Such non-affine examples include the constant elasticity of variance (CEV) and the re-
lated SABR models for local and stochastic volatility introduced in Cox [4] and Hagan et al. [15],
respectively (see also the latter reference for model-dependent calibration methods). An overview
of various continuous diffusion models of stochastic interest rates was provided in Shiryaev [25;
Chapter III, Section 4]. In the present paper, we develop the method for construction of non-affine
jump analogues of certain diffusion processes in the case of driving Wiener processes and Poisson
random measures of infinite intensity. We also describe how the notion of market price of risk, or
relative risk, can be extended to the constructed non-affine jump-diffusion models in relation with
the pricing of derivative securities.

The paper is structured as follows. In Section 2, we first apply the method of [12; Chapter 1V]
to obtain explicit solutions to linear jump-diffusion stochastic differential equations driven by a
Wiener process and a Poisson random measure of infinite intensity. Then, we follow [23; Chapter V,
Example 5.16] to reduce the equations with general drift and linear diffusion and jump coefficients to
the corresponding first-order ordinary differential equations that are solvable in the pathwise sense.
In Section 3, we extend the class of solvable stochastic differential equations to the reducible ones
by means of applying smooth invertible transformations. We present sufficient conditions for the
reducibility of the general stochastic differential equations to the solvable ones. We also construct
jump analogues of continuous diffusions and illustrate our results on several examples of non-affine
jump-diffusion processes. In Section 4, we discuss the extension of the notion of market price of
risk, or relative risk, for the constructed jump-diffusion models, which stays in accordance with the
same notions for the appropriate continuous diffusion models of financial markets.

2 Solvable stochastic differential equations

In this section, we describe a class of stochastic differential equations which can either be solved
explicitly or reduced to ordinary differential equations, by means of integrating factor processes.
For this purpose, we suppose that on a complete probability space (€2, F, P) there exists a standard



Wiener process W = (W;)t>0 and a homogeneous Poisson random measure u(dt,dv) on (Ry x
R,B(R4) ® B(R)) with the intensity (compensator) measure v(dt,dv) = dtF(dv) (see, e.g. [1T7;
Chapter II, Definition 1.20]), where F(dv) is a positive o-finite measure on (R, B(R)) such that
F({0}) =0, and W is assumed to be independent of pu(dt,dv).

2.1 The setting. Let us consider the stochastic differential equation
dX; = 6(t,Xt) dt—i—’y(f,Xt) dW; (21)
+ [ 1Ot X 0) (= V)t do) + [ TG(t X, v)) ),
where h(x) = 2Ijj;<1y with Iy as the indicator function, h(z) = z — h(z), = € R, and (t, ),
y(t,z) >0, and §(t,z,v) are continuous functions on Ry x R and Ry x R?, respectively. Assume

that, for any n € N, there exist a constant C,, > 0 and a function p,(v) with [ p2(v)F(dv) < oo
such that the equalities

| (tv ) (tvy)‘ <C’n|x—y\, ‘,B(t,x)‘ SCn (1+|.CCD, (2’2)
[h(6(t, z,v)) — h(6(t,y,v))| < pu(v) |2 —yl, (2.3)
[h(6(t, 2, v))| < pn(v) (1 +[z]), (2.4)
1 (8(t, 2,v)) = h(8(t, y,v))| < pp(v) & — yl, (25)
[1(8(t, 2, 0))| < (i (V) A pp(v)) (1 + |a]), (2.6)
are satisfied, for all 0 <t <n and z,y,v € R. We additionally assume that
y(t,x) =y (t) + n(t)x and (¢, z,v) = dp(t,v) + 61(t,v) x (2.7)

holds, where ~;(t) and 0;(¢t,v) for ¢ = 0,1 are continuous functions such that §;(t,v) > —1, for
all t > 0 and z,v € R. These conditions guarantee the existence of a unique strong solution
X = (X¢)t>0 to (2.1) for a given Xy € R (see, e.g. [17; Chapter III, Theorem 2.32]). Finally, the
equation in (2.1) takes the form

dXy = B(t, X¢) dt + (y0(t) + 71 (1) Xe) dW; (2.8)
+ /h(éo(t, v) + 01(t,v) X¢—) (u — v)(dt,dv) + /h(&o(t, v) + 01(t,v) X¢—) p(dt, dv).

2.2 The case of affine coefficients. Following the arguments in [12; Chapter IV], we see that
when

B(t,x) = Po(t) + Bi(t) z (2.9)

holds, for all ¢ > 0 and = € R, the stochastic differential equation (2.8) for X can be solved
explicitly, and X represents a polynomial process (see, e.g. [6] for the definition and applications
of this concept). Let us assume that the condition

67 (5, 0) I 15(5,2,0
/ /( i = |({5|1 G U))||<1} + | In(1 + 61(s, ) = 01(5,v) Ly 15(s,2,0) |<1}|) (dv)ds < oo (2.10)



holds, for all ¢t > 0 and = € R. Therefore, the integrating factor process Z = (Z;)i>0 given by

tA2(g t t
Zp = exp (/0 %2( ) ds —/0 71 (s) dWs —/0 /51(8,1)) Liis(s,xo_ w)|<1) (0 — v)(ds,dv)  (2.11)
_/0 /(ln(l + 61(5,v)) = 01(5,0) I {505, %, )|<1}) u(ds,dv))

is well-defined according to [25; Chapter VII, Section 3, Theorem 2|. Hence, applying 1t6’s formula
(see, e.g. [17; Chapter I, Theorem 4.57]) to (2.11), we get that the process Z satisfies the equation

dZy = Z;— <’Y%(t) dt — 7 (t) AWy — /51(157 ) I{j5(s,x, w)|<1} (0 — v)(dL, dv) (2.12)
81 (t, V) s (s, s )13 — 01 (6 0) Ija(s, X )| <1}
_/ 1+ 61(t,0) “(dt’dv))

It follows from the expressions in (2.8) and (2.9) that the process F' = (F})¢>o defined by

t
F, = Z s with R; =exp (/ Bi(s) ds) (2.13)
Ry 0
admits the representation
1
dF; = ﬁ (Zt, dX; + Xy dZ; + d<ZC, Xc>t + AZAX; — ththﬁl(t) dt) (214)
t
Ly
= R%t ((50@) — 0t (1)) dt +~o(t) dW; + / S0(t,v) Ii5(s,x,_ v)|<1} (1 — V) (dt, dv)

