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Abstract

This dissertation focuses on the study of generalized fractional differential equations involv-
ing a general class of non-local operators which are referred to as the generalized fractional
derivatives of Caputo and Riemann-Liouville (RL) type. These operators were introduced
recently as a probabilistic extension of the classical fractional Caputo and Riemann-Liouville
derivatives of order 8 € (0,1) (when acting on regular enough functions).

The equations studied here include, as particular cases, some fractional differential equations
well analyzed in the literature, as well as their far reaching extensions including various
mixed derivatives. They encompass, for example, two sided equations of the form
ﬂl (t) Bg(t) _ ! "
w1 (t)Degis ult) +wa(t)Dy2 . u(t) = Au(t) +y(t)u'(t) + a(t)u”(t), te(a,b),

u(a) =uq, u(b) =up,
as well as (nonhomogeneous) fractional evolution equations

DEDu(t, z) = ~(-A,)* u(t,z) + g(t,x), Be(0,1), ae(l,2),
where Dfij (resp. Df_(;)) is the left-sided Caputo (resp. the right-sided Caputo) derivative
of variable order 8(-) € (0,1).

The results presented in this work cover the following aspects:

(i) Well-posedness. Existence and uniqueness of generalized solutions (and, in some
cases, of smooth solutions). The well-posedness is proved via a probabilistic method
based on the properties of the resolvent (or potential) operator of the underlying
stochastic process. In the last chapter, we also appeal to analytical methods to prove
the well-posedness for generalized fractional evolution equations.

(ii) Stochastic representations for the solutions. These are obtained by resorting to the
probabilistic interpretation of the generalized operators as generators of Feller pro-
cesses. Hence, standard results from probability theory (Dynkin’s martingale and
Doob’s stopping theorem) allow us to rewrite the solutions as mathematical expecta-
tions related to the underlying stochastic processes. Furthermore, for some particular
cases we also provide series representations for the solutions.

The main contribution of this work lies in displaying the use of stochastic analysis as a valu-
able approach for the study of fractional differential equations and their generalizations.
The stochastic representations presented here also lead to many interesting potential appli-
cations, e.g., by providing new numerical approaches to approximate solutions to equations
for which an explicit solution is not available.

vii



Notation and Terminology

Abbreviations
a.s. almost surely
a.e. almost everywhere
FODE Fractional ordinary differential equation
FPDE Fractional partial differential equation
ODE Ordinary differential equation
PDE Partial differential equation
RL Riemann-Liouville
r.v. random variable
Symbols
N {1,2,3,...}
Np Nu {0}
R? d-dimensional Euclidean space, d € N, with R! =R
C the complex space
= equality by definition
0A boundary of a set A
A closure of a set A, i.e. A= AudA
anb min(a,b)
[ | end of a proof

B(G) Borel o—algebra of a set G c R?

viii



A, Zle aa—;, the Laplacian operator, = € R?

~(=A)*/2  the fractional Laplacian

14 indicator function of the set A defined as 14(x) := 1 if
x € A, and zero otherwise

1 the identity operator

[] the ceiling function, i.e. [z] means the smallest integer

greater than x

Es() the Mittag-Leffler function of order 5 >0

Eg, g,(-)  the two-parameter Mittag-Leffler function of order
B1,8220

() the Gamma function

B(a, B) the Beta function for o, 3 > 0
0(z—xz9) the Dirac delta function either as a measure (assigning
mass one at zp, and zero mass elsewhere), or as a

distribution (generalized function)

Spaces of real-valued functions Let G be a complete separable metric space.

B(G) the space of bounded measurable functions defined on G

C(G) the space of continuous functions on G
Cy(G) the space of bounded continuous functions on G
C.(G):= continuous functions with compact support

Cs(R™)  the space of continuous functions vanishing at infinity, i.e. f € C'(R™)

such that limy_. f(z) =0

Remark. All these spaces are equipped with the usual sup norm || f|| := sup,cq | f(2)|-

Differentiable functions. For any open subset A c R%:

C>(RY)  the space of infinitely differentiable functions with compact support
Cck(A) the space of continuous functions on A with continuous derivatives

up to and including order k (partial derivatives if A c R, d > 2)

X



Ck(A) the space of k times continuously differentiable functions on A such
that the derivatives f (") has a continuous extension to the closure A

for each ne {1,...,k}

Remark. Notation d*/dz* f(x) and f**) will be used interchangebly to denote the

kth-derivative of the function f. For k < 3, we shall also use prime notation.

Other spaces of functions

A™[a,b] functions whose derivatives of order m —1 are absolutely continuous
Cola,b] the space of continuous functions on [a, b] vanishing at the boundary

points a and b

Ckla,b] == Cola,b]n C*[a,b]

Remark. If we replace the subscript 0 by a (resp. by b) in the previous notation,
then we define the corresponding spaces of functions vanishing only at the boundary

a (resp. only at the boundary b).

For any Banach space (B,||-||s),

C([a,b];B) the space of continuous functions on [a,b] with values on the Banach

space B endowed with the sup norm ||f[|cg := supsefq,p1 1/ (?)llB

Probability theory

(92, F,P) denotes a probability space where Q is the sample space space, F is its
Borel g-algebra and P is a probability measure on (£, F). For a given stochastic
process X = {X($)}s>0, we use notation ps(z,y) to denote its transition density
from x to y, where s is the time variable. Notation F;* means the natural filtration
generated by the stochastic process X, i.e. o(X,,0<r <t) for each ¢t > 0. Letters
P and E are reserved for the probability and the mathematical expectation, respec-

tively.



Some operators

D™ the classical mth derivative of integer-order m € N

If+ the Riemann-Liouville integral operator of order 8 >0

Iéi) the generalized fractional integral associated with a function v
DfH left-sided Caputo derivative of order 8 and terminal a

Df_* right-sided Caputo derivative of order 5 and terminal b

D5+ left-sided Riemann-Liouville derivative of order § and terminal a
Df_ right-sided Riemann-Liouville derivative of order # and terminal b
—D(g,’:—)* left-sided generalized fractional operator of Caputo type

—Dgz) left-sided generalized fractional operator of RL type

—Dél_lz right-sided generalized fractional operator of Caputo type

—Dlgf) right-sided generalized fractional operator of RL type

S:={Ss}ss0 semigroup for a given operator
Ry the resolvent operator (defined for A > 0)

Ry the potential operator

Remark. Additional superscripts will be used to differentiate amongst different

stochastic processes, resolvent and potential operators.

xi



Chapter 1

Introduction

Over the last decades, the theory of fractional differential equations has been actively
studied due to its vast applications for modeling a variety of physical phenomena
arising in different fields of science. Their numerous applications include areas such
as engineering, physics, biophysics, continuum and statistical mechanics, finance,
control processing, econophysics, probability, and so on. Their successful use to
provide more accurate models to describe, for example, relaxation phenomena, pro-
cesses of oscillation, viscoelastic systems, diffusions in disordered media (also called
anomalous diffusions) and continuous time random walks (CTRW’s) among others,
has promoted an increasing research on the fields of fractional ordinary differential
equations (FODE’s) and fractional partial differential equations (FPDE’s). We re-
fer, e.g., to [10], [111, [48], [62], [65], [45], [53], [67], [73], [76], [86] (and references
cited therein) for an account of historical notes, theory and applications of fractional
calculus, as well as different analytical and numerical methods to address both frac-
tional ordinary differential equations (FODE’s) and fractional partial differential

equations (FPDE’s).

To solve this type of equation various numerical and analytical approaches have
been investigated. The standard analytical methods to solve fractional differential

equations include, among others, the Laplace transform, the Mellin transform and



the Fourier transform techniques [15], [45], [73], [72], [76], as well as the opera-
tional calculus method [32], [37], [60]. Regarding the numerical approaches, one
can mention the fractional difference method, the quadrature formula approach, the
predictor-corrector approach as well as some numerical approximations using the
short memory principle, amongst others (see, e.g., [12],[13], [15], [18], [43], [68], [73]

and references therein).

In a probabilistic framework, the remarkable connection between stochastic analysis
and probability theory allows one to solve classical differential equations by relating
them with boundary value problems of diffusion processes. In the fractional setting
some connections between probability and FPDE’s have also been explored [26],
[52], B3], [67], [69], [T1], [78]. For instance, the probabilistic interpretations of the
Green (or fundamental) solution to the time-fractional diffusion equation and the
time-space fractional diffusion equation are already known (see references above). It

is precisely in the probabilistic setting wherein the topic of this dissertation relies on.

The generalized fractional operator of Riemann-Liouville (RL) type and Caputo type
considered in this work provide a powerful link between stochastic analysis and the
solutions to classical fractional equations (and their probabilistic generalizations).

The RL and Caputo type operators (hereafter denoted by —D((;fr) and —D((l'fr)*, respec-
tively) can be thought of as the generators of Feller processes interrupted on the
first attempt to cross certain boundary point. These operators were introduced in
[55] as generalizations (from a probabilistic point of view) of the classical Riemann-
Liouville and Caputo derivatives of order /3 € (0,1) when applied to regular enough
functions. This fact allows one to solve classical fractional equations as particular

cases of more general equations involving operators of the type —Dg'i) and —D,(llfr),,

(see the precise definitions later).

Therefore, in this thesis we study boundary value problems corresponding to general-



ized linear equations, nonlinear equations and two-sided equations. These equations
can be seen as the counterpart of some fractional ordinary differential equations with
derivatives of order 8 € (0,1). We also investigate generalized fractional evolution
equations which can be thought of as the counterpart of standard (or fractional)

evolution equations.

For the ordinary case (Chapters we employ similar probabilistic arguments
to those used in standard differential equations. Namely, using the probabilistic
interpretation of the operators —Dgil and —D((zlf,), we transform the original problem
into a Dirichlet type problem for the corresponding generator. We prove then the
existence and uniqueness of generalized solutions. The notion of generalized solution
in these chapters is understood as a limit of approximating solutions taken from the
domain of the operators —DC(LZ)* and —D((ll;) (seen as generators of Feller processes).
Regarding the generalized evolution equations studied in Chapter [6 the technique
relies on the concept of generalized solution which is based on the notion of the
Green’s function for the operator —D((lz)*. In analogy with standard analytical meth-
ods to solve classical evolution equations, to study the Caputo type evolution equa-
tions we transform them into an abstract linear equation (of the type studied in

Chapter [3)) but on a suitable Banach space.

Let us now mention that, as happens not only in the fractional setting but even
in the classical differential setting, explicit analytical solutions are generally not
available. In this respect, the probabilistic arguments employed in this work allow
us to derive stochastic representations (as mathematical expectations) for the cor-
responding solutions. In some cases (linear case, for instance) we provide explicit
solutions in terms of transition probabilities. The analytical method in Chapter [0]

also provides series representations for the solutions to some specific cases.

The main contribution of this dissertation lies on displaying the use of stochastic



analysis as a valuable approach for the study of fractional differential equations as
well as their numerous generalizations. The results established here encompass and
extend many results very well-known in the theory of classical fractional differential
equations. Further, the stochastic representations provided here also lead to many
interesting potential applications, e.g., by providing new numerical approaches to
approximate solutions to those fractional equations for which explicit solutions are

unknown.

Outline of the dissertation.

The main content of this work is organized in 5 chapters. For clarity and conve-
nience to the reader, each chapter contains an introduction with a short survey of

the relevant literature related to the topic in consideration.

Chapter [2| starts with a quick review of basic definitions related to classical Ca-
puto and Riemann-Liouville derivatives. Then, it continues with the definition of
the generalized fractional operators —Dg’fr) and —Délfr)*. In particular, the study is
restricted to generalized fractional operators that are the counterpart of classical
fractional derivatives of order /3 € (0,1). Their probabilistic interpretation, as well

as some important properties of the underlying stochastic processes are provided.

Chapter [3| studies the well-posedness for boundary value problems for the linear

equation with constant coefficients
- D{u(x) = hu(x) - g(z), € (a,b],

as well as for the generalized mixed fractional linear equation (see details later). The
main ideas behind the probabilistic approach used in Chapters are introduced

in this section.



Chapter [ focuses on the well-posedness for the generalized nonlinear equation
- DWW u(z) = f(z,u(x)), = e(a,b].
It also studies the linear equation with nonconstant coefficients
- Dhu(x) = A(@)u(x) - g(2), @€ (a,b].

Moreover, a stochastic representation of Feynman-Kac type is obtained for the so-

lution to the latter equation.

Chapter 5| is devoted to the study of the well-posedness for two-sided equations
(i.e. equations involving left- and right-sided operators both acting on the same

variable):

—Dg'i)*u(:z:) - Dl(:)u(m) + M) (x) +y(2)u" (z) = Mu(z) - g(x), x¢€(a,b].

*

Existence, uniqueness and stochastic representations for the solutions are estab-

lished via the same probabilistic arguments used in Chapters

Chapter [6] establishes the well-posedness for the nonhomogeneous generalized frac-

tional evolution equation

— DY, u(t,x) = Agu(t,z) — g(t, z,u), te(a,b],zeR?

u(a,x)=gba(x), J}ERda

where —A, is the generator of a Feller process in R%. The approach used in this
chapter is based on analytical methods via the notion of generalized solution given

in terms of a Green’s function.



Appendix includes some standard definitions related to Feller processes and S—stable
subordinators, as well as the definitions of relevant functions connected with frac-

tional calculus.



Chapter 2

Generalized fractional operators

This chapter provides the definition of the generalized Caputo and Riemann-Liouville
type operators as introduced in [55], along with some properties and related defini-

tions.

2.1 Preliminaries

Since the generalized fractional operators considered in this work are a probabilis-
tic extension of the classical fractional derivatives of order 5 € (0,1), this section
provides a quick summary of basic definitions concerning the classical Riemann-
Liouville and Caputo fractional operators. For a detailed treatment refer, e.g., to

[15], [45], [73], [76] and references therein.

Caputo and Riemann-Liouville derivatives

In the theory of fractional calculus, the Caputo and the RL fractional operators
play an important role amongst the different notions of fractional derivatives known
in the literature. The so-called Riemann-Liouville approach defines the classical
fractional differential operators in terms of two operators: the standard differential
operator of integer order (hereafter denoted by D™, m € N) and the integral opera-

tor of fractional order, IZ,.



The integral operator I3, is defined as the generalization of the Cauchy integral for
n-fold integration [I5, Lemma 1.1], wherein the integer n and the factorial function

are replaced by a real number a and the Gamma function, respectively.

Definition 2.1.1. The Riemann-Liouville integral operator I, of order o > 0 acting

on functions from Li[a,b] is defined by

I2h(@) = s [ by, (21.1)

for any a e Ru {-oo}. For convention, I, refers to the identity operator, hereafter

denoted by 1.

The left-sided Riemann-Liouville (RL) derivative is then defined as the left-inverse

of the RL integral operator I2,, that is D2, o I?, =1, 8> 0 (see, e.g., [I5], [76]).

Definition 2.1.2. Let 5 € R* and m = [B] ([-] denoting the ceiling function). The

(left-sided) Riemann-Liouville derivative D5+ of order B and terminal a is defined

by
D2 h(z):=D"I"Ph(z), B>0, B¢N, z>a. (2.1.2)

where D™ denotes the classical mth derivative of integer-order m € N.

An alternative fractional differential operator is the left-sided Caputo operator de-

fined as follows (see, e.g., [15, Chapter 3] for details).

Definition 2.1.3. The Caputo derivative DfH of order B is defined by
D?  h(z)=I"""D"n(z), B>0, B¢N, z>a, m=][f] (2.1.3)

A sufficient condition for DEJL to be well-defined is to assume that h € A™[a,b],
i.e., its derivatives of order m — 1 are absolutely continuous (see, e.g., [I5, Lemma
2.12]), whereas the Caputo operator is well-defined at least on functions h with

absolute integrability of its derivatives of order m = [f3]. It can be proved (see, e.g.,



[15, Theorem 3.1]) that, for h € A™[a,b] and any non-integer > 0, both fractional

differential operators are related by the equality
DP..h(z)=DE [h-Tp1[h;a]](z), (2.1.4)

where T,,,_1[h; a] denotes the Taylor expansion of order m — 1, centered at a, for the

function h. Hence, in general
B . pmym-03 m-5 ym _. B
Da+h(x) =D Ia+ h(iU) # Ia+ D h(l’) - Da+*h($)7

unless the function h(x) along with its first m — 1 derivatives vanish at a+ (or as

x — —oo whenever a = —o0).

Remark 2.1.1. When a =0, the integral operator defined in is equivalent to
Riemann’s definition [76] and is referred to by some authors as the Riemann integral
operator. The case a = —oo s also known as the Liouville’s definition, so that it is

sometimes referred to as the Liouville operator or the Weyl’s integral operator.

Remark 2.1.2. Other different notions of fractional derivatives known in the lit-
erature include the Grunwald-Letnikov, the Riesz, the Weyl, the Marchaud, and the
Miller-Ross (or sequential) fractional derivatives (see references cited above). More-
over, numerous generalizations (mostly from an analytical point of view) have been

proposed by many authors, we refer, e.q., to [2], [36], [41], [46] [47], [T5].

Remark 2.1.3. The left-sided derivatives have a direct counterpart to the right-

sided versions (see previous references for details).

Special case: (¢ (0,1)

Throughout this work, we are mostly interested in the generalizations of fractional

derivatives of order € (0,1). In this case, equations (2.1.2) and (2.1.3)) become

DLe) = ry s (@0 P hw). aa



and

DLhl@) = s [ @0 W@, >0

respectively. Further, for smooth enough functions A (e.g., h in the Schwartz space),

integration by parts allows us to derive the following expressions [55, Appendix])

z=a h(x —y) — h(x) h(zx)
R T A A (S (e
and
z=a h(z —y) - h(z) h(z) - h(a)
Dg+*h($)=m\/0\ yyl+ﬁ dy+r(1_ﬁ)(x_a)ﬁ’ T > Q.

Here we use I'(-) = -I'(1- )/ for § € (0,1). Thus, for § € (0,1), the relationship

between the Caputo and the RL derivates given in (2.1.4) translates to
h(a)

Dg,.h(z) = Dy, [ h - h(a)](z) = D, h(x) - T A af ¢

For smooth bounded integrable functions or functions that vanish at x = a (or as
x — —oo whenever a = —o0), the previous equality implies that the Caputo derivative
and the RL derivative coincide. Its common value for a = —oco, denoted also by
dP/dz?, is sometimes called the generator form of the fractional derivative of order
B e (0,1), [67] and is given by

d? = h(z-y) ~h(z) |
(@) = DV h(x) = D wh(x)—r( 5)f yM dy.  (2.1.5)

2.2 Definition of generalized fractional operators

The generalized fractional operators studied here can be thought of as an extension
(from a probabilistic point of view) of the classical Caputo and Riemann-Liouville

fractional derivatives when applied to sufficiently regular functions. They can be ob-

10



tained as the infinitesimal generators of Feller processes interrupted on an attempt

to cross a boundary point.

These operators are defined in terms of a function v that, probabilistically, plays
the role of a jump density. Namely, let v : R x (R~ {0}) -» R* be a function of
two variables. The next condition we will be always assumed when dealing with

generalized fractional operators.

(HO): The function v(z,y) is continuous as a function of two variables

and continuously differentiable in the first variable. Furthermore,

. . 0
sup [ min{Llyl}v(a,y)dy <o, sup [ min{Llyl}| v (e,p)|dy < oo,

and

lim su [ v(x,y)dy = 0.
lim sup |ymlyl (z,y)dy

Remark 2.2.1. The uniform boundedness, the tightness property and the reqularity
conditions on v as stated in assumption (HO) are technical conditions which allow
us to guarantee the existence of the corresponding jump-type process, as well as to
guarantee that continuously differentiable functions form a core for the generator,

see, e.g., [53, Theorem 5.1.1].

Definition 2.2.1. Leta,b e R with a <b. For any function v satisfying the condition
(H0), the operators —D,(lil and —DIEQ defined by

(-D2n) @) = [* (bl =) - h@)vla )y -+ (@) = h(@)) [ viay)dy.

(2.2.1)

for functions h: [a,00) > R, and by

(-Dm) @)= [ G+ ) Rl )y + (0 ~h()) [ o)y,

(2.2.2)
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for functions h: (—o0,b] - R, are called the generalized left-sided Caputo type oper-
ator and the generalized right-sided Caputo type operator, respectively.

The operators —D((llfr) and —Déf) defined by

(-Dn) @) = [ (h(a=y) ~h@)v(@y)dy-h(a) [ vay)dy,  (2:23)

for functions h:[a,00) > R, and by

(—Déf)h) (:c)=f0bw(h(“y)—h(x))V(w,y)dy—h(m)[bju(x,y)dy, (2.2.4)

for functions h : (—=o0,b] = R, are called the generalized left-sided Riemann-Liouville
type derivative and the generalized right-sided Riemann-Liouville type derivative,
respectively. The values a and b will be referred to as the terminals of the generalized

fractional derivatives.

Due to assumption (HO), the operators (2.2.1)) and (2.2.3)) are well defined at least

on the space of continuously differentiable functions (with bounded derivative) on

[a,00), whereas ([2.2.2)) and (2.2.4]) are well-defined on continuously differentiable

functions (with bounded derivative) on (—oo,b].

Remark 2.2.2. The sign — appearing in the notation of the generalized fractional

operators is introduced to comply with the standard notation of fractional derivatives.

Notice also that to define the operators - the function v(x,-) needs to
be defined only on R* \ {0} rather than R~ {0}. The latter case will be used in

Chapter [ for the definition of two-sided operators

Observe that the left-sided (resp. the right-sided) RL and Caputo type derivatives
with the same terminals coincide on functions h vanishing at a (resp. at b) yielding

the relations

(-DE2R) (@) = =D [h = h(a)](@) = (-DER) (2) + h(a) /x : v(z,y)dy, (2.2.5)
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and
(-Dsn) (@) = =Dy [h = h(b)](x) = (-D§”h) () + h(b) fb j v(z,y)dy. (2.2.6)
Moreover, if h(x) is the constant function, say equal to K € R, then
DM K=-0, and -DVK-=--K ft_(: vz, y)dy,

and

—DéfiK =0, and —DIEI_I)K =-K /b—t v(x,y)dy.

Remark 2.2.3. If the terminal a = —oo (resp. b= +00), then the operators —DEIQ,H

and —D£'2,+ (resp. —DEL))_* and —Dﬁ”oz,_) coincide on functions vanishing at infinity.
Moreover, the operator —DSIC'X))M (resp. —DSIQ,_*) takes the form of the generator
of a jump-type process on R with only negative jumps (resp. with only positive
jumps). These operators can be seen as the left- and right-sided generalizations of
the Marchaud derivatives [76, Formulas 5.57-5.58], which are also referred to as the

generator form of fractional derivatives (see equation .

2.3 Probabilistic interpretation

Probabilistically, the generalized Caputo and RL type operators can be seen, respec-
tively, as the generators of stopped and killed Feller processes. Namely, let x,a € R
and suppose z > a. Take a function v satisfying (HO) and consider the decreasing
Feller process X W 2 {X;(V)(s)}szo starting at = € (a,b] and generated by the

operator (—Gﬁy),ng)) defined by

-GYh(@) = [T (W) - h@) (@ y)dy, D, (23.1)

where @g) stands for the domain of the operator —GY). If the natural motion

of the (underlying) process X, ) s interrupted in such a way that the process is
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forced to land exactly at the point a on its first attempt to leave the interval (a,+o0)
(i.e., jumps aimed to land outside [a, c0) are forced to land exactly at a), then the
corresponding interrupted process, say X2 = { X% (s)}s0, is a Feller process on
[a,00) and has the generator —DC(LZ)* with a domain, hereafter denoted by @fﬁl,
satisfying

@C(L'i)* c {f € Cla, o) : (—Dc(:r)*f) (a) = 0}.

Furthermore, the generator (—D((llfr)*7 CD,(;&) has the space CL [a,+00) c 9((;)* as an

invariant core [55, Theorem 4.1].

Remark 2.3.1. Since the process generated by —Gi”) is decreasing, the interruption
procedure effectively means stopping the process at the boundary point x = a. The
point a can be seen as a barrier point for the underlying process X;(V) and this point

coincides with the terminal of the generalized operators —D((lﬁ and —D((IZ).

On the other hand, if the process is killed on crossing the barrier point a (meaning
analytically to set h(a) = 0), then the corresponding (sub-Markov) process takes

values on (a, c0) and has the generator (—Dg’f,@fﬁ)), where

@,(ll_i) c {f € Cula, o) : f(a) =0}.

Further, the space C [a, ) is an invariant core for the generator (—DC(LZ),CDSIZ)).

Analogously, one can obtain the probabilistic interpretation of the right-sided oper-

ators (2.2.2)) and (2.2.4]), wherein the underlying (increasing) process has the gen-

erator (—G(_V),”Dé(y)) given by

- GY(x) = fooo (h(x +y) - h(z)) v(z,y)dy, [eD”, (2.3.2)

and the barrier point is taken to be x = b.
Thus, the Caputo type operators (resp. the RL type operators) arise as generators
of decreasing Feller processes stopped (resp. killed) on an attempt to cross a given

barrier point determined by the terminals of the operators.
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Remark 2.3.2. Note that —D((llfr)f = —Déﬁf whenever f(a) =0, which implies that
D¢ e DL

+%(v)

By definition of the generator of a Feller process, if Sy is the semigroup of the

process Xff*(”), then u € @,(;)* if, and only if|

a+x*(v) _
C DWWy Sl 24T
sl0 S

where the limit is in the sense of the norm in C[a,b]. Analogously, if SEH(V) is the

semigroup of the killed process X;H(V), then u € CD((IZ) if, and only if|

, Sa+(1/) _
_ D((H)u - 1;%1 %H’

where the limit is in the sense of the norm in C,[a,b]. The latter denoting the space

of continuous functions on [a,b] vanishing at a.

On the other hand, by the standard theory of Feller processes ([40, Theorem 4]),
the domains of the generators (—Dfﬁl,@éﬁl) and (—D((ZZ),CDELZ)) coincide with the

images of their corresponding resolvent operators, denoted (for any A > 0) by RT*(V)

and RT(V), respectively (see Appendix, definition ) Namely,
@é’il = {ug tug(z) = RiJr*(V)g(a:), g€ Cla, b]} ,

and

08 = {ug 1 ug(x) = By “g(x), g e Cala,b]}.

Moreover, the images of the resolvent operators are independent of \ (see, e.g., [17],
[40, Theorem 1]). Therefore, u € CD,(;J:)* if, and only if, there exists g € C[a, b] such that
u(z) = RT*(V)g(x). Analogously, w € @Sﬁr) if, and only if, there exists g € Cy[a,b]
such that w(z) = R?\Jr(”)g(x). Hence, the functions v and w are the unique solution

in the domain of the generator to the resolvent equation (see Theorem in
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Appendix)
- D u(e) = Mu(z) - g(x), geCla,bl,

and

- D,(llfr)w(a:) = w(z)-g(z), geCqyla,b],
respectively.

Remark 2.3.3. Since we are interested in the solutions to generalized fractional
differential equations on finite intervals, we will only consider the operators —D((;fr)*
and —D((lz) acting on functions defined on the interval [a,b] instead of [a,o0) as was

done originally in [55, Theorem 4.1].

2.4 Particular cases

2.4.1 Caputo and RL fractional derivatives of order € (0,1).

The classical fractional derivatives are particular cases of the operators (2.2.1)-
(2.2.4]). Namely, on smooth enough functions h,

-Dh = -DE..h,
it v(z,y) ! Be(0,1), th -Dith = -Dih
1 V\Z,Y)= — =57 13 ) ) en
(- 1+8 (v) _ B
( ﬁ)y _Db—*h - _Db—*h”
-D"n = -DPh,
(2.4.1)

where Dfﬂ and D§+ stand for the left-sided Caputo derivative and the left-sided
RL derivative of order 8 € (0,1), respectively. Notation Df_* and D?_ denote the

corresponding right-sided versions. Hence,

1 z-a h(x —y) — h(x) h(x) —h(a)
1 z=a h(x —y) — h(x) h(x)
(Dg+h) (Z’) = m‘/o‘ yl"'/B dy+ F(l—ﬂ)(m—a)ﬁ’ (243)
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and

1 b=z h(z+y) - h(x) h(zx) - h(b)
(D] .h) (@) = e fo yyhﬁ Wi omgoge (24
1 b=z h(z +y) - h(x) h(x)

Here we use I'(-3) = -I'(1 - 8) /8 for 5 € (0,1).

As mentioned before, for smooth enough functions h, the expressions in —
can be obtained from the standard analytical definitions — (see
Section .

