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SUMMARY

Disequilibrium analysis, particularly in the context of explicit
dynamic economic models, is an area of considerable interest.
Disequilibrium is important when markets fail to clear and dynamic
adjustments are required. Three essential strands of the literature
seem the most important: non market-clearing temporary equilibria;
long term growth theory which allows for the possibility of
unemployment of labour and underutilisation of capital stock; medium
term dynamics where aggregate demand faills to match up to potential
output. This thesis presents a number of theoretical and analytical
models which analyse various aspects of the last two issues. Even
though we use some concepts from short-run rationing models of
temporary equilibria, the central focus 1s exclusively on long run
growth and more shorter-term dynamic systems, where capital stock is
exogenous. The work 18 also emphatically macroeconomic in nature,
emphasising aggregative structures which conform to stylised facts
and have interesting policy conclusions.

The first part of the thesis discusses growth models. Given the
lack of an unified theoretical structure in the area itself, we
concentrate on specific issues: income-expenditure models with
independent investment functions leading on to capital formation and
(possible) movement towards steady states; unemployment of labour,
and capital; monetary growth and asset structure; open economy
conslderations when markets may fail to clear. The second part
analyses macrodynamics, assuming fixed capital, and is concerned with
medium term adjustments of variables such as output, price and
exchange rate under disequilibrium and rigidities.

The purpose of the research is to present a diversity of concepts
and conclusions. The objective 1s not to present a comprehensive
“general” or “meta” theory; it i1s not clear whether encompassing
concepts will necessarily be more insightful; in any case the current
state of the arts preclude such a schema. The chapters that follow
deal with a wide range of possible toplcs; model specifications are
adapted to tackle the specific problem at hand.

The conclusions clearly demonstrate that specification of regime,
Keynesian or Classical, is vital to the understanding of how the
economy will behave under disequilibrium. Even if the steady state
depends on exogenous parameters (such as the natural rate or
potential output) the paths that approach it are essentially
different in characteristics, depending on what sort of
disequilibrium regime the economy is in. This, of course, has
i1mportant policy relevance. Discretionary policies, as well as policy
rules, must carefully study the underlying structural features of the
economy if they are to have significance.
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Chapter 1

Introduction



Section 1: Disequilibrium economics.

Disequilibrium models have a long and respected tradition in
economics. Keynesian short run macro theory, analysing unemployment
and the inability of investment demand to match up to full employment
saving, emphasises the notion that markets may not clear and that
disequilibrium 18 a more general state of the economy than
equilibrium. Harrod”s discussion of the knife-edge instability of
growth paths in a capitalist economy, where independent decision
makers determine saving and investment which therefore may not be
equal ex ante, once agaln emphasise deviations from dynamic
equilibrium.

Formal analysis of short run disequilibrium models in
macroeconomics has burgeoned recently with explicit treatments of non
market-clearing temporary equilibria, optimum choice under rationing,
splll-over effects consequent to agents failing to buy (sell) their
desired demands (supplies) as well as sluggish prices which tend to
perpetuate the initial cause of disequilibrium. These models are
analytically powerful, but are essentially short run , static, single
period (or sometimes two-period) systems.

Growth theory, particularly in the neoclassical tradition, has
generally eschewed disequilibrium methods and the vast literature in
the field is usually concerned with equilibrium states. This is in
gspite of the early lead from the Harrodian model. However, the
emphasis, on equilibrium, is understandable since even the simplest
disequilibrium formulations lead to considerable complications and
problems of interpretation.

A third strand, following dynamic extensions of the IS/LM

models, emphasise the discrepancy between aggregate demand and full



employment aggregate supply and therefore take on disequilibrium
features right from the start. But capital stock behaviour is not
often analysed nor is the interdependence of markets under
disequilibrium (which is radically different from general equilibrium
because of rationing constraints and spill-overs) given importance.

The purpose of this thesis is to present several analytical
models of growth and short/medium term dynamic theory, when markets
do not clear and general disequilibrium prevails. It therefore
concentrates on the second and third issues discussed in the
preceeding paragraphs. Though it borrows concepts from temporary
equilibrium rationing models, the thesis concentrates exclusively on
long run growth theory, with capital accumulation considered
endogenous, as well as more short run dynamic systems, where capital
stock is taken to be exogenous.

At this point it is probably counterproductive to go into a long
and pedagoglical discussion as to the exact definition of
disequilibrium that we intend to use. The choice of a specific scheme
will depend upon the particular application that will be analysed
within the general framework. Therefore, what is necessary here is a
brief description of some of the concepts we shall be using.

In a sense equilibrium, as a concept, can be totally pervasive
if properly defined. For example, the three criteria used by
Malinvaud (1977) to delineate the characteristics of equilbrium are
so broad that they can include almost any economic states. For the
macroeconomy, In aggregate, these are: (i) trades balance or the
amount (value) of purchase equals sales for each good; (ii) trades

are voluntary, thus total purchase (sales) cannot exceed demand



(supply), (i1i) a rationed buyer (seller) in a market implies that
there does not exist a rationed seller (buyer). These are essentially
consistency conditions and will hold under many possible situations.
However, they do not rule out the discrepancy between ex ante demand
and supply, the fallure of prices to adjust quickly to clear markets,
adjustments in response to rationing, unemployment with labour demand
not being on the marginal productivity schedule, capital accumulation
or decumulation consequent to capital shortage or excess capacity
----- all important features of disequilibrium.

The essence of disequilibrium is dynamic adjustments. Malinvaud
(1977) puts it clearly: "If one objects to thinking with equilibria,
one must use a dynamic formulation in which the relevant variables
will simultaneously move according to some properly specified rules”.
These ad justments are of two pure types; hybrids are of course
possible. In the tatonnement models prices adjust rapidly to clear
markets and make notional (desired) demands equal supply;
transactions take place at market clearing temporary equilibrium
prices. Further adjustments may take place with changes in state
variables which are assumed to be given during the actual tatonnement
process. Interest lies in the attainment of full equilibrium where
even the underlying state variables are constant; this is the domain
of stationary or steady state. Disequilibrium analysis can be
meaningful here since the sequence of temporary equilibria and its
time path may be related with the way prices actually adjusted during
tatonnement. In non-tatonnement models, prices are rigid during the
period of operation of temporary equilibrium; quantitites adjust to
attaln consistency; markets may “clear” at the minimum of ex ante

supply and demand or alternative, and more complicated, rationing



rules can be proposed. But the seeds of disequilibrium remain in the
failure of some agents to achieve their optimum (unrationed)
positions. Thus prices adjust and the sequence gravitates, if stable,
towards full equilibrium.

Specifications of adjustment rules and values of adjustment
parameters are crucial. Some of these are “natural”™: excess demand
raises price, though in a competitive market with atomistic price-
taking agents it 1s not always easy to answer the question as to who
actually changes price. Others are more controversial. Major
criticism, from the new classical equilibrium theorists, centers
around the value of the speclfic speed of adjustment parameter of
relevant variables in non-clearing markets. In particular, aany finite
positive value of say the speed of adjustment of prices in response
to a discrepancy between demand and supply, seems to be unacceptable.
Yet it is not at all clear why speed of adjustment (of price and
expectations) should be infinite (markets always clear) in every
case; in a sense postulating infinite speed seems to be as ad hoc as
to give finite values, including zero (where prices do not change).

It is true that postulating dynamic adjustments of any variable,
and giving arbitrary values to the speed of adjustment parameter,
without explicit optimisation is ad hoc. Tobin (1981) puts it

strongly: "-- the adjustment process itself has not in general been
successfully described as optimizing behaviour, the only paradignm
that carries theoretical conviction in our profession. This failure,
neither surprising nor discreditable in view of the intrinsic

difficulties of the task, 1s the root of the chronic crisis in

macroeconomics.” However, the current state of the arts makes it



imperative to use these concepts without too fine a discussion of the

theoretical foundation. As mentioned earlier, these difficulties are

not necessarily related to macro models; competitive general

equilibrium theory also fails to answer the questions, why do price

adjustments take place “instantaneouly” to clear markets and who
changes prices?

Macroeconomic models can analyse disequilibrium in various
stages. First, aggregate demand may not be equal to aggregate supply.
This will manifest itself in ex ante or notional saving being unequal
to ex ante or desired investment. Some form of price/quantity
adjustments are required to equalise these two variables. Second, the
level of actual output supplied, now equal to aggregate demand, may
not be equal to the potential, full employment, full capacity output.
A second level dynamic adjustment is now required. Third, actual
saving or i{investment will determine capital accumulation. This in
turn will have implications for long run growth. Full equilibrium
will be reached, and all disequilibrium eliminated, when the capital
stock reaches the statlonary state level. Additional complications,
at all these stages, are provided by the existence of labour market
disequilibrium.

The foregoing issues will be dealt with in a sequence of models
that constitute Chapters II to X divided into two parts; Part A deals
with growth theory while Part B analyses issues in short run dynamic
modelling. At the current stage of our knowledge it 1s not possible
to give a general model which can handle all the issues coancurreantly.
The very nature of disequilibrium modelling forces us to analyse each
problem at a time. Further, modelling techniques and assumptions made

need to be adapted to the specific problem that we wish to emphasise



on. Model specifications change depending on the issue on which we
focus. The analysis as a whole can, therefore, deal with a wide
range of topics. Thus, the chapters that follow are therefore
relatively independent. Each also has 1its own introduction and
conclusion as well as a brief literature survey.

For the purposes of integration we will discuss some of the
major issues that need investigation Iin the area. The next Section
deals briefly with short run rationing models. Though these are not
elaborated in the thesis they do provide implicit microeconomic
justification to our subsequent analysis; hence a review is
essential. Section 3 analyses the sorts of questions that
disequilibrium growth theory should answer; this overview sets the
stage for much of the specifics in the main body of this work.
Section 4 does the same but for medium run dynamic models with
capital as exogenous. Since adjustment processes are so vital in what
we do, Section 5 gilves a succint review of methods. The final Section
is important since it gives the structure of the thesis, how the
chapters unfold, the links between them as well as their
implications.

It should be mentioned, right at the outset, that the work
presented here is unflaggingly macroeconomic in nature. Even though
many of the relations and concepts have implicit microfoundations
their use is within aggregative structures which conform to stylised
facts and have interesting policy implications. Analysing the concept
of a “metalanguage” Fitoussi (1983) defends the use of macro theory

in the following way: (it is believed that) "macroeconomic relations



must have microeconomic foundations. This proposition establishes
from the outset the subordination of the macro to the micro approach,
and at the same time it ranks economic arguments in implicitly
acknowledging that microeconomics is itself well founded. Yet it is
not clear that macroeconomic relations can be derived in this fashion
------ macroeconomic theory should set itself up as an autonomous
discipline and seek also other foundations”. This is not to say that
macro and micro theory cannot cohabit; however they do have
independent ralson de’tre; one does not have to necessarily rely on

the other.

Section 2: Short run models of rationing.

The rationing models, where quantity constraints are binding and
agents cannot transact their desired amounts, started life formally
in Patinkin®s (1965) discussion of Keynesian unemployment. All the
basic arguments had already been made in the General Theory and a
major theoretical foundation had been established in the Hicksian fix
price flex price distinction. But it lies to the credit of Patinkin
to point out the issues so clearly.

He considers the aggregate labour market alone where 1if the firm
could sell all its output then labour demand would be on the marginal
productivity schedule and wage rate would be equal to marginal
product of labour. If now the firm faces a binding sales constraint
(and there is no inventory) then this ration will change the firms
behaviour. In particular it will produce the amount it can sell and
hire the corresponding amount of labour, independent of the wage
rate. The demand curve for labour implicitly becomes kinked and

vertical at the point of the sales constraint. Compared to its



initial position the firm will now employ less labour and
unemployment will appear. Given the kink, the marginal product of
labour will be generally greater than wage at this level of labour
demand. This unemployment 1s Keyneslan since it occurs due to the
firm“s inabllity to sell its optimum output; hence there is deficient
aggregate demand. A reductlion in wage does not help since it is not
the cost of labour that precludes the firm from hiring more people.
Rather, lower wage may mean a further reduction in the demand for the
output. On the other hand if the firm 1is actually on the
unconstrained labour demand curve (and maximising profits with wage
equals marginal product), and still there is unemployment then the
wage rate must be too high to clear the labour market. This is the
case of Classical unemployment where there is no problem of demand
deficliency and the firm can sell whatever it wishes.

Clower (1965) laid even stronger and more formal micro-
foundations to the Keynesian short run model within this framework.
He concentrates on the aggregate household which, in the absence of
any other constraiats, derives its labour supply and output demand
from an optimisation process given the wage price configuration. Now
if there 1is unemployment, and the household falls to sell its desired
quantity of labour, it is rationed in its sales and has to take this
binding constraint into account. This leads to the “dual decision
hypothesis” which shows that a second level decision needs to be
taken by the agent in one market subject to a binding constraint in
another market. There will also be a fundamental difference between
notional demands (supplies) and effective demands (supplies); the

latter takes into account all the binding or effective constraints



that the agent may be facing.

Clearly, there will be interdependence among markets as these
dual decisions are taken and consistent positions sought to be
reached. In the firm"s case the initial reduction in employment leads
to a fall in wage income; hence there may be a further fall in
effective demand emanating from the household. Similarly, the
household faced with rationing in employment will reduce its demand
for the output which in turn may lead to further cuts in labour
demand.

In an aggregate two good economy ---- commodity and labour ---
there are four possible configurations of rationed equilibria when
the markets are brought together. We can have excess demand(supply)
for commodity as well as for labour. These four situations have been
termed: Keynesian Unemployment (excess supply of commodity, excess
supply of labour); Classical Unemployment (excess demand for
commodity, excess supply of labour); Repressed Inflation (excess
demand for commodity; excess demand for labour); Underconsumption
(excess supply of commodity, excess demand for labour).

The implicit adjustment at the market level, that is presupposed
to bring the economy into rationed equilibrium from an initial
situvation of disequilibrium, is the so called "min" condition. Here
markets clear on the short side so that actual transactions is the
minimum of demands and supplies. Thus price adjustment is zero while
speed of adjustment for quantity is infinite in the very short run.
The "min" condition may also give a criterion, beyond temporary
equilibrium, for price adjustments to take place in response to
excess effective demands.

There have been significant extensions to the basic structure

10



fully formalised by Barro and Grossman (1976). Open economy
considerations have been extensively studied in Dixit (1978) and
Neary (1980). A major innovation in terms of our understanding of the
microfoundations of these systems is provided in Neary and Roberts
(1980) through the concept of "virtual prices”; an example of this is
discussed a bit later. Another highly significant extension is to
incorporate expectations and a sequence of temporary equilibria in a
very rigorous fashion. This is done in a paper by Neary and Stiglitz
(1983); though the analysis contains two periods and full equilibrium
is not discussed, the paper incorporates all the complications that
arise when microeconomic considerations are fully explored.

Since the major purpose of the thesis is not to analyse these
types of models per se, rather to borrow “stylised results” for use,
we do not go into much further details. It is probably better to give
a simple 11llustrative example which will clarify the basic issues.
Consider the aggregative household whose utility depends on
consumption (C) and leisure (R). The total time available to the
household 1s T, so that labour supply is L = T-R. It faces a real
wage rate w in the labour market; thus its wage income 18 wL = w(T-
R). In this one period static optimisation model there are no
savings. The household is also constrained by the maximum amount of
labour time it can sell; this is given by I.

The constrained optimisation problem can be written as
Max U = U(C, R) (1)
subject to

C < w(T-R) 2)

11



(T-R) <L (3)

We assume that all variables, C, R, L, T,‘E are non-negative

The Lagrangian 1s:
Z = U(C,R) - 1[C - w(T-R)] - m[(T-R) - L] 4)

where 1 and m are the relevant Lagrange multipliers.
For positive values of consumption and leisure, the Kuhn-Tucker

(necessary) conditions for maximisation imply:

Ug-1 =0 ()
Ug - 1w - (@/1)] = © (6)
1[C - w(T- R)] = O Q)
@f(T -R) - L] =0 (8)
1>0, m>0 (9

When the constraints are binding then we have
C=wT=-R), 1>0 (10)
T-R =L, m>0 (11)
From (5), (6), (10), (11) we get
(Ug/Ug) = w - (m/1) (12)
C = vl (13)

The implications of (12) and (13) are clear. If the household is
rationed in {ts labour supply, such that it is forced to sell less

labour (utilise more leisure) than it would actually do so under an

12



unconstrained regime, the counstrained optimum labour sold is at the
upper limit and the corresponding level of consumption is given by
(13). Condition (12) tells us that if the real wage was actually w -
(m/1), rather than w, then the household would optimally choose.z as
its labour supply independent of the constraint given by (3). The
shadow wage-price configuration w-(m/1) implies that the household
does not perceive the ration on its supply of labour. Its "as 1if"
optimum choice would be (C, R) = (wz, T -'i). We note from Neary and
Roberts (1980) that [w - (m/1)] is the "virtual price” of leisure
time.

For subsequent analysis we denote the optimal choice in the

absence of rationing (on labour supply) as

*

(c, R, L) = (c*, %, L) (14)

and the rationed levels as
(C, R, L) = (WL, T-L, L) (15)

To understand how (labour) rationing occurs we must turn to te
behaviour of the aggregate firm. Assume initially that the firm faces
no binding sales constraints; in other words it can sell whatever is
produced (there are no inventories, for simplicity). Profit (TI), in

real terms, is given by
T = FLd) - wrd (16)

where ¥ = F(Ld) is the output of the firm and wLd 1s the real wage

cost. Profit maximisation implies

ol - w a7

13



d >0 (18)

Let us assume henceforth that the firm can always buy the labour
services it wants, thus the firm faces no rationing in its demand for
labour.

If the real wage rate is fixed at w, and transactions can take
place at disequilibrium (demand not equal to supply), then one

possibility might be that
d=1L<¢L (19)

Here the firms® demand for labour is less than the households optimum
unconstrained supply, L*. Thus the household is faced with a ration

in 1ts labour sales to the firm. This necessitates a "dual decision”
i.e. a second round optimisation, incorporating the upper limit that

labour sales is L = Ld. The "minimum” condition
L2 = min (L4, LY (20)

(L2 is actual labour services transacted) holds and the market for
labour "clears" at L2 = Ld = L. The household’s rationed optimisation
is as discussed earlier and given by conditions (17), (13). This case

assumes implicitly that the firm can sell all its output. Thus
F(LY) = F(L) = C = wL (21)

We are in the region of classical unemployment where the household is
forced to supply labour services less than its (unconstrained)
optimum level. The firm however maximises profits (see (17)) without
additional constraints.

The second possibility occurs where the firm faces a sales

14



ration such that its desired output (given by L4 from (17) and the
production function) is greater than the amount that the market (or
household) will demand. Let there be an effective sales ration for
the firm such that output must be less than or equal to an exogenous
limit Y.

Then the firm”s problem is,
Max TT = F(Ld) - wpLd 22)
Y =FLd) <Y (23)

The Lagrangeian is

z = [F(LY) - wrd] - n[FLY) - 1] (24)

Optimality implies the following:

(1 -0 FLY)-w =0 (25)
4 >o (26)
FLd) -Y <0 (27)
a[FLY) -Y] =0 (28)
n>o0 (29)

Note that here L4 represents the firm"s demand for labour, when
the sales constraint is operative.
Given that the sales ration is binding, so that the firm would
have 1liked to produce more than‘; at the unconstrained profit

maximisation level, we get

15



F(Ld) = (w/1-n) (30)

d >o0 31)
rLd) = Y (32)
1>n >0 (33)

Figure 1.1 (adapted from Patinkin (1965)) shows the constrained
(rationed) optimisation of the firm. The current wage rate is given
at w,. The unconstrained supply of output at the optimum is Y,. Faced
with a binding sales ration,‘? < Y1 the firm chooses 1its labour
demand such that F(Ld) = Y. Once agaln, the firm obeys the dual
decision hypothesis, and re-calculates its optimum with the
additional constraint. Two points should be noted. First, that the
marginal product of labour is greater than the real wage rate at the
production level ;i Second, that the shadow real wage rate (w/l1-n) is
again the “virtual price” of labour such that if the actual real wage
was set at this "as 1if" level, the firm would have no sales
constraint, de facto.

It is clear how the household may be rationed in its sale of

labour. If
L=L=°F"1( (34)
T<¢L* (35)

then the household cannot sell its unconstrained level of labour
supply and 1s forced to accept the ration of 1.
This 1s a situation of Keynesian unemployment where effective

demand for output is less than what the firm desires to produce at

16



the going real wage. It 1s characterised by the fact that the virtual
price of labour is greater than the actual real wage rate.

If the aggregate household and firm are brought together we get
a consistent characterisation of the general disequilibrium model.

The following equations will give the solution to the relevant

variables.
F(L) = wL (36)
F(L) = w/l-n (37)
C = wL (38)
Ug (C, T-1) =1 (39)
Ug (€, T -=1) = 1[w - m/1] (40)
(a, 1, m) > 0

Equation (36) simply states that supply of output is equal to demand,
though not at the level required for unconstrained optimisation. If L
is a binding labour supply constraint for the houehold, then we have
unemployment since desired L* 1s greater than the actual L. Equations
(37) to (40) we have met earlier, respectively equations (30), (13),
(5) and (6) with actual labour transacted (Z) as the argument for the
various functions. The 5 equations solve for the endogenous variables
L, C, n, 1, m, given the exogenous level of w.

The shadow (Lagrange) multipliers, showing whether the
constraints are effective or not, have special implications. When m,
the multiplier associated with the labour supply ration of the

household, is positive we have unemployment. For m = 0, the household

17



is on its desired labour supply function. Similiarly, given
unemployment and m > 0, when n = 0 we get classical unemployment
where the firm™s sales ration is not binding. Alternaively, for > O
and an effective sales constraint, we are in a situation of Keynesian
unemployment.

The general disequilibrium model postulated above, and depicted
dilagramatically in Figure 1.1, says nothing about dynamic adjustment
per se. However, implicit in the discussion there lies a mechanism
through which a dynamic story, over time, can be told. If the
objective of the economy is to reach Walrasian equilibrium (WE), then
it is important to see which form of adjustment can actually take the
system towards WE. The real rate is exogenously fixed in the model
specification. So it is natural to postulate a wage adjustment
equation which will enable the economy, over time, to move towards
WE. In Classical unemployment the wage rate is too high relative to
WE; thus wage adjustment is a function of excess demand for labour
j.e. the difference between actual demand and notional supply. This
requires wages to fall under Classical unemployment. On the other
hand, 1f the unemployment is Keynesian, the reduction in the wage
rate will cause effective demand to fall reducing the firm”s sales
ration even further; this in turn will aggravate unemployment. The
best way to reach WE in a state of Keyneslan unemployment is to
increase the wage rate. Thus, the adjustment equations tend to be
fundamentally different depending on the type of regime we are in.
This feature 1s crucial and will figure later on with regularity.
Specifications of dynamic adjustments depend essentially on the

system we have.
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Section 3: Disequilibrium growth theory.

Compared to the unified theoretical structure of equilibrium
growth theory, as evidenced say in the neoclassical models,
disequilibrium growth presents a bewildering variety of
possibilities. At this stage of our knowledge and research potential
it is impossible to analyse the most general theoretical framework
and then see how the specific features fit in. The methodology cannot
be from the general to the particular; rather it is expected that
analyses of special problems will indicate how fundamental issues can

be potentially modelled for a general theory. Nor is it possible, in

the narrow confines of a thesis, to deal with all the major
outstanding dificultles and we have to confine ourselves to some of
the important concerns in the field. ‘

Dixit (1976) emphasises the difficulties clearly: "To set up a
model of disequilibrium, we have to specify which markets fail to
clear, how the actual transactions in these markets occur when this
happens, and how the various plans, expectations and then the
realizations of various prices and quantitites alter In response to
it. There is a bewildering range of possibilities to choose from.,
and often a seemingly slight difference in assumptlons can lead to a
major diference in results. -~- With such variety of approaches and
lack of consensus, it is not possible to set down simple
representative models.” Given these limitations, we can in the thesis
discuss specific models exemplifying issues which are either
considered important or tractable; even here, given the size
limitations of a thesis, the analysis can encompass some and not all

the relevant features.

19



The approach we adopt overall is to link up disequilibrium
behaviour with the underlying equilibrium growth process. In this we
concur with Dixit: "On this question of compatibility with an
underlying equilibrium model, there are two approaches evident in
disequilibrium models. Some simply ignore the question —-- I think
that this is a mistaken argument of practicality ---— Other models
attempt to study the outcome under hypothetical stationary
circumstances, some finding compatibality and others, not.” We
follow, in the analytical models discussed later on, the second
method which seems to be the most fruitful. For example, suppose a
neoclassical (Solow) steady state full equilibrium is disturbed by a
parametric change. The interest rate is not fully flexible and does
not equal the marginal product of capital. This implies that at the
given capital stock profit 1s not being maximised and provides a
rationale for capital accumulation (or decumulation); we can then
postulate an independent investment functlon which can motivate
capital formation, rather than relying exclusively on saving as in
the standard growth model. If investment 1s not sufficient to absord
full employment saving then clearly firms will be rationed in their
sale of potential, full employment output. Hence unemployment may
occur. The question is whether this disequilibrium state will
actually converge to the new steady state or if there 1s a possibilty
of a vicous cycle developing. The analysis of stability, with full
equilibrium as the final objective of convergence, will have
overriding consideration in our analysis. In particular, we shall be
careful to watch for saddle path (in)stabilty since this will clearly
demonstrate the need for regulation and intervention. We will need,

at least ilmplicitly, an exogenous authority, to put the economy on
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the stable manifold 1f it is to avoid cumulative divergence.

In a masterly survey of the state of the arts in disequilibrium
growth theory Dixit (1976) identifies three major areas, within the
noe-classical/Keynesian growth paradigm, in which analysis should
proceed. These are (a) Income-expenditure models leading on to the
more formal temporary equilibrium theories of sequence economies;
here the work of Bliss (1975, 1983) stands out in terms of rigour;
(b) Monetary models and the explicit treatment of asset structures as
well as expectations; this follows the seminal work by Tobin (1965);
(c) returns to scale and monopolistic markets. He does not deal with
open economy macro growth models, though this is an important area of
investigation.

Given the excellent and comprehensive survey already available
in the last chapter of Dixit (1976) there seems to be little
necessity in discussing the material once again. We take as a
starting polnt the research agenda laid down in that book and
continue from there. We emphasise income expenditure models with
independent investment functions which can be built on profit
maximising principles or be of the Keynesian marginal efficiency
type. Our growth models here stress unemployment and underutilisaton
of (capital) capacity. In addition some income distributional
conslderations, affecting saving, consumption and effective demand,
are also analysed. One model is exclusively devoted to open economy
considerations. This follows research topic (a) above. We then move
on to a large and comprehensive chapter on money and growth (topic
(b)) which focusses on the neutrality proposition and builds a

relatively general discussion on policy, asset structure,
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transitional paths and disequilibrium. Unfortunately, space and time
precludes the proper analysis of the third issue (c) mentioned above.
The analysis of monetary models seems a natural place to leave growth
theory and move on to short run dynamics (fixed capital) where the

asset structure and concomitant expectations on rates of returns have

more crucial influence.

Section 4: Dynamics with exogenous capital.

A third type of macroeconomic dynamic models, following from the
IS/LM tradition, looks at short to medium term adjustment processes
when markets do not clear. Models of this type do not consider the
evolution of capital stock over time; thus capital accumulation is
elither assumed to be zero or exogenous. Commodity market balance is
assured in the sense that saving and investment (desired and/or
actual), based on realised income, are equalised; but this
saving/investment decision does not carry over onto long run
considerations of changes in capital stock. Disequilibrium is almost
always introduced through the notion of an aggregate supply function;
when aggregate demand emanating from the IS/LM equilibrium is not
equal to supply of the national product we have disequilibrium.

The analysis of the supply side can be done in alternative ways.
Sachs (1980) starts with the labour market and derives the supply
function as dependent on the real wage rate. However, wage/price
movements are rapld enough to equate aggregate supply and demand;
thus there is no rationale for disequilibrium. The Dornbusch type
models treat supply as fixed (at a full employment level independent
of nominal wage and price) but analyse fully adjustments under

disequilibrium. Both approaches are partial. As we shall see later
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(in Chapter IX) a more fruitful method of analysis is to integrate
the two major desirable properties —-- a proper supply function and
slow price adjustment to allow for disequilibrium.

Another problem with this class of models is that, even though
supply and demand are not equal in the commodity market, spill over
effects are not always properly integrated. 1f aggregate demand,
derived from the commodity and money markets, cannot be met by
suppliers then a further round of decision making on the demand side
of the market (IS/LM) is necessary. Again, this will be a major focus
of our attention in a later chapter.

Many of the interesting theoretical developments in this area
have come from open economy macroeconomics so we also emphasise this
aspect (in the last two chapters). Money, exchange rates and
expectations play quite important parts in the models and their
implications are considered in some detail. The structure of the
analysis can be considered briefly. For a given exchange rate and
price level, the IS and LM functions determine aggregate demand and
the interest rate. The supply function gives aggregate supply again
dependent on the level of the “state variables”. Demand, supply and
the interest rate are used in turn in the adjustment equations for
price and rate of exchange which then change to give the next period
values. The transition path exhibits disequilibrium in the sense that
aggregate demand and supply are not equal; the presence of this “gap”
gives rise to dynamics.

The Dornbusch model places exclusive reliance on (sluggish)
price adjustments to clear markets. Another method, familiar with

early Keynesian economics, 1s to use inveantory adjustments with
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suitable (and major) extensions to take into account the open
economy. Depending on the structural assumptions made, inventory
dynamics can give some interesting results for the disequilibrium
behaviour of the economy.

The models that we will analyse all assume rational expectations
or perfect (myopic) foresight. Thus expectational variables adjust
rapidly (instantaneously); expectations are realised quickly except
for the influence of pure uncertainty or white noise. The rapid speed
of adjustment of expectational variables, as contrasted with other
alternative assumptions such as in adaptive expectations, creates
problems for stability analysis. In a sense It may be necessary to
have slow adjustments in some variables, and the formal presence of
disequilibrium, to achieve at least saddle path stability; the
alternative might mean that all characteristic roots are positive or
lie outside the unit circle. In practice, we often have saddle point
equilibrium. Only the stable manifold approaches long run equilibrium
over time; all other paths diverge away from stationary (steady)
state. In growth theory, this was appreciated early, in the model
ploneered by Harrod where the equality of the actual and natural
rates of growth defined the stable manifold; stability is therefore a
“knife-edge” problem since almost all paths exhibit instability.

If we wish to guarantee convergence it is necessary to identify
the unstable roots with “jump” variables while the stable roots are
linked with predetermined variables, which cannot change in response
to current information or shocks. This 1s akin to the distinction
between control and state variables in dynamic optimisation.
Heuristic descriptions akin to transversality conditions are used to

motivate the economy to reach long run equilibrium. Though ad hoc,
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the models have the great virtue of policy realism and the ability to
explain quite complicated empirical phenomena such as business
cycles.

The cholice of which variables should be predetermined or non-
predetermined is usually a matter of empirical judgement based on
stylised facts; there are no clear cut rules. For example, short run,
dynamic, open economy, macro models often assume that the price level
(or rate of inflation) is predetermined and backward-looking while
the exchange rate can jump. Closed economy models may assume that
output falls into the former class while price variables constitute
the latter group. This thesis makes an innovation in the last chapter
by assuming that inventories can be regarded as a “jump” variable for

the small open economy. Since this may be controversial we will

discuss it in some detall in the general framework being presented
here.

We are proposing the rather unusual assumption that an aggregate
stock variable (level of inventory holding) can move discontinuously
at the polnt of time when the economy experiences a shock. Yet a
careful consideration will show why this may be possible. First,
there are other areas, often discussed and considered plausible,
where a stock variable i1s changed discontinuously. The obvious
example 18 money “stock”; policy discussions based on increased
(decreased) money stock are common. The main point is that the agent
handling the quantity transaction is able to change its level
“quickly’s It is thought that the authorities can do so for money;
hence the acceptability of discontinuity in the time path of stocks.

Second, a single and small firm in a large competitive market can
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change inventory stocks at will simply by ordering them without
affecting prices (due to its “smallness”). There are of course
practical difficulties such as transportation constraints and
transaction costs; but these are present even in “instantaneous”
price adjustments; the difference is one of degree not of kind. The
third point to note is that a small open economy selling a
homogeneous product in a large competitive world market can behave
exactly like a single firm of the domestic economy. By virtue of its
smallnes it can dispose of Inventory stocks “quickly” to the rest of
the world exactly like a small firm; thus discontinuous movements of
inventories are possible and this variable can in principle jump,
even though in practice a distributed lag mechanism will work.
Basically, it is a question of ranking speeds of adjustment. In the
model of Chapter X it is assumed that the exchange rate and inventory
stock have a much faster speed of adjustment (“infinite”) compared to

the price level or rate of inflation as the case may be.

Section 5: Adjustment Process

When markets do not clear and the system is in disequilibrium it
is necessary to postulate adjustment equations which give the
behaviour of the endogenous variables over time. Disequilibrium
analysis, particularly with rationing and spill-overs, creates major
problems for dynamic behaviour. Growth theory, where the time path of
caplital stock is crucial, adds additional difficulties. At the
current state of the macroeconomist®s art, it 1s only possible to be
ad hoc and search for consistency, rather than trying to analyse a
full blown optimising framework where adjustment equations and

parameters come out as by-products of the analysis. We intend to give
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some structure, at this stage, to the myriad viewpoints and
specifications that are potentially available.

One extreme point of view is the Walrasian tatonnement model
where all transactions must take place at prices where notional or ex
ante demands and supplies are equalised. Thus, dynamic adjusments,
necessary to clear markets, take place before quantity transactions
are actually made. In a sense the adjustments are hypothetical since
they are done at "auction” prices; only when equilibrium 1is actually
reached can trades occur. The opposite view point, given non-
tatonnement, assumes that transactions occur at the short side of the
market so that in disequilibrium one of the agents
(demander/supplier) 1s satisfied while the other i1s rationed. The
spill over effects emanating from disequilibrium in various markets
are then taken into account; agents reallocate their effective
demands and supplies; price adjustments follow in response to excess
effective demand.

Both these paradigms have micro economic foundations and the
results are derived from optimising models. The analysis gains from
preciseness but is not always robust or subject to empirical
evaluation or appropriate for institutional policy discussions.
Macroeconomics tends to take the middle path, borrowing elements from
both and using relatively ad hoc assumptions to counstruct dynamic
models.

In a recent paper, Heal (1986) has discussed some of the
stability problems that are associated with macrodynamics. He
postulates the following model which “could be thought of as an

aggregative one-sector macroeconomic model, in the spirit of
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neoclassical growth models and many subsequent macrodynamic models”
(Heal (1986)).

We have

qa = alp - c(q)] (1)

P = b[D(®) - q] (42)
where q is output, p is its price, D 1s demand and ¢ the average cost
of production. A dot ~.” over a variable always denotes a time
derivative, x = dx/dt. If the price is above average cost then firms
increase output; when demand is greater than supply price rises.

I will now take this basic system and adapt it to a growth

framework with capital accumulation. Ignore labour and the wage rate

for the moment. Then we can have the following:
K =a|[F(K) - r] (43)

r = b[I(K,r) - s(r)F(K)] (44)
where K is capital stock, r is the rate of interest, F is the
production function (with standard properties) I is desired or ex
ante investment so that I(K,r) is the investment function, s 1s the
saving propensity and sF is total saving and (a, b) are speeds of
ad justment, both positive.

Equations (43) and (44) are essentially similiar to (41) and
(42) except that we are now within the realm of a growth model. With
the wage cost fixed, if the marginal product of capital is greater
than the interest rate, then as capital stock increases so will
profit. Thus, with F* > r, the firm increases capital and output over
time to reap extra profitability and this rationalises equation (43).

In the words of Walras, this can be described as “le loi de 1la
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revient”. On the other hand, equation (44) can be a description of
the market for loanable funds, where capital is transacted. Here,
excess demand for funds, given by ex ante investment greater than ex
ante saving, generates a rise in its price i.e the rate of interest.
The Walraslan statement would be “le lol de 1offre et de la demande”
(see Heal (1986)). Excess demand (supply) raises (lowers) price.