(5()(t, U)
+ / <1+(51(t,7)) - 50(t7 U) I{|6(5,Xs,v)|<1}) ,U(dt, d’U)>

Therefore, we may conclude from the expressions in (2.13) and (2.14) that the process X = (X3)t>0
given by

Ry

X; =
t Zt

<X0+/() é(ﬂo(s)—fm(s)’yl(s)) ds+/0 %fm(s)dws (2.15)

S

/A
+/0 = </50(87’U) L1505, % wy <1} (0 — v)(ds, dv)

N / <% — So(s5,) I{|5(s,xs,v>|su> ﬂ(ds’dv)»

provides a (unique strong) solution of the equation in (2.8) under the condition of (2.9), for a given
Xo € R. In this case, we call the stochastic differential equation of the form of (2.8) solvable in an
explicit form.

2.3 The case of linear diffusion coefficients. Following the arguments in [23; Chapter V,
Example 5.16], we now show that the stochastic differential equation in (2.8) can be reduced to an
ordinary differential equation, if we assume that ~o(t) = do(t,v) = 0 holds in (2.7), for all ¢ > 0
and v € R. By applying the integration-by-parts formula to the process G = (G¢)i>0 given by
Gy = Z;X; and using the form of the functions h(z) and h(z), and the expressions in (2.8) and



(2.12), we obtain
dGy = Z4— d Xy + Xp— dZy + d(Z°, X ) + AZy A X, (2.16)

=7 <5(t7 Xi—) dt + 7 (t) X dWy

+ / h(61(t,v)Xe—) (u — v)(dt,dv) + /h(él(t, v) X ) p(dt, dv)>

+Z Xy (Vf (t) dt = m(t) dWe — / W

- / R(81(t,0) Xy — 61(t, 0) (81 (£, v) Xp_)
(1 +01(t,v)) Xs—

(11— v)(dt, dv)

pu(dt, dv))

52(t,v)

Y dw).
5 0,(z,0) M0 d0)

—Zt Xt ’71()dt Zt X /

Note that the all the fractions in the expression of (2.16) above are well-defined, since we use the
notation h(61(¢,v)z)/x = d1(t,v) for x = 0. Therefore, if B(¢,z) satisfies the conditions in (2.2),
then the (unique strong) solution X of (2.8) is given by X; = G;/Z;, where for all w € Q the
process G(w) = (G¢(w))>0 is the unique solution of the ordinary differential equation

dG(w) = Zy(w) B(t, Gr(w)/Zi(w)) dt. (2.17)

Since the solution to the first-order ordinary differential equation in (2.17) can be obtained by
means of Picard iterations, under certain regularity conditions, we further also call the stochastic
differential equation of the form of (2.8) solvable in a closed form.

2.4 An example with a special semimartingale. Let us finally consider the stochastic dif-
ferential equation in (2.1) with the truncation function h(x) = z, x € R, so that it takes the
form

dX, = B(t, X;) dt +~(t, X)) AW, + / S(t, Xe_,v) (1 — v)(dt, dv). (2.18)

Then, the conditions of (2.3)-(2.6) can be written as
16(t,,0) — (t,9,0)| < pul®) [z — gl and  [8(t,2,0) < pu(@) (1 +]2l),  (2.19)

forall 0 <t<n,neN, and x,y,v € R. In this case, the equation in (2.8) takes the form
dX; = B(t, Xy) dt + (yo(t) + 71 () Xy) dWy + /(50(25, v) + 01(t,v) X¢—) (n — v)(dt, dv) (2.20)

and the condition of (2.10) can be simplified to

/ /(1 n |51 +\1n (1+61(s,0)) = du(s, v)\) F(dv)ds < oo. (2.21)



Thus, the integrating factor process Z from (2.11) admits the representation

Zt:exp(/ 1) g / () dW, — / /51 s,v) (1 — v)(ds, dv) (2.22)
/ / (In(1 + 61 (s, v)) — 61(s,v)) u(ds, dv))

Hence, the application of Itd’s formula to the expression in (2.22) yields

(5%(1&, v)

Q% =7 (ﬁ(t) dt = (t) AW, — / o1t v) (i = v)(dt, dv) + / T+ 61(t,0)

w(dt, dv)) . (2.23)
In a way similar to the one presented above, by using the expressions in (2.20) and (2.23), we
can apply the Itd’s formula to the processes F' and G defined as in (2.13) and Subsection 2.3,
respectively, and obtain the equations of (2.14) and (2.16). We conclude again that if [(¢,x)
satisfies the conditions of (2.2), then the (unique strong) solution X of the equation in (2.18) is
given by (2.15) in the setting of Subsection 2.2 and by X; = G/Z; in the setting of Subsection 2.3.

Note that, in this case, however, the indicator functions appearing in (2.14)-(2.15) are equal to one
and h(z) =0, x € R, holds in (2.16).

3 Reducibility to solvable equations

In this section, we extend the class of solvable stochastic differential equations by means of smooth
invertible transformations and provide sufficient conditions for the reducibility of the stochastic
differential equations to the solvable ones.