Therefore, the classical fractional derivatives are particular cases of the previous in-
terruption procedure applied to S—stable subordinators. More precisely, the Caputo
fractional derivative —Df+yr can be seen as the generator of a Feller process on [a, b]
which is obtained by stopping an inverted S-stable subordinator X*? (see Appendix
for the definition) on an attempt to cross the boundary point z = @ . Similarly, the
RL derivative —Dfir can be thought of as the generator of a Feller (sub-Markov)

process obtained by killing X*# upon leaving (a, +o0).

Remark 2.4.1. The probabilistic extensions of fractional derivatives of order B €
(1,2) were also introduced in [55], but this case is not considered in this work.
2.4.2 Fractional derivatives of variable order

For a given function 8:R — (0,1), define

1
D(=B(a))yt @)

v(z,y) = (2.4.6)

Lemma 2.4.2. If 5:R - (0,1) is a continuously differentiable function with values
on a compact subset of (0,1), then the function defined in satisfies condition
(HO).
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Proof. Follows by the smoothness of the function 5 in a compact set of (0,1) and

the fact that the Lévy density (2.4.1) satisfies (HO). [ ]

Lemma [2.4.2] allows us to define the Caputo and RL type operators of variable or-
der, denoted by —D((li)* = —Dfif) and —D((l'i) = —Dfi”"), respectively. They can be
thought of as the generators of inverted stable-like processes (see, e.g., [3],[53] ) with
the jump density which are stopped (resp. killed) on an attempt to cross the

boundary point x = a.

2.4.3 Multi-term fractional derivatives

Other particular cases of the generalized fractional derivatives include the multi-term

fractional operators:
d
- DY h(z) = = Y wi(x) Dl h(z), (2.4.7)
i=1

with nonnegative functions w;(-) >0 for i € {1,...,d}, where

1

d
v(z,y)= - ;wi(w)W-

Even more generally, they include the generalized distributed order fractional deriva-

tives:

(-D0) (2) = f :w(s,m)(—Dfii’x)h)(:v)u(ds), B(,)e(0,1).  (248)

where
p(ds)
L(-f(s,z))yl+Bs2)

Special cases of (2.4.8) have been studied by analytical methods, e.g., in [64], [31].

v(x,y)= - [:w(s,x)

Observe that, according to Definition the operators in (2.4.7))-(2.4.8]) are well

defined as generalized fractional operators as long as the functions w;(+), w(:,-), u(-)
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and f(-,-) are such that the corresponding function v satisfies condition (HO).

We can also define the left-sided (or right-sided) version of the tempered fractional

derivatives [75] by taking the function v as

) =00) = e e (),

In this case, the operator —D,(llfr),, can be thought of as the generator of a tempered

stable process [5] interrupted on an attempt to cross the boundary point a.

Remark 2.4.3. Some other extensions can be considered by taking, for instance, a

function v of the form:

B(t,)
D(1= B(t,2))r B0

(2.4.9)

v(t,rx) =

for some “external” variable x € R%. This type of function allows us to deal with

operators of the form
(—t[)ﬁ(m) — AW ) f(t,z), t>a, veR? (2.4.10)

where —tﬁf(t“’”) denotes either the Caputo or the RL type derivative acting on the
variable t and depending on the variable x as a parameter; and —Agt) denotes the
generator of a Feller process acting on the variable x and depending on the variable

t as a parameter. This type of operator is not analyzed in this work.

2.5 Properties of the underlying stochastic processes

In this section we study the underlying stochastic processes generated by the op-
erators —D,(I_VF)* and —D((li). These results shall be used in the following chapters to

obtain the explicit solutions to equations involving these operators.
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For a given function v satisfying condition (HO) and for = € (a,b], the following

notation will be used hereafter:

(i) X;(V) = {X;(V)(s) : s > 0} denotes the underlying decreasing Feller process

(started at x) generated by the operator (—GE:'),Q(C;)) as given in (2.3.1).

(ii) X&) 2 {Xng*(”)(s) : s > 0} stands for the (interrupted) Feller process

generated by the operator (- D((llfr)*, ”D((l'fr)*) with the invariant core C'[a,b].

(iii) X&) 2 {X;H(V)(s) : s> 0} denotes the Feller sub-Markov process generated

by the operator (—DC(LZ),’DSIZ)) with the invariant core Cl[a,b].

(iv) For z € [a,b], notation Téy)(.%) refers to the first time the underlying process

X;(V) leaves the interval (a,+00), i.e.
W) () := inf {s >0 : X (s) ¢ (a,+00) },

and, of course, Téy)(a) =0.

(v) Notation p;r(y)(a:, E), p§+(y)(w, E) and p§+*(y)(x, E) denote the transition
probabilities (from the state z to a Borel set E) of the processes X*(*), x+®)

and X%*(") | respectively.
The following (rather simple) facts hold:

1. If E c ®B(a,b] and = € (a,b], then p;(y)(:p,E) = p§+*(y)(x,E’) = pg+(y)(x,E).
Moreover,

P2 (2, {a}) = pf (2, (-00,a]), z € (a,b].

and

Pz, (a,2]) = pt (@, (a,2]) = 1= ;) (2, (~00,a]) < 1.

2. The r.v. Tél’)(m) is a stopping time with respect to the natural filtration

+(v) . .. . C
FXe"" . Furthermore, the distribution of T(EV)(Z‘) coincides with the distribu-
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tion of the first exit time from (a,b] of both the killed process X;H(V) forx >a
and the process X;?H(V) for x > a. Therefore, we will use the same notation

interchangeably.

Sometimes we will use the following additional assumptions concerning the function

v and the transition probabilities of the underlying process X*®):

(H1): There exist C'>0 and ¢ € (0,1) such that
—/Ooo min{y, e}v(a,y)dy > Cel. (2.5.1)

(H2): The transition probabilities of the process X*(*) are absolutely
continuous with respect to the Lebesgue measure (the transition densities

are denoted by p;(u)(ac,y)).

(H3): The transition density function p;(y)(ac, y) is continuously differ-

entiable in the variable s with bounded derivative.
Remark 2.5.1. Some important comments about the previous assumptions:

o Assumption (H1) is a technical condition to ensure the reqularity of the bound-

ary point “a” for a given interval [a,b], see Definition and Lemma

below.

e There exist several criteria that ensure the validity of assumptions (H2) and
(H3). If the process X*(*) is a Lévy process, then the conditions to guarantee
the existence and smoothness of transition densities are well-known. See, e.g.,
reference [50] for a quick account of conditions stated on the characteristic
exponent of the corresponding process. For certain Lévy-type processes con-
ditions on the function v have been studied via Malliavin calculus as can be

seen, e.g., in reference [38].

e Condition (HS3) is a technical condition to ensure the existence of a density

function for the random variable TUEV)(SL'), as well as for joint distributions
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including it. See, e.g., Proposition and Proposition below.

Let us also introduce the notion of regularity needed for the boundary points (see,

e.g., [53 Chapter 6]).

Definition 2.5.1. For a domain D c R with boundary 0D, a point xg € 0D is said

to be regular in expectation for a Markov process X (or for its generator ) if
E[mp(x)] >0, x-uz9, z€D,

where Tp(x) is the first exit time from D of the process X starting at x € D, i.e.

mp(x):=inf {s >0 : X;(s) ¢ D}, with the usual convention that inf{@} = co.

Lemma 2.5.2. Suppose that the conditions (H0)-(H1) hold for a function v. Then,
(i) the stopping time TCEV)(x) 1s finite a.s., the point a is reqular in expectation for
both operators —Dgﬂ and —Df;) and E [Téy)(.%')] < +oo0 uniformly on x € (a,b]. (i7)

the expectation of Téy)(az) is given by

E[Té”)(x)] = [Ooofazp;(”)(:n,y) dyds, x€(a,b]. (2.5.2)

Proof. (i) The regularity in expectation of T;(V)(.le) and the fact that E[ T;(V)(CC):I
is finite for all x € (a,b] is a direct consequence of Theorem 4.1 in [55]. We will
repeat here the proof of this statement in order to illustrate the use of Lyapunov
method for proving regularity of boundary points as this method will be used again
in this work to prove similar results.

By Proposition 6.3.2 in reference [53], to prove the regularity of a for the generator

erc(V)) it is sufficient to find a continuous

—D((IZ)* (equivalently, for the process Xy
function f on [a,b] and a neighborhood of a, say V,, such that f is differentiable
on (a,b), f(a) =0, and f(x) > 0 implies —D((llfr)*f(:r) < —c for all z € (a,b) NV, and
some positive constant c. As such function we can take f,(z) = (z —a)“ for some

w € (0,1). This function is differentiable on (a,b), vanishes at the boundary point

a and it is positive on (a,b). Hence, to conclude the regularity of the point a, we
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only need to ensure that —Déﬂ w(z) < —c for x € (a,b) NV, and for some positive

constant ¢. To prove the latter condition, observe that for x approaching a from the

right, —Déilf(x) is of order

—w(z—a)! /(;oomin{y,x—a}u(x,y)dy. (2.5.3)

Thus, taking w = 1 — g, where ¢ is as given in Condition (H1) for € = x — a, we obtain
that the term is bounded away from 0 as x — a. Notice that passing to the
limit in the previous term is justified by condition (HO0), which also guarantees the
continuity of the function v. The previous implies that —D[(lli)* f(z) < —cfor all z in

a neighborhood of a and some positive constant ¢, as required.

(i) Tt follows from the equality

EI:T(EV)(.T):I = /OOOP[ T (z) > s] ds,

and the equivalence between the events {7}5”)(1:) > s} and {X;(V)(s) > a} for x €

(a,b] and all s >0 (due to the monotonicity of the process X, (V)), implying

P [ (z)> 5] = P[X;)(s) > a] = fxpl(”)(ﬂ:,y)dy =1- fa s (,y)dy.

Remark 2.5.3. An important consequence of assumption (H1) and the regularity in
expectation of the boundary point a is the following upper bound for the expectation
of Téy)(x), which is given in terms of the function f, (see Proposition 6.3.2 in
reference [53)]):

E[r{)(2)] < Clu(@) = C(z-a)*, (2.5.4)

for some constant C >0 and some w € (0,1).

The calculations in the proof of the statement (i7) of Lemma yield the following

result.
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Proposition 2.5.4. Suppose that the conditions (H0)-(H3) hold. Then, the proba-
bility law of TCEV)(:E), denoted by ui’(l’)(ds), s absolutely continuous with respect to

the Lebesgue measure for x € (a,b] and its density ,u,g’(y)(s) is given by

HoW(s) = - f pr) (2, y)dy = -+ [ pi(a,y)dy.  (25.5)

We will also need the joint distribution of X(H*(V)(s) and 7" )(m) for any s > 0.

Notice that for any a <y < z,
P X7 (s) >y, 7 () > €| = P[X20(s) >y, X270 (€) > al.
Moreover, £ < s implies
P [Xe7 0 (s) >y, X3 (€) > a] = P[X570(5) > ]
whilst for s < ¢,

p I:Xaﬂ(,,)(s) >, Xa+>(—(1/)(§) N a _ / a+>e(l/)(x w) (/ pa+*(1/)(w, z)dZ) dw

Y

:fy p;(”)(x,w)( / p+(y)(w,z)dz)dw

Therefore, defining

82
,(v) R a+x(v) ()
Sosa (y7§)_8é-ayP|:XJ: (S)Sya Ta (.I‘)Sf]’

yields the next result.

Proposition 2.5.5. Suppose that the conditions (H0)-(H3) hold. Then, for any
>0 and x € (a,b], the joint distribution of the pair ( a+*(y)(s) Tau)((l?)) denoted

by w2 (dy, d€), has the density 55" (y,€) given by
@,(v) -1 v) () d < 2.5.6
Y5 (Y€)= Lseeyps " (, y) p . (y,2)dz, a<y<az. (2.5.6)
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Remark 2.5.6. Since the processes X;H(V), X;H(V) and X;(V) coincide before the
first exit time Téy)(w), the equation provides the joint density of the pairs
(Xng(V)(s),Téy)(x)) and (X;(V)(s),réy)(x)) for any s >0 and for any s < &, re-

spectively.

Let us now introduce an operator which will play an important role to characterize
the domain of the generators (—D((ZZ),H 33((;1)*) and (—DC(LZ), @gi))

For any A >0 and for (non constant) functions g € B[a, b], define
76 (2)
M g(a) = E[fo g (X;(V)(s))ds], z € (a,b], (2.5.7)
and for g(z) = 1(z) (the constant function 1) define
ré")(a:)
M;()\v)l(g;) =K [.[0 e—Asds] , x€la,b]. (2.5.8)

Then

a,

M1 (x) - % (1 -E [e‘”tg")(x)]) : (2.5.9)

implying
E [e—ATi”)@)] = 1- M 1(a).

Further, the equality
M;()\V)c = CM;()\V)l(ZL'), x € [a,b],

holds for any constant function equals to ¢ (we shall use it mainly for the constant

g(a)). Note also that both the inequality
0L o)) < gl [ ()] (2.5.10)

and the estimate E[TCSV)(ZL')] < Cf,(x) for the continuous function f,(z) = (z —a)®

(see Remark [2.5.3|) imply that Mélj\)g() is continuous on [a, b].
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The explicit formulae below will be important in the following chapters.

Lemma 2.5.7. Suppose that v satisfies conditions (H0)-(H3). Then

E[ m”)(x)] [ ( f Pt (a2 y)dy) ds, we(abl.  (25.11)
0 0s
Further, for any g € Bla,b]
;E\V)g(a:) [ g(x-vy) j:o 6_)‘319:(”)(% r-y)dsdy, wze€(a,b]l. (25.12)

Proof. Equality (2.5.11)) follows directly by using the density function ,uﬁ’(y) of the

I.V. Tqg )(:U) as given in . To prove (2.5.12)), observe that Fubini’s theorem

allows one to rewrite Ma,(;) g(x) as

M g@) = [T ENB[L 0 )09 (X506) ] ds

Using (2.5.6)), i.e., the joint density 5, )(y €) of the process (X v )(s) Téy)(ac))

for s < ¢, it follows that

Vg = [T [ [T s @) e w6 dedy | ds
- [T [T @y [T ((%f p+(”)(y,z)dz) dg dy ds
- [T [Towm @y [T (a—7 [ 5. 2)dz) dyayds
f f ()P (x,y) f s (y)dy dy ds
=f0 e sfa ()Y (w,y) dy ds,

() ig the density function of the r.v. Téy)(y).

where the last equality holds as p2"”
The result follows then by another interchange in the order of integration and by a

change of variable. [ ]

Remark 2.5.8. Using integration by parts we can transfer the derivative in the

r.h.s of equality (2.5.11) to the function exp(=As). Thus, equality (2.5.11) can be
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written as

E [6_”\7’511)(3”)] = )\[OOO e ([a p;(”)(x,y)dy) ds, x¢€(a,b]. (2.5.13)

Let us now define the space of functions
9)?+(V) : { u: u(z) =cM, (V)l(ac) +d; zela,b], c,de R} (2.5.14)
Lemma 2.5.9. Let v be a function satisfying conditions (H0)-(H1). If X >0, then
0 = {uy 1y (@) = g3 (1- ML 1@) M g(@), g€ Clatl],
and

CD((;:) = {wg twg(x) = M;E\V)g(x), g€ Ca[a,b]}.

Further, if v also satisfies (H2)-(H3), then equalities (2.5.11) and give
explicit expressions for (1 - )\M;E\V)l(x)) and M, v )g(ac) respectively.

()

Proof. Let us take any u € ®,.%. Since —D((llfr)* is the generator of a Feller process
on C[a,b], Theorem implies the existence of a function g € C[a,b] such that

U = R‘;\H(”) g. By definition of the resolvent operator and by Fubini’s theorem

(v)
7q (x) 00 A
-As a+x*(v)
(/0\ +‘/[;§V)(Z‘))e g(Xl’+ (S))d's]7

w(z) = E [fom e_’\sg(XgH(”)(s))ds] -E

where E [Téy)(x)] < +o00 by Lemma [2.5.2|

Since the process X&) i absorbed at a by time 7, )(x) the equality g ( at*(v) (s)) =
g(a) holds for all s > Téy)(ﬂi). Moreover, before time Tal/)(l’) the paths of the pro-

cesses X;H*(V) and X, @) coincide. Therefore,

u(z) = g(a)E[f(y)( | —/\sds] +E[]()-r§u)(x) e—)\sg(X;(V)(s))ds:I
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1 @, @ )
=g(a) X_E[O e ¥ds +E_/(; e (X (s))ds
1
3

= g(a)1 (1-2AM; 1)) + Mg (@), (2.5.15)

as required.

)

The characterization of the domain CDELZ is similar to the previous case. Take any

a+(v)

w e 33((;), then there exists a function g € Cy[a,b] such that w = R

similar procedure yields (2.5.15)) which implies (since g(a) = 0)

g. Hence, a

Ry g(x) = M7 g(a).

Finally, observe that under assumptions (H2)-(H3), Lemma holds. ]

Let us now see how the resolvents (and hence the domains) of the processes X, ar*(v)

and X;H(V) are related.
Lemma 2.5.10. Let v be a function satisfying condition (HO0). Suppose A >0 and
g € Cla,b]. Define g(z) = g(x) —g(a), then
B g(a) = By g(e) = B Wg(a) - g(a) B (w),
and
Ry g(x) = M g(x) - g(a) M)V 1(2). (2.5.16)
In particular, RiJr(V)g(x) belongs to both domains 33((111)* and 33((;1).

Proof. Follows directly from the linearity of the operators Rmr ) and M, o ), and

by using that g(a) = 0. ]

Remark 2.5.11. Let us stress that Lemma |2.5.1() implies that M;()\V)g coincides

with the resolvent R(;Jr(y)g only when the function g(a) =0. Hence, only in this case
M+(V)g belongs to the domain of both generators (— Dg'fr)*, D,(;)*) and (—Dgz), @,(;))
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Chapter 3

Linear equations of RL and

Caputo type

This chapter provides a probabilistic approach to solve linear equations involving
Caputo and Riemann-Liouville type derivatives. Using the probabilistic interpreta-
tion of these operators as the generators of interrupted Feller processes, we obtain
well-posedness results and explicit solutions (in terms of the transition densities of

the underlying stochastic processes).

3.1 Introduction

Existence and uniqueness results for fractional ordinary differential equations (FODE’s)
have been studied for various spaces of functions including Lebesgue integrable func-
tions, continuous functions and continuously differentiable functions. We refer, e.g.
to [45, Chapter 3] for a detailed account of the main works on this topic.

Unlike the standard analytical techniques to study FODE’s, in this chapter we em-
ploy probabilistic arguments to study linear equations involving generalized Caputo
and Riemann-Liouville type operators. Namely, the study is based on looking at the
given equation as a Dirichlet type problem associated with the operator —D((lli)* seen

as the generator of a stochastic process. The equations analyzed in this chapter are:
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(i) the linear equation with the Caputo type operator:
- DWW u(z) = Mu(z) - g(x), ze(ab], ula)=ua, (3.1.1)

for a given A > 0, a bounded function g and u, € R. The relationship between
Caputo and RL type operators (see equality (2.2.5))), allows us also to study

the corresponding problem with the RL type operator:

~DWu(x) = u(z) - g(z), we(ab], wula)=0, (3.1.2)

(ii) the generalized mized fractional linear equation

d ~
- DV u(wr, e wg) = M@, wd) - g m), (313)
=1

with some prescribed boundary condition, where —D(*#) denotes either the
RL type operator —ziD,(h.Vi) or the Caputo type operator —xiD,(l';i),,. The left

subscript x; indicates that the operator is acting on the variable x;.

Fractional linear differential equations with Caputo derivatives of order /5 € (0,1)
are particular cases of equation . They have been extensively investigated by
means of the Laplace transform method [15], [45], [73],[76]. Hence, it is known that
the equation

DP.u(z) = - u(z) + g(2), u(a) =uq, MNeR, (3.1.4)
for 5 €(0,1) and a given continuous function g on [a,b], has the unique solution

u(z) = uaBs [ - Az - a)7] + fax 9W) (@ =) Eap (- Az -9)")dy,  (3.15)

where Eg and E3 g denote the Mittag-Leffler functions (see definitions in Appendix).
The solution (3.1.5) can be written in terms of S-stable densities by means of
the integral representation of the Mittag-Leffler functions given in (3.2.13). The
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probabilistic approach introduced here gives this expression directly once one writes
down the expectations involved in the general stochastic representation . On
the other hand, using the results obtained here and the uniqueness of solutions, we
obtain a pure probabilistic proof of the well-known equality in (3.2.13]).

Apart from the classical Caputo derivatives, operators —DC(LZ)* include, as simple
particular cases, the multi-term fractional derivatives ¢ wi(w)Dngu(x) with non-

negative functions w;. Hence, as another example of (3.1.1), our approach also

applies to the multi-term fractional equation

k
S wi(z) DB u(x) = -du(z) + g(x),  Bie(0,1), z ¢ (a,b], (3.1.6)
i=0

with some given functions g and w;, for i € {1,...,k}. The explicit solution to (3.1.6)

when the functions w; are constants and is a commensurate equation (i.e.,
the quotients f3;/3; are rational numbers for all 4, j), has been analyzed by reducing
the equation to either a single- or multi-order fractional differential equation system
(see, e.g., [I5] and references therein). An approximation for its solution has been
also studied, e.g., in, [I8]. Our approach encompasses not only the commensurate
case with constant coefficients w; but also the more general case with nonconstant
coefficients w;(-) and, even more generally, functions (3;(x).

The fractional counterpart of equation (3.1.3)) is the mized fractional equation
- 1’ng+ u(xl,xg) - $2D8{+>e U(Z’l, 1‘2) = )‘u(xla x2) - 9(1'1,1'2), B, e (07 1)7 (317)

subject to some boundary condition, where g is a given function on [0, b;] x [0, b2 ].
The probabilistic approach presented here provides the explicit solution in terms of
[— and a—stable densities. To the best of our knowledge, mixed fractional equations
of the type in involving classical fractional Caputo and RL derivatives of order

in (0,1) have not been explored explicitly in the literature. The same arguments
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also apply to study the well-posedness for the d—dimensional case

d ~
-3 DPiu(ay, ..., xq) = Mu(x,...,2q) - g(x1,. .., xq), (3.1.8)
i=1

with D? being either the RL or the Caputo derivative.

It is worth mentioning that equations involving Caputo and RL type operators
do not usually have solutions in the domain of the operators —D((li)* and —DC(LZ)
as generators of Feller processes. The existence of such solutions is restricted to
a specific value in the boundary condition. Thus, as usual in classical stochastic
analysis, by introducing the concept of a generalized solution we are able to study
the well-posedness (in a generalized sense) for these equations. To illustrate this

concept, consider the very-well known ordinary differential equation (ODE)
u'(x) = Mu(zx) + g(x), x€(0,0], u(0)=u,
where b >0 and g € C[0,b], whose solution is

u(z) = upe™ + /(;mexp{A(:U -y)}g(y)dy, x€(0,b]. (3.1.9)

Probabilistically, this problem can be thought of as the boundary value problem as-
sociated with the deterministic linear motion on (-0, b] which is stopped at reaching
the boundary point x = 0. In this case, the semigroup {Ss}ss0 of the determinis-
tic process is given by Ssf(x) = f(x —s) for any z € (—o0,b] and f € Co(—00,b],
whilst the semigroup {S%**}s0 of the stopped process corresponds to SV™* f(x) =
f(max{0,z — s}) for any x € [0,b] and f € C[0,b]. Hence, the resolvent operator of
the semigroup SV** provides the function as the unique solution in the do-
main of the generator (the space C1[0,b]) if, and only if, ug = %g(O). Otherwise this
solution is (in our terminology) only a generalized solution as it can be obtained as a
limit of solutions taken from the domain of the generator. Moreover, in this case the

generalized solution is also a classical (smooth) solution lying on C[0,b] n C*(0,b]
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instead of C'[0,b]. Similar situations occur when considering fractional differential
equations. We will see that the solutions found in the literature are usually solutions
in the generalized sense, as they generally do not belong to the domain of —DgH or
—Der as generators of Feller processes.

The main contribution of this chapter relies on providing well-posedness results and
explicit integral representations for the solutions to linear equations with Caputo
and RL type operators. We deal with the existence of two types of solutions in
a probabilistic framework: solutions in the domain of the generator and general-
ized solutions. The latter concept defined for rather general, even not continuous,
functions ¢ in . Moreover, all solutions are given in terms of expectations of
functionals of Markov processes. From the point of view of numerical analysis, this
representation can be exploited to obtain numerical solutions to a variety of problems
by performing Monte Carlo techniques. Simulation methods have been effectively
used for classical differential equations and, in recent years, different methods for
evaluating path functionals of Lévy processes have been actively researched (see,

e.g., [22], [23], [56]).

3.2 Linear equations involving generalized fractional op-

erators

The probabilistic representation of the solutions (in the generalized sense) to linear

equations involving RL and Caputo type operators are studied in this section.

3.2.1 Linear equation of RL type

Consider the problem of finding a continuous function u on [a, b] satisfying

- D((llfr)w(x) = w(z)-g(z), xzc¢€la,b], w(a) = wg, (3.2.1)
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for A > 0, g € Bla,b] and w, = 0. Hereafter, we refer to as the RL type
problem (—D((li), A, g, w,) for which we always assume w, = 0. Similar notation shall
be used for the linear equation of Caputo type: (—D((li)*, A, g,wg) for any w, € R.
Let us also recall that notation Cy[a,b] denotes the space of continuous functions

on [a,b] vanishing at a.

Definition 3.2.1. Let g € Bla,b] and A >0. A function w € Cy[a,b] is said to solve
the RL type problem (—D((Zz), A, 9,0) as

(i) a solution in the domain of the generator if w satisfies and belongs to

the domain of the generator (—D((;),Q,(;));

(i1) a generalized solution if for all sequence of functions g, € Cyla,b] such that
sup,, ||gn|| < o0 uniformly on n and lim, e g, = g a.e., it holds that w(x) =
limy, 00 Wy () for all x € [a,b], where wy, is the solution (in the domain of the

generator) to the RL problem (—DC(LZ), A, Gn,0);
(i4) a smooth solution if u is a generalized solution belonging to Cya,b]nC(a,b].

Remark 3.2.1. From this definition it follows that if there exists a generalized

solution, then the solution is unique.

Definition 3.2.2. The RL type equation 1s well-posed in the generalized

sense if it has a unique generalized solution.
Well-posedness results for the RL type linear equation.

Theorem 3.2.2. (Case \>0) Let v be a function satisfying conditions (H0)-(H1)

and assume X\ > 0.

(i) If g € Cyla,b], then the linear problem (—D((l'i), A, 9,0) has a unique solution in
the domain of the generator given by w = RT(V)g (the resolvent operator at

associated with the generator —Dé’i)).
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(i) For any g € Bla,b], the linear equation (—DC(LZ),)\,g,O) is well-posed in the

generalized sense and the solution admits the stochastic representation

T{EV) x
w(z) = E[ [0 ) e Mg (X;f(”)(s)ds)] : (3.2.2)

Moreover, if additionally v satisfies conditions (H2)-(HS3), then

w(m):/o g(x—y)[o e Npr (g, 2 - y)ds dy. (3.2.3)

(i1i) If g € Cla,b], then the solution to (3.2.1) belongs to ng) ® 9)?;7(:), the direct
sum of the domain of the generator —Dt(lli) and the space defined in (2.5.1/)).

Proof. (i) Take g € Cyla,b]. Using the conditions g(a) = 0, w(a) = 0 and A > 0
together with the fact that the operator (—DC(LZ),Q((IZ)) is the generator of a Feller
process on Cyla,b], Theorem implies directly that w(z) = RT(V)g(x) is the
unique solution to belonging to the domain of the generator. Moreover,

Lemma [2.5.9] implies

(v)
7o ()
w(x) = M;’()\V)g(m) =E [/0 e Mg (X;(”)(s)) ds] )

(ii) Let us now take any function g € B[a,b]. Since g does not necessarily belong to
Cyla,b], the resolvent operator no longer provides a solution to (3.2.1). However,
using Definition we will see that there exists a unique generalized solution.
To do this, take any sequence g, € Cyla,b] such that lim, . g, = ¢ a.e. and
sup,, ||gn|| < 00. The procedure consists in finding the generalized solution as a limit

of solutions to the equations
- DVwa(@) = Mg (2) = gn(@), @€ (ab],  wala)=0.

Since each g, € Cy[a,b], the previous case guarantees the existence of a unique
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solution wy, € ’D((l'i) given by

(v)
Ta (%)
w,(z) = B [ L7 e (V) ds] .

Using that ||g,|| is uniformly bounded, the dominated convergence theorem (DCT)
implies

(v)
75 ()
e—As

T}l_)ngo wp(x) =E I:f() g (X;(”)(s)) ds:| = w(z).