The model, of course, needs to be supplemented by other
information. For example, the investment function needs to be
specified. Equation (43) 1is one specification; there may be others.

For example, a Harrodian investment function of the type

K = z[1(K,r) - S(K,1)] 5)

may be appropriate. If desired investment (I) is greater than the
amount of saving, investors try to lncrease capital stock since they
perceive a capital "shortage”. On the other hand when ex ante
favestment 18 low, specifically less than saving, then there exists
excess capacity which leads to decumulation. (z is the speed of

ad justment).

It is useful to have a classifactory scheme for the various
types of adjustments that can take place when markets do not clear
and capltal accumulation needs to be analysed at a macroeconomic
level. A major distinctlion 1s between Classical and Keynesian Regimes
(henceforth termed in this chapter CR and KR). These two regimes
will generally have different equations for capital accumulation, as
exemplified earlier by equation (43) and (45). Another distinction
between them occurs when planned investment and saving are not equal

and actual capital formation is assumed to be the lower of the two;
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then, CR is the case where the saving constraint is binding and
actual caplital formation is equal to saving; KR would have binding
fnvestment and changes in capital stock are given by the investment
function. Mixed features are also possible; for example, a
behavioural function for investment like (43) which also happens to
be binding and the maln determinant of accumulation. Chapter II deals
specifically with such a model. Chapter IV gives lot more attention
to the Harrod-Keynes investment function (45).

The other distinction is between nontatonnement and tatonnement
type adjustments. If the minimum condition holds so that

. K, = min[I, S] (46)

where ﬁa is actual capital investment, then we call it the non
tatonnement dynamics of the capital stock. The alternative, where
actual investment is set at a level depending on desired saving and
investment (for example, averaging them), as well as taking account
of price adjustment, may be termed a tatonnement type process (see
Rose (1966) for an example).

We now have four “pure” cases. However, as mentioned earlier,
some hybrid examples can also be constructed. The following table

gives a clearer picture.

Tatonnement Non-tatonnement
Classical Regime Case 1 Case 11
Keyneslan Regime Cage 1II Case 1V

Models which analyse these cases will generally be tested for

stability; some comparative dynamics excercises will also be carried
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out. When the system obeys the Routhian conditions, and is at least
locally stable, we have no major problems in analysing growth paths.
Starting from any initial conditions, the variables will converge
over time to long run equilibrium, either steady or stationary
states. Difficulties arise when the equilibrium exhibits saddle point
properties. Then almost all paths will gravitate towards the unstable
manifold unless specific restrictions are placed on them. As
discussed earlier, systems with explicit expectational modelling,
such as the short/medium term dynamics systems (with capital stock
exogenous), usually impose restrictions on the nature of variables -
pre determined and "jump”. Given that long run equilibrium, with
positive values of all variables, is a desirable objective for all
agents, the "jump” variables move discontinuously to attain the
stable mainfold. We will make similiar assumptions for the growth
models, in this thesis, when they exhibit saddle paths. The implicit
assumption is that there is an infinite horizon optimal control model
"supporting” these descriptive systems that we analyse. Suitable
transversality conditions can be imposed to make the system move
towards long run equilibrium. Jump variables are then identified with
controls which the "invisible” optimising agent can choose at will.
Predetermined variables are state variables of control theory which
cannot change at the time of shock.

The following chapters will have examples of these various cases
(I to 1V) with dynamic paths and concomitant growth behaviour when
markets may not clear. The examples are selected for their economic
interest and ability to exemplify how the growing economy behaves in

disequilibrium. The models deal not only with capital stock but also
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labour dynamics, including unemployment. Together, they make up a
relatively comprehensive picture of the disequilibrium process with

capital formation.

Section 6: Structure of the thesis.

The papers collected in the thesis follow the traditions of
macro growth and dynamic models, with and without endogenous capital
formation, as discussed earlier in Sections 3 and 4. The thesls does
not deal with short run rationing models per se. Thus, the
behavioural relations are not always derived explicitly from
optimising foundations incorporating quantity constraints. However,
the implications of rationing, particularly the fact that actual
transactions take place on the short side so that quantity transacted
is the minimum of notional supply and demand, are carefully noted and
integrated in the analysis. We also stress adjustment processes, both
of the tatonnement and the non~tatonnement types, clearly
distinguishing Classical and Keyneslan regimes. It will be seen, in
the models that follow, that the latter distinctlion is of crucial
importance in delineating specific growth paths for the stylised
economy.

Disequilibrium in the labour market is usually discussed in
terms of unemployment; this 1s because unemployment is potentially
the most important problem for an economy trying to achleve greater
capital accumulation; the opposite case of over (full) employment, or
even a dynamic version of repressed inflation, is given less
importance though it is discussed occasionally in some of the
following models. In addition, a great deal of emphaslis 1s placed on

the possiblility that desired saving and investment may not be
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equalised; the consequences of such a divergence and their
implications are major issues in the analysis.

The thesis naturally divides into two parts. The first part is
concerned with long run capital formation and growth models in
general. Here the behaviour of capital stock is endogenous, and an
important area of investigation is to find out how investment and
capital evolves over time when some markets fail to clear. This is
the preserve of disequilibrium growth theory. The Second part shifts
emphasis and implicitly assumes that capital stock is fixed
exogenously. Our interest 1s primarily in the medium term where price
adjustments and aggregate demand behaviour take on central roles, as
in standard Keynesian short run macroeconomic models, while the
supply side is given less prominence. Labour is also assumed to be
fixed (from outside the model); thus the analysis of steady states
and the convergence of actual to natural growth rate are unimportant
here. The non-equalisation of aggregate demand and supply, which was
interpreted as the divergence of investment and saving in the first
part of the thesis, now causes price or inventory changes rather than
influencing capital formation.

Part A, on growth theory, starts off with the one sector (Solow)
neoclassical model of growth. This is as expected, given the seminal
fmportance of that work in the theory of equilibrium growth. The
Solow model assumes continuous equality of saving and investment and
this 1s the major mechanism by which markets are equilibrated. We
show that, even in an one sector model, {t is not easy to defend the
assumption that desired saving must be equal to desired investment.
Thus, using Bliss”s terminology (1970), investment must be

“accomodating”; in effect it adjusts to whatever level of saving
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(derived via the inter-temporal optimising decisions of the aggregate
household) is available. Alternatively, saving always determine the
short side of the market so that it is equal to capital formation and
hence actual investment. We criticise this lack of an investment
“function”, relating ex ante investment to other variables in the
system, which can in principle be binding and hence determine capital
accumulation. Chapter II then goes on to explore a model which
implicitly analyses investment behaviour and shows how disequilibrium
(in the sense of ex ante saving and investment not being equal) can
be incorporated in the basic neoclassical model of growth.

The one sector disequilibrium growth model with neoclassical
features ignores the problem of unemployment; this omission needs to
be rectified. Chapter III concentrates exclusively on unemployment
and discusses the stability properties of a system with capital
accumulation but where labour markets fail to clear. The analysis is
set in an optimising framework using the well known overlapping
generations model. The “younger” generation earn wage income alone
and save part of it. The “older” generation consume all their profit
income. This allows us to consider saving and investment decislons as
synonymous; thus the previous chapter”s major concern has no
significance here. However, the explicit focus on labour market
disequilibrium has interesting implications.

An important missing feature of these two models, as well as
others in the neoclassical veln, 1s the lack of an explicit
investment function (though Chapter II does have some discussion of
this). One of the earliest, and seminal, analysis in the context of

growth theory was due to Harrod and his ideas are used formally in
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the next chapter to analyse various regimes of dynamic
disequilibrium. The Harrodlan investment function assumes that
intended investment (as a proportion of current capital stock) rises
when there 18 capital shortage i.e. desired investment can not be
fulfilled due to lack of saving. Alternatively, ex ante investment
(as a ratio of capital) falls when there is excess capacity; which
implies potential full employment saving is greater than investment
demand. In Chapter IV, armed with an explicit behavioural equation
for investment, we find that it is possible not only to derive
dynamic properties of the growth system but also to identify and
study various regimes of unemployment, such as Classical and
Keynesian, as well as repressed inflation with general excess demand.
Chapter V takes on board some distributional considerations
through a two-class model of “workers” and “capitalists” who have
different saving propensities. Here we are careful to take into
account the implications of the dual decision hypothesis and the fact
that unemployment will have implications for saving behaviour
(through workers rationed income); hence capital formation,
determined by the minimum of desired investment and saving, will also
be affected. This chapter emphasises unemployment, again because of
its overall macoeconomic importance. Classical and Keyneslan
(unemployment) regimes are distinguished, and dynamic behaviour on
the long run growth path are analysed, separately for the two
alternative systems. The implicit assumption is that if the economy
finds itself in one of the two unemployment regimes then it will
continue to do so in the long run. A more general disequilibrium
model with regime switching and growth is beyond the scope of this

thesis.
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Uptil now the analysis is strictly concentrated on the closed
economy. Chapter VI emphasises the open economy where a
tradeables/nontradeables distinction is made, to characterise the
major property of a small economy trading with the rest of the world.
Once again we stress unemployment and analyse the disequilibrium of
the labour market in the context of capital formation and trade.

All models discussed thus far are “real” in the sense that monetary
assets play no explicit role. This follows the tradition of
equilibrium growth theory where monetary models were latecomers in
the overall analysis. As emphasised earlier, in the context of the
Dixit research agenda, the very presence of money even in a world of
certainty-equivalents create conditions for disequilibrium modelling.
Chapter VII analyses certain issues in monetary growth within the
framework of rational expectations, which in the absence of
uncertainty implies perfect foresight.

We are interested in two questions, in the context of money and
growth, both of which have received a lot of attention in the recent
literature. First, the conditions under which “superneutrality”
holds; would the steady (stationary) state value of real variables be
invariant to changes in the rate of growth of money supply; what
conditions would guarantee a positive role to discretionary monetary
policy; alternatively, can the monetary authorities influence the
long run values of real capital stock and output. These questions are
analysed in some detail, using a survey of the literature as well as
a model, in this chapter.

The second set of 1ssues are more intimately connected with

disequilibrium behaviour; specifically, the motion of the economy in
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its transition path (to the new long run equilibrium) consequent to a
policy shock. To focus attention on disequilibrium dynamics we
postulate superneutrality so that initial and final capital stock,
corresponding to two levels of the exogenously specified money growth
rate, are the same. This allows us to concentrate on the behaviour of
real variadbles when the economy iIs out of equilibrium without
bothering about stationary states. It is demonstrated that activist
monetary policy, both anticipated and unanticipated, does indeed have
real effects on the transition path when the economy has not reached
its long run equilibrium. This is independent of any subsidiary
assumptions regarding superneutrality.

Chapter VIII begins the second part of the thesis where we
eschew capital theory and focus on short and medium term issues. In a
sense, this chapter and the preceeding one are linked for they both
deal with (super)neutrality of money under rational expectations.
Thus they form a formal bridge between the two parts of the work.

In the postulated short run framework Chapter VIII analyses
monetary neutrality given that markets may not clear. Lucasian models
usually assume equilibrium and then demonstrate that money is neutral
under rational expectations. Neutrality, under uncertainty, is
defined as the invariance of real variables to changes in the
anticipated component of money supply; only unanticipated shocks have
real effects. We investigate these propositions under disequilibrium.

The short run monetary framework continues into Chapter IX. A
Dorunbusch type open economy is considered with price and exchange
rate dynamics; price movements depend on the difference between
aggregate demand and supply; exchange rates obey covered interest

parity under perfect foresight. Our innovation here is to model
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disequilibrium (giving rise to price movements over time) much more
formally, taking into account, carefully, the difference between
notional and effective demand (supply) as well as the concomitant
dual decision effects. It is demonstrated that if the implications of
non market clearing behaviour are properly taken into account then
“overshooting” type responses are exacerbated. This is not surprising
since the pressure on the jump variable is enhanced by both the
inertia of sluggish prices and the consequences of disequilibrium.

The standard way to justify and tackle disequilibrium, aggregate
demand not equal to supply, 1s to assume “slow” price adjustments.
Another way would be to use inventory fluctuations as an adjustment
mechanism; thus flow disequilibrium is met by stock changes as well
as by some price movements. The crucial question is to model
inventory behaviour. This is done in Chapter X in a Buiter-Miller
framework by analysing a short to medium term macro model of the open
economy. It is demonstrated that the dynamic movements of inventory
in the small open economy can exhibit some surprisingly different
properties (from the standard textbook Keynesian models), depending,
of course, on the assumptions made. In particular, if inventory is
assumed to be a “jump” variable, as it can rightly be in a small open
economy which can buy or sell any amount of the given aggregate
commodity in the world market (acting like a “small” competitive firm
in a “large” industry), then inventory holding can actually fall
consequent to a contractionary monetary policy induced reduction in
aggregate demand. This in turn may aggravate the business cycle as
discussed fully in Chapter X.

The following chapters are relatively self-contained; each have
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their own short introduction, brief literature survey and succint
concluding remarks. The linkages between them lie principally in
methodology and the type of issues discussed rather than in the
evolution of a specific model. It 1s difficult, given the current
state of the literature, to construct a general disequilibrium growth
model which will take care of all the major features involved. Thus
specific models emphasise and analyse specific or individual
problems, with the integrating link being provided by the framework
and the type of questions asked, rather than the answers given or the
solutions provided.

In general, the models discussed later stress the crucial
importance of various adjustment processes, these in turn being
dependent on the type of disequilibrium regime one has or one
proposes to emphasise. The crucial distinction is that between
“Classical” and “Keyneslan” regimes. In the former, the real wage
rate is usually equal to the marginal product of labour; thus
unemployment is a product of too high a real wage rate and its
sluggish adjustment. In addition, the capital (commodity) market
clears only with a binding saving constraint; thus investment
behaviour need not be analysed. The “Keynesian” world, on the other
hand, has the real wage rate below the marginal product of labour as
well as accomodating the important role of the investment function.
Depending on the regimes postulated, the adjustment equations are
appropriately specified, as mentioned earlier in Section 5, and this
glives rise to the contrasting dynamics and growth stories of the
various models we discuss later in the thesis.

Finally it can be mentioned, given the brief discussions of the
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chapters, how the evolution of the first part of this work fits in
with the research agenda set forth in Section 3. These six chapters
(I1 to VII) monitor the major issues in disequilibrium growth theory
identified in Dixit (1976). Together, they are expected to give a
reasonably comprehensive picture of the field. However, as mentioned
earlier, given the current literature, it 1s not possible to give an
integrated and perfectly general model. But this may not be
undesirable either, since a metatheory might not be sufficiently
encompassing as to incorporate all the complications of the problem.
At this stage it may even be preferable to analyse issues as they
arise, with a loose interconnection (through the method and

objectives) binding them informally together.
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Section 1: Introduction

Modern growth theory was plioneered by the work of Harrod (1939).
Harrod was Iinterested in two types of equilibrium (and therefore of
disequilibrium), which were essentially difterent, though with
interconnections. The first deals with the equality of actual and
warranted rates of growth. The second investigates the equality of
warranted (equal to actual) and natural growth rates, i.e. propertles
of steady states, In spite ot the fact that Har{od stressed the
crucial importance of the former ptobleml, the-neoclassical theory
that followed concentrated exclusively on the latter issue,

Actual and warranted rates of growth are not equal to each btﬁer
when desired saving is not équal to desired investment. In an
atomistic environment»when savers and Investors are usually different
groups of people, saving investment equality ex ante is not a truism.
Rather, we should expect ex ante saving not to be equal to ex ante
investment and investsligate the consequences of the inequality.

Unfortunately, this problem is completely ignored in the
neoclassical theory of growth., It quickly passes on to the second
problem concerning the equality of warranted and natural rates of
growth., In other words the analysis of steady states become crucial
in this theory. It also analyses the behaviour of the system when
warranted (necessarily equal to actual) and natural growth rates are
not equal and flinds that the former converges to the latter by
flexible capital output and capital iabour ratios which in turn devend
on the real prices of factors of production, labour and canmital. The
marginal productivity theory is an essential adjunct to this analysis.

The theory has been criticised on various points. The one asset

structure of the model, the problem of valuation of capital in a more

45



DAFAAA

general model, the possibilily of badly behaved production functions,
Indeed the very notion of analysing steady state equilibrium and
stabllity have been attacked. We are not concerned with these. The
essential problem trom our point of view is that the possibility of
desired Investment saving inequality is ignored.

Harrod's knife edge growth equilibrium and related instability is
based on an explicit investment demand function. However,
neoclassical theory has generally ignored the analysis of investment
behaviour in growth models. As Bliss (1975) states: "It is a most
remarkable fact (that) ... since Solow's ploneering parer, there has
been no subsequent discussion of this pafticular process of adjustment
to equilibrium” (p. 312). An excellent paper by Nikaido (1975),
highllghts the issue of the knife edge problems as caused by
investment behaviour of capitalists rather than rigid factor prices
and inflexible factor substitution. Our paper tries to analyse these
issues in a more neoclassical framework but with a greater emphasis on
independent investment behaviour and the possibility that desired (ex
ante) saving and investment may be unequal.

Though not always explicitly stated, three reasons can be found
tor such a neglect.2 Firstly, there may be a government which bridges
the deficit or withdraws the surplus. Secondly, savings plans are
always realised and investment i{s an "accommodating” variable which
adjusts automatically to the given level of saving. Thirdly, there
exists a price mechanism in the capital market whereby the rate of
interest adjusts o equate the desired demand for and supply of new
capital (desired investment and saving respectively). The next
section deals with these questions in more detail. It is shown that

none of them are satlstactory.
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To sum up, we t{ry to Investigate within an expnlicif neoclassical
growih tramework, the effects of investment behaviour, the divergence
between desired investment and saving and the possible convergence of
the model to a steady state equilibrium. The analysis emphasises
disequilibrium behavlour as opposed to continuous saving investment
equality, more appropriate to equilibrium theory. The latter view
makes Investiment passive and accommodating, and neglects the
conslderation of “"animal spirits™ of the Keynesian investors. The
alternative disequilibrium model, therefore, seems to be more
interesting.

Section 2 deals with the reasons for the apparent neglect
of investment behaviour in neoélassical growth models. Section 3 sets
out the basic disequilibrium model. Section 4 analyses local and
global stability of the system. Section 5 extends the model to

include a variable saving Income ratio. The last section concludes

the chapter.

Section 2: Investment Saving Equality

The basic one sector neoclassical growth model (Solow (1956)) may

be briefly summarised. All variables used here have aggregate
values, There exists a neoclassical production function (whose
properties are well known) linking output Y, capnital stock K, and
employment L (= total labour force available).

Y = F(K,L) (1)
By constant returns to scale we can write (1) in per capita form

y = £(k) £ >0, t" <0 (2)
where y = Y/L, k = K/L.

The intertemporal utility tunction of the aggregate household
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determines a constan! saving propensity (s) such that total saving (S)

is:
S = sY
and S o st (k) (3)
L
Per capita investment is by definition
(4)

[
]

le
(]

=l= .

The growth of ftull employment labour force is given by the natural

rate of growth

n =%
L (5)
Since k = K/L
k_ XK_L (6)
k K L
and N (7)

-~% = k + nk

Assuming continuous equality between saving and investment I/L = S/L
we have
K + nk = sf (k) (8)
or ; = sf (k) - nk (9)
This 1s the basic differential equation that defines the path of

*
capital stock per capita. The steady state values of k = k is derived

*

by putting i = 0. Under the Solow conditlon of stability sf(k) < n,
steady state equilibrium can be proved globally stable. The real
tactor prices of the model are derived from marginal productivity
theory

r = PK = 9Y/OK = f '(k) (10)

= P o= AY/AL = £(k) - KE'(K) (11)
(r is rate of interest, PK i1s price of capital service, w is wage rate

and P, the price of labour),

L
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In this equilibrium growth model, investment is assumed equal to
saving, The possibility of disequilibrium between invesiment and
saving may be rectified by three alternative methods, as suggested in
Section 1. Consider each one in turn. In the given one asset model,
the government can Intervene to equalise investment and saving only
.through taxes (or transfers) of the given commodity. Suppose the rate
ot tax (or subsidy) is to so that the per capita amount of tax is ¢ =
:Of(k) and net private saving is s(l—to)f(k). The condition for
equilibrium ls

1+g= s(l-to)f(k) (12)

where £ = k + nk is net investment per capita and g = tof(k) is

government expenditure or withdrawal per capita. Therefore

£ (E(K) + sE(k)) = sf (k) = k - nk

and .
t _Sf(k).—k-nk

£ (k) + sf(k) (13)

Thus, the tax or subsidy rate must be continuously adjusted such
that this equality holds. Unless the government is omniscient and
omnipotent, such a continuous adjustment of tax (or subsidy) rates is
virtually impossible and even as a "stylised fact" goes beyond
credibility. Yet Burmeister and Dobell (1970) writes simoly: "It may,
ot course, require some fiscal or monetary policy in the background %o
bring saving desires into line with investiment {ntentions”.

An alternative neoclassical procedure of tackling the problems
arising out of an lInequality of saving and investimen: is to make
investment an “"accommodating variable".3 An equilibrium system

consisting of a set of relatlions, gives some value (or values, if the
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solution is nol unique) to the variables with which it deals. A
variable may have a particular value either because of "uniquely
determined decisions by the Iindividual micro units of the model or it
may be a consequence of aggregate balancing relations in the model”
(see Bliss (1970)). The latter class of variables may change without
violating the equilibrium conditions related to the individual
decision makers. 1Its main purpose 1s to "accommodate™ to a value
which satisties an aggregate balancing (equilibrium) condition, for
example demand and supply have to be equal in a particular market. In
the neoclassical growth model saving is a variable of the former type
depending on the “decisions by the individual micro units of the
model™. On the other hand, investment is of the latter type because
its value depends on savings, "a consequence of aggregate balancing
relations”, i.e. of the condition I = S, A variable like “"investment”
in a neoclassical model is called an "accommodating variable”.

There are two ways In which the cholce of investment as an
“accommodating variable” can be defended. One can conceive the long
run dynamic process as a sequence of short run temporary equilibrium,
similar to a Hicksian "week”. In any such short run "week”™, saving is
determined by output (functionaily dependent on given capital stock
and labour force), and the saving propensity (determined by households
intertemporal optimisation plan). Desired investment is equal %o
desired canital stock minus the initilal capital stock. If at the

given price set, desired capnital stock is a correspondence rather than

a functlon, the aggregate firm would willingly demand exactly the
amount of capital stock supplied by household (savers). Thus desired
Investment passively accommodates to the given level of saving. If

per chance, level of saving was ditferent, investors would have been
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equally willing to invest that new (different) amount. The level of
investment demand is not determined by any optimising behaviour of
entrepreneurs, given the price vector. Whatever is saved is invested.

This 1is equilibrium economics par excellence. The essence of
disequilibrium where markets do not clear, transactions take place at
non-market clearing prices and price adjusts with non-tatonnement, are
ignored completely. The balancing relations hold automatically,
without any microeconomic incentive for change.

An alternative justification for an accommodating variable is
more interesting. Consider any short run Hicksian “"week™. Suppose
the aggregate firm wishes to maximise outpuf subject to resource
constraints, i.e. Max Y = f(Kd, Ld) (14)

subject to kKd<XK+ S

4 < (1 +n)T
where Kd, L9 are demand tor capital and labour,'z is initial capital
stock, S 1s the flow of saviug, K + S Is the total capital stock
available and L is initial labour.

Forming the Lagrangelan

z = F(k9,19) + (X + 5 - k4) + w(T(1 +n) LY) (15)
where r and w are Lagrange multipliers and interpreted as shadow price
of capital and labour resource.

By Kuhn-Tucker condition we have

Fip -r <0
Fp —w<0 (16)
XK+s-x4>»0
1 +a)-1950
(where F) = 3Y/3Kd, F2 = aY/aLd). It we assume further that (Kd, Ld.

w, r) > 0 thean all the relations (16) hold as equalitles.
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Specif ically we have the marginal productivity theory of factor
pricing r = F;, w = Fz, tull employment Ld =TL(1 +n) and K + S = kg,
If theretore investiment is defined as Kd - f; the desired change in
capital stock, then we get I = k4 - X = s.

If every single “"week" obeys this equality, then the growth path
conceived as a sequence of such weeks will always have investment
savings equality.

Once again this stylised optimisation is well suited to
equilibrium economics. However, as investors attempt to acquire more
capltal goods, various adjustments are taking place in the economy
even within the Hicksian "week”. In an attempt to reach the -
equilibrium position from an initial one, prices will change, and
without an adjustment process in disequilibrium, we do not have an
interesting analyslis. A single firm under perfect competition can
behave in the stylistic way set out, without causing changes in the
underlying price vector (w,r). The aggregate firm in a macro model
cannot do so and we must analyse the path of movement from the initial
to the equilibrium points and any consequent disequilibrium
adjustment,

Finally, we consider the price mechanism which gives the most
Iinteresting method by which disequilibrium may be corrected and
investment saving equality brought about. By far the most complete
analysis of this method is‘due to Solow (1956). He claims that in
every period, a stock of capital (equal to saving plus existing stock)
is thrown on the capital market inelastically and the real rental r(t)

adjusts instantaneously to clear the market. In addition the marginal

productivity conditlion must hold, i.e. real rental must equal marginal

product ot caplital services. Bul prices never adjust instantaneously,
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disequilibrium can continue and Solow is aware of this problem. He
says: "If saving and investment decisions are made independently,
however, some additional marginal-efficiency-of-capital conditions
have to be satistied”. But this enquiry is not followed up. There Is
a similar problem for the labour marke: too.

What does Solow's price mechanism, look like? Bliss (1975) has
given an excellent formal summary of such a system. It conéists of

the following differential equations which are self -explanatory.

K = a[F(K,L) - r] (17)
L = B[Fp(K,L) = w] (18)
£ = 6[K - K] ‘ (19)
w=Y[L - L] (20)

(a, B, §,Y) >0

(where'f,'i are supplies of capital and labour). Even though general
conditions of stablility for such a system are difficult to derive,
Bliss gives examples to show that stability in general cannot be
established.

Neoclasslicals may object to the characterisation given by
equation (17) to (20). After all, the equilibrium model of Solow
works on the basis of capital labour ratio and wage rental ratio,
rather than absolute value of K, L, w, r as in system (17) to (20).
We can re-interpret the equilibrating mechanisms and the working of
the price system In a Solow model in the following way. Once ;gain at
the starl of the Hicksian "week”, the stock of capital Zo labour
(k=K/L) is glven Inelastically on the market. Let it be k=k.

imilarly, the inltlal wage rental ratio (Q=w/r) is given. It the

demand tor k exceeds the Supply'f, wage rental ratio falls. A
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relative excess demand for capital w.r.t. labour raises the price of
capital (r) we.r.t. price of labour (w). Further, if the wage rental
ratio is greater than the ratio of marginal product of labour to

capital, the capital labour ratio rises. The model is summarised as

k = afa - (-f—t’_ﬁ,f-')] (21)
R = BIX - k] (22

Forming the matrix

* L ] T
A= dk/dk dk/aQ
La:E/ak _ 30/20
= | (aff")/(£')2 J
-8 0
L i

We can easily verify that the system is locally stable, since trace A
<0, det A> 0. The phase diagram for the model is given by Figure
2.1. and it 1s possible to have global stability.

The "week" 1s In equilibrium when k=k, Q=f(k) - 'i;cf'(F)/f'('__k').
When we attain such a temporary equilibrium in any “week”, k is used
to product output y = £f(k), saving is generated and a new capital
stock tor the next "week" is determined. The story continues until
steady state.

The particular process described is silen: about a number of
important issues. Firstly, adjustments taking place are obviously one
of tatonnement. No transactions take place until and unless capital
stock, labour and factor prices have reached their temporary

equilibrium values. This Is not very satistactory. Secondly, the
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Hickslan "week” must be short enough for all adjustments %o be
completed and temporary equilibrium reached. Alternatively, speed of
adjustment of k and Q to equilibrium must be fast. Thirdly, and most
importanZ, even the attalnment of the right equilibrium value for the
53512 k;E, does not guarantee full employment for the individual
values of capital and labour. It is possible for the capital. labour
demand ratio to equal the given supply'i, but this may co-exist with
unemployment and underutilisation of capital. Obviously, in such a
situation, Investment saving equality is not guaranteed.

Enough has been sald, we hope, to justify the statement that
saving investment equality (or inequality) is a fundamental economic
problems The model that we propose tries to analyse these factors in

an explicit neoclassical framework.
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Section 3: A Disequilibrium Model

This model concentrates exclusively on disequilibrium in the
commodity markef. Unemployment is not analysed explicitly but
suitable extensions can be made to take this into account. It is
similar o Bliss (1970), but is analysed in a much wider context. The

following equations summarise the working of the system:

kp = alf'(k) - r] (23)
t = 0[;9 + nk - sf(k)] (24)
18‘- minimum [&p + nk, sf(k)] (25)
(a¢, 8 > 0)

(where subscripts 'p' and 'a' denote planned and actual magnitudes and
'{' i{s lnvestment per capita).

Equation (23) states that planned changes in capital labour
ratios are made when marginal product of capital is different from the
rate of interest. Thus the deterministic marginal productivity theory
does not hold in general. On the other hand, the rate of interest
equilibrates between desired investment and saving as given by
equation (24). This 1s in true neoclassical tradition where price
variable (rate of interest) adjusts to clear a market (that of
loanable tunds). The third equatlon (25) follows the tradition of
current disequilibrium literature, where actual invesiment is the
minimum éf desired Invesiment and saving, i.e. market is cleared on
<he short slide.

In a Solow type model, ia = sf(k) and investment accommodaies.
Let us make the opposite assumption in Keynesian fashion, that

{ = kp + nk and saving accommodates. Thus invesiment behaviour

a
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given by Lp Is cruclial in the model. There are two ways in which the
working of the model can be explalined. Firstly, we have the forced
consumption case. Given an initial vector (k,r) output y = f(k) is
actually produced. Desired saving sf(k) is determined and happens to
be greater than desired invesiment io + nk. Thus actual investment
(and actual saving) is Lp + nk. Desired consumption was f(k) - sf(k)
while actual consumption is f(k) - Lp - nk. Thus there is forced
consumption of the order of (sf(k) = ﬁp - nk). The ex post saving

propensity (s) is no longer the ex ante value 's'. From the

multiplier we have

S
y = .
s
- k  + nk
and s = S
£ (k)

An alternative version of the working of the model may be called
the underutilisation case. Given the vector (k,r), planned investment

1p is determined first. Savings accommodates and actual investment =

ip - kp + nke Output is now determined through the multiplier

Thus the actual output produced y is less than the full capacity
output producible f(k). We have underutilisation of capital stock.
Figure 2.2 shows the process.

The ex ante saving function for tull capacity output generates
the curve 0G (sf(k)). The full capacity production function gives
curve OH (or £(k)). Desired invesiment function ;p + nk, dependent on

(k,r) is the dotted line ABC and it lies below the saving curve 0G.

Thus investment declsions are realised. Given the saving propensity
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's', actual outputl produced is kD + nk/s and is drawn as DEF. Full
capaclty output ls never produced in disequilibrium. An index of

excess capacity is given by kk;. The steady state values of the model

are similar to the neoclasslical one with r = f'(k) and sf(k) =nk, Q =
0= r.

The growth process may be briefly discussed. Consider an initial
steady state point with s = 8, k = ko and io = nko = sof(ko). Now
suppose the desired saving propensity rises to s > S, such that
desired investment 10 < sf(ko). From (24), rate of interest will fall
to equilibrate the capital market. This will increase LD from
equation (23) and planned (actual) investment will rise. The actual
capital labour ratio will rise too and we may have a movement towards
a new steady state sf(k*) = nk*, Whether the economy will actually
attain the new steady state equillbrium will have to be answered by
stability analysis - the subject matter of the next section. To
discuss the problems of stability we shall assume that investment Is
always realised Lp + ok =1 = i + nk, therefore actual and planned
capital stock are equal. This is done to focus attention on
Investment behaviour and does not alter any conclusions. The opposite

assumption that saving is realised brings us back firmly into the

neoclassical fold.

Section 4: Stability

Given the disequllibrium model
k =aff'(k) - r] a>0 (26)

t = B[k + nk - st (k)] B >0 (27)

we can now analyse the stability properties. To test for local
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stability we need to form the following matrix:

o .

A = | dk/ak dk/or
_3{/3k Bf/Brd
- -
- dt " -

aBt“+Bn-Bst’ —aB

- -

~ -~

The matrix A} is evaluated at k=k and r=r, steady state values.
The necessary and sufficlent conditions for local stability are
(1) trace A] < O

(1) det A; > 0

In this case (i) trace A} =af” - aB < 0
(given £" < 0, a > 0, 8 > 0)
(i1) det A} = ofn - aB(st"')
Thus for local stability we need n-sf'(k) > O which is identical to
the Solow (1956) condition. The disequilibrium model is locally
stable under similar condition as the equilibrium one.
We can now derive a phase dlagram to point out certain issues in

global stability. Given the differential equation (26) for k we have

™
dr |« = Bk = - af" =£f"(k) <0 (28)
dk | k=0 T oK =

3r

This gives us the slope for Q-O. Slince Bé/ak < 0, the phase lines
are as indicated in Figure 2.3.

For Q-O the capital labour ratio is constani, real rental of
capital (r) Is equal to marginal product of capital (f') and an

Increase in k will decrease r by diminisnhing marginal productivity

theory. Thus dr/dk < O for k = 0. The sign of 3k/dk negative, can be
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explained Intuitively. An increase in canital labour ratio (k), given
the nature of the production function, implies a decline in the
marginal product of capital as well as a decline in the output canital
ratio. Both these factors tend to make capital accumulation take
place at a lower rate, i.e. make é fall. A lower marginal product
makes it less prof itable to Invest In capital goods while a lower
outpusz/capital ratlo lowers savings per unit of capital,'thus
dampening the supply of new capital.

The fact that 5k/3r Is negative can be explained since in this
model capital accumulation depends on the difterence between the
return to factor capital (f'(k)) and the rate of interest (interpreted
as cost of hiring capital). A rise in r increases the cost of

acquiring capital and thus has an inverse effect on k.

The second equation (27) is glven by
r = B(k + nk - sf(k))

3t = B 9k + Bn - Bsf '(k)
Tk K

= Baf" + B(n - sf?')

and or = B 0k = - af
Jr 3T
dr -t
dk = _Eﬁ;:_ = f" 4+ n - st'
£=0 ar a (29)
dc

The sign of dr/dk tor r = 0 is no:t apparent. Ia the nelighbourhood of
k = 0, n~st' <0 (by Inada condition), f" is always < 0, therefore

dr/dk < 0. But as k increases n - sf' changes sign and it is
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possible that dr/dk for r = 0 may change sign.

By reasonlng simllar to previous case, 32/dr < 0, therefore the
phase diagrams are as shown in Figure 2.3. The sign of 3;/3k is
unknown since n-sf' changes sign (see equation (29)). Intuitively
note that a rise In capital labour ratio causing é to fall reduces the
rate of demand for capital and so reduces the rate of change of the
price tor capital, i.e. ;. On the other hand, the existing labour
torce has to be supplled with additional capital and this greater
demand has an upward effect on ;. Unless the strengths of the two
effects are known, the final nature of sign of 8;/3r is Indeterminate
since a rise in the rate of interest causes é to fall and as explaiaed

before, this will cause r to decline.

The important polnt from stability point of view is the relative

slopes of
dr and  dr
dk | . dk
k=0 =0

in the neighbourhood of steady state equilibrium. In that

nelghbourhood
dr - dr + n st
dk dk | . a
=0 k=0
1f dr is > 0 we have the case as depicted in Figure 2.3a.
dk
=0
On the other hand, if dr <0 then the absolute value of
dk
r=0
dr is less than dr so that the curve k=0 cuts the curve
dk dk| .
t=0 k=0

=0 from above. This is shown in Figure 2.3b.

61



DAFAAB

The phase diagrams give us an indication of the stability of
steady state equilibrium.

