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Abstract
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dard asset pricing model with stochastic volatility. The growth rate of the endow-
ment is a first-order Gaussian autoregression, while the stochastic volatility innova-
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exists. The solution is useful in allowing comparisons among numerical methods
used to approximate the nontrivial closed form. The closed-form solution reveals
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be present.

Keywords: Endowment model, Price-dividend ratio, Closed-form solution, Nu-
merical methods.
JEL classifications: C61, C62, G12

*Affiliation: Board of Governors of the Federal Reserve System, Washington, D.C. Email:
oliver.v.degroot@frb.gov. Disclaimer: The views expressed in this paper are those of the author and do

not necessarily reflect those of the Board of Governors or staff of the Federal Reserve System.


https://core.ac.uk/display/82920604?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

1 Introduction

Stochastic volatility has become an important feature of macroeconomic models that seek
to explain both stylized business cycle and asset pricing facts. Since closed-form solu-
tions elude richer macroeconomic models, various numerical methods have been proposed
to provide an approximated solution. The contribution of this paper is to present a
simple (asset pricing) stochastic volatility model in which an exact solution (for the price-
dividend ratio) exists, which may serve as a benchmark from which to compare alternative
numerical approximation methods.

Burnside (1998) provided an exact solution for the Lucas (1978) asset pricing model
with Gaussian, autoregressive dividend growth shocks and time-separable constant rel-
ative risk-aversion (CRRA) preferences.! Bidarkota and McCulloch (2003) and Tsionas
(2003) extended Burnside’s solution to shocks with stable distributions and shocks with
well-defined moment-generating functions (MGFs), respectively, while Chen et al. (2008)
and Collard et al. (2006) extended it to the case with non-time-separable preferences

> In each case, the solutions provide a useful benchmark

through habits in consumption.
against which to test numerical solution algorithms. This paper follows in that tradition.
It extends the Burnside model by adding stochastic volatility to the dividend growth
process.

Since Bansal and Yaron (2004) showed the importance of stochastic volatility to ac-
count for stylized asset pricing facts, the use of stochastic volatility has become a wide-
spread addition to standard business cycle models. Yet, even beside the demand for
business cycle models to match stylized asset pricing facts, there is a growing use of
stochastic volatility in macro modelling. Stock and Watson (2002) and Sims and Zha
(2006) are prominent examples arguing that time-varying volatility is important in ac-
counting for the dynamics of U.S. aggregate data. Among Dynamic Stochastic General
Equilibrium (DSGE) researchers, stochastic volatility is being put to many applications:
Bloom et al. (2007) consider the role of time-varying uncertainty for investment dynam-
ics, Justiniano and Primiceri (2008) investigate the sources of the Great Moderation, and
Fernandez-Villaverde et al. (2011) study the effects of stochastic volatility in fiscal shocks
on economic activity, to name just a few.

Because of the increasing importance of stochastic volatility, which naturally adds
additional nonlinearity into the solution of models, a growing literature has been testing
how different numerical solution methods that solve equilibrium models with stochastic
volatility perform. Caldara et al. (2012), for example, compare perturbation methods (of

second and third order), Chebyshev polynomials, and value function iteration in a real

! An early contribution by Labadie (1989) also provided the solution in a slightly more general context.

2In related work, Calin et al. (2005) develop a method that finds the solutions for analytic utility func-
tions that offer closed forms for a wide class of probability distributions for the state variable. Similarly,
Le et al. (2010) extend the Gaussian dynamic term structure model to a larger class of MGF's.



business cycle model with stochastic volatility.
In this paper, I show the exact solution for the price-dividend ratio of a simple asset
pricing model as a nontrivial function of the model’s two state variables, the current divi-

dend growth rate and the current volatility of the dividend growth process.’

Innovations
to the dividend growth rate are drawn from a Gaussian distribution. Innovations to the
stochastic volatility process can be drawn from any distribution for which the MGF exists.
For much of the paper, I follow Bansal and Yaron (2004) and assume Gaussian shocks
for the stochastic volatility innovations. However, a gamma distribution is potentially
appealing because it ensures that the realizations of the stochastic volatility process are
strictly nonnegative and because it displays skewness and kurtosis.

The closed-form solution has the following properties: First, the price-dividend ratio
increases when the volatility of dividend growth increases, as well as when the volatility
of the stochastic volatility process increases. Second, the sensitivity of the price-dividend
ratio to a change in the volatility state is increasing in the persistence of the stochastic
volatility process. I derive an expression for the unconditional mean of the price-dividend
process, as well as several other endogenous objects of interest, such as the risk-free rate
and the conditional equity risk premium. Since the closed-form solution for the price-
dividend ratio takes the form of an infinite sum, I provide parameter conditions under
which the price-dividend ratio (and its unconditional mean) are finite. I also show where
to truncate the infinite summation when calculating the solution numerically to ensure
that the truncation error is no larger than a given value with a given probability.

Finally, I show how two alternative low-order polynomial approximation techniques
perform in terms of numerical accuracy: (1) a first-order approximation following Camp-
bell and Shiller (1988) that exploits the normality of the stochastic processes; and (2) the
perturbation method around a deterministic steady state, popular among macro-DSGE
researchers. I find two results of note: First, a fourth-order perturbation is required to
generate a similar order of accuracy close to the steady state as the approximation that
exploits the normality of the stochastic processes. Second, a sixth-order perturbation
approximation is required for the parameter capturing the conditional standard deviation
of the stochastic volatility process to show up in the approximated solution.

The rest of the paper is structured as follows. Section 2 presents the basic asset
pricing model with stochastic volatility, and Section 3 presents the general closed-form
solution. Section 4 applies the model and further discusses its uses. Section 5 concludes.
The appendix provides derivations of the paper’s key results, while an extensive online
appendix provides additional detail, describes a variant of the basic model, and tests the

model’s asset pricing implications.

3The model features CRRA preferences and not recursive preferences as in Bansal and Yaron (2004),
which means the model does not solve the risk-free rate and equity premium puzzles (see Mehra and
Prescott (1985) and Weil (1989)). However, this feature does not diminish the model’s usefulness as a
testing ground for numerical solution methods interested in capturing the effects of stochastic volatility.



2 The asset pricing model

There is a representative agent who maximizes the expected discounted stream of utility

¢ Ct1_7
By it B (1
subject to the budget constraint
¢+ seape < (di + pe) st (2)

where E; is the mathematical expectations operator conditional on the time ¢ information
set, ¢; is consumption, and s; denotes units of an asset whose price at date t is p; with
dividends d;. The discount factor is 5 € (0, 1), and the coefficient of relative risk aversion
isy > 0 and v # 1. The growth rate of dividends, denoted x; = log (d;/d;_1), is assumed

to follow a Gaussian AR (1) process,

Ty =+ p(Ti1 — ) + /N, (3)

where z is the steady-state growth rate of dividends, p € (—1, 1) is the persistence para-
meter, and ¢; is a sequence of independently and identically distributed (iid) innovations
from the standard normal distribution. The innovations to z; are scaled by /n,. 7, is
therefore the conditional variance of dividend growth and is time varying. In particular,

it follows an AR (1) process,

Ny =1+ py (m_l - 77) + Wt (4)

where 7 is its steady state, p, € (—1,1) is the persistence of the stochastic volatility
process, w is a scalar, and ¢, ; is a sequence of iid innovations with a given distribution

function F;, and an MGF given by
M (1) =Eexp (1e,) = [ exp(re,) dF, (e,), T€R.

The first-order equilibrium condition of the agent’s maximization problem, equations (1)
and (2), is
c; 'pe = BBy (Pre1 + digr) - (5)



Market clearing, s, = 1, implies that ¢, = d;," and, in defining the price-dividend ratio as

Yy = pi/ds, the first-order equilibrium condition becomes

i\
v = Eif8 (d_t) (Y1 +1). (6)

Iterating forward and making use of x;, we are left with

b= 2 AEexp (1) Ty 7urs ) (7)

3 The model solution

Equation (7) shows that, in this asset pricing model, the price-dividend ratio at time ¢ is
simply a function of expected future dividend growth. Finding an exact solution for v,
means finding a closed-form expression for E; exp ((1 —9) 22:1 .IH_j) fori = 1,2,... in
terms of the current state, ; and 7,. In the case without stochastic volatility, Burnside
(1998) derived such a solution. The theorem below shows an exact solution with stochastic

volatility.