The continuity of w follows from the fact that w(:) = M;()\V)g(-) and M;E\V)g(-)
is continuous on [a,b] under assumption (H1) (due to the inequality (2.5.10]), the

regularity in expectation of a and the upper bound of the expectation of Téy) in

(2.5.4)). Therefore, w € C,[a,b] is a generalized solution to the linear equation

(3.2.1). Finally, the representation in ({3.2.3|) follows directly from Lemma

(iii) To prove that w € @ELZ) EBDJT((IV))\ whenever g € C[a,b], we use the equality (2.5.16

in Lemma 2.5.10] to obtain
M g(x) = RSV g(x) + g(a) M 1(2),

where §(x) = g(z) - g(a), implying the result. [ ]

Theorem 3.2.3. (Case \ = 0) Theorem is valid for X = 0, i.e. for the
equation

- D,(li)w(aj) =-g(z), ze€(a,bl; w(a) =0. (3.2.4)

Proof. The proof follows similar arguments to those used for A > 0, so that we skip

+(v)

the details. Let us just notice that, since the potential operator Rg associated

with —Dé’fr) satisfies
+(v) TéU)(x)
Ry g(a)| < E[ JA |g<Xs+<”><s>)|ds] <loll sup B[],
ze(a,

Lemma [2.5.2| implies the boundedness of RBH(V). Thus, Theorem ensures
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that the proof of Theorem [3.2.2] remains true for A = 0 if one replaces the resolvent
operator RT(V) by the potential operator R8+(V) . Also observe that w € @,(IZ) 6993127(()V)

whenever g € C[a,b] since w can be written as

7 ()
w() = 1 gty atom| [ i
where g(x) := g(z) - g(a), for all x € [a,b]. ]

3.2.2 Linear equation of Caputo type

Let a € R and A > 0. Consider the problem of finding a function u € C[a, b] solving
- Dc(llfr),ru(a:) = u(z) -g(x), ze€(a,b], u(a)=ug, (3.2.5)

for a given function g on [a, b].

Let us observe that the linear equation (3.2.5) can be written in terms of the RL

type operator D,S’i) as follows. Define w(z) = u(x) — u, for all z € [a,b], then

—Dc(bﬂw(x) = —Déﬂu(x) as —D((llfr)*ua =0. Setting g(z) := g(x) — Aug, it follows that
- DM w(z) = u(z) - §(z), ze(ab] wla)=0. (3.2.6)
Hence, u(x) = w(x)+uq is a solution to the original problem if, and only if, w solves

(3.2.6). The previous discussion motivates the following definition.

Definition 3.2.3. Let g € Bla,b] and A >0. A function u € C[a,b] is said to solve

the Caputo type equation (—D((llfr)*,)\,g,ua) as

(i) a solution in the domain of the generator if w satisfies and belongs to

the domain of the generator (—Dé’i{,@fﬁl);

(ii) a generalized solution if u(x) = ug + w(zx) for all x € [a,b], where w is the

(possibly generalized) solution to the RL type problem (—DC(LZ), A, g — Mg, 0);
(iii) a smooth solution if u is a generalized solution belonging to C[a,b]nC*(a,b].
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Remark 3.2.4. The concept of a generalized solution in Definition[3.2.3 is given in
terms of a RL type solution. Equivalently, one can define a generalized solution for
Caputo type equations in terms of approzimating solutions taken from the domain

of the (Caputo type) generator (—DC(LZ)*, ”}36(;)*) for the case A > 0.

Definition 3.2.4. The Caputo type equation 1s well-posed in the generalized
sense if it has a unique generalized solution depending continuously on the initial

condition.
Well-posedness results for the Caputo type linear equation.

Theorem 3.2.5. (Case \>0) Let v be a function satisfying conditions (H0)-(H1)

and suppose A > 0.

(i) If g € Cla,b] and g(a) = Au,, then the linear equation (—D,(lﬂ,)\,g,ua) has
a unique solution in the domain of the generator given by u = RKH(V)g (the

resolvent operator at A associated with the operator —D,(IZ),, ).

(i) For any g € Bla,b] and u, € R, the linear equation (—D[(I_VF)*,)\,g,ua) is well-
posed in the generalized sense and the solution admits the stochastic represen-

tation
) 76" (@)
u(z) = uE [e_AT“ (”3)] +E [ fo e Mg (X;(”)(s)ds)] . (3.2.7)
Moreover, if additionally v satisfies conditions (H2)-(H3), then

u(m):uafo e_’\suz’(”)(s)derfo ) g(a:—y)/o e_)‘sp;(”)(a:,m—y)ds dy,
(3.2.8)
where ,ug’(y)(s) denotes the density function of the r.v. Tél’)(m) as given in

2.5.5).

(i1i) If g € Cla,b], then the solution to (3.2.5]) belongs to @fﬁl ® EITIC(:;, the direct
sum of the domain of the generator —Dt(lli)* and the space defined in (2.5.1J)).
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Proof. (i) Since (—DC(LZ)*, 33((;1) ) is the generator of a Feller process on C[a,b], for any
g € C[a,b] the function u(x) = RT*(V)g(x) is the unique solution (in the domain of

the generator) to the resolvent equation

—Dc(llfr),ru =\u-—g.

a+*(v)

A simple calculation shows that u(a) = R, g(a) = g(a)/A\. Hence, condition
g(a) = A\u, ensures that u satisfies the boundary condition u(a) = u,, as required.
(ii) By Definition u(z) = w(x) + ug is the generalized solution to (3.2.5)),
where w is the solution to the RL type problem (—D((IZ),/\,Q(IL’) - Mg, 0) whose
well-posedness is guaranteed by Theorem

The solution is then given by (3.2.2)) which can be rewritten in terms of the operator

M;,)\V) (see equality (2.5.7)) as w = M;,()\V) [0 - \ua]. Thus, the linearity of M;()\V)

yields
v 14 1 _ (v)
w(x) = M;()\ )g(x) - )\uaM;()\ )1(33) = M;E\ )g(:v) —Uug (1 -E [e ATa (x)]) )

where the last equality holds due to equation (2.5.9)). Thus, (3.2.7)) is obtained by
plugging the previous expression into u(z) = w(x) + u,. This representation implies
directly the continuity on the initial condition u,, as required for the well-posedness.

Finally, the explicit solution (3.2.8) follows from Lemma [2.5.7]

(iii) Assume now that g € C[a,b]. Since u(x) = M;&V)g(ac) - )\uaMé’VA)l(x) + Ug, by

linearity one can rewrite it as

u(z) = Ml - g(a) + 9(a) (=) - Mua M V1(2) + ug

a,

- B lg - g(@)](@) + [9(a) - ua] M 1(2) + .
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We then conclude that u € @Eﬁl ® E)th(: ) since
R g-g(a)] € DY,

and
[g(a)+ )\ua]M;(;)l(a:) +u, € S)ﬁ;()'\/)

Theorem 3.2.6. (Case \ = 0) Theorem remains valid with A\ = 0, i.e., it

holds for the equation

- DWW u(z) = —g(z), we(ab],  u(a)=u. (3.2.9)
Proof. Since the problem can be rewritten

- DM w(z) = -g(x), we(ab], wla)=0, (3.2.10)

with w(z) = u(x) - u, and g(x) = g(x), Theorem gives the potential opera-
tor R8+(V)§(x) as the solution to for any g € Cy[a,b]. Hence, the unique
generalized solution to is given by u(z) = ug + limy, o0 R8+(V) gn(z) for any
sequence g, satisfying the conditions given in Definition [3.2.3] Consequently, the

same arguments used for A > 0 remain valid. [

3.2.3 Examples: classical fractional setting

Since Caputo derivatives are particular cases of the generalized fractional operators
—Dg’fr)*, the solution to fractional linear equations with the Caputo derivative Dfir*,
for 8 € (0,1), is obtained by a direct application of the previous results. Namely,
Theorem implies that, for any g € B[a,b] and A >0, the problem

DS u(z) = - u(z) +g(z), ze (a,b], wu(a)=u,€R,
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has a unique generalized solution given by
B LA RN
u(z) = uE [e_ Ta (x)] +E [0 e Mg(X P (s))ds|, (3.2.11)

where X;7 is the inverted S-stable subordinator started at € (a,b] (sce definition
in Appendix . Moreover, using the transition densities of X;ﬁ , which are given

in terms of the density function wg(-;1,1) of a standard S-stable random variable

(see (A.2.1) and (A.2.4) in Appendix), formula (3.2.8) yields

u(x) = Ua%(w—a)foooe)‘s( 8_%_111)5((x—a)s’l/ﬁ;l,l))dSJr

+/0x_ag(x—y) (yﬂ_lfowexp{—)\syﬁ}s_l/ﬁwg(s_l/ﬁ;l,l)ds) dy.

(3.2.12)

Further, if g(a) = Au, and g € C[a,b], then u belongs to the domain of the generator
(-DZ D).

The previous calculations imply the following new relationship between the Mittag-
Leffler function Eg(-) and the Laplace transform of the first exit time 72 (x) for
Be(0,1).

Corollary 3.2.7. Let x € (a,b] and A > 0. Then the Laplace transform of the first

exit time from (a,b] for the inverted S—stable subordinator started at x is given by
B¢ (D] = By(~ Mz - a)?),
with Eg denoting the Mittag-Leffler function (see Appendix . Further,
Eg(- Az - a)?) = %(w -a) fooo exp(—-As) 3_%_111;5 ((w —a)s V81, 1) ds.

Proof. By uniqueness, it follows as a consequence of formulas (3.1.5) and (3.2.12))
with ¢ =0 and u, = 1. [ |
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Remark 3.2.8. Alternatively, Corollary [3.2.7] can also be obtained by using the

identity (see [88], Theorem 2.10.2)

BE/s(—Z)=fO exp(-zy)y~ " ws(y P51, 1)dy. (3.2.13)

Moreover, this identity also shows that coincides with the well known solu-
tion given in .

3.3 Mixed linear equations

In this section we study linear equations involving both the RL type and the Ca-
puto type operators, but each one acting on different variables. The general setting
will be explained first in R?%, and then we shall restrict ourselves to the simplest 2-
dimensional case. This is done to avoid cumbersome calculations which nevertheless

can be extended straightforward from the simple case analyzed here.

Let a=(ai,...,aq),b=(by,...,bs) ¢ R? such that a < b. The Euclidean space R? is
assumed to be equipped with its natural partial order, the Pareto order, i.e. a<b
means a; < b; for all ¢ € {1,...,d}. Notation [a,b] denotes the Cartesian product
[a1,b1] x -+ x [aq,bq] and x € [a,b] means x; € [a;,b;] for all i € {1,...,d}. Let us
denote by B[a,b] and C[a,b] the space of bounded Borel measurable functions and
continuous functions on [a, b], respectively, and by C'[a, b] the space of continuous
functions on [a, b] with continuous first order partial derivatives up to the boundary
on [a,b]. Similar notation is used for (a,b] and (-o0,b].

Notation y* means a vector y = (y1,...,y4) € [a,b] having y; = a; as its ith-
coordinate. Since all the processes considered in this section have decreasing sample
paths, we are only interested in the boundary of (a,b] given by y® for all i €

{1,...,d}. This subset is denoted by

d
aa(avb] = L:JI{y € [a’b] ry=y®“ .
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The space of continuous functions on [a,b] vanishing at the boundary d,(a,b] is
denoted by Ca[a,b].

For i € {1,...,d}, let v; be a function satisfying conditions (H0)-(H1) and let x €
(a,b]. The operator —xiD((ll;i) stands for the RL type operator defined by v; acting

(independently of the other operators) on the variable z;. For notational convenience

set v = (v1,...,14) and define the mized RL type operator associated with the vector
v by
W) S )
-DyY == 2Da, (3.3.1)
i-1

Hence, the operator —Dgi) is a sum of RL type operators each one acting on a
different variable. Analogously, we define the mixed operators —GErV) and —Dg’i)*
by using — xiGSryi) (see definition in ) and — xiD,(zl;i)*, respectively.

Consider the RL type linear equation

DWu(x) = Io(x)-a(x). xe(a
DyYw(x) = Aw(x)-g(x), xe€(a,b], (3.3.2)

w(x) 0, x € 0a(a,b],

for a given function g € B[a,b] and A > 0.
The operator —Dgi) can be thought of as the generator (—Dg), @gi)) (with a suitable

domain @gi)) of a Feller process on (a,b] obtained by killing the process
X = (x;00, L X 0),

on an attempt to cross the boundary 0a(a,b], where X;i(yi) is the Feller process
generated by (- ziGS”i), Dg’i)). Hence, X;(V) is the process generated by — GErV) for
each ¢ € {1,...,d}. The killed process (started at x) shall be denoted by xar) 2
{Xf(y)(s) 18> 0} and is defined by

Xf‘:(”)(s) - X;(V)(s), for all s< Téy)(X),
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where

(%) =inf{s >0 : X5 (s) ¢ (a,+00)}.

Since the first exit time from (a,+o00) occurs when one of the coordinate processes

X;(W) leaves the interval (a;,+o0), we have
Téy)(x) = min {Tcgz“)(a;z), ie{l,... ,d}}.

Hence,

X3 (s) = (X200 (s), o X 0(9)) s <m” ()

a

wherein each coordinate me(ui) is the Feller (sub-Markov) process generated by

(—xiDc(Ll:i),CDg;i)). Hence, the process Xf:('/) is also sub-Markov with a Feller semi-
group S§+(V) on Cy[a,b]. Moreover, u belongs to the domain of the generator 355(;1)

if, and only if, the limit

S?Jr(y)u(x) - u(x)

S

)

- Dgfr)u(x) = lir%

exists in the norm of Cy[a,b].
To solve (3.3.2)), let us introduce some definitions which extend those used in the

one-dimensional case.

Definition 3.3.1. Let g € Bla,b], and X\ > 0. A function w € Cqla,b] is said to

solve the RL type problem (- Dfl'f,),)\,g,O) as

(i) a solution in the domain of the generator if w satisfies and belongs to

the domain of the generator (—Dflli), @f,’i)),

(ii) a generalized solution if for all sequence of functions g, € Cqla, b] such that
sup,, ||gnl| < oo uniformly onn and g, — g a.e., it holds that w(x) = lim,,—, e Wy, ()
for all x € [a,b], where w, is the solution (in the domain of the generator) to

the RL type problem (- Dfli),A,gn,O)-
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Remark 3.3.1. By definition, if there exists a generalized solution, then this is

unique.

For the sake of transparency, hereafter we restrict ourselves to the analysis for d = 2
and a = 0. Namely, let x = (z1,72) and b = (b1, b2) in R? with x € [0,b]. Consider

the equation

— e D W@, 20) = DS W, w2) = Aw(wr,22) - g(a,32),

’U)(O,IL‘Q) :'LU(.’Ifl,O) 07

where x; € (0,b;] for i € {1,2}.

Let p;r(yi)(xi,y) (resp. ngr(Vi)(:zi,y)) denote the transition density function of the
process X;i(yi) (resp. Xﬁj(””). If Téyi)(l‘i) is the first exit time from (0,b;] of the
process X;i(l’i) (started at x;), then the first exit time from (0,b] = (0,b1] x (0, b2 ]

of the process X;(V), denoted by 7'(§l/)(x)7 is given by
Téy)(X) = min{ Té”i)(xi) D g€ {1,2}}.

Due to the independence between the coordinates of the process X;(V), its transition

density function, denoted by p;(y)(x, y), satisfies

2
P (x,y) = [1p: %) (zi,9:),  x=(x1,22), ¥ = (y1,92),
=1

yielding the following result.

Lemma 3.3.2. Let = (x1,22) € (0,b1] x (0,b2]. Suppose (HO)-(H1) hold for both
functions v1 and vo. Then,

(i) The boundary points (0,z2) € R? for all x5 € [0,by), and (x1,0) € R? for all
(v)

x1 € [0,b1), are regular in expectation for both operators —DE;) and —Dy,’ .

Moreover, E [T((,V)(w)] < 400 uniformly on x.
1) If additionally each v; satisfies assumptions (H2)-(H3) and um’(y) ds) denotes
0
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the probability law of T[()V)(:B), then its density function uz’(y)(s) is given by
v z1,(v z2 v z2,(v z1 v
g () = 1y ) [T ) ) [T @), 520

(i1i) Further, assuming again that each v; also satisfies (H2)-(H3), the joint distri-

bution @fj((f)(dy, d€) of the pair (X;;H(V)(S),Téu)(iﬂ)) has the density

z,(v x9, (v v 1 v
PP (€)= 9% (ya, €)pt 1)(:1:1,y1)/0 e (g1, 2)dz +

x1,(V v Y2 Y
+905,10’( Dy, €)pi 2)(9:2,y2)f0 pgff)(yz,z)dz,

for0<s<§ and y=(y1,12), ye (0,x].

Proof. (i) The regularity in expectation of the boundary 99(0,b] is a consequence

of assumption (H1) and the Lyapunov method applied to the Lyapunov function

he(z1,22) = 271252, w=(wi,w2), wi,wz€(0,1).
More precisely, using Proposition 6.3.2, (ii) in [53, p. 280] it is enough to prove that
he, € C1(0,b), hy(x) = 0 for all x belonging to the boundary 9y(0,b], and for each
x € 0p(0,b] there exists a neighborhood Vi of x such that (—Dgi)hw) (y) < —c for
y € Vxn(0,b] and some positive constant ¢ whenever h,(y) > 0. Since the function
hy, is differentiable on (0, b] and vanishes on the boundary points do(0,b], we need
to see that (—Dgi)hw) (y) < —c for some positive constant c. However, the latter
inequality follows from Condition (H1) by taking w; =1 - ¢; and wa = 1 — g2, where

q1,q2 € (0,1) are given by Condition (H1), that is

/O min{y, €}v1(0,y)dy > Cre”

and

/0 min{y, €}12(0,y)dy > Cae®,
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for some positive constants C; and Ca. See also the proof of Lemma [2.5.2] Notice
also that the finite expectation of 7 ) (x) is a consequence of the finite expectation

of each TOVi)(xi).

(ii) This is a generalization of Proposition and follows directly by differentiating

P [Téy)(x) > s] =P [To(yl)(xl) > s] P I:TéVZ)(xQ) > s] ,

with respect to s. Notice the use of the independence assumption in the previous

equality.

(iii) This is a generalization of Proposition and is obtained by differentiating

2
P X2 () > 5,787 60) > €] = TTP[ X000 (5) > e XE0() > 0],
i=1

with respect to y1,y2 and &. [

Let us now generalize the definitions given in (2.5.7) and (2.5.8). For A > 0 and
g € B[0,b] define

(v)
T (%)
S(f)g( ) = EI:_/OO e_ASg(X;(V)(s))dst, x € (0,b],

and

1/) %
My 1(x) = [[ ( )e_)‘sds], x € [0,b].

Note that M, ( )g( -) is continuous on (0,b] and

M8 g < llgll sup E[75" (x)].
x€[0,b]

+(u)1( ) - ( [e_mg”)(x)])’

Moreover,

47



implying
E [e—”tg")@‘)] 1M1 (x),

and yielding the next generalization of Lemma [2.5.7]

Lemma 3.3.3. Let ¢ = (x1,22) € (0,b] and X\ > 0. Suppose that v; satisfies condi-
tions (HO)-(H1) for i€ {1,2}. Then,

E [e-mgw(@] _E [e—ATé””(ml }] N E[ A (w2) 1

{Téyl)(a:1)<féy2)(€1?2) { (VQ)(“)qéul)(xl)}] .

If additionally v; satisfies (H2)-(H3) forie {1,2}, then

EI:Q_ATISV)(“”)] _ [)oo e_)\s (,ugl,(yl)(s) fxz p;(VZ)(l‘%y)dy) ds +
+/O°°e S( IQ’(”Q)(s)f s (1, y)dy)ds

Further,

14 z2 1%
0(,\)9 / f g(x1-y1, w2~ yz)f Spi D (21, 21-y1)pt D) (29, Ta—y2) ds dys dy, .
(3.3.3)

Proof. Similar to the proof of Lemma [2.5.7] but using the density function of the
I.V. T )(x) and the joint distribution of the pair (X?(Jr(y)(s),q()y)(x)) both given
in Lemma ]

Well-posedness result for the RL type linear equation.

Theorem 3.3.4. (Case \ > 0) Let v = (v1,v2) be a vector such that each v; is
a function satisfying conditions (H0)-(H1). Suppose that A >0 and x € [0, b] with
x=(z1,22) and [0,b] =[0,b1] x [0, ba].

(i) If g € Cp[0,b], then the equation (- wlD(()lf) - zzD(()'f),)\,g,O) has a unique
0+(v)
R)\

solution in the domain of the generator given by w = g, the resolvent

operator of the process X£+(”).
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it) For any g € B[0,b], the equation (- , p . plra) A, 9,0) is well-posed in
1~ 0+ 2

0+ >

the generalized sense and the solution admits the stochastic representation
75 ((21,22)) A 0 0
w(er) =B| [ g (XTI (), XD (s))ds | (3:34)

Moreover, if additionally v; satisfies conditions (H2)-(H3) for i e {1,2}, then
w(xy,x2) takes the explicit form in .

Proof. (i) Follows from Theorem as in the one-dimensional case.

(ii) If g € B[0,b], the solution is obtained as a limit of solutions Rg+(y)gn(x)

in the domain of the generator —Déi), where the sequence of functions {g,}n>1

satisfies the conditions of Definition Finally, Lemma provides the explicit

representation of the solution w in terms of the transition densities. [
Theorem 3.3.5. (Case )\ =0) All assertions in Theorem are valid for X =0.

Proof. Since the potential operator is bounded due to the finite expectation of

Té'/)(x), the arguments used in the proof of Theorem remain valid for the case

A = 0 by replacing the resolvent Rg+(y) with the corresponding potential operator

R8+(”). n

Finally, we analyze the mixed linear equation which involves both the RL type and

the Caputo type operator:

— DS u(@y,w) = D, we) = Ay, we) - glan,ma),  (w1,29) € (0,b1] x (0, o],
U(07l‘2) = 07 To € [0762]
u(xluo): (b(ml) xle(ovbl]a

(3.3.5)

for a given function ¢ € Cy[0,b1]. This equation will be referred to as the mized

linear problem (- le(()zl) - xzD(UQ) A g, ®).

O+%

Denote by X2+(V)* = (ng(yl), XS;*(VZ)) the Feller process (with values on (0, b1 ] x

[0,b2]) generated by the operator — wlD(()lf) - MD(VQ). This process is obtained from

0+*

a process X - (X;(w) , X;Z(VQ)) by either killing it whether the first coordinate
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attempts to cross the boundary point x; = 0, or by stopping it if the second coordi-
nate does the same with the boundary point xo = 0. As before, Tél’)(x) denotes the
first exit time from (0,b1] x (0, b2].

In order to solve the mixed equation , we rewrite it as a linear equation
involving only RL type operators. Namely, let ¢ € C'([0,b1] x [0,b2]) be a function
satisfying the boundary conditions in (3.3.5). Define w(x) := u(x) — ¢ (x) for any
x = (z1,22) € [0,b]. Observe that, by definition, w vanishes at the boundary
00[0,b].

If u and v belong to the domain of the generator — xlD(()Vl) — D" then

+ T270+%

<_ xlD(()ZI) - $2D(y2)) w = (_ :C1D(gl;1) - ng(V2)) u+( xlD((]zl) + xQD(VQ)) 0

O0-+% 0+ O+x*

+ 0+%

=X [g - (oDF + WD) ] = dw-g,

with §:= g -\ — xlD(()'f)dJ - xQD(V2)1/J. Due to the properties satisfied by 1, the

0+%

function w satisfies — xzD((]ﬁ)w(:L‘) = - mQD(()?)w(x) = 0 on the boundary 9o(0,b].

Consequently, the solution u to (3.3.5)) can be written as u = w + v, where w is the

solution to the corresponding RL type equation. This motivates the next definition.

Definition 3.3.2. Let g € B[0,b], A >0, and ¢ € Cp[0,b1]. A function u € C[0, b]

is said to solve the mized linear problem (- xlD(()Zl) - xQD(()lf,r), A\, g,0) as

(i) a solution in the domain of the generator if u satisfies and belongs to
(v2)

the domain of the generator — xlDéIf) s e

(ii) a generalized solution if for any function i in the domain of — mlD(()lf)— xQD(()lf*)

such that ¥(0,-) =0 and ¥(-,0) = ¢(-), then u = w + 1, where w is a solution

(possibly generalized) to the RL type problem
(_ le(():/.l) - zzD((),f)a )\ugao)a
with §i= g—Mp— D8y~ ,DY2)yp.

T2 04%
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Remark 3.3.6. By definition, it seems that a generalized solution depends on the

function v, the next result shows that this solution is actually independent of .

Well-posedness result for the mixed linear equation.

Theorem 3.3.7. (Case X\ > 0) Let v = (v1,12) such that each v; is a function

satisfying conditions (HO)-(H1). Suppose A >0 and ¢ € Cp[0,b1].

(i)

(i)

If g € C[0,b] satisfies g(0,-) = 0 and g(-,0) = A\p(-), then the mized equa-

tion (- x1D(()Z1) - IQD(()ZQ*)j)\,g,gZ)) has a unique solution in the domain of

the generator given by u = %T(V)*g, the resolvent operator of the process

(Xgif(’/l)7 Xg;f*(lfz) )

+% 7

For any g € B[0,b], the mized linear equation (- xlD(()Zl) - xZD(()VQ) A g, D)
is well-posed in the generalized sense and the solution admits the stochastic

representation

(v2) .
w(@r, z2) = E[e—)\TO 2/ (z2) ¢(X2;(V1) (Té 2)(1‘2))) I{TSDQ)(x2)<Téy1)(x1)}]

(v)
7§ ()
+E[/O T e g (X9 (s), Xg;*<V2>(s))]. (3.3.6)

Moreover, if additionally each v; for i€ {1,2}, satisfies conditions (H2)-(H3),

then the solution can be rewritten

T oo
w(z,22) = fo ¢(I1—y)f0 e ) (5)pr ) (21, 01 - y) ds dy +

1 T2 oo
+ fo fo g9(x1 = y1, 72— y2) /0 e pr (g my —y1 )pE ) (w0, 20 — yo) ds dys dy,.

(3.3.7)

Proof. (i) As before, we apply Theorem to the generator — xlD(()Zl) - xQD(VQ).

O+%

Therefore, if ¢ is a continuous function on [0, b1 ] x [0, b2] such that ¢(0, -) =0, then

the function u(xy,z2) = 9‘{?\+(V)*g(9:1,:1:2) solves the equation

- IlD((]Zl)u - ;L'QD(VQ)U = )\U -g.

O+*
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Further, a simple calculation shows that

w(x1,0) = Ry g(21,0) = g(21,0)/A,  and  u(0,z5) =0,

which implies that, under condition g( -,0) = A¢(-), the function u solves the problem
B335).

(ii) For the general case, g € B[0,b], take a function 1 satisfying the conditions
of Definition and set w := u — 1. Since w vanishes at the boundary 9o(0,b],
Theorem yields

(v)
7o (z1,72)
w(.%'l,.%‘Q) :E[ ‘/O 0 o e_Asg (Xg:'(’jl)(s) , Xg;’(VQ)(S))dS:I,

with §=g— A= (D) + ,D)) 4. Hence w(x) = I - I1, where

0+*

(v)
7o (w1w2) s v v
IE[ fo e Mg (X0 (s) , x0)¢ 2>(s))ds]

0+%

(v)
75 (%1,T2)
[];:E[ /0 o (z1,m2 67)\5()\4' xlD(()Zl)"' xQD(Vz))w(Xgr(m)(s) 7 Xg;(w)(s))ds].

Using that 1 belongs to the domain of the generator — mlDé'f) — 2,D"? Theorem

T2 04% 7

[AT.4)in Appendix implies that

Vo= e (X0, X0 () + (3.338)

+/0Te_)‘s ()\+ IlDéyl) + xQD(W))w(ng(”l)(s) , Xg;*(l’2)(s))ds

O+*

is a martingale for all A > 0. Furthermore, since Téy) (x1,z2) has finite expectation,

Doob’s stopping theorem [53] Theorem 3.10.1, p. 142] applied to the martingale

(3.3.8) implies that

2r$ (@12 v v v v
Ular,a) = B0 1m0 (X0 (70 (@1,2)) , XD (0 (@1,02)) ) |+
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(v)
T (Z1,22)
.\ E[ A o 1,22 )‘S()\+ wl (,,1)+ o (VQ))w(XO-F(Vl)(s) Xg;(uz)(s))dsjl.

(3.3.9)

Therefore,
i (@12 v v v v
IT = d(or,22) = B8 00 (XG0 @1,2) - X002 (70 (1,22))

which in turn yields (3.3.6) as u =w + v and ¥(-,0) = ¢(-).
Finally, the second term in (3.3.7) is a consequence of Lemma whilst the
first term is obtained by conditioning first on TéVQ)(xg) and then by using the joint

density of the pair (X0 (V)( ),Té”l)(:ﬂl)). [ |

Theorem 3.3.8. (Case \=0) All the assertions in Theorem [3.3.7 are valid for
the case A = 0.