The analysis until now has not proved conclusively that the
system we are considering is globally stable. Phase diagrams can only
give an indication of the movements towards equilibrium starting from
any arbitrary starting point. We turn to this point now.

The steady state equilibrium of the foregoing model can be proved
to be globally asymptotically stable (GAS), provided the movements
towards equilibrium (1f any) from any arbitrary point, is
non-oscillatory. If the initial point is (k,r) and equilibrium is

(k, r), then by assumption of non-oscillation, we have the following

condition:

if k = k > 0 (or < 0) always

>

then r = r < 0 (or > 0) always
Def ine
9 =k -k
(V k,r)

~

il =T =71
Nex: define a "distance” function

Ve (0 + 2p)2
We have (i) v e Rt
(11) v> 0
(1{i1) v = 0, 1iff @) = 0 = R, since Q; and R, are of the

same sign always,

(iv) v (91+92)(51+dz)

1l av 1
2 dt 2

= (MH02)k = (Q+20)r
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(Y +22)k - (91+Qz)l.< + (1+Q22)(sf-nk)

(Q,#2) [sf(k) ~ nk]

(lez)[Sf(Qlﬁ';) - an - nl‘;]

N

(240, (sE (k) + 2;8£'(k) - 02, - nk)
(by concavity of f(k))

= (91+Qz)(91sf'(l:) - nQ))
- nlzlsf'(i) -] + nlnzlsf'(i) - n]

<0

. sf'(;) -n<0

and )92 > 0 always since
Q>0 =>9 <0
QL >0=>0>0

~ ~

Hence by the standard theory of Liapunov, the equilibrium (k, r) is

globally stable.

Section 5: Saving Function

The usual literature on growth theory assumes the saving-income
ratlo to be constant, independent of the rate of interest and the
level of income. It has been shown that under certain assumptions
(see Uzawa (1968)), the average propensity to save (S/Y) does not
depend on income. But the propensity to save may_still depend on the
expected and actual rate of interest. Even though there may be a
secular constancy of the saving Iincome ratlio, it does fluctuate over
the cycle and this fluctuation may be related to the rate of interest.
The predominani concern of growth theory is long run behaviour but

disequilibrium analysls cannot consistently neglect short run
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t luctuations.

In what tollows we assume that the saving income ratio (s=s/Y) is
a function of the current rate of interest (r). Really, 's' should be
a function of a whole complex of interest rates, i.e. present-value
prices Into the Indefinite future. But this line of reasoning will

take us away too far from the central theme, so we assume

s = s(r) {s'(r) > 0} (31)
The baslic equatlions governing the time path of k and r are now

k = a[f'(k) - r] ‘ (32)

r = B8[k + nk - s(r)f(k)] ©(33)

The equilibrium as steady state is similar to before and we have

k =k and r = r when k = 0 = ¢,

To analyse local stability, form the matrix

Ay = dk/dk dk/or
ar/dk ar/dr
- Qf" -t
aff” + B(n - sf') -af - Bfs!

Note trace Ay = af”™ = aB - Bfs' < 0O
det A2 = aB(n - sf') - aBfs't" > 0
Given the Solow stability condition n - st' » 0., Thus steady state
equilibrium (k, r) Is locally stable.

We can derive phase diagrams (Figure 2.4) for this system as

bef ore.
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dr = 3k =f"<0 (34)
dx| . Tk
k=0 ak
ir
dr ar Bak _ B[n-s(r)f'(k)]
ok

& Tom
=0 ar ok _ Br(k)s'(r)
dr r

83—

= af"(k) + n-s(r)f '(k)
a + £(k)s'r

= £"(k) + [n-s(r)f'(k)]}/a
I + [f(k)s'(x)]/a (35)

In the nefghbourhood of equilibrium n-s(r)f'(k) > 0. But f" always <

0 and therefore %ﬁ ) may be positive or negative. But even if
it 1s negative 1its :;golute value will be less than %& . and thus
the phase dlagrams show a tendency towards stability. €0
The stability conditions are
n—s(;)f'(;) >0 (36)

s'(r) >0

Section 6: Conclusion

The analysis of investment behaviour and possible disequilibrium
between saving and Investment decisions can be fruitfully incorporated
in a neoclassical model of growth. The disequilibrium model is rooust
enough to be locally stable, the phase dlagrams show that global
stability Is possible and formally global stability is proved under
certain conditions. Thus it seems that neoclassical dynamic theory

can be extended to include disequilibrium analysis.
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Footnotes

1)

2)

3)

The major part of Harrod's paper (1939) deals with this problem
while the other lssue takes up only the last few sections of the

article.

An advanced textbook (Burmeister and Dobell (1970)) deals with

the issue in just one page though it mentions all the three

following reasons.

For reasons of space, the exposition here is brief. But see
Bliss (1975) for an excellent discussion of "accommodating
varlables” in economic theory. See also Sen (1976) for further

analysis.
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Madels of temporary equilibrium with quantity rationing have
genrally emphasised transactions taking place at non-equilibrium
prices. Thus in the Jahour market, when there is excess sunply and
the wage rate is sticky, actual labour transacted is the minimum of
labour demand and supply. This results in unemployment and there may
not exfst an instantaneous adjustment in the wage rate to clear the
market and conseaquently get full employment. Growth models on the
other hand have generally assumed instantaneous price/wase adjustments
and market clearine. We would like to present a model which embodies
essential nronerties of neoclassical growth but which may have short
run rigiditfes in the wace rate causing unemnlovment. We do not argue
for anv long lasting stickiness in the wape rate, rather a waee
ad justment equation §s formally integrated in the model. Our interest
{s in temporary equilibrium when markets transact on the short side
thus leading to unemployment (or overemployment). We want to study
how these sequences of temporary equilibrium tend to a full
eauilibrium steadv state.

The formal model follows the structure of Diamond (1965) and Ito
(197%), with an overlapnine generation model, thus each period has two
cenerations. The vounger generation in each period offer employment,
earn wage income, consume a part of their income and save the rest.
The older generation are entrepreneurs or emplovers, earn profit
income alone and do not save at all. For each period the wapge r;te
“w” 18 “called” hv the auctioneer (or determined by the hargaining
orocess) and a temporarv ecullibrium has to be determined on the basis
of given “w”, The wape rate does not adiust within this period to

clear the market so we may have disequilibrium in the sense that
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labhour demand i{s not equal to lahour supply. But the auctioneer (or
barpainine process) is sensitive to the market mechanism and will varv
the wage rate in suhsequent periods according to whether there is
excess demand or excess sunply of labour.

Let the numbher of peonle in the vouneger eeneration he N. A
convention to be followed throughout is that per canita value of
varfahles ¥ will mean x = X/N, f.e. in terms of the number in the
younger eeneration rather than total population. Since only the
younger generation work and supplv labour we may say that “x” is the
value of X per worker. On the basis of utility maximisation, the
workers of younger generation determine their lahour supoly LS=LS(w).
We assume that %s- 1% = f(w), which gives us the per worker labour
sunplv function. |

Labour demand 1s determined by capitalist employers. Given the
canital stock K or k = K/N, emplovers maximise profits and through
marginal productivity conditions determine L9 = Ld(w,K). We assume
that 19 = 1I/v = 2(w, k). This may not be true in general, but for
some production functions like Cohb-Douglas, it will hold.

Full employment occurs when 19 = 1521, ~ Otherwvise
transactions take place at the short side of the market such that 1 =
min (ld, 1¥). When 1 = 19 ¢ 15 we have unemployment and 1 = 15 ¢ 19

implies overemployment.

N

Consider now the case of full employment;we have

N \

F(w) = plw,k) (1)

(F)> 0, 23 <0, g5 >0

Solvine for equilibhrium {n w = w* {in terms of k we have
L] -

-
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w* = h(k) (2)

From (1) fidw* = o dw* + g, dk

or dw* 2, > 0

Thus h™ > 0.
Further

1= fluk) = g(wk, k)
Thus 1 = 1(k), 17> 0 since w* is a function of k.

Since Iinvestment and saving are done through wage income of

workers alone we have

T =S = swil (3)
or v =1= sw*l = sh(k)l(k) . (4)
N

[ ] ] [
Since k =X, k =K -N
k K N

K/N
=v =-n
k

(where n is the natural rate of crowth).

[ ]
k = v - nk

= sh(k)1(k) = nk C (5)

x e

or

... .
Steadv state under full emplovment is given hv k =0, f.e. sh(k)1(k) -

nk = 0. This eauation gives us the steadv state values k = k and w =

-
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w = h(k). Assume also the Solow stahilitv condition,

L 4
at|, = sh!'” +slh” = n <0
3| k=0

f.e. sh1” + s1h” < n (6)

e thus know that full emnlovment steadv state {e defined and is

stable.

I'nemplovment

Let us now analyse the unemployment phase. We have w > w¥*, LS >
Ld, 1% > ld.(l) The important point is that actual employment 1 = 19 =

g(w,k). Investment per worker is defined by

v=1I/N=S/N = swe(w,k) (7

and k = v ~ nk = swg(w,k) - nk (8)

The wage adjustment equation is the usual one,

; - a[ld -15

or w = alglw, k) = £(w)] ' (9)

(a > 0)

- -~ [ ]
Note that when w = w and corresvondingly k = k, k = 0 {n equation

-~ - -~ -~ -~ L]
(8) since g(w, k) = 1(k) and w = h{k). Thnus k = 0 passes through

A
- -~ ~ -~

w, k. Now consider the phases when w > w and w < w and let us analyse
[ 4
the signs of k. e intend to show that under certain conditions
-~ L}
<
+ k
<" >

[y

~ 2 >

v z.w + k < 0. Alternativelv, it can be shown that w 0,

(1) The eauality signs are attached for analvtical convenience.
Strictly unemployment + w > wx, 1% > 14, Rut we do not contradict the
hastc tenet of unemployment, i.e. supnlies of lahour are rationed and
transactfions in the lahour market take nlace on the short (demand)
eide.

76



NAGAAA

~

Compare the following eauations for two points (w, k) and (w, k).

-~ -~ -~ -~ .
swg(w,k) = nk = 0 = k (steady state full emplovment) (10)

swe(w,;) - nk = k  (unemployment) (11)

For w > w, g(w, k) < g(w, k). Tf now the perdentage change in “w” 1is

- o

ereater that the percentage change in g( ), then swg(w,k) > swg(w,k).

[

[ ]
This implies k¥ > 0O in eaquation (1ll1). The condition which determines k

> 0 for w > w (when we are in the unemployment phase) is that the

elasticity of per capnita labour demand with respect to the wage rate

is less than unitv. 1If this condition is satisfied then w Z ; >

[ ]
k z 0. Alternatively, if elasticitv of ld with resvect to “w” is

. - L ]
preater than one (as in the Cohb Douglas case) we have w i w+ k : 0.

The wage adjustment equation can be studied more analvtically.
For ; = 0, o(w,k) = f(w) snd we have alreadv solved for w* = h(k).
This gives us the phase line for w =0, We also know that w .

w|w=0

= alg; - fl) < 0. Ve get Fipgure 3.1.

We can now use the phase line for ; = 0 and coupled with our
previous analvsis on ; we get Figure 3.2.

Let us study the movements of i and ; in some detail. Suppose
jnitially the economv 1s at k < Q. If the initial wape is lower than
the steady state (w < ;) and a state of unemployment exists,

the income of waese earners is low. This is because of both low wages

and the quantitv constraint (rationing) set bv unemplovment. Thus

saving (Investment) will be low and the erowth of canttal will he less
than the natural rate of growth. Per capita capital ¥ = ¥/N wil?
fall, This leads to further unemplovment, further reduction in waee

-

and a vicious cvecle results with falline “k” and “w°. Tf on the other
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-~

hand the initial wage set by the auctioreer is w > w, even though
there is unemplovment, the level of wage is higher enough to offset
the quantity contraints of low unemployment. Thus income is high
enough to have investment at such levels which increases k.
Consequently, we have decreasing w (due to unemplovment) and
increasing k (due to high investment), and a movement towards steady
state (for k < Q). This accords with our intuitive ideas of Keynesian
economies where unemplovyment persists and growth is hampered when
wages are too low while a high enough wage is beneficial to growth and
employment.

The alternative case of unemployment but with € = w 31§ > 1 is

17 ow

given by the diagram, Figure 3.3. Ve can again derive a lot of

conclusions from this figure, but I will not fo into details.

Overemplovyment

Firallv, let us study the phase of overemplovment when LS < Ld,
1% < ]d, w €< w*, We pow have v = I/N = S/N = swf(w) and i = swf(w) -
pk. Note that for w = ;, k = Q, i = 0., Thus the phase line for i =0
passes through (;, i\. Further taking

]
k¥ = 0 = ewf(w) -~ nk

wve ret dw = n >0
dk |, sf + swf)
k=0
L ]
and ak
k. = -n <0,
k=0

This information helps us to draw the phase diagrams (see
Ficure 1.4) for the overemplovment case. We can distinguish two
cases, one ir which slope of ; = 0 is higher than slope of L = 0 (for
overemplovment) and the other where it is lower. The movement of w
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and & can be analvsed in the neighbhourhood of steady state as hefore.
A wide variety of cases are possible if we comhine the various
alternatives in the uvunemplovment and overemplovment repimes. A stable

nossibility (using € > 1) is shown in Figure 3.5.
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Footnotes.

1. The equality signs are attached for analytical convenience.
Strictly speaking, unemployment --> w > w*, 15 > 19, But
we do not contradict the basic tenets of unemployment, t.e.

supplieré of labour are rationed and transactions in the labour

market take place on the short (demand) side.
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Section l: Introduction

The following model tries to investigate the nature of growth
equilibrium when desired investment and desired savine are not equal.
It assumes a Farrodian investment behaviour within the broad framework
of a neoclassical growth model and tries to investigate stability
proverties of the system. An important conclusion which follows is
that Harrodian knife edge instability is just one of alternative
possibilities for the model. Further, analysis of investment
behaviour helps us to incorporate some Keynesian properties in a
growth model. Introducing the labour market and coupled with the
commodity market, we can get Malinvaud type classification of
Keynesian unemployment, classical unemployment and repressed

{nflation. The last section deals with these regimes in some detail.

Section 2: The Model

We use the following notations:
I + intended investment
s * propensity to save
F(K,L) + potential full employment output
Y + actual national output (income)

[ ]
K + actual increase in capital stock

Following the usual practice in macromodels with rationing,
markets are cleared on the short side so that actual inérease in
capital stock is the minimum of desired saving and investment. This

gives us equation (1).

K = min(I, sF(K,L)) (1)
Y = E»t min ( éj F(K,L) ) (2)
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K = sY (3)
I =0 F(K,L) = F(5K, 6L) (4)
s

Equation (2) 1s the familiar multiplier mechanism and (3) follows
from it. In (4) 6 indicates the current level of capital shortage or
excess cavoacity. If 6 > 1, desired investment (I) is greater than
actual investment (= full employment investment), and there is capital
shortage. If 6 < 1, desired investment is less than potential full
employment investment and there is excess capacity. The former
situation may be called the Solow—ngoclassical case where full
employment is maintained, actual capital formation.is determined by
full employment saving and investment is accommodating. The latter
situation may be termed the Harrod-Keynes case where desired
{investment does not match up to the potential levels of a full
employment economy.

As stated before investment behaviour is Harrodian, i.e.

% (I/K) = ¢(8-1) (5)

t

(assume ¢ > 0 constant, or ¢'(0) > 0, 6 % 1+ ¢( )-% 0).

If 6 > 1, and there is capital shortage, investors increase desired
investment as a proportion of current capital stock. If 6 < 1, there

is excess capacity and investors reduce the ratio of investment to

capital stock ( d (I/K) < 0).
dt
Finally for labour supply we assume
[ ]
L = (6)
L
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From (2) we have

y 1
K = s min| s F(X,L)] (7)
From (5),
KT - IK I_ 1k
d (I/K) = ———— = — —— =4(9-1)
dt K2 K KK

I=1K+Kae(s-1)
K

; = s min I, F(K,L) § + K¢(6-1) (8)
o1 ein (1. FKD) )

Equations (6), (7), (8) can be analysed further after a few

simﬁlications. Define per capita investment: v = I/L.

Given k = K/L

.

k =1 -n

X X

k = v - nk 9)

°
Consider now the case where K = I ¢ sF(K,L); i.e. 8 < 1, the

so-called Harrod-Keynes case.

Since v = I,

n

<l<e

e

L

From (8), for this case

or

I=12+K¢(6-1)

0
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+ k ¢(8-1) = n
v

=<

or ; = XF+ k ¢(8-1) =~ nv (10)
k

Alternatively we may consider the opposite when 9 > 1 and

K = sF(K.L) < I, the Solow-neoclassical case.
[ ]
I = sI f(K.L) + K¢(6-1)

I = sF(K,L) + K $(8-1)
I K I

[ ] . .
and finally substituting in v expression we have

v
; = sF(K,L) + K $(0-1) - n
v K T
sF(K,L)
- L + _IS_¢(6-1) -n
K/L I
= sF(k,1) + k ¢(6=1) - n
k v
or v = v sF(k,1) +k$(6-1) - nv (11)

Equations (9) and (10) together describe the Keynes-Harrod type
of model while equations (9) and (11) give us Solow-neoclassical type
models. They can be now analysed for steady state equilibrium and

[ ]
stability. Steady state is defined as k = v =0, 6 = 1, v = nk.

x|
]
Alxe
e
=}

The two models need further simplification since we have to

derive 9 in terms of k, v.
91



DAEAAC

Since 0 = I/ sF(K.L), therefore

5. Y (12)
sF(k,1)

Substituting in (10) we get
L) !.2 + K ( v - ,l (13)
vVeX ¢ SF(K, 1) + ) —nv

and in (11) we get
M v SF(kyl) v (lll)
v = K + k¢ ( SF(k,l) -i ) = v

We will work with the two pairs equations (9), (13) and equations

(9), (14).

For stability analysis, let us take first equations (9) and (13),
i.e. .
k = v =-nk

e 2 v
Ve tke ( EFTETI)-i ) - nv

The following matrix (evaluated at steady state) gives essential

properties.

A= -v2+ ¢ ( v 1 ) =2v + k¢ '-n
k2 sF k sF
~k¢' vF’
sF2 -
Given that at steady state 0 = 1, vy _1 Y
sF(k,1) k"
-n 1 ]
A= -v? -k¢ 'vF! n + k¢'
oF 2 'sF
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sF
k¢ 'vF'
det A - { —n2 - nk¢ 4 V2 +
sF k2 sF2
= nkp' -1+ _KE!
sf sF(k,1) )
= nké' ( -1 + _kF'
sF sLF(K,1 )
L
= nké' ( -1 + kF! )
sF sF(K,L)
= nk¢'’ n
7 -1+

(n is total profits in the economy F'K and sF(K,L) = I in steady
state equilibrium).

Thus the sign of det A is ambiguous depending upon whether
(n/1) > or < 1.

Trace A > 0 makes us aware of saddle point equilibrium but
unless we know that det A < 0, we cannot say that the model is
unstable. Of course it 1s plausible to assume ™ < I and thus
get det A < 0 and Harrodian instability. Further this raises
distributional questions and possibilities of working with a 2-class
model.

To conclude, if total profit in the economy is less than total
investment, then steady state equilibrium is a saddle point and Harrod
type knife edse results may follow.

Let us now turn our attention to the more neoclassical model

using eauations (9) and (14)
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~ e

= v - nk

vsF v
"otk CF-b) -y

< 0

To fnvestigate stability properties form matrix

-n 1
A= vs(kF'-F) + ( v -1 ) sF(k,1) + k¢' -n
—_—_— sF(k,1) k sF
k2
-k$ ' vF!
SF? -
e
| ]
Since at steady state 6 =1, v =1 and v = 0 » sF(k,1) =n
sF(k,1)
we get
-n 1
A= | vs(KF'-F) - k¢'vF' ko'
—_— sF
k2 sF2

trace A= -n+ k¢' = -n + ¢! = ¢'-n?
sF n n

Note that trace A < 0 can be guaranteed if ¢' is small. Thus

Harrodian investment adjustment process must be slow.

det A ~nké + vs(F-kF') + k¢'vF'
sF k2 sF2
ns(F=kF') + nk¢' ( -1 + kF!' )
- — — F
k sF
g§(F(K L)=KF') + nk¢[__ ( -1 + KF! )
K sF(k,1) F(K,L)

94



DAEAAC

_ hsW + nko ' ( -1 +
K SF(KT) F(K,L))

where W is total wage f.und and F(K,L) = W + =,

Therefore det A = nsW + uké' ( W )
K sF(k,1) F(K,L)
= nsW - ¢' ( W )
K F(K,L)

(since nk = sF(k,1))

or det A = W [ nsF(K,L) - $'K ]
K F(X,L)

= W [ nsF(k,1) - ¢'k 1
kF(K,L) k

= (W/F) [nZ - ¢']

If ¢' - n? ¢ 0 and guarantees trace A < 0, then n? - ' > 0
guarantees det A > 0. Once again the same condition and the speed
of adjustment is crucial .

To sum up, the first model comprising of equations (9) and (13)
may be called Keynesian because it reflects excess capacity and ex
ante investment 1s less than full employment capacity investment.
Knife edge instability may occur depending on total profits and
ijnvestment in the economy. But even here the answer is not
unambiguous and distributional considerations may be important.

The second model may be called neoclassical, where ex ante
investment 1s above the capacity full employment level. Savers are
satisfied at the short side of the market but investors are not. Even
though the investment mechanism is Harrodian, stability can be

guaranteed provided the adjustment process is slow and investors do
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not react in a volatile fashion.
Let us now study the adjustment paths with phase diagrams in the

neoclassical case. From equation (9),

.
dk = -3k
T‘];. _a—V— -"_l;>0
k=0 ok -n
ok

[ ]
and k. = -n < 0.
3K|,
k=0

L]
To analyse the v stationary, consider v = 0. From equation (14)

we get
L ]

v
QE - - v
dV H) %- -

v=0 3k | v=0

av _ sE(k,1) L ko'
v k sF(k,1) ~ "

It is difficult to attach a sign to this expression. Let us assume
o

for simplicity that ¢ 1s a constant so that ¢' = ¢. Now when v = 0,

we have

v
vsF(k,1) + k$ | SF(k,1) -1} = nv =0

or sF(k,1) + k¢ =n + k¢
v

k sF(k,1)
or sF(k,1) + _ k¢ - n=k$
k sF(k,1) v
Therefore 35 = ﬁg >0
v \'4
v=0
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Now consider

v vs(kF'-F(k,1) ( Y _(y kovF
ak{, - ———— -~ 4+ ¢ sF(k,1) -
v=0 k2 sF2
Take each term in turn.
VS(kF' - F(k,l)) = vs ( KF' - LF(k,l) )
—————— e = — L
k2
k2
=vs ¢ kF' - F(K.L) )
L <0
kZ
(Since KF' = m < F(K,L) = Y).
This neoclassical type model assumes 6 > 1, v =1 > 0 and second term
sF
1s > 0. The third term is negative. The final sign of dk]is unknown.
dv|v=0

Let us take a few possible cases. Suppose ¢ is large, the

< 0.

v=0

e
avi> 0 and dk

positive second term dominates the others, dv
ok v=0 dv.

We have the following diagram showing saddle point equilibrium (see

Figure 4.1)
Alternatively, ¢ is small, av ., <O0and d&kj,6 > 0.
Sk]v=0 dv|v=0

We then have the two following alternatives, given by Figures 4.2 and

4.3, Once again, there are saddle point ecuilibria.
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Section 3Llyg@quilibrium Regimes

It is possible to extend this model and do some more formal
analysis. PBut let us now discuss more intuitively the different
disequilibrium phases in which the economy may find itself. Our
analysis 1s a wider generalisation of the basic model due to Nikaido
(1980).

Suppose initially the economy is in a steady state with I = i =
sF(X,L) and % = % = n. Now suppose the capitalists or investors

become more bearish (a change in marginal efficiency of investment

perhaps). They decide to reduce their ex ante investment such that

I < sF(K,L) or I < F(K,L). Thus 8 < I and excess capacity appears
s
in the economy. Suppose simultaneously that the natural rate of

. [ N
growth rises due to exogenous shocks and K < L = n. Thus capital
K L

accumulation is not sufficient to absorb all of the growing labour
force immediately and unemployment occurs. We therefore have excess
supply of commodities (excess capacity) and excess supply of labour
(unemployment). This may correspond to the Keynesian case.

Consider now the difference between I and F(KX,L) or more

s
formally I and F(K,L).
sK K
Note:
[ ]
4 I _KKL , _1d I . L nK., 3 Fpgl,0L
ac Gk k) "sac (x)"x( x) 71 ( X
. (£
K
(15)

lLet us try to determine the sign of this expression. From Harrod

type investment behaviour, since 8 < 1, 1 d (I/K) < 0. Since K = I,
s dt

M °

this implies that K {s falling. If initially K < n then it continues
oK I

to be so and n = X > 0. Therefore the second term of (15) is negative

K

too. Thus ( - F(K,L) ) declines over time. FExcess supply or
K
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excess capacity increases over time. Simultaneously, n > é implies
that unemployment persists and its volume increases. We hgve a
typical Keynesian case, where investors plan less and less investment
due to increasing excess capacity and at the same time there is
growing unemployment.

We now move on to the second case of general excess demand or
so-called repressed inflation. Again start from an initial steady
state with I = & = sF(K,L) and é - i > n. Suppose due to exogenous
change in expectations and demozrapﬁy I increases and n falls so that
we have I > sF(K,L) and %'? n. Since i = gF(K,L) we have sF(K,L) > n
This initial mo;ement away from equilibrium is therefore char:cterised
by capital shortage in the goods market and labour shortage in the
labour market.

Once again consider equation (15). By investors behavioural
equation (5) we have 1 d (I/K) > 0O and since by assumption n < é.the
second term is positiiec.lt Therefore the whole expression is «
positive. This means the gap between I and sF(K,L) is increasing and

there may be repressed inflation which is sustained.

On the other hand,

L ]
4 (EK,L)y = LaK) 3 F(1,L/K) < 0
dt K K K 3 ( L
K )
or ( ) ,
d sF(K,L) , = d_ K., <O,
w (7% ) w (%)
[ ]
Therefore K/K is declining towards the given natural rate (n) and
L] [
ultimately K = L = n and sF(K,L) = nK, the Solow steady state
K L

equilibriume This fits in with our ideas of repressed inflation.

Even though the economy is apparently in Solow growth equilibrium,
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investors bullishness can cause repressed inflation and apparent
capital shortage. Firms whish to invest more than the amount of
savings forthcoming and this causes implicit price levels to go up.

The final case we consider is the case of classical unemployment
characterised by excess demand for commodities, but with excess supply
of labour. We have I > sF(K,L) or I > F(X,L), but simultaneously

. . s .
K<L =n. Actual capital formation is K = sF(K,L). Since capital

K L
is growing slower than labour, either the capital labour ratio is
declining or there is unemployment. But this system will not persist

in the long run. We know that

d sF(K,L) =g L , n-K 3 F(1, L/K) .
@ (KD (7 "o Gar )}

’
Since n-K > 0 this expression is > 0. Thus
K

xlRe
| |

d
ac ¢

[ ]
So K will rise until it catches up with the natural rate n and we have

K .
9 [
K=L=n in long run equilibrium. We also have K = sF(K,L) and thus
X L

the two conditions give us the Solow steady state.

The final question is the difference between I  and F(K,L),
alternatively the difference between I and sF(K,L)sfntended aid actual
investment. The outcome is difficult to predict since the two
expressions in equation (15) have opposite signs. By (5) we have
l.g_ﬂI/K) > 0. On the other hand the second expression contains
i“fg) > 0 and {s thus negative. The final movement will depend on the

K
strength of the two expressions. If Harrodian adjustment speed ¢' (or
¢ if constant) is very low then the quantitative effect of 1d ¢ 1.)
s dt K

is small and thus d ( I _F(X,L)
dt  sX K

) 1s negative. We started with
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excess demand ( I - F(X,L) but it will decline. Ultimately,

s )’
I =+ ESEJL) and we have a full equilibrium where intended capital
;Ermatiin is equal to the actual. Thus we have a Solow equilibrium
coupled with an expectational equilibrium.
The moral of the story seems to be that the neoclassical model of
growth is rather robust with respect to convergence towards steady
state equilibrium. 1In spite of Harrod type investment functiocns and

nén-market clearing assumptions, stable equilibrium can be found under

different types of assumptions.
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Section 1: Introductlion

The purpose of this chapter is to study certaln aspects of
unemploymen: In a disequillibrium neoclassical growth model. Fix price
models with non-clearing markets have been extensively studied in the
recent literature (see Clower (1969), Barro and Grossman (1976) and
Malinvaud (1977)). We propose to deal with similar issues connected
with a disequilibrium labour market (specifically with unemployment)
in an explicit dynamic framework.

As shown by Solow and Stiglitz (1968) income distribution
parameters become important in specifying adjustment processes when
markets do not clear. Our work follows In that tradition. The basic
tenezs of the neoclassical paradigm - marginal productivity theory
and 1ts role in the functional distribution of income are well known.
Even though the theory In its basic form deals with market clearing
and tull employment, it can be extended to accommodate unemployment
and quantity rationed temporary equilibrium, withou: losing {its
essential significance. But most of these analyses, though
sophisticated, rest on a static framework. An elegant static model
has been given by Bruno (1979), which may be used as a starting
point. We propose to extend the scope of such models and pu:z them In
the explicit dynamic framework of neoclassical growth theory.

As I8 well known (Malinvaud (1977)), in a macro model with two
goods (ladour and commodity) and two transactors (households and
flrms), Involuntary unemployment can be either classical or Keynesian.
Further, the qualitative characteristics and the policy conclusions of
these wo tynes of unemplo&ment are essentlally different, One of our
major aims s to highlight the l&pbr;ant distinction between differen:

forms of unemployment and to see Its effects on the long run growth
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path of the economy.

In the next section, the case of neoclassical full employment is
considered. Flrst we look at the static single period renresentation
and then consider the dynamic growth model. The same structure s
repeated for the subsequent two sections, where we consider classical
unemployment and Keyneslan unemployment. Our main objective is to
study the dynamlc behaviour of the stylised growth economy when there

is unemployment and when income distribution rules are fully

specifled.

Section 2:.Neoclassical. Full.Employment

Let us flirst analyse the statlc case. Given the neoclassical
production function Y = F(K,L) (whére Y,K,L are aggregate output,
caplital stock and labour), per capita income (outout), y = Y/L is
distributed as

y = (k) = w + rk (1)
(w is wage rate, v s rate of Interest and k = K/L is caoital labour
ratio). In a one sector model (we assume away capital-theoretic
problems), given k, (1) can be represented as a straight line on the
w-r space, with slope -k and Intercept w = f(k) when r=0. It Is also
easy for any polnt on this curve to read off w/rk which is the ratio
of relative shares of labour and capital in national product.

Let the savings (S) function be of the Kaldor-classical type with
:wo'different propensitlies to save of two “"classes™, i.e. wage earners
(gu) and prof It earners (sr). Thus

S = s wL + 8_rK
w r

s w+ s rk
ot S w r
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Denotlng 1 = I/L we have for saving equal to investment
1-sw+srk (2)
w r
Once again for a given 1 and k, this equation can be depicted as a
stralight line on w-r space with slope -ksr/sw and intercept i/sw.
We make the plausible assumpfion that st>sw and therefore given

(1) and (2)

5. > 1>, (.3)

Given thls condition, the intersection of the two straight lines (1)
and (2) ls guaranteed.

In Figure 5.1, AB represents equation (1) for a given capital
labour ratlo ko and CD represents equation (2) for given investment
per capita 1o and kg. To determine all absolute magnitudes we need an
additional scale variable like size of labour force Ly, or canital
stock Kg.

The stati{c model has two degrees of freedom and alternative
specifications are needed to close them. Within the neoclasslical
paradlgm, one can use the marginal productivity theory of distribution
as a first step towards closing thgse degrees of freedom.

12 {s well known (see GCaregnani (1970), Burmeister and Dobell
(1970) and Samuelson (1962)) that corresponding to the neoclassical
productzion functlon (or a set of Samuelsonlan blueprints), there
exists a relationship between the marginal products of labour and
caplital. Given competitive assumptions and the marginal productivity
theory of distri{bution, this relatlon becomes the factor price
frontier (fpt In Figure 5.1). At every point on the fpf, the tangen:
line is represented by equation (l). Thus we have fpf given by w =

$(r) and dw/dr = -k,
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We can now analyse the case of full employmen:t in this short run
model. GClven the slock of capital (Xy) and the labour force (Lg), for
full employment we have kg = Kg/Lg. With all factor markets operatlng
under pertect competition, the appropriate wage rate (wy) and prof it
rate (ro) are determined by marginal productivity conditions,

rg = £ '(kg)

wo = f(ko) = kof '(ko)
In Flgure 5.1, thls is represented by point Qf. Of all parallel lines
represenzing equation (2), the one passing through Qf (in Figure 5.1
it {s CD) will determine full employment investment per capita { = iof
The ratio QfB/QfA gives the factor share of wage earnings to profit
earnings. Thus, we have neoclassical full employment and all
variables are determined. Many other comparative statlcs results can
be detived, bul let us turn our attention to the central issue of this
paper, viz. growth models,

The standard neoclassical growth model (Solow (1956)) can be
sultably adanted to fit the foregolng structure. Since labour grows
a: i{:s natural rate (n) and is fully employed, L/L = n,

Theretore,

LA k0
]
.
)
elee .

L
|

+ -
- T Brl‘ n

k =8 w+ 8 _rk - nk
w r

- sw(f(k)-rk) + srrk - nk (given (1))
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or

k = s (k) + (s =s)f '(k)k = nk (4)

For steady szate k = 0 and
- ' -
sut(k) + (sr su)f (k)k = nk (5)
This can be solved for steady state value k = k%,
To analyse stability, we flirst deal with local stability

properties of the system. We need 9k/dk < 0 in the neighbourhood of

k-k., .
%% - swf' + (sr-sw)f' + (sr-sw)f“k -n
- srf' + (sr-sw)f“k -n<O0
or
arf' {n= (sr-sw)f"k (6)

Simplifyling (4) we get for k = k*
s £'k + [f-kt']s = nk
r w
vs
or s f' =0 - T (7)

From (6) and (7), the stability condition reduces to

Vs
L v <n- (st-sw)f k

or

(ur-sw)f k - - <0 (8)

which i{s always satisfied since (sr-sw) >0, £" < 0.

We need sironger assumptions to prove global asymptotic stability
(GAS). Neoclasslcal production functions assume that f(k) 1s concave
pust makes no assumptlons regarding the curvature of f'(k), we only

know “hat 1ts slope t"(k) < 0., Assume that f' Is also a concave
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funczion. Let
N = k - k*

Form the Liapunov funcilon

- 2
veli
Then
chT
va>0
Ve 0Iff Q=0
Finally,

vV = 00 = 0k
=nfs f(k) + (s -8 )f'(k)k - nk]
= Qs f(k*+) + (8 -5 ) '(k*+R) . (k*42) - n(k*+1)]

ﬁ Q(swf(k*) + swﬂf'(k*) + (Sr‘su)o(k*+ﬂ){f'(k*)

+ £"(k*)Q} - nk* - nQ])

- Q[awf(k*) + (sr-sw)f'(k*)k* - nk* + stf'(k*)

+ (sr-sw)ﬂf'(k*) + (sr - sw)kf‘(k*)Q-nQ]
- Qzlawf'(k*) + (s,~8 )E'(k*) + (s -s )E"(k*)k = n]

- nz[.rc'(k*) -0+ (s -s )E"(k*)k]

<0 (9)
The las? expression is negative for the followlng reasons:

(1) a2>0va#+o0
(L) (-r-nw)f"(k*)k < Otor £ <0, k>0

(1L2) srt'(k') -n<O0
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This ls because f' = r, thus srrK is the savings from profit income
alone and mus! be less than lotal saving which in steady state i{s S =

K = nK.
"¢ 8 K ¢ nK
r

> A
srt <n

We have proved that V < 0. Thus by a standard theorem of Liapunov,

the system Ils globally asymtotically stable.