3.1 The invertible transformations. Let us consider the stochastic differential equation
dY; = n(t, Yy) dt + o (¢, Yy) dW; (3.1)
+ /h(Q(t,Yt_, v)) (u — v)(dt,dv) + /h(@(t7 Yi—,v)) u(dt, dv),

where n(t,y), o(t,y) > 0, and 0(t,y,v) are continuous functions on Ry x Dy and Ry x Dy x R,
respectively, for some open set Dy C R. Suppose that f(¢,y) is an invertible function from the
class CH2?(Ry,Dy) in the sense that there exists a function g(t,x) such that f(¢,g(t,z)) = z and
g(t, f(t,y)) =y, forall t >0, x € Dx, and y € Dy, where Dx denotes the range of f(t,y). Let
the functions B(t,z), y(t,z), and §(t,x,v) be given by

o?(t,g(t,z))

B(t,x) = 0 f(t,g(t, ) +n(t,g(t,x)) 9y f(t, g(t,)) + 5 Oy f(t,g(t, ), (3.2)
v(t, ) = o(t, g(t, x)) 9y f(t, g(t, x)), (3.3)
h(4(t, z,v)) = h(0(t, g(t,z),v)) Oy f(t, g(t, x)), (3.4)
h(8(t,x,v)) = f(t,g(t,x) +0(t, g(t, x),v)) — f(t, g(t, x)) — h(O(t, g(t,2),v)) By f(t, g(t, x)), (3.5)

for t >0, z € Dx, and v € R, and assume that they satisfy the conditions (2.2)-(2.6), so that the
equation for X in (2.1) has a (unique strong) solution with a state space Dx, and Xy € Dx. By
virtue of the invertibility of the function f(¢,y) and an application of It6’s formula, we conclude
that Y defined as Y; = g(t, X;) is a (unique strong) solution to the equation (3.1) with a state
space Dy and Yy = ¢g(0, Xy) € Dy . Moreover, by virtue of the arguments of the previous section,



when the functions 7(t,z) and §(¢,x,v) satisfy the conditions of (2.7), the stochastic differential
equation in (3.1) is reduced to the one in (2.8), which is solvable in a closed form under either the
conditions of (2.9) or the assumption 7o(t) = do(¢t,v) =0, for all ¢t > 0 and v € R.

On the other hand, if the equation in (3.1) has a (unique strong) solution Y with a state space
Dy, by means of Ito’s formula applied to the process X; = f(¢,Y:), we get

2
dX; = (@f(t,Yt) +n(t, Yy) ayf(t, Yi) + M

Dy f(£,Y7) ) dt (3.6)
ot V) 0,1 V) dWi [ B0t Yie )9, (0, Yio) (uldty o) — v(d, do)
b [ (Y5 08 Yie 0) = £(8,Yio) = O(t Yims ) D, (1, Vi) ) it o).

Therefore, when f(¢,y) solves the equations

0,2
B0 5(0.) = DSt 9) +n(t.) 0, (89 + T 1., (37)
() + () f(ty) = o(t,y) 9, f(E,y), (3-8)
(3o(1, ) + 51(4,0)(19)) = A(O(L . 0) 8,1 (1), 3.9)
F(Go(t,0) + 01 (00)£(1,9) = S(1y -+ 000,,0) = F(19) ~ Oy, ) 0, (E9), (310

for some continuous functions B(t,z), v;(t), and §;(t,v), i =0,1, and all t > 0, x € Dx, y € Dy,
and v € R, we obtain that the equation in (3.1) is reduced to the one of (2.8), which is solvable
in a closed form under either the conditions of (2.9) or the assumption vo(t) = do(¢,v) = 0, for all
t >0 and v € R. In this case, we call the stochastic differential equation in (3.1) reducible to a
solvable equation, by means of the invertible transformation f(¢,y) described above (see also [12;
Chapter IV], [23; Chapter V, Example 5.16], [10], and [16] for definitions of the related concepts).

Example 3.1. (Black-Karasinski model [2].) Suppose that in (3.1) we have n(t,y) = y(no(t) +
m(t)Iny), o(t,y) = oo(t)y, and 6(t,y,v) = 0, for all £ > 0, y > 0 and v € R. Then the
function f(t,y) =Iny, y > 0, with the inverse ¢(¢t,z) = e*, € R, reduces the equation in (3.1)
to the equation of (2.8) with (2.9), where Bo(t) = no(t) — od(t)/2, Bi(t) = m(t), Yo(t) = oo(t),
7(t) = di(t,v) =0, i=0,1,forall t >0 and v € R .

Example 3.2. (Stochastic population model [23; Chapter V, Example 5.15].) Suppose that in (3.1)
we have n(t,y) = no(t)y(m(t) —y), no(t) >0, ni(t) >0, o(t,y) = oo(t)y, and 0(t,y,v) = 0, for all
t >0, y>0 and v € R. Then the function f(t,y) = 1/y, y > 0, with the inverse g(¢,z) = 1/z,
x > 0, reduces the equation in (3.1) to the equation (2.8) with (2.9), where Bo(t) = no(t), Bi(t) =
o (t) —no(t)m(t), v1(t) = —oo(t), () = 6i(t,v) =0, i =0,1, for all t >0 and v € R.

Remark 3.3. Observe that, in Examples 3.1 and 3.2, the function 7(¢,y) does not satisfy the
second part of the conditions of (2.2), but we see that the equation in (3.1) has a unique solution,
since it is reducible to the linear equation in (2.8) with (2.9).

3.2 The reducibility criterion. Let us now describe the invertible transformations f(¢,y)
which reduce the stochastic differential equation in (3.1) to the solvable one in (2.8), in the time-
homogeneous case. Suppose that (3.1) has a (unique strong) solution Y, where n(t,y) = n(y),
o(t,y) = o(y), 0(t,y,v) = 0(y,v), and f(t,y) = f(y), g(t,x) = g(x), for all t > 0, z € Dx,
y € Dy, and v € R. Assume that 7(y), o(y) > 0, and 6(y,v) are twice continuously differentiable



functions, and define

r(y) = /y U(fz)’ p(y) = Z_E?y/; — O'I;y)’ and q(y,v) = er(y+9(y,v))fr(y)’ (3.11)

for all y € Dy and v € R. We are now ready to state the reducibility assertions for jump-diffusion
processes solving the equation in (3.1).

Theorem 3.4. The equation in (3.1) is reducible to the one of (2.8), where the appropriate invertible
transformation f(y) is given by

fly) = cenr) _ E’ (3.12)
il

for all y € Dy and some constant g € R, if the following conditions are satisfied:
(i) either the equality

(40yq + (9y0)*) (y, v) = (q0y08yq — 7(8yq)* + 7 Oyyq) (y,v) = 0 (3.13)

or the equality

q0y00yq — 0(9yq)* + 08yyq
= 3.14
( 40ya + o(0,4)? )= (319
holds, for some constant ¢; € R and all y € Dy, v € R;
(ii) the conditions
0(y,v)| > 1 if and only if |c (e“r(y‘w(y’”)) - 6717"(3”))| > 1, (3.15)

0(y,v)
o(y)

0(y,v)| <1 if and only if W HIW)—TW) — +1 (3.16)
hold, for all y € Dy and v € R, and some constants ¢ € R and v; # 0.
The solution of the equation in (2.8) is given by the expression in (2.15) if, in addition, the following
condition is satisfied:

(i) either the equality p'(y) =0 or the equalities

((ap/’)’) ) = e (3.17)

p

and

(O’p/)/ _ qayaayq - O-(ay(I)2 + Jayyq

o 40y + 0(0y0)° with  (3.14) (3.18)

hold, for some constant c3 € R, and all y € Dy and v € R.