Proof. For functions g € Cp[0,b], the arguments in the proof of Theorem [3.3.7]

. . . . 0+(v)*
remain valid using the potential operator 9

9‘{2+(V)*. In case of general g € B[0,b], the martingale 1) should be replaced by

instead of the resolvent operator

the corresponding martingale with A = 0. [

Remark 3.3.9. As an application of Theorem one obtains that for x =

(x1,2) the function

1
u(zy,22) = axg fo o(z1 —y) / 77777 L0e (xgs_l/o‘; 1, 1)w5 (ys_l/ﬁ; 1, 1) ds dy +

f f g(xl—y1,x2—yz)f s mwg (y1s %5 1,1) wa (2575 1,1) ds dys dy

1s the generalized solution to the mized fractional linear equation

- erngu(xleQ) - IQDSCJr*U(ﬂS'l,LBQ) = )\U($1,132) _g(‘rlva)a (fL‘l,l'z) € (07 b])
U(O,wg) 0, T9 € [O,bz],

u(z1,0) = o(x1) x1 € (0,b1],

for a given function ¢ € Cy[0,b1] and B, € (0,1). Let us recall that — le€+
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and — 2,Dq., stand for the classical RL and Caputo derivatives of order B and
o, respectively; and wg and w, denote B— and a—stable densities, respectively (see

Appendiz). Further, the solution u belongs to the domain of the generator only when

g € C[0,b] satisfying g(-,0) = A¢(:) and ¢(0,-) = 0.
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Chapter 4

Nonlinear equations of RL and

Caputo type

This chapter establishes well-posedness for nonlinear equations involving generalized
Caputo and Riemann-Liouville type derivatives. We also study the generalized
versions of both the linear equation with nonconstant coefficients and the composite
fractional relaxation equation. The approach used here relies on the use of the

explicit solution to the linear equation studied in Chapter

4.1 Introduction

In the classical fractional setting, the study of nonlinear equations usually require
the use of analytical techniques that are different to those used in the linear case.
For example, the Laplace transform method, which is very powerful for linear equa-
tions with constant coeflicients, it is useless for solving fractional linear equations

with variable coefficients, and even more, for the study of nonlinear equations.

In this chapter we establish the well-posedness for the generalized nonlinear frac-
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tional equation
- DWu(z) = —f(z,u(x)), ze(a,b], u(a)=ita, iqcR, (4.1.1)
and for the generalized composite fractional relazation equation

- DWy(z) = y(z)u' (z) - Mu(z) = - f(z,u(z)), ze(ab], u(a)=ie, iaqcR,
(4.1.2)
for some given functions f and 7, and A > 0. Notation —D() refers to either the
generalized RL type operator —D,(llfr) or the Caputo type operator —Dé’i)*.
Some particular examples of equation include the initial value problem for

the nonlinear equation with the classical Caputo derivative Dg ot
Dy, u(x) = f(z,u(z)), we(0,b], u(0)=uo, Be(0,1), (4.1.3)

and the fully mized (or multi-term) fractional equation
d .
S wil@) DL u(z) = f(z,u(x)), ze(0,6], u(0)=ug, Bie(0,1), (4.1.4)
i=1

for a given continuous function f and nonnegative functions w;(-), i € {1,...,d}.
The existence and uniqueness results for the fractional equation have been
proved, for example, by transforming into a Volterra type equation and then
by using fixed point arguments (see, e.g., Theorem 5.1 and Theorem 6.1 in [15] for
the RL and the Caputo case, respectively).

The method we use to prove the well-posedness for the generalized problem in (4.1.1))
is also based on transforming into an integral equation. However, the integral
equation used here is taken from the probabilistic solution to the corresponding

linear problem obtained in Chapter [3
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Another particular case of (4.1.1)) is the linear equation with nonconstant coefficients
- DWu(z) = Ma)u(z) - g(z), ze(ab], u(a)=1ia, (4.1.5)

for given functions A and g. For this case an explicit solution in terms of the
transition probabilities of the underlying stochastic processes is given. We deal with
this case separately due to the fact that, unlike the general case f(x,u(z)), the
probabilistic representation of its solution has an explicit form as a Feynman-Kac
type formula whilst for the general case we are only able to prove existence and
uniqueness of solutions.

The generalized equation encompasses the initial value problem for the linear

equation with nonconstant coefficients involving the classical Caputo derivative:
Dgﬂu(x) =Xx)u(z) + g(x), x€(0,b], u(0)=up, (4.1.6)

for g€ (0,1). It was proved by analytical methods that if g € C[0,b], then equation
(4.1.6)) has a unique solution u € C[0,b] given by (see, e.g., [15], Theorem 7.10)

u(z) =T(x) + /(;xR(a:,y)T(y)dy, x € (0,b], (4.1.7)

where

T($) = u0+I€+g($), R(a:,y) = ij(xay)a
j=1
IOB . denotes the Riemann-Liouville integral operator of order £,

1
I'(6)

ky(z,y) = k(z,y) = (z-u)""\My),

and

ki(x,y) = /;xk(x,s)kj_l(s,y)ds, (j=2,3,...).

The probabilistic approach used here provides a different representation of the so-
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lution in when A is a positive function. This representation is given in terms
of path functionals and can also be written explicitly in terms of the transition
probabilities of the underlying decreasing process.

The last part of this chapter addresses the nonlinear equation . Some partic-
ular cases have been studied in the literature; for instance, the initial value problem
for the composite fractional relazation equation [28] (also called the generalized Bas-

set equation [62]):
chgHu(:v) + CQ%U(CL’) =-u(x) +g(x), x€(0,b], u(0)=uy, (4.1.8)

for 5 € (0,1), ¢; >0, co2 =1 and g a continuous function, was solved in [2§8] via
the Laplace transform method. The explicit solution in terms of the fundamental

solution ¢(x) and the so-called impulse-response solution —¢'(x) is

u(@) = uod(@) ~ [ 9= y)o/ (v)dy: (4.1.9)
where
o) = [T BT (ie)dy, (4.1.10)

and

~ c1yP 1 sin(Bn)
S (1-y)2+cy?P +2(1 - y)ery® cos(am)’

(4.1.11)

The results presented in this chapter extend the ones known for the equation .
Firstly, by considering the nonlinear version, and secondly, by allowing the parame-
ters ¢; and ¢y being more general (functions instead of constants). The generalized
equation is also an extension of the linear case studied in the previous chaper,
wherein the well-posedness was treated but without the drift term.

Further, as was done in the preceding chapter, we study the existence of two types

of solutions: solutions in the domain of the generator and generalized solutions.
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For some specific cases (which encompass the classical fractional operators), we also

investigate the existence of smooth solutions.

4.2 Preliminaries

Hereafter, notation —D(*) stands for either the RL type operator —Dc(blfr) or the Ca-
puto type operator —D((lz)*. Analogously, RE\V) will denote the resolvent (or potential
operator if A = 0) associated with the operator -D®). The space wherein the semi-
group generated by the operator —D) is strongly continuous shall be denoted by
C[a,b], meaning Cy[a,b] or C[a,b] whether the operator refers to the RL or the
Caputo type operator, respectively. Similarly, 4, € R will mean %, = 0 for RL type

equations, and any real number for Caputo type equations.

Notation (—D(”), A, g,Ug) is used to represent the linear problem
- DWu(z) = Mu(z) - g(z), ze€(a,b], u(a)=ia, icR, (4.2.1)

for any A > 0.

For the existence results we will use the following preliminary result taken from

Theorem [3.2.3 and Theorem [3.2.6]

Lemma 4.2.1. Let v be a function satisfying conditions (H0)-(H1). Assume that
g € Bla,b] and 1, € R. Then,

(i) the unique generalized solution u € C[a,b] to the linear problem (-D™),0, g, i,)
is given by

T,§V> X
u(ac):ﬁa+E[ fo ()g(X;W(s))ds], (4.2.2)

where X;(V) is the underlying process generated by (G_(,,V),Qg), see definition

in @31).
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Moreover, if v also satisfies conditions (H2)-(H3), then the solution rewrites

u(x) =ﬂa+[0°° fm 9(y)ptY) (z,y) dy ds,

where p;r(u)(x,y) are the transition densities of the process X;(V).

(ii) If g € Cyla,b] and u, = 0, then the solution in 1s the unique solution in

the domain of the generator.

4.3 Nonlinear equations involving RL and Caputo type

operators

This section is concerned with the well-posedness results for the nonlinear equation
- DWu(z) = —f(xz,u(z)), =zc¢(a,b], u(a) =g, Uq€R, (4.3.1)

for a given bounded function f:G c R? - R.

Definition 4.3.1. Let f € B(G) and G c R?. Assume that v satisfies condition
(H0). A function u € Cla,b] is called a solution (generalized, classical or in the
domain of the generator) to the nonlinear equation if w is a solution (gener-

alized, classical or in the domain of the generator, respectively) to the linear equation
- ﬁ(”)u($) =—-g(z), ze€(a,b]; u(a) = g, (4.3.2)
where g(x) == f(z,u(x)) for all x € [a,b].

Lemma 4.3.1. Let v be a function satisfying conditions (H0)-(H3). Suppose that
f:GcR? >R is a function in B(G). Then, a function u € C’[a,b] is a generalized
solution to the problem if, and only if, u solves the nonlinear integral equation

u@) =i+ [ [T Fyu@)pt® (@ y) dyds. (4.3.3)
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Proof. By Definition u € Cla,b] is a generalized solution to (4.3.1) if, and
only if, u is a generalized solution to (4.3.2) with g(x) := f(x,u(x)). Note that

if u ¢ C[a,b], then g is a bounded measurable function. Under the assumptions

(H2)-(H3), Lemma [4.2.1] provides the integral equation (4.3.3). ]
Remark 4.3.2. Definition and Lemma[{.3.1] can be extended to the RL type
equation for any X > 0:

- Dgz)u(x) = u(z) - f(z,u(x)), x¢€(a,b], u(a) =0. (4.3.4)

In this case, the equation should be replaced with the equation in ,

whilst the integral equation
u(@)= [ [T f (g, u@)p ) @) dyds, (43.5)

will replace the one in (see Theorem . Moreover, to study the corre-

sponding Caputo type problem, an additional term will appear in the integral equation

(see Theorem[3.2.5).

Let us now see that the integral equation (4.3.3) possesses a unique solution under

the additional assumptions:

(H4): There exist € >0 and 5 € (0,1) such that the function v satisfies that v(z,y) >

Cy~'# for some constant C'>0 and 0 <y < .

(H5): For K >0 and 4, € R, the function f belongs to B(Gx) where
Gr = {(z,y) €eR?:zela,b] and ye (G — K, g + K1}

Moreover, f fulfills a Lipschitz condition with respect to the second variable,

ie., for all (z,y),(z,2) e Gk

[f (2,y) = f(x,2)] < Lgly - 2, (4.3.6)
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for a constant Ly >0 (independent of x).

Remark 4.3.3. e Condition (H4) ensures the regularity in expectation of the
point a (by Lemma , as well as the existence of a positive constant Cy
such that E[TCEV)(:L‘)] < Cy(z —a)®. This holds due to the fact that Condition
(H4) implies condition (H1) given in (2.5.1). This can be seen as well using
Proposition 6.3.2 in [53] and the Lyapunov function h(zx) = (xz-a)® (see proof

of Lemma .

o Assumptions of the type given in (H5) are standard Lipschitz conditions to
prove existence and uniqueness of fixed points. This will be used because the
existence and uniqueness of a solution to equation 18 equivalent to the

existence and uniqueness of a fixed point for the corresponding operator (see

definition of ¥ in below).

Proposition 4.3.4. Let K >0, a,be R and @, € R. Let v be a function satisfying
conditions (H0) and (H2)-(H4). Assume that f : G c R*> - R is a function
satisfying condition (H5). Define Mk = sup{|f(z,y)| : (z,y) € Gx} and b* :=

min{b,% +a}. Then, the integral equation (4.3.5) has a unique solution u €

Cla,b*].

Proof. To prove the existence of a unique solution to (4.3.3)) we rewrite it as a fixed
point problem u(z) = (Yu)(x) for a certain operator W.

Step a) Defining the operator V. Let us consider the space F given by
Fic = {ueCla,b] ¢ [lu=Tiallg, e < K. (4.3.7)

Note that F is a closed subset of the space C [a,b*], the latter space endowed with
the supnorm denoted by || - [la(, ;+)- Hence, (Fg, |- |lsg, 1) 15 @ complete metric

space. Next, define the operator ¥ on Fx by

W)@) =aa+ [ [T fu@)n @@y dyds,  wefab] (433)
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Note that if u € F, then Uu € C[a,b*]. Further,

Wu(@) = ol =| [ [T £y u)pt) () dy ds]
< Mg fomfx i (a,y) dy ds

< ClMK(l‘—a)ﬂ < ClMK(b* —(L) <K,

where the last inequality holds by definition of b*. Therefore, ¥ : Fx - Fi.
Step b) Let U™ denote the n-fold iteration of the operator ¥ for n € N. For convention

U0 denotes the identity operator. We will prove that for any x € [a, b*],
n n-1
0" u(z) - U"0(2)| < (kLp(z—a)? ) [fu-v|l. [[ BkB+1,8), n>1, (4.3.9)
k=0

where

[lu = vllz = suplu(z) ~v(2)l, = €[a,b7],

Ly is the Lipschitz constant of the function f, notation B(-,-) refers to the Beta

function (see Appendix) and & is a positive constant satisfying

]OOO y_l/ﬁwg(y_l/ﬁ; 1,1)dy < k. (4.3.10)

Recall that wg represents a [-stable density (see Appendix). The existence of x can
be obtained by splitting the integral into two regions, over the sets {y <1}
and {y > 1}. Then, the upper bounds for the -stable densities in each region (see,
e.g., Theorem 7.3.1 in [53]) provide the bound required.

To prove , let us proceed by induction. For n = 1, the definition of the operator

U and the Lipschitz condition yield

(@) - vo(@) < Ly [ [ luly) - o)l .y dy ds

[e%] x
SLffo fa llu = vllypi ™) (,y) dy ds.
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Since for any v satisfying (HO) the underlying process is decreasing, assumption (H4)
implies that the process X, ) dominates the inverted [B-stable subordinator X7
in the sense that P[X;(V)(s) > y] < P[X7P(s) > y], for all y < b* and for all s >0
(or, equivalently, P[X;7(s) <y] < P[X;(V)(s) <y]). Therefore, E [g (X;(V)(S)):I <
E [g (X;ﬁ(s))] for any non decreasing function g.

Hence, using the function g(y) = ||u - v||, we obtain

oo xX
Wu(z) - Uo(x)| < L fo [ = ollpt () dyds
<lu=vloLs [ [ p . y)dyds,
where p;'g (x,y) stands for the transition densities of the inverted S—stable subordi-

nator X;’B . The scaling property and the stationary increments of the process X, g

imply p;B(:c, y) = 3‘1/6w5(s‘1/5(w -y);1,1) (see Appendix). Hence

|Wu(z) - Yo(z)| < Le|lu - vl ~/0 f S_I/Bwﬁ(s_l/ﬂ(x -y);1,1)dyds
a

< Lf”“_UHx/ (x_y)ﬂ_l_/o U_l/ﬂwg(u_l/ﬁ;l,l)dudy
a
1

< wLlu - vllo = (@ - )’
B

= kL¢|lu-v|ls(z - a)’B(1, B).

In the second inequality we have used Fubini’s theorem, and then the change of

variable u = s(z—y) ™. Now let us assume that the inequality (4.3.9) holds for n—1.

Then

() - @) < Ly [ [T 0 tu(y) - v te(y)|pi®) (o, y) dy ds
<Ly [Joofxsup|\ll"71u(z)—\Ilnflv(z)|p;r(”)(m,y) dyds
a  z<y
<Ly /Ooof sup|\I/"_1u(z)—\Iln_lv(z)|p;ﬁ(x,y)dyds
a  zLy

n-2 0o T
<K Lflu=ole [T BB+ 1.8) [ [T (y=a) D2 (@ ) dyds
k=0 @
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n—2 T
<k Lillu=vle [T BB +1,8) [ (y-a)" (- y) dy,
k=0 a

(4.3.11)

where the first, third and fourth inequalities hold due to the Lipschitz condition,
condition (H4) and the induction hypothesis, respectively.
For the integral in (4.3.11)), the change of variable z = (y —a)/(x - a) yields

T 1
f (y—a) " DBz — ) dy = (2 — a)™ [0 (DB - )L,

=(z-a)"B((n-1)8+1,p),

which implies inequality (4.3.9)), as required.
Step ¢) To conclude that ¥ has a fixed point, we will apply the Weissenger fixed

point theorem. Hence, we shall prove that
W7 = ¥"0l|ca,p0] € anllu = vllcpap, (4.3.12)

for every n > 0 and every u,v € Fi, where a,, >0 and Y .7, a,, converges (see, e.g.,
Appendix in [15]).

A proof by induction (using the identities in (A.3.3])) yields

= _(re)”
lg)B(kB+1,B) = AT(nB)’ neN.
Moreover, the inequality implies
(TEN" (re))" 1

nBr(nB) ~ nB(n-1)1520-D (T(B))" . nlg?n’

Therefore

1
[V"u(@) - To(@)] < A" Lfllu = vlla(z - )" o
. 1
< WLl = vllogapy (0" - a) o,
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implying the inequality (4.3.12) with ay, := (ﬂ_QﬁLf(b* -a)? )n /n!.
Since Y22 an = exp{ B2k L F(b" = a)?}, the Weissinger fixed point theorem guaran-

tees the existence of a unique fixed point u* € F, as required. [

Observe that the previous result ensures the existence of a solution to the integral
equation only in a subinterval [a,b*] c [a,b]. A solution in the whole interval can
be guaranteed with an additional assumption, as shown below.

Corollary 4.3.5. Let a,beR and i, € R. Let v be a function satisfying conditions
(HO) and (H2)-(H4). Assume that f belongs to B([a,b] x R) and it satisfies the
Lipschitz condition . Then, the integral equation has a unique solution
ueCla,b].

Proof. Tt follows directly from Proposition by taking the constant K such that
(b—a)C1M < K with M :=||f]|. |

Theorem 4.3.6. Suppose that the assumptions in Corollary [{.5.5 hold. Then,

(i) There exists a unique generalized solution u € C[a,b] to the nonlinear problem
in [F30).
(i) If additionally the function f is continuous satisfying f(a,ts) =0 and @, =0,
then there exists a unique solution in the domain of the generator.
Proof. (i) According to Lemma the existence of a generalized solution to
(4.3.1)) is equivalent to the existence of a solution to the integral equation (4.3.3))
which follows by Corollary
(i7) Setting g(x) = f(x,u(x)), the assertion (i7) in Lemma implies that u
belongs to the domain of the generator whenever g(a) = 0 and u, = 0, i.e., when

f(a,0) =0 and u, =0, as required. [ ]

Theorem 4.3.7. Suppose that the assumptions in Corollary[4.53.5 hold. Consider

the equation

- DWu(z) = zu(z) - f(z,u(z)), ze€(ab], u(a)=ia, (4.3.13)
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for any A >0 and 4, € R. Then,

(i) There exists a unique generalized solution u € C[a,b] to the nonlinear equation

G,

(i1) If additionally the function f is continuous satisfying f(a,ts) = Mg, then

there exists a unique solution in the domain of the generator.

Proof. By Remark the proof of both statements is quite similar to the case

A =0, so that the details are omitted. [

Remark 4.3.8. Since the function f(x,u) = X(z)u+ g(z) (with bounded functions
A and g) is not bounded in [a,b] x R, Theorem can only guarantee the well-
posedness for the linear equation with nonconstant coefficients in Cla,b*] for some
b* < b. In the next section we shall analyze the equation with nonconstant coefficients

i a different way via purely probabilistic arguments.

Remark 4.3.9. Requiring additional assumptions on the function v, it is possible to
extend all our previous results to the case of a possibly unbounded function f(x,u).

However, these extensions are not included here.

4.3.1 Smoothness of solutions

To finish this section, let us now consider the existence of smooth solutions for some
specific cases. We will start with the linear equation whose smoothness was not

studied in the previous chapter.

Theorem 4.3.10. (Linear case) Let v(x,y) be a function satisfying the assump-
tions (HO)-(H3) and let A >0 and g € C'[a,b]. Suppose that v is twice continuously

differentiable in the second variable and

. o? . o
sgpfmm{l,y} ‘@V(fv,y)‘dy < +o0, }Slgésgp |y‘gdlyl|%7/(w,y) ‘dy = 0.
(4.3.14)

67



(i) If g(a) = 0, then there exists a unique solution u in the domain of the generator
to the RL type problem (—D,(lli), A, g,0) such that u € Cl[a,b].
(i1) If g(a) = Mug, then there exists a unique generalized solution in C1[a,b] to the

Caputo type problem (—Dé’fr)*, A, g, Uq).

Proof. (i) This statement follows from the fact that under the additional assump-
tion , the semigroup of the process X?(V), denoted by S;H(V), is strongly
continuous on the space C![a,b]. This can be proved by approximation arguments
and perturbation theory as was done in [55]. Namely, we work with the evolution
equation

d

Tha(2) = D hy(z), ho(z) = h(z), (4.3.15)

where {—Déih)}he(oyl] is a family of bounded operators that approximates the op-
erator —DC(LZ) as h - 0. We can prove that under assumption , the first
and the second derivatives with respect to = of the evolution equation gen-
erate strongly continuous semigroups which are uniformly bounded on h and ¢ (on
bounded intervals). Hence, the uniform boundedness of both derivatives allows us to
prove that the approximating semigroups, say S?, h € (0,1] (generated by —D((Lih))

()

converge in the norm ||-||-1 to the semigroup §e+ ), Therefore, S5 is also strongly

)

continuous on C’; [a,b]. Consequently, the resolvent operator RT associated with

the operator —D((ZZ) maps C![a,b] into itself, implying that u(z) = RT(V) g(x) solves
(—D,(li), A, g,0) and belongs to C[a,b] whenever g € Cl[a,b], as required.

(i7) By definition, the solution to the Caputo type problem is given by u(z) =
uq +w(z) (see Definition [3.2.3)), where w(z) is the solution to the RL type problem
(—D,(li),)\,g — Mg, 0). Hence, u € C'[a,b] whenever w € C'[a,b], but this follows

from assertion (i) and assumption g(z) — Aug = 0. ]

To avoid technicalities in the nonlinear case, we only study the existence of smooth

solution for the Lévy case, i.e., for functions v(z,y) independent of the variable x.

Theorem 4.3.11. (Nonlinear Lévy case) Let a,b € R and u, € R. Suppose that
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v(x,y) is a function independent of the variable x satisfying assumptions (H0O) and

(H2)-(H4). Assume that f is a bounded function belonging to C1([a,b] x R).

(i) If f(a,tq) =0 and a, = 0, then there exists a unique solution (in the domain

of the generator) u € Clla,b] to the nonlinear RL type equation in )

(ii) If f(a,i,) = 0, then there exists a unique generalized solution u € C'[a,b] to

the Caputo type equation .

Proof. The existence of a unique continuous solution u (in both the RL and Caputo
case) is ensured by Theorem [4.3.6)). It remains to prove that its derivative exists

and is continuous.

(i) Since the function v is independent of x, then the transition density function of

the underlying Lévy subordinator X;(V) satisfies p;(u)(a:,y) =(s,z —y) for some

function v depending on the variable s and the difference 2z —y. Consequently, u'(x)

(if exists) should satisfy

@)= [T (g w) o f ) () dyds

+ f(a,u(a)) fooop;’(”)(;v,a) ds.

Assumption f(a,u(a)) =0 leads us to define the operator

W@y [T (S )+ -y (@) 5 (o - ) dy s
(4.3.16)

Since

') - '@l < By [T [T W @) - @l (o - y) dy ds,

where L :=||f||c1, the same arguments used in the proofs of Proposition and

Corollary imply the existence of a unique fixed point in C[a, b] for the operator
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W. Thus, v exists and belongs to C[a,b], as required.

(i) Since the Caputo type equation can be written in terms of the RL type operator,
its solution equals u(x) = tg+w(z), where w(x) is the unique solution (in the domain

of the generator of the RL operator) solving

wi)= [ [T fw@) + aa)pi o,y) dsdy.

Define f(z,w) = f(z,w(z) + Ga), then assertion (i) and assumption f(a,iq) = 0
imply the existence of a unique solution w € Cl[a,b], which in turn yields the

smoothness for the generalized solution w. [

Remark 4.3.12. Notice that if the function f in the previous result is continuously
differentiable in a smaller region [a,b] x [u, — K,u, + K] for some constant K > 0
instead of [a,b] x R, then the procedure above can only guarantee the existence of a

solution in C}[a,b*] for some subinterval [a,b*] c [a,b].

4.4 Linear equations with nonconstant coefficients

This section provides probabilistic solutions to linear equations with nonconstant
coefficients involving generalized fractional derivatives. These solutions are given in

terms of (stationary) Feynman-Kac type formulas.

4.4.1 Auxiliary results

Let us start with some preliminary results. Let A be a nonnegative function in

Cyla,b]. Define

P @By =B 1 (x50 exp{- [TA(x2 ) ar}].

and Ss:\(ll)g(:c) = fg(y)pgz\(y)(x,dy) for any g € B[a,b] such that g(a) = 0. We

a+(v)

recall that X is the process generated by (—D((lli) , @l(;) ).

70



The previous definitions imply

$: M g(a) = E[ (X;”(V)(S))exp{—_[OSA(X$+(V)(7))(Z’)/}].

Lemma 5 in [25] states that for A\ € Cyla,b], g € Cy[a,b] and § > 0, the Laplace

a+(1/)

transform at § >0 of S\’ g(x) (as a function of s), denoted by Ra+(y)g(aﬁ) solves

the equation

R3g(@) = B g(w) - B [AOR9() ] (@), welasbl,

where R;+(V) is the resolvent operator (at ¢ > 0) for the process X, ar (1),
qulvalently (see eorem 4.3.1 in |bd|), the function w(zx) = g(x) is the
Equivalent] Th 43.1 i he functi Ry h
unique solution in the domain @fﬁ) solving
- D w(x) = (M) + S)w(z) - g(z), z€[a,b]. (4.4.1)

Remark 4.4.1. For a given A, the function pa (V)(w, E) defines a transition proba-
bility function (from x to E with time variable s) for a Feller (sub-Markov) process
with semigroup S:;(V) and generator —D((Iz) - A(+) (see [25], Chapter II, Section 5).

Moreover, the resolvent of this process (at § >0) coincides with Ra+(u)g.

Let us now define

a+(1/) o) = [fov,ﬁu)(w) exp{—(ss—fos)\(X;(”)(’Y))d”Y}g(X;(V)(S))dS]v

for any g € Bla,b], x € (a,b] and X € C[a,b], with A a nonnegative function.

Notice that M;;(V) g coincides with the solution (in the domain of the generator) to
only when g € Cy[a,b]. This function will appear in the generalized solution
to the nonlinear equation with nonconstant coefficients for any g € B[a,b]. In order

to write it down explicitly, we will need the following auxiliary results.

Set Y(0) := 0 and Y (§) := fog/\<X;(V)(fy))d7 for any & > 0, where A € Cla,b] is
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a nonnegative function and X, ) s the Feller process generated by the operator

(—Gg”),Qg) in . Define the pair process
(Y. Z)={(Y(£),2(§) ) : £20},
where

JeAMZ()) dy
X3 (e).

Y(¢§)
Z(§)

Then (4.4.2) is the solution to the Langevin type equation:

(4.4.2)

dY =X(2)d¢, dZ =dX: V) (¢),

with initial condition (Y (0),Z(0)) = (0,z) (see, e.g., [3,53]). The process (Y, Z) is
a Markov process on R, x (—oo,b] with initial state (0,x).
For any (y1,21), (y2,22) € Ry x (—00,b], denote by pe(y1,21;y2, 22) the transition

density function from (y1,21) to (y2,22) with £ being the time variable.

Remark 4.4.2. Ifv is the Lévy kernel in , then the process in is the

solution to a stable noise driven Langevin equation, see, e.g., [3, (39, [53].