Theorem 1 Suppose that the MGF of €, exists. Then the solution to equation (7) is

Yo =220 B exp (Aix + B; (xp — x) + Cin + D; (n, — 1) + H) | (8)
where
Ai=(1—7)1i, 2E<%>p(1_pz)7
— 2 _ 21
C:=3(15) (-2 +5).
o (122 i—1 i—1 2(i—1)
D=3 1Tp> (61 4 Gopypi ™t + d3p't + Gy )
Hi= 2 log M (% (12) (014 dapypi + 059 + ¢4p2<2‘”))) ,
and where
b —py (py+p) (1= p)” —2p? o
¢1El 2= 10 1 (6, +7) , Pz = ,and ¢y = — _
_pn (p _pn)(p_pn)(l—pn) p—pn p_pn

Proof. See Appendix A.1. =

4The assumption that, in equilibrium, ¢; = d; is not a necessary assumption to generate a closed-form
solution. In the online Appendix B.4, I present a closed-form solution for the price-dividend ratio when
the consumption and dividend growth processes follow the specificiation in Bansal and Yaron (2004).
Specifically, in Bansal and Yaron (2004), consumption and dividends are driven by a common small
predictable component but have (potentially) different steady-state growth rates and have independent
iid innovations.



Bansal and Yaron (2004) consider the case in which ¢, is drawn from a Gaussian distri-
bution, and I will focus on this case because of its near ubiquity in the finance literature.
However, a drawback of the Gaussian distribution, though, is that it does not prevent
the standard deviation of the dividend growth rate from turning negative. One solution
to enforcing the nonnegativity constraint is to use a truncated normal distribution. A

symmetrically truncated normal distribution, for example, has the following MGF:

1 (1) = exp (7)) (@ ] ﬂ) |

2 1 — 2 (emin)

where emm denotes the least restrictive truncation that ensures nonnegativity of n, (e} min

is explicitly defined in the online Appendix B.1.1). Alternatively, one could model ¢, as
drawn from a distribution with a nonnegative support but with an existing MGF, such

as the gamma distribution.” The gamma distribution has the following MGF:

MY ()= —g7)™? for 7< i,
g1

where g; and g, are the scale and shape parameter, respectively. The value of a closed-
form solution with the gamma distribution for the stochastic volatility innovations —
as opposed to the Gaussian distribution — is that there is plenty of empirical evidence
(see for example, Geweke (1994) and Gallant et al. (1997)) in favor of fat tails in the
stochastic volatility process for many financial series. The gamma distribution features
both positive skew and excess kurtosis. Despite this fact, it is beyond the scope of the

current paper to explore this avenue of research in more detail.
The result in Theorem 1 nests the solution for the model when ¢, is drawn from a
standard normal distribution, with an MGF of M" (1) = exp (é), which I show in the

following corollary:"

Corollary 2 When ¢, ~ N.i.d.(0,1), then H; in the solution in equation (8) becomes

Fw?, where

. 1—p2i _ i
\ ¢?+¢31’;’;+¢§ii2+¢iﬁi

1—
(—7> +2¢1¢2 L4 20, py L - + 20,045 i p ,
+20905 1<pnp) + 2¢2¢4# + 205042

1- p

’The inverse-gamma, another distribution popular in the finance stochastic volatility literature, does
not have a well defined MGF.

6This formulation of the stochastic volatility process could technically cause the standard deviation of
dividend growth to become negative. However, under reasonable calibrations of the process, this result
happens rarely. Bansal and Yaron (2004) use the same process and choose the following parameter values
based on a monthly frequency: 7 = 6.08 x 107°, p, = 0.987, and w = 0.23 x 107°. Simulating this
process 10° times for 840 months results in the process turning negative in 0.14% of the simulations.



Proof. See Appendix A.2. m
For the remainder of the paper, unless otherwise stated, I will be using the model
with Gaussian stochastic volatility. In Burnside (1998), the solution without stochastic
volatility is
ye = Yooy Brexp (Aiw + B; (xy — x) + Cim) ;

therefore, it is the term D; (1, — n) + Fyw? inside the exponential function in equation (8)
that is novel. It is straightforward to show (see equations (A.5) and (A.11) in Appendix

A.1) that both D; > 0 and F; > 0.” Tt follows that 8(7??;7) > (0 and % > 0: A rise in the

volatility of dividend growth unambiguously increases the price-dividend ratio, as does a

rise in the volatility of the stochastic volatility process itself. This outcome is mechanically
a consequence of the standard result that a rise in the volatility of a log-normal process
increases its mean. It also follows that W > (0 and W > 0: The
price-dividend ratio responds more to movements in the dividend growth rate in a high-
volatility state than in a low-volatility state, as well as in an environment with greater
stochastic volatility. The insight from this result is that the heteroskedasticity (inherent
in the exogenous dividend growth process) will be more pronounced in the endogenous
price-dividend ratio. Equations (A.5) and (A.11) also show clearly that gi ]", gfj; >0: A
rise in the persistence of the stochastic volatility process increases the sensitivity of the

price-dividend ratio to both changes in dividend growth and volatility.

4 Application and further discussion

This section presents several applications of the closed-form solution derived in Section
3. First, I derive closed-form expressions for several other variables of interest, such as
the unconditional mean price-dividend ratio, the risk-free rate, the conditional-expected
return on equity and the conditional equity risk premium. Second and third, since the
price-dividend ratio is the sum of an infinite sequence, I show the conditions under which
the price-dividend ratio exits (i.e. is finite) and I show how to choose an appropriate
truncation point when calculating the price-dividend ratio. Fourth, I use the model
to compare the numerical accuracy of several low-order polynomial approximations in

capturing the effects of stochastic volatility.

"The exception is logarithmic preferences (v = 1) in which case A; = B; = C; = D; = F; = 0 and
the price-dividend ratio becomes constant. With logarithmic preferences, B; = 0 because the wealth
and substitution effects of a change in the dividend growth rate exactly offset each other. Since the
price-dividend ratio remains constant in response to dividend growth movements, it follows that the
price-dividend ratio is also invariant to changes in the volatility of those movements.



4.1 Additional variables of interest

Once we have a closed-form solution for the price-dividend ratio in hand, it is possible
to construct closed-form expressions for several other variables of interest, including the
unconditional mean price-dividend ratio, risk-free rate, conditional-expected return on
equity, and the conditional equity risk premium. Derivations are contained in the online
Appendix B.2.

Unconditional mean price-dividend ratio The unconditional mean price-dividend
ratio is

. B? 1{ 71 2%a%e . Y
E _ oo i Al CZ i - 7, _ 2,1 /1, 2, Fz 2 ’
n Elzlﬁexp< x—l—( —I——z(l_pQ))ﬁ—ir(Q<1_p727 1—pnp2+1—,04 + w

where
Vi = | E—5+Di), via=-— :
1 2 '077_'02 2 2 '071_'02

The unconditional mean price-dividend ratio is increasing in both the volatility w and
the persistence p, of the stochastic volatility process (as is made clear by the quadratic
expression in (B.3) in Appendix B.2.1). The unconditional mean price dividend-ratio is

also higher than the price-dividend ratio evaluated at the steady state (z;,7,) = (x,n).

Risk-free rate The risk-free rate is defined as

w (e (%))

and has the following solution:

2 2 4
. _ v v?p v
R =3 exp (’yaﬂrw(aﬁt—x)—;n——?"(m—n)—gcf)-

Higher dividend growth increases the risk-free rate, while higher stochastic volatility lowers
the risk-free rate. Thus, the risk-free rate puzzle (see Weil (1989)) may be partly resolved
by the addition of stochastic volatility.® As is typical in this class of models, when the

risk-aversion parameter, v is large, the risk-free rate can become counterfactually high.

8In online Appendix B.5, I quantitatively assess the ability of stochastic volatility to lower the risk-free
rate. In this model with CRRA preferences, a counterfactually large standard deviation of the stochastic
volatility innovations is required to generate an economically meaningful reduction in the risk-free rate.



Conditional-expected return on equity and the equity risk premium The

conditional-expected return on equity is defined as

d
E.R.1 = E, <M)

Dt
and can be rewritten as

E.Ry.y — Eiexp (v441) + Bwyer1 exp (T441) ‘

Yt

The solution replaces E; exp (z;11) with

1 P 1
exp <x+p(xt—w)+§n+5”(7715—77)+—w2>

and Eyy; 11 exp (x441) with

(A + 1)+ (B + 1) p (3, — 2)
Y2 Blexp | +(Ci+ 3 (Bi+ 1)) n+5(Bi+1)p, (n,—n)
+(F+33 B+ + D)) w?

Since the conditional-expected return on equity is the ratio of two objects involving a sum
of exponential terms in z; and 7,, it is, unfortunately, not possible to derive a closed-form
expression for the unconditional mean return on equity or for the unconditional equity

risk premium. The conditional-equity risk premium is E,R;,1 — Ry !