On the other hand, solving the stochastic differential equation in (2.8) can be reduced to solving the
ordinary differential equation in (2.17) if the equality (0yq)(y,v) = 0 holds, for all y € Dy and
veR.

Proof. In order to prove the reducibility of the equation in (3.1) to the one of (2.8), we need
to check whether the equalities in (3.7)-(3.10) are satisfied for some [(t,z) = B(z), vi(t) = v,
0;(t,v) = 0;(v), 1 =0,1, and f(t,y) = f(y), forall t >0, y € Dy, and v € R.

By using the notations of (3.11) and the fact that o(y) > 0 for y € Dy, we obtain that the
function f(y) given by (3.12) is invertible. It can be shown by means of direct calculations that



the equality in (3.8) is satisfied. Then, by summing up the equations in (3.9) and (3.10), instead of
checking the equality in (3.10), we can verify whether

fly+0(y,v) — f(y) = do(v) + 61(v) f(y) (3.19)

holds. It follows by substituting the expressions of (3.12) with the notation of (3.11) for f(y) that
the equality in (3.19) is equivalent to

(q”l (g,v) — (1+ 51(1)))) onr(y) — 7150(1))6;17051(0)' (3.20)

Then, by differentiating the expression in (3.20), we see that it should be verified whether the
equality

(700 = 148100 + D20, ) ) L 7 =0 (3.21)

holds, while after multiplying both parts of the expression in (3.21) by e~""®g(y) and differenti-
ating again, we get that the equality

Y1 0yq" (y,v) + Oy (a0yq™ ) (y,v) = 0 (3.22)

needs to be verified. Applying the chain rule and dividing by 71¢"* 2, we get that the equality in
(3.22) is equivalent to

1 (90yq + 9(8y0)*) (y,v) + (49y00yq — 7(9yq)* + 0D,y q) (y,v) = 0. (3.23)

Hence, the equality in (3.22) can be verified by means of either the equality in (3.13) or

q0yodyq — o (0yq)* + Uﬁyyq>
—0 and ~ = — ), 3.24
b e ( q0yq + 0(0yq)? ) (329
combined with the one of (3.14). By choosing
61(v) = ¢ (y,v) — 1+ Uv(y) 0yq" (y,v), (3.25)
1

we get that the equality (3.21) is also verified. Thus, when we set v9p = 0 and

3o(v) = (¢ (y,v) — (1 + 61(v))) e @), (3.26)

we obtain that the equality in (3.19) holds.
Let us now check whether the equality in (3.9) is satisfied. For this purpose, we define the
auxiliary sets

©0 = {(y,v) € Dy x R: |0(y, v)| = 0}, (3.27)
01 ={(y,v) € Dy x R: |0(y,v)| > 1}, (3.28)
Ao ={(y,v) € Dy x R: [6(f(y),v)| =0}, (3.29)
A1 ={(y,v) € Dy x R: [6(f(y),v)| > 1}, (3.30)

and note that from the invertibility of f(y) and the equality in (3.19) we have ©g = Ag. It follows
from the equality in (3.9) that we should verify whether ©; C A; holds, but we have f'(y) = 0
for y € Ay \ ©1, that contradicts the invertibility of f(y). Therefore, we need to verify whether



©1 = A; holds, but the former represents the condition of (3.15), by virtue of the equality in (3.19).
Then, substituting the expression in (3.19) into the equality of (3.9), we also need to verify whether

fly+0(y,v) = fly) =0(y,v) f'(y) (3.31)

holds, for y € (Dy xR)\ (Ao U Ay), but the latter equality is equivalent to the condition of (3.16).
Thus, the conditions of (3.15)-(3.16) are equivalent to the one of (3.9). Finally, the equality (3.7)
is satisfied when we choose B(x) as in (3.2), for = € Dx.

Assuming additionally that the condition of (iii) holds, let us now check whether the equality
in (3.7) is satisfied with S(x) of the form (2.9), for some constants [y, 51 € R. Observe that when
the expressions in (3.17)-(3.18) are satisfied, we can set

o /\/
=0 and = —(120)) 3.3
and note that if the expression in (3.14) holds then vy and 7 agree with the ones from (3.24).
Substituting the expression from (3.12) with (3.11) for f(y) into (3.7) and using the assumption of
(2.9), we need to verify whether

2 _
<71 p(y) + %1 - 61> enrw) = 1P — 0B Oc%%ﬁ - (3.33)

holds. It follows by differentiating the expression in (3.33) and using the notations of (3.11) that

the equality
2

(32000 + 2= 51+ o)) ) 2L 7 —o (334

needs to be verified, and multiplying both parts of (3.34) by e """ Wg(y)/v; and differentiating
again, we see that the equality

N (y) + (or') (y) =0 (3.35)
should also be satisfied. Hence, the equality in (3.35) is satisfied under the condition p’(y) = 0 or
the ones of (3.17)-(3.18) with (3.32). It follows that the equality in (3.34) holds when we set

2
Br=mply) + %1 +o(y)v'(y). (3.36)

Thus, the equality in (3.33) is verified when we set 79 = 0 and
2

Bo = <71 p(y) + %1 - 61> cenr), (3.37)

We may therefore conclude that the equality in (3.7) holds with B(z) of the form (2.9), and we can
solve the equation in (2.8) by the expression of (2.15).