Lemma 4.4.3. Let v be a function satisfying conditions (H0)-(H3) and let X\ €
Cla,b] be a nonnegative function. Assume that the process (Y,Z) has transition
densities ps(y1,21;Y2,22). Then, for fized & > 0 and for all y > 0, the distribution

law of the random vector (Y(é),Téy)(x)) has the density gb?’;‘(y,g) given by

z 9 re
gbg”i(yv{): _a_g “ pg(oafE?yaT)dT-

Proof. Since the r.v.’s Y (&) and Téy)(m) are not independent, to compute the dis-

tribution of the pair (Y (£ ),Téy)(x)) we use the next equivalence

{(Y(©) >y, 7(2)> ¢} = {V(&) >y, X;(€) >a},
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to obtain

= 82 oo x a x
¢52(y’€):aya§[y fa pe( 0, z;w,r )dr dw = ~ % Ja pe( 0,23y, 7 )dr,

as required. m

Lemma 4.4.4. Under the assumptions of Lemmal[{.4.3, the distribution law of the

random vector (Y (s), X+(V)(s) T, V)(x)) has the density

200 = i) 5 [0 D),
for all (y,r,&) e Ry x (a,x] x [s,00).
Proof. The equivalence between the events
{v(s)> U, X: W (s) > M (2) > ¢p={Y(s)> y, XX (s) >, XM (&) > a},
implies that, if s < &, then
P[Y(2)> 0. X1 () > n XI(€) > a] = [ [ ([T, z)dz) dw dr,

where pg(-,+;+,-) and ps( )( -) denote the transition density functions of the pair
processes (Y, X (V)) and Xx(y), respectively. The result follows by differentiating

the last expression with respect to the variables y, r and &. [ ]

Lemma 4.4.5. Let A € C[a,b] be a nonnegative function. Let 6 >0 and g € Bla,b].

Suppose condition (HO) holds. Then

T(EV)CC
exp{— [ (xw)a }] [ [ ewlmeri @ dyds: (143)

E
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and

Mgy = [ ga=y) [T [ expi-ds-y) pu(0.asy 0 -r)dydsr.
(4.4.4)

Proof. Equality 1) follows by conditioning on the r.v. TOEV) (x) and then by using
the joint density of (X;(V)(s),ng”)(x)) as given in Lemma To prove l’

Fubini’s theorem and the definition of Y yield

a+(v) _ [ e +(v)
M5,>\ = [0 E[l{ré”)(x)>s} exp{-ds Y(s)}g(Xz (S))]ds.
Then, Lemma |4.4.4] implies

M = [T T[T exp -85 - gy g )0 (9. €) d drdy d,

=famg(y)fowf0mexp{—58—y} ps(0,t3y,7) fsw(—a% farpgfg)(m)dZ) d¢ dydsdr,
- [T [T [T e w059} iy ([T (@€ ) ayasar,
- [Tow) [T [T expds -y} p(0.wiy.r) dyds

where we have used that M’;(”)(é) is the density of the r.v. Téy)(T’) given in 1'

n
4.4.2 Explicit solutions: Feynman-Kac type formulas.
Consider the problem of finding a function w € Cy[a, b] satisfying
- DWw(z) = Mx)w(z) - g(x), ze(ab],  wla)=wa, (4.4.5)

for a given nonnegative function A € C[a,b], g € B[a,b] and w, = 0. Hereafter, we
shall refer to |) as the problem (—D[SZ),A(‘), g,Wg). Similar notation will be

used for the corresponding problem with the Caputo type operator.

Case 1: RL type operator
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Theorem 4.4.6. Let v be a function satisfying conditions (H0)-(H1). Suppose that

A is a nonnegative function in Cla,b] such that infye[q 5 AM(z) =0 > 0.

(i) If g € Cyla,b], then the unique solution (in the domain of the generator) to
the problem (—Dl(l'fr),/\(-),g,O) s given by formula .

(ii) For any g € Bla,b], the linear problem (—D((ll;),)\(-),g,()) has a unique gener-

alized solution. This solution is given by the Feynman-Kac type formula

w(z)=E [fOT{EV)(w) exp {— fos A (X;f(”)(fy)) d’y} g (X;(V)(s)) ds] . (4.4.6)

Moreover, if v also satisfies conditions (H2)-(H3), then rewrites

w(:c):/Ox_ag(:c—y)'/(;oofoooexp{—y} ps(0, 25y, 2 —r)dydsdr, x € (a,b].
(4.4.7)

Proof. (i) Let 6 >0 be as in the statement. Rewrite (4.4.5) as
- D((li)w(a:) = Mz)w(z) + dw(z) - g(z), € (a,b], w(a) =0, (4.4.8)

where A(z) = A(z) - 4.

If g € Cyla,b], then Theorem 4.3.1 in [53] states the existence of a solution (in the
domain of the generator) to which is given by the stationary Feynman-Kac
(FK) formula

w(z) =E [/000 exp {—53 - /: A (Xf;*(”)(’y)) d'y} g (X;+(”)(s)ds)] ,

where X% is the process generated by —DC(LZ). Note that this solution coincides

with (4.4.6) due to the fact that g(a) = 0 and E[TCEV)(JJ)] < oo. Moreover, the

positive maximum principle (see, e.g., [563]) implies the uniqueness of the solution.
(i7) For the general case g € B[a,b], the stationary FK formula no longer provides

a solution. However, by definition, the generalized solution can be obtained as a
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limit of solutions in the domain of the generator. More precisely, take a sequence of
functions {g, }n>1 satisfying g, — g a.e., g, € Cyla,b] and {||gn||}n>1 being uniformly
bounded, then the generalized solution is given by w = lim,, .0, wy,, where for n > 1,

wy, is the unique solution (in the domain of the generator) to the problem
— D¥w, (2) = Ma)wn(z) — gn(z), ze€(a,b],  wala)=0.

For n > 0, the previous case provides the solution w,(x) = Mg:{(y) gn(x). Hence,

assumption (H1) and the dominated convergence theorem imply that the generalized

solution is w(x) = M(‘;;(y) g(z), as required. Representation (4.4.7) follows directly

from Lemma [4.4.5] u

Case 2: Caputo type operator

Theorem 4.4.7. Suppose that the assumptions of Theorem [{.4.60 hold.

(i) If g € Cla,b] and g(a) = usA(a), then there exists a unique solution in the

domain of the generator to the Caputo type equation (—Dc(llfr)*,)\(‘),g,ua).

(ii) For any g € Bla,b] and u, € R, the equation (—D(gﬂ,)\(-),g,ua) has a unique

generalized solution given by the Feynman-Kac type formula

Téy) xT
exp{— [ )A(XJ(”)(V))CZ’V}]+

+ E[ fo Téu)(x)g(X;(V)(s))exp {— fo SA(X;<”>(7))dry} ds]. (4.4.9)

u(z) = u, E

Moreover, if v also satisfies conditions (H2)-(H3), then the solution can be

rewritten

u(@) =ua [ [ epl-yopi (.6 dyde

+ fox_ag(x—r)fowfomexp{—y} ps(0, 3y, 2 —7) dy dsdr.
(4.4.10)

76



Proof. (ii) Define v(z) := u(z) — u, for z € [a,b]. Using that the Caputo type

derivative of a constant function is zero, it follows that

~Du(x) = Aa)u(e) - g(x) = Ma)o(z) - [g(x) - M@ )ua] = A(z)v(z) - §(x).
(4.4.11)

Further, —Déﬂv = —Dc(ffr)v as v(a) = 0. Consequently, Theorem m gives

T(£U)x s
v =8 [ (600 A e (- [ A G as]

(4.4.12)

as the unique generalized solution to (4.4.11]) for any g € B[a, b]. Since (by Leibniz’s

formula)

() s ()

L e een{- [TacOmn)a-1-eel- [T 70000,
0 0 0

the equation (4.4.12]) becomes

7_(541’) T
exp{—/o ( ))\(X;(”)(s))}ds]+

E[ [ myen|- [ SA(X;<”>(7>)dv}ds].

v(x) == ug + uE

Equality u(z) = v(z) + u, then implies the result in (4.4.9). Finally, Lemma [4.4.5]

implies directly .

(i) Follows from the previous case and the first assertion in Theorem Namely,
u € CD,(;J:)* whenever w € @f;i) c @fﬁl, and the latter holds if, and only, if g(a) = 0.
By definition of § (see ([£.4.11))), g(a) = g(a) — A(a)u,, yielding g(a) = A(a)uq, as

desired. -

Remark 4.4.8. A stochastic representation similar to s a standard tool for

studying parabolic PDE’s (see [[4l], Proposition 7.2).
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Remark 4.4.9. The explicit representations (4.4.7) and (4.4.10) can be obtained

in terms of the transition probabilities instead of the transition densities, whose

eristence was assumed for simplicity.

4.5 Composite fractional relaxation equation of Caputo

and RL type

Let us now consider the equation
() d _ -
- DY u(x) - v(x)d—u(:c) -du(x) =-g(z), xe€(a,b], wula)=1u,, (4.5.1)
x

with A > 0 and some given functions g and . This equation is the generalized
version of the composite fractional relazation equation introduced in [28],[62].
To prove its well-posedness we will use the next result which is an immediate con-

sequence of Theorem 4.1 in [55].

Lemma 4.5.1. Let v be a function satisfying assumption (HO) and suppose 7y €
Ci[a,b]. Then, the operator DW= _p) _ 'y(-)% generates a Feller process
X on Cla,b] with the invariant core C[a,b]nC"[a,b]. Moreover, if additionally
v is a nonnegative function and assumption (Hj) holds, then the boundary point

x = a is reqular in expectation.

The operator — D@7 should be understood as either the operator

v v d
_Dé+77) = _D¢(1+) - ’Y()d_
X

or the operator

v v d
_D((1+7>’(-Y) = _D¢§+)>e _'7(')d_7
e

depending on -D® . We will denote by Xg’(”ﬁ) and Xf;*(””” the corresponding
Feller processes. Recall that notation —D(*) refers either to the Caputo type oper-

ator —D((li)* or the RL type operator —Déi).
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The probabilistic interpretation of the operator ~D®") as the generator of an in-
terrupted Feller process still holds. If X;,EV’W) is the Feller process (started at x)
generated by —D*(*) — 7(-)% (the sum of the decreasing process in and a
drift term), then x & (resp. X;‘*(””)) can be obtained by killing (resp. inter-

)

rupting) the process X:E«V on an attempt to cross the boundary point a.

)

Remark 4.5.2. In general, since the Feller process ngy 1s not decreasing, the

interruption procedure in the Caputo type case does not mean stopping the process

unless the drift term v is nonnegative.

Remark 4.5.3. The three notions of solutions (generalized, classical, and in the
domain of the generator) considered previously are extended to the linear problem
with drift term given in and to the corresponding nonlinear problem with
g(z) = f(z,u(x)). This is done by replacing the operator —D™) with the operator

~DW) in Definition Definition and Definition .

Well-posedness results (nonnegative 7)

The following result is the extension to Lemma for the new operator —D®").

Theorem 4.5.4. (Linear case) Let v be a function satisfying assumption (HO)

and (HJ). Suppose that v is a nonnegative function in Cg[a,b].

(i) If g € Cla,b] and g(a) = Mg, then there exists a unique solution u € C[a,b] in
the domain of the generator to gwen by u(x) = Rg\yﬁ)g(:n), the resolvent

operator of the semigroup generated by —D7) .

(i) For any g € Bla,b], the equation has a unique generalized solution

ue Cla,b]. This solution admits the stochastic representation
() @)
u(z) = uE [e_ Ta (‘B)] +E /0 e g (Xg(:””)(s)) ds|, (4.5.2)

where Té”’w(x) denotes the first time the process XQEU’W) leaves the interval

(a,b]. Moreover, if additionally v satisfies conditions (H2)-(H3), then the
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solution takes the form

u(@) =7 [T s)ds+ [To(y) [T pD @) dsdy, (45.3)

where ,uﬁ’(y’v)(s) and pgy’w(x,y) are the density function of the r.v. Téyﬁ)(.%)

)

and the transition densities of the process ngy , respectively.

Proof. (i) Since ~ is a nonnegative function, the process generated by -DM g a
decreasing process, Theorem and Lemma imply the result. (ii) Holds
by using the definition of a generalized solution (see Remark and the case (1)
above. Details have been omitted as they are quite similar to those used in Chapter

for the operator —D®). |

Theorem 4.5.5. (Nonlinear case) Let v be a function satisfying conditions (HO0)
and (H2)-(H{). Suppose that v € Clla,b] is a nonnegative function. If f is a

function satisfying condition (H5), then

(i) there exists a unique generalized solution u € Cla,b] to the nonlinear equation

—D(V)u(ﬂf)—’y(aj)ul(:v)—)\u(x) =—f(z,u(x)), xe€(a,b], wula)=1a, (4.54)

(i1) If, additionally, f is continuous and satisfies f(a,tq) = Mg, then there is a

unique solution in the domain of the generator.

Proof. Since the drift term ~ is nonnegative and the assumption v(z,y) > Cy~'=?
holds, the process X, ) g decreasing and dominates the inverted S—stable sub-
ordinator X, A (see proof of Proposition above for the notion of this concept).
Hence, all the arguments and calculations used in the proof of Proposition and

Theorem can be carried out similarly, details are then omitted. n
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4.6 Examples: classical fractional setting

Since the generalized operators include the classical RL and Caputo derivatives,
all the results presented above apply to the classical fractional setting and to their

generalizations. This section highlights some important points in this context.

1. Lemma applied to the fractional case states the equivalence between the

fractional nonlinear equation
DPu(z) = f(z,u(z)), ze€(ab], u(a) = g, (4.6.1)
and the integral equation

u(x) = tg + fax fy,u(y)) (@ -y)*! /Ooo s_l/ﬁwﬁ (5_1/6; 1, 1) dsdy, (4.6.2)

where wg denotes the [S-stable density (see Appendix) and DF stands for
either the RL classical fractional derivatives D£+ or the Caputo derivate DfH,
for 5 € (0,1). By comparing the integral equation with the Volterra
integral equation

w(z) = tq + 12, f(z,u(z)), (4.6.3)

one can conclude (by uniqueness of solutions) that

fow S_I/ng (3_1/6; 1, 1) ds = ﬁ (4.6.4)

The Volterra equation given in is the integral equation commonly used
in fractional calculus to prove the well-posedness for nonlinear fractional dif-
ferential equations (see, e.g., [I5]) The equivalence between and the RL
equation has been proved on a space of functions similar to the space
Fg defined in (see, e.g., [15], [45]). This equivalence also holds for
more general (possibly unbounded) continuous functions f on (a,b] x [-K, K]

with some K > 0 such that (z - a)? f(z,u(z)) € C([a,b] x [-K, K]) with
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0<o<p<1, (see, eg., [45], [84]).

. Theorem |4.3.6| provides the well-posedness for fractional nonlinear equations
as well as for nonlinear equations involving fully mixed (multi-term) fractional

derivatives (see Section 2.2.).
. In the fractional setting, Theorem implies the next result.

Corollary 4.6.1. Assume that g € C'[a,b] and B € (0,1). If g(a) = 0, then
there is a unique solution u € Cl[a,b] to the problem (—Dng,/\,g,O) for any
A > 0. Moreover, if g(a) = Aug, then there is a unique solution u € C'[a,b] for

the Caputo type problem (—DfH, A, g, Uq).

Notice that if g(a) # 0, the derivative u’ is continuous but unbounded as z — a.

This can be seen by differentiating the solution

U(:r)=f0 fo g(z-y)e P (z,x - y)dsdy,

to obtain

u'(:v)=f0 ) g'(x—y)rﬁ_lfo exp{—)\urﬁ}u_l/ﬂwg(u_l/ﬁ;1,1)dudy
+g(a)(z-a)? [) exp{-Au(z - a)ﬁ}u_l/ﬁwg(u_l/ﬁ; 1,1) du.

(4.6.5)

As for the nonlinear case, the existence of a smooth solution in the closed

interval [a,b] follows by Theorem |4.3.11] under the assumption that f is a

bounded function belonging to C!([a,b] x R) satisfying f(a, i4) = 0.

. Theorem implies that the solution to the composite fractional relazation

equation given in (4.1.9)-(4.1.11) can be rewritten as

u(@) = o [y P (st [T glo-y) [Tt @, 0my) dsdy,
(4.6.6)
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with ¢1,¢9 >0, g € C[0,b]. Notation ,ug’(cl’B’CZ)(s) denotes the density function

of the first exit time, whereas p;(cl’ﬁ ’02)(33,11) refers to the transition density

B d

function of the Feller process generated by —c1Dy,, —ca7-.

. By uniqueness of solutions, for any g € C[0, b] and any strictly positive function
A € C[0,b], Theorem provides another integral representation of the

solution to the fractional linear equation with nonconstant coefficients given

in (7).
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Chapter 5

Two-sided generalized equations

of RL and Caputo type

This chapter provides well-posedness results for equations involving both the right-
and the left-sided generalized fractional operators of Riemann-Liouville and Ca-
puto type. The equations studied here include the two-sided generalized versions of
both the fractional ordinary linear equation and the composite fractional relaxation
equation. In the context of classical fractional derivatives, the results presented here
show the interplay between two-sided fractional differential equations and two-sided

exit problems for certain Lévy processes.

5.1 Introduction

We say that a generalized fractional equation is two-sided whenever it involves both
left-sided and right-sided generalized fractional operators acting on the same vari-
able. This chapter establishes the well-posedness for boundary value problems of

two-sided generalized fractional equations of the following types:

(i) the two-sided linear equation with RL type derivatives —fof) and —DZSZ'):

-D{u(w) - DY u(w)-Au(z) = (@) - g(z), @ € (a,b),

84



u(a) =0, wu(b)=0, (5.1.1)

(ii) the two-sided generalized linear equation with Caputo type derivatives —DC(Llf,f)

and —Déf;):

~DYDu(z) - D Du(e)-Au(z) = u(z) - g(x), € (a,b),

u(a) = uq, u(b) = up, (5.1.2)

where A > 0, uq,up € R, and g is a prescribed function on [a,b]. Here notation —A

denotes the second order differential operator

d2

=t (5.1.3)

- A=) +a()

for given functions a and ~.

Equations (5.1.1))-(5.1.2) include, as special cases, the fractional differential equa-
tions involving left- and right-sided classical (RL or Caputo) fractional derivatives of
order 5 € (0,1). In this setting, a particular case of equation ([5.1.2) is the two-sided

fractional differential equation:

D2t u(z) + DY u(z) = g(x), we(a,b), Bi,B2e(0,1), (5.1.4)

u(a) = uq, u(b) = up,

with Dgi* and Db'B_Q* being the left- and the right-sided Caputo derivatives of order
B1 and B2, respectively.
There are relatively scarce results dealing with classical fractional ordinary differen-

tial equations (FODE’s) involving both right- and left-sided fractional derivatives.
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For example, the two-sided equation involving Riemann-Liouville derivatives
Df u(x) +eD u(x) = g(x), B=k+a, keNy, ae(0,1), (5.1.5)

was analyzed (in the space of distributions) in [80] (see also [81] and references
therein). To the best of our knowledge, the explicit (probabilistic) solution to the
two-sided fractional equation in (5.1.4)) was just recently provided in [55]. In this

chapter, we study in more detail the relationship (already mentioned in [55]) between

equations ([5.1.4)-(5.1.5) and two-sided exit problems for certain Lévy processes.

Another special case of equation ([5.1.2)) is the two-sided fractional equation including

a drift term ~(-):

e1 DI u(x) + 2D u(a) +y(2)u! () + Mu(z) = g(x), ze(ab),  (5.1.6)
u(a) = ug, u(b) = up.

Ifeg >0, 0 =0, f1 = % and A\ = 1, then the (one-sided) equation is known as
the Basset equation, well-studied in the literature (see, e.g. [62] and references
therein). The one-sided case for any (; € (0,1) (known as the composite fractional
relazation equation) was treated via the Laplace transform method in [27, Section
4], whereas the one-sided case with Caputo type and RL type operators was studied
for 7 nonnegative in the previous chapter.
Some others examples showing the relevance of left- and right-sided derivatives in
mathematical modeling appear in the study of fractional partial diffrential equations
(FPDE’s) on bounded domains, as well as in fractional calculus of variations. For
instance, for ¢, (t,x) >0, c_(t,z) >0 and « € [1,2], the two-sided space-fractional
equation

ou(t,x)

5 ci(t,x) Dy u(t,x) + c—(t,x) Dy (t,z) + g(t,xz), a<x<b, 0<t<T,
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w(0,2) = ¢(x), wu(t,a)=0=u(tb)

with RL fractional derivatives (using our notation), was addressed via numerical
methods, e.g., in [43], [68]. The authors in [6I] study (via a Fourier transform
method) a space-time fractional diffusion equation involving Caputo derivatives and
the operator

(1-0)D’,.-BDL,_,, 0<pB<1, oeR.

In the context of fractional calculus of variations (see, e.g., [1], [8]), compositions of
left and right derivatives appear naturally in fractional Euler-Lagrange equations,
wherein sequential operators of the form Dj* D&, are present (see, e.g., [4], [49],
[82]).

The well-posedness for the equations — is treated following similar ar-
guments to those used in previous chapters. Roughly speaking, we deal with two
types of solutions in a probabilistic framework: solutions in the domain of the gen-
erator and generalized solutions. The first type is understood as a solution u, where
u belongs to the domain of the two-sided operator seen as the generator of a Feller
process. Since the existence of such a solution is quite restrictive once one imposes
boundary conditions, the concept of a generalized solution is introduced as the
pointwise limit of approximating solutions taken from the domain of the generator.
Additionally, appealing to the relationship between two-sided equations and exit
problems for Feller processes (as shown in this work), we provide some explicit
solutions to two-sided equations in the context of classical fractional derivatives.
Even though exit problems for Lévy processes have been widely studied (see, e.g.,
[7, 191, [57], [58], [85]), to our knowledge fractional equations of the type in
and their connection with exit problems seem to be novel in the literature. This
interplay between probability and fractional operators provides a new approach
to approximate solutions of classical fractional equations through the probabilistic

solutions presented in this work.

87



5.2 Two-sided operators of RL type and Caputo type

In this section we introduce new operators and some preliminary results needed to
solve two-sided generalized equations via a probabilistic approach.
Given two functions v, and v_ satisfying condition (HO), we define the function

v :RxR\ {0} > R* associated with v, and v_ by setting

v(z,y) =vi(x,y), y>0, v(z,y) =v_(x,-y), y<O0. (5.2.1)
Define the operators —LE:’Z]’O‘) and —LEZ’Z]’f) (acting on functions from [a,b] to R)

by

(-L70 ) () = (-DE £) (2) + (-DE7f) @) + (A0 f) (2), we[ab],
(5.2.2)

and

(L3O 7Y (@) = (-DER ) (@) + (-DE ) (@) + (-A0Df) (@), we[ab)
(5.2.3)

Notation —A("®) stands for the second order differential operator with drift term

~(-) and diffusion term «(-) as was defined in . Operators (5.2.2)) and (5.2.3)

will be referred to as the two-sided operators of RL type and the two-sided operators

of Caputo type, respectively.

Remark 5.2.1. For notational convenience we will also use notation

— (l/,’y,()t) (V,’Y,Oé) — f1e?
—Liap) = L[mb] s ~Lpap)s = L[a bls and - A=-A0,

Occasionally, notation Lf )] and L( ) . (resp. LEZ’;Y]) and —LEZ’;Y])*) will be used

in the absence of the operator —A (resp. in the absence of the diffusion term, i.e.
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~A=y()L)

Remark 5.2.2. In the absence of a diffusion term the aforementioned operators are

well-defined on C'[a,b], otherwise, on the space C*[a,b].

Notice now that the equations ((5.1.1))-(5.1.2]) can be rewritten as

_L[a,b]u(x) = )\U(LU) - g(x) and _L[a,b]*u(x) = /\u(x) - g(.%’),

u(a) =0=wu(d) u(a) = ugq, u(b) = up,

respectively. Thus, to be able to solve these equations via a probabilistic approach
we will need to state conditions to guarantee that both operators —L(, ;) and =L 3]«

generate Feller processes and that the boundary points {a,b} are regular enough.

5.2.1 Operators -L,; and -L(,;). as generators

We will proceed as was done in [55] for the operator —LE ) (therein denoted by

12
a,b]*
Afap)+)- We will see that the operator —L, 1. can be thought of as the generator

of an interrupted process on [a,b].

Theorem 5.2.3. Let v be a function satisfying assumption (HO0). Suppose that
v e Cdla,b], a € C3[a,b] with derivative o’ € Cola,b] and a being a positive function.
Then, the operator (=Liq s, 55*) generates a Feller process X on [a,b] with a

domain é* such that
{feC?la,b] : f’eCo[a,b]}c@*. (5.2.4)

Proof. See proof in Section [5.6 ]
Particular cases of Theorem also hold under weaker assumptions.

Theorem 5.2.4. Assume that the operator —Lqy). is such thal either —A is not
present (i.e. (1) =0=a(-)) or —A = 7(-)% with vy € C¢[a,b]. If assumption (HO)
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holds, then the operator (=Liqp]«, ”}5*) generates a Feller process X on [a,b] with

the space C[a,b] c 9. as an inwariant core.

Proof. We omit the proof as it follows the same arguments as those used in Section
for the proof of Theorem See also [55, Theorem 4.1] for the case a(-) =
0. [ ]

Stopped and killed processes.

To introduce the notion of solutions we are interested in, we will need the stopped
and killed versions of the aforementioned process X. We will use the concept of

regularity for the boundary points {a,b} as was given in Definition m

Proposition 5.2.5. Suppose that the assumptions of Theorem hold. Then
{a,b} are regular in expectation for the operator (—i[a,b]*,@*). Moreover, the first
exit time T(,p)(x) from the interval (a,b) of the process X, for z € (a,b), has a

finite expectation.
Proof. See proof in Section [

Theorem 5.2.6. Suppose that the assumptions of Theorem hold. Let X, be

the process (started at x € (a,b)) generated by (=Liqp)«, D« ). Then,

(i) The process Xg[g * defined by X (s) = X, (s AT(ap)(T)), for all s >0 and
x € (a,b), is a Feller process on [a,b]. If (- Lstop,’thOp] ) denotes the generator
of X[a0 then for any f e D, such that (_L[a,b]*f) (x) =0 for x € {a,b}, it

follows that f € @‘EZ%)]* and —Lstopf = —Ligp)«f-

(ii) The process Xl deﬁned by xlat] (s) = *(s) for s < 7(qp)(z) and x €
(a,b) is a Feller (sub-Markov) process on (a,b). If (—Lkm,Ql“” ) denotes
the the generator of X[*) then for any f € ”Dswp] such that f(z) =0 for
z € {a,b}, it holds that f € @ﬁ;{g] and —Lyf = —Liqp)f-

Proof. See proof in Section [
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To guarantee the regularity of the boundary points {a,b} for the cases when —A

vanishes or —A = 7(-)%, the following assumption will be needed:

(H1’) There exists a constant C' >0 and g € (0,1) such that

0
[ min(lyl, e)v(a,y)dy > et

[000 min(y, e)v(b,y)dy > Ce’.

Theorem 5.2.7. Suppose that v satisfies assumption (HO).

(i) If —A vanishes and condition (H1’) also holds, then the statements (i)-(ii) of

Theorem |5.2.6 hold for the operators _LEZ)b] and —LEZ)b

e (see Remark |5.2.1

for notation).

(i) If —A = 7()% with v € C}la,b] and additionally assumption (H1’) holds,

then statements (i)-(ii) of Theorem |5.2.6 hold for the operators —LEZ;Y]) and

N A0
L[a,b]*'

Proof. The regularity in expectation of {a,b} is obtained via the Lyapunov method

(see proof of Proposition [5.2.5). Then, the proof follows a similar reasoning to the

one used in the proof of Theorem [5.2.6 [

Remark 5.2.8. The operator —Li, ). can be obtained from the generator (L,Dp,)

of a Feller process X, given by

(Lf)(x)=[:(f(ww)—f(x))V(xyy)dwv(w)f'(iv)+a(x)f"($), (5.2.5)

by modifying it in such a way that it forces the jumps aimed to be out of the interval
(a,b) to land at the nearest (boundary) point (see also [55]). If, instead, the process
is killed upon leaving (a,b), then the corresponding process has the operator —Liap
as generator (with a suitable domain). Hence, when starting at the same state

x € (a,b), it holds that
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1. the first exit times from the interval (a,b) of the processes Xy, X, Xx[a’b]* and
Xg[ga’b] all have the same distribution. Thus, in all cases, the first exit time will

always be denoted by T4 ) () indistinctly.

2. The paths of the processes Xg[ca’b]* and Xg[ca’b] coincide with the paths of the

process X, until the first exit time 7, p) (7).

We refer to X, X, nga’b]* and nga’b] as the underlying process, the interrupted

process, the stopped process and the killed process, respectively.

5.3 Two-sided equations involving RL type operators

We are now able to study the two-sided linear equation of RL type given in (5.1.1)).
This equation will also be referred to as the equation (—L[a,b],)\, g, Uq, ub) where u,
and up stand for the boundary conditions. In the case of RL type operators (and
due to their relationship with generators of killed processes) we will always assume
Uq = 0 = up.