4.2 Existence

Since the price-dividend ratio is the sum of an infinite sequence, it is not clear from
equation (8) whether the price-dividend ratio is finite. The following theorem states the

parameter conditions under which the price-dividend ratio is finite:

Theorem 3 The series in equation (8) with H; = Fyw? converges if and only if

B exp ((1—7)1’4—1(—1 7)217+ 1-7) oﬂ) <1 9)
5 )
2\1-p 8(1—p)4(1—pn)
Proof. See Appendix A.3. m

In Burnside (1998), the convergence criterion is

1/1—7\?
6exp((1—7)x+§<m) 77><1




and thus less demanding than the condition in Theorem 3, conditional on the same para-
meters for 3,7, z, p, and 7.’

To get a better understanding of the restriction the condition in Theorem 3 places on
the parameters of the stochastic volatility process, I followed Schmitt-Grohé and Uribe
(2004) and Bansal and Yaron (2004) in parameterizing the asset pricing model as follows:
Based on an annual frequency, § = 0.95, x = 0.0179, and n» = 0.0012. In addition,
I consider three different parameterizations of the pair (p,7) using p = {—0.137,0.868}
and v = {2.5,21}. I ignore the high-persistence, high-risk-aversion combination since
the price-dividend ratio is never finite in this case. Figure 1 shows the (pn, w) pairs (the
two parameters describing the stochastic volatility process) for which the condition for a
finite price-dividend ratio (in Theorem 3) holds. The plots show that, when both the
persistence of the endowment growth process and risk aversion are low (left panel), the
conditions on the stochastic volatility process to ensure that the price-dividend ratio is
finite are relatively weak. Bansal and Yaron (2004) choose parameter values for p, and w

V" However,

(indicated in the figure), significantly inside the convergent parameter space.
as either the level of risk aversion (middle panel) or the persistence of the dividend growth
process (right panel) increases, the parameter space for the stochastic volatility process

consistent with a finite price-dividend ratio shrinks considerably.

4.3 Accuracy of calculating the price-dividend ratio

Despite a closed-form solution, the solution in equation (8) is that of an infinite sum,
which means that when the model is calibrated and the price-dividend ratio is calculated,
some level of truncation, and therefore inaccuracy, is inevitable. Here I show how to

choose an appropriate truncation point. Denote 3V as the truncated solution

y =1L Bexp (Zi + B; (x — x) + D; (n, — ),

where, for parsimony, Z; = A;z+ Cin+ F,w?. Then select N such that P (Ay¥ > &) < ¢,
where AyN = yN — 4N "! and £,4 > 0. In words, select a truncation point N such that
the probability of an error greater than some value ¢ is smaller than some probability .
Since

AytN = BN exp (ZN + By (CL’t — fE) + Dy (77t - 77))7

Markov’s inequality implies that

E(AyN) ﬁN 1 3277 w? ’V%\M 2YN1VN 2 ’ﬁ\m
P A N> <—t:— Z J— N - ) . ) ) 9 .
(Ao 2 ¢) § feXp(N+21—p2+2 L=pj 1—,0np2+1—p4

Tt is straightforward to show that the unconditional mean price-dividend ratio is also finite if and
only if the condition in Theorem 3 holds (see the online Appendix B.2.1).

10Bansal and Yaron (2004) use a monthly calibration with py = 0.987 and w = 0.23 x 10~°. Figure 1
reports the annualized-equivalent values of p, = 0.855 and w = 0.74 x 1075.

10



Figure 1: Regions of convergence in the parameter space
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Note: Red crosses mark the parameter space for which the condition in Theorem 3 holds, blue circles

the parameter space for which the condition is violated and the price-dividend ratio is no longer finite.

The black square denotes parameters values p, = 0.855, and w = 0.74 X 107° used by Bansal and
Yaron (2004). Remaining parameters are § = 0.95, x = 0.0179 and n = 0.0012.
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It is then possible to select an N such that

sy ( 1 By | w? ( TN 20naTN2 | Ve >)
—exp | 2y + = + = — — — + : <,
3 21—=p* 2 \1-p2 1—pyp* 1-p*

where ¢ can be set to machine precision and 1 can be a desirably low probability.

4.4 Low-order polynomial approximations

While the model presented in this paper is too stylized to provide a strong quantitative
description of asset prices, the closed-form solution of the model provides a useful bench-
mark to compare the properties of numerical solution techniques that one may wish to
employ for richer, quantitative models with stochastic volatility. As an example, this sec-
tion compares the results from a perturbation solution around the deterministic steady
state (up to sixth order) with a linear approximation that exploits the Gaussian nature
of the shocks.

4.4.1 The perturbation solution

Perturbation methods, popular in macro-DSGE models, create a polynomial approxima-
tion around the deterministic steady state. Since Schmitt-Grohé and Uribe (2004) show
that perturbation methods generate accurate approximations, I can work directly with
a Taylor expansion around the known decision rule.!! The perturbation method incor-
porates a scale parameter, which I denote o, that scales the stochastic processes in the
model. When ¢ = 0, we have the deterministic counterpart of the model, and, when
o = 1, we have the full stochastic model. The solution of the model, with the inclusion

of the perturbation parameter, can therefore be rewritten as
yr =Yooy Blexp (Aix + B (x, — z) + Cio®n + Dio® (n, — ) + Fio®w?), (10)
and, in general, the decision rule can written as

ye = g (x,my,0).

The perturbation method constructs a polynomial expansion of g (zy, n,, o) around (x,n,,0) =
(xz,7n,0). Since the following coefficients, when evaluated at the deterministic steady-state,
are all zero
9n = 9o = Gn? = Gan = Gzo = Gno = 0,
I = 9o3 = Gu2n = Ju2o = Gn2ae = Gnpe = Gano = 0,

Tn this instance, accuracy means that the perturbed approximate solution around the deterministic
steady state delivers the same decision rule as if one had done a Taylor expansion of the exact decision
rule.

12



the third-order solution is

Y=g+ g (2 — )+ % (gxz (xy — x)2 +g02)
+% (goc3 (ajt - $)3 + 3952, (xt - 1’) + 390277 (77t - 77)) )

(11)

93g(x,n,0)

where, for example, g,2, = = 55.~. The non-zero coefficients are

9z = Zfil 5i €xXp (Azx) B,

gz = >0, Blexp (Ax) B}, g2 = > o0, B exp (A;z) 2nC;,
gz3 = Z;.il Bl €xp (Azm) BE? G022 = Z?il Bl €xXp (AliU) QUBZCH 9o2n = Zzl ﬁl €xXp (Azx> 2Dz

It is a well known result in the macro literature, that a third-order approximation around
the deterministic steady state is required for the first-order effects of stochastic volatility
to appear. That is, the first occurrence of (1, — 1) in the approximate solution, equation

(11), is for the third order term g,2,. Less well known is the following theorem:

Theorem 4 The price-dividend ratio in a model with a dividend growth process described
by (3) and (/) is only affected by the standard deviation of the stochastic volatility process,
w if the perturbed approximation around the deterministic steady state is taken up to sixth

order.

The coefficients of the approximations for fourth to sixth orders are unwieldy and are
therefore relegated to the online Appendix B.3.1. However, the parameter w is absent in

all the terms except for
oo = ooy B exp (Agx) (1°CF + T20Fw?) .

This result is also clear from equation (10) since the perturbation parameter raised to
the power six, 0®, premultiplies w?. While the role of w is not very powerful in this
simple model with CRRA utility, in Bansal and Yaron (2004), the addition of stochastic
volatility is crucial in raising the mean equity premium from 4.20% to 6.84% in their
preferred specification. Theorem 4 may explain some of the relative success of endowment
economy models like Bansal and Yaron (2004) versus production economy models in
capturing the observed equity risk premium. Bansal and Yaron (2004) show that adding
stochastic volatility to a model with recursive preferences can significantly increase the
equity risk premium. In contrast, when Andreasen (2012) adds stochastic volatility to the
New Keynesian model with recursive preferences presented by Rudebusch and Swanson
(2012), he still requires a coefficient of relative risk aversion in excess of 150 in order to

match observed term premiums. In both papers, the model is solved using perturbation
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methods up to only third order.?