On the other hand, when the equality (9y¢)(y,v) = 0 holds, for all y € Dy and v € R, it follows
from the expressions in (3.25)-(3.26) that dp(v) = 0 holds, so that we can set vy = 0 and reduce
the equation in (2.8) to the ordinary differential equation of (2.17). O

Theorem 3.5. The equation in (3.1) is reducible to the one of (2.8) with v1 = 0, where the
appropriate invertible transformation f(y) is given by

f) =7y +ec (3.38)

for all y € Dy and some constant ¢ € R, if the following conditions are satisfied:
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(iv) the equality

(721 ) = cate (3.39)

holds, for some function cs(v), and all y € Dy and v € R;
(v) the conditions

|0(y,v)] > 1 if and only if ho( r(y+0(y,v)) — y))} > 1, (3.40)
|0(y,v)| <1 if and only if r(y+0(y,v)) —r(y) = 9((7(3/)) (3.41)

hold, for some v9 #0, y € Dy, and v € R.
The solution of (2.8) is given by (2.15) if, in addition, the equality (op’)'(y) = 0 holds, for all
y € Dy .

Proof. By using the notations of (3.11) and the assumption that o(y) > 0 holds, for y € Dy,
we obtain that the function f(y) given by (3.38) is invertible. Direct calculations show that f(y)
satisfies the equality in (3.8). It follows by substituting the expression of (3.38) with (3.11) for f(y)
into (3.19) that we can equivalently check whether

(Ing(y,v) — 61(v) r(y)) Y0 = do(v) + 1 (v) ¢ (3.42)

holds. Then, differentiating the equality in (3.42) and multiplying both parts of the resulting
expression by o(y), we see that we can verify whether

00,
(Z21) ) = 1) (3.43
holds. It follows from the expression in (3.39) that the equality in (3.43) is satisfied when we set
00,
51 (v) = < qu> (y, ), (3.44)

for all y € Dy and v € R. Hence, the equality in (3.42) is verified when we choose

do(v) = (Ing(y,v) — 01(v) r(y)) 0 — 01 (v) ¢, (3.45)

for some ¢ € R. By means of the arguments similar to the ones used in Theorem 3.4, the conditions
of (3.40)-(3.41) are equivalent to the ones of (3.9). Again, the equality in (3.7) holds when we
choose (x) asin (3.2), for x € Dx.

Finally, assuming additionally that the equality (op')'(y) = 0 holds, for all y € Dy, let us verify
whether the equality in (3.7) is satisfied with 5(x) of the form (2.9), for some constants 5y, 51 € R.
By means of substituting the expression of (3.38) with (3.11) for f(y) into the one of (3.7) with
(2.9), it follows that we can equivalently verify whether

(p(y) = Brr(y)) 0 = Bo+chr (3.46)

holds, for some constant ¢ € R. Then, by differentiating the equality in (3.46), applying the
notations of (3.11) and multiplying both parts of the resulting expression by o(y), we see that it
should be verified whether the equality

a(y)p'(y) —B1=0 (3.47)
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holds. Hence, by using the equality (op’)'(y) = 0, we get that the equality in (3.47) is satisfied
when we set

Pr=0o(y)p'(y), (3.48)

for all y € Dy . Thus, the equality in (3.46) is verified when we set
Bo = cp1— (py) = B (1)) Y0- (3.49)
We may therefore conclude that the equality in (3.7) holds with B(z) of the form (2.9) and any
0 # 0, so that we can solve the equation in (2.8) by the expression of (2.15). O

Remark 3.6. It follows from the proof presented above that if the truncation function h(z) is
non-zero, that is, if the equation in (3.9) is not trivially satisfied, then the process Y should have
a diffusion coefficient o(y) which satisfies either the condition of (3.16) or (3.41). This is relevant
only in the case of infinite jump intensity, because the condition (3.9) is always satisfied by putting
h(z) = 0 for the finite jump intensity case. We also note that the transformation equations of
(3.12) and (3.38) are similar to the equations of (3.10)-(3.12) in [10] for a single Poisson random
measure and the equations of (8) and (16) in [16] for multiple Poisson random measures in the time-
inhomogeneous setting. However, in the present paper, the conditions of (ii) and (v) of Theorems
3.4-3.5 reflect the fact that we work in the infinite jump intensity case.

Example 3.7. (Coz-Ingersoll-Ross model I [5].) Suppose that in (3.1) we have n(y) = no + my,
o(y) = oo\/Y, Mo > 02/2, m # 0, and O(y,v) = 0, for all y > 0 and v € R. Then the function
f(y) = exp(2/y), y > 0, with the inverse g(z) = (Inz/2)?, > 1, reduces the equation in
(3.1) to the one of (2.8), where B(z) = x(2n9 + mIn®2/2 + o2(Inz — 1)/2)/Inzx, 71 = 09, and
Yo = do(v) = d1(v) =0, for all z > 1 and v € R.

Example 3.8. (Coz-Ingersoll-Ross model II [5].) Suppose that in (3.1) we have n(y) = noy(n1 —v),
o(y) = oo\/y3 and 6(y,v) = 0, for all y > 0 and v € R, where 179, 71 € R, and op > 0. Then
the function f(y) = exp(—2/,/y), y > 0, with the inverse g(z) = 4/In’*z, = € (0,1), reduces the
equation in (3.1) to the one of (2.8), where 8(z) = —mox(mlnz —4/Inz)/2 + odx(1+ 3/Inx)/2,
Y1 = 09, and 9 = do(v) = d1(v) =0, for all z € (0,1) and v € R.

Example 3.9. (Constant elasticity of variance model [4] and [15].) Suppose that in (3.1) we have
n(y) = my, o(y) = ooy® and (y,v) =0, for all y > 0 and v € R, where 71 € R, 0¢, and a > 0. In
the case when a = 1, the function f(y) =y, y > 0, with the inverse g(x) = z, = > 0, reduces the
equation in (3.1) to the one of (2.8), where B(z) = xn1, 71 = 09 and vy = do(v) = d1(v) = 0, for all
x>0 and v € R. In the case when « € (0,1), the function f(y) = exp(y'~*/(1—a)), y > 0, with
the inverse g(z) = (In(z)(1 — )/~ 2 > 1, reduces the equation in (3.1) to the one of (2.8),
where 3(x) = m(1 —a)zlnz + odx(1 —a/((1 — a)lnx))/2, y1 = 09, and vy = dp(v) = §1(v) = 0,
for all z > 1 and v € R. The case o > 1 yields the same reduced equation as the case a € (0,1)
does, but with the same §(z) defined for = € (0,1).