The standard theory of Feller processes ensures that, for any function g € Cy[a,b], a
solution to the resolvent equation — L, p}.u = Au—g belonging to D, is given by the
resolvent operator u = ﬁ’)\g corresponding to the process X (see, e.g. Theorem
and Theorem in Appendix). Moreover, by Theorem if —Lpgp1eu(z) =0
on the boundary points {a,b} and u € Cp[a, b], then ~L, yju = —L[qp),u. Using this,
we shall introduce two notions of solutions for RL type equations. These definitions

are similar to those used in the case of the one-sided operators —D((;fr) (see Chapter

)

Definition 5.3.1. (Solutions to RL type equations) Let g € Bla,b] and A > 0.
A function u € Cyla,b] is said to solve the two-sided linear equation of RL type
(_L[a7b]>)‘7ga0a0) as

(i) a solution in the domain of the generator if u satisfies and u belongs

kil .
t0 Do)
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(i)

a generalized solution if for all sequence of functions g, € Cola,b] such that
sup,, |lgn|| < oo uniformly on n and lim,,_, e g, = g a.e., it holds that u(x) =
limy, 00 Wy () for all x € [a,b], where wy, is the unique solution (in the domain

of the generator) to the two-sided RL type equation (=Liqp], \; gn,0,0).

Definition 5.3.2. We will say that the equation (=Ligp1, A, 9,0,0) is well-posed in

the generalized sense if it has a unique generalized solution for g € Bla,b] and A > 0.

5.3.1 Well-posedness results

Theorem 5.3.1. Let A > 0, v € Ci[a,b] and a € C3[a,b] with derivative o' €

C()[CL,

b]. Suppose that « is positive function. Assume that the function v associated

with vy and v_ (defined via the equalities in ) satisfies assumption (HO). Let

R)\ denote the resolvent operator (or the potential operator if X\ = 0) of the process

X,.

(1)

(i)

If g € Cola,b] and Ryg(x) = 0 for z € {a,b}, then there exists a unique solution

u e Cpla,b] in the domain of the generator to the two-sided RL type equation

(=D = DY) + 4 ()d/da + al-)d? [da?, A, g,0,0). (5.3.1)

The solution is given by u(zx) = Rg\a’b]g(x), where Rg\a’b] denotes the resolvent

operator (or the potential operator if A = 0) of the process X;Ea’b]. Furthermore,

u takes the stochastic representation given in below.

For any g € Bla,b], the equation has a unique generalized solution

u € Copla,b] given by

u(z) :E[ fo R (5.3.2)

where T, p)(x) denotes the first exit time from the interval (a,b) of the under-

lying process X, generated by the operator .
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Proof. (i) Theoremimplies that the operator (=L, 4]« .9, ) generates a Feller
process X on (a,b), with semigroup strongly continuous on C|[a,b]. Then, by The-
orem the resolvent equation —L, p).u = Au— g has a unique solution u in the
domain of the generator given by u = R,\g, the resolvent operator of the process
X, whenever A > 0 and g € C [a,b]. In particular, the latter statement holds for

g € Cola,b] satisfying Ryg(z) = 0 for z € {a,b}. Since the resolvent operator satisfies
AR\G - g = —Lia )4,

the assumptions on g ensure that —Lp,p.u(z) = 0 for x € {a,b}. Hence, Theo-

rem implies that u € @’[“éfé] and —Lp,p)«u = —Lgp)u, which in turn implies
that the boundary problem (—L[a’b] .9, A, 0,0) is equivalent to the resolvent equation
—Ligp)»u = Au — g. Therefore, by Theorem in Appendix, the unique solu-

kil

tion u € Q[a’

é] is given by the resolvent operator u = f%)\g which also coincides with
Rg\a’b]g, where RE\a’b] stands for the resolvent operator of the process X [@:5] wwhenever
A>0.

Note that 7(,5)(7) = inf{t > 0 : Xg[;a’b] (t) ¢ (a,b)} is the lifetime of the process
Xy[ca’b]. Since Proposition ensures that the boundary points {a,b} are regular

in expectation, the definition of the resolvent operator and Fubini’s theorem imply

" Tap)(®) a

yielding QD as the paths of the processes Xg[ca’b] and X, coincide before the time
T(a,p) (). If X =0, then observe that setting A = 0 in (5.3.3)) implies (as 7(4 ) () has
a finite expectation) that

IR gl < sup E[r(ap(x)] < +o0.

ze[a,b
[a,b]

Therefore, the potential operator R, g provides the unique solution belonging to

the domain ”D’E{ilé] (by Theorem , as required.
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(i7) Take g € B[a,b] and any sequence {g,, } satisfying the conditions from Definition
m Fubini’s theorem and the dominated convergence theorem (DCT) applied to
imply the convergence of lim,,_, o Rg\a’b]gn(x) =:u(x), z € [a,b], which in turn
implies that u is the unique generalized solution to , as required.

Cases 7(-) =0 and a(-) =0

Theorem 5.3.2. Let A > 0. Assume that the function v associated with v, and v_
(defined via the equalities in (5.2.1)) satisfies assumptions (H0) and (H1’). Then,
the statements (i)-(ii) of Theorem hold with o = 0 and with either v =0 or
v e Cila,b].

Proof. Follows similar arguments to those used above but using Theorem [5.2.7

Corollary 5.3.3. Let A >0 and g € Bla,b], for ke {1,2}. If uy is the generalized

solution to the two-sided RL type equation (-Liqp), A, gk, 0,0), then

1 .
lur — 2l <llgr - g2ll 5, if A>0 (5.3.4)
and
lur —ual| < |lg1 — 92| SEl[;)]E[ T(avb)(ac)], if A=0. (5.3.5)

In particular, the solution u to the two-sided generalized equation of RL type given

by (=Lia), A5 9,0,0) depends continuously on the function g.
Proof. Follows from the bounds of the resolvent RE\a’b] g and the potential operator

R([)a’b] g, respectively. [
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5.4 Two-sided equations involving Caputo type opera-

tors

We now turn our attention to the well-posedness for the Caputo type equation given
in (5.1.2). This equation will also be referred to as the equation (=Lq]«, A, g5 Ua, Up)-
To introduce the notion of a solution in this case, we first observe that equation

(5-1.2) can be rewritten in terms of the RL type operator — L, ] due to the following
relation (see equalities (2.2.5) and (2.2.6))

~Liqpeh(@) = ~Liah(@) + 1(@) [ v(ey)dy+h(v) [ viay)dy.

Consequently, both operators coincide on functions h vanishing at the boundary

points {a,b}. With this in mind, assume now that u solves (5.1.2)). Take any function

b€ ZDFZOZ%* satisfying ¢(a) = u, and ¢(b) = up. By Theorem [5.2.3|and Theorem [5.2.6

we can take for example, ¢ € C*[a,b] such that ¢’ € Cyla,b], ¢(a) = uq, ¢(b) = u

and ¢ satisfying (—L[a7b]*¢) () =0 for z € {a,b}.
Define w(x) := u(x) - ¢(x) for all x € [a,b] and observe that w vanishes at the

boundary, then

_L[a,b]w(x) = _L[a,b]*w(x) = _L[a,b]*u(x) + L[a,b]*gb(x)‘

Thus

~Liapw(z) = Au(z) - g(x) + Liap)« (@),

= Xw(x) + Ab(@) - 9(&) + Lia b (), (5.4.1)

which yields the RL type equation (=Lis ], A, 9= L{ap]«®— A9, 0, 0) for the function
w. Therefore, if w is the (possibly generalized) solution to equation (5.4.1]), then
the function v = w + ¢ can be considered as a generalized solution to the original

Caputo type equation (—L[a’b]*, A, gy U, Up)-
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The previous discussion motivates the next definition.

Definition 5.4.1. (Solutions to Caputo type equations) Let g € Bla,b] and
A>0. A function u € C[a,b] is said to solve the linear equation as

(i) a solution in the domain of the generator if u satisfies and u belongs
stop
to Q[a,b]*,

(ii) a generalized solution if u can be written as u = ¢ +w, where w is the (possibly

generalized) solution to the RL type problem

(_L[a,b]7 A, g_L[a,b]*¢_ A9, 0, 0)

with ¢ € C*[a,b] satisfying that ¢' € Cyla,b], ~Liap)«®(x) = 0 for z € {a,b},
6(a) = g and 6(5) = .

Definition 5.4.2. We say that the two-sided linear equation 1s well-posed

in the generalized sense if it has a unique generalized solution for g € Bla,b].
Next result guarantees the uniqueness of generalized solutions.

Theorem 5.4.1. If a generalized solution u = w+ ¢ exists for the Caputo type linear

equation , then this is unique and thus independent of ¢.

Proof. Suppose that the equation has two different solutions u; for j e {1,2}.
Then, u; = wj + ¢;, where w; is the unique solution (possibly generalized) to the
RL type equation (=Ligp]; A, 9 = Liap)«®5 — Apj, 0, 0) for some ¢; satisfying the
conditions of Definition Define u(z) := uj(x) — ug(x) for x € [a,b], then

~Liapu(e) = ~Liap)eu(@) = ~Ligp)eun () + Lia g uz(2)
= (Aui(2) —g(2)) = (hua(x) - g())
= u(z).
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Therefore, u solves the RL type equation (-Li,4),A, g = 0,0,0) whose unique so-
lution (by Theorem [5.3.1)) is w = 0, which implies the uniqueness and thus the

independence of ¢. [ ]

5.4.1 Well-posedness results

Theorem 5.4.2. Let A > 0. Suppose that the assumptions of Theorem [5.3.1] hold.

(i) For any g € Bla,b], the two-sided equation
(~Di) = D7) + 5 ()dfda + a()d? [ X, g, o, up). (5.42)

is well-posed in the generalized sense. The solution admits the stochastic rep-

resentation

w(@) = uB e e D1 | F B [e e ]

+E [ /0 e ) dt], (5.4.3)

where T(qp)(x) denotes the first exit time from the interval (a,b) of the under-

lying process X, generated by the operator in .

(ii) If g € Cla,b] satisfying ARxg(z) = g(z) for = € {a,b}, g(a) = M, and
g(b) = Aup, then is the unique solution to in the domain of

the generator.

Proof. (i) By Theorem the operator (=L p]« ,D. ) generates a Feller process
X on [a,b], whereas Proposition ensures that 7(, ) () has a finite expectation.
Let us take any function ¢ € C?[a,b] satisfying the conditions stated in Definition
Then (by Theorem the generalized solution w to the RL type equation
(=Lap]>9 = AP = L{ap1+9, A, 0,0) is given by w(z) = I - I1, where

L 7-(a,,b)(x) )t [a,b]
I._E[fo e g(Xm (t))dt
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T (@)
11 ::E[fo( K e”(A+L[a,b]*)¢(xgavb](t))dt].

Thus, u = w + ¢ is (by definition) the generalized solution to (5.4.2)). Using that for
all A >0 and for all ¢ belonging to the domain of the generator L, . it follows (by
Theorem in Appendix) that the process Y defined by

Y (r) = e (X[ () + fo TN+ Ligype) (xlotl(s))ds,  (5.4.4)

is a martingale. Furthermore, since the stopping time 7(, ) (=) has finite expectation,

Doob’s stopping theorem ([53, Theorem 3.10.1, p. 142]) applied to the martingale
(5.4.4) implies that

o(z) =E[ e Men®g (X[ (7, (2)))]

T(ab) (2) -As [a,b]*
o B[ [ O Lo (X0 ) as |

yielding
11 = ¢(x) - B[ e Men@g (X[ (4, (2)))]

which in turn implies

ute) B[00 O (X150 (@) |+ B[ [T g (o o))

(5.4.5)

as ¢ (Xg[ca’b]* (7‘(%6)(:6))) =u (Xg[ca’b]* (T(ayb)(:v))) by assumption.

Since at the random time 7(, ;) () the process Xg[ca’b]* takes either the value a or the

value b, the term u (X;La’b]* (T(a7b) (x))) appearing in (5.4.5)) is completely determined

by the boundary conditions prescribed. Hence, the first term in the r.h.s of (5.4.5))

can be written in terms of the underlying process X, (generated by the operator in
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(5.2.5) as

E [e‘*”“’b)(x)“ (nga’b]* (T(a.t) (5“)))] -

=u B [6_”(“””("”)1{xx<na,b><:c)>sa}] +up B [6‘”‘“’”@) 1{Xx(f<a,b>(x>>zb}] ;

which implies (5.4.3]).
(ii) Assume now that g € C[a, b] satisfying ARxg(z) = g(z) for x € {a, b}, then item
(i) above ensures that the solution to (5.4.2)) is given by u = w + ¢, where w is a RL

type solution and ¢ a function satisfying the conditions in stated in Definition [5.4.1

Hence, by Theorem [5.3.1, w belongs to @l[“élé] c ’D‘EZO% whenever

g(a) = Aug + (_L[a,b]*¢)(a) and g(b) = Aup + (_L[a,b]*¢)(b)'

Since (=Ligp1«®)(a) = (=Liqp)+0)(b) = 0 because ¢ € ’D‘Eé?g’]* by Theorem [5.2.6

Further, assumption ARxg(z) = g(z) for x € {a,b} implies ~Ligpu(x) =0 for x €

{a,b}, which in turn implies — L, 3]+t = —Lstopu. Hence, Theorem guarantees

that u € ©%? whenever g(a) = Aug and g(b) = Auy, as required.

[a,b]*

Cases a=0 and v=0

Theorem 5.4.3. Let A > 0. Suppose that the function v associated with vy and v_
(defined via the equalities in (5.2.1)) satisfies assumptions (H0) and (H1’). Then,
the statements (i)-(ii) of Theorem hold with o« = 0 and with either v =0 or
v e Cila,b].

Proof. Follows similar arguments to those used previously but using Theorem [5.2.7

and Theorem [5.3.21 We omit the details. m

Corollary 5.4.4. Let A > 0. Suppose that g € Bla,b] and ug,uf e R, for k €

{1,2}. If uy is the generalized solution to the two-sided Caputo type equation
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(=Lap]> A Gk u];, ul,f) for ke {1,2}, then
12 12 1
[y = wsl| < Jug —ug| + |uy —uj| + g1 _QQHXa for  A>0,
and

[ur = wal| < ug = ug| + |uy il +[lg1 = gall sup E[ 74p)(2)],  for A=0.

z€[a,b]

In particular, the solution u to the two-sided equation of Caputo type given by
(—L[avb]*,)\,g,ua,ua) depends continuously on the function g and on the boundary

conditions {uq,up}-

Remark 5.4.5. In all the equations above \ was considered as a constant parameter.

When X is replaced by a positive function \(-), the equations -[5.1.9) become

linear equations with nonconstant coefficients. From a probabilistic point of view, the
term A(-) is added to the corresponding generator and this term is then interpreted
as the instantaneous killing rate. The solution in this case admits a Feynman-Kac

type stochastic representation (see, e.g., the left-sided case —D((llfr)* - A(+) studied in
Chapter .

5.5 Applications

Let us consider the following results related to the exit time of Feller processes from

bounded intervals and generalized fractional equations of Caputo type and RL type.

5.5.1 Two-sided exit problems.

Let X, be the underlying process generated by the operator L in (5.2.5)). Define the
events I1,(z) and IIy(z) by

Iy (x) := {Xw (T(ajb)(l’)) < a} and IIy(x):= {Xx (T(ayb)(l‘)) > b}. (5.5.1)
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Then, I1,(x) and IIy(z) denote the events that the process X, leaves the interval
(a,b) through the lower boundary a, and through the upper boundary b, respectively.
Using the stochastic representation (5.4.3)), the solution to (=Liq}«, A =0, g, Ua, up)

can be rewritten

w(2) = uaP [Ma(2)] + wP [My(z)] + E [ fo e @) dt] . (5.5.2)

Let HP(z,-) be the potential measure for the process X, (see, e.g. [9]) defined by

HP(2,dy) = E [fo 1{Xz(t)edy}1{Vsst,Xz(s)eD}dt:|-

Corollary 5.5.1. Suppose that the assumptions of Theorems orm (de-
pending on the operator —A(%O‘)) hold. Then, the generalized solution to the Caputo

type equation (=Lqp)«, A =0, g, Ua, up) can be rewritten
b
u(®) = waP [Ma(@)] + WP ()] + [ g() HD (2, dy). (55.3)

Corollary 5.5.2. Under the assumptions of Theorems 07’ (depending on
the operator —A®) ) the function u(x) = E[T(&b)(l‘)] (the mean exit time from
the interval (a,b) of the underlying process X, ) is the generalized solution to the

two-sided RL type equation
—Ligpu(z) =-1, xe€(a,b), u(a) =u(b) = 0.

Moreover, under the assumptions of Theorems or (depending on the
operator —A(%a)), the probability of exit through the point x = a, P [Il,(x)], is the

generalized solution to the two-sided Caputo type equation
_L[a,b]*u(w) =0, we ((1, b)v u(a) =1, u(b) =0.

Analogously, the probability of exit through x = b, P [II(z)], is the generalized solu-
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tion to the two-sided Caputo type equation
—Ligpsu(r) =0, z€(a,b), u(a) =0, u(b) = 1.

5.5.2 Examples: classical fractional setting

Example 1. Consider the two-sided fractional differential equation

Dfihw(a:) + Dfl_w(x) =-dw(z)+g(x), =xe(-1,1)

w(-1) = 0 = w(1). (5.5.4)

By Theorem this equation is well-posed in the generalized sense. In this case
the process Xg_l’l] is obtained from a symmetric stable process Xf with exponent

B €(0,1) by killing it upon leaving the interval (-1,1).

1. If g € B[-1,1], then the unique generalized solution can be rewritten

T(-1, (z)
w(x):E['[O( K e_Mg(Xf(t))dt,

where

Taay(z) =inf {t>0: XP(t) ¢ (-1,1)}.

2. If g =1 and XA = 0, then the mean exit time E[T(_Ll)(fE)] is the unique
generalized solution to the two-sided equation ({5.5.4). Moreover, by Theorem

2.1 in [85], we obtain the explicit solution

_(1-a?)f
v = TG

Example 2. Consider now the two-sided Caputo fractional equation:

D?  h(z)+ D% _ h(z)=0, wze(-1,1) Be(0,1),

+1-%

103



h(=1)=0, h(1)=1. (5.5.5)
Corollary gives the unique generalized solution
h(w) =P [ XM (7 (2)) = 1] = P [XD (711 (@) € [1,00)].

Using [85, Formula 3.2] one obtains the explicit solution

h(z) = 21—5F(Fﬁ(/52))2 [f(1 —y?) 2y, (5.5.6)

Furthermore, again by Corollary the equation

DP v(x)+DP_w(z)=0, wze(-1,1), Be(0,1),

+1-x%

v(-1)=1, wo(1)=0. (5.5.7)

has solution

v(x) =1-h(x).

Example 3. The two-sided Caputo fractional equation

D’ u(z) + DY u(z) =g(z) we(-1,1), Be(0,1),

u(-1)=u_1, u(l)=uy, (5.5.8)
has the unique generalized solution given by (5.5.3), which rewrites

u(@) = (n —u (@) v+ [ o) HSD @)y,

where h(z) is the function given in (5.5.6)), and H[g_l’l)(w,y) (the density of the

potential measure of the process x5 ) is given by [85]

T(1/2)

(-1,1) o
Hy ) =2 e

z 8
_/0 (r+ 1)_ér5_1|:n - y|ﬂ_1dr,
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with

2= (1-2”)(1-y*)/(z - y)*.

Remark 5.5.3. Observe that all the explicit solutions w, v, h and u above are smooth

solutions since they belong to C[-1,1]n C*(~1,1).

5.6 Proofs

Let us first recall the notation

v) . vy V- v) . vy v
L= =D - D) and - L) = -D) - D).

The definitions of left- and right-sided generalized derivatives given in (2.2.1])-(2.2.4])

yield

L@ = [ ) - S gy £ () V(. y)dy,

Rx(a-z,b—x)

and

LW 5@ = [ ) - @) )y
+(F0) - 1) [ vy + (F@) - f@) [ vayay.

(5.6.1)

Let us now define the bounded operators M (") and MY (acting on functions from
Cla,b]) by
b—x T+yY
~MOg(@) = [T [T g()dzv( )y, (5.62)

and

M*(’/)g(gs) = /a:x fx“yg(z)dzu(x,y)dy (5.6.3)
e [Poeri [Tutepins [Co@ras [T vy,
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respectively. Then —LEZ)b]*f(a:) coincides with Mf'/)f’(a:) for functions f € C'[a,b],

whereas

_LEZ,)b]f(x) =MW f'(2) - f(x) fR\ v(z,y)dy,

(a—z,b-x)

whenever f e C'[a,b].

5.6.1 Proof of Theorem [5.2.3

Proof. We follow a similar strategy to the one used in [55] for the operator without
diffusion term (therein denoted by A[a,b]*). Namely, we approximate —Lq ]+ by a

family of operators (—Lpa )pe(o,17 defined by

= Lo ==L = A0, (5.6.4)

where

e for each h € (0,1], the function v}, is defined by vy (z,y) = @p(z,y)v(z,y).
Here ®p(z,y) is a smooth function on [a,b] x R such that ®p(x,y) is equal 1

on the set {|y| > h, x € [a+ h,b—h]} and vanishes near the boundary.

e the operator (—A("®) ®4) is a diffusion on [a,b] with reflecting boundaries

{a,b} (see, e.g. [0, Chapter V, Section 6]) given by

(-0 1) (2) = (@) (@) + (@) " (@), (56.5)

with drift and diffusion terms v € C3[a,b] and o € C3[a,b] (with derivative

o' € Cyla,b]), respectively, and with a domain

Da={feClab]: ~ATfeCla,b], f'(a) =0, f/(b)=0}.
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In a similar way we shall define the operator

~Ly = =L - AL, (5.6.6)

Notice that for each h € (0, 1] the operator —Ly, decomposes as a diffusion on [a, b]

perturbed by the operator —LEZ*;))]* which is bounded on C[a,b], so that by pertur-
bation theory (see, e.g., [53] Theorem 1.9.2]) for each h the operator (—Lp.,D4)
generates a Feller semigroup T}* on C[a, b].

This semigroup is the unique (bounded) solution to the evolution equation

%ft(fﬁ) =~Lpfi(z), fo=feDa. (5.6.7)

Moreover, due to the smoothness assumptions on the functions v, a and v, the spaces
{feCila,b] : f' € Co[a,b]} for j € {2,3} are invariant cores for the operator —Lj,
[53, Theorem 1.9.2,(iii)].

Uniform boundedness of the derivatives of T, th. To prove that the semigroup Tth
converges to a Feller semigroup on Cla,b] as h - 0, we will use that the first
derivative with respect to z of the semigroup (Tth f ) (x) remains uniformly bounded
in h and t for ¢t <ty and £y € R.

To prove the boundedness of the derivative we proceed as follows. Since the space
H = {f € C3[a,b] : f' € Co[a,b]} is an invariant space for the semigroup T}, it
follows that T)'f € H whenever f € H. Furthermore, note that —Ly,f € C'[a,b]
whenever f € H, and hence —L,T}*f € C'[a,b] for any f € H. Thus, differentiating
the evolution equation with respect to the space variable z (we use prime

notation for this derivative) one obtains

D @) = L L @) = ~Lafi(@) = L i) (5:68)
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where —Lj, is the operator given in (5.6.6) and

~Ly f(w) s = =L fuw) - AY £y ()

= =M () - AT ().

The second equality above is obtained by the definition of the operator —M,E') given
in ((5.6.3]) with 0, instead of v (notation 9, means the partial derivative with respect

to x). Hence

d
- (-Lufu(w)) = L™V fi(a), (5.6.9)
where
~LMWg() = AN () 4 [0 - MO 1o ()| g(2). (5.6.10)

Using that (by assumption) o/ also vanishes in the boundary points {a,b}, it follows
that for each h the operator —L™(1) decomposes as a diffusion —A0**®) on [a, b]

(with reflecting boundaries) perturbed by the operator K}, given by

K= L) - MO ),

which is bounded on C[a,b] (due to assumption (HO0)). Hence, (-L™™) ® ) gener-
ates a strongly continuous semigroup on C|[a, b], denoted by Tth’(l), with the domain

given by
9= {geCla,b] : A0 g e Cla,b], ¢'(a) = 0, g/ (b) = 0}
Setting g.(x) = f/(z) yields the evolution equation

d
o) ==L Vgy(2),  go=ge D). (5.6.11)
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Due to the invariance of the space H, it follows that %(Tthf)(x) = (Tth’(l)f') (x)
for each f € H, i.e., the derivative with respect to x of the semigroup Tth f coincides
with the semigroup (applied to f’) generated by —L™(1) whenever f ¢ H.

Now, using the perturbation series representation for the semigroup Tth’(l) [53,
Equality 1.78, p. 52]) and the fact that the semigroup generated by the diffusion
term in is a contraction semigroup, one obtains

(|| KR|D™
IO i+ 3 HEA g (5:6.12)
m=1 .

Therefore, as K} is uniformly bounded in h due to the bounds from assumption
(HO), the derivative % (T hf ) (z) is uniformly bounded in h and t <ty whenever
feH.

Let us now write (see [42, Lemma 19.26, p. 385])
t
(T 1)) f = [ TP (Lo + Lo ) T s,

forO0<hgo <hy<1and fe H. Since T, thl f is differentiable (with derivative uniformly

h

bounded in h given by T, 1) 1), we can estimate (by mean value theorem)

| (-Lige+ L) TV f@)] < [

ha<ly|<h1

< [ O Pyl y)dy
ha<|y|<hy

T f(x+y) =T f (@) (2, y)dy

=o(ITI O f = o(D)lIfllcrs b1 0.

The last equality holds due to the assumption (HO) (i.e, the uniform bound of the

first moment of v and its tightness property). Therefore,

(T =172) £l = oDt f - (5.6.13)

Thus, for each f € C®[a,b] satisfying f’ € Cy[a,b], the family {T}'f} converges to a

limiting family {7;f} as h — 0. It follows then that the limiting family forms a semi-
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group of contractions on C[a,b] (by standard approximation arguments) yielding

the strongly continuity in C[a,b]. Now write

Tif - f _ th—Tthf+Tthf—f
t t t

Using the estimate (5.6.13)), we conclude that {f € C®[a,b] : f' € Cy[a,b]} belongs

to the domain of the generator and further the generator is given by — L4 ). as

_ _h he
limth leimlimth th+th f=

-L .
ot hl0 tl0 t t (o)

Now, take f € C?[a,b] and {f,,} c H such that f,, - f uniformly as n — co. Since the
operator — L, p1. is closed [20, Corollary 1.6] and — L, p1. fn — g as n — oo, it follows
that g = —~Lp,].f and f € D,. Therefore, the space {f e C?*[a,b] : f" € Cyla,b]}

also belongs to the domain of the generator, as required.

5.6.2 Proof of Proposition [5.2.5|

Proof. Using the method of Lyapunov functions (see, e.g., [53, Proposition 6.3.2]),
we take the continuous function f,,(z) = (z—a)™ for some sufficiently small w € (0,1).
This function satisfies that f,(a) =0, fy,(x) >0 for z > a, and f,, is differentiable in
(a,b). To prove that a is regular in expectation we need to see that (_L[a,b]*fw) (x) <

-K for all z € (a,c) and for some c € (a,b) and a positive constant K. Since

(~Liape fuw) (&) = (-DE2 = DY) fu(@) +wy (@) (z-a) " +w(w-1)a(z) (z-a)" ",

we obtain that (—L[a’b]*fw) () < =K for some positive constant K when v(a) =0
and a(a) > 0 due to the fact that the first two terms in the r.h.s of the previous
equality are dominated by the last term which tends to —co as x — a. The regularity

in expectation for x = b is proved analogously but with the Lyapunov function

fw(x) =(b—12)".
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The finite expectation of the first exit time of the process X, from the interval (a,b),

denoted by 74 ) (), follows from the regularity of {a,b} [53, Proposition 6.3.1]. =

5.6.3 Proof of Theorem [5.2.6

Proof. (i) Theorem ensures that (—L[a’b]*,@*) generates a Feller process X,
on the closed interval [a,b]. Further, Proposition guarantees that {a,b} are
regular in expectation. Hence, the stopped process Xg[ca’b]* = {Xx(s A T(ap) (7))} s20
is also a Feller process on [a,b] [63, Theorem 6.2.1, Chapter 6]. Let us denote by
(_Lstop’gf%)]*) the generator of the stopped process where CD‘EZ?;’]* stands for the
domain of the operator —Lgyp,. By definition of the process Xa[ca’b]*, the states
{a,b} are absorbing states, which implies that for any f e fog’]* the equality
(=Ligp+f)(x) = 0 for x € {a,b} holds, as required.

For the second part, take f € ©, such that ~Lap)«f(x) = 0 in {a,b}. Since the
domain of the generator is given by the image of the corresponding resolvent operator

(say Ry), given f €D, there exists g € C[a,b] such that f = Ryg.