Section 3:.-Classical.Unemployment

Unemployment Iin the short run model takes place when the
equilibrium level of labour employed (L;) 1s less than the given
labour force, i.e, L] < Lgs Unemployment Is termed "classical™ when
it is caused by the real wage rate being higher than the full
employmenZ level wg. Once agaln, in temporary equilibrium, investment
is equal to savings ex post, but the labour market does not clear.

In Figure 5.2, the initial full employment equilibrium is denoted
by Qf. Suppose the wage rate rises to w). At the given capital
labour ratlo kg, distributional parameters change and the rate of
interest becomes rp. But point (wyry) ls off the fpf and producers
are not maximising profits. They will thus reduce k and move to Qc'
The equilibrium wage rental values will be (w)r;). The new capital
labour ralfo k) Is given by slope of A}B; where k) > kg. This new
k; = Kg/L; and thus L) < Lg. Unemployment of the order of (Ly-L;)
appears In Lhe model.

Investment, in the classical unemployment model, has no important
role o play. Elther, we assume that Investiment is “accommodatling™ or

<ha: some sort of Says' Law operates. Theretore, given (w,r,k)
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saving per capita ls determined and this in turn determines
Investment, In fligure 5.2, lnvestment per capita i remains the same ot
both QC and Qf, but thls is just a colncidence, it need not be the
same. The major point is that both equations (1) and (2) are
satisfied, and there is unemployment.

We now intend to analyse the long run dynamics of the system.
From the factor price function or the unit cost function, given w we

tind r. Thus
c(r,w) * r=g(w) (10)
The function g {s decreasing and convex; g) = (—cw/cr)
= ( = L/K)= - ¢ Further the labour capital ratio is given by
L/K = ¢(w/r) (11)

where ¢ 18 decreasing and its elasticity is (-9). Note that L is
the cost minimising optimum level of output that the firm wishes to

employ, given capital stock.

The wage adjustment equation depends on labour demand (L) and

labour supply (N). Thus

w =a (L/N) (12)

where a () is a function, a(l) = 0, a} > 0. L is determined by cos:
minim{sation via (10) and (11), N is given by the supply of labour.
Actual employment [s the min ot labour demand (L) and supply (N).

w = 0 means tull employment.
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From (12), (11)
w = a[K&(w/g)/N]
- a[k@(w/g)] (13)

where k is capital per head of labour force. The w= O or w stationary

is given by
a(ké(w/g)) = 0

Taking total ditferentlals,
aj[¢dk + kd¢] = 0

okay[dk/k + a¢/¢] =0

or

R +de/o =0

(where

A
k = dk/k , etc.)

k o+ [ad7acu/0)]. [dCw/r)re] [(w/r)/(wiR)] = 0
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k = a[d(w/g)/w/g] = 0

»

k - o[dw/w - dg/g] =0

; - o[ w - gldw/g] = 0
;( - 0[ ;— (ngdw/g ‘ﬂ = ()
-~ -~ A

k - 0[ w+ (w¢/g)w] = 0

-~ ”N ~
k - a[ w o+ (wL/rK)w] = 0

>
]

+ (6/1-0) w] = 0

=~
]
Q

p—
£

>

k ~ o[;/x-o] -0

k = 0/(1-0) w

(where O is labour's share In Income, O = wL/Y, (1-0)=rK/Y)

Thus .he slope of w=0 ls given by
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dk/dw = (06/1-0) (k/w) (14)

Note for phase diagram,

dw/3k = a; ¢ >0 (15)
All this intormation is depicted in Figure 5.3

Conslider the reglon where there is unemployment such that L € N,
Thus employment is L. Then investment

l]e«eK=S8S=(s wL+s_ rK)-4K

w r
- K[sw wod(w/g(w))) + s, g(w)] - 8k

(where 8 1s the rate of depreclation)

i/K =8, wi(w/g) +88 -6
ilk - é/K - ﬁ/N -8, wd(w/g) + 5.8 - § - n (16)

Thus when (k/k)z0 and swy¢ +88g - 6§ -~ n =0, then we get
wew a7

We also note, from (16) that

a(i:/k)/% - (s + 8.R' + s wh') [3(W/z(w))/3h'] -
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== (s - 5)0 + 5 W [3(w/g(w))/w] <0 (18)

Thus will help us to draw the phase line for the unemployment region,
Consider now the region of over full employment where labour
demand 1ls greater than supply. Thus L>N and employment must be N. The

cost functions are not appropriate and we get

K = s WN + sr[r(x, N) = wN] =6 K
i/K - sww(N/K) + sr[F(K,N)/K - w(N/K)] -6

=8 w/k+s [£(k)/k - e/k] -8

k/k = 8 u/k + 8 [E()/k = w/k] -6 - n

k =5+ s [£00) =u] = (8+n)k (19)

We also note that the locus of k=0, can be calculated by

(s, = 3w + [a 6" = (b+m)]ak = 0 20)
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dw/dk =[(S+n) - srf’]/(sw-sr) (21)

Assuming, tor stability, that (S+n) > srf'

k=0
Also dk/3k = srf' - (6+n) <O (23)

Equazion (17), (18), (20) to (23) give the phase diagrams as
depicted in figure 5.4,

We observe thal when unemployment is classical, there Is a
strong possibility of real bus-iness cycles with caoital labour

ratio and wage rate fluctuating around steady state.
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Section 4: Kevnesian Unemnloyment

A model ot classical unemployment emphasises the value of the wage
rate as the maln determinant of the model. 1In a static framework, the
real wage rate 18 "too high™ and this causes unemployment as producers
reduce labour Iin an attempt to maximise profits. 1In a dynamlic
framework, wage rate adjusiments take place to clear the market for
labour and this has consequential effects on labour demand growth and
capital labour ratio.

On the other hand, Keynesian unemployment comes about through a
lack ot effective demand, portrayed in this model by a change in
fnvestment., Thus, unlike full employment and classical unemployment,
invesiment is not “accommodating™. Investment behaviour must be
postulated tirst, and it is the lack of thls investment which starts
off the chalan of unemployment. The other important point to note is
that wage rate now changes to clear the commodity market. A short run
temporary equillbrium ls reached through wages adjusting to bring the
exogenously given (and non-accommodating) investment and the
endogenously determined savings in line. This will be clear with the
following analysls.,

Suppose the economy Is at full employment equilibrium in the
short run model. Given the values of K = Ky and L = Ly, we have

detrermined levels of all variables. Now consider investmen:t I to be
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determined by "animal spirits™ of entrepreneurs and it falls below the
original level. Thus current investment I} < Ij.
In Filgure 5.5 Qt once agaln represents full employment

equilibrium AB {s given by income distribution and value of k =

Ko —kosr
kg ==— and CD gives the Investment line with slope .
Lo s
w
) Ip ip I
OCe — = and OD » ——— = .
Sw Los, kosr Kos,

Now suppose given k, aggregate investment demand falls to I and we
have a new line represented by C;D; (parallel shift of CD leftwards).
For the given kg, consumption per head must rise and savings fall to
equllibrate the commodity market (since investment is now less then
the previous level of savings). Wage rate w will rise and r fall to
increase consumption per head (given s_ > sw). This change in income
distribution consistent with equation (1) will move the economy to
(wir2), the intersection of AB and C)Dj. But the distributional
variables (w ry) are oft the tactor price frontier and prof its are not
maximised. Capital labour ratio k will rise and this 1s done through

a reduczion in employment. A new equilibrium is reached at Qk’ with

I
+he invesimen: saving line shifting to C;D;. Note that OC; =
I Los,,
¢ 0C2 = = (new employment L) < full employment level Lo).
Ls
L)

Keynes assigned a similar role to distributional parameters and
savings propensitles In his analysis of the “inflationary gap™ in his
pook “"How 20 Pay for the War". In his model, the opposite sequence {s
studled when an excess of aggregate demand over supply (Investment
greater than saving ex ante) causes an intlationary gap.

Distribuilonal changes take place such that real wage falls, rental
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rate rises and exira saving Is forthcoming to match up to surplus
Invesimen:t demand. As ls clear the process in our model is just the
opposiie and we have a deflatlonary gap with consequential
unemployment.

The dynamics of the temporary equilibrium analysed until now can

be represented by the following differential equations:
w e G[(sw-sr)w + s,y - i) a>0 (24)

; = B[w = f(k) + kf'(k)] B8>0 (25)

Equation (24) gives the change in wage rate to clear the commodity
market. This {s the essence of Keynesian unemployment and is quite
difterent from the classical one where wage rate adjusts to clear the
labour marke: (see, Solow and Stiglitz (1968)). Equation (25) is
derived from standard marginal productivity assumptions. Note once
again that k = k/Ld is capital employment ratio and not capital labour
ratio even though the same notation is used. Note also, y = Y/Ld,

1 - 1/19.

To analyse stablillty, form the following matrix evaluated at

we0m=k
=l -1
Iw K
dak ok
LTC Tk
- a(sw-sr) usrt'
8 BkE™
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trace A = a(sw-sr) + 8kf” C 0O

det A - G(sw-sr)ka - aBstf' >0

trace A is always negative, but det A may not be positive,.

stability condition becomes

a(s -8 )Bkf" - aBs t' > 0
wr r

(26)

27)

Local

(28)

DAFAAC

Phase diagrams give a clearer plcture of movements of variables out of

equilibriume Noting

dw - T3k = F >0
T ow (s -8 )
=0 Tw vor
and - 3k
dw « .3k = <kf" >0
-EE. L] —w—
k=0 v

and also %ﬂ - G(Sw-sr) < 0, 3k = Bkf" < 0 we get

W Tk
Fig. 5.6 Fig. Se7
guf > aw dul < aw
dk dk|. dk dk | .
we0 k=0 w=0 k=0

Figure 5.7 denotes the more stable case and follows from

inequallty (28).
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possibility ot saddle point equillbriu; in the short run case. In the
absence of planning, a competitive Keynesian unemployment economy
might not even reach temporary equilibrium in the short run.

We can extend the analysis of short run temporary equilibrium in
the Keynesilan unemployment case a bit further. Up till now, the focus
has been on unemployment of labour alone; we have assumed that capital
stock is fully utilised. But to be true to the spirit of
Keynes{anism, one must also consider the case of underutilisation of
capital stock too. Keynesian unemployment should be characterised by
unemployed labour and unutilised capital stock.

This can be Incorporated by noting that changes in capital labour
ratio can be brought about by changes in both capital and labour
employed. Thus a rise In capital labour ratio can be caused by a fall
in both labour and capital, with the proviso that the fall in labour
employed is proportionately higher than the fall in capital used.

This will be shown in Figure 5.8.

Once agaln, as in Figure 5.5, Qf is full employment equilibrium

Io
point, with investment saving line given by CD, OC = .
1o Losw
OD « —— , (it represents equation (2)).
Kgsr

A fall in invesiment to I} < Ip shifts this line to C;D;. To
restore effective demand, consumption must Iincrease which leads to
an lncrease in wage, and a fall in rate of prof it given the capital
labour ratio. Thlsxcalls tor an increase in capital/labour from its
Inizial value kg = —1 to be conslistent with firms' optimisation.

Now suppose prtgucers In addition to laying off workers also

close down plants and use less capital stock. As mentioned earlier,

this may siill be conslstenl with an Increase in capital labour ratio.
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tarting from an initlal saving Investment equilibrium, a reduction of

K = K} < Kg, will increase investment per unit of capital stock,

. Faced with higher investment/capital

ratlo, saving/capital ratio should rise to preserve equilibrium.
This calls for a rise in the rate of profit r. If this increase in r
required to equilibrate the commodity market (note there is a
corresponding fall In w) Is high enough, it may exceed the marginal
product of capital. Then the capital labour ratio k will have to fall
to accommodate this very high rental rate r. We may finally end up at
the point Qk (Figure 5.8), the temporary equilibrium for Keynesian
unemployment. It 1s characterised by lower investment, lower
employment, lower capital utilised, lower wage rate and lower capital
rat{o, as compared to Qf. As a representation of "stylised facts™
this positlon seems quite reasonable.

The following equations summarise the analysis and are

self —explanatory. Given

i s"% + 8.t (from (2))
swf
% _.—:— + (sr-sw)r (trom (1))
we have
. swf
r= al{ 1 _— _ (s_-s )r] (29)
” K r w
and .
k = B[f'(k) - r] (30)
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Fauation (29) tells us how 'r' changes to equilibrate between
investment and savings ex ante. Equation (30) states that capital
labour ratio increases (falls) as marginal product of capital f' is
greater (less) than a eiven r.

To analyse stability form the matrix of partial derivatives
- ——
{ s kf'-s f
A= —a(sr-sw) - [ + — el

-8 Bf”

We need

trace A= -a(s -s ) + Bf~ < O
r w
det A= (s -s )k2f" = { + s (f-kf"')
w o w

In the neighbourhood of equilibrium f-kf' = w, thus -1 + sww < 0 (sum
of last two terms in expression for det A). But (sw-sr)sz“ > 0 and
therefore sign i{s ambiguous.

The phase diagrams reflect the conditions needed for det A to be
> 0 or ¢ 0. We get Figure 5.9.

The first phase diagram in Fig. 5.9 is the stabler case and {t
can be generated if inequality det A > O holds. Otherwise we have
saddle point equilibrium once again and in a competitive economy it
will be diff{cult to achieve equilibrium.

To sum up thus far, even without'any dynamic movements in a
growth context, the basic temporary equilibrium model of Keynesian
unemployment runs into problems. Independent of steady state
analysis, even the short run equitibrium nay\not be reached, consequent
to disnlacement. Thus Keynesian unemployment seems to create more

prohlems than the other types of models.
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The models discussed thus far are essentially static since the
level of investment (per capita) is given; labour supply 1s constant;
and finally, the adjustment of the capital labour ratio does not take
into account the dynamics imparted by investment and labour growth. We
now discuss the “proper” growth model emphasising the aforementioned
adjustments. We choose the deal with the first model using wage
adjustoments; the second gives essentially similiar results.

Assume, for simplicity, that there 1s always unemployment. Thus
we consider only the case where LN and actual employment is equal to
l1abour demand. All per capita variables are now defined in terms of
labour supply. For example the capital labour ratio is k = K/N, the

capital stock per head of total labour available. Once again N/N=n

Desired saving is given by
S=s WL+ sr[F(K.L) - wi]
S/N = 8 w(L/N) + sr[F(K.L)/N) - w(L/N)]

- (s, - sr)w(L/K)/(N/K) + s F(k, (L/X)/(N/K))

- (,w - sf)w@k + s F(k, ¢k) (31)

where we have used the fact that (L/K) = ¢(w/g(w)) as in section 3.
The essence of the Keynesian model is the investment function. We
assume that investment per capita, i=I/N, depends on capital stock per
head (k) and the wage rate (w). Thus desired investment
{ « 1(k,w) .(32)
It {s expected tﬁat tw<0; thus increase in the real wacge,

N .
correspondine to a fall in the rate of profit r, would lower

{nvestment. We reserve judrement on the siegn of ik since a high
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canital stock mav he an incentive to invest more; alternativelv a

diminfshine mareinal efficiency mav lower investment. Therefore ik> 0

(see Blinder and Solow (1973)).

Wape adijustment follows the equilibrium assumptions made earlier
for the Kevnesian static case. Vape rate rises (falls) when desired
saving exceeds (is less than) desired investment. Firms wish to boost
agrrepgate demand (consumption) which can be done here through an
{ncrease {n wape rate since the consumption propensity of labour {is

higher than that of the capftalists. Thus using (31) and (32)

[ J

v a[s" - sr)v bk + er(k.ko) - 1(k,w)] (33)
Noting, from the previous section, the expression

fal
= d8/8 = (-0/1-0)dw/w

hence

dé/dw = = (o/1-0)(d/w)

We get
aw/aw = (s,-s )¢k = k4 (0/1-0)]
+ 8 Fok(=(a/1-0)(8/w) = 1_
= (s,~s )(0k)(1 = 0/1-0) = s Fok(o/1-0)(®/w) = i
= (8,3 V(4K (1-0-0/1-0) = 5 Fpk(a/1-0)(8/w) - 1
For Cohh-Douglas function, o = 1 +
Ju/aw = = $k(1/1-0)] (s =5 )0 + s Fp/ul = 1_

= - Ak(1/1-0) = 0 + s (Fp/w-0)] - 1,
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Fy> w in Keynesian emplovment, (Fo/w - 0) > 0; o<1

aw/dw = € 0; provided 1w s small, as expected.

Further,

- - + + s F -
dw/ak (sw sr)wo erl sr L ik

- swwo + erl + er(Fz—w) - ik > o
dw/dk = = (3w/3k)/(3w/3w) >0

The stationary w=0, divides the (w,k) phase into two segments

devend{ne on whether S<I or I1<{S. We now need to determine the

behaviour of capftal stock. Apain assume that the actual change in the
capital stock is either desired investment or saving depending on
which constraint 1s binding.

For the case S<I, we have
K=$ = s vL+ s [F(K,L) - wL]
K/K = s W(L/K) + 8 [F(K,LI/K) = (WL/K)]

- (3""r)”° + srf(l. ¢)

Thus,
Kk = K/K = N/N
-(su-sr)wo + er(l,O)‘- n
when ;-O, this eouation defines an unfaue real wape rate
w e w.. Further,
(3K /X)) = (2,808 + 5 w(30/20) + 5 (Fpmu)3d/du
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Noting, 3%/3w € 0, (F,-w) > 0, this expression is negative. The
information helps us to draw the phase line for (i/k)to in the region
K=S.

We now come to the case where the investment constraint {is

yinding so that

K =1
(k/K) = (1/N)/(X/R) = n
- 1/k - n
k = 1(k,w) = nk
/3w = 1 €O
ak/ok - (4, =0)  §0

depending on the sign and magnitude of ik'

Consider the case of 'passive' investor, where ik(o. Thus

(3%/3k)<0. Then

dw/dk |. <0

k=0,

K=1

The phase diacram is essentially similar to the classical case (see

figure 5.10).

The more interesting Keynesian model is that of active investors

whose reaction to higher k is to increase {nvestment significantly.

Thus with K=I, we mav et (3k/3k) >0, and
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du/dk!. >0
e

K=1

The phase diaaram is rather complicated and relatively unstable.

as shown in Figure 5.11.

Consider initial capital stock (per head of labour force),
k0<k*. Then low initial wage is stabilising as w'p path demonstrates.
On the other hand, a high wage, at wzo, may lead to oscillatory
wage fluctuations away from equilibrium. Within the region é*I(S, the
more realistic Keynesian cése, wages either approach the steady state

1f starting from a low value; alternatively they oscillate and we have

wages rising and falling as it crosses the boundary from K=S.
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Section 21 Conclusion

This chapter constitutes an early part of my research programme.
In order to put the results in perspective, in this section, I am
golng to analyse a major paper by Ito (1980) and show how one of my
models, in the chapter, relates to his analysis of disequilibrium
growth theory. Since the paper has important links with the contents
of this particular chapter, I propose to analyse it here in some
detall and make a comparative evaluation. There are also some links
with Chapter III which will be mentioned in due course.

I1to’s model is "classical” in the sense that the two major
characteristics of the classical unemployment regime (see the
discussion in Section 3) are emphasised: desired saving is always
realised so that no explicit role is given to the investment
function; wage adjustment takes place according to whether there is
excess supply or demand in the labour market. As regards the first
feature, the possibility, of an independent investment function which
can be binding, is ignored. There 18 no clear-cut discussion of why
this 18 so. The implicit assumption being, as in a standard neo-
classical growth model, that investment is accommodating; whatever 1is
saved must be equal to capital formation. Regarding wage adjustment,
the assumption {s that real wage falls (rises) {f there {is
unemployment (overemployment). Outside of full employment, the model
therefore encompasses two regimes: unemployment and overemployment.
Actual employment is the minimum of labour demand and supply. An
interesting, though not essential, assumption is that the speed of
wage ad justment {8 asymmetric such that it is different for the two

regimes. A variant of the wage dynamics is to postulate that wage

132



changes over time according to capital accumulation, in addition to
the presence of labour market disequilibrium. Thus, even when there
{s full employment (labour supply equals demand), the real wage rate
may change with capital stock. If the marginal productivity theory
holds then the full employment case becomes identical with the
gstandard one sector neoclassical {Solow) growth model. We will return
to this polnt later.

The Ito model is therefore a perfect amalgamation of neoclassical
growth theory with the basic ingredients of short run, quantity
constralned, macroeconomic disequilibrium analysis. Rationing takes
place on the short side of the market if desired demand and supply
are not equal. Since the goods market is always in equilibrium
(saving must equal investment, aggregate supply equal demand), the
only quantity constraints are in the labour market which "clears”
through the "min" condition. This in turn has a spill-over effect and
effective or actual saving (investment) depends on wage income
actually earned in employment.

Let us first briefly discuss the basic Ito model. Employment (L)

is the minimum of labour demand (Ld) and supply (L%). Thus
L = nin[Ld, L9) (34)

For a glven real wage rate (w), the desired capital labour ratio is

kd - K/Ld, which {s given by the marginal productivity relation:
w = £(kd) - kdf (k9) (35)

Using standard notation, y = f(.) is the output per capita. When

enployment equals labour demand, then equation (35) determines the
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capital labour ratio for a given w. This is the case of unemployment
where L = L9 < LS. Labour supply LS is equal to the population, N.
Thus when there is overemployment, L = L8 < Ld, the capital labour
ratio is denoted by k = K/N.

As regards capltal formation, the Ito model assumes, as we have
done in Section 3, that in a two class economy savings (equal to

{nvestment) is given by

S =K =8l +s_ (Y- wl) (36)
Therefore
(k/k) = (R/K) = (N/N)
= 8, (Y/K) + (8, - 8, )w(L/K) -n 37)

Remember that n is the natural rate of growth; thus n = ;I/N.

The two state varfables of the model are w and k. Their dynamic
behaviour gives us the long run growth story as well as the stability
of the system. The dynamic equation for k is already given by (37).
We therefore need to discuss the time path of wages.

As mentioned earlier, two possible wage adjustments are analysed

in the Ito paper. We have either of the following:
v = a[(Ld - L8)/LE] = a[(Ld/L®) - 1] (38)
v = -fkk + a[(LI/L®) - 1] (39)

In equation (39), i{f there is full employment (LY = L%) then wages
can rise with time when the capital labour ratio increases. This is

the productivity factor emphasised in the full employment version of
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the neoclassical growth model. Thus, when Ld = LS and equation (35)
holds we get the standard equilibrium Solow model as a special case
of Ito’s disequilibrium theory. Even though this is an useful
formulation, the essential formal propeties of the model are very
sim{liar independent of the use of (38) or (39), In what follows we
will confine our attention to the dynamics given by equation (38).

The full employment part of the model is standard and needs no
further discussion. Greater interest focuses. on the two regimes
where L9 # LS.

Consider first the case of unemployment i.e. L = Ld. The firm is
unrationed and thus can optimise; hence, marginal productivity given

by (35) holds. Inverting this function we have
kd = 2(w) z” >0 (40)

Substituting (35) in (37), noting L = Ld and k4 = K/Ld,

we get
(\.:/k) - (s, f(edy/edy + (s, - s,1£(k%) - n (41)

This gives us the time path of k. We note that, from (40), it depends

wholly on the behaviour of w. Turning now to equation (38) we get

- a[(k/kd) = 1)

£

Lo

= af[(k/z(w)) - 1] (42)

Equation (41) and (42) define the dynamics of the unemployment

reglme.

For the overemployment regime, we have L = L® = N. Using equation
(37) and noting that L =N and k = K/N, the dynamic equation for k is

given by
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i -8, f(k) + (sw - sr)w -~ nk 43)

In addition, wage dynamics is still being motivated by equation (42).
Equations (43) and (42) define the time paths in the overemployment
regime.

Ito makes two alternative assumptions for the relative values of
> s

the saving propensities: s and s > s_. The latter is the

w r

standard Kaldor assumption and we maintain it here; my own models in
this chapter also make this assumption; it is quite easy to work out
the dynamic properties of the first alternative. The analysis in
Chapter III, and Ito (1978), use Su > S, since it is a natural
corollary of the overlapping generation model.

The phase dlagrams of the composite system (both unemployment and

overemployment) are given in Figures 1 and 2 of the Ito paper. The

first dlagram shows the case of 8y > S,» an assumption culled from
the overlapping generation model. The next case, used throughout
Chapter V, is where S > L The phase diagram now is exactly the
game as my Figure 5.4 in the thesis. But this is not surprising since
my classical unemployment regime is essentially similiar to a
neoclassical orfeantated disequilibrium growth model (of the Ito
type). The two fundamental assumptions that both share are: (a) wage
adjusts when there 18 excess demand (supply) in the labour market and
(b) capital accumulation is given by saving with no independent role
for the {nvestment function.

It 18 clear that my analysis of classical unemployment in Section

3 mirrors that of Ito (1980). This i1s not surprising since the basic
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features of the classical regime are also culled from neoclassical
growth models and disequilibrium macroeconomics. The former implies
that savings are always realised so that capital formation must be
equal to desired saving. The latter emphasises the role of
disequilibrium in the labour market and consequent spill-over via
income on to aggregate consumption (demand) and hence saving and
investment.

Inspite of the similarities, it is necessary to point out two
relatively substantive issues whereby the model of section 3 differs
from Ito (1980). Firstly, the Ito model analyses all price dynamics
in'terms of changes In the wage rate. We emphasise, on the other
hand, both wage and the (real) interest rate, r (or the rental rate
on capital stock). Given the factor price frontier (unit cost
function), r i{s a function of w. Thus when the firm is unrationed and
on the fpf (In the case of unemployment of labour) the dynamics of r
mirrors that of w. Working with one factor price is sufficient to
prédlct the behaviour of the other factor price. However in the case
of over full employment the firm is rationed. Thus the economy 1is not

on the (optimum) factor price frontier. Then

K = F(K, N) - wN
r=F(l, 1/k) - [w/k]

(k = K/N)

Now it {s f{mportant to analyse the behaviour of capital stock also to
predict how r will change over time. The models in this chapter
emphasise income distributional parameters precisely because these
variadles become crucial under disequilibrium and one can get

asymmetric results depending on the nature of excess supply or demand
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in various markets.

The second difference in emphasis, within the (neo) classical

framequ&l, {s that our model, in this chapter, can explain how the
unemployed could receive a part of the national product without
violating the basic macroeconomic identities of the system. I have
shown in the Appendix that it is possible to evolve a tax subsidy
mechani{sm, whereby we have the unemployed labour force getting a
share of aggregate output, and yet malntaining the basic structure of
the growth process. This 18 important because we do not need to worry
about how the unemployed would survive in such a system. Ito's model
does not have such a mechanism.

Global stability has been explicitly analysed in the Ito paper by
taking the whole system together, with discontinuities at the
switching polnts and at the border of adjacent regimes. In that way,
by using the Filippov solutions, his analysis becomes more precise
and allows him to get analytic solutions; whereas this chapter has
relied on phase dlagrams, for specific regimes, to demonstrate the
general tendency towards long run equilibrium.

One further point should be noted. The analysis of Chapter III,
similar to that of Ito (1978), was constructed with the ald of an
overlappling generation model. This implies that the younger
generation earn wages and have a high saving propensity. The older
generation earn profit (dividend) income and have a high propensity
to consume. Thus s, < s,. The Kaldorian two class assumption is, of
course, Just the opposite 1i.e. Sp > Sy As polnted out earlier, we
have used ian Chapter V the latter assumption and derived our results.

1t would be a simple extension to accomodate the other case; but
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nothing substantive depends on this.

Uptil now the discussion has concentrated on what can be termed
the classical regime. But I also have a model of Keynesian
unemployment where capital accumulation is given by investment
(rather than saving) and wage responds to disequilibrium in the
commodity market ( when ex ante Iinvestment and saving are not equal).
These issues are not tackled in the Ito model since he is concerned
with only the classical framework. Conceptually therefore we move
away considerably from standard neoclassical (disequilibrium) growth
theory by analysing Keynesian unemployment regimes. This is the main
contribution of the chapter. Though the vehicle of analysis is the
baslc Solow growth model, the issues discussed, the adjustment
machanism postulated and the nature of rationing (inadequate
aggregate demand with investment being less than saving) are all
fundamentally different.

It is {nstructive to quote the concluding remarks of Ito (1980)
describing his model: "The model is philosophically classical (or
anti-Keynesfan) in the sense that the supply side determines output.
The disequilibrium labour market determines the actual employment at
the minimum of demand and supply. This in turn determines actual
output, which 18 exactly absorbed either as consumption or capital
accumulation. This story is clearly what Keynes and his "faithful”
followers attack. This may seem paradoxical because disequilibrium
macroeconomic models are praised mainly because they claim to be the
restoration of "Keynes’s economics” as opposed to "Keynesian
economics”. The present disequilibrium growth model is a hybrid of a
neoglasslcal growth theory and a disequilibrium macroeconomic model,

and the antl-Keyneslan nature is inherited from neoclassical growth
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theory”. However, my analysis presented in section 4 shows how to
combine short run macroeconomic features of effective demand theory
with the postulates of long run growth theory to produce a
“"Keynesian” disequilibrium growth model.

Finally, a few brief words summarising the general findings of
this chapter. The full employment model of growth integrates income
distributional parameters with a standard neoclassical framework. As
expected, under fairly general conditions, both local and global
stability can be proved. Thus its dynamiec characteristics are similar
to usual one sector growth models.

On the other hand models of unemployment have distinctly
different characteristics depending on whether they are classical or
Keynesian in nature. This accords with the view in the static
literature (Malinvaud (1977)). The adjustment processes and
consequently the conclusions are essentially different.

In a world of classical unemployment wage rate is higher than
market clearing equilibrium and this causes excess supply of labour.
The dynamic model therefore postulates that wage adjustments take
place to clear the labour market. Stability conditions crucially
depend on adjustment of price variables and rapid changes usually
stabllise the system. As Dixit (1976) says, "In all these models ....
rapid adjustment of prices in response to disequilibria is
stabilising”.

Keyneslan unemployment is radically different. Even within the
short run framework of temporary equilibrium, stability is not easily
achievable. Rather stringent conditions are needed to get equilibrium

{n the short term. Glven that temporary equilibrium is attained, the
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stablility conditions of the growth model reveals interesting
differences from classical unemployment depending on {investor
behaviour.

Given the structural differences, we believe that different
types of unemploment have to be modelled separately. Both theoretical
results and policy conclusions will be radically different depending
on the regime the economy is on. When there is regime switching from
one form of unemployment to another (from classical to Keynesian for
example) a general disequilibrium theory becomes necessary. This must

be a subject of future research.
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APPENDIX
It may seem necessary Lo adjust our basic definitional equation
(1) (2), determining dlstributlon of income and saving Invesiment
equality (ex post), to take account of unemployment, when labour
employed {s less than labour force. But there is no need to change
equazions (1) (2) and we can readily demonstrate this.
Suppose output 1s distributed among wage earners (employees) and

rental earners. Thus

Y = wid + K = £(k,L9) (44)
y-l -w+r£ = f(k) (1)
L Ld

where k = X
1d

Le: there be a lump sum tax on wage income and prof it income denoted
by T, and T.. Suppose & fixed social security (unemployment) benefit
is pald out by the Government to unemployed workers. Let us call it
C. We assume that this amount C is totally consumed. Then

equilidbrium in national accounts implies
- d. -
Y= c (wl-T) +c (frK-T) + C+I+G (45)

where (cwcr) are the consumption propensities and (de-Tw) and (crK-T )
are the disposable lncomes of the two groups.

Equating (44) and (45) we get
- - - d
I+G+C-cT, e T, = s uL® + s 1K
where (l-cw) = s, and (l-cr) -s_.

If now government expenditure Is fixed such that

G=cR, +teT =C

142



DAFAAC

then we have

I =5 wL +s K
w r

1 sw+s K (46)
‘td - v r Ld

]
1 =s W+ srrk 2"

for both unemployment models. Equations (1') (2') are exactly the

same as (1) and (2).
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Section 1: Introduction

The purpose of this chapter Is to study the behaviour of the real
exchange rate and endogenous capital formation In a macro-economlc
growth model of a small open economy. The analysls focuses on the
dynamlc movement of the real exchange rate as growth takes place In
the open economy. We are also concerned with the eftect of
contractionary (or expansionary) monetary policy on steady state
values of the exchange rate. Our major interest, however, is in the
disequilibrlum behaviour of the economy as it moves from one long run
equilidrium to another in response to policy shocks. We therefore
analyse in detail the transition paths of Investment and exchange
rates as they respond to new values of policy parameters,

In the standard “"trade and growth™ literature (Kemo (1969),
Chacoliades (1978), the real exchange rate (identified with the
terms of trade) ls generally assumed fixed (given by international
prices) and exogenous o the small economy. 1Its internal dynamics are
thus neglected and problems related to its appreciation or
depreciation are not fully studled. Further, full employment of both
capital and labour always prevails and this seems to be a general
weakness of the pure theories of International trade. However,
capital growth ls taken to be endogenous, and this characteristic 1is
an useful one.

A second Important development in the area comes from the
macroeconomlc models of the open economy recently studlied {n grea:
depih by Dornbusch (1976a, 1976b), Branson (1979), Buiter and Miller
(1981) and many others. These models are characterised by a rich
analysls of the monetary assel structure of the economy (both internal

and external), an emphasis on the balance of paymenis problem and a
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detalled study of the short run "overshooting™ of the real exchange
rate (with respect to Ilts equilibrium value), in response Zo policy
shocks., iven the complexity of these models, it 1s understandable
tha: considerations of economic growth are leff out in the interests
of s{mplification.

A third Important strand in the literature has been the
“disequilibrium”™ models where non-market clearing behaviour, quantity
rationlng and spill-over effects are analysed carefully (see Dixit
(1978) Neary (1980)). By their very nature, these models can
study unemployment in great detail and notice the full implications
for the real exchange rate when markets faill to clear. They also
bring out to the forefront the important distinczion between
tradeables and non-tradeables. Emphasising the fix price approach,
this method of analysis does not deal with dynamics in a rigorous way.

Kouri (1979)! has recently proposed a model which brings together
some of the important features of the different developments noted
earller. In his analysis, the real exchange rate is endogenous and
its dynamic movements have important bearing on capital formatlon,
which {tself {s determlined endogenously within a growth model.

Our analysls extends the Kourl model and establishes a more
general tramework to study the dynamics of real exchange rates and
growsh, It {s characterised by three major features:

({) capltal stock is endogenously determined through the

worki{ng of an Investment function;

(i1i) the effects of policy shocks on Invesimen: and exchange rate

are analysed, in particular their behaviour on the
trans{tlional path prior to reaching long run equillbrium;

({11) wunemployment {8 expllcitly Introduced and ‘he implicaiion
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of quantity ratlonling In varlous markets is discussed.

Thus we bring together important characteristics of the three
approaches to the analysi{s of a small open economy. In this respect
we propose a partlal synthesis of difterent aspects of the literature.

It must be noted, however, tha:t our primary coancern (as in Kouri
(1979)) s to study the features of an open growth model. Thus
relative price distortions, over-valuation (or under-valuation) of the
exchange rate, etc., will be Important insofar as it affects the
capital stock (and the growth rate) of the economy. The balance of
payments problem which has been extensively studled elsewhere, is
relegated to a secondary issuve in this paper.

In Section 2 we present the basic growih model and show the
dynami{c behaviour of capital stock and real exchange rate. A steady
state equilibrium is defined and shown to be both locally and globally
stable. In the next section adjustments to policy parameters are
considered and comparative dynamics as well as transition paths of
different variables are analysed. Section 4 concludes with {deas for

further research,

Section 2: The Model

There are two aggregative sectors in the economy, one producing a
tradeable good XT and the other producing a non-tradeable good XN. To
focus attention on the real exchange rate, we assume that the price of
tradeable good (;T) is fixed I{n the world market in terms of an
Internazlonal currency, say the dollar. Then the domesti{c currency

price of tradeables is cPT, where € ls the exchange rate (¢ expressed

as domestlc currency per unit of forelgn currency, e.g. £/8). This is

a reasonadle assumpiion to make In the coniexy of a small cpen
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economy, which does not have the power to influence world prices?.