Example 3.10. (Shiryaev filtering model [21; Chapter IX].) Suppose that in (3.1) we have n(y) =
no(l —y), o(y) = ooy(1 —y) and O(y,v) = 0, for all y € (0,1) and v € R. Then the function
fly)=y/(1—y), y € (0,1), with the inverse g(z) = x/(1+=x), = > 0, reduces the equation in (3.1)
to the one of (2.8), where B(x) = no(1 + x) + 022?/(1 + z), 71 = 00, and v = dp(v) = §1(v) = 0,
for all z >0 and v € R.

3.3 The jump analogues of some diffusions. In the rest of this section, we will construct
Jump analogues of several diffusion processes, by adding the jump components in the models of
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their solvable counterparts. To this purpose, we will use the Wiener process W = (W;);>o and
the Poisson random measure p(dt,dv) with the compensator v(dt,dv) = dtF(dv) existing on the
probability space (2, F, P).

Let Y = (Y;)+>0 be a continuous process with a state space Dy solving the stochastic differential
equation (3.1) with 6(¢,y,v) =0 for all t > 0, y € Dy, and v € R. Suppose that there exists an
invertible transformation f(t,y) € CY?(Ry,Dy) satisfying (3.7)-(3.10) and such that the process
X = (Xt)t>0, X¢ = f(t,Y2), solves the equation in (2.8) with J; (t v) =0, for i =0,1, t >0, and

v € R. Let us take a continuous function 8(¢,z,v) = d(t,v) + 61 (t, v)x such that 51(t v) > —1
holds and the expression in (2.10) is satisfied with (¢, z, v) replaced by 5(t x,v). Assume also that

gi(t,v) # 0 if and only if ~;(t) #0 (3.50)

holds, for ¢ = 0,1, and all t > 0 and v € R. Consider the stochastic differential equation
dXe = B(t, Xe) dt + (0(t) +m(0)Xe) AW, (3.51)
+ /h(S\O(t7 U) + gl(tv U))?t—) (H(dt7 dU) - V(dta d’l))) + /h(go(t, U) + 3\1 (t7 U)Xt—) /J“(dt’ dv)7
where B(t,x) satisfies either the condition of (2.9) or yo(t) = go(t,v) = 0 holds, for all ¢ > 0 and
v € R, and assume that its (unique strong) solution X = (X;);>0 has the state space Dx. Then,
according to the arguments of Section 2, we conclude that equation in (3.51) is solvable in a closed

form, and applying the inverse transformation g¢(t,x), for t > 0 and = € Dx, to the solution X,
we obtain that the process Y; = g(t, X;) solves the equation

dY, = n(t,Yy) dt + o(t,Yy) dW, (3.52)

+/§0(t,fft Jv) (u(dt, dv)—y(dt,dv))+/§(t Yi_,v) p(dt, dv),

with
§O(t7 Y, U) = h(ES\O(tv U) + 3\1 (tv U)f(t, y))axg(ta f(ta y))? (353)
é\l(tvyv ) - g(t g (t 1)) + (1 + gl(tvv))f(ta y)) - g(t7 f(ta y)) - é\O(ta y,v), (354)

for t > 0, y € Dy, and v € R. We will call such process Y = (i}t)tzo a jump analogue of the
diffusion process Y = (Y3)i>0 (see [10; Section 4]). Note that when h(z) = 0, = € R, holds the
jump analogue Y also solves the equation of the form of (3.1).

Remark 3.11. Let us now introduce the pure jump analogue Y = ()N/})tzo of the given Y = (Y)>0,
by setting o(t,y) = 0 in (3.52), for all ¢ > 0 and y € Dy . Such a process Y can be defined as a
(unique strong) solution of the stochastic differential equation

AV = n(t, V) dt + / Bo(t, Vi, v) (uldt, dv) — v(dt, dv)) + / Bt Vi) pldt,dv),  (3.55)

with 8;(t,y,v), i = 0,1, given by (3.53)-(3.54).

Let us now give some examples of jump analogues of diffusion processes presented above. We
assume throughout that the truncation function is h(x) = 0, = € R, and therefore 6y(¢,y,v) = 0
holds, for t > 0, y € Dy, and v € R.

Example 3.12. (Estended Black-Karasinski model.) Suppose that in (3.52) we have the same
n(t,y) and o(t,y) as in Example 3.1. Then, for a jump analogue in (3.54) we can take d;(t,v) = 0,
and thus 61 (t,y,v) = y(exp(do(t,v)) — 1), for all t >0, y >0, and v € R.
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Example 3.13. (Eztended stochastic population model.) Suppose that in (3.52) we have the same
n(t,y) and o(t,y) as in Example 3.2. Then, for a jump analogue in (3.54) we can take 50(t v) =0,
and thus 8, (t,y,v) = —y(81(t,v)/(1 + 61(t,v))), for all t >0, y >0, and v € R.

Example 3.14. (Eztended Coz-Ingersoll-Ross model I.) Suppose that in (3.52) we have the same
n(y) and o(y) as in Example 3.7. Then, for a jump analogue in (3.54) we can take 61(y,v) =
VyIn(1+01(v)) +In?(1 + 61(v))/4, for all y > 0 and v € R.

Example 3.15. (Eztended Coz-Ingersoll-Ross model I1.) Suppose that in (3.52) we have the same
n(y) and o(y) as in Example 3.8. Then, for a jump analogue in (3.54) we can take 601(y,v) =

y\/gln\/l—i—él 2—\/ln\/1+51 \/ln\/l—i—él ) —1)2, for all ¥y >0 and v € R.

Example 3.16. (Extended constant elasticity of variance model.) Suppose that in (3.52) we have
the same 7(y) and o(y) as in Example 3.9. In the case when o =1, for a jump analogue in (3.54),
we can take 61(y,v) = 50( ) + 51( )y, for all y > 0 and v € R. In the cases when a € (0,1) or
a > 1, for a jump analogue in (3.54), we can put So(v) =0 and 61 (y,v) = (¥ *+(1—a) In!~*(1+
51 (v)Y/0=) —y for all y >0 and v € R.