4.4.2 The first-order solution exploiting normality

An alternative to perturbation methods is to follow Campbell and Shiller (1988) and
to exploit the conditional-log-normality of the dividend growth process. The detailed
derivation is in the online Appendix B.3.2. The log-price-dividend ratio in this case is

specified as

logy, =logy + k1 (@ — ) + Ko (n, — 1) ,

where )
1
(1=79)p 5<(1_7)+ﬁ“1> Pn
K1 = 1- v Ko = 1 U )
T 1P ~ TP

and y solves

ﬁzﬁe){p((l_wwr(l—v) 1+y)n 1= (1+y) )

20+(1-p)y)°* 8A+(1—py)' 1+ (1-p)y)

With the approximate solutions using the two alternative methods in hand, it is pos-
sible to compare accuracy relative to the closed-form solution, which can be calculated to
machine precision. Figure 2 presents accuracy results using the benchmark calibration
employed in the previous subsection (with (p,v) = (—0.137,2.5)). Since the state space
is two dimensional, I present several different cuts of the accuracy statistic. The top row
shows the accuracy of the price-dividend ratio as x; changes, holding 7, fixed at 0,7, and
4n), respectively, as one moves from the left to right panels. When comparing the left and
right panels with the middle panel, the second-order approximation does poorly when the
volatility of the dividend growth process is away from its steady state. Looking across
all six panels, it is clear that the Campbell and Shiller (1988) approximation (denoted
c-s approx.) does very well. A fourth-order solution performs well close to the steady
state, but deteriorates relative to the Campbell and Shiller (1988) approximation as 7,
moves further from 7. Following Theorem 4, it is also not surprising that a sixth-order
approximation generates another large improvement in terms of accuracy (the fifth-order

approximation was excluded, as it showed little improvement over the fourth-order one).

12However, it is worth noting that the form of the stochastic volatility process in Rudebusch and
Swanson (2012) and Andreasen (2012) is different from the one specified here. In their case, it is possible
that a fourth-order approximation would be sufficient to capture the standard deviation parameter of the
stochastic volatility process in the solution.
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Figure 2: Accuracy of approximated solutions

\ -------- l-0-a < 2-0-a =-3-0-a ---4-0-a ——6-0-a —C-S approx.

-0.2 0 0.2

: -0.2 0 0.2
2y — 2 (T = Thmin)

Ty —Z ("’t = nmaw)

-1 0 1 2 3 -1 0 1 2 3 -1 0 1 2 3
m—1x 1072 (24 = Zmin) n—n (z; =x) x 1073 % — 1 (T = Typae) x 1073

Note: 1-0-a to 6-o-a denotes the first- to sixth-order approximations in the neighbourhood of the
deterministic steady state using perturbation methods. c-s approx. denotes the approximation utilized
first by Campbell and Shiller, exploiting the normality of the stochastic processes.

Noin = 05 Max = 47, Tmin = —0.25, Tpax = 0.25.
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5 Conclusion

This paper provides an exact expression for the price-dividend ratio in an endowment asset
pricing model with CRRA preferences, Gaussian autoregressive shocks, and stochastic
volatility with innovations from any distribution for which the moment generating function
exists. The solution provides a useful benchmark against which to test the performance of
alternative numerical solution algorithms that one may wish to use to solve more elaborate
macro-finance models with stochastic volatility. In particular, I show that perturbation
methods may have to go higher than third order in order to fully capture the implications
of stochastic volatility.

Since the structure of the model with stochastic volatility shares many of the properties
of the basic Burnside asset pricing model, it should be possible to derive an exact solution
for this stochastic volatility model with the addition of multivariate and higher-order
autoregressive processes, as in Burnside (1998), or with habits in consumption, as in
Chen et al. (2008) and Collard et al. (2006). This topic would be a fruitful direction for
future research, as would a more thorough investigation of modelling stochastic volatility

with the gamma distribution.
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A Appendix

A.1 The solution: Proof of Theorem 1
The ultimate aim is to rewrite the expression

E; exp ((1 —) 23:1 mtﬂ-) for i=1,2,.. (A.1)

in terms of the time ¢ state variables, x; and n,. Iterating forward the dividend growth

process, equation (3), so that x,,; is in terms of x; gives
Ty = o0 (@ — ) + Y P e
Substituting this into (A.1) gives
Brexp (1—9) Siey (o447 (00— ) + Sl 0/ Viiae) )

Collecting terms for x, (z; — x) and each e, ; gives

Z;’:l (z+ ¢/ (21 — x))
B exp <<1 a 7) ( +Z§=1 <Z§c;j1+1 Pk%) mgtﬂ' )> |

Using the standard results of geometric progressions gives

S (1—7)iz + (1 —7) pr2 (2, — 2)
t _ i i .
+(LZ) Zj:l (1 - P JH) e+ €t+j

Since the first row in the previous expression is only in terms of z and (z; — x), the

expectations operator can be moved, leaving

exp (Aix + B; (z; — z)) Eyexp (0 23:1 (1—p=7t1) /ntﬂ-atﬂ) : (A.2)
where
, : -y
Ai=(1—-7)i, Bi=0p(l—p') and 0= (1—> :
—p
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At this stage it is instructive to rewrite the expression with the expectations operator in

(A.2) as an integral of probabilistic outcomes

[eoif [ [ exp (923:1 (1 pt) \/mgtﬂ) dF - dF dF, - dF,,
Entrl  Ent+i€tdl  Etti t+1 ttigy 111 En,t4i

where F' and F;, are the density functions for the i.i.d. random variables ¢ and ¢, respec-

tively. Since the € innovations are independent, we can rewrite the problem as

I (H [ esp (015 Vo) giF.) T

Enttl  Emtti ttj T ) entv1 Ent

Using a standard result for random variables, namely that if z ~ NV (0,1) and k is a scalar,
then E (exp (kz)) = exp (%), we get

; 62 i
[ (Hjl exp (5 (1 -p j+1)277t+j)> ar, --- dF,,

Ent+l  Entti €n,t+1 En,t+i

or

02 i i—7 2
[ [ exp (E > et (1—p=7 ntﬂ-) dF, --- dF,. (A.3)

Ent+l  Emtti Enyt+1 En,tti
If we assumed 7, ,; = n for all : = 1, 2, ... the expectations operator would disappear from
the above expression and with a little further manipulation we would recover the solution
in Burnside (1998). Instead, with stochastic volatility there is more work to do. Iterating

forward the stochastic volatility process, equation (4), so that 7, is in terms of n, gives

Moy =1+ ph (0, — ) + Y0y phFweyepn

Substituting this expression into (A.3) gives

0 . o . 4 .
[ ] exp (3 23:1 (1 — p’_]+1)2 (n +p5 (0, —1m) + >y pZ]_kwsmHk)) dF, --- dF,.

Ent+1  Emtti En,t+1 En,t+i

Collecting terms for 7, (n, —n) and each ¢, ,; gives

% i1—7\2
02 Zj:l (1—p™7) "y
% it1—i\2
Jo ] ew| + 325 (L= ™) pl (= m) dF, --- dF,.
Ent+1 Enytti +w 2221 < ;’C;lerl (1 _ pi—j+27k)2p7l;fl) Entti En,t41 En,t+i
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Since the first two rows in the previous expression are only in terms of 7 and (1, — 77), the

integral can be moved, leaving

exp (Cin + D; (n, — 1)) (A.4)
0w i imit9 N2 ke
X ff exp <T231< k:31+1 (1—p j+2 k) ,Of, 1) 5n,t+j) an ...an’
Ent+1  Entti Ent+1 En,t+i
where
— 6 i it1—5)2 — 6? i i+1-5\2 j
C = o) Y (T=p")" and D, = o) S (T=p" )l (A.5)

Notice that D; > 0, ‘95 i < () and % > 0. Expanding the quadratic terms in C; and D;
n
gives
2 i i (i i (i
Ci=% 3 (1=2p°p7 071 4 pp=20-1)

D; = % 23:1 (pnp%il - QPnPi (Pnpfl)jil + ,Onp% (pnp*Z)jﬂ) 7

and using the standard results of geometric progressions gives

2 . _ ot 2%
Ci=§ (120 + 715
—1,2

2 1-pt ilfrflpi i 1-(p; 10?)"
Di:%(me;_Q'Onp 1( )+p?7'02 e )>

Ui
—1 —1
—pn P 1—py p?

Collecting terms in D; gives

6%p 4 4 .
D; = Tﬂ (¢1 + ¢2Pnpj771 + ¢39271 + ¢4P2(171)>
where
1 —p, (p, +p) (1= p)? —2p° ot
D= Oy= L/ O , and ¢, = ——.
e () (o) (Lmp) ey N

The final expression left to evaluate is the integral expression in (A.4),
0w i i—j+1 i—j+2—k\2 k-1
S| exp 5 Zj:l k=1 (1 —p ) Py ) Ents | dFy - dFy, (A6)
Ent+1  Ent+i En,t+1 En,t+i
which can be rewritten as

1 92(,0 i—1q i _ 2 o
[T, [ e (T( AR O A 1) sn,tﬂ-) dF, . (A7)

Ent+7 En,t+3

Let the moment generating function (MGF) for the i.i.d. random variable ¢, be

M (1) =Eexp (re,) = [*_exp(re,) dF, (e,), T€R.
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Rewriting expression (A.7) using the MGF notation gives

[Tj—i M (7)), (A.8)

where

0*w i i N2 e
Tj:T( (L= 1)~

Using the results of geometric progressions, S+ (1- pi_j+2_k)2 pi~! can be rewritten
as

¢, + ¢2Pnpi,_j + ¢3Pi_j + ¢402(i_j)-

The term H; in equation (8) from the main text is therefore given by

i sz i i i
2 =1 log M (7 (61 + dapyly? + bap™ + dyp™ J))) .