The following notations will be used from now on:

€: the exchange rate £/$, the number of £'s per unit of forelgn

currency
X;: supply of tradeable good
x:: demand for tradeable good

pT-cPT: price of tradeable in domestic currency ()

W: wage rate In domestic currency

K.: capital stock used in the production of tradeables

L;: demand for labour 1n production of tradeables
x;: supply of non-tradeable good

x:: demand for non-tradeable good

Py’ price of non-tradeable good in domestic currency
L:: demand for labour in non-tradeables seclor

C: total consumption measured in units of non-tradeables
L'-Loe“t: total labour supply changing at the exogenously
specif {ied natural rate of growth, n

rp rate of prof It in tradeable goods sector

Note: for quantity variables xN xT L.r LN' a superscriont 'd' implies

demand, 's' lmplies supply and no superscript implies actual quantity

transacted.

The tradeable goods sector has a constant returns 20 scale
production function where capital and labour are both required to

produce output. Thus

d
X3 = Fp(lp, Kp) (1)
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By constant returns to scale,

d s
/X
x;-xvr(hrr)xT (2)
K./X53
7

Under competitive assumptions,

the minimum unit cost function ¢ is
given by

P.r - ¢(w| rTPT)

(3)
By homogeneity

1 =¢(W ,rp) (4)
P

Inverting this function we get the factor price frontier

!‘T - ﬂ(PT/W) (S)
(r* > 0)

Substituting in (4)

P
Ladu, n(=))

(6)
l’.r 1)
By "Shephards Lemma"”, we can differentiate the cost function ¢ to

ge: the ontimal factor/output ratio.

Thus
d
-l:r; = $1(1/Pp/W, W (P /W)) (7
X
and
X
;—; - oz(l/P.r/w. T (Pyp/W))
T

(8)

(where 1 s the 1P partial derfvative of ¢).
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Using (7), (8) in (2) we get

xg = x(Py/W)Ky (9)
From (7), (9),

d
L - z(PT/W)KT (10)

It 1s easy to derive the signs of

x' = 3x/3(Py/W) > 0

L' = 3!/3(PT/W) >0

We assume that the economy is "small”™ in the sense that all its
tradeable output can be sold (efther at home or abroad). Further the
tradeable sector has no coanstraint in getting labour from the
homogenous labour force. Thus, in case of excess demand for labour
(over full employment), it i1s the non-tradeables sector which has to
be rationed In its requirement for labour. Armed with these two

assumptions, we can now drop the superscripts (d,s) and note

X = x(PT/w)KT (9)'

T
Ly = 2P /WK, (10)'

Given the value of PT (alternatively € and ;T) and W, the tradeable
gsector determlnes its output/capital and oulput/labour ratlos through
(9)* and (10)'.

We now Lurn our attention to the non-tradeable sector. Assume
that capital 1s used only in the tradeable sector. Further, canital
accumulation is achieved by using tradeable goods alone or {mporting
from abroad. Given labour I8 the only factor of production for

non-iradeables, we have a homogenous of degree | produciion function,
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s _ d,. '
Xy FN(LN), Fy >0 (1)

Labour productivity XN/LN = F(1) is a constant. Inverting (11) we ge:

d s '

LN - GN(XN); G' >0 (12)
Note that

Fy(1) = 1/6,(1) (13)

The supply of output in the non-tradeable sector is determined by
its eftective demand. Thus we may have x§ - Xg - XN, vhere X, is the
actual amount transactd. It should be clear that this is only
consistent In an equilibrium si{tuation. For a disequilibrium system,
there may be excess effective demand or excess effective supply or
goods. We would then need obviously a rationing rule, for examole

- mln(xg. x2). However, as we shall show later, the model will

X N

N
take care of disequilibrium in the goods marke: and we need not worry
aboul the problem. The Important disequilibrium that we shall face
will be in the labour market where unemploymen: and over full
employment will have to be analysed in detall.

The analysis of the model henceforth will be conducted In two
stages, Flrstly, we shall assume market clearing equilibrium and
derive dynamic equations conslistent with that equilibrium. Al the
second stage we relax thils cond{tion and study the {mplications of
disequillibrium.

Assume a classical saving functiion such that all wage Iincome {s

consumed and all proflt Income saved. Then

CaWl, + WL (14)
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Further, le. us sunpose that h Is the proportion of total consumption

C spen: on non-iradeables. Obviously h = h(PT/PN)' Theretore,

d

Xy

- *
h(P./P\)C (nh* > 0) (15)
The system is completed by the unit cost function of the non-tradeable

Py " QW) (16)

{ven the nominal wage W, the firm sets price at PN'
The following results which follow from the properties of the

production and cost functions will be useful later on.

%_ Ly = Xy 17)
N
P
N
T = (D (18)
P, P
T _ T
kb s 2(1) (19)
W= F(1) = 1/6 (1) (20)
N

The implications of the relative price variables must be spelt
out. By virtue of the simple cost function (16), the real wage [n
terms of non-tradeables W/PN is a constant. However, real wage [n
terms of tradeables N/PT is a cruclal varlable whose analysis {s the

-~

focal polint of thls paper. For a given PT' the real exchange rate

(in terms of unlts of non-tradeables) is given by PT/PN = CPT/PN.
Alternatively, we can say tha:t the real exchange rate (s equal to CIPN

(fn terms of non-tradeables) or €/W (Iin terms of labour). Note that
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by equazlon (19), the Index of real exchange rate P.r/PN is
ptoportional to the real wage rate. Further, the real wage rate in
terms of tradeables ls Iltself Inversely related to the real exchange
rate. Thus a rise In PT/N implies a decline i{n real wage as well as
an appreclation of the real exchange.

Using (14), (15), (17), (18), (19), we get

L(Pp/WIKy
Xy = Pr 1
QD [1-h( =" e )]
W (1)
- X(P /WKy (21)

(where X' > 0)

The total demand for labour Is then
d _ ,d d
L L,r + LN
= (L(PL/W+C(X(PL/W))Ky
- W(PT/W)KT (22)

(v' > 0)

Labour supply 1is assumed to be LS = Loe“t. Therefore, for equilibrium

in the labour market

L% - V(P /WKy (23)
or X 1
kp = — = - (24)
L® W(PT/W)

Since tradeables alone use capital, kT is the total capital stock
in the economy per head of labour force. To s{mplify notatlon, write

Kk =k, and p = PT/w. Then from (24), k = 1/y(p), (dk/dp < 0).

T
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Inverting this functlon we can get

p o= £(K) (t' < 0) (25)

The f relation shows full employment of labour and is depicted in

Figure 6.1.

Let us turn our attention now to disequilibrium behaviour.
First, the labour market. It 1s easy to demonstrate that below f(k),
the economy has excess supply of labour and above it has excess
demand. The dynamic behaviour of p when the economy 1is no: in full

employmen? equilibrium is glven by the following difterential equation
p = A[f(k)-p] (26)

When there is excess supply of labour, f(k) > p and real wage rate
w/PT falls, thus p = PT/W rises (p > 0). The opposite happens for
excess demand.

Turning to the goods markets, we can show that the possibility of
disequllibrium {s ruled out by the structure of the model. Note that
the tradeable sector faces no constraints since {: can sell its output
to the world marke: and has a first preference in the marke: for
non-market clearing regimes and we have to look at the different
alternatives.

First consi{der the case of excess supply of labour such tha; Ld <
L%. Then by a simple rationlng rule (Malinvaud (1977)) actual labdour
In both sectors are glven by labour demand, {.e.

L = min (L9, L%) = 19 and Ly = 1_:,.

Equatlion (21) deltermines the demand for non-tradeables. Since

there [s no ratlonlog In fi{rms requlrement for labour and labour ls
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the only factor of production, any demand for outpul can be met. Thus
Xg - x§ and from (l11), (12) we can determine the oulput of
non-tradeables., The relevant dlagram is self-explanatory, see Figure
6.2.

The problem !s more complicated when there is excess demand for
labour. Since L = min(Ld, L5) = L® and the tradeable sector is no:

rationed, it Is clear that the non-tradeable sector will face quantity

constralnts In {ts demand for labour. We have

- d s
LN m&n(LN, LN)

= 1% 15~
N T (27)

Thus the maximum output that can be supplied Is from (11),

s- 8-
xN FN(L LT) (28)

By homogenelty
X

S = P11 (29)

Since employment 1s equal to labour supply, the amount of

consumption

C=WwLl® (30)

PN

From (IS)o

x¢ - h(p../P )C (31)

N TN

using (30),

d W

Xy = n(PT/PN)(-FN)Ls (32)
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From (14), (15), (17)

C=hC + W Ly (33)
P
N
or (1-h)C -'g Lo
N

(1-R)LS W =W 1L

by i

T

hLS = (L‘-LT) (34)

Since FN(X).CN(I) =] from (13),
hl® = (LS-LT)F(I) (35)
cNil)

Xy = Xy (36)
Thus In the case of over full employment (excess demand for labour)
the goods market {s In equilibrium loo.

We have demonstrated that only the labour marke: can be in
dlsequilibrium. The non-tradeable goods sector will always have
effective demand equal to effective suoply. Thus "Keynesf{an”
“Classical”™ cases of Malinvaud (1977) need not be distinguished in
this model.

We now Lurn our attention to capital accumulation and growth,

Followling convention, labour supply 1s assumed %o grow exogenously at

rale n

v

L® - LOe"‘ (37)
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The per capf{ta Invesiment function Is given by

It
:;- = I(rg, *) (38)

(I; >0, I <0)
Invesiment or capital accumulation in the economy3 {s dependent on the
raze of prof it tr and the rate of interest r*, The rate of profi:
represents the internal rate of return while rate of interes: is a
proxy for the cost of borrowing funds. Clearly the amount of
invesimen: 18 negatively related to the rate of interest."

The major pollcy varlable in our model is the rate of Interest
r*., Government monetary policy determlnes r* and the dynamics of the
model are analysed on the basis of this given policy parameter.
Obviously a contractionary monetary policy increases r* and an

expansionary monetary pollcy reduces it.

Since k = KT/L'

. KX LS
k--—I-—
T 8
k Ko L

From (37), (38)

; - I(rT. r*) - nk (39)
Using (5)
i = I(v(o), r*) = nk (40)

The other dynam{c equaltion can be re-wrilten now

p = Alt(k) -p] (41)

Equatfons (40), (41) together give the behaviour of our grow:h model

and the dynamic movemenis of canltal stock (k) and the real exchange
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cate (p).

It can be easily verified that

dk = I'* >0 3k = ~n < 0

9 Tk

3p = -2 <0 3 = A" <0 (42)
3p 9K

dp|. =_n ). =fr<o

dk | k=0 TW' >0 K |p=0

DAGAAB

Uslng information in (42), the phase diagram is given in Figure

6.3.

Local stabllity at steady state equilibrium (p* k*) iIs easily

verified by forming the Jacobean

-n I'n?
(43)
Ag? =\
and noting that
trace J = =A-n < 0

det J = Anp=Af'I'n' > 0

(evaluated at steady state).
However, an even stronget stabllity resul: can be proved.
Olech's Theorem we can show that our model {s globally stable.

Olech's Theorem states that for all points in the (p,k) plane,

tollowing three conditlons are sutficient for global stabllity:

(L) trace J < 0

(11) det J > O
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(11e) either the product of diagonal or off diagonal terms must

be non-zero.

(Note that these condltions must hold for all p, k and not only for
p.o k"'

Looking at the Jacobean I is seen thal for all values of the

varlables
trace J = -n~-A > 0
detJ = An=Af'I's' >0
and product of dlagonal terms An > O.

Thus, by Olech, global stabllity is assured.
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Section 3: Comparative Dynamics and Transitional Paths

In the previous sectlion we have analysed a grow:zh model of an
open economy, which tries o explain the behaviour of canital stock
and real exchange rate over time. The major policy variable in the
model {s the rate of Interest r*. We would now like to consider the
ettecss of changing r* by monetary authorities, and study comparative
dynam{cs properties as well as transitlional paths when the ecoaomy
moves from one steady state equilibrium to another. The model is no:
sulted for a proper analysis of demand management through fiscal
policy since the goods markets always clear. However, government
policy on the "supply side” which stimulates capital formation can
eas{ly be incorporated.

Firstly, consider the effect of a contractionary monetary policy
which Increases rate of {nterest r*, From (40), keening o at any

predetermined level and for k = 0, taking total differentials,

I2dr*=-ndk = O

or
dk I
TF‘- - <0
k=0 n

Theretore, the curve ; = 0 shifts leftwards as in Figure 6.4.

Comparing the lwo steady state equlllbria E} and E3 it {s clear
that there i{s an Iincrease in resl exchange rate p, a decrease in the
real wage raie W/PT (in terms ot tradeables), a decrease in the
realtive price of non-iradeables PH/PT and a decrease {n capital stock
per caplta in the tradeables sector and thus in the whole economy.
Even though competitiveness rises Iin the long run, the economy is

unable Lo take advantape of a cheaper domestlc currency and general
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detlation. Thus {is capital stock per head of labour declines. This

may be likened to a case of de-industrialisation, where coniractionary

pollcy reduces canlital and productivity in export goods in sopite of an
improvement in International competitiveness, signalled by a rising
real exchange rate. One possible transitional path is given by the
dotted llne in the previous diagram, moving from E; o E,.

Let us now turn to government parametric changes emanating from
the supply slde, which has the effect of encouraging capital forma:ioq
in the :radeables sector. These may take various forms - creation of
enterprise zones, help from the Export Credit Guarantee Department,
reductlion of exvor: dutles, opening up new markets, etc. If {t
affects the form of the Iinvestment function I(.), then KK will shift
rightwards and steady state equilibrium value of capital stock k will
rise whlle the exchange rate falls, It is more likely, however, that
government policy will affect the structure ot production per se so
that capital Intenslity of output will rise. An increase in the
capital output ratio will move the LL curve rightwards. For any given
p, more capital intensive methods are encouraged and this increases k
on the ; = 0 line, (see Figure 6.5).

It {s clear that In the new steady state E3, both the canital per
capita and real exchange rate are high compared to E;. Thus the
economy has high profitabllity and can take full advantage of an
improvement in internatlional competitiveness to produce more tradeable
ocutput as well as have more Invesiment,

We would now llke to study the movemen: of variables along the
transitlon path from one equillbrium o another more formally. To set
the framework, conslder a simultaneous operation of a coniractionary

monetary pollcy (lncrease in r*) and a supply slde stlimulus
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(encouragling capltal tormazion). Suopose KK moves leftwards and LL
moves rightwards so thal p unambiguously rises. t us assume that
the equilibrium capital stock k* remains unchanged so that government
policy i{s neutral in the long run (this is not strictly necessary but
Is a usetul device to concenirate only on the transition path and no:
to worry about the position of equilibrium). The next diagram below
(Figure 6.6) shows these changes. Note that the transitional path may
tollow the dotted line E\DE;. Specifically, it is Importan: to see
that along this path k(t) < k¥,

From the expresslon of Jacobean, (43) we derive the

characteristic equation
a? - a[A+n) + [An=Af'I)1] = 0 (44)
where a s the characteristic root. We can write (44) as
Ala,t*) = aZ-a[i+n] + [An=A£ '] =« O (45)

From stability conditlons we know that there are two values of a and
both are negative. We consider the dominant characteristic root, l.e.

the one with the higher.absolute value.

The dynam{c path of the variables will be determined by the
behaviour of a, Thus 1if we wish to study the effecis of r* on the
transitional path of k(t) as Lt approaches equilibrium, we need to

find the slgn of da/dr*, From (45)

-JA
da T+
art an
3-(-; (46)

Observe thal when a = —»  A(-o %) = 4o, Thus, for a given r*, A can

be renresenied by the curve shown in Flgure 6.7,
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a] and az are Lhe values of characteristic root, i.e. the solution of
A(a,t*) = 0. Note tha: at the dominant root a = a;, dA/da < 0. Thus
the sign of da/dr* !s the same as the sign of 3A/3r*,

To get svecific results at this point we have to give some
addizional structure to the most general form of the investment
function used up till now. We assume that IT/Ls = I(rp, r*) (see

equation (38)) can be written as

1
. 1(r~r*) (47)

where 91 > 0, 91 < 0, thus I' > O. Further I" < 0.
or or¥

(This form has been rationalised in Kouri (1979)),

Then (45) becomes:

A(a,r*) = a?- a[A+n] + [An-Af"I'N') (48)
and dA = AL'ITN' > 0
I
Therefore da > 0 (49)
ar*

Inequality (49) implies that as r* rises, a rises, i.e. (-a) falls.
We know that

k(L) = k* = (kg-k#)e®t
Differeniiating w.r.t. time

; - 0(ko-k*)e°1
= a(k(t)-k*)

= (=a)(k*=k(2)) (50)
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I: has already been shown that k* > k(t). Theretore as r* rises and

(-a) talls, k falls. Thus Investiment falls along the time path of

transizion as (k,p) approach the new steady state equilibrium.

We have demonstrated & rather strong result. Contractionary
monetary pollcy reduces the equilibrium capital labour ratio of a
growing open economy. However, even if expansionary "real” policies
are used to counteract the etfects of contraction and ultimately there
is long run neutrality (equilibrium k* remains the same), the economy

will 8till sufter. Along the whole transition path from one steady

state to another, Investment will be lower if the interest rate is

raised.

Section 4:.Concluslion

To conclude brilefly, the foregoling analysis has allowed us :o
understand the dynamlics of real exchange rate movements in a simple
growth model with endogenous capltal formation. The fundamental
objectives of the paper have been threefold. Flrstly, to integrate
some of the Important issues in a study of macro open economies,
namely unemployment (or over full employment), growth and exchange

rates. Secondly, we have shown explicltly the dlisequilibrium

behaviour of the economy as it moves along the traverse from one
steady stale equllibrium to another. Thirdly, the ettects of economic
policy on the equillbrium values of varlables as well as thelr
sransltion paths have been analysed. In particular, we have seen the
effect ot "supply side” changes In the form of governments trying to
fincrease the capital stock of the economy.

11 may be emphasised thal contractionary monetary vollcy has a

unitormly harmful ettect on Investment along the whole transi{tion path
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even though steady stale capital stock may be higher due %o
authorities' eftoris In canltal formation. Thus the time period taken
10 move from one equilibrium to another is longer when the Interes:
rate Is pushed upwards. The model clearly demonstrates tha: s
governmen: dedlcsaled to a contractionary monetary policy will reduce
the growth rate of capital even though i may try to help directly to

szimulate investment.

Footnotes
1 The reterence for Kourl Is
PENTTI KOURI (1979), "Profitability and grow:h in a small

onen economy” in A Lindbeck (ed), Inflation-and. employment

in Open Economies, North-Holland

2 Alternatively one can assume an exogenously specified growih rate
of PT such that PT - Pesti without loss of generality we assume
8 =» 0,

K Remember thal only the tradeable secior uses capital In the

production process.

4 For turther justiticatlons, see Kourl (1979),
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Section 1: Introduction

The proposition thal money {s neulral has a long and respectable
history {n macroeconomlcs. Patlnkin (1965) showed that monetary
policy has no real ettecls In a static equilibrium model. Sidrauski
(1967) proved, I{n the context of a perfec: foresight growth model with
money, thal money {s supernceulral, in the sense that a change In the
growih rate ot money will not aftect steady state values of real
variables. The rational expectation literature (hereafter called RE)
claims once apgaln that systematlic and verfecily anticipated monetary
polcy has no effect on oulpul provided expectations are held
rationally.

However, monetary growth models (hereafter called MG) of Tobin
(1965) and others, do no: gel sirong superneutrality results, in
general. Many ot lhese models assume perfect foresight, which in the
absence ot uncertalinly or in steady state, Is equivalent to RE. It {s
a master of consideradle theoretical interest why RE and MG models
make simllar assumpiions regarding the formation of expectations, yet
come ou. with radically difterent conclusions regarding neutrallty.

Hatn (1980) has recently pointed out that the fundamen:al
ditterence belween RFE=-siructural neutralltly propositions and others
may be the nature of equilibdrium analysed and the possible exlstence
of muliiple equllibria. Elsewhere I have shown (Sen (1980)) tha:
neutrallly propositlons depend nol on the assumptions of RE per se
busl on the iype ot non-Walraslan equilibrium one postulates, However,
even within the limlited scope of market clearing equilibrium models,
that boih RE and MG theorles share In common, they have diamelrically
opposlie conclusions reparding the etfectiveness ot perfectly

antlcipated monetary policy, while making similar assumptions
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reparding expectallions,

In a recent paper Begg (1980) has raised this important issue by
an Interesting comparison of these two theories. He claims thai the
essenilal difterence belween RE and MG models and their neutrality
conclusions lles in the absence (or presence) of real balance effects.
Raiional expeciations models typlcally ignore the role of real money
balance ln aggrepgate demand and get neutrality. Crowth models with
money s.ress thls role and get non-neutrality.

It Is ditficult to accept that a fundamental division in the
policy literature Is based on a relati{vely minor issue, such as the
existence ot real balance eftects. Moreover, there are important
models of neuirality which do assume real balance etfects and perfect
toresight = ye: ge: neutral money. Conslder Patinkin (1965) where
real balance etfecis are cruclal In analysing existence and stabilfity
of non-negative solutions. There is no explicit expectations
generatlng mechanism bul the dynamics of the model imply that
agenis have perfect foresight. In spite of the crucial role of real
balances, money is neutral. In Sidrauskil (1967), aggregate households

max{imise an Intertemporal utility function

had -~
J = f e-O:u(c. m)dt

0
where ¢ 18 per capita consumption and ; per capita real balance)
subject to a budgel constralnt., 1I: Is assumed that uj2 # 0, uz; * O.
Thus the stock of real balance does attect consumption decisions.
Glven pertect toresight and the exlstence of real balance effects,
money {s proved Lo be superneutral,

Thesre two models In the neulrality literature alerl us to the

tact 2hat existence ot real balance In aggrepaie expendliure functi{ons
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may nol be as cruclal as Bepg suggesis. We pronose lhatl the
ditterence belween rational expeclations models and growih models wilh
money are more tundamental. The tirst major difference {s that models
ot neulrallty use sullable assumptions to make equilibrium outlput
independent of the expected rate ot Inflation. 1In the first Inmstance,
a change in the anticlpated growth rate of money affects the expected
inflation raze which i{n turn [nfluences output. By severing the link
In this chaln, 1t (s easy to derive neutrality propositions. On the
other hand, models of non-neutrality stress the link In every slingle
case. Secondly, RE models deny portfollo allocation by which changes
in money cause intlatlon and thereby atfect real canital formation
shrough the wealth constralnt. MG models on the other hand rely
heavily on the role of intlatlon In determining optimal cholce of real
balance and capital in a glven porttolio (see Dixit (1976)). In the
nex: sectlon we show, by taking a large number of examples from the
literatute, thal these are the two cruclal difterences between
alternative pollicy concluslons. Real balance effects play a minor
role {n the slory.

In the 2hird section we use a monetary growith model to get exact
analytic solutions to the behaviour of the economy out of steady
state, consequenl Yo changes In money stock., It is shown that 3132.3!
money ls supnerneutral, rale of Invesiment will be different for
difterent values of growih rate of money. Thus even superneuiral and
tully anticipated money has real etfects In disequlllbrium, The exact
nature of thls change ls seen to depend on real factors. Section 4
discusses a monetary disequllibrium model where markeis may not clear.

The final seciion concludes,
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2. Rational Exvectallons and Monetary Growih. Models Comoared

A slipghtly modit led version ot Lhe RE-neutralitly model by Sargen:

and Wallace (1975) Is plven by

y$ =y = atk_; + a2(p—p®) + ui (1)
yd =y = bk + b2x 4 B3Q + up (2)
m=op +cyy +ca(x + pil— p€) + u3 (3)
ko= dik_ ) +d2x + d3Q + uy (4)

(y, k, m, p, p® are loparithms of output, real capital, nominal money
stock, nrice level and exnected price level; x is the Esil rate of
fnterest; Q is an exogenous vector and u, are white noise terms).
Equation (1) is the “"surprise”™ supply function of Lucas (1973).
Equatzion (2) glves the IS relation, equation (3) corresponds to the LM
schedule and equation (4) gives the path of capital stock over time.

Note thal (p:l - p®) ls an Index of the expected rate of intlation, ¥.

Sargen? and Wallace have the nominal interest rate 'r' as an
argument. We have simply used the relatifon r = x + (pil— %),
implic{s In thelr paver, to rewrite the functlons in terms of x. It
I8 easy now to show thal a deterministic money suppoly rule is neutral
provided RE holds.

Begp claims that real balance effects are absen: from the
ageregate demand curve (2), and {t is thls assumption which ultimately
glves neutrallily. In olher words rewriting (2) as

y = b k_, + bax + b3Q + by (m-p) + uy (2')

-1

(b, > 0), then real balances are Incorporated In the expendlture
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tunciion and money ls no longer neutral. However, we must be careful
to distingulsh belween two separate (though related) propositions:
(i) Weak neutrality - outpui in the current period is
independent of changes in money supply;
(1) S:rong neutrality - output in all future perlods
{s independent of current changes in money supply.
Note that proposizlon (1) still holds even if real balance effects are
present and the syslem o be analysed is (1), (2'), (3), (4). Given
RE, (p - p€) 1s a function of random terms and exogenous processes
alone. Thus curren. output is uninfluenced by changes In the money
supply, from equation (l). This satisfles weak neutrality. However,
from (2') real rate of Interest x Is dependent on money stock 'm'.
From (4), curren: capital stock is affected by x and therefore by 'm’'.
Thus output in the next period Is intluenced by current capital
formazion, hence by current money supply.

Yo = a1k +azlp, =P34 (1)

There i{s a lag In the effectiveness of monetary policy. The strong

neutrality proposition ceases to hold as soon as (2) is modified to

incorporate the role of real money balance in aggregate demand.
Begg compares the standard RE model with a simplified monetary

growth model where

K = Y(K) = C(Y(K),K\Z) = 6K (5)
Z = M/P = L{Y(K),x(K) + II) (6)
i/z - Q/M - ;/P - 0-1 (7)

K Is capltal stock, Y is output, C consumption, Z the stock of real
money balance, x the real rate of Interest, M is stock of nominal

money and P the price level. Given perfect foresight actual price
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intlation ;/P. {s equal o expected price inflation 1., The rate of
growih of money supply Is 8, and Is perfectly anticipazed.

Here, consumplion C depends on real balance Z given C3 # 0.
Comparlng beiween sleady states, [t {s shown that a change In 0 will
have real ettecis In the sense that steady state values of K will be
aftected provided C3 # 0 and L # 0. If real balance effecis do not
exist (C3 = 0) then money 1s superneutral.

I: ls dlfffcult to accept the contentlon that the baslic
ditterence belween Lhese two sirands in the theoretical literature
depends on what after all {s an empirical matter. Monetarists have
occaslonally clalmed that the dividing llne between their models and
Keynesian ones {s an emplrical one depnendent on values of relevan:
elasticities., In this case, tor example, if C3 = 0, then monetary
pollcy is relatively imrotent. However, as Hahn (1980) states on the
etteciiveness of interventionist policy, "the difference of opinlon is
really «ssce on a grand scale concerned with what s the most
appropriate model of the whole economy™. One suspects more
fundamental analytlcal reasons for rational expectations and monetary
grow.h models to glve ditterent policy conclusions, than simply the
existence of real balance effects.

We sugpest that the first major reason for neulrallty of money is
tha. the marke: clearing equilibrium equation for output (y% = yd) is
made lndependent of the rate of intlation, by suitable choice of
assumpzlons. In every single model that claims to have neutrality,
appropriatle assumptions are made such that the reduced form for oulput
(y8 = yd « y) Is not influenced by expected inflatlon rate M. Since
growih rate of money aftects N In the first instance, and output is

Independent ot 1, anticinated changes In money supply never feeds Into
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the determination ot oulpul. Hence we have neutrality.

Conslder first the baslc RE model given by (1),(2),(3),(4). The
assumpilon ot rationality implies that p = p€ + v where 'v' is a white
noise lerm, Independenl of anticipated monetary policy. Therefore
the aggregate supply of output (after substituting for (p—oe) in
equation (1)) is not intluenced by the rate of inflation. Similarly
in equation (2), the demand for output is made dependen: on real rate

of Interest x and is no: aftected by N or (p€ - Pe)e
+1

However, when the real balance term is Introduced in the
agpregale demand equation as {n (2') then 'y' is a function of M/P or
(m-p). It can de shown that (m-n) is itself functionally related to
(p:l— p€), the expected rate of inflation. Solving (1) (2') (3) in
the three unknowns y, p,x, we get the following reduced form

expression for p:
e e
p = Jop® + Jipg, + Jam + R (8)
where: Jo = (bacz + a2c2 + c1b2a2)/D

J1 = =bae2/D

J2 = (bycy + b2)/D

and D= by + b,cy + a3cp + cybray
Note that Jg + Jy + J2 = 1,
Taking expectations of (8), assuming ratlonality and perfectly

anticipated money supnly

E(p) = p% = Jop€ + Jypl, + Jom + E(R) (9)
from which
m = (1=J)0€/J2 = Jip], /J2 = E(R) (10)
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From (8)

m-p = (1=Jo)m = Jop©€ - lefl - R (1)

Subsiliute (10) In (11) and simplify
mp = (05, - P)(-J1/J2) + R (12)

(where ; {s a function of R, E(R) and can be Ignored for our purpose).

Hence from (12), an Index of real balance is uniquely related to
the rate of expected price Intlation.

Thus, real balance effects in (2') is one way of Introducing an
intlation rate term Iin the funciion determining output. 1Its
imporiance lles not directly In the role that real money plays In
aggregale demand. Rather, it is a proxy for 1 which is the maln
vehicle through which money growth affects output. This can be seen
clearly in the trad{tional argument about the slope of the
exnectations augmented Phillips curve. Friedman (1968) suggested that

the relationship between unemployment (u), expected and actual price

iantlazion should bde

P/P = f(u) + 1T (13)
Given perfect foresight P/P = I, thus f(u) = 0 {s Independent of
expecied price intlation. In this model of the long run vertical

Phillips curve, money 1s neutral, However, taking Solow's (1969)

speclticallion

;/P =t (u) + A0 AR D! (14)

Even with perfect toresight,

t(u) = (1=A)1
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w et b (100 (15)

Changes [n perteclly anlicipaled money supply will influence I aad
thereby atfec: unemployment u. Thus money will not in general be
neulral,

Finally, let us look at Sidrauski (1967), the mos:t important
example of superneulrality In growth models with money. As mentioned
earller, real balance ettecls are present in this model. Assume for
s{mplicity ¢hat labour force is constant and Sldrauski's equations
conzalnlng per capita variables can be rewritten in absolute terms.
Households maximise an additive utility function over an infinite life
span,

L_J
V= f u(C 2 )e-pt dt
t t
0
The production funciion is Y = F(Kt)° There are three first order
cond{tions for an optimal path of which only the households budge:

cons.ralnt need concern us here. We have

K+2Z+C=F(K)+T-=-2l (16)
The left hand s{de of (16) gives the expenditure side of household's
budges where nel wealth is W= K + Z and & - é + é ls the net change
in wealinh., C {s once apaln total consumption. The right hand slde
gives the lIncome whlch conslsts of output Y plus two other varlables.
T i{s the rale of real money transters and -Zl 1s the capital loss due
to latlazlion.
The crucfal assumption that ensures superneutrallity is that

T = 02 (17)

L.e. transters are mide according to real cash balance held by
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houscholds. Nole thal the rale of return by which transfers are
calculated [s nol an arbitrary number such thal T = qZ. Rather grow:h

rate of money 0, determines how much transfer households will receive.
Subsifituting (17) In (16)

K+Z+Cw=F(K) + (6-)z (18)
Ince 2/2 = 8-1, we get finally

+ C = F(K) (19)

> e

Thus the final torm of the budge: constraint {s Independent of I and
money can be shown to be superneutral. This is in spite of real
balance affectling optimal consumpiion.

t should be clear that models of neutrality invariably use
assumpilons to vel out the effects of inflation on output (or other
real variables) and thus stop the channel through which monetary
pollcy can work, Patinkin's model (1965) does not need this
mechaniam since [T has no Intlation rate and Il does no: appear in any
functlional form. Thus both Sidrauski (1967) and Patinkin (1965) can
assume the ex{stence ot real balance effects and simultaneously get
neutiral money. These two conditlons coexist since real variables are
independent of rate of Inflatlion.

The opposite {8 true of almost all growth models with money as
Tobin's (1965) classic case will show. Tobin does not explicitly
assume real balance effect in expenditure functions. In his model,

real wealth and real net disposable income are defined by

We=K=+2 (20)
Y = F(K,L) - ¢K + Z (21)
Given F(K,L) = C + ¢K + K
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we have . .
Y=C+ K+ 1

Y =C+ K+ (0-1)2 (22)

Tnhus equilibrium oulput (s made to depend on rate of inflation I,
Using money market equilibrium conditions, it is shown that a change
in the growsh rate of money 0 will affect output. Money is no:
superneutral. Once apain let us stress that this non-neutrality does
not requlire any ggnlicit assump tion of real balance affect.

I1: Is safe to presume that real balance effects are neither
necessary nor sufticlenl by lhemselves to prove results on neutrality

or non-neu.rality. The tollowlng table shows this clearly.

KReal balance Real balance
effect present effect absent
Sargent & Neutral
Wallace
Tobdin Non-neutral
Sidrauski Superneutral
Begr Not superneutral

In every single case, the existence or otherwise of rate of inflation
In the oulput equatlon determines the nature of policy conclusions.
The second Imporiant respect in whlch RE and MG models differ {s
the way they tackle porttolio cholce. Conslder the standard case of
non interesl bhearing money distribured tree of charge., If x is the
real lnlerest rate and 1 the rate ot expected rate of inflatlion, the

yleld on holding capltal Is x + 1 = r. Civen total wealth, W= K + Z,
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the demand for canital is a tunction of its yield, i.e. K = K(x+1), K'
> 0., Thus the deslred ratio ot holding the iwo assets in a porttolio

and the demand for real balance are both dependen: on x + . We have
Z= W= K(x +M) =L(x +#1II), L' <O,

With transaction demand for money Included one gets a standard
liquidity preterence function Z = L(Y, x + 1) where L; < 0.

The active role of monetary policy on real variables (in MG
models) can be seen clearly through the wealth constraint. An
Increase in the growth rate of money increases the rate of inflation
. This reduces the demand for real cash balance and alters the
poritolfio In favour ot capital stock. Alternatively, an Increase in Il
increases lhe yield and attractiveness of canital and its demand (and
supply in equilidbrium) Increases. Thus expansionary monetary policy
is assoclated with hlgher steady state value of capital stock.

The essential point to remember is that in MG models, the
expected (and actual) rate of inflation affects capital accumulation.
1f we look at RE models, however, this mechanism is absent. Equation
(4) shows that capital stock Is not a function of total yield om
capital (r = x + 1), but only on the real interest rate x. Thus Nl is
conspicuous by lts absence In the functional torm for canital stock.
Note that the weallh constralnt W= K + Z which is an essential
feature of growth models Is violated too since demand for real balance
is a tunciion of M (equatlon (3)) while demand for capital is noc:.
Thus RE models deny an important channel through which monetary policy
can be efteclive, whlle MG models stress {ts Importance.

The portfollo cholce-wealth constralnt condult of monetary policy
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will be shown to be even more cruclal In a resul! proved in the next
sectlion, We show thal even it real balance eftecis are absent and
money Is superneutral, ye: perfectly anticipated changes in money
growth has real effects out of steady state equilibrium. This result
cruclally depends on L # 0, i.e. the proper functioning of the wealth
constralntl and poritollo behaviour.