Example 3.17. (Eztended Shiryaev filtering model.) Suppose that in (3.52) we have the same
n(y) and o(y) as in Example 3.10. Then, for a jump analogue in (3.54) we can take Hl(y, v) =
y(1—1)61(v) /(1 + 11 (v)), for all y € (0,1) and v € R (see, e.g. [21; Chapter XIX]).

4 Market price of risk

In this section, we expand the notion of market price of risk, or relative risk, to the constructed
jump-diffusion models driven by natural exponential families of Lévy processes, in respect to their
applications to financial markets.

4.1 The relative risk representations. In the setting of the previous sections, suppose that
there exists a process S = (S¢)i>0 defined as

t
St = exp (61t+’y1 Wt—i-/ /v(u—u)(du,dv)), (4.1)
0
and thus, solving the stochastic differential equation
dSy = By Sydt + 71 Sy dWy + Si_ / (e” - 1) (1 — v)(dt, dv) (4.2)
with
B —61—1—21—1—/(6”—1—1)) F(dv), (4.3)

where 51 € R, 71 > 0, the compensator of the measure p(dt,dv) has the form v(dt,dv) = dtF(dv)
with respect to the probability measure P, and the condition

/ <(v2 A v|) + €* I{\u\>1}> F(dv) < o0 (4.4)

holds. Then, InS = (In S;)¢>p forms a Lévy process with the triplet of characteristics (81,73, F(dv))
with respect to the truncation function h(z) =z, = € R.
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Let (Py)aea be a parametric set of probability measures which are locally absolutely continuous
with respect to Py = P on the filtration (F;);>0, where A C R is an open subset. Assume that the
probability measure Py admits the density

Py
P,

= exp ()\ In S, — K(\) t), (4.5)
Fi

with respect to the dominating measure Py = P, where the cumulant function K (\) is given by

2.2
K\ = Ay + 2 271 + / (e’\“ 1 AU) F(dv), (4.6)
and the condition
/ (@2 Alol) + I{|v|>1}) N F(dv) < 0o (4.7)

holds, for any A € A. In this case, the set (Py)xea forms a natural exponential family generated
by the Lévy process InS (see, e.g. [25; Chapter X, Section 2] and [20; Chapter II]). We further
assume that the characteristics of the triplet (81()\),~?, F(dz;\)) of the process InS with respect
to P satisfy the conditions

BiN) = Bi(N) + (N =i+ / v (X0 1) P(dvs ), (4.8)
F(dv; N : , 2
F<(d11);; /\)) =NV and / (e(/\ —Av/2 _ 1) F(dv; \) < o0, (4.9)

for any \,\' € A. Hence, it follows from Girsanov’s theorem (see, e.g. [17; Chapter III, Theo-
rem 5.34]) that the probability measures Py and Py are locally equivalent on the filtration (F;)i>0
and the density process takes the form

dPy
dPy

— exp ((A’ — ) IS, — (K(N) = K(\) t), (4.10)
Fi

so that any measure Py, A € A, can be taken as dominating.

Suppose that the process S = (S¢)i>0 expresses the dynamics of the price of a risky asset (e.g.
a stock) in a model of a financial market in which the riskless asset (e.g. a bank account) has
a constant value. Assume that there exists A, € A such that S is a (local) martingale on the
filtration (F;)¢>0 under the probability measure Py, , for some A, € A. Thus, it follows from the
structure of the density of the probability measures in (4.5) and (4.10) that A, represents a root of
the arithmetic equation

KO+1) — KO\ =5 + 72% - /vF(dv) NI / (e” - 1) F(dv; \) =0, (4.11)

whenever it exists (see, e.g. [13]-[14] and [25; Chapter VII, Section 3]). The value A, is called the
market price of risk, or relative risk, for the model of financial market with the risky asset price S.
The associated with A, probability measure Py, is called the risk-neutral measure for the process
S and is used for the no-arbitrage pricing of derivative securities in the related models of financial
markets. Thus, the process S admits the (local martingale) representation

dSy = y1 Sy dW; + S / (e” - 1) (k= v)(dt, dv; As), (4.12)
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where the process W* = (W}");>0 and the measure v(dt, dv; \y) defined by
Wi =W;— Mt and v(dt,dv;\,) = dt F(dv; \,) = dte*? F(dv) (4.13)

are the standard Brownian motion and the compensator of the Poisson random measure p(dt, dv)
with respect to P),, respectively.

Suppose that there exists a strictly positive and twice continuously differentiable functions g(s)
and its inverse f(q) such as the ones considered in the previous section. Then, define the process
Q = (Qt)t>0 by Q¢ = g(St), and assume that the function

war) = [ (s @ = 10) = (= 1) ) (@) Fldvi ) (4.14)

is finite, for all ¢ > 0. Hence, by means of the It6’s formula, we get that the process () satisfies the
stochastic differential equation

dQ: = n(Qe; Av) dt + o (Qy) AW, + /H(Qt, v) (u — v)(dt, dv; \y), (4.15)
where the functions 7(q; A«), o(q), and 6(q,v; \s) are given by

2 £2
nan) = D g pg)) 7 1), (4.16)

o(@) =mnf(@) g (f(@), and 0(q,v)=g(f(g)(e"—1))—q, (4.17)

for all ¢ > 0 and v € R, and the function 7j(q; \«) is defined in (4.14). The process () can express the
price dynamics of another risky asset (e.g. an interest rate) in the considered financial market model.
We also observe from the expressions in (4.12)-(4.13) and (4.15)-(4.17) that the processes S and @
have the structure of coefficients under the probability measure P, which is similar to the one of
the processes X and Y from (2.18) and (3.1) with (3.7)-(3.10), and B(¢t,x) = vo(t) = do(t,v) =0
and 01(t,v) =e”" — 1, forall t >0, v € Dx, and v € R.