This completes the proof. W

A.2 The standard normal distribution: Proof of Corollary 2
The MGF of the standard normal distribution is

T

MS™N (1) = exp (;) . (A.9)

Applying (A.9) to H; in equation (8) gives Fyw? where

94 : i i i)\ 2
F; = K} ijl (¢1 + Gapypy T + G307 + gb4p2( ])) ’ (A.10)

It is also possible to apply the standard normal MGF to (A.7), which gives

04 i i—j i—i+2—k\2 k— 2
Fi=g S (S (1= ) (A1)

and makes it clear that F; > 0, aa]; £ < () and g—?’ > 0. Equation (A.10) is another
n
geometric progression (albeit a more tedious one). It is useful to reverse the indexation

for j = 1,...,1 by rewriting ¢ — j as j — 1, in which case
4

or , . .
F; = 3 23:1 (9251 + ¢2ﬂ37_1 + ¢y’ + 9254/020_1))2 .
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Multiplying out the quadratic term gives

g ¢1+¢2Pn]1)+¢2 20-1 4 ¢Fpt—Y)
F; = 3 23:1 F201 0900+ 2010307 + 2010407 G=D)
+20905 (/377 )J_ + 2050, (Pn )J_ + 2¢30,p°0 V)

Using (for the final time) the results of geometric progressions gives

. 1-p2 —pti
) z¢%+¢§1’;”+¢§11;2+¢2112

0 1-
Fi=+ +20105 772 + 261675 + 2616, 5 7

126,05 1(””) 4 26,0, 1< o) +2¢3¢4

This completes the proof. W

A.3 Existence: Proof of Theorem 3
The aim is to show that the infinite summation

>, Brexp (Aiw + B (m — ) + Cin + D; (n, — n) + Fw?)
convergences to a finite number. First, I define

= 3’ exp (Aiﬂﬁ + Bi (2 — )+ Cn+ D; (n, —n) + FMQ) )

so that the price-dividend ratio given by v, = > .=, z;. To test convergence, it is sufficient

to show that lim |=| < 1. It follows that
2 ~ o~ ~ ~ ~
;1 = Bexp (A.CL’ + B (vt —2)+Cn+D;(n, —n) + Fiw2> ,

where the notation, Z = X;y1 — X, is used, and where

=1-7, Bi=(1-7)p"
Cz [ ( _ 2pi+1 _|_p2(i+1)) ’
52 (dapy (1= py ) Pl + d3p' (L —p~ 1) + dup™ (1= p %)),
&1 + d5p2 + d3p* + dipt
and F; = %% +2¢1¢2’0?7 + 20, ¢3p" + 2¢1¢4P2i
120505 (p,0)" + 20204 (p,0?)" + 205040
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Taking the limit of these terms gives

limA=1—v,  limB; =0

1—00 i—0Q

~ 2
limC; = L (1=
i—>ooCZ 2\1-p/) >
.= .= 4
limD; =0, and lim F; = i
1—00 1—00 8(17pn)

It then follows that

Zi+1
2

lim

17— 00

B 1/1-~)\" 0* )
_Bexp((l—”y)w—l—i(lTp) 77+8(Tpn)2w).

This completes the proof. W

B Online appendix (not for publication)

B.1 Alternative moment generating functions

This section applies and discusses two alternative distributions for ¢, for which the MGF

exists: The truncated normal and gamma distribution, respectively.

B.1.1 Non-negative volatility with the truncated normal distribution

Drawing the ¢, innovations from the standard normal distribution creates the technical
possibility that we get negative values for n,. One solution to this problem is to draw
from a truncated standard normal distribution which, with appropriate truncation, can
guarantee non-negative values for 7,. To find the natural truncation point, calculate the
value of 7,,; (without loss of generality, we set 7, = n) following a sequence of lowest-
possible realizations of ¢,, namely enmi“ to give

min __ i—1 min min
Nepi =N+ Py wWey — + -+ we, .

min

The non-negativity constraint requires lim 727 > 0, in which case
1—00

1—pt . . 1-—
N+ lim —pnwggnm >0 or g"™> —M.
i—oo | — pn w

This expression implies that for a small w relative to a large n (and low persistence, pn),
the probability of 7, becoming negative can be small and of no practical concern. Bansal
and Yaron (2004) use the following parameterization for the stochastic volatility process:
n=16.08x107°, p, =0.987, and w = 0.23x107°. In this case ) = —0.344. However,

drawing from this distribution would also lower the volatility of the process that Bansal
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and Yaron (2004) targeted since

2250 (23)

1 — 29 (emin) <

var (€ZTN ) =1+
where the TrN superscript denotes that it is the truncated random variable and the 1
on the right-hand side of the expression is the variance of the non-truncated standard

normal. With ¢, drawn from a symmetrically truncated standard normal distribution

with emin = ) the MGF is given by

n w ’

MT™ (7) = exp (7_2) <® (—ep™—7) =@ (e — T)) '

2 1 — 2@ (emin)

T2

In the limit, @ — 00, the moment generating function would be exp (;), recovering

the solution for the standard normal distribution.

B.1.2 Fat tails with the gamma distribution

Another possible solution to the above problem of non-negativity is the gamma distribu-

tion since the support is e € (0,00). This gamma distribution’s MGF is given by

1
MY (1) =(1—g7)™ " for 7<—.
g1

An additional benefit of the gamma distribution is that it generates both positive skew,

2 6
VG2 g2°
moment in the data that captures skewness or kurtosis. The scale parameter, g, can then

and excess kurtosis, Suppose that the shape parameter, gs is used to match some

be calibrated as follows: The gamma distribution has the following properties
E (55) =gigo and V (571;) = gng.

Assume that the parameter pair (7°*, w') were calibrated to match E (1,) and V (1),
the unconditional mean and variance of the stochastic volatility process, respectively,
where StN denotes the calibration for the standard normal distribution. These formula

for unconditional mean and variance is given by

2

w
E(n)=n+7—-=E() and V(p)=-—7V(s)
(t=ry) (t=27)
We therefore have the following two expressions
StN r w" SN2 r\2 2
n =T +Wg1g2 and (w ) = (w ) g192-
"
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StN

Normalizing w' = w "V, we have the restriction that g, = Substituting this into the

E
M

first equation determines the appropriate value for n:
r

nm=n - 7 9192
(1 - pn)

In the online Appendix B.5, the model is solved with both a standard normal and gamma
distribution under a given calibration and the price-dividend ratio and risk-free rate are

reported.

B.2 Additional variables

This section derives closed-form solutions for several additional variables of interest, in-
cluding the mean price-dividend ratio, the risk-free rate and the conditional-expected

equity return and conditional-expected equity risk premium.

B.2.1 Unconditional mean price-dividend ratio

In order to calculate the unconditional mean, it is necessary to appropriately capture the
autocorrelation created by the ¢, innovations in the dividend growth process. Iterating
backward the stochastic volatility process, equation (4), so that 7, is in terms of a sequence

of past ¢, realizations gives

ko os—
n—n= Pf; (77t7k - 77) +Tw Es:l Pn 15n7t+1fs- (B.1)
Taking the limit gives
limn, —n=w32, o e
in which case
Niy1—5 — N =W 2211 Pfflgn,w%ﬁs-

Similarly, x; can be written as

koo
v — = pt (o, — ) + ijl r 1\/77t+1fj5t+1—j>

and
. _ [e'e) —1
kh_{iloiﬁt —r=) :j:l P M1t

Substituting in for equation (B.1) gives

we—w =37 P (\/77 twd P%_lgn,t+2—j—s) Et1—j- (B.2)

25



The unconditional mean of y; is

E (y) = 372, 8 exp (Zi) Eexp (B; (v — @) + Di (n, — 1)),

where
Zi = Aix + Cin + Fiw?,

which means we need only evaluate the expectations term
Eexp (B; (v —z)+ D; (n, — 1)) .

To do this, first substitute using equation (B.2), which gives

E exp (Bi (Z;il P (\/77 +wd el Pffl€n,t+2fjfs) 5t+17j> + D; (w Z;’il p{flgn,ﬂrlfj)) :

At this stage it is instructive to rewrite the expectations operator as an integral of prob-

abilistic outcomes

B’i Oi pj_l (\/77"‘&)2:3 psilg t4+2— '75) Ett1—7
[ooof [+ [exp 2 e e Y\ dF. . dFdF,--- dF,
Ent Ent—ocoft Et—oo +Dzw (ijl p%_lgn,t+1fj> €t €t—oo Enst €n,t—co0

Rearranging the above expression gives

[ (H;O1 [ [exp (Bipj—l <\/77+w2§i1 Pfflen,t+2—j_s> 5t+1_j> df dF)

Et—oo
Enit Ent—oo €t Et—oo

X exp <Dl~w <Z;’;1 p%_lgmtﬂ—j)) dF,--- dF, .