Using that f solves the resolvent equation
ARAG + Ligp)f = 9,
and that (by assumption) L, 1. f(2) = 0 for z € {a,b}, we get
f(a)=Ryg(a) =g(a)/A and  f(b) = Rag(b) = g(b)/A. (5.6.14)

Moreover, Dynkin’s formula implies

T(a,b) (@)
e

1) = g B| [ ¥ (2,(6)) s+ B[00 (R (00)]

for each x € (a,b). Using that the paths of the processes X, and X;a’b]* coincide
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before the first exit time 7(,4) (), the previous expression becomes

R T(a,b)(T)
Rag(w) = E[ [ e‘“g(Xi“”’“(s))ds] +

+ E [6_)\7—(“’17)(2:) (f(a)1{7a<7'b} + f(b)1{7b<7'a}):| ’

where 7, and 7, denote the first exit time through the boundary point a and b,
respectively. Finally, plugging the equalities into the second term of the
r.h.s of the last formula we get that f = R,\g = RE\a’b]*g, where RE\a’b]* denotes the
resolvent operator of the stopped process X[®* Therefore, for any f ¢ 9, such
that (—L[a’b]*f) (z) = 0 on {a,b}, there exist g € C[a,b] such that f = Rg\a’b]*g
implying that f € @';;;g* and —Lgiopf = —Liap)f-

(i7) Follows the same reasoning as before, so that we omit the details. ]
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Chapter 6

Generalized fractional evolution

equations of Caputo type

This chapter is devoted to the study of generalized fractional evolution equations
involving Caputo type derivatives. Using analytical methods and probabilistic argu-
ments we obtain well-posedness (in the generalized sense) and integral (stochastic)
representations for the solutions. These results encompass known equations from
classical FPDE’s such as the time-fractional diffusion equation and the time-space-

fractional diffusion equation, as well as their far reaching extensions.

6.1 Introduction

The generalized fractional evolution equations of Caputo type studied in this chap-

ter can be thought of as classical evolution equations wherein the first-order time

()

derivative has been replaced by the non-local operator of Caputo type —D,.%.

Based on the notion of Green’s functions for differential operators, we shall study:
i) the nonhomogeneous generalized fractional evolution equation
~ Dt w) = Agu(t,o) - g(t,x), te(ab], xR,
u(a,z) = ga(x), zeRY (6.1.1)
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for given functions g and ¢, defined on [a,b] x R? and R?, respectively;

ii) the generalized fractional nonlinear equation

—tD((Llfr),,u(t,x) = Azu(t,x) + f(t,z,u(t, z)), te(a,b], xe Rd,

u(a, ) = ¢a(x), zeR? (6.1.2)

where f is a given function on [a,b] x R? x R.

Notation —th(L'i)* means the Caputo type operator —D,gi)* acting on the (time) vari-
able t, whereas — A, stands for the generator of a Feller process acting on the (space)
variable x.

Since Caputo derivatives are special cases of the operators —D((;i)*, the generalized
equations in — include, as particular cases, a variety of equations stud-
ied in the theory of fractional partial differential equations (FPDE’s). The latter
equations have been successfully used for describing diffusions in disordered media,
also called anomalous diffusions, which include subdiffusions as well as enhanced
diffusions (or superdiffusions). Subdiffusion phenomena are usually related to time-

FPDE’s, whereas superdiffusions are related to space- FPDE’s.

In the classical fractional setting, the fractional Cauchy problems are special cases
of equation (6.1.1]). Fractional Cauchy problems are initial value problems involving

the Caputo derivative of order € (0,1):

DY u(t,z) = Agu(t, z), (t, ) € [0,b] x R?,

u(0, ) = ¢o(x), zeR? (6.1.3)

Equations of the type in (6.1.3]) have been actively studied in the literature. Amongst
the standard analytical approaches to solve FPDE’s, the Laplace-Fourier transform
technique plays an important role (see, e.g., [15], [I8], [45], [73], [76], and references

therein). From a probabilistic point of view, interesting connections have been found
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between the solution of (time-) FPDE’s and the transition densities of time-changed

Markov processes (see, e.g., [26], [52], [53], [67], [71], [78]).

A very standard example of the equation is given by the (time-) fractional
diffusion equation (or fractional-kinetic equation) [10], [62], [67] corresponding to
the case A, = —%Ax, where A, denotes the Laplace operator. Its fundamental
solution was first studied by Schneider and Wyss [79] and Kochubei [51]. In this case
the fundamental solution corresponds to the time-changed transition probability
function of the Brownian motion by the hitting time of a S-stable subordinator.
Another example of equation was studied in [19], wherein the authors con-
sider the second-order differential operator given by

82
A, Za,,,](ac)8 o7, -+ Zb (ac) +c(x)

As for nonhomogeneous equations, the multi-time fractional differential equation:

Z )\ktDOHu(t,x) - Agu(t,x) =g(t,z), M, teR" xe R
k=1

was investigated in [74].
More recently, the regularity of the nonhomogenous time-space fractional linear
equation for the fractional Laplacian operator A, = —(—A)O‘/ 2,

u(t,z) = —c(-A)*?u(t,z) + g(t, z), zeR% >0,

0+>e

u(0,2) = do(), z e R
as well as the well-posedness for the fractional HJB type equation

u(t,z) = —c(~-A)?u(t, ) + H(t,z, Vu(t,z)), zeRY >0,

0+>('

U(O,Q?) :¢0($)a ‘/EERda
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were addressed in [54], for 5 € (0,1), a € (1,2], and a positive constant ¢ > 0.

Evolution equations of the type arise, for example, as the limiting evolution
of an uncoupled and properly scaled continuous time random walk (CTRW) with
the waiting times in the domain of attraction of B—stable laws. This probabilistic
model and some of its extension have been widely studied (see, e.g., [67], [78], [53],
and references therein). Yet another extension of equation can be obtained,
for instance, by considering the limiting evolution of properly scaled coupled CTRW
(or semi-Markov processes) with power law waiting times depending on the state

of the system. This procedure yields the generalized evolution equation with the

Caputo type operator of variable order thfi’x), ie.,
(DOt ) = ADu(t,z), ()€ [0,6] xRY, B(-) € (0,1). (6.1.4)

Using the results presented here, we are able to deduce some of the results known
for the previous cases, as well as to extend the analysis to more general situations.
Some specific equations of the type in (6.1.4) will be discussed in a forthcoming

paper in preparation.

We highlight the fact that the (analytical) approach used in this chapter is different
from the one used in chapters Namely, in analogy with the standard analytical
methods to solve classical evolution equations, we obtain well-posedness results for
the nonhomogeneous equation by transforming into an abstract gen-
eralized fractional linear equation on a suitable Banach space. Then, we construct
the solutions via the concept of Green’s function. For the stochastic representation

for the solutions, we use Dynkin’s martingale and Doob’s stopping theorem as usual.

As for the nonlinear case, we study the well-posedness for the ’ordinary’ equation

(6.1.2) following a similar strategy to the one used for the nonlinear equation in
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(4.1.1). Namely, by means of the the integral representation (mild form) of the
solution to the linear problem , we reduce the analysis of to a fixed
point problem for a suitable operator. Let us mention that, even though in this
work we do not include the HJB type case, our results for the generalized nonlinear
equation can be used to extend the well-posedness for the corresponding

equations of HJB type.

6.2 Motivation: weak formulation in classical differen-

tial setting

In order to prove the well-posedness for the equation , we shall study the
generalized linear equation —D((l’f,)*u(t) = —g(t) using a different approach to the
one used in Chapter [3| Namely, we are interested in the notion of solutions in the
sense of distributions. For that purpose, in this section we shall recall some related

concepts taken from the classical differential setting.

6.2.1 The fundamental solution and the Green function

Denote by 7 := C=°(R?) the space of test functions given by the space of smooth
functions with compact support on RY. The space of distributions (or generalized
functions) D’ is defined to be the space of continuous linear functionals on T (see,
e.g. [24] for a detailed treatment).

Let L'¢(R?) denote the set of locally (Lebesgue) integrable functions on R?. If

fe Lll"c(]Rd)7 then f defines a (regular) distribution f e D' [24, p. 4] by setting

(£:0)= [ f@e(@)dz, ¢eT. (6.2.1)

Hence, every locally integrable function can be seen as a distribution. Further,
every distribution f € D’ is differentiable in the sense of distributions (hence, it

has derivatives of all orders |24 p.20]). Its generalized derivative f’ is given by the
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distribution

(f’,g@)=—(f,¢'), for all peT.

Let us now recall the concept of generalized solution, fundamental solution and
Green’s function related to the equation Lu = g when L is a general differential

operator (see, e.g. [21]).

Definition 6.2.1. The function ®(x,y) is called the fundamental solution of the

differential operator L if ®(x,y) is the distributional solution to
(Lo(,y)) (2) =6(x -y), zeR%, (6.2.2)

for each y € R,

The importance of the fundamental solution relies on the fact that it determines the
solution to the nonhomogeneous equation Lu = g for any g € C=°(R%). Namely, if

®(x,-) € Lt°(RY) for each x € R? and g € C°(RY), then

u(@) = (®(2,),90)) = [ @19y (6.2.3)

solves Lu = ¢ in R%. To verify this, note that

Lu(@) = (2 [ .09y () = [ (EC) @)y
= [ 5@ -9y = ().

where the last equality holds due to (6.2.2). The previous yields the following

definition.

Definition 6.2.2. A locally integrable function u € Llf’c(Rd) 1s said to be a general-

ized solution to equation Lu =g for g € Lll"c(]Rd) if u is given by

u(x) = /Jl%d ®(z,y)g(y)dy, xeRY, (6.2.4)
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where ®(z,y) is the fundamental solution of the operator L.

Let U c R? be an open bounded domain of R? with a regular boundary. Consider

now the nonhomogeneous Dirichlet problem for the operator L on U given by

Lu(x) = g(x), xinU

u(z) = ¢(x), x on U, (6.2.5)

for prescribed functions g and ¢. We will see that solutions to the boundary value

problem (/6.2.5)) are related to the concept of the Green’s function.

Definition 6.2.3. A function G(x,y) is said to be the Green function of the differ-

ential operator L in U if G is the solution to the boundary value problem

(LG(y)) (x) = 6(x - y), zel,

G(z,y) =0, x e dU (6.2.6)

for each yeU.

Then, the function u defined via the Green function by setting

u(z) = fUQ(:v,y)g(y)dy- (6.2.7)

provides a solution to the equation (6.2.5)) for which the boundary condition is ¢ = 0.

Remark 6.2.1. The main difference between the fundamental solution ¥V and the
Green function G is that the former provides a solution to the equation in the whole

space R?, whereas the latter takes into account zero boundary conditions.

Due to the linearity of the operator L, the solution to equations with nonhomoge-
neous boundary conditions (i.e. for which ¢ # 0) can be obtained by superposition

of solutions. Namely, the solution to (6.2.5) is given by

u(@) = [ G y)g(w)dy+o(a),
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where v is the solution to the boundary value problem
Lv(z) =0, zeU,
v(xz) =¢(x), zedl.

Remark 6.2.2. In classical PDE’s theory, there are different methods to determine
the Green function, e.g. the method of images and the eigenfunction method. In
our case, the Green function is obtained via the probabilistic interpretation of the

generalized operator —Déﬁ.

6.3 Preliminary results

Let us recall that the notion of generalized solution associated with Caputo type

equations was introduced in Chapter [3| via an approximating sequence of solutions

taken from the domain of the generator (—D,Sﬂ,@é’ﬁ) In this section, we will see

that that notion is also consistent with the notion of generalized solution defined

via the concept of a Green’s function.

By analogy with the theory of differential equations, we have the following definition.

Definition 6.3.1. A function \I/(”)(x,y) is called the fundamental solution for the

operator —D((li)*, if the function ‘Il(")(-, y) is the distributional solution to the equation

(-DET (p)) (@) = -y), weR,

for all y e R.

Remark 6.3.1. Since the operator —Dc(ﬁ)* acts on functions defined on [a,+00), the

fundamental solution can be defined as U™ (z,4) =0 for all x,y ¢ [a,+00).

Definition 6.3.2. A function 7T(V)($, y) is called the Green function for the operator
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—DC(LZ)* in U c [a,00), if the function 7)(-,y) solves the equation

(-0 ) (@) =0z —y), weU

7 (z,y) =0, xedl, (6.3.1)

for allyeU.

Due to the linearity of the operator —D((llfr)*, it follows that the integral function

u(@) = [ 0,9y

solves the equation —Dc(l'fr)*u = g for any g e C=°(R%). Further, the function

u@) = [ 7 (@ )g(w)dy, (6:3.2)

solves the equation —DC(L:/_)*U =g on U c R, with boundary condition ¢ = 0, yielding
the following definition.

Definition 6.3.3. Let ") (x,y) be the Green function of the operator —Dc(:r)* on
(a,b]. A function u € Bla,b] is said to be a generalized solution to the Dirichlet

problem

~D{u(x) = g(x), e (a,b]

u(a) =0,

for any g € Bla,b], if u is given by the integral equation .

6.3.1 The Green function for the Caputo type operators

Consider the boundary value problem

~D¥u(x) = g(z) e (a,b]

u(a) = uq, uq€R. (6.3.3)
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Theorem 6.3.2. (Well-posedness) Let v be a function satisfying assumption (H0)-
(H1) (see Chapter @) For any g € Bla,b] and u, € R, the equation has a
generalized solution (according to Deﬁnition given by

u(z) = uq + /axﬂ(”)(x,y)g(y)dy, x € [a,b], (6.3.4)

where V) (z,y) = - p;(y)(:c,y)ds for all x > a, y > a and 7% (a,y) = 0 for

all y > a. Notation p;(y)(ac,y) stands for the transition densities of the process

generated by (—GSV),@G) (see .

Proof. Since the operator —D((IZ)* is linear, it is enough (by Definition ) to prove

that the function 7(*)(xz,y) is the Green function of the operator —DC(LZ) on (a,b).

Thus, we will see that, for each y € [a,b],

(-DEA () (@) = d(w -y), we(a,b].

Since 7()(z,y) is defined in terms of transition densities of a decreasing Feller
process, it follows that W(”)(x,y) is continuous on both variables except on the
diagonal x = y (wherein there is a singularity). Furthermore, 7(*)(x,y) vanishes for
all 2 < a. Let us extend 7(*)(-,y) by zero to the space {x < a} for each y € [a,b] (we

will use notation 7'('((11/)(', y) for the extension). Then, notice that

(-DEA M 0) (@) = (67 (9)) (2), we[a,b],

Hence, the definition of —Gfru) and Fubini’s theorem yield

(-2 W ) (@) = (<627 () (@)
- [z - (e 2)dz
== [ (@ - 01 @ )ds) vl )z
= [T~ () (2)ds.
J )
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Since p;(y)(:z,y) are transition densities of the process generated by (—Ggry),iDg),

for each y € R, p;r(”)(a:, y) solves the evolution equation

9 L) ~ ) +()
%ps (-T,y) - (_G+ Ds (7y)) (.’E)

Py =d-y)

S=

Therefore,

v v * 0 v
(-2 ) @) == [ -pi® (@ y)ds = 3w -y),

as required.

Finally, to see that that u € B[a,b] note that

u@)l<ua+lgll [ [ @ w)dy

<ugq +||gl] sup E[1.(z)] < +00,
ze[a,b]

due to Lemma which implies that, under assumption (H1), 7,(x) (the first exit
time from the interval (a,b) of the process generated by (—GSV),QC;)) has a finite

expectation. ™

6.3.2 Generalized fractional integral 1"’

The Green function 7(*)(z, y) allows us to define an integral operator Iéi) on Bla,b]

which can be thought of as a generalization of the Riemann-Liouville integral oper-

ator —I7, of order B € (0,1), (see Definition [2.1.1)).

Definition 6.3.4. Let v be a function satisfying assumption (HO) and (H1). If

7 (z,y) is the Green function of the operator —D,(;fr)* on (a,b], then the operator

IC(LZ) : Bla,b] - Bla,b] defined by
(127) @ = [ @)y, (6.3.5)
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will be called the generalized fractional integral associated with the function v.
The generalized fractional integral I, (+) satisfies the following:

(i) For each f € B[a,b],

(127) @) <1171 sup E[ra(@)]. (636)

z€[a,b]

In particular, if f(z) =1 (the constant function 1), then
~(11) @)= [ [T p W @y - B[ @)]. (6.3.7)

(ii) The operator I, éz) can be thought of as the left inverse operator of the Riemann-

Liouville (RL) type operator —D((IZ). Let us recall that the RL type operator

coincides with the Caputo type operator —D(g'fr)* on functions vanishing at a.

Remark 6.3.3. In particular, if the function 1/(:1: y) is given by (M then I(V)
coincides with the Riemann-Liouville integral — a+ of order 8 € (0,1). Further, if
o (m) is the first exit time from the interval (a,b) of an inverted S—stable subordi-

nator, then we obtain the known results

(ih2)@ = [ [0y =Bl )] - ﬁﬂ—)lﬁ) (6.3.8)

and

|(2.£) ()] < w rGrpie-o” (6.3.9)

The next result gives us an explicit bound for |I;; () f(z)| under the assumption (H4)

given in Chapter

Proposition 6.3.4. Let v be a function satisfying assumptions (H0) and (H4).

124



Then, for each f € Bla,b],

|(1921) @) = s It =)™ (6:3.10)

where || flly = sup.<, [f(2)]-

Proof. By definition of the generalized fractional integral it follows that

(120 @] < [T [T 1@ @ vy
< [0 [ sup |f(2)lp:®) (2, y)dy

zy

Denote by X*+*) the underlying process generated by (—Ggl’), D¢) and by X*8 the
process given by an inverted S—stable subordinator. Then, under assumption (H4)
the process X, ) dominates the inverted (-stable subordinator X;’B in the sense
that

PLX; ") (s) > y] < PX;°(s) > yl. y<b, 520,

as the intensity of the jumps of the process X*+(*) is at least equal to the intensity
of the jumps of the process X*?. Equivalently, P[X;”(s) < y] < P[X;(V)(s) <yl).
Therefore,

Elg(x:(9)] <Bg(x:7(9))], (6.3.11)
for any nondecreasing function g, so that in particular for the function g(y) =

Sup,., | f(2)], implying

(120 @] < [T [T 17w . yydyds
<[ [ sl f@lpi g

<lflle [ f Py (@, y)dyds < =——l|fll:(z - a)°,

F(ﬁ 1)

as required. [
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The following result shall be useful for the following sections.

Let Iéi)’n denote the n-fold iteration of the operator I(SZ) for all n € Ny. For conven-

tion I(g_':)’o = I, where I stands for the identity operator.

Proposition 6.3.5. Let v be a function satisfying assumptions (HO) and (H4). If
f € Bla,b], then

(z-a)" nHB(k:ﬁ+1 B), mn>1, (6.3.12)

‘ (Iéi)’"f) ($)| < ”foW

where || f|l == supy<, |f(y)| and B(:,-) denotes the Beta function.

Proof. Proceeding by induction. Case n = 1 is given by Proposition Let us
assume that the inequality ((6.3.12) holds for n — 1. Then, equation (6.3.11)) and the

induction hypothesis yield

(197 ) @] = 182 0 197 £ )
Sfoofxsup
0 a 2y

< [T i T 80051 932"
TG |

187 1 ()Pt (2, y)dyds

s||f||xW—MHB<k5+1 B [ [ -0 (g dyds
b F ) PDB (o _ )1 1

<l s 1)n1HB<k5+1 9) [ =) y)
(6.3.13)

where the last equality holds due to Fubini’s theorem (to interchange the order of
integration) and because of the equalities in (A.2.6)).

For the integral in (6.3.13)), the change of variable z = (y —a)/(z — a) yields

T 1
[ =0 @yt = @-a)? [0z

=(z-a)"B((n-1)8+1,8). (6.3.14)
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Plugging (6.3.14)) into (6.3.13[ ), and then rearranging terms yields (6.3.12)), as re-

quired. [

Remark 6.3.6. In the classical fractional setting, the n—fold RL integral I{f;” has an

explicit expression obtained from its semigroup property [15, Theorem 2.2]. Namely,

(122 f) @) = (1221) (). (6.3.15)
Hence, for f(x) =1,
(280 1) (@) = % [ @-yytay - é”(’?;ﬁ—‘ff) (6.3.16)

6.3.3 Series representations of solutions

Using the generalized fractional integral IC(LZ) defined before, this section provides
series representations for the solutions to linear equations (with constant and non-

constant coefficients) involving Caputo type operators.

Eigenfunction of generalized fractional equations

Consider the equation

~Du(r) = Mu(z), w e (a,b]

u(a) = uq. (6.3.17)

Theorem 6.3.7. Let v be a function satisfying assumption (HO). Suppose that the

Green function 7)(xz,y) of the operator —Déil is such that the series

i A™ (151)7"1) (z) (6.3.18)
n=0

converges uniformly on [a,b]. Then, for any \ € R, there exists a unique bounded
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solution u to equation given by
_ = n7@)n
u(z) = ug 3, A (10"1) (). (6.3.19)
n=0

In particular, converges uniformly on [a,b] under assumption (H/).

Proof. Firstly, we shall prove that if u is a bounded solution, then u solves
y N+1
() =ua 3 A" (1071 (@) + AN (18N ) (@), forall N 20, (6.3.20)
n=0

Proceeding by induction. For the case N =0, take g(z) := Au(z), which is a bounded

function, then Theorem implies that
u(z) = uq + (Iéz))\u) (z), (6.3.21)

is the generalized solution to (6.3.17)). Rewriting again the function u in terms of

the generalized fractional integral IC(LZ) yields

u(z) = uq + (I[EZ)A [ua + IC(LZ))\U()]) (x)

= Ug + Ug\ (Iéz)l) (z) + 22 (I(gi)’zu) (x),

as required.

Let us now assume that the equality (6.3.20)) holds for N — 1, that is
N-1 N
u(z) =ug 3N (1,5?7"1) (z) + AN (Iéi)’ u) (z). (6.3.22)
n=0
Plugging ((6.3.21]) into the r.h.s of equation (6.3.22)) implies

M (12 u) (@) = WV (227 [ua + 152 2() ]) (2)

= ug\N (15?”1) (z) + A+ (Lgi)’N“u) (z). (6.3.23)

Substituting ((6.3.23]) into (6.3.22)) yields ([6.3.20]).
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Thus, to obtain (6.3.19)), it is enough to see that the second term in the r.h.s of

(6.3.20) vanishes as N — oo for each x, but the latter follows from the fact that
WY (E M) @) < WY (B2 1) ()] >0, as N > o,

since (by assumption) the series in is uniformly convergent on [a,b].

Finally, we need to prove that (H4) implies the uniform convergence of . To

do so, notice that Proposition [6.3.5] guarantees that, for each n € N, it holds

e (-0

A (181 ()| < —HB(kﬁH 8).
CB+10))" j

Thus, proceeding by induction (using the identities in (A.3.3]), see Appendix) yields

(F(B) )"

(5) n € N.

H B(kB+1,5) =
Further, the inequality (A.3.4) in the Appendix implies

(r)” (T(B) )" 1
nBL(nf) - nB(n - )32 (T(B))" - nlp?n”

Hence,
n{ +(v)m b-a
|)\ (I(ng) 1)(:U)|§( 52(1_‘(ﬂi1)) = M,.

Since Y2 M, converges, Weierstrass M —test implies the uniform convergence of

the series (6.3.18) on [a,b], as required. [ ]

Remark 6.3.8. In the classical fractional setting, the series provides the

very well-known series representation for the solution to the Caputo equation

D2 u(z) = - u(z), ze(a,b], Be(0,1), u(a) = uq.
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Namely, the equality in implies

u(z) = uq i (-\)" (154”1) () = uq i (-Mz-a)’)"
n=0

2 Bty L (-Mz - a)?), (6.3.24)

where Eg(-) stands for the Mittag-Leffler function of order  (see Appendiz).

Linear equation with non-constant coefficients

Consider now the equation

~D{u(z) = Ma)u(z) + g(z), e (a,b]

u(a) = uq. (6.3.25)
For any function \ € B[a,b], define the operator Lg\y) by

(27F) (@) = (122 9) (&), g€ Bla,b). (6.3.26)

Notation LE\V)’n will denote the n-fold iteration of the operator Lg\y) for each n € Ny.

(),0
L)\

As usual, = I, where I stands for the identity operator.

Theorem 6.3.9. Let v be a function satisfying assumption (HO) and (H4). Suppose
that X € Bla,b]. Then, there exists a unique bounded solution u to equation

given by the series

w(x) = ug i (LE\V)’nl) (z) + i (Lg\y)’n o Lg_':)g) (). (6.3.27)

n=0 n=0

In particular, for any constant X € R, the solution takes the form

w(z) = uq Z)\”( 1871 () + Z)\”( 18" ) (). (6.3.28)

Proof. As in the proof of Theorem we obtain (proceeding by induction) that
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if u is a bounded solution, then u solves

u(x) = uq JEV: (Lg\u),nl) (z) + ]ZV: (Lg\y)’n o Iéi)g) () + (LE\V)’NHU) (z), forall N >0.

n=0 n=0

(6.3.29)
Note that
an(z) = | (L") @) < IAP[(Z271) (@)] = bala).

Theorem and assumption (H4) imply the uniform convergence of Y77 b, (z)
on [a,b], which in turn yields the uniform convergence of Y72 an,(x) on [a,b].

Similarly, the inequality

en(e) = | (L7 o 1g) (0)] < ||A||"||g||\(15?7"”1)(@\=%bmlm,

implies the uniform convergence of Y77 ¢, (x) on [a,b]. Moreover, since
LY u@)] < Jull LY 1(2) - 0, as N — oo,

due to the uniform convergence of Z;’L‘;O(Lf\y)’"l)(x) and the boundedness of wu,

letting N — oo in the equality (6.3.29) yields the result in (6.3.27)). [

Remark 6.3.10. Consider the Caputo fractional equation

DS u(z) = - u(z) +g(z), z¢€(a,b]

u(a) = uq. (6.3.30)
According to Theorem[6.3.9, the solution to is given by
(@) =ua Y (0" (L71) (@) + 3 (0" (125 Vg) (2). (6.3.31)
n=0 n=0

Further, as seen in Remark the first term in the r.h.s. of (6.5.31|) coincides
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with the Mittag-Leffler function Eg (—)\(:E - a)ﬂ); whereas

Dy oy s e [ @) T g (y)dy
nz:%)( A" g( )—T;)( A) i T(nB+5)
[T S Oy
a - P(TZ,B-i-ﬂ)
z 2 (M) (r - Bn
=fa _0—( ?)(n(wg)) (z-y)"'g(y)dy

= /;x Egﬂ(—)\(a: - y)ﬁ)(l’ - y)ﬂilg(y)dy-

Hence, one obtains the very well-known integral representation for the solution to

given by [15, p.156]
u(@) = w By (~Mz=0)") + [ Bys(-Ma-p)M)(@-9)"g(y)dy.

6.3.4 Stochastic representations of solutions

In the previous sections we proved the existence of generalized solutions to ordinary
fractional differential equations of Caputo type. Further, some series representations
for the solutions were obtained as well. Knowing the existence of solutions, we can
now apply Dynkin’s martingale theorem (see Theorem Appendix) to obtain

also a stochastic representation for the corresponding solutions.

As usual, we assume that the stochastic processes considered here are defined on

some complete probability space (2, F,P).