To sum up, changes in money grow:h, initially affect the rate of
expected Inflatlon. If output and canital accumulation are made
independent of the Inflation rate by suitable assumptions, then money
is neutral or superneutral, On the other hand, if disposable income
is suitably detined or porttollo cholce is allowed its prover role,
the palh of capltal and output depend crucially on rate of change of
expected prices, Then we get standard non-neutrality conclusions.
The role of real money balance 1s relatively peripheral in this
respec: and {8 jusZ one of many alternative assumptions that glves

money an important role in the economy.
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Section 3: Monetarv Crowth Model

The simple monelary growth model thal we provose eschews the use
ot real balance etfects In Lhe aggregate consumntion (demand) function.
We also {mpose conditlons such that the model obeys superneutrality in
long run equilibrium, Thus it Is made to conform closely to the new
classical siructure; the stock of real money does noit affect real
exnenditure directly; nor does the growth rate of money influence steady
or statlionary state capital stocks, However, in the light of our previous
discussion, the rate of intlation Is Introduced (Indirectly) in the
aggregase demand function and this, as we shall see, causes real effects
of monetary change. Thus money Is non-neutral outside of steady state.
Since ilhe labour torce plays no crucial role in the analysis we assume a
consiant suoply of labour (which is never used up fully) and Ignore the
labour market. All atlentlion ls focussed on the behaviour of capital
stock, Invesiment and, of course, the rate of inflstion. We also assume
perfect toresight so tha: the actual and expected inflation rates are
equal.

The supply ot outlput is a tunction of the canital stock, F(K).
There I8 ao Independent Invesiment function; so net Iinvesiment Is the
<ime derlivatllve of capltal stock, i. Consumption Is a function of
disposable Income as well as capital stock {(giving the effect of
wealih). Disnosable Income, following Tobin, 1ls defined as aggregate
oulputl plus the change in the stock of real money balance (i). In
principle, depreclatlion should be nelted oul from disposable {ncome but
this makes no dlfference to the flinal results (provided the rate of
depreclatfon, ¢, is small, sneclfically F'(K)>$) and Is therefore lef:

ous trtom the consumplion tunction. The equilibrium in the commodity
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markel Is given by, tollowing (5),

[
F(K) = K + C + $K
or

[ ]
K = F(K) = C(F(K) + Z, K) - ¢K (23)

We siress the taclt that C does nol depend on real balance direc:ily;
there Is no real balance effect in the sense of Patinkin (1965).
Money market equilibrium is characteristed by the equality of the

demand and supoly ot real balance. Thus,
Z = M/P = L(F(K), x(K) + ) (24)

where x(K) = F'(K) Is the real rate ot interest or marginal productivity
ot caplital (x'<0); M is both the expected and actual rate of inflation;
thus x + 1 ls the nomlnal Interest rate. It should be noted that demand
tor money (L) should also, in principle, be made a function of
disposable income; equation (24) shows that L depends only on F(K).

This 1s only a matter ot convenience and tractability; basic results
remain unchanged bul the cost of algebra becomes large. Since the
ceniral points of the chanter are unconnected with the (income)
specification of the money demand function, we take the simpler function

given by (24) rather than the following alternative:

2 =« M/P = L (F(K) + 2, x(K) + 1) (24)°
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Finally, trom detinilion,
[ ]
Z=(0-10)2 (25)

°
where 8 = M/M ls the rate ot growth of money supply, given exogenously.

The signs of the partlal derlvatives of the functions in (23)

and (24) are conventlional.

F*'>0,€¢ >0,C >0, L, >0, L, <0, x*' <0, (26)
L ] ®
Long run equilibrium or stationary state is given by K = Z = 0, It {s
clear tha. the mode]l has superneutrality since equilibrium K* is

Independent of O and {s defined by
F(K*) = c(F(k™) ") - 0k = 0 (27)

However, our maln purpose {s to show that the behaviour of K out of long
run equlilidbrium s cruclally intluenced by the money growth parameter O;
a torzlori, the rale ot invesiment (I -é) Is also effected by changes in
O on the transition path to stationery state. Thus If the economy is not
in tull equilibrium monetary pollcy does have an affect on real
varlaoles such as investimeni, and hence growih,

To determine the behaviour of the varlables consider firs:

equation (24). Taking lolal difterentials,

a2 = BdK + LpdN (28)
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where
B = L‘F' + sz' > 0 (29)

Then, Lpd1 = dZ - BdK

and
3M/3z = 1/12 < 0, M/IK = =B/L; > O (30)

- L]
We now need to analyse the two stationaries Z = 0 = K, at steady

state equilibrium 2 = 2%, K = k*. From (25), using (29)
3Z/3K = - 21/32 = = 2%/12 > 0 (31)
32/3K = - z3M/3Kk = 2*B/L; < O (32)

Similarly, from (23), and (31),

[ Y
IK/IK = A - (C1BZ"/L2) (33)
. *
3K/3Z = C 2%/, < O (34)
where
A= F'(1-C) ~Cp = ¢ (35)
BK TAAC
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In eftect the linearised system, around the equilibrium,

given k = K ~ K.. z =2 - Z*. {s the tollowing:

—
L

. p—

K A - (C1B2*/12) (c:lz"/x,z)1 k

(36)

z Bz"/12) - (2*/1p) z

e -

Note that all partial derivatives are evaluated at O = Il where O is an

exogenous parameter giving money growth,

To pe: an ldea of the signs ot the characteristic roots

we need to sign the determinant ot the Jacobian, |J|. This is
[3] = - (AZ%/1) (37)
The trace ot the Jacoblan matrix, J, is

trace J = A - (C1BZ%/13) - (2%/12) (38)

Suppose bolh rools are real., Conslder first the case where A > 0.
Then, trom (37), |J| > 0. Theretore, elther both characteristic roots
are pos{tive or both are negative. But we note from (38) that trace J
i{s also positive. Thus, al leas! one rool is positive. Hence both
roo.s must be posi{iive - a totally unstable case. We neglect the
possibility of A > O, Conslder now the alternative where A may be

negatlve. It in addition [A - (ClBZ*/lQ)] > 0, then the trace s agaln
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posiiive. AL leasl one characlerlstic rool musl be positive. But note
trom (37) that the determinant of J Is negative for this case. Thus one
characleristilc root Is poslitive while the other is negative. We have a
saddle point equillbrium. On the other hand, even If [A - CIBZ*/LZ] <0
and the trace (s negative, implying a: leas? one roo: to be negative, we
still have a saddle point equilibrium given |J| < 0. The existence of a
unique palr ot paths leading to long run equlilibrium, a properly common
10 pertect toresight models, s now guaranteed. Remember, for
conslstency and stabllity, A < O; hence from (33), the sign of 3§/BK is
indeterminate,

We are now in a position to draw the phase diagrams. Using

equaiions (31) to (34),

(dz/dK)| = B = (ALp/C;2%) (39)

[K=0

(dz/dK)| =B>0 (40)

|Z=0

The slope of the 2 = () 1ine In the (K, Z) plane is always
positive. The slope of i = () may be positive or negative, But given that
A and L7 are both negative, slope of i = 0 {8 always less than the slope
ot Z =0 (see (39) and (40)).

Using (6.33) we note thal when [A - (ClBZ*/Lz)] is positive then E
= () slopes upwards., Then the phase dlagram {s given by Fligure 7.l.

L ]
Aliernatively, K = 0 may slope downwards and we have the phase l{nes
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shown In Flgure 7.2. The saddle paths are denoled by SS.

As dlscussed earller, the model has been consiralined to obey
superneuzrality In long run equllibrium. The Impact of a change In money
growth, O, talls totally on equllibrium real balance z* and canital
stock in sieady (statlonary) state remalins unchanged. This 1is obvious

trom the definition of steady state:
F(K*) = c(F(K™) kY - k" (41)
z* = L(F(KY), x(K™)) + 0 (42)

(where dk*/d0 = 0 and (dz*/dO) < 0)

Since the eftfect of the rate of intflation N has been removed from the
market clearing condltion of output, at steady state (see(4)), monetary
growth has no effect on canital stock and a tortiori on outpul in long
run equilibrium. Changes in O work via Il and this transmission
mechanism is effectively suppressed.

Conslder now the effect of an ungziclpated change in O, first
comparing only the two long run equillibria, If the economy is {nitlally
in steady siale at E;, (see flgures 7.3, 7.4), and O falls
(contractlonary monetary pollcy) then the new long run equillibrium is at
E2. Capital stock ls a “backward looking" state variable whose current
value ls glven by past declislons and which cannot respond to current
intormation or parameter changes, The Instantaneous {nflation rate
(AP/P) 1s, on the other hand, a "toreward looklng™ or "jum "™ variable
which can respond ravldly to the movement of O, It falls rapidly a: a

rate ftasier than the new prowilh rate ot money., Thus the real value of
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money holding (2) rises until the new equilibrium a: E; is reached. Note
that the ex{slence of the saddle palh, or unique trajectory to long run

equilibrium, requires thatl the economy moves raoidly to E;. If the full

jump, from E} to E2, Is not made then lhe new stationary stalte can never
be reached. All other polnts on the vertical through K* are unstable.

The economic rationale behind the postulated movements should be
claritfed. There are iwo assets in this model --- real money balance and
capital stock. The rational investor wishes to keep both assets in his
“poritollo™; capital stock is required to produce outpul which glves
consumption; money balance facllitates transactions and has its own
utility. The proportion and amounts of the two forms of wealth in his
poritollo will depend, at the margin, on the relative rate of return.
Capital has its own marginal productivity as well as caonital gains from
inflazfon. A reductlon In money growth is exmected to reduce the rate of
inflation; thus the return, at the margin, of capital declines relative
to real money; the holding of the latter asset (real balance) increases
in the poritolio.

Since there are posltive returns from the two assets, it is
expecied that posf{tive quantities of both assets will be held by
rational lavestors In thelr porttollio. Given the nature of the saddle
poin: equlllibrium, all paths excent the stable trajectory diverge away
trom long rtuan equilibrlum; the final outcome is either zero holding of
capltal or real money (unstable paths always hit the axes in the limit).
This is undesirable. Thus the agents in the economy wish to attain long
run equlilibrium characterlised by positive holdlng ot K* and Z*. For an
unanticipaled change {n O, leading to a shift in equilibrium trom E; to

Ez, she only way Lo reach the new stationary state (equilibrium) is for
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the economy Lo jump l.e. rapidly transter financial demand towards the
holding of money. thus reducing the inflation rate for the aggregate
commoditly.

I: should be noled (hati the jump itself is a response to a
dlscontinuity. The behavioural functions, In the market clearing
equlilivbrium relations tor commodity and money, represent agents'
optimisation. AZ the point of parametric change these equilibrium
conditions do nol apply; hence behavioural demands are not satisfied and
optimality ls violated. Though the jump per se is not desirable {t has
10 be made to attain the new equilibrium and concomitant optimum
situation. Since the jump 1s not desired for its own sake, the fewer the
number ot such movemeﬁ:s and smaller the “"length™ or amount by which
varlables have fo adjust raoldly, the more preferable it is. Thus, in
this case glven by tigures 7.3 and 7.4, the economy will jump only once
to attaln the new long run equilibrium and bridge the discontinuity.

The toregolng analysls considered an unanticipated and permanent
change in O, We can also analyse the various cases of (a) anticipated
and permanent, (b) unanticipated and temporary, as well as (c)
anticipated and temporary parametric shifts., Figures 7.5, 7.6, 7.7 show
zhe dynamlc movements of K and Z for these possibilities. In each case,
O falls and the equilibrium shitts from E; to E;. The basic points
remain favarisni; multiple jumps are undesirable; a smaller jump {is
preferred to a larger one,

1t the policy shift {s anticipated and permanent, the monetary
authorizles may announce that O will change T, periods hence, Figure
7.5 shows thal a smaller jump wlll occur instantaneously from E| to F.

AL F the laws of motion ot K and Z pertain to the initfal equilibrium
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Ej. Thus capltlal slock will fall and real balance rise. It will take
the economy T perloas lo reach the new saddle path S$'S' at the point G,
The shiti In pollicy parameler now takes place (T} time periods after tLhe
infilal announcemeni) and the relavani saddle path tor the new and
permanenz long rtun equilibrium (at E;) is clearly S'S'. Capital and real
balance traverse along this path to move the economy towards E;. It Is
fmboriant to note thatl capital stock falls and then rises during the
movement trom E; t0o Ey. Thus we have a business cycle with negative
invesiment as Llhe ini{tlal response to monetary contraction,

Similarly analysis can be done for the Iwo cases when the change
in O ls expected and belleved to be temporary. The maln motivation of
the dynamics lies in the efflicient traverse of the economy when the
equilibrium shifts to E2 only temporarily; it is known that the final
gcatlonary state will be at Ej. The time period when O is lower
temporarlly {s given by T2 in the dlagrams. Once again we observe the
possibility of real business cycle in response to monetary shocks.
Capital stock falls and rises; net investment ls negative and positive;
all of these occour tor a change in the rate of growth of nominal money
and the cortesponding dynamics of the Inflation rate.

1t is clear that even under superneutrality, there are quite a few
possibilit{es where monetary shocks have real effects particularly when
the economy 1s ouZ ot long run equilibrium. Markets always clear;
expecialions are held rallonally; announced oolicy changes are
perfectly anlicipated; yel cyclical behaviour ot capital stock conot be
ruled oul consequent to activist monerary policy. Real balance effec:s

play no direct role In the sense of intluencing aggregate (consumption)

demand.,

BKTAAC
208



lLLel us now return to the tirst and possibly the most important
case; here ithe change In O [s unanticioated and known Lo be permanent.
The analysls uptll now has been confined Lo transition from one steady
svate 10 anolher (see fligures 7.3 and 7.4) We would now like to
invesiigate tormally what happens if initially the economy is no: at
steady state, Would the parameter shift In O have any effect on the
transition of ihe economy Lo Its long run equilibrium capital stock ?
Theretore, the economy [s, suopose, on the saddle path SS but not a:
E,. Rate of growth ot monetary stock, O, falls and the stock of real
balance held jumps to the corresponding level given by S$'S'; canital
s.ock of course behaves as a state variable given by its initial level.
The tormal analysis, described below, tells us how Invesiment and
capital stock behaviour changes as the economy attains K* from the
inftial Ky (see tigures 7.8)

Conslider the llnearised system given by (36). Let the

characteristic root be A, Remember that z* 1s a function of the
parameter O and that all partial derivatives are evaluated at O=ll, then

the characteristic equation can be written as a function of X and 0. We

have (see 36)
v(2, )= A2 4 A[(2*/12) - A + (C182*/12)] - [Az*/12) = O (43)

We know there are two real and distinct values of A; concentrate
hencetorih on the convergent case given by A < O. Slnce A characterises
the path of K(t), where t is tlme, we need to find how a change in O

attects A and hence K(%). Thus 1% is necessary to sign dA/dO.
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First we need lo prove the following:
Lemma: (A - 1) <0

The characteristic equallion for the system is (see also (36))

A= (C1B2%/12) - A (C12*/12)
=0
(82*/13) (-2*/12) - A (44)
[a - (CiBz"/12) - A) [(-2z%/12) - A] = BCI(2"/12)2 (45)
Thus

[a - (c1B2*/L2) -] = = [Bai(z*/L2)2)/[(2*12) +2] >0 (46)
Then, atter simplification, we have

(A -2 = [ciBz"' /(012 + 29)] <o (47)
given 2j,L; negative,

The deri{vation of the slign of dA/dO proceeds in a number of
stages, Flrst we nole that

dA/d0 # O provided Ly # 0 or dk*/d0 # 0
This can be formally established. We have from the characteristic

equation, (43), Y(A, 0) = 0,
dr/d9 = =(3¥/39)/(3y /) (49)

Observing (43), tor a given O, Y(-=, 0) > O

Further, there {s only one negative root since the other is positive
by saddle point propertles. Therefore, ¥/ < 0, at the apvropriate
(negative) rool. The dlagram (Figure 7.9) shows this clearly. Given

Y/IN € 0, trom (49) {t I8 clear that

sipgn d\/d0 = sign 9¥/30 (50)

We need now an expressf{on for 3¥/30,
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It {s Imvorlanl Lo realise thal due Lo linearisation we are
siudying the propertlies ot lhe dynamic syslem in a close neighbourhood
ot equilibrium, Accordingly, it Is reasonable to assume that the
pariial derivatives of (23) to (25) are invarian: to changes in O,

This Is by virtue of linearisation. However
2" = LR, x(kY) + 0)
is obvliously dependent on O and we get
az*/d0 = B ak*/d0 + L, (s1)
(where B is given by ( 29)),

We are now in a position to derive the value of 3¥/90. From

(43)

31730 = [(A/12) + (AC1B/1p) - (A/1p)] (dz*/d40)  (52)
Further, (43) can be wrilten as
Y ad(d - a) + [(M/12) + (AC1B/12) - (A/1p)]Z = 0O (53)

The flrst term of the RHS in (53) is negative since A < 0 (stable
root) and (A ~ ) ¢ 0 (by lemma). Hence the second term mus: be

positive. Civen Z > 0,

[A/L2 + cyB/L2) = (A/1)] > 0 (54)
Comparing (54) with (52) we observe

sign 3¥/30 = slgn d2"/40 (55)

Using (50), (S51) and (55),
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Sign (dA/d0) = sign [B(dK*/d0) + Lp] (56)

Tnis expression {n ( 5h) proves the asserlion made earlier in (48).
Civen B> 0, we need Lo have both (dK*/dO) = (0 and Lz = 0 to get:
(dA/d9) = 0. Aliernatively, if either dK*/dO # 0 or L * 0, then
d)/d0 is nol zero.

We theretore tind that the rate of growth of money stock will
affec: the silable characterlistic root, and hence the dynamic path of
capltal stock as well as the economy, provided llquidity preference
holds (Ly # 0) or money Is not superneutral (steady state canital is
attected by monelary growith and (dx*/dO) # 0). Since our model
presupposes superneutrality, we do Indeed have dK*/d0 = 0. However,
the negativity of Ly allows money growth so atfect capital stock
outside of steady state. We now turn to formalising thls relation.

12 s clear from (56), given dK*/dO = 0 and L2 < 0, tha:

dA/d0 < 0 (s7)

Given A < 0, an increase in O will ralse the absolute value of the

negallve root A. Solving for the paths of K we have
K(t) - K" = (K(0) = K")et (58)
Further,

K = A(K(0) - KN)et

Given, trom (58),

(k(0) - k") = (k(2) - KM)ert (59)
We pel
K = (-0)(K* = K(2)) (60)
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(where K(Q) Is an arbliirary Initlal value ot capital stock)

Conslder Lhe case where K(t) < K* for any given time period.
Thus, on lhe stable path, invesimenl | = R is positive. An Increase In
0, using (57), will Increase (-1) > 0 and thus raise invesiment (from
equation (60). Thus, if Investment 1s positive, the rate of
invesiment ls taster, hlgher Is the growth rate of money. We have
therefore demonsirated that even though money growth canno: affect
s.eady siate capltasl stock, It can Increase investmenl on the
transizfional path., Hence the economy traverses faster to long run
equllibrium,

We can also formally derive the behaviour of the time path of

real balance Z from (36),
k = [A - (crBz*/L2)][Kk(L) - K*] +
(€r12*/1)(z(e) - 2°) (61)
or using (60),

[z¢e) = 2*) <0 [A = &+ ciBz*/2))[k() - K* N /t{c12 L]}
(62)
The characterlstic equation for the system, and (46), tells us that
[Z(t) - Z.] has the same sign as X(t) - K*. Thus Z(t) and K(t) move
in the same directlon and the saddle path Is positively sloping. This
can be verltied by looking at the phase diagrams.

Le: me summatrise., The model assumes superneutrality; thus a
change ln the growih rate ot money cannot aftect long run capital
stock, though ft will change the stock ot real money balance. However,
monesary growith does have an eftect out of long run equilivbrium even

it 1t Is unanticipated. In particular, an unexpected bul permanent
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shit: in the growlh ratle of money will change Lhe rate at which
Invesimen? takes place and the speed with which current capital
reaches the stationary (steady) state value. If investment is vositive
then contractionary monetlary policy will reduce the amount of
invesiment and thereby have real effects. The latter are strengthened
with anticipated and or lemporary changes in money growth, These
movements end up [n business cycles with capital stock rising and
talling. All thils has been proved without assuming the presence of the

sczandard real balance eftecl whereby the stock of real money affects

aggregale demand.
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Sectlon 4: A Monetary Disequllibrium Model:

12 {s ot {nlerest to nole how the growih model analysed in the
previous section would change it we introduced disequilibrium
behaviour -- tor example, by assuming tha: markets do no: clear
inszantaneously and that demand and supply in some aggregate market(s)
may no: be always equal. Once agaln, let us assume superneutrality and
concenirale attention on the transition path out of steady
(statfonary) stale,

1n principle, both the money and the aggregate commodity market
may have disequilibrium. Since thls is a monetary growth model, we
assume that {% {s possible for the money market to have
disequllidbrium. Excess supply of money raises the inflation rate in
monetaris: fashion while excess demand for money lowers inflation. We
also assume that Inflation is equal to a "core” rate given by the

growih of money supply (see Buiter and Miller (1981)). Thus
MTaeaO+vy[2=LFK), x(K) + )] (63)

The formulation has a number of advantages: in long run equilibrium,
demand and supply of money are equal; so also is I and O; thus we can
conwrast the behaviour of the economy on the transition path given
that the equilibrium and disequillbrium models have the same
stationary stiate; the comparisons then can focus on the shor! run, our
main subject of [nterest. We also keep close to the central concerns
of the monetlarists l.e. superneutrality and the ability of the money
marke. 10 cause {ntlaiion, Changes in structure are thus kept %20 a
minfimum, Yei, 8% we shall see later, quite fundamental ditferences

emerge and capltal stock behaviour, including the possibility of

business cycles, may be dissimilar Lo siandard monelarist predictions.
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Proceeding as betore, we need to tind the effect of the two

endogenous varfables (K, Z) on the rate ot intlation 1. Totally

difterentiating (63),

a1 = 40 + y[dZ - Bak - Lpdll]

Simplitylng,
al = [a0/1+v12]) + [¥(az/14712)] - [ (YB/1+Y12)(dK)]

Thus
91/32 = Y/1+vLy = 1/D
where D = [(I/Y) + LZ]

and

91/3K = - B/D

The mone.ary disequilibrium model {s given now by

K = F(K) = C(F(K) + 5. K) = &K

Z=(0=-1)2

=3

=0+ y[Z - L(F(K), x(K) + I))]

with the partials of the Il derived from (66) and (67).

(64)

(65)

(66)

(67)

(68)

(69)

(70)

BKTAAF

We need Lo draw the phase dlagrams from this pair of differential

equaiions, Followlnpg usual oractice, the equations are linearised in

*
the nelgbourhood of equilibrium (Z°, K*). Remember the long run

equilibrium values have same properties as those In the previous

sec.lons.,

Using (70), (69) can be written as

7 = Y[ LCF(K), x(K)+) - 2]
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%0 Lhal
32732 = yz[aL/3z - 1] (72)
az/3k = vz[2L/3K] (73)

Note, all partials are evalualed at Z = o = K)
We know Lhal
/32 = 12(30/32) = 12/D (74)

IL/IK = B + 1,30/3K = B(1-(L2/D)) (75)

Therefore, from (72) to (75) we get

32/32 = - 2/D (76)
32/3K = BZ/D 77)

azZ/dX|. -3 (78)
2=0

Turning to the equation for capital stock, (68), we get
IK/IK = A = € (32/3K) (79)
IK/IZ = = €1 (32/32) (80)

where A {8 det ined in the previous section by equation (35). Note A
is negatlve as assumed earller. Uslng (76) and (77), we get from

(79) and (80) the tollowlng:

IK/3IK = A - (C2B/D) (81)

IK/IZ = C 2/D (82)

47/aK]| . - B - AN/CZ (83)
|K=0
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The composite parameter D Is crucial. Recall the expression

D= [C1/7) + L) (84)
where Y > 0 is the speed of adjusiment, ot Intlation Lo its core
equllivrium rale, consequent to disequilibrium In the money market; Lp
i{s the siandard parameler for liquidity preference. 1t is clear that D
can be positive or negative depending on the strength ot the
adjusiment parameler Y.

Consider tilrst the case where Y is "small™, thus D > 0. From
(78) and (82) we note that both i-o and é-O lines slope upwards
(remember A0, D>0)) and the tormer has a higher slope. Using this,
plus the i{nformation embodied in (76), (77), (79) and (80) we can draw
the phase diagrams as shown In Figure 7.10.

¢t can be easlly demonstraled that the trace of the Jacoblan {s
negative and [ts delerminant posltive. We can also prove that both
roo.s ate real. We have two negative and real roots; the model is
slable (in the Rothlan sense) with convergent movements towards long
run equilldriume Thus cycles, emanating from disequilibrium initial
stariing polintls, can be ruled out.

It now the rate of growith ot money supoly, O, is reduced then the
i-o and 2-0 lines shitt Lo the position given by the dotted lines in
Flgute 7.10, The new long run equilibrium is at E;. If the economy was
at initial stationary state E), then caplital stock tirst falls and
then rlsen as shown by the arrowed lines. We do observe a business
cycle since the capital labour declines Inf{tially bul increases
subsequentilye. This only occurs because the in{tial sltuation was one
of equllibrium and stable behaviour precludes “jumps™ in variable and

causes a sleady, bul slow, movement lowards the new long run steady

slale.
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It we conilrass: this model with (he previous one the fundamental
dittetence {s in the slabilily properilies. It is seen tha:
disequilibrium, money demand no! equal o0 supply, is stabilising even
under ralfonal expectations, In a sense rapidly changing expectational
varlables (as would happen under ratlonal, as contrasted with
adaptive, expecialions) tends to Impart a degree of Instability into
the sysieme. Thus we have saddle point properties with actual (and
expecied) {ntlation rate jumping to cailch the convergent paths, When
markeis do nol clear and the speed ot adjustment is low (remember Y is
small) then the model becomes stable, Thus we have now two negative
characteristic rool rather then one as in the last sectlion's model.

One the other hand, if Y, the speed of adjustment in the face of
markel-clearing dlsequillbrium, is large then it is possible for D
(given by (84), may be negative. The limiting case is obviously that
of Y * = 50 that ZelL and we are back to the equilibrium model. Even
with disequilibrium however a large enough Y will make D<O. Then the
determinant ot the Jacoblan, which is (-AZ/D), is negative; thus we
once agaln pet saddle polint equilibra. Two cases, similar to those
previously discusseed, are shown in flgures, 7.11 and 7.12.
Disequilibrium responses are not slow enough to compensate for raoidly
changlng expectatlions. The resultant Iinstability can only be

compensated by having jump var{ables such as the rate of inflation,
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Section 5: Conclusion

This chaoler had (wo purposes. Firsi{, we wished to analyse the
cond{tions under which superneulrality =-- the Invariance of capital
stock (or outpul) to changes In the rate of growth of money supply —--
will hold. We conclude that if the dynamic equations for the real
varf{ables of the model can be made Invariant to the rate of inflation,
then these real varlables will not be affected by monetary growth.
This I8 because dlscrelionary monetary policy attects initially the
rate ot intlation. If intlation has real effects, in the short and
long run, money (growth) will also have real effects. The role of
intlatfon, and thus money, can be brought about in various ways. One
method, proposed by Tobln, (1965) and used here, is to use real
disposadble Income as a determinant of the consumption function. This
f{ncludes current output and change In the real value of money stock;
the lalter is clearly asffected by Inflation; thus money growth and
concomitant price changes have real eftects,

The second purpose of the chapter was to study various non steady
state and alsequilibrium behaviour of the economy under monetary
growih, given that money was superneutral. We have found that monetary
policy, bolh anlicipated and unanticipated, can cause real effects. In
parilcular capltal stock and invesiment are affected by changes in
money growih when the economy is in disequilibrium or oul of steady
state. Speclfically, monetary policy can cause business cycles ln the
sense Lhat capital atock may fall (rise) initially and then rise
(tall) later consequent to monetary contraction (expansion). Long run
neu.ralitly may nol ston lhe real economy trom being aftected in a
major way by changes ln money growth rates, particularly in the short

run and undet disequilibrlium,
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Section 1: Introduction

The important Rational Expectations (hereafter called RE)
literature of the past decade has generated three fundamental
contributions to the analysis and evaluation of macroeconomic theory
and policy. Firstly, the important contribution originating from
Lucas (1976), that structural (or reduced form) parameters of the
model might not remain invariant when policy regimes change. Thus
government policy rules, based on econometric evaluation of past
performance, might alter the coefficients of the underlying economic
model itself and make it difficult to anticipate possible effects.
Added to this, there may be a further crucial issue not apparent to
the protagonists of equilibrium RE models, btut extremely important to
theorists studying non-Walrasian or "disequilibrium™ models
(Malinvaud, 1977). Even under very simplified assumptions, there may
be different types of non-Walrasian equilibria (for example,
Keynesian, classical or repressed inflation). Thus there is no one
single model on which expectations are based and this might cause
problems of forming any macro rational expectations for all agents
taken together (see Sen, 1978). Even if one imposes aggregate RE,
policy effectiveness may crucially depend on the structure of the
regime concerned and no general conclusions are possibdle.

However, these issues pose deep theoretical questions regarding
the relevance of macroeconomic policy and need much more intensive
study of the subject. Our analysis in this paper is limited
to the other two aspects of RE theorv - neutrality of perfectly
anticipated monetary policy; uniqueness (or multiplicity) and
convergence (or stability) of RE paths. From the early vapers of

Sarcent and Wallace (1975), neutrality or policy ineffectiveness of
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systematic monetary policy has been an important topic for
discussions. Similarly, Taylor (1978), Gourieroux, Laffont, Montfort
(1980) and others, have shown that RE paths may exhibit a very large
number of solutions.

However, the economic models purporting to discuss these concepts
have generally been put in an equilibrium framework. Market clearing
Valrasian equilibrium has become an article of faith among members of
the new classfcal school and has been elevated to as important a
position as the assumption of RE itself. Rut there seems to be no
logical interconnection between the two postulates. It Is conceivable
that agents may form expectations in a rational manner even if
disequilibrium prevails and prices are sticky (see Burmeister (1980)).

It is possible that given rationing, transactors may form rational
quantity expectations in addition to expectations on price variables.,.
However, this may be easily integrated into the theory. Thus, it is a
natural extension to analyse solution paths and possible neutrality
fn RE models, with disequilibrium, and excess demand (supply) in
markets as well as prices not reacting instantaneously to clear all
markets.

Disequilibrium analysis can be of two types. One can assume a
tatonnement process by which no transactions may take place unless the
“auctioneer” has called the "correct™ price. A better assumption is
to use the minimum condition such that actual transactions is equal to
the minimum of effective demand and supply in aggrecate. Coupled with
this we need a price adjustment rule (assuming sticky but not rieid
prices) which states that the change in price is a function of excess
demand in relevant markets. The speed of adjustment will obviously be

assumed to be finite (since infinite speed implies that equilibrium
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always prevails).

Recently, Lucas (1980) has attacked the use of so-called “free
parameters™. Speed of adjustment of any variable in response to
market disequilibrium i{s a "free parameter™ in the sense that it is
exogenously specified (at a positive finite level). There is no
microeconomic foundation which could determine its value as a function
of other endogenous variables. Disequilibrium theory postulates a
speed of adjustment but does not say why it should exist or what its
value should be. 0On the other hand, in a defence of free parameters
in adjustment equations, Burmeister (1980) has pointed out extremely
important reasons why they can be utilised to achieve internal
consistency of the dynamic models. The convergence, stability and
uniqueness of RE models can be strengthened by judicious use of
adjustment variables and thus are essential if we are to eet logically
satisfactory models. Further, there seems to be equal validity in
assuming that speeds of adjustments are all equal to infinity
(equilibrium) as Iin assuming that they are constants but less than
infinity (disequilibrium). Finally, one can ideally construct a model
with these speeds as a function of prices (having given a preliminary
story), and then study their properties. There seems to be good
enough fustificatfon for the use of dynamic adjustment equations in a
disequilibrium framework.

Some recent work on disequilibrium RE models seems to claim that
the policy Iineffectiveness proposition fails when markets do not clear
(see particularly the paper by Honkapohja (1979) and his comment:
“Some differences of opinion remain, but the results suggest that the
neutrality proposition in general fails to hold when markets do not
continuously clear”™). This is certainly true of work by Fischer
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(1977) and Phelps and Taylor (1977). However, McCallum (1978, 1979,
1980) shows that money can still be proved to be neutral under
sultable assumptions regarding disequilibrium. The position seems to
be far from settled and needs more research. Secondly, there is no
consensus among the contestants of the debate about the proper
specification of the dynamic adjustment rules. Given the ad hoc
nature of macroeconomic policy analysis, this is to be expected. The
question therefore remains as to how sensitive these results (of
non-neutrality) are in Honkapol\ja (1979) (and others mentioned in his
paper) to specific adjustment rules.

We propose to analyse a set of disequilibrium RE models with
adjustment equations which may be termed “classical™ (alternatively
pre-Keynesian). Evidence for the use of such adjustments may be found
in Metzler (1950) and Patinkin (1965) (as well as the extensive
literature summary given there). The two price variables singled out
for analysis are the aggregate price level and the real rate of
interest. We assume that the price level adjusts to disequilibrium In
the money market such that excess supply of money raises price. This
accords with the monetarists' interpretation of the effect of an
increase in the supply of money in increasing the price level. If
inflation is a monetary phenomenon then sooner or later an increase in
the supply of money over demand will lead to an increase in prices.
The effect may not be direct. For example an increase in money stock
might simply increase nominal income and purchasing power in the first
instance. But ziven supply, after a while prices must rise. We take
the transmission mechanism to be between money supply and price
thourh there may be intermediate steps in between.

On the other hand, interest rate reacts to conditions prevailing
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in the bond market. Tt can be shown that under classical transmission
mechanism, the interest rate adjusts positively to the excess demand
for output. If ageregate demand for output exceeds supply, then
investment is greater than saving. In a classical world, investment
can be interpreted as the demand for loanable funds while saving may
be interpreted as the supply of loanable funds. Thus investment minus
saving is equal to excess demand for loanable funds. Given an excess
demand for loanable funds, we have an equivalent excess supply of
bonds. (Demand for bonds = supply of saved funds. Supply of bonds =
demand for investible funds). Thus the price of bonds falls and the
interest rate (inversely related to bond price) rises.

The quantity theory of money and the loanable funds theory of
saving investment can be used to yleld the type of adjustment
equations we have proposed. These assumptions were commonly used to
analyse the behaviour of money, commodity and bond markets, in the
writings of the old classical school. It is instructive to analyse
their behavioural equations in the light of the workings of the new
classical macroeconomics (Buiter (1980)).

Essentially, we wish to retain the spirit of classicism even
within the disequilibrium framework. Thus our aggregate price and
interest rate adjustments follow theories proposed by classical
(monetarist) authors (see Patinkin (1965)). OQuite often they arrived
at conclusfons regarding the longz run neutrality of money, even though
on the transition path, money could have real effects. Our purpose is
to evaluate the conclusions reached by new classical macroeconomics
(Lucas et al) in the light of some of the assumptions made by old
classfcal macroeconomics. The aquantity theory of money and loanable

fund theory were important contributions made by the latter. How
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would they affect RE conclusions?

Note that an important underlying proposition of classical theory
was that real variables clear real markets while nominal (monetary)
variables clear nominal markets. In our model real rate of interest
equilibrates the commodity/real bond markets while the money price
level equilibrates the money market.

The purpose of the chapter may therefore be briefly summarised.

A diseaquilibrium model of RE must postulate suitable adjustment rules
for price level and interest rate, in the presence of excess demand
(or supply). Since there is no rigorous foundation, the choice of
rule {s a matter of judeement. We wish to remain as close as possible
to the central tenets of classical macro models and see whether
standard RE conclusions hold or not. We invoke two basic theories -
the quantity theory of money and the loanable funds theory of bond
financing - to specify the structural characteristics of the
disequilibrium model. Given this classical framework we intend to
analyse solution paths of models with RE and study the neutrality
cuestion.

In the next two sections, we construct models which have
disequilibrium in both commodity and money markets. Adjustment rules
follow classical tradition. Three types of models are used. Firstly,
antfcipatory price setting is postulated and prices depend on expected
excess derand. Secondly, we assume that prices change according to
actual excess demands. In both these models real balance effects are
{gnored. In the third type we assume that the stock of real balance
affects aggregate demand. In Section 2 these three types of models
are discussed given a simplifying assumption that expected price

fnflation i{s equal to zero. In the next section, we relax this
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simplification and the expected inflation rate is taken to be
non~-zero. This Is merely to focus attention on essentials in the
first stage and then move on to more complicated structures.