En,t En,t—oo
Using the same result as before for standard normal distributions gives

0 Bz2 j— 00 S—
f o f szl exp <7p2(] Y (77 tw Zs:l 1077 1877,t+2js))

Ent Ent—oo

X exp (Diw (Z;’;l pZ]_lgmtJ,_l_j)) dF,--- dF, ,

En,t En,t—o0

which can be rewritten as

BzQ 0 j— [e e} S— [e'e) | —
Jo ] exp (7 Zj:l prih (77 Twd o, lgn,t+2fjfs> + Diw (Zj:l o 15n,t+1j)> dFy--- dFy ,

En,t  Ent—oo En,t En,t—oco
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Removing the constants term from the integral gives

B2 i _
éw ZJO; 92(] 2 (220:1 o 15777t+2*j*8)

dF, --- dF,

exp (K;) [---[ exp

En,t  Emt—oo +D2(JJ (Zﬁl pzlilgnvt'i'l_j) 57]7:] Enat—zoj
where B
K= B
2(1—p?)

Focussing on the integral term, the above expression is rearranged in order to bring

together ¢, innovations with the same time subscript:

00 Bfw j— j — $— j—
[+ [ exp (ijl ( 5 Pt ( T (k0 1) + Diwp]) 1> 5,7’“1]-) dF,--- dF, .

En,it Ent—oco En,t En,t—oo
Again, using the results of standard normals and geometric series gives
w? (B? : 1— (pfpo)j , ?
exp [, (Zept (L) pypie
9 4 9 Pn 1 — p,1p? "
This can be rewritten as
W oo j—1 2(j—1)) 2
exp | 5 275 (e =) ) (B.3)
where
B o, ) B 2
vi1= | = +D; | and v, 5, = — .
! <2pn—p2 2T 2 p, -

Multiplying out the quadratic term in expression (B.3) gives

w2 0 — j—1 i—
exp (7 > (’V?,mi“ Y — 29,170 (0y0°) " + 30" 1’)) :

And using the standard results of geometric series gives

op (L (- 2w,
2 \1=p; 1=pyp* 1=p'))

Thus, the unconditional mean price-dividend ratio is

0 i B? 1 7121 2%‘1%,2 '7122 9
(s IPCTE B D)

—p2 1-p,? 1-p
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Next, it is necessary to show that the condition for convergence of the infinite summation

in the expression above is the same as the condition stated in Theorem 3. Let

. B? 1 v 2712 Vo
e (s (e Y (B (220 ) ),
2(1-p?) 2\1-p; 1—pp* 1-p*

so that Ey, = > .~, z;. Then

Az + (C’ —i——’“ Bf)n

Bexp 2 2 2 2 ~
1 [ Yit11 Vi1 2(Vig1,1Yi+1,27V46,174,2 Vit1,2 V52 2
+ (5 ( Cax 5 : - ( : : P) : : ) _I_ — 4 . + E w

Zi4+1

1
1-pj 1—p,p 1-p

The parameters ﬁ d, and F; are the same as in Section A.3. Since Section A.3 also

shows that lim B; = lim D; = 0, it follows naturally (or after much tedious manipulation)

1—00 1—00

that this result also implies that

lim (Bf,, — B}) = lim (D41 — D;) =0,

1—00 1—00

13})10 (’Y?+1,1 - %2,1) = Zlgglo (’Yi+1,1%’+1,2 - %‘,1%’,2) = Zlggo (%‘2+1,2 - 7?,2) =0.

7

This completes the proof. W

B.2.2 Risk-free rate

The price of a risk-free bond, pzf , is given by

c 7 .
=E, (5 (t—+1> ) , or ptf = PE;exp (—yx4y1) -

Ct

Substituting out x;,; gives

= BB, exp <—7 (frf +p(—x) + \/(n +p, (0, — ) + W€n,t+1)€t+1)> :

Expressing the expectation using integrals gives

=pexp(—yr—yp(ze—2) [, . |, e ( 7\/ (n+py (0, —n) +wey, t+1)6t+1) dFdF,.

Taking expectations with respect to ;41 gives

2
v
= Bexp (—yx —p (v —x)) [, ., exp (3 (n+ py (0, =) + wsn,wl)) dF,,
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and bringing time ¢ terms outside the integral gives

T 1 ’yQp ,.y2
Ptf = exp <—7x —yp(zy — ) + 57277 + T" (n, — 77)> fsn,t+1 exp (?w5n7t+1 ar;,.

Taking expectations with respect to €, ;11 gives

. 1 2p ok
Py} = Bexp <—7x —yp (@ — ) + 57277 + T" (ny—n) +—w? ).

-1
Since the risk-free rate is the inverse of the price of the risk-free bond, R:jil = (pzf ) ,

the risk-free rate is

r - 1 Ve 7
Rl =5 exp (wﬁ+w(a¢t — ) — 57277— — =) - —w’).

B.2.3 Conditional-expected return on equity

The conditional-expected return on equity, E;R; 1, is defined as

E, <dt+1 +pt+1> 7
Dt

and can be rewritten as

E;exp (zi11) + E¢ (Y11 XD (2441))
Yt

Thus, there are two expectations terms to evaluate. The first, E; exp (z41), is

1 P 1
exp<x+p(xt—x)+§n+5ﬁ(nt—n)+§w2>.

The second, E; (y;+1 exp (z441)), can initially be rewritten as

S Blexp (Zi+x)Epexp ((Bi + 1) (w41 — @) + D; (0,4 — 1))

where
Z; = Ajx + Cyn + Fu?.

Focusing on only the expectations term, substituting in for the exogenous processes and

using the integral notation gives

exp ((Bi + 1) p (v, — x) + Dip,, (1, — 1))

Xfen,t+1 f5t+1 exp <(Bl +1) \/(7} +p, (0 —1n) + Wsn’t+1)€t+1> dF exp (Dwey 14+1) dF,.
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Taking expectations with respect to ;11 gives

exp ((Bz- +1)p(x, — ) + % (B; +1)* (n+ p, (n, — 77)))
X e i P <(% (Bi +1)* + Di) wawﬂ) dF,.

Next, taking expectations with respect to €, 41 gives

exp ((BmL D)l a) + 5 (Bt 0 (14, (=) + 5 (5 (B 1074 D) w?) .

The term, E; (y;11 exp (7411)), can therefore be written as:

(Ai+ 1)z + (Bi+1)p(x — )
Z;’ilﬁiexp +(Ci+ (B+12>77 %(B‘{’l) pn(m n)
+(F,-+ (3 (Bi+1)°+ D)) ?

B.3 Low-order polynomial approximations

This section derives approximate solutions for the price-dividend ratio using, first, the
perturbation method (up to sixth order), and second, the Campbell and Shiller (1988)

first-order approximation exploiting the normality of the shock processes.

B.3.1 The perturbation solution
The sixth order perturbation approximate solution is
Yo = g+ GaTt + 31 (90> + 92277) + 31 (39020Tt + 39021y + 9a3T})
+% (904 + 6902$2§:\? + 12ga2xn/x\tﬁt + gw4§:\?)

+é (5ga4z/x\t + 590477ﬁt + 109023&3/1’\? + 30902x2n/x\§/ﬁt + g:csij\?)
+é (906 + 1590412§? + 30904mn&:\t;7\t + 15904n2ﬁf + 609021377%?37\15 + 99:6&\?) )

where 7, =z, — z, 1, =n, — 1, and

Jor = > o0, Brexp (Ajx) 1202C2, G202 = > oo, B exp (Aix) 2nB2C;,
Joran = Yooy B exp (Aix) 2B; D;, ot = Yooy B exp (Aix) B}
Itz = > o0, B exp (A;x) 120 B,C2, Jotn = > o0, B exp (Aiz) 24nC; D,
Go208 = > oo, B exp (Aix) 2nB3C;, Jo2azy = > oo, Blexp (Aix) 2B2D;,
v = ooy B exp (Ajx) BY, 9os = Yooy B exp (Asw) (11°CF + T20F i)
Gotzz = Doy BT exp (Ax) 12° BICE, Gotay = Dioy B exp (Aix) 240 B,C;D;,
Gtz = Y oo, B exp (A;z) 24 D2, G2t = > oo, B exp (Aix) 2nBIC;,
Go2a3ny = D o1 B exp (A7) 2B} D;, Gub = Y oy B exp (A;x) BY.
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B.3.2 The first-order solution exploiting normality

Defining the log-price-dividend ratio as 3; = log y;, we are searching for a solution of the

form
Yo =y + k1 (x — 1) + K2 (0 — 1), (B.4)

where x; and kg are as yet undetermined coefficients. The Euler equation from the main

text, in terms of the log-price-dividend ratio, is given by

expyr = PEexp (1 — ) 2441 + log (1 + exp y41)) -

The first step is to take a first-order approximation of log (1 4+ exp 7;11) around y;11 =y

as follows

log (1-+ expJirn) & log (1+9) + 1 (s =),

and substitute this approximation into the Euler equation:

expy; = SE; exp ((1 — ) 241 +1og (1 +y) + 1_‘7_—?/ (Y41 — @) )

Moving terms outside the expectations operator gives

expii = B (1+ ) Eyexp ((1 — )1+ T G @)) | (B.5)

and, substituting in equation (B.4) with undetermined coefficients x; and k9, changes the
right-hand side to

Yy ” (k1 (w1 — ) + Ko (M4 — 77))) .