Remark 4.1. Note that, for any process @ satisfying the stochastic differential equation in (4.15)
with the coefficients of the form of (4.16)-(4.17) and (4.14), we can construct a process S by
setting Sy = f(Q:), which satisfies the stochastic differential equation in (4.12) with (4.13). We
can therefore expand the notion of relative risk A, defined for the process S by the equation in
(4.11) on the process @ such that Q; = ¢g(S;), for all ¢ > 0. In this case, the payoff of a derivative
of the form H(Q;), for some measurable function H(q), ¢ € Dg, can be represented in the form
H(g(St)), for each t > 0. In other words, the process S can be considered as the price of an
auxiliary underlying risky asset, which is a (local) martingale under the probability measure Py, .
In this respect, we can regard the expression in (4.15) as the risk-neutral representation for @@ under
the probability measure Py, , where the value A, is chosen by the market. Such an expansion of
this notion stays in accordance with the other ones considered in the literature and is related to
the several particular examples of continuous models from the previous section. One can also say
that this expansion defines the appropriate risk-neutral probability measure which can be used for
the no-arbitrage pricing of derivatives on the associated financial assets with the price processes
satisfying solvable stochastic differential equations.

4.2 Some natural exponential families. We conclude the section by referring several exam-
ples of natural exponential families of Lévy processes.

Example 4.2. Suppose that the process In.S has the triplet (—\,1,0) with respect to the measure
Py, A € A =R, that is, InS is a Brownian motion with the local drift rate (—\) € R and the
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marginal density function p(z) = exp(—(z + \)2/(2t))/V2rt, t > 0, x € R. Then (Py)xep is a
natural exponential family with the dominating measure Py and the cumulant function K(\) =
N/2, N e A=R.

Example 4.3. Suppose that the process In.S has the triplet (e)‘,O,I{le}e)‘xd:E) with respect
to the measure Py, A € A = R, that is, In S is a Poisson process of intensity e*, A € R, so that
Py(InS; = n) = ()" exp(—e*t)/(n!), t >0, n € N. Then (Py)xep is a natural exponential family
with the dominating measure Py and the cumulant function K(\) = exp(e}) — 1, A € A = R.

Example 4.4. Suppose that the process In S admits the representation InS; = Z;V:tl E;, where
N = (Nt)i>0 is a Poisson process of intensity (—n/)) and (Z;);en is a sequence of independent (also
of N) identically distributed random variables with probability density function pé(@ = -\,
x > 0, with respect to the measure Py, A € A = (—00,0). The process In .S is a compound Poisson
process with exponential jumps, where the value (—n/)\) plays the role of the jump intensity (see, e.g.
[25; Chapter III, Section 1]). In this case, the process In.S has the triplet (77/)\2,0,[{93>0}776)‘xdm)
with respect to the probability measure Py, A € A. Hence (Py)xea is a natural exponential family
with the cumulant function K(X) =n/(2)\), A € A = (—00,0).

Example 4.5. Suppose that the process In.S admits the representation InS; = Z;V:tl E;, where
N = (N¢)t>0 is a Poisson process of intensity 776/\2/ 2 and (Ej)jen is a sequence of independent
(also of N) identically distributed random variables with probability density function pd(z) =
(1/@)6_(“_’\)2/2, x € R, with respect to the measure Py, A € A = R. The process InS is a
compound Poisson process with normal jumps, where the value ne)‘2/ 2 plays the role of the jump
intensity (see, e.g. [25; Chapter III, Section 1]). In this case, the process InS has the triplet
(776)‘2/2,0, (neAQ/z/\/%)e_(x_)‘)z/zd:U) with respect to the probability measure Py, A € A. Hence
(P\)aca is a natural exponential family with the dominating measure Py and the cumulant function
K(\) =n(e/2-1), Ae A=R.

Example 4.6. Suppose that the process InS has the triplet (—1/A,0,I;50)
(e /x)dx) with respect to the measure Py, A € A = (—00,0), so that it is a gamma process
with parameter (—\) and the marginal density function p}(z) = 2!~ !exp(z/\)/((=N\)T(t)), t > 0,
x > 0 (see, e.g. [25; Chapter III, Section 1]). Then (Py)xea is a natural exponential family with
the cumulant function K(A) =1In(—X), A € A = (—0,0).

Example 4.7. Suppose that the process InS has the triplet (§/4/(—2)),0,
(5I{w>0}e>‘x/\/ 2ra3)dx), 6 > 0, with respect to the measure Py, A € A = (—00,0), so that In S is
an inverse Gaussian process with one of the parameters /(—2)), and the density of the random

variable In S; has the form p}(z) = 6e°V(=2N exp(— (6221 —2Ax)/2)/v2r23, > 0. Then (Py)xca
is a natural exponential family with the cumulant function K () = d/(—2)\), A € A = (—0,0).

Example 4.8. Suppose that the process InS has the triplet (u + d\/vVa? — A2,0,
K1 (al|z])er/(r|z])dz), o > 0, 0 < [A\| < a, p € R, § > 0, with respect to the measure
Py, A€ A =(—a,«), where K;(z) is the modified Bessel function of the third kind with index 1.
The process In S is a normal inverse Gaussian process, where A is one of the parameters and the
marginal density is p}(z) = ae®V* N K (ad\/1 + (x — p)2/52)eN==1) (/1 + (x — 1)2/62) (see,
e.g. [1] or [25; Chapter III, Section 1]). Then (Py)xea is a natural exponential family generated by
In S with the dominating measure Py and the cumulant function K(\) = 6(a — Va2 — A\?) + A,
ANeA=(—o,q).

Example 4.9. Suppose that the process InS has the triplet
(1 + 0AK2(6a)/ (Va2 — N2K1(6a)), 0, fo(z)eMdx), @ > 0, 0 < |\ < a, p € R, § > 0, with
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respect to the measure Py, A € A = (—a, «). Here, we have the density of the compensator

exp !x\\/m exp(—|z|)

where Ji, Y7 are Bessel function of the first and second kind, respectively, and K5 is the modified
Bessel function of the third kind with index 2. The process In.S is a hyperbolic process, where A\
is one of the parameters of the marginal density p7(z) = Va2 — A2 exp(—a+/02 + (. — )2 + Az —
W)/ (2ad K1 (0vV a2 — A?)) (see, e.g. [9] or [25; Chapter III, Section 1]). Then (Py)rea is a natural
exponential family generated by In S with the dominating measure Py and the cumulant function

K(\) =In(aKi(0vVa? — X2)/(K1(da)va? — A2)) + uX, A e A = (—a, ).
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