Our primary purpose in these models is to study the multiplicity
(or uniqueness) of solution paths and then see whether anticipated
money is neutral or not for some or all these paths. It is shown that
disequilibrium (of the classical type) per se does not necessarily
give non-neutrality. Rather it is the structure of the model which
produces relevant policy effectiveness conclusions. Models without
real balance effects always show money 1s neutral. Models with real
balance effects invariably give non-neutral results. Thus, neither RE
nor disequilibrium determine whether policy is effective or not. It
18 usually the assumntions of the underlying model that produce

relevant policy conclusions.

241



DAFAAL

Section 2: The Basic Models

As mentioned earlier, we first want to analyse basic models with
expected rate of inflation assumed equal to zero. We would like to
focus attention on the central causes in the policy ineffectiveness
debate, within a disequilibrium structure which is shorn of all
unnecessary assumptions. As will be shown in the next section, this
does not affect the final results and all conclusions follow through
in models with non-zero expected price inflation.

The first model in this section has anticipatory price setting

rules. We have the following system of equations:

*

Y, = al(pc-t-l Pt) +up, (1
et - blrt + Uzt (2)
md =p +cyr +cre +u (3)
t t 1 2% 3t

- - S_ dx
P Pe-p = Almg= oy mp*) + v, (4)

- = K *
FeTeel = 8ot eaYe) Y Y, (5)
S u
my o= om +ou,, (6)

a > 0, bl < 0, c1 < 0, C2 > 0, A D O, Q>0

(where Yer €0 md m$ and p, are lors of output supplied, output

t t? ¢
demand, money demand, money supply, and price level; rt is the rate of
interest and no distinction is made between real and nominal rates

since expected price inflation is zero. A star (*) indicates an

expected value).
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Expectations for all variables are formed rationally. Thus for

any variahle xt' its expected value formed at period t-1 is given as

x: - E(xt/information available at time t-1)
t-1

(where E i{s the mathematical expectations operator). In our model
rational expectations are assumed for money demand, effective demand
(et), aggregate supply (yt) and price level (pt). To simplify the
notation, we shall write from now on, x: instead of t-lx: , for
variables whose expectations are formed in t-l1. Care will be taken to
explicitly state the date of expectations formation, if it is not t-1.

Fauation (1) is the Lucas supply function expressed in deviation
form from the natural rate. Thus in all subsequent analysis we drop
an extra term invoking factors which determine the natural rate of
unemployment., Similarly, ageregate demand (in deviation form) is
given by equation (2) as a function of the rate of interest (real or
nominal). Equation (3) <ives the demand function for money. (A model
simflar to (1) (2) (3), but only for an equilibrium situation, has
been used by Woglom (1979). It can be shown that 1if Yo = e, and

md - m:, money 1is neutral). The supply of money in equation (6) is

t
kept arbitrary to make the monetary rule as general as possible. It
i{s easy to use specific rules and conclusions remain invariant. Money
supply is perfectly anticipated at level m, except for white noise
terms.
Fquation (4) uses the classical monetarist rule that prices

respond positively to an increase in the supply of money. If the
supply of money (perfectly forecast except for error u“t) is greater

than the expected demand for money then the price level will rise from

{ts previous value. Thus Inflation depends on the expected excess
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supply of money. HNote that price setting is anticipatory in the sense
that Py is fixed at the btepinning of period t with information from

t-1 used to forecast rationally the expected value of md In exactly

£
analogous fashion, the interest rate is determined at the start of
period t and e: and y: are predicted rationally. It is assumed that
expected excess demand for output (implying investment greater than
saving) will cause an expected excess supply of bonds. This will
lower the price of bonds and raise the rate of interest.

The error terms Ujgr Vg W, aTe white noise terms, mean zero,
constant variance and serially uncorrelated. We may assume without
loss of generality that sy 2 0 and concentrate on the errors v, and
L in the price/interest rate formation equation.

The semi reduced form of the equation with endogenous variables

Pyo Yoo €4 mz and ry in terms of exogenous and expected variables

can be written as:

- _d*
Py = Py * Mme-nl®) + v,

(7)
* *
vy =Tyt Repmyy) +wy (8)
- - d* - *
Yy " 8Py * @ (me-nl*) - agp, ¢ Uy, (9)

d- _ d* *-*
my = Pey * A(mg = m3*) ¢ e+ epby) [ry_ + aley-vy)]

+ U2t (10)

. »
e, = b‘r + b1ﬂ(et~ yt) + U3t (11)

t-1
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we now invoke the minimum condition from disequilibrium theory.
Assume actual output (yi) is the minimum of supply and demand.
Thus

yi = min (yt, et) (12)
Now taking expectations, from (7) we get

pp = P,y * Alm - nd*] =, (13)
Thus, using (1) it is clear that Yy is unaffected by money supply my

since yt=u1t

Similarly from (1) or (9),

yg =0 (14)

From (11), taking expectations of e, we get

* = * *
e} blrt_1 + blﬂet b1Qyt

or

* = -
el (b1/1 b)Q)rt_1

Substituting in (8),

N Q[b1/1-b19]rt_1 + W

t- t

r, = [1/1-010]e, ¢ W, (15)
From (2) therefore,
e, = (by /1-b; Q)r +u (16)

t-1 2t

It is clear that r, is a function of its past values (from (15)) and

this is not influenced by money supply my . Therefore, ey dependent on
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is not affected by any me_y (i=0, 1, 2,...).
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We therefore see

from (1), (12), (15), (16) that both Y, and e, cannot be influenced by

anticipated monetary policy. Actual output yi being independent of mt

we have neutrality, and anticipated money rules are ineffective in

affecting output.

We now turn to the other part of our enquiry — the analysis of

solution paths,

y: and solve for mg* to get
Pe
m‘g*- £—1'0'__x_m +
142 1+A
Given
- S Y
0 = Pe-p + A(memmy®)
=p , + Am - P,_
el L ve W

Using (15) and (18) we can express r, and pf as functions of r

From (4) take expectations, substitute for e*

and Pei plus exogenous and random variables.

r 1
t (1-hln)
" y 1™
t ( l+x )(
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cl+c2bl

—= 1\«
Noga)

1+ t-1

(18)

t-1

+ exogenous
and
random

terms
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Call the Jacobtan matrix

" 1
T:b]a)

¢c,+c,b
1 7271 1 1

L S
Cm dEE) ™

We may now use a theorem due to Blanchard and Kahn (1980)
regarding solution paths of the difference equation system (19). Note
that fn our model, the rate of interest in any period t, i.e. rt, is
fully determined by information available at period t-l. Since r,
depends on e: and t: which are expectations formed in t-1, the

interest rate variable rt is a Eredetermineg variable. On the other

hand P, depends on current shocks at period t (through mi) and is

therefore a "fump”™ or non-predetermined variable. Therefore in our

model, we have one predetermined variable and one jump variable. To
analyse the possible solutions to (19) we have to find the number of
unstable (or stable) characteristic roots of (19).

Clearly the trace of the matrix is and the

1 + 1
o) 1)
determinant of the matrix is ( R

=b,a ) (1+%)
Therefore it is obvious that the roots are (1/1-b1Q) and (1/14)).
Since » > 0, b; < 0, @ > 0, both roots are less than unity (1).
Therefore, the number of unstable roots (zero) is less than the number
of jump or non predetermined variables (one). Under these conditions,

there are an infinite number of solution paths to the system.

We may summarise our conclusions in the following proposition.
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Proposition 1

There are an infinite number of possible solutions to the model set
out in equations (1) to (6). However, all solution paths exhibit
neutrality, f.e. perfectly anticipated monetary policy does not affect
either aggregate demand or supply.

We now turn to our next model (within the basie framework) and
assume that price setting 1s no longer anticipatory. Now price
changes depend on actual rather than expected excess demands in
respective markets. Once again we wish to analyse the neutrality
proposition as well as study the existence (and possible multiplicity)

of RE solution paths.

Vie have
Y, = 81(Pt-p§) (20)
e = blrt (21)
mg =P, + or, + cze, (22)
m? -m (23)
PePe-1 © x(mt-mg) Ve (24)
T Tyl * Q(et'yt) +w (25)

Structurally, it is similar to the first model except that in
price and interest adjustment equations (24) and (25), actual
variables have replaced anticipated ones. Once again the dynamic
adjustments follow classical modes in that the price level responds to
excess demand in the money market and interest rate changes are a

function of excess demand in the output (bond) market.
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From (21) and (22)

d
mo= P, + (cl + czbl)rt

From (24) and (25)

Pe-1
- —_— A m - A (C1+C2bl)r
t 4y Tt I\ t
From (25), (20) (21) and (27) we get
Qal IZEP)
Bl"r - 0D - m+Qap*
1 -1 -1 1
et 14A C 142 ° ¢
where Qa;A
B=1- Qb - (cj+cyby) > 0

14X

and R>1

Thus (28) mav be rewritten as

r =J

¢ 1rt-1 + sz

*
=1 + J3mt + J“Dt

where J, = 1/R, J, = =[Ra /R(1+\)], J; = -[Qa,A/B(1+\)]1,

Jl. - Qal/R and Jl > O, JZ < O’ J3 < 0, J“ > 0.

Substituting (29) into (27) we get

- + + *
pt Klpt-l szt K3rt_1 + tht
where Kl = 1 = ) (C1+C2hl)J2
I+x  1+A

Kz - X bt A (C1+Czb1)J3
T+ T+

Ky = =2 (cpterhd)
1T+

Kg - - (C1+C2bl)J“

A
1+
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(26)

(27)

(28)

(29)
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Taking exnectations of (30) we eet

. Kl KZ . K3
pr = — + — m —  r
t t-1 t t-1

Substituting tn (29) we get‘

Ju X3 JuKy
r o= (J, + 'r + (J, + ) o
1 Te=1 2 -]
t 1w, * 1%, f
J K
+ (J3 + Ym + random terms (22)
1-X,,

Once apain equations (32) and (31) mav be investipated to find

the nature of RF solution paths. The relevant Jacobian is now

Ju K3 J Ky

Ay = 1-K, 1-K,
Ky X, (33)

I—Kk 1-K,

Ohcerve that the determinant of A2 (givine the nroduct of the roots)
is

det Ay = J,/(14X) (1=K )
Sirce J, = 1/8 and ® > 1, therefore J, <1

(1+X) > 1 sfnce XA > 0O

(I‘K“) -1 4+ X(l‘(C1+C2b1)J“/1+X >1

since (cy+ch) €0

Therefore det A, <1,
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Thus either hath raonte are less than unitv (hoth roots stahle) or one
root is less than unitv (one root stable). So the numher of unstahle
roots {s either zero or one.

owever, note that unlike our nrevious case both variahles are
non predetermined {n this model eiven hv (20) ta (25). This is
hecause bhnth nt and rt can resnond to current shocks and news and are
determined nn the hasis of evente in perind t, "e have therefore the
pumher of non predetermined vartahbhles (2) ereater than the number of
unstahle roots (1). Thus there mist he an infinite numher of
solut fons,

To analvee neutralitv, ohserve that e is a function of rt alone.
Therefore effect nf monev supnlv increase (mt) must ooerate through
rt. We have to evaluate in (32) the coefficients [J3+J“K2/1-K“] to
ret the current effect of m and the coefficient [J+J K /1-K,] to get

the past effects of m -1 via its influence on price level.

t

Tt can he easilv calculated that

J Ky J3tAI3+I 0

Iy + - = 0 (34)
I-K“ l-K“
anAd J“Kl J2+J2X+J“
Jz + - = 0 (35)
I-Kh l-k“

Thus from (32), (34), (R5),

J.K;
- . <+
re = ) r,_; * random errors
1-%,
or
r," (J)/1=K¥r | + random errors (3¢)
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Once apaln it s clear that rt derends on its past historv and is

not influenced by monetary shocks. Since

+ random errors (37

pt = ("I\Vl/l-l\',_.)t‘r_l

therefore acererate demand is uninfluenced by monetarv polfev. 1t {is
obhvious that Vt is also uninfluenced hv anticinrated monev, since

Py = n: {s enual to random errors. Thus actual outpnt

a e
vg = min(yt. t)

i{s not affected by svstematic monetary rules.
Ve sum up the results in the pronosition:

Proposfition 2

Fven if price sertineg is not anticipatorv and all prices adjust
to current events, there are an Infinite number of RE solution paths

in our classical model. However, all these naths exhibit neutrality.

The two diseaquilibrium models studied up till now hiehlight an
fmportant conclusion. Neutralitv (or non neutralitv) does not
necessarily denend on diseauilibrium bhehaviour. WYe set classical
price adiustment rules and found that given RE (of all nrice and
auantitv varfahles), perfectlv anticipated monev stock does not affect
the structure of output,

We now proceed to a third model which is essenttallv simflar to
the first one (given by equations (1) to (6) excent that a real
halance effect 18 introduced. Since our adjustment rules are
classical {n spirit, it Is auite appropriate to assume that the stock
of real bhalance affects appreeate demand (see Patinkin (1965))., The

Ploon effect has heen used hv traditional neutraliste to counter

252



NAFAA]

¥Yevnesfan okiections tn the existence of full emplovment eouf{librium
ontput. Tt seems losfcal and valid therefore to analvse the
neutralfty nronositions within RE assumptions in a model where real
halance effects are present.

e therefore have

- —-pnk
v, al(nt nt) (38)
= h,r +h,m - h 3
e 1%, 2™, 2°, (39)
i . +
me LN clrt + c2et (40)
S =
me = om (41)
- - - mdx
pt Dt-l X[mt me 1 + Vt (42)
- - R - *
r. el Q[et vt] + v, (43)
(hy > 0)
Actual ountput = minimum (yt, et) (44)

Nnce arafn price and interest rate settina is anticipatory. The new
fnnovatfon fs that nositive real balance effects are assumed eiven
hy > 0,

From (37), (38)

d

me " P, + clrt + °2hlrt + czhzmt - °2h2°t (45)
md +c,h
' cpteahy caoby
Therefore p = - r, " m (46)
1"(‘th 1-('2"92 l“('zhz
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From (42),

- - d
Py pt_1 + Amt Amt* + Ve (47)

Equating (46) and (47) and using (43) we get

mi = (cy*eaby)(r, , + ef2-ay%) + m (c2ba+A-Acybz)

t-1

* Pioy (1-czbz)-k(1-czbz)mi*

(For simplicity we drop from now on all terms involving errors vy and

L This does not affect the final conclusions).

From (39) and (43),

- + * _ * - - - boAmd#
e, by (r R et Qyt) *+ bpmy - by, , - bAm - baAnt

-1 t

(49)
Taking expectations of (48) and (49) we get two equations for
mz' and e* which may be written as

t

mi*(1*k(1-czbz)) - (cp+czb)el = Ly (50)

mg*(xbz) - (1-0)R)e = Iy (51)

where

"

Ll- mt(czbz*X-XCsz) + (cl+czb1)rt_1 + (1—C2b2)pt_1 (52)
and Ip= (bA-dy)m, = byr, .+ byp, (53)

Fquations (50) and (51) can be used to solve for mi* and e:.
when these values are substituted into equation (42) we get the

exrresajon for pt. Taking expectations of P, we can derive r:.
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Similarly substitutine the value of e: in eauarion (43) we ret an
eauvation in rt (note v: = N), These are extremely tedious to solve
but one can derive in exactly analopous fashion as in the first model,

a Jacohian matrix A3 such that

[_ * n
Pt t-1
- A3 + exngenous and random terms
Te Te-1

Unlike the first model, it 1s not possihle to predict the nature
of the characteristic roots derived from matrix Aj3. However, the
roots depend cruciallv on the values of A and Q, the speed of
ad justment terms. Thus existence of solution, multiplicity or
unfiqueness, and convergence depends explicitly on values of A and Q
(similar results have heen obtained hy Rurmeister (1980)).

Tt is nossihle however to study the neutrality proposition in

4% and e* we can get the values of

snme detail. From the values of ™, :

P, and rt. Substituting these into the expression for et in (39) we
can get the value of et as a function of rt-l’ Dt-l and mt. The

coefficient of mt {s efiven hv the following:
[hlﬂ+hlﬂx(1-02h2)+hzx(cl+c2h1)Q—hleh2(x-1)

= Jde
' so

Im
t

after suftahble svhstitution,
Thus {f the stock of monev {ncreases, the acnrepate demand

ifncreases. Tf actual output §s equal to demand, then it will increase
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ton. Therefoare monev {s non neutral and perfectlv anticipated money
has real effects. Note that this coefficient ‘s positive eiven
hy >0, TF hy, =N, aet/amt = 0 (h, pives the real halance effect).

e have nroved:

Proposition 3

If real balance effects are present then the existence and uniaueness
of R® solutfon paths denends exnlicitly on the sreed of adiustment;
nothine sneciflc can be predicted unless the actual values of X and Q
are known. However, for any solution path, monev is non neutral and

anticinated monetary policy is effective.
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Section 3: The Complete Models

Vle can now turn our attention to the complete model where
expected rate of inflation appears as an explanatory varfable. It can
be demonstrated that this does not change any of the essential
conclusions. Once again if real balance effects are present and the
stock of real money affects the aggresate demand function, then money
is non neutral. On the other hand, without real balance effects,
money is neutral and perfectly anticipated money does not affect the
structure of either aggregate demand or aggregate supply.

However, characterisation of solution paths becomesmuch more
complex. It is no loneer possible to use the Blanchard Kahn (1980)
method to derive the existence or uniqueness of RE paths. In the
absence of such methods we rely on the technique proposed by Muth
(1960) oriainally and analysed by Taylor (1978). We check for non
uniqueness of solution paths and analyse whether money is neutral or
not on all such paths.

It is possible to repeat the exercise for all the three models
analysed in Section 2 after adding terms containing the expected rate
of inflation. However, the algebra is tedious and serves no
analytical purpose. We shall therefore investigate the detailed
solution for the first model and state the results for the other two.
Since the methods of solution are similar, it i1s easy to see how they
may be applied to any other case.

The model is given by

Y, = a1(p.= | P¥) (54)

t

e -bxi

t (55)

t

257



d- + + * -
e~ Pe C1(it t-1Pe+1 e-1"¢
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PePeag = Ampmpgmg*l + Ve

- - x - *
1: i al e t-lyt] +w

t-1 t-1¢t t

*
p*) + cpe,
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(56)

(57)

(58)

(59)

Further actual output = minimum of output demand (et) and supply (yt)'

The model is essentially similar to Sargent and Wallace (1975)

except for the adjustment rules for price level and interest rate.

This anticipatory price setting bebhaviour has already been justified

in our first model. Note that 1t is the real rate of interest. Thus

the real variabhle (ic) responds to real market disequilibrium in

equation (59) and nominal variable (pt) responds to money market

disequilibrium. This is palpably classical.

Since y: « 0 from (54) we can write equation (59) as

- *
it it-l + Q(t_let) + wt

and

e, = bl ) +b0( _

t 1"t~1

*) +
let) blwt

From (56), (60), (61) we get
ol wp + 1 (erFegb) + e (R¥eyb i)
+ W
t

) e-1PE+1 T €] e-1Pt

(where wt is a combination of error terms).
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So:

and

expression for mg*. This 1s substituted in (58) to give us

where

Subhstitutine for P, from (58) we finally have

d u - dx 4 +
mt nt"l + )‘mt Amt it‘l(cl Czbl)

* * - *
+ep(@reby@) + ey PRy T O oY

Taking expectations of et in (A1) and simplifying
t-1 ¢t
1= [1/1=0)al1 ) +w

e -hli

t t

et - [bl/l-blnlit—l + blwt

Similarly, taking expectations of nd in (63) we can get an

t

t-1 t+l

Ay = 1/14), wherel > Ay > 0

/\3 - -) >0
(1-b,R)(1+))

>
&
B

A/14X, where 1 > A, > O

=»
o
]

—Xcl/lﬂ >0
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Ag = de /1 <O
The reduced form of the two equations for it and P, are given by

it - Alit_1 + wt (68)

(where A} = 1/1-b)Q > 0) and equation (67).
To solve equations (67) and (68) we make use of the fact that the

system is decomposable. Taking the value of it—l from (67) we get

n Az A“ AS AG
fee] =577 Peoy TP T e PR T PR
Ay Ay Ay B Ay A3 e
+ errors (69)

Leading this by one period,

pt+l AZ Ak
| et Ly e - —

t+1 tPE+l T tPER2
‘ Ay Aj ‘ A3 Ay Aj

+ errors (70)

Using (69), (70) and substituting in (68) we have

Pesl A2 ; Ay As . Ag .

-—p~-—nm -— D -— .p

t t+l the+l t e+l
A3 Aj A3 Aj Aj
A, AA, AA, AAg . AAg ,
= P T Py - Moo= PR = —— P

t t-1 t t-1"¢c t-1"t+l

Ay A A3 Az Ay
+ errors (71)

Lageing (71) bv one period and simplifying,

Pe © ATt Aum: + (A1+A2)pt-l T AAR gyt Ag e-1P¢
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+ * - * - * 9
A6t—lpt+1 AAs e-2Pc-1 A1A6t—2pt tu, (72)

(where u, is a random term; and = E(p information at t-j)

*
t-1"e+ t+l

We can rewrite (72) as

Pe = Jomey * Jime ¥ Jopen) FIspep H Ju (PR IS PR

*
+ Jg + J, p¥ +u (73)

*
t-2Pe-1 t-1 t

The solutfon path to the model can be derived by solving equation
(72). Following Muth and Taylor, assume that p, can be expressed as a
linear combination of current and lagged values error term ut. The

contribution of exogenous variables ™ and m is captured by a

t-1

term p. Thus

p =p + Z MTu _ (74)
t {=0 it~
Similarly,
Peap " P *L v (75)
i=0
Pz =P * 1 Mo (76)
1=0
Pesr " P * L MUy an
i=0
Ppay = P +i§0 niut_i_3 (78)
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Taking appropriate expectations,

t-lp*t =D +i§O "1“:—1 (79)
e-17t41 T P 1:2 MiVe-141 (80)
e-2"c-1 " ° +1§1 MiVe-1-1 (81)
-2 "t E Mouea) (82)

i=2

These expressions must satisfy equation (72) for Pee Thus multiplying
(74) to (80) by their respective J1 and equatine to the expression in

(73) we have

7
po=ldgm _ + Im ] /(1 =F J) (83)

t-1 =2 i

Further equating terms containing Ueoy (for all i) we get

Mg =1 (84)
m = Jzno + J“nl + anz (85)
1-Jy=J9 Jo+Jg J3
and n =(—n - ) I -—1 (86)
1+1 i- -
Js i Js 1 Js i-2

(forl -2. ‘;. (‘, .-o-n)

Thus it {s clear that "l may be classified as an unknown free
parameter which can take on any possible values. Once n, is

specified, "2 is derived from (84) and subsequently all other ni from
(85). HMNowever, for each value of !}, pt can take on a special value,

262



DAFAAK

thus pt in reneral will have infinite possible values.
Using the information in (83), (8B4), (85) one can express p, as

an ARMA (3,2) process of the following tyope:
JSDt = Kp + (I-J“-J-,)Dt_l - (J2+J6)pt_2 - J3pt_2
+ Jsut + (anl-l+J“+J7)ut-l

Note that the solution path is non unique since it depends on I,
which can take on any value. Thus in general there will be an
infinite number of solution paths for pt and thus for the model.

However, the crucial point carries over from the basic model of
the previous section. Observe from (66) and (65) that aceregate
demand depends on the real rate of interest and is independent of
money stock ™ Thus money is neutral. Obviously yt is independent
of anticipated money, giving neutrality for supply.

We claim the following:

Proposition 4

Distinpuishine between real and nominal interest rates, having an
expected rate of inflatfon in the model and assuming classical
adjustment equations for anticipatory price setting, we see that there
are an infinite number of solution paths to the model. However, on

all these paths, money is neutral.

This {s exactly the same result as in our basic model. Thus
extending and complicating the model does not change the basic

conclusions. In analogous fashion the results of Propositions 2
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and 3 from the last section can be shown to be true in a model with

expected price inflation. The method of analysis can be extended to

characterise solution paths and exhibit neutrality or otherwise.
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Sectfon 4 : Conclusion

Analvsis of classical macroeconomic transmission mechanisms has
had a long and distineuished history. Policy shocks were transmitted
through the economy and affected major macro variahles through two
fundamental methods, embodied in the quantity theory of money and the
theory of loanable funds. One of the major purposes of this chapter
was to study the implications of rational expectations in a framework
put forward by pre-Keynesian economists. We analysed the conclusions
of new classical macroeconomic in the light of the principles of old
classical macroeconomics.

The other strand of the paper was to study alternative
adjusAment rules under non-clearing market disequilibrium. Since in
general, adjustment rules are ad hoc ("free parameters”), it is
important to see how sensitive major conclusions are to different
specifications. As mentioned earlier, our adjustment rules followed
classical postulates, thus integrating disequilibrium methods with
traditional concepts.

The general surposition that disequilibrium per se leads to
non-neutral effects with perfectly anticipated money, is found to be
fncorrect. The structure of the model determines the nature of
solutfion paths and nives suitable results regarding policy
effectiveness (or otherwise). Models with real balance effects show
that even under RE, perfectly anticipated stock of money can influence
effective demand, and thus under Keynesian unemployment, can have real
effects in the short run. On the other hand, without real balance
effects affecting aggregate demand, money is neutral for all possible
solution paths. Assumptions revarding the existence of non-zero

expected rate of inflation do not influence the final results. These
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disequilibrium conclusions agree broadly with those found for
equilibrium models.,

These results strengthen the policy issues discussed in Sen
(1980) (though in a completely different context). Neither RE nor
disequilibrium by itself is sufficient to give neutral (or
non-neutral) monetary policy. The structure of the model and
underlyine behavioural assumptions are crucial in the debate as to

whether anticipated money can influence output and employment.
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Chapter 1IX

Medium Term Dynamics and Disequilibrium.
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Section l; Introduction

Dynamic models of the open macroeconomy have generally
emphasised disequilibrium in the sense that certain aggregative
markets fail to clear, in the short run, due to price rigidity or
stickiness. It is generally assumed that financial markets
equilibrate quickly given the flexibility of relevant variables such
as exchange and Interest rates. On the other hand the labour and/or
commodity markets exhibit disequilibrium since the wage and price
level do not adjust rapldly. Various forms of contracts, implicit or
explicit, constrain the movement of wage rate and aggregate price;
thus disequilibrium persists until long run equilibrium (stationary
state) is reached.

The literature has handled these issues in two conceptually
separate ways, though there are formal similarities in the method of
solution. The flrst was initiated by Dornbusch (1976) who extended
the Mundell-Fleming model by assuming a price adjustment mechanism
whereby the aggregate price level rises (falls) in response to excess
demand (supply) in the commodity market. Exchange rate dynamics obey
covered interest parity. The speed of adjustment of price is finite;
it is a "state” variable (in the language of control theory) and can
not jump when new information or news is available in the current
period; this defines a "backward-looking™ variable. The exchange rate
on the other hand is a "forward-looking”™ or jump variable and
responds rapidly to current information. The exchange rate is also a
major expectational variable and its expected appreciation (in the
presence of interest rate differentials between the home country and

the exogenous rest of the world) plays an important role in the
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analysis. Under perfect foresight (rational expectations without
uncertalnty) the jump in the exchange rate allows the economy to
achieve a stable trajectory when parametric changes disturb an
initial long run equilibrium. The transition path from one
equilibrium to another is characterised by disequilibrium in the
product market. One can assume nominal wage rigidity, in Keynesian
fashion, and unemployment in the labour market (perfecly elastic
labour supply at the fixed money wage rate). But this is not strictly
necessary as Dornbusch (1980) shows. Major extensions have been made
of this basic model, see for example Buiter and Miller (1981);

the fundamental structure however remains similar.

The supply of output, in the foregoing models, is given by an
exogenously determined full employment level and is assumed fixed at
the "natural rate”. The alternative way of analysing these issues is
through an aggregate supply function dependent on the real wage rate
via the labour demand curve. (Sachs 1980). The advantage of this
method Is that it can handle real wage resistance or rigidity more
explicitly. But more important, it emphasises the supply side and
relates wage-price dynamics to the behaviour of aggregate supply (and
the firm); in principle, it gives as much importance to supply as to
aggregate demand emanating from the traditional IS/LM structure.
Unfortunately, this class of models assume aggregate supply equals
demand so that there 18 no necessity for a price adjustment equation.
The price level changes rapidly to equate demand and supply in the
commodity market. Thus, an essential tenet of disequilibrium
analysis, the divergence of desired supply and demand, is removed.

Essentially, the model therefore becomes an equilibrium one (except
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for the labour market which remains implicit in any case). In what
follows therefore we confine attention to the Dornbusch type model,
assuming explicitly the possibility that aggregate demand and supply
are not equal except in long run equilibrium.

Two problems remain however. The assumption of fixed desired
supply of output, at "full employment™ level, 1s unreasonable since
as prices changes the profit maximising firm would wish to change its
output level. Fixed input-output coefficients, mark-up pricing and
the aggregate firm supplying the amount demanded at the going price,
do not seem to be consistent with the postulated price dynamics. We
need to explicitly model the supply side; this is similiar to Sachs
(1980) but with the fundamental difference that disequilibrium will
be stressed. Of even greater importance however is that when desired
demand and supply are not equal then the actual output should be the
minimum of the two. This requires some consideration of the dual
decision hypothesis and recalculation of the parameters and responses
of the system.

Thus, the innovations of our model are the following: (a)
analysis of an explicit supply function; (b) use of that supply
function to determine price movements; (¢) modelling disequilibrium
formally by invoking the dual decision hypothesis. This 1s done
within a Dornbusch framework by keeping nominal wage constant and
assuming that the supply of labour is perfectly elastic at the
current wage. The case of fixed real wage is easily handled and the
method 18 pointed out where necessary though no explicit analysis is
done. Labour supply, and modelling household behaviour constrained by
unemployment, is beyond the scope of this chapter.

The fundamental assumption made here is that actual output is
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constrained by the minimum of planned demand and supply. An
alternative way of handling disequilibrium would be to assume
inventory holding (so that demand can always be met) and analyse the
firms supply behaviour in terms of inventory stocks held. This
however needs a separate treatment due to its lmportance and we

discuss 1t more fully in the next chapter.

Section 2. The Basic Model

The usual way of modelling the supply side, in the short run, is
to agssume fixed capital stock and determine profit maximising
employment level of the firm; this in turn gives the optimum output.
We use a non-standard, though realistic, procedure by taking a
production process which requires an intermediate imported input
(call it oil), together with capital and labour, to produce the
aggregate domestic output. Following Findlay and Rodriguez (1977) we
distinguish between gross output (Q) and net output (q). The former
1s a function of (fixed) capital, labour and oil inputs. Net output
however is gross output minus the real value of the intermediate
fnput which is used up fully in the production process. The
production function is of the mixed neoclassical Leontief type and is

given by ¢

Q = min [F(X,L),& R] )

where F(.) 18 neo-classical 4" is a fixed input-output ratio
(between gross output Q and the quantity of intermediate input oll,

R); cholce of units makes & = 1. Since this is a small open economy,
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it can buy any quantity of oll R in the world market at the fixed
price P (denominated in the world currency). The domestic factors of
production are the limiting ones, thus F(K,L) S.R. Efficlency demands
that F(.) = R (remember & =1),

Let P be the price of the domestic good; w is the nominal wage
rate; E is the nominal exchange rate; given P* is the dollar pice of
oil, EP* is the domestic currency price of the intermediate input

imported from abroad. Firms profit i1s defined as
*
T=PQ~-wL -PER
= PQ - wL - P*EQ
- (P - EP*)F(K,L) - wL )
Profit maximisation implies
*
(P - EP) Fp-we= 0 3)
where F = 3 F/3L. Note also that F; >0; thus (P - EP*) > 0
Taking total differentials of (3),
* * *
FLdP - FLP dE - FLEdP + (P - EP )FLLdL - dw =20 (4)
Noting that L is positively related to Q we have, from (4),

Q = Q(E, P, P%)

and

Qz <0, Qp >0, Qp* <0 (5)
(the subscript gives the relevant partial derivative).

Net output, measured in terms of the domestic product, is defined as
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q = Q -(EP*/P)R (6)
Since Q = R by cholce of units and technology we get

q = (1 - EPY/E)Q )
Using (5), it is clear that

q = q(E,P,P%) (8)
and

qE<O» qP>0, qP*<0 ¢))

The implicit assumptién that has been made in the derivation of
(3) to (9) is that nominal wage w is constant. Thus in (4), dw =0
and we get the postulated relation between Q(or q) and (P,E,P*). It
is easy to see what happens when real wage, in terms of the domestic
pcice level, is constant. We have, instead of equation (3), the

following:
(1 - EP*/P)F, - w/P = 0 3y

Total differentials will again give functional forms for Q and q. The
only difference is that gross and net output will now be dependent on
the real exchange rate (E/P), as well as the real wage, and there
will be no independent price effect emanating from P. Thus we have,

for example,

q = qE/p, P%) @Y

With perfect wage indexation, the fundamental conclusions of the

model remaln unchanged. Henceforth, therefore, we shall work {n
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Keyneslan fashion assuming money wage to be constant.

Before turning to the demand side it is useful to find out the
value of oil imports, in terms of domestic product, since this is a
constituent part of the trade balance. Define this variable as MR.

Then

MR =Q-gq (10)
Using (6),

MR = (EP*/P)R = (EP*/P)Q 1)
Substituting from (7),

MR = (EP*/P-E)q (12)

Equation (12) gives us the value of the intermediate input in
physical units of the home good (Q or q), provided the net output
produced in the economy is q. In other words, if it is necesary to
produce an amount q then the amount of oil required is given by
(12). 1f q {8 the unconstrained supply of output, as given by profit
maximizatfon and equation (8), then q will itself depend on P and E
in the manner postulated in (9). However, in a disequilibrium model
there i8 no reason to suppose that the firm will be able to sell 1its
desired supply. Then q will be different from the above noted
relation. To understand this problem more clearly we now turn to the
specification of the demand side.

Aggregate demand 18 determined within the IS/LM framework. Let
reallsed or actual income be denoted by y, while planned demand, for
{ncome level y, is given by d. Trade balance, to be defined later, is

denoted by B. Domestic absorption, of the private sector, is A.
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Government spending G 1s all on the domestic output. Variables d, y,
B, A, and G are all measured in terms of the home product. Commodity

market equilibrium, or the 1S relation, is given by
d=A+G+8B (13)
Specifying conventional functional forms,
d = A(y,r) + G + B(y, E, P, P¥) (14)

(where 0 < Al <1, Ay < 0, ris the rate of interest). We can
introduce the Laursen-Metzler effect in the absorption function (see
Ford and Sen (1985)) but this does not add to or change significant
conclusions.

Trade balance B 18 defined as
B = X(E/P) - MC(y, E/P) -~ MR(E, P, P%) 5)

X 1s exports, MC Is lmport of a consumption good whose price is set
at unity, and MR is the value of oil imports; all these are measured
in term of the domestic product. Exports and consumption imports are
function of the real exchange rate while MR is already defined by

(12). Marshall- Lerner tells us that

By =By >0, By =B, <O. (16)

Further,

The exchange rate is perfectly flexible.
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The money market equilibrium condition, LM relation, is kept

simple:
H = k(r)Py (18)

where H 18 the given stock of money and kt < 0. It should be noted
that we use the same rate of interest, r, in both the IS and LM
schedules; thus no distinction 1s made between real and nominal rates
of interest. This is only a matter of convenience; suitable
extensions can be made to incorporate the distinction between two
interest rates; tractablility induces us to stick to the simpler
formulation; no essential conclusions are altered.

Before introducing dynamics, we would like to solve for the
equilibrium model. In this Mundell-Fleming world, domestic and world
fnterest rates are equalised so that r=r’. Long run equilibrium also
means that aggregate demands, net supply of output and realised

fincome are equal; hence gq=d = y.