BB (1 +

Collecting the (z:11 — x) terms gives

B ((1=)2) 1+ ) B (1= + 20 ) o=+ 22 (=) )

and substituting in the process for dividends gives

YRk1

Bexp((1=)2) (Lt Beexp (1= 755 ) (o= a) 4 yizzin) + 252 (s =) )

which can then be rewritten as

Bexp ((1—7)w+ (1—7+ ffy)ﬂ%-ﬂf)) (I+y)

YK

Yha
X E; exp (<1 -+ 1+ y) VNeg1€t+1 + m (77t+1 - 77)) :
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Taking only expectations over €, gives

poxp (1= 0+ (1=7+ 25 ) plai =) ) G4)

1 Yh1 ’ Yho
xE; exp (5 (1 -7+ m) N1+ m (77t+1 - 77) ;
Collecting (nt b1 77) terms gives
YK 1 YK 2
-+ (1—y+ 22 o —x) = (1 —y 4+ 22 1+
ﬁexp(( 7) ( g 1+y)p(t )2< gl 1+y>”>( v)

1 Yk 2 Yha
xEteXp<<2 (1—’Y+1+y) +1+y (nt+1_77> )

and substituting in the stochastic volatility process gives

=mo+ (1=7+12) plw — ) %(1—7+fg)n

Fexp 1 (1+9)
+ 2 (1 -7 + 1+y) + 1y 14y 77 (7715 /’7)

1 Yk1 ’ YhKe
xEtexp<<§ (1 1—|—y) + [y Wen,t+1 | -

Taking expectations gives

2
on 40 st 5 (11 5)'s
2
+3 (% (1—7+§/fy> +fj§j> w?
H(1=r ) ol )

2
+(§@—v+ﬂﬁ +ﬂ®pﬂm—m

exp

The left-hand side of equation (B.5) is

exp (Y + k1 (v — @) + K2 (0, — 1)) -

Hence, it is possible to match coefficients. First,

1—
1-— yr p, Wwhich implies k; = —( ) P
1 —i— 1— %

Second,

1 Yyk1 2 YKo
I _ 1_
2 <2( 7 1+y) 1+y P



which implies
2
(1-7+12) 0,

yp
2<1—ﬁ)

Ro =

Third,

1 2
logy = logﬂ+(1—7)a:+log(1+y)+§<(1—7)+1iyn1) n

1(1 2 i

Y Y 2
==z (A=) + + w”.
2 <2 (( 7) 1+yK1) 1+y,{2>

Substituting for k1 and ko, y solves

(1-9)*1+y)’n (1—"1+1y) w?
14y 2 |-

L: ex — X
g P(“ T (P A TR TR P TR e )

B.4 Bansal & Yaron without recursive preferences

The model in the main text is an extension of Burnside (1998) to allow for stochastic
volatility in the dividend growth process. Alternatively, it may be of interest to solve
a variant of the model presented in Bansal and Yaron (2004). Relative to the model
in the main text, the model in Bansal and Yaron (2004) features long-run risk, recursive
preferences and differential processes for consumption and dividends. While it is not
possible to find a closed-form solution with recursive preferences, it is possible to find
the closed-form solution of the model with CRRA preferences, plus long-run risk and
separate consumption and dividend processes. In this section, I solve the model, and use
the calibration in Bansal and Yaron (2004) to report some several moments of the model

solution.

B.4.1 The model

The Euler equation is as it was in equation (5):
¢, 'pr = Eife )y (Prar + diya) -
Denoting the log-growth rate of consumption and dividends as
geyr = log (ct/ci—1) and ga; = log (d/di—v),

respectively, the forward iterated Euler equation can be rewritten as follows:

Yo = X2 BBrexp (i (aes — 19e4s) ) (B.6)
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Notice that if g.; = gq. as in the main text, we recover (7). The exogenous processes for

consumption and dividends are modelled as follows
Gept+1 = fhe + Ty + Ot€cty1,

Gdp1 = Mg + 0Tt + Q0€q 441,

where
Tir1 = PTy + P 0Ex 141,
2 9 2 2
Oip1 =0+ Py (O't —0 ) + 0uEo i1

This follows the specification in Bansal and Yaron (2004). The four shocks, €. 411, €d,t41: €x41,
and €, .41 are all independent standard normals. Notice that the notation is slightly al-
tered from the main text — z; is no longer the growth rate of dividends but the persistent-
predictable component of both consumption and dividend growth. The timing of sto-
chastic volatility is also slightly altered from the main text. The two state variables are

z; and o2,

B.4.2 The solution

The solution is of the form
Yy = Z;’il 5l exp (Afy + BZ-BYQ}t + CZ-BYJQ + DZBY (J? — 02) + FZ-BYJEJ) ,

where ABY BPY CPY DBY and FPY are coefficients to be determined. Substituting
the consumption and dividend process into the expectations component of equation (B.6)

and collecting like terms gives
E; exp <l (g = vt1e) + (6 =) iy Tevgo1 + 2jmy Oegj1 (Pafants — 7€c,t+j)> ,
where it becomes immediately clear that
AP =0 (g — pe) -

As I progress with the solution, I will focus only on the expectations term that is yet to

be determined. Thus, I drop A?Y and focus on

E; exp ((¢> — )@+ (=) X0 Ty + gy Trrgr (Pafares — Véc,m)) :

Iterating forward the process for z; gives
— J j—k
Tij = P T+ Py ) k1 P Oth—1E0t+k-
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Substituting this into the above expression and collecting terms gives

E; exp (

which makes it clear that

(=) ZJ 1 P lx+ o, (0 —7) Zl ; < {321 Pj7k0t+k—15x,t+k>

+ ijl Otij—1 (PaCdtri — Veert+s)

)

BPY =(¢—1)

leaving only the following:

E, exp (% (6= (

i ik i
1 P’ Ut+k—1€x,t+k) + ijl Ot+j—1 (<Pd5d,t+j - 750,t+j)> .

Next, it is necessary to collect €, terms with the same time subscript, which requires
rewriting the expression above as follows:

Et exp <(¢ 7) (sz Z (

) Ottj—1E€xt+j T 23:1 Ot+j—1 (90d€d,t+j - 7€c,t+j)> .

Taking expectations over the three fundamental (and independent) shocks, €., 4, and e,

but not ¢, yet) gives
yet) g

E, exp (2 <M) >

1—p (1- Pi*j)Q Otijo1 t

1 .
2(%1"‘7 )ZJ 1U§+g 1);

Removing the 02 term from the expectations operator gives

exp (2 ((%) (1= + (42 +72)) )

xEtexp(Q (Y22 sna-p 5 (d+7) z)

2 2
1—p j) Oiyj—1 T

Iterating forward the stochastic volatility process gives

j—1—k
Eo,t+ks

02) + o, Zi;

2 _ 2 i—1 (2
Otyj—1 =0 + 0} (Ut_

and substituting into the above expression and collecting terms for o2 and (02 — o) gives

1 (=) es 221'—1 (1_ i—j)2+2i ( 24 2) 2
2 I j=1 P j=1Pa T o

o (-

E; exp

P+ ) Z;’-:l o) (ot =)

+3 (3 +) 2

7
j=2w
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The first line above can be rewritten as C”Y o2, where

BY _ (¢ —7) ¢u N 1—pit , 1 — p2i=1) PP
C, _2<( T, )((2 1) 2p—1_p +p—1_p2 +i(p5+7°) ),

and the second line can be rewritten as DY (¢ — ¢?), where

(wﬂwﬁ2<ﬁﬁl_2¢4k@l?fd+p@1ﬂ(PpJ7>

1—p —Ps 1-(p~"ps) (P™2p5)

BY
Di

DO | —

2 (95 +77)

This leaves the expression

o — o 2 1—2 i—q 2 ] S
Fl <%) 2 (L=p"7) (Zi:l% kea,t+k>

E;exp ‘ '
+% (Sod +y )ZZ . ( 1:1 sz_kga,tﬂc)

yet to be evaluated, where, for convenience, I have rewritten the indexing in the summa-
tion. Next, it is necessary to collect €, terms with the same time subscript, rewriting the

expression as follows:

o i— 1—]— 2 -
“%12 ( ] . (1—P J k“) P§ 1) Ea,ttj
1% (g3 +72) T2 (S ) 2o

And, using the standard results of geometric progressions gives

E;exp

2 o i—j—1 _a yimil
Ow 1—pi i1 i—i1=(p" Py N1—(p72p,
Fa ) (f’—p — 2 g )%) Satts
J= )
+% 50 Z;;l (1= pS7) €t

o = (M)2 and 35 = <803+72).