Theorem 6.3.11. Let v be a function satisfying assumption (HO) and (Hj). Sup-
pose that A\ e R, A< 0 and g € C[a,b]. If u is a generalized solution to , then

u admits the stochastic representation
Ao () Ta(®@) 5, +(v)
u(z) = B[Oy, | - B fo Mg (X7 (s)) ds|, (6.3.32)

where X is the process (started at x € [a,b]) generated by the operator (—GEJ/), Da)
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and Tq(x) is the first exit time from the interval (a,+o0) of X,

Proof. By Theorem 4.1 in [55], assumption (HO) implies that the operator (—D((IZ)*, @g’il)

generates a Feller process on [a,b]. Further, assumption (H4) implies the regularity

in expectation of the point a and the finite expectation of 7,(x). Hence, if u € @fﬁl,

then the result for the case A = 0 follows from the application of Dynkin’s martingale

theorem (see Theorem in Appendix) to the process M = {M(s)}ss0
M(s) = u(Xg M) (s)) = u (X5C)(0)) + [0 DD (Xg () ) dr, 52 0;

together with the use of Doob’s optional theorem [53 Theorem 3.10.1] for the stop-

ping time 7,(z). On the other hand, the case A <0 and u € @E;')b]* follows using the

martingale (see Theorem in Appendix)
My (s) = eMu (Xg W) (s)) + fo e (A= DL yu (Xe O () ) dr, 520;

For the general case u € C[a,b], the proof follows by standard approximation argu-

ments. Similar arguments have been used before, so we omit the details. [

Remark 6.3.12. Notice that, under the additional assumption (H3), LemmaM

in Chapter[d implies that the solution u can be written explicitly as

u(@) = [Tuaeui)ds - [Ty [T p @y dsdy,  (6333)

where

[1q(8) = g fa pi(z,y)dy, z>a, (6.3.34)
S J—o0

is the transition density function of the r.v. T4(x). Otherwise, using integration by
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parts, the function u rewrites

u@) == [T ([ @ ydy)ds- [Tow) [T pi o) dsdy.
(6.3.35)

6.4 Well-posedness results: nonhomogeneous case

This section establishes the existence and uniqueness of generalized solutions to the
nonhomogeneous evolution equation given in The result relies on transforming

the equation (6.1.1)) into an abstract linear equation of the type

DM u(t) = Au(t) - g, in C([a,b];B), (6.4.1)

’LL(CL) = ¢a7 in B

where g € C([a,b];B) and ¢, € B for a suitable Banach space B. Hence, we are
seeking a solution u given by a B-valued function defined on [a,b].
For any Banach space (B, ||-||g), notation C([a,b]; B) stands for the space of func-

tions f : [a,b] x R? - R such that

C([a,b];B) = {f € C([a,b] x RY) : f(t,-) € B, f(-,x) € C[a,b]}.

This space equipped with the norm

1 flles = sup [If(%-)lle-
te[a,b]

If A is a bounded operator, then the solution takes a series representation similar

to the one given in Theorem [6.3.9]

Theorem 6.4.1. Let v be a function satisfying assumption (HO) and (H4). Suppose
that A is a bounded operator on a Banach space (B,||-||g). Assume that ¢, € B and

g € C([a,b]; B). Then, there exists a unique generalized solution u(t,z) € C'([a,b]; B)
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to equation given by

) = 32 (400) (K0"1) (0 + 3 (15"9) 0. (6.42)

where LX’)’O =1 (the identity operator), and LI(:)’” stands for the n-fold iteration of

the operator LE:)’" defined by
(L 0) @) = (180 aR) (1), heB((a,b);B). (6.4.3)

Proof. We seek a solution u(t) € C([a,b];B), with u(a) = ¢,(-) € B. Since A is a
bounded linear operator acting on z, it can be considered as the parameter A in
Theorem m Then, we obtain (proceeding by induction) that if u is a bounded

solution, then wu satisfies

u(t) = % (A"a) (18071) (t) + % (Lm0 1g) (1) + (LY ) (). (6.4.0)
n=0

n=0

Since A is a bounded operator, the convergence of the first two series in the previous
equality and the convergence of (L(AV) ’N+1u) (t) > 0 as N - oo is guaranteed, due
to assumption (H4), similarly as in the case A € R.

Let us now assume that the operator —A is the generator of a Feller process on R%.
Since in this case —A is not necessarily bounded, the convergence of the series in the
previous theorem cannot be guaranteed as was done before. Hence, for this case,

we shall use the integral representation given in ((6.3.33|).

Theorem 6.4.2. Let v be a function satisfying assumptions (HO0),(H3) and (H4).
Suppose that (-A,D4) is the generator of a Feller process on R? with semigroup
S = {Ss}ss0 and domain D 4. Then, for any g € C([a,b]; Coo (R?)) and ¢g € Coo (R?),

there exists a unique generalized solution u € C([a,b];Coo(R?)) to the equation
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given by
ut)= [T (Sw) @pi)s+ [0 [T (S @) drds, (6.45)

where pt is given by (6.3.34)).

Proof. Let us write B := Coo (R?). For each A >0 and ¢, € B, consider the abstract

equation

~DWun(t) = Aun(t) - g(t), i C((a,b];B)

ux(a) = da, (6.4.6)

where —A* is the Yosida approximation of the operator —A, i.e. —A* := ~XA(A+A)7",
(see, e.g., 20, p.12]). Hence, the equation approximates the original equation
as A — oo.

Since —A* is a bounded operator on B, Theorem ensures the existence of a
unique generalized solution uy € C([a,b]; B) to equation (6.4.6). Further, Theorem
provides a stochastic representation for the function uy, which can be written

explicitly as in (6.3.33]) due to assumption (H3). Namely,

0o t 00
uA(t):/(; MZ(S)G_AAS¢ads+L ‘[0 e_AAsg(r)p;'(”)(t,r)drds. (6.4.7)

Let Ss)‘ = ¢4 be the semigroup generated by —A*. Then, the dominated con-
vergence theorem implies that u)y — u as A - +oo since the Yosida approximation
satisfies limy_,e e A f = S, f for all f € B and all ¢ > 0 uniformly on bounded in-

tervals [20, Proposition 2.7, p. 14]. Therefore, the function u is the generalized
solution to (6.1.1]), as required. [ |

Remark 6.4.3. If the representation given in is used instead of ,

then one obtains a different representation for the generalized solution to equation

6.1.1. The use of does not require the differentiability of the transition
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densities on the time variable, but it will impose the condition that the boundary

function ¢, belongs to the domain of (-A, D 4).

6.5 Well-posedness results: nonlinear case

Let us now study the well-posedness for the nonlinear equation given in (|6.1.2)).
Firstly, we shall introduce some definitions, and then we will proceed as in Chapter

via fixed point arguments.

Definition 6.5.1. Let v be a function satisfying (HO) and (H4). A function u :
[a,0]xR? = R is said to be a generalized solution to the nonlinear equation if
u is a generalized solution to the linear equation with g(t,x) == f(t,z,u(t,z))
for all (t,z) € [a,b] x RY.

Lemma 6.5.1. Let v be a function satisfying conditions (HO0), (H3) and (H4).
Assume that (A, 4) is the generator of a Feller process S = {Ss} on R?. Suppose
that f : [a,b] x RY - R is a bounded measurable function and ¢, € Coo(R?). Then,
a function u € Coo([a,b] x RY) is a generalized solution to equation if, and

only if, u solves the nonlinear integral equation

u(t,r) = fow(ss%)(x)ufl(s) ds +
+ /;t /(;oo (sz(T,-7u(r’-))) (w)p;(u)(t,T) ds dr, (651)

where p;(y)(t, ) is the transition density function of the process generated by (—GS"),QG).

Proof. By Definition u € Coo([a,b] x RY) is a generalized solution to (6.1.2)

if, and only if, u is a generalized solution to the the linear equation (6.1.1) with
g(t,x) = f(t,z,u(t,z)) and X\ = 0. Note that if u € Coo([a,b] x RY), then g is
bounded measurable function on [a,b] x RY. Theorem implies the integral
equation , as required. [

Using Weissenger’s fixed point theorem we shall prove that the integral equation
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(6.5.1)) possesses a unique solution under the following additional assumption:

(H5’): The function f : [a,b] x R x R — R is bounded and fulfills
a Lipschitz condition with respect to the third variable, i.e., for all

(t7x7y1)7 (taa:)yQ) € [a7b:| X ]Rd X R,

|f(t,$7y1) - f(t7$7y2)| < Lf|y1 - y2|a (652)

for a constant Ly >0 (independent of ¢ and z).

Theorem 6.5.2. Let [a,b] c R and ¢, € Coo(R?). Suppose that v is a function satis-
fying conditions (HO), (H3) and (H4). If f is a function satisfying condition (H5’),
then the equation has a unique generalized solution u € C([a,b]; Coo (RY)).

Proof. By definition, the existence of a unique generalized solution to means
the existence of a unique solution to the integral equation . The latter equa-
tion can be rewritten as a fixed point problem wu(t,z) = (Vu)(¢,x) for a suitable
operator V.

Step a) Definition of the operator ¥. Given the function ¢, € Coo (R?), denote by
By, the closed convex subset of C ([a,b]; Coo (R?)) consisting of functions h satisfy-

ing h(a) = ¢q. This space endowed with the norm

1hllB,, = sup |IA(t, )]l
te[a,b]

Define the operator ¥ on By, by

(Wu)(ta) = [ (Su6a) @ph(s) ds +
+fatfooo(S’Sf(r,-,u(r,-)))(:L‘)p;r(”)(t,r)ds dr,  telab]. (6.5.3)
Note that if u € Bg,, then (Vu)(-,x) € Cla,b] for each x € R? and (Vu)(t,-) €

Coo(R?) for each t € [a,b]. Further, (Vu)(a,z) = ¢o(x) since pf(s) = do(s) as

t — a. Therefore, U : By, — By, .
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Step b) Let U™ denote the n-fold iteration of the operator W for n > 0, n € N, where
U9 denotes the identity operator. Note that for n = 1, the Lipschitz condition of f

and the fact that Sy is a contraction semigroup imply

‘(\I/u)(t,x)—(\llv)(t,x)|SLffatfoooHu—v||tp;“(”)(t,r)ds dr,

< Lylju-olle (1871) (#),
where
lle = vlle = suplju(z, ) —v(z, ), ¢ €la,b];
and Ly is the Lipschitz constant of the function f.
Proceeding by induction we obtain that

[ u(t, @) = Wt )] < flu = ol LF (127 1) (1)) 020, (6.5.4)

where Iéi)’n is the n-fold iteration of the generalized fractional operator IC(LZ). More-
over, by Theorem [6.3.9 we know that

o0 L(b-a)? "
St (¥).n f -
n:oLf (Ia+ 1) (t)< (52F(5 + 1)) =

Hence,

[ O"u — V", < an|lu-2|s,, (6.5.5)

for every n > 0 and every u,v € By, where o, > 0 and Y 77 o, converges. Therefore,
the Weissinger fixed point theorem [I5, Theorem D.7, Appendix] guarantees the
existence of a unique fixed point u* € By, to the integral equation (6.5.1]), which in

turn implies the existence of a generalized solution to (6.1.2)), as required. [ ]
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6.6 Stochastic representations of solutions

Using once more the probabilistic interpretation of the Caputo type operator —D((llfr)*,
we can now obtain a stochastic representation (in terms of mathematical expecta-
tions) for the generalized solution to the nonhomogeneous evolution equation .
The result relies on proving that (i) the operator —thzz)* - A, is the generator

of a Feller process, and (ii) the boundary points (a,-) € {a} x R? are regular in

expectation for this operator.

Proposition 6.6.1. Let v be a function satisfying assumptions (HO) and (H4).
Suppose that (-Az, © 4) is the generator of an R?-valued Feller process with a do-
main D 4 and an invariant core C4. Define Lg iy = —th(Lli)* — A, then the operator
(=Las«, Dr.) generates a Feller process Z*** on [a,b] xR? with a domain D, and

with an tnvariant core Cr. ¢ D, given by
Crs = {f € Coo([a,b] xRY) : f(,x) € C'[a,b], f(t,") €Cal}.

Proof. Both statements are a direct consequence of the Trotter product formula
[20, Corollary 6.7, p. 33] since (by assumption) (-A,, D4) generates a process
X ={X(s)}s>0 and (by [55, Theorem 4.1] ) the operator (_tD((zli)x-a @((11:,)*) generates
a Feller process, say T%*(*) = {T‘”*(”)(s)}szo, both processes being independent of
each other.

Remark 6.6.2. Notice that, for each (t,z) € [a,b] xR?, the operator Lq.. generates
- +* +* d .
a two-coordinate Feller (Markov) process Z{; ) := (Z‘(‘m)(s))szo on [a,b] x R?, with

initial state (t,x), given by

()= (T (), Xu(s)), s>0.

Therefore, the monotonicity of the process TtaH(y) implies that, once the process
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T;LH(V) reaches a, the first coordinate is absorbed at t = a whilst the second coordinate

X, continuous a free (independent) motion.

It is also worth noting that the process (;;) s related to an underlying process

Z

(tz) =

the generator (-G*") Dq) (see definition in ). Namely, define the stopped

(Tt+(l/),Xx), where Tt+(y) denotes the process (started at t € (a,b]) with

process Z(t,x) by

(17 (s), Xal9))  if s <malt),
Z; 1 (s) = (6.6.1)

(a, Xz(5)) if s >74(t).

where

Ta(t) = inf{s >0: T:(V)(s) ¢ (a, +oo)}, (6.6.2)

is the first exit time from the interval (a,+o0) of the (underlying) process Tt+(y).
It follows that the paths of the processes Z?;;), Z(t,x) and Z& o) coincide until the

(monotone) first coordinate leaves the interval (a,b].

Let us now turn our attention to the regularity of the boundary of (a,b] x R?. For
the stochastic representation of the solutions to (6.1.1]), we are interested only in

part of the boundary of (a,b] x R?, hereafter denoted by 9y, defined as
Oy 1= {za eR¥ gz, = (a,2), we Rd}.

Proposition 6.6.3. Let v be a function satisfying assumptions (HO) and (H4) and
let (A, D4) be the infinitesimal generator of a Feller process as stated in Proposi-
tion . If z, € Oq, then z, is reqular in expectation for the operator (—Lgis, D).
Moreover, the first exit time from (a,b]x R? for the corresponding process has finite

expectation.

Proof. Let z = (t,z) € (a,b] x R%. Denote by 77(z) the first time that the process

Z2** generated by (~Lgyx, D1+ ) leaves (a, +00) x R? when starting at z € (a,b] x RY,
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i.e.

7Z(z) =inf {s >0 : Z27*(s) ¢ (a,+00) x RY}. (6.6.3)

Analogously, define 7,(t) as the first exit time from (a,o0) of the process Ttaﬂ(l’)

starting at ¢ € (a,b]. Observe that the events
{ 72(z) > s}, { Z?:;gy)(s) € (a,b] x ]Rd} and { (T;(V)(s), X:(5)) € (a,b] x Rd}
are all equivalent to the event { 7,(t) > s}. Hence,

E[r7(z)] = [0 P rZ(t,x)> s]ds = fo P[ 7a(t) > s]ds = E [ra(1)].
Therefore,
E [TaZ(Z)] -0, asz-—z, forz,ed,,
holds due to the fact that the point ¢ = a is regular in expectation for the operator
(—Déﬁ,@gﬁ) (see, Lemma [2.5.2)). Further,

E [TaZ(Z)] < 400 uniformly on z € (a,b] x R?

because 7,(t) has finite expectation under assumptions (HO) and (H4). n

Remark 6.6.4. As in the case of the first exit time 7,(t) for the process Tt'“*(”), the

distribution law of the first exit time from (a,b] x R? of both processes Z and Z***

z

coincide when they start at z= (t,x) € (a,b] xR?, so that we will use indistinctly the

same notation.
We also have the following result related to the first exit time 7.2 (¢, z).

Corollary 6.6.5. Under the assumptions (H0), (H3) and (H4), it holds that

E[Tzzz(t795)] = [OOOP[ Ta(t) > s]ds = ﬁoo [atp;(y)(t,r)drds, te(a,b], zeR
(6.6.4)
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Furthermore, the distribution law of TZ(t,x) has the density function

t
u(s) ?/ pe@(t,rydr, te(ab). (6.6.:5)
S Ja

Proof. Since 77(t,x) and 7,(t) have the same distribution for each t € (a,b], the

result follows directly from Lemma [

To introduce the notion of a smooth solution, let us assume that the operator —A

is well-defined on twice differentiable functions.

Definition 6.6.1. A function u: [a,b] x RY - R is said to be a smooth solution to
equation if u is a generalized solution belonging to Cy([a, b]xRY)NCY2((a, b]x
RY).

Remark 6.6.6. If —A, is also well-defined on differentiable functions, then the

previous definition holds but with u € Cy([a,b] x RY) n CY((a,b] x RY).

Theorem 6.6.7. Suppose that the assumptions in Proposition[6.6.1] hold. Assume
also that the generator (=Az,D4) has an invariant core Cy = C%(R?). Let X =0,

g€ Co([a,b] xRY) and ¢q € Coo(R).

(i) If u is a classical solution to the Caputo type equation , then u admits

the the stochastic representation

Ta(t)

u(t,x):E[gZ)a(Xx(Ta(t)))]+E[_/O g(ZZt,m)(s))ds], (6.6.6)

where sz) = (ﬂ+(y),Xx). Recall that Tt+(y) denotes the process (starting at
t € (a,b]) with the generator (-G**),Dq) given in )

(i1) If, additionally, condition (H3) holds, then u takes the explicit form

u(t.e)= [ [ oupa(a.y)dy i (s)ds +

t-a )
+/11-£d/0 g(t—r,y)[o pr I (t,t —r)ps(a,y) ds dr dy, (6.6.7)
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where ps(x,y) denotes the transition densities of the process generated by
(-Az,D4), p;(y)(t,r) stands for the transition densities of the process T*®)

and it (s) is the density function of 74(t).

Proof. (i) Let —Lg4x = é’i)* A,. By Proposmon the operator (=Lg+x, D 1+)
generates a Feller process Z°* on [a,b] x R%. Further, by Proposition 3| the
stopping time TaZ (t,x) is finite in expectation and it has the same distribution than
7a(t) . Take u € C([a,b] x R?) such that u(t,-) € C4 and u(-,z) € C'[a,b], then
u € ®r.. Therefore, Dynkin’s martingale theorem and Doob’s stopping theorem
(applied to the operator (~Lgyx,Dr.) and the stoping time 77 (t, ), see Appendix

for the statements) imply that

o)< B[o (B )] 8| [ Lz 0)ao] 00
B0 (O] B[ [ 02 0)) a5 (6.69)

where the last equality follows from the boundary condition and from the fact (by
assumption) u is a solution to the equation (6.1.1]) (so that —Lg.u = g). We have
used that the paths of the process Z‘(lt+ *) coincide with the paths of the process Z(t o)
before time 7,(t).

The case when the solution u does not belong to the domain of the generator

(=Lg++, D) is obtained by standard approximation arguments.

(i7) Due to the independence between the coordinate processes Tt+(y) and X,, the
representation (6.6.7) is obtained by using the transition probabilities of X, and
the joint distribution between the random variables Tt+(y)(s) and 7,(t). The latter

given in Proposition [2.5.5 [

Remark 6.6.8. Observe now that if u is a classical solution to , then (by

the previous theorem) this is necessarily unique.
Remark 6.6.9. If instead of having A = 0 in Theorem[6.6.7 we consider X € R, then
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we shall obtain an additional exponential term in the expressions given in (6.6.0
and . Even more, taking a function A € C([a,b]xR%) will yield to a stochastic

representation in the form of a Feynman-Kac type formula (see, e.g., the linear case

in Theorem .
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Chapter 7

Conclusions

This dissertation established the well-posedness (in the generalized sense) for equa-
tions involving generalized fractional operators of Caputo and RL type, denoted by
—D((llfr)* and —D((ZZ), respectively. In particular, it focused on the study of generalized
linear equations (Chapter ; nonlinear equations and linear equations with noncon-
stant coefficients (Chapter ; two-sided equations (Chapter [5)), as well as fractional

evolution equations of Caputo type (Chapter @

The use of a probabilistic approach (based on the interpretation of the general-
ized operators as generators of interrupted Feller processes) allowed us to obtain
stochastic representations for the solutions to the equations considered in this work,
as well as smoothness results for specific cases. Further, for the case of generalized
fractional evolution equations, the use of an analytical method provided the exis-
tence of generalized solutions defined via the concept of a Green’s function. This
analytical approach also allowed us to obtain some series representations for the so-
lutions to certain equations. Moreover, since the classical Caputo and RL fractional
derivatives of order 3 € (0,1) are particular cases arising by stopping and killing an
inverted (-stable subordinator, respectively, the results presented here encompass
and extend many very well-known results from the theory of (classical) fractional

differential equations.
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Appendix A

A.1 Feller processes: basic definitions

Let {Ss}ss0 be a strongly continuous semigroup of linear bounded operators on a
Banach space (B, ||-||g), i-e., lims_o||Ssf — f||p = 0 for all f € B. Its (infinitesimal)
generator L with domain ©p,, shortly (L, D} ), is defined as the (possibly unbounded)

operator L : 3 c B —» B given by the strong limit

Lf :=lig}1$sf_f, feDp, (A.1.1)
s S

where the domain of the generator ®; consists of those f € B for which the limit
in (A.1.1]) exists in the norm sense. We also recall that, if L is a closed operator,
then a linear subspace Cy, ¢ @, is called a core for the generator L if the operator
L is the closure of the restriction L| cL [20, Chapter 1, Section 3]. If additionally
SsCr, cCy, for all s >0, then Cy, is said to be an invariant core.

The resolvent operator Ry of the semigroup {Ss}ss0 is defined (for any A > 0) as the

Bochner integral (see, e.g., [I7, Chapter 1], [20, Chapter 1])
Ryg ::/O e*S,gds, geB. (A.1.2)

By taking A = 0 in (A.1.2)), one obtains the potential operator denoted by Rog
(whenever it exists).

We say that a E—valued (time-homogeneous) Markov process X = (X (s))ss0 is a
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Feller process (see, e.g., [52, Section 3.6]) if its semigroup {Ss}ss0, defined by
Suf(r) = BIf (X()[X(0) =2], 520, ze, feB(E),

gives rise to a Feller semigroup when reduced to Cs (E), i.€., it is a strongly continu-
ous semigroup on Co (E) and it is formed by positive linear contractions (0 < Sgf <1
whenever 0< f <1).

For a stochastic process X, = (X,(s))ss0 with state space E, the subscript x in
X;(s) means that the process starts at = € E, so that notation E[f (X, (s))] shall
be understood as E[f (X (s))|X(0) = z].

Additional subscripts and superscripts will be used in the corresponding notations
to differentiate amongst different stochastic processes, semigroups, generators (and
their domains), resolvent and potential operators.

Some standard results from the theory of semigroups and stochastic processes which

are used throughout this work are the following.

Theorem A.1.1. (taken from [17, p. 24]) Let Ss be a strongly continuous semigroup
of contractions on a Banach space B and let (L,®p1) be its infinitesimal operator

with domain Dp. Then for arbitrary g € B the equation
Af-Lf=y, A>0

has one and only one solution f € . This solution is given by the corresponding

resolvent operator

f=Ryg= /Ooo e S, gds.

Theorem A.1.2. (taken from [17, p.26]) Let Ss be a strongly continuous semigroup
of contractions on a Banach space B and let (L,D1) be its infinitesimal operator

with domain Dp. If f = Rog, where Ry is the potential operator corresponding to
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the semigroup Ss and g € B, then fe®p, and
-Lf=g. (A.1.3)

If the operator Ry is bounded, then for every g € B, the equation has a
unique solution, which is given by f = Rog. In this case L is a one to one mapping

of ®1 onto B and the potential Ry gives the inverse mapping of B onto .

For the previous two theorems, see reference [I7, Theorem 1.1 and Theorem 1.1’]

for the original statements.

The following standard result known as Dynkin’s formula (or Dynkin’s martingale)

is also an important tool in this work.

Theorem A.1.3. (Dynkin’s formula) Let X = {X;}ss0 be a Feller process with
(infinitesimal) generator (L,Dy), where Dy is the domain of the generator. If

f €Dy, then the process

M = FO6) - f(X0) - [ LK )ds, 20,

is a martingale (with respect to the same filtration for which Xy is a Markov process)

under any initial distribution v.

See, e.g., reference [53, Theorem 3.9.4, p.134] for the proof.

We shall also use the following more general form of Dynkin’s martingale theorem

(see, e.g., [53, Proposition 3.9.3, p. 136]).

Theorem A.1.4. Suppose that the assumptions of Theorem[A.1.5 hold. Let ¢ be a

bounded continuously differentiable function. Then
¢ d
S0= 1000 - [[7[ 700 560) + o) LI (X | s,
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is a martingale for any f € Dy. In particular, choosing ¢(s) = e with A > 0 yields

the martingale

Foee - [ "o L) F(X)ds. (A1.4)

A.2 Stable subordinators

We always assume the existence of a probability space (€2,G,P) such that all the
stochastic processes of our interest are defined on it. Notation F-* means the com-
pleted natural filtration generated by a process X = {X () }ss0-

For € (0,1), a (-stable subordinator, is a real-valued stable Lévy process X A=
{XP(s) : s >0} started at 0 almost surely (a.s.) with independent increments
XP(s) - XP(r), for any 0 <r < s, having the same distribution as the r.v. Ws((s -
)8 1), ie., a totally skewed positive S-stable r.v. with scale parameter o = (s —
)P (see, e.g., 3], [77)).

This process has nondecreasing sample paths a.s. and is time-homogeneous with
respect to its natural filtration. Further, since the S-stable processes are self-similar
with index 1/8, the process {¢/#X?(s) : s > 0} has the same distribution as the
process {X?(cs) : s> 0} for any positive constant c¢. Consequently, the transition
probabilities pZ (z, E) := P[X?(s) ¢ E|X?(0) = z] for any E € B(R) (the Borel sets
of R) satisfy

pf(m,E):5_1/6_[Ewg(s_l/ﬂ(y—x);l,l)dy,

where wg(+;0,7) is the density of S—stable r.v. Wg(o,v) with scale parameter o,
skewness parameter v and zero location parameter. The density wg(+;1,1) corre-

sponds to a standard (-stable r.v. and is given by

wg(x;1,1) = %%/Omexp{—iuaz—uﬂexp (—igﬁ)}du, (A.2.1)

where 2R(z) means the real part of z € C (see Theorem 2.2.1 in [8§]).

The infinitesimal generator (A%, D 3) of a B-stable subordinator is the generator of
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a jump-type Markov process of the form

Aﬁh(x):fooo(h(z:+y)—h(1:))y5(dy), heDs, (A.2.2)

with a domain g and with the jump intensity given by the Lévy measure v sup-

ported in R,:

vs(dy) = —L gy —— L gy (A.2.3)

(1= Byt T D(=g)ye

The last equality holds due to the identity I'(z) = (x - 1)['(x - 1).

We say that the process X+# = {X*ﬁ(s) s> 0} is an inverted 5—stable subordinator
if —X*8 is a f-stable subordinator with § € (0,1). Thus, X*? is a Markov process

with non increasing sample paths a.s. and with the generator
Ah(@) = [T (o =) - b)) va(dy).
Notice that the relation
wg(-z;0,1) =wg(x;0,-1),

implies that X7 (s)-X*#(r) has the same distribution as the r.v. Wj ((s — )8, —1).
Hence, the transition probabilities p:” (z, E) := P[X*?(s) € E|X*#(0) = x] are given
by

PPt E) =518 [E ws(s YAz —y): 1, 1)dy, E<B(R). (A.2.4)

We shall use some of the following equalities:

1. If pf (x,y) denotes the transition densities of a S—stable subordinator, then

Pl (x,y) = s Puwg(sHP(y - 2);1,1). (A.2.5)
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2. The equalities

[P ds = [T s (s - a)i 1 1)ds

= (y-xz)°t _[Ooou_l/ﬁw/g(u_l/ﬂ;l,l)du,

hold for 8 € (0,1). They are obtained via the change of variable u = s(y—z)7".

3. The relationship between p’f (x,y) and pzﬁ (z,y) implies that

[ s = - [T a1, 1)du
1

L y) L. (A.2.6)

The last equality is obtained by means of the change of variable z = w8 and
then using the Mellin transform of the f-stable densities wg(z;1,1) (see, e.g.,
[88, Theorem 2.6.3, p. 117]).

A.3 The Gamma and Beta function
The Euler’s gamma function I'(+) is defined as

T(z) = [0 Tt R(z) > 0. (A.3.1)

The Gamma function can be thought of as the generalization of the factorial func-
tion, since for n € Ng, I'(n+1) =n!. For all « >0 and 8 > 0, the Euler’s Beta function

B(a, ) is defined by the two-parameter integral
Lo 1
B(a, 8) = [O w1 - w)Pdu, (A.3.2)
Some rather standard identities (see, e.g., [15, Theorem D.1, Theorem D.6]):

[(z+1)=2I(2), B(a,B) = %. (A.3.3)
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We will also use the inequality
['(na) > (n-1)1a*" (T (a))", (A.3.4)

for ne N and a > 0.

Remark A.3.1. The Gamma function can be extended to z € C with negative real
part except for negative integers. For B <0, B¢ {0,-1,-2,...}, T'(-5) is defined via
the relation T'(8) = %

A.4 Mittag-Leffler function

The Mittag-Leffler function and their numerous generalizations take a relevant place
in the solution of fractional differential equations.

The Mittag-Leffler function of order 3 >0, Eg, is defined by

2 JB+1) 2t

One of its generalizations is the two-parameter Mittag-Leffler function Eg, g, given
by

[ee)

ZJ
E = _—_—
51,52(2) ;)F(jﬁ1+ﬂg)’

zeC, 51>0, BaeR.
In particular, these functions can be seen as the generalizations of the exponential
function since E1(z) = Eq11(2) = exp(x). For a brief review of properties of these

functions see, e.g., [15, Chapter 4]. More detailed treatments can be found, e.g., in

[73], [76].
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