L—p 1 —p,

Combining ¢, terms with the same time subscripts gives

*Pfrg ! i—7 (p pff);jil 2(i— ]) (p pa)l ! i—J
o = 20y P e ) o (L= ) ) o

+§Uw%2 (1—p,) Eot4i—1

E;exp

where

vl
.
™M

E;exp
Using standard results for random variables gives

Tw 1=pc = = Z—]—o 26i-5) =P %) " o
Et exp 8 ];1 (%1 ( 1-p, 2p 1—(p~1p,) + P 1—(p2p,) + 200 (1 Py )

+§0w%2 (1 - p0)2
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The final task is to rewriting the expression

> ; . . 2
= 1—py 7! _i1—(p7"p )l_j_l 1= (p72p )Z_J_1 o
2\ 2 g +p?07) z +(1—p57) ),
L=, 1= (p7'p,) 1—(p~2p,) ( )

more parsimoniously. To do this, it is first convenient to reverse the indexation for

j=1,...,1 by rewriting ¢« — j — 1 = j as follows:

i—2 1—p? 1 1=(p7p,) +nl—(p%p,) ]
S| CY ST RS T S 4 I
~ 1—p, 1- Ps)

(r~'p,) L—(p

Next, we can rewrite the expression as follows

1—2 . A . |
> (2 (o + P X XaPIY) 4 e (L el )
]:

where
_ 1 _ 1 2p° p!
Xl:1—po’X2:_p"(1—pg_p—pg+p2—pg)’
_ 2 0 _
X3=—m>X4=m7X5=—PU-

Multiplying out the squared term once gives

i2 ( 58 (X1 4 XoPl 4 X3 4 XapPUTD) 52 (14 x50l ) )

=1 +2211 519 (Xl + Xoph h s T+ X4P2(j71)) (1 +xs057")

and a second time gives

2 X2+ 30+ 0 + 2x1xa) 207D X308 4 2y xopl !
1 . . 9 .
F2x1 X307 4 2XaXs (Pe0) T+ 2Xa0xXa (o0?) T+ 2x3Xap >0 Y
+ 32 (1 + 2x50 7 + X%pi(]_1)> ,
j=1 - - 2im1)
( X1+ (Xa +X1X5) P57+ xap” 7+ Xxap?V )
—|—2%1%2

T
V)

2(j—1 i i1
FxaX5000 Y 4 xXaxs (000) 7+ Xas (P

Using the standard results of geometric progressions for the final time gives

2(i—2) _ . 2(i—2) (1 2) P~ 2
, (1—2)X1+X21 o+ 06+ 2x0x) o AT, +2X1X2
%1 . i 2
_ — g Pol 3(1
+2x1 X 5 + 2X2X3% + 2X2X4¥ + 2X3X4
2(2
+543 ((2—2)+2X51 b +X§11pp
. -2 i 2(i
(1—=2)x: + (X2+X1X5) 1p; +X311/ip +X4 p2
+25¢1 529 2<1 —(pup)i- 1-(pyp ) )
FXo X5 '+ X3X51— + XaXs T, 7
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Bringing back the final term in B.7 means that

2(i-2) i i
, [ =21 +x21 P + (3 + 2x1X0) T+ X3 +2X1X2 T
%1 2 1— 2
_ Py _p3i-2)
X +2X1X37 72, -+ 2szg% + 2054 E_pop + 2x T
_ =2 _ =2 7
Fi =2 (i = 2) x1 + (e + X0%6) T2 + X T + X e
8 +2%1%2 . 2(2 2 ) (pcf )1',2 p 1_(p p2>i7£7
+X2X5 + X3X51pg—pip + XaXs =, 2
+543 ((z — 1) +2x5 2 + 21")3@71))
2 X571 X512
B.5 Model implied data moments
This subsection examines the model’s ability to match stylized asset pricing facts. Table

B.1 presents various calibrations of the model’s parameters and the corresponding mo-
ments from the model solution. The moments I report are the price-dividend ratio, the
Thus, these
To provide

risk-free rate and the equity risk premium, conditional on (z¢,7,) = (z,7).
model moments are not the analogous unconditional means in the data.'’
a guide to the data on asset prices, I report the unconditional mean risk-free rate and
equity risk premium value that Bansal and Yaron (2004) match. The risk-free rate is a
little below 1% and the equity risk premium is a little over 600 basis points.

Rows 1-3

A comparison of

For this exercise, I hold /3, x, and n at the values used in the main text.
present the model without stochastic volatility (i.e. Burnside (1998)).
rows 1 and 2 show the standard risk-free rate and equity premium puzzles (see Mehra
and Prescott (1985) and Weil (1989)).

v, has to be significantly greater than 11 to generate a 600 basis point equity premium.

First, it is clear that the risk-aversion parameter,

Second, as one does increase 7, the risk-free rate becomes counterfactually large.
Rows 4-6 add stochastic volatility.

volatility process from Bansal and Yaron (2004) to solve the model has no impact on

Using the parameter value for the stochastic

the moments relative to the no-stochastic volatility case (rows 1-2 and 4-5 are virtually
identical).

Rows 7-10 ask whether there are any parameter values that can generate a reasonable
equity risk premium. Row 9 shows that with a risk aversion parameter of 11, the model
can generate a reasonable equity risk premium if the standard deviation of the stochastic
This

value can be reduced somewhat by making the persistence parameter, p, large and neg-

volatility process, w is three orders of magnitude larger than the benchmark value.
ative. While none of the rows 7-9 produce a risk-free rate close to the data, the model
with stochastic volatility does have a risk-free rate significantly lower than, for example,

rows 1 and 2. By increasing stochastic volatility, the equity risk premium increases be-

I3For the price-dividend ratio and the risk-free rate — for which we do have closed-form unconditional
mean expressions — the differences between those unconditional means and the ones reported in the
table are not of first order importance.
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cause the risk-free rate falls whereas when we use the risk-aversion parameter to generate
a reasonable equity risk premium, the risk-free rate is also large. Thus, the addition of
stochastic volatility goes in the right direction of resolving the two asset pricing puzzles.
However, with CRRA preferences, the effects are simply not powerful enough.

Finally, rows 11-12 use a gamma distribution in which the mean and variance of the
stochastic volatility process are the same as rows 6 and 10 respectively. However, unlike
the Gaussian distribution, the gamma distribution generates positive skew (a value of
4.77) and excess kurtosis (a value of 34.1). Relative to the Gaussian distribution, the
model with the gamma distribution generates a higher price-dividend ratio and a lower
risk-free rate. Thus, the gamma distribution moves the model moments towards the data

moments.
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Table B.1: Model implied data moments

Parameters Moments
Yo Py w y 1t (%) erp (bp)
Data: — 0.86 633

No Stochastic Volatility:

1. 25 0 — — 12.53  9.67 33
2. 11 0 — — 2.39  19.19 158
3. 25 07 — — 14.63  9.67 -61

Stochastic Volatility:

4. 25 0 0 x1 12.53  9.67 33
d. 11 0  0.855 x1 2.39  19.20 158
6. 11 0 0 x 500 5.94 16.25 278

Targeting the ERP:

7. 25 0 0 x 15000 13.89 3.27 610
8. 2.5 -0.2 0 x 14500 13.12  3.67 636
9. 11 0 0 %1100 10.07 5.58 640
10. 11 0 -0.9 X650 5.77 14.25 625
Gamma distribution:

11. 11 0 0 x 500 6.58 13.31 —
12. 11 0 -0.9 X650 6.24 3.49 —

Note: The parameters 3, T, 7 are held constant at .95, .0179, and .0012, respectively. rf and erp
denote the risk-free rate and equity risk premium, respectively, and bp denotes basis points. The
moments are evaluated at (:L‘t, T]t) = (:C, 77). Data estimates from Bansal and Yaron (2004). The
column for w reports multiples of the benchmark calibrated value, w = 0.75 X 107>, The gamma
distribution has the following parameters: w!'= w,n'= 0, g;= 2.3855, g,= 0.1757.
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