Thus we have

%

qQ = q(E, P, P) Q9

q = A(q, t*) + G + B(q, E, P, p*) (20)
L]

H = k(r )Pq 1)

Substituting (19) into (20) and (21) we can solve for E and P for
given values of exogenously specified G, H, and p*. Thé long run
equilibrium levels of E and P then give us, from (19), the value of

net output q.
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Four types of comparative statics excercises are possible:
monetary policy, fiscal policy, change in the world price of oil,
shift in the nominal wage. We deal with the first two; simple
extenslions can accomodate the other changes. First let us discuss
fiscal policy, more specifically an increase in G.

Weiting (20), (21), in excess demand form, and taking total

differentials, we get

where

ayy = kPqp <0 (24)

Kl = -]

Solving (22), (23) we get
ap/3 G = (kP/ LJ1 LTS (25)
2E/3G = -k(q + PqP)/lJl (26)
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The determinant of the Jacoblan J cannot be signed a priori since

'J' - 811822 - 812821 (27)

Differentiating (19) with respect to G and substituting (25),

(26), we get
3q/ 3G = -(quE/ tJt) (28)

We know that qg < 0 (see (9)). Thus government expenditure on the
domestic product can increase aggregate output, f.e. 3q/3 G >0

provided 1JI> 0. Henceforth we assume that |J | is indeed positive.
Turnling now to monetary policy, we find that
IP/3H=a,/1J1>0 (29)
JE/3 H = = a;,/ 13150 30)

Thus under the postulated conditions, expansionary monetary policy
raises the price level and causes the exchange rate to depreciate.
The upward movement, for long run equilibrium, of both P and E is as
expected from monetary models of flexible exchange rate
determination.

Since our maln interest here liles in disequilibrium dynamics we
shall consider in some detall the behaviour of the economy out of
stationary state (given by (19) to (21)). In what follows we assume

that the economy {8 perturbed by a monetary shock, specifically that
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H rises. The transition path of the economy towards a new long run

equilibrium will be our major focus henceforth.

Section 3. Dynamics and Disequilibrium

The two endogenous variables of primary Iinterest are the price
level (P) and nominal exchange rate (E); all other variables are
functionally dependent on these two. We therefore need to specify
their dynanic behaviour in disequilibrium.

Exchange rate dynamics depends on covered interest parity and

rational expectations. Thus we have

E/E = r - * (31)

®
(where E = dE/dt and t {8 time). The determination of the domestic
interest rate is not clear-cut however and we need to specify it
carefully; but thils requires a prior consideration of the aggregate

commodity market and the behaviour of prices over time.

The standard form in which price dynamics is usually expressed

is
Pe= [d-q] (32)

(spced of adjustment iIs set equal to unity by choice of units)
where d is aggregate demand from the IS/LM model and q is supply of
net output from the postulated behaviour of the firm. But, with
disequilibrium, the definitions of d and q become complicated and

need to be handled with care. Specifically, define realised income y
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as

y = min [d,q] (33)
We can now have two (or even three) sub-cases.
First, Case 1:

y=d<gq (34)

P<O
Secondly, Case 2:

y=q<d

P>O0 35)

Figure 9.1 shows the configurations, with equilibrium (% = 0) price
level at ?i The curves are drawn on the basis of a given exchange
rate E.

The line AB shows the unconstrained supply function with q
rising with P. The line CED is the downward sloping macroeconomic
demand schedule derived from the IS/LM model. It is essential to
stress that this curve 18 unconstrained in the sense that for each P
ft shows the level of aggregate demand that is always (elastically)
supplied; demand creates its own supply.

For P >‘?. actual income or output is given by points on CE.
Realised income y = d; q 1s planned but not realised. The level of
national income (product) is derived from the IS/LM equations (14)
and (18); so also is rate of interest; MR is found from (12) given

that actual output is y. Price dynamics is regulated by
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P = [y -q) (36)
y = d(E,P) = y(E,P)

Unconstrained supply (q) still affects price dynamics as in (32). The
{nablility of the firm to sell {ts desired output has an effect on the
labour market where a "dual decision” needs to be taken. However,
since we do not consider explicitly the labour market, this behaviour
fs not modelled here. Prices therefore change as a respoase to the
difference between unconstrained demand and supply as in the
Dornbusch model. A major difference however is in the calculation of
the oil input; there is an implicit dual decision in the
fntermediate input market where the firm re-calculates the value of
oil {mports on the basis of its constraint i.e. net output produced
must equal demand.
~

For the second case, PP, the position is diametrically
reversed. Output is now given by q; this must therefore be the
realised income, y = q. The unconstrained IS/LM analysis loses its
significance. Aggregate demand must be re-calculated as a constrained
demand, d, glven actual income is q. The constrained demand curve is

drawn as EF and price movements depends on the level of d on this

curve. We have therefore,
P= [d-y] @37
(y = a(E,P,P"))

Price dynam{cs therefore depends on the difference between

constralned demand and actual supply of output.
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In this phase, income or output is given by the supply function.
We assume that the money market clears rapidly so that from (18),
putting y = q, we can derive the actual interest rate which
equilibrates the money market. This value of r, as well as the fact
that y = q, helps us to derive the level of constrained demand d in
equation (14), the IS relation. Given the values of d and y (or q),
price dynamics is generated according to (37). We now derive these
relations formally.

Case 1 gives, from (34), (14), and (18),
Aly,r) + G + B(y,E,P,P*) -y = 0 (14)°
k(r)py = H (18)

(noting aggregate demand d is equal to realised income y).
Taking total differentfals of (14)” and (18)" we can solve for

[ J
y = y(E, P) and r = r(E, P) in the region P < O.

This gives
ye= “BkyPy/IJ1 >0 (38)
yp = kyAy = B3k Py/1Jt <0 (39)
rp = kPB,/ 131 >0 (460)
tp = [B,kP = ky(A; +B) = /) >0 (41)
1Ji= (A; + B} - 1)k’Py - A,kP >0 (42)

The signs of (38) to (40) are obvious. The sign of rp is ambiguous,
but we follow the standard usage in the literature and assume

positivity. It is quite simple to derive the analytics of the case
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where r1p < 0 (see for example Ford and Sen (1985)).

The dynamic equations for E and P are now

° *

(E/E) = r(E, P) - r (43)
P=  [y(E,P) - q(E,P,P")] (44)

It is clear, using (9), (38), (39) that the P- stationary 1s upward

sloping. Similiarly, from (40), (41) we note that E/E = O line slopes

downwards. Further,
3P/ 3P = [yp-qp1XK0 (45)
I(E/E)I E= 1z >0 (46)

All this information help us to draw the phase diagram (Figure 9.2)
L J

in the range P < 0. If long run equilibrium is given by Z, then SZ

denotes a saddle path -- the only path in this region that is

convergent.

Consider now Case 2 where the supply constraint is binding. Thus
[ ]
y=q<d and P > 0 47)

The standard IS/LM relations, based on perfectly elastic supply at
any glven aggregate demand, now lose their significance. We assume
that the interest rate is determined by the instantaneously

equilibrating money market, so that from (18),
rd « k™1 (u/pry)

= k" 1(H/pq(E,P,P*)) (48)
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It {8 clear that since kt‘ <0, qg < 0, qp > 0,

ric <0, ?, >0 (49)

We distingulsh this case by writing the interest rate as r2 (actual
rate of interest required to make demand and supply of money equal).
We now need to analyse the constrained demand function (see

figure 9.1, curve EF). From (14), noting y = q(E, P, P*) we get
d = A(q(E,P,P*),r®) + G + B(q(E,P,P"), E,P,P¥) (50)
Taking total differentlals,
dd = {(A; +By) qp + A, raE + By} dE
+{ (Ap +By) qp + A, 3, + By } dP (51)

It is not possible, a priori, to sign the partials 3d/3E and 23d/
P. Ay is the propensity to spend (absorb) by the private sector on
both domestic and imported goods; B1 is the propensity to import:
thus (AI + Bl) is the propensity to spend, by domestic residents, on
the home product, q. If we assume that this propensity, (Al + Bl)’ is

small, then we get

4> 0,  dp< 0 (52)

The signs of the derivatives in (52) seem reasonable and we maintain
them for subsequent analysis.

The dynamics in this region of excess demand is given by
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P =  [d(E,P) - q(E, P,PY)] (53)
(E/E) = r® - * (54)

where d 18 constrained aggregate demand whose form is given by (52);
r? 1s actual interest rate dependent on E and P with partial

derivatives sfigned by (49).
It is clear that
L]
ap/dp = [dp - qp] <O (55)

[
Further, excess demand implies that P > O.

Using (49), the E-stationary, or E = O 1line, is upward sloping.

Also,
a(?:/s)/a E = raE <0 (56)

Figure 9.3 uses the relevant information to draw the phase lines for
the case ; > 0. It should be noted that 1.-1 = 0 has a positive slope
greater than that of ; = (0. This can be formally proved. The
equilibrium Z is a saddle polnt and S°Z is the only convergent path
that leads to long run equilidbrium.

Figure 9.4 shows the complete plcture with both cases
superimposed on the same diagram. The E = 0 line is kinked at the
point of equilibrium Z; the usual models would have E = 0 sloping
downwards in both regions of excess demand and supply. The saddle
path S°Z will have a higher absolute slope than SZ. Thus we have a

kinked saddle path S°ZS -- a specific innovation of the

disequilibrium model.

288



We make the usual assumption that P is a backward looking
variable associated with the stable root while E is a jump variable
related to the unstable root.

It is interesing to note the effect of expansionary monetary
policy. In figure 9.5, the new equilibrium with a higher money stock,
{s given by Z,. Compared to traditional models, monetary expansion

causes an even larger overshooting of the exchange rate since the

convergent path S°Z2 has a higher absolute slope. This will increase
aggregate demand even further, over and above that caused by
{ncreased money stock. However output is constrained by supply which
does not respond to demand per se, except through price changes. In
this specific case, the presence of the intermediate input will
actually make output to fall on impact. Thus excess demand will be
even greater than initially conceived. We should thus expect
fnflatfion to be much higher than forecast by traditional
"overshooting” models. However, with a rise in P, ultimately net
output q responds to expansion and its increase will be rapid since P
{s rising and E falling. Monetary expansion therefore causes high
{nftial inflation with little output effect on impact. But, if wage
claims are moderated, then the final movements of output and incone
can be rapid, motivated by rising prices and appreciating currency
(leading to cheaper oil). Demand expansion has no direct effect since
reali{sed Income or output is constralined by supply alone. All effects
are indfirect via price and exchange rate movements. This again is an

{nteresting, and peculiar, conclusion of the disequilibrium analysis.
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Section 4. Concluding Remarks.

Unlike the standard short run macro models of the open economy,
we explicitly incorporate disequilibrium, assuming that the market
clears on the short side. This gives rise to a dual decision on the
part of agents which in turn has implications for the dynamics of the
system. In particular, consequent to monetary expansion, the
overshooting of the exchange rate is higher. This causes further
excess demand and consequently more inflation. A feature of
significant interest is the asymmetric behaviour of the model and a

kinked saddle path.
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Coctinn 1: Tntroduction

Tt §fs now well known that a contractionary oolicv, for example in
the form of an unanticipated reduction in the rate of monetarv growth,
may cause a discontinuous "iump™ in the real exchange rate and
conseaquent overshooting of {ts long run equilibhrium value (Dornbusch
(1976)), Buiter and Miller (}981)). A sudden appreciation of the
exchange rate adds to the outnut depressing effects of monetary
contract{on and {s a major cause of business cycles in the open
economv. However, this analysis of policy-induced economic downturn
{gnores completely the role of inventory fluctuations in adjusting
to Aiseauiltibrium and in the propagation of short run changes in
aeeresate output. The purpose of our chanter is to show within a
theoretfical model, how the bhehaviour of inventorv dvnamics may be one
of the most important causes of output fluctuations in a small ooen.
economv.

Current research on i{nventories in macro models (see Blinder
(1980), Rlinder and Fischer (1981), Ackley (1983)) has succeeded in
restoring this relattively neplected topic to its rightful position as
a major explanatorv varfahle in the analysis of output changes
conseauent to government policy shocks. Unfortunately, macro
{nveatory models to date have predominantly concerned themselves with
a closed economv., The open character of the macro economvy exacerbates
the inventorv effects of changes in policy parameters. Thus it {s
extremely interesting to study the simultaneous movement of output,
fnventorfies and exchange rates. This chanter attempts to analyse
these crucial relationships and inteerate agprecate inventorv analysis
with macro thearf{es of the onen economy.

We wish to studv the macrodvnamics of {nventories and output in
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an open economv with flexible exchange rates. In particular, the
focus of our analysis will he the possible discontinuous behaviour of
inventory and real exchange rate conseaquent to monetarv shocks, when
the domestic price level is sticky. It will be demonstrated that if
the prowth rate of monev {s decreased, the real exchange rate
apprecf{ates rapidly ("i{nstantaneously™), while the stock of
fnventories held, rapidly falls. There mav thus be "overshooting™ in
hoth exchange rate and inventory as they fall below their equilibrium
levels {n the short run, after which they both slowly move un to
attain the new eauilibrium. The transition path from one equilibrium
to another is characterised by lower than desired inventorv and an
aporeclated domestic currency followine a monetary contraction. Both
effects tend to depress aggregrate output causing a recession and
downward movement in the business cycle.

The stylised facts of the recent recessionarv experience of the
U.K. described by Bufter and Miller (1981) are consistent with our
analvtical model. Thus the chapter though theoretical, also has an
additional i{nterest in explainine some facets of the current movements
of 1,K. exchanpge rates and manufacturing output in the light of
fnventorv dynamics.

A key relation in the models that follow is the functional
relationship hetween {nit{al inventorvy holding (the indenendent
variahle) and level of production or output (the dependent variable).
More rpoecifically, would an iIncrease in initial stock of inventory
held hy f{rms lead to an increase or decrease in the level of output.
Analvtical and empirical models at the firm level give no definite
answers. Holt, Modigliani, Muth and Simon (1960) consider the

{mproved production scheduling model where additional inventories
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make A multinroduct firm more efficfent and thus contribute positively
to output., However, Arrow, Karlin and Scarf (19258) and Mills (1962)
claim the onposite and show that hieher inventories lead to lower
output. Blinder (1980) generally tends to agree with the latter view.
We have shown elsewhere (see Deper and Sen (1983)) that using an
optimal control framework and stressineg intertemporal optimisation,
analytical models can give hoth types of conclusions depending on
parameter values. FEmpirical evidence i1s also not clear cut. Mills
(19A2) provides econometric results for the firm while Deger and Sen
(1983) reports regressions using U.K. agpregate data = but no definite
conclusfons can bhe reached., Gilven this ambiguity, we choose to work
with both the alternative hypotheses and demonstrate the rather
startlinelv different transition paths that follow in a macro model of
the open economv,

The plan of the chapter is as follows. The next section
summarises the model, Section 3 analvses transition paths consequent

to policy shocks and the last section draws some policy conclusions.

Section 2: The Model

The basic model reflects our interest in analysing the role of
inventorv fluctuations as a cause of business cycles within the
framework of an open macro economy. We concentrate on monetary shocks
fnduced bv a change in eovernment policy parameters. The interested
reader can work out the implications for fiscal policy and/or other
real shacks.,

The model {8 described bv the following equations:

X = -Y(r-;\ + §(e=0) + G (1)

m = k¥ = Ar + p (2)
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. N

p =+ AY + G(N=-N) (3)
[ ]

nomp em (4)

N=y-Y (5)

Y = =a+ W (6)

pmr =T (7)

(A°¢” over a variahle represents a time derivative).

X 1{s aggregate demand (sales) while Y is appregate outout
(production). r is the nominal rate of interest. p 1s the log of
price level P, thus P = ;/P {s the rate of inflation. e is the log of
the nominal exchange rate, so that ; is the rate of currency
anpreciation. The exchanpe rate is defined as the domestic currency
per unit of foreign currency, so that its increase signifies a

depreciation of the domestic currency. m is log of nominal money

stock (M), and ; - ;/M i{s the prowth rate of money, here assumed to be
a policy parameter u. n is defined as the "core” or‘¢ndedjhgzate of
inflation. N 18 stock of {nventory and ﬁ is the ontimal or desired
level of {nventory demand. ; is the foreign (international) rate of
interest exogenouslv given. G shows the effect of autonomous demand,
for example povernment expenditures. Y, 8§, A, ¢, 6, k are behavioural
parameters, constant and all positive.

Fquation (1) {s the IS relation where agerepate demand is a
function of the real {nterest rate (r-;) and the log of the real
exchanpe rate (¢-p). Fquation (2) gives the LM relatfon demand (equal
to sunpnly) for money {8 a function of apgregate demand for output
(transactions motive), nominal rate of interest (speculative motive)
and price level. This eauation {s in semi-log linear form. The index

of real bhalance {8 thus m-p., Fauation (3) is a Phillips curve
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“anemented” hy an {nventory factor. Rate of inflation B i{s the sum of

“core” rate of Inflation w, a variahle reflectine
aperegate output (production) Y, and the difference between actual and
desfred {nventory. When the desired demand for inventory is greater
than actual holding, then nrices are increased to reduce demand and
gtimulate stock creatfon. Faquation (4) assumes that the core rate of
{nflation {s eaual to the growth rate of money (;=u), where u is fixed
hy monetary author{ties. Choice of units makes full employment output
equals zero,

Fquation (5) {s defin{tional where inventory accumulation is the
difference hetween production Y and demand X. We assume that no
stock-outs occur so that {f demand is greater than current production,
the former {s met by reducing stocks. Fquation (6) is crucial given
the previously mentioned relation between output and inventory. As
discussed in Section 1, the sign of narameter b is controversial. It
has been clafmed that increase in initial Inventory held, may add to
the efficiency of a firm leading to a higher output, thus b > 0.
Alternativelv, increasing marginal costs to inventory holding may make
h < 0. We shall thus leave the sipn of b unspecified, dealing with
hoth posfitive and nepative cases. Note if b > 0, a > 0, alternatively
{f h<0, a<0.

Fquation (7) describes the open economy”s capital accounts and
renrecents covered {nterest parfitv. We assume ratfonal expectations
which {n the ahsence of uncertaintv {s tantamount to perfect
foreaipht., Thus the expected and actual exchange rate appreciations
are eaual to each other and derends on the difference between domestic
and forefpn rates of {nterest (r-;).

The ahove madel {ncorporates the general features of onen economy
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macromodels as well as macroinventory analysis (see Ruiter and Miller
(1981) for the former and Blinder (1980) for the latter). However, as
far as we know, thev have never heen hrought together, and thus the
primary purpose here is to study the interrelationships between e, N,
Y, ¥ and u.

Since our major interest is in transition paths and
A{sequilibrium phenomenon, we assume long run neutrality. Thus the
long run eaquilibrium value of inventory held (the optimal or desired
level) {8 assumed to bhe a constant ﬁ, unaffected by monetary growth
rate y. It is a simple extension to the results that follow, to
assume that § is a function of nominal variables, thus allowing for
non-neutrality. The disequilibrium behaviour of the economy remains
gimilar and nothing of substance is altered. We shall also assume
from now on for notational simpli{fication that G=0. The case for G>0
will be obvious.

To solve the model for its long run eauilibrium, define two new

varfahles, an index (loe) of real balance

tem-=-1p (8)
and an i{ndex (log) of real exchange rate
cee-n (9)

Tn long run equilibrium

Lt ec=20 (10)
thus real balance and real exchange rates are constants. Further, the

core rate of inflation i{s equal to the actual rate of inflation. We

have

mey®=ne=np 1)
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Faullthetum {s also characterised by inventory attaining its desired

level

N o= N (12)
and P
Ne=0 (13)

Nenoting equilibhrium hv starred (*) values and using (1) to (13)

we have

Y » X% = () (14)
N* = N = a/h (15)
[ ]

D=y (16)
e r 4y (17)
£t = =A(r + 1) (18)
c* = (A/8)r (19)

Let us now consider dynamic naths. TUnventory behaviour, exchange
rate movements and monetary policy are central issues here so dynamics
will be analysed in terms of three variables - inventory (N), real
halance (%) and real exchange rate (c).

'aina eauattons (1) to (4) and (H) we first get
X o= (1/8)[Y2 + A(¥éb = YEIN + 8¢ + Aq] (20)
(where & = (%y + 1) > 05 a = (Yu - vda + Yf§)) and
r = (1/A)Iky(dh = FIN + kbc - £ + ka] (21)

Refare nraceedine further, we need to fnvestipate more closelv
the relatfonship hetween apgrepate demand or sales (X) and stock of

faventory (N). From (20) we have
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av/an = (AY/AV(4H - ) (22)
As montioned earlier, the sipn of b {s amhiguous. “h” gives the
tehavioural relat{on hetween output and fnventory (b = 3Y/3N from
(6)). Tf h {s nepative as suppested hy some of the micro literature
on {nventories (including Blinder (1980)), then 1t is definitely true
that 3X/3~ ¢ 0, MHowever, this contradicts the recent macro literature
(®linder and Flscher (1981)) which clafm that an increase in initial
{nventory will {ncrease total sales, thus under eouilibrium, 3X/aN >
0. A positive relatfon between X and N i{s consistent with b > 0 but
not otherwise. As we shall see later, the sign of (4b-f) (which
{n turn signs 3X/3N from (22)) will be extremely important in studying
transfitional paths, Given that past literature is controversial, to
circumvent this prohlem we shall therefore deal with two alternatives,
assuming first that (¢b-f) > O and noting its implications and then

dafna the oonosite. To simplify the notation from hereon we define

Q= (f - ¢b) (23)
Notine from (R) that
t=m-n (24)

we grt after some simplification

. -

L = (da =~ FN) + QN (25)
Similarly from (9)

[} L ] [ ]

cee-vp (26)

and thus
e m (A/A)ON = (1/8)2 + (K6/A)c

# 1(ka/8) = ¢ =y + da - £N)] (27)
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Finally, using the detinition ot N trom (5) and substituting from (1)

10 (6),

; = [b+ (AY/D)Q]N = (Y/8)R =~ (A§/B)c - [a + (Aq/B)]
(28)

The complete model consists then of the three differential

equatlons

L= aN o+ Z, (29)
¢ = (~1/8)8 + (k6/B)c + (AR/AIN + 2, (30)
N = (-A/8)L + (=A6/8)c + [b + (AYR)/AIN + Z3 (31)

where 2), 2;, Z3 are functions ot exogenous variables defined as
Z; = ($8 - t&)
Zy = [(ka/B) = T = u + ¢a - tN)]
Z; = -la + (Aq/8)].

The solutllon of tLhese difterential equations (29), (30), (31),
gives us exact time paths of c(t), N(t), #(t) and thus all other
endopenous variables in particular Y(t), X(t), r(t). The qualitative
characterlstics ot solution paths and the etfect of policy shocks are

dealt with ln the next section.
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Section 3: Transition Paths_and Monetary Shocks
The dynam{c behaviour of the economy is well analysed by looking
at the matrix of the first derivatives (Jacobian) of the system and

studying the properties of characteristic roots. We have from (29) to

(30,

0 0 Q

A = (-1/8) (k8/4) (xQ/a) (32)

(-v/8) (=x8/8) [b+(Ay2)/a]

. i

The determinant of this matrix

| AL = Q[(A8+yk$)/A2]

-5/A (33)

gives the product of the characteristic roots. As can be seen from
(33), the sien of |Al depends crucially on that of Q. Since this is
gning to play a major role in the analysis and, as discussed
previously, theory a priori does not allow us to sign unambiguously,
we have to deal with a number of possibilities. In essence there are

three alternative cases:

(1) b>0, 2 <0
(M) h<O, Q>0

(c)ec>0,0>0

We shall deal in some detail with the first two. As will be clear to
the reader, the solution method for case (¢) is an amalgamation of (a)

and (b) and therefore need not bhe analysed extensively.
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Case (a): b >0, Q<0

Here an f{ncrease in fnventory stock at the beginning of the
period makes the multiproduct firm more efficient in planning
production and thus increases output. Inventory has a direct
productivity effect (see equation (6)). Further b is not too small,
so we also have 0 = f—4b < 0,

Since the determinant (Al is negative from (33), there are two
possibilities for the signs of the characteristic roots, if they are
distinct and real (we rule out complex roots). Either, all three
roots are negative, or one of them is negative and two positive. 1In
the former case stabflity is guaranteed and the analysis is
straliehtforward. However, the Roulh Hurwicz conditions cannot be
verified since the trace of the matrix A (equation (32)) need not be
negative., Be that as it may, this possibility gives rise to standard
results and need not detain us long.

The more {nteresting case is when one characteristic root is
negative while the other two are positive. In such cases the stable

root (nezative) needs to be associated with a predetermined variable

while the unstable roots (positive) need to be related to
non-predetermined variables. In terms of economic intuition, the
predetermined variables are "backward looking”™ in the sense that they
cannot move discontinuocusly (or "jump” a 1; Sargent) and their current
value is given by past history. The non-predetermined variables on
the other hand are forward looking and may change rapidly
(discnntinuouﬁly) when the exogenous variables (such as money growth
rate in our model) jump. If we can identify the number of stable
roots with predetermined varfables and the number of unstable roots

with non-predetermined varfables then a saddle path exists. Initial
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conditinne for the predetermined variahles will determine the initial
values of the non-nredetermined variahles piven the reauirement that
the latter lie on the stable manifold (blane) (see NDixit (1980)).

Tdentt{fvi{ne varfahles as backward or forward looking is a matter
of economic {ptuitfon. Followfng Rufter and M{ller (1981) we assume
that the price level is slugeish, thus the stock of real balance (%)
is predetermined., This accounts for the unioue negative root. On the
ather hand, the real exchange rate followine Dornbusch (197h) is
obviouslv a candidate for a forward Jooking varfable which can change
rapfdlv ("iump”) in the presence of new information or policy shocks.
tve claim ae the innovation of this parer that the level of inventory
demanded hv the representative firm in the onen economy is also a
forward looking non-npredetermined variahble. Producers with rational
exnectations foresee the future on the basis of current information
after the policy chanee, and adjust their inventory stock very
rapidlv, possihlv buving (selling) from ahroad, thus making inventory
non-predetermined. Unlike the traditional literature which deals with
fnventory as a residual, we analyse it Iin the context of a fuller
decisfon-makine and control varfiahle. The economy hehaves like a
emall fi{rm {n the competitive world; thus stocks can change rapidly.

To derfve the eaunation for the stahle traiectorv and the values
of non-predetermined ¢ and N In terms of predetermined £,, we utilise
a mothod due to Nixit (1980), Assume thar the three characteristic

roots are 8, 0, 04, where

0, ¢0,0,>0,0y50 (34)

Thua 9] & associated with 2, 0, with ¢ and 83 with N,

lLet x® = (R=0*, c-c*, N=N¥) (35)
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be the row vector of deviations of variables from their (new)
equilibrium values. Then system (29), (30), (31) can be written as
[
X = Ax (36)
1f M 1s the (Ix3) matrix (with elements m11) whose rows are the

corresponding left efgen vectors of A then

MA = RM (37)
where . ]
el 0 0
0 0 9
N 3
Let
y = Mx (39)
Clearly °
y = By (40)

so that for non-predetermined variahles corresponding to the unstable

roots, the corresponding y(t)'s must be zero. In other words, y,(t) =

0 = yy(t).

From (39) we have

— - r - "‘_ 7
y1(t) m m 2 m 3 2(t)
y ()| = | my, my, myy c(t) (41)
yy(t) my) m32 m33 N(t)

L - - J L —

where barred values denote deviations from equilibrium. Given the

requirements for saddle path stability,
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y3(t) = my t(E) + myyc(t) + myyN(e) = O (43)

Equatfong (42), (43) can be solved to eet

c(t) = [(-mymyztmpymyy )/ (mypmy3-myzmyp) ] 2(t) (44)
K(E) = [(omypmy iy 35 )/ (mgpmy somyym ;) T2(E) (45)

which {s written {n simplified form as
c(t) = c* = v, (2(t) = %) (46)

N(E) = N* = vy (2(t)-2%) (47)

where v, and v, are functions of m

13°

DAEAAB

For {nitfal values of £((0), these two equations then give us the

values of c(0) and N(0). Thus (46), (47) are the equations for the

saddle path that leads the economy to its ultimate long run

equilibrium,

We now need to find the characteristic vectors or elements of M.

Take the second row of M initially and note that it corresponds to the

root 02. Thus
(mzxvm220m23)((021-A)) - (O, 0’ 0) (48)

(vhere I {8 the identity matrix and ((.)) denotes a matrix).

Normalising my; = 1 and after some algebra we eget

my " =(14ym,;4)/0,4 (49)
ng - <k5‘923)/x5 (50)

(note the elements of A from (32)).
Usina the same method for the third row of M and the other

unstable root 7, we ret

m,l - '(l*Ym;3)03A (s51)
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myy = (L8=A0)1/04K (52)
Suyretttutirp thece intn the corresmondine exnressions (46) and (47)
will gfve us the values of v, and v,.

To concentrate attentinn on the relationshin between inventory

(\) and the predetermined variable L, consider (47) and write it as
N o= vyt (Vhovo k) (52)
wvhere v, after solvine comes out to he
vy = [1/(myg=myg 11{8(8,-83)+YA(B,my3-03my3)}/0,9542] (54)
vote that from (52) and (S0)
(myg=myy) = (0,-03)4/26 (55)
Thus (m33-m23) and (8,-03) have the same sign and

myy 8 myy <=> 0, 3 0y (56

Thia {mplfes that hath the numerator and denominator of \L) (see

equatfon (54)) have the same sipn. Tt Is important to note that both

93 are nocitive. Thus ft {s clear that on the stahle arm of the

LPR
saddle path

v, >0 (57
and ¥ and L move in the same direction.

Tt can he shown in precisely the same wav that v, > 0 so that the
real exchanece rate and real balance increase(decrease) together on the
wnious nath that leads to the lonm run equilibrium. The latter
resnlt hac heen ohserved elsevhere (Rufter and M{ller (1981)) and the

analvaia peed not ke rencated here, What {s extremelv {fnterestine {is
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that a <fmilar nhenomenon occurs {n an {nventory augmented open
ecnnomv macro model and alerts us to the nossibility of “overshooting™
of the level of {nventories, in addition to that of the real exchange
rate,

The hehaviour of {nventorv (non-predetermined) and real balance
(predereormined) can beat he understood bhv eliminatine ¢ from the
enuatfon avatem and restricting attention to two differential
eruattons in N and t. This also helns in Arawing a phase diaeram for
the model. Considerinp only the homosrenous part of (29) to (31),
using the fact that c = v,? (from (46)) and that vy > 0, we can

cubgtitute to pot
N @ =(A8v+y)L/A + [B+(AYR)/AIN (58)

L = QN (59)

Tt §a clear that
[
aQ/az < N, aN/aX alen ambiguous,
[ 4 L ]
t/3L = 0, /N0
(rememher 2 = f~3h < 0 and h ) 0Y. The phase diaerams for the
alternativen are shown in Fieureslo.l andlo.2,
Mate now the {nterestine effects of a contractionarv monetary
polfcv.e The inirial eanflibrium {s elven at N* = X and ¢* = g%,

1
The atahle path {a denoted by §15,. A decrease In the growth rate of
money producee a new long run eauil{brium t* = 15 and X* = N, Since
ve assumed nentralitv, the ecouflibrium {nventorv is at its constant

(dealred) level N and thus equilibrium output is the same as before

the rantractionary manetarv chanpe. Wowever, from (18), the stock of
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real halance In ecanflihrfum fncreases to 2% = !5. The new saddle path
fa S,%,.

Tve transition path s crucfal. As the growth rate of monev
chanpas unanticinatedlv, the economv at {ts orieinal equilibrium FE1l is
on an unetable tradactory. The price level is stickv and the stock of
real »ralance fs nredetermined at ;l' Producers have rational
expectatfong reparding the future movements of the economy, which in
the absence of uncertainty implies pverfect foresicht. Foreseeing the
new stable path 5252- thev reduce inventory stocks discontinuously and
thig {8 posafhle since {nventorv fe a non-predetermined variahble. A
rapid fall fn inventary ensues, which given that b > 0 (see equation
(6)) {mnlica a fall {n output too. After reaching F| on §,5,,
{nventorv and real bhalance hoth move upwards continuously (note from
(57) that vy > 0) and finallv reaches the new equilibrium E,.

The iiii:::nco with standard Xevnesian {nventory analysis
(including the verv recent one by Blinder (1980)) is fundamentally
feportant, The standard literature assumes that a demand shock (here
ft (& tn the form of a contraction) will cause output to exceed sales.
Thua unantfcipated inventorv accumilates so that the actual amount of
atocvae {a hlfh:ﬂ than decired, This promnts producers to reduce
output while additfonal {nventorv {s run down until the new
equilirriun, MHowever, this traditional analysis eschews the effects
of (rational) exvectations. Producers are passive, non forward
lonking and onlv when sales actually fall and thev have unwanted
atocka da they reepond, Thue {nventories first rise since they are
reafduala, after which some form of stock adiustments take place.

Aur analvain {a radicallv different. Procducers have forward

lon“ine exvectationg with reapect to shadow price and stock of
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{nventorv. Thev anticipate that demand will fall after a decrease in
monetary vrowth rate. Thus given the current rate of production they
will have in the near future surplus or greater than desired stocks.
To forestall that possibility they reduce current inventories rapidly
so that when the lower sales materialise, producers have new
fnventnries to rebuild stocks to desired levels. "Overshooting™ of
{nventories takes place because the price level is sluggish and cannot
he adjusted in anticipation of demand chanees. The shadow price of
{nventory, on the other hand, i{s a "jump” variable whose change makes
ft worthwhile for producers to reduce stocks at the time of
contraction.

This 13 once again an example of the "Hahn problem™. Producers
make twn decisions at the margin; one is to produce for inventories,
the other {s to satisfy demand from inventories. Thus inventory takes
on the form of a capital good or durable asset. In a multiple asset
world (as here), saddle path properties and discontinuous changes in
time paths of variables become important.

lLower inventory leads to inefficlency and contributes to a fall
{n output, even though the decrease in the latter may not be by as
much (b will usually be less than 1). Simultaneously, the
“overshootine™ of the real exchange rate a 1; Dornbusch and the
{ncrease in the real Interest rate all contribute to a fall in demand
which {taelf will affect output after a time. The combination of the

two may cause an {mportant recession as the current conditions in the

UK demonstrate.
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Case (B): H C O, D> 0

In this case, an [Increase In the amount of inventory held leads
c0 a decline [n production (output Y). The analysis now is more in
line with tradllional Ideas of Invenlory cycles and as we demonsirate
below [nvenlory holdling changes continuously after policy chaanges.

The transaction matrix A (see equation (32)) remains similar.
However, the delerminant ot A has a different sign from the previous
case and we now have |A| > 0. Since the product of the characteristic
roo.s {s posi{tive It Is possible fo have all roots positive. We rule
ous this unsiable model. Assume thal at leas! one characteristic root
Is nepatlve. Then since |A| > 0, we must have two roots negative and

one positive (all rools are assumed to be real and distinct).

Denoting roots by 0y, 02, 03, we have say
0y < 0,02 >0,03<0 (60)

In the light ot the earlier discussion we need two variables to
be predelermined (corresponding to 8;, 63) and one to be
non-predetermined (corresnonding to 83). Once again it is plausible
co assume real exchange rate is a "jump™ or forward looking variable.
Thus the model dictates that Inventory and real balance are
predeterm{ined, and are given al any point of Ulime by "history™. The
economy still exhlolls saddle polnt equlilibrium but only the real
exchange rate "jumps”™ to reach the stable manitold given the Initial
values of L and No The dynamics of lhe stale variable (%,N) dictate
the movemenis of the system while the equation of the saddle path
plves the value of ¢ which musl be altalned at every point of time on
cransnition paths for the economy o reach equillbrium.

Let the lett characleristic veclor associated with the unstable
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(positive) root 8, be deonted by (w;, -1, wy) where the second term

has heen normalised to unity, Then using Dixit's method (1980) we

have
— —_
(wy,=1,v3) 0, 0 -Q
1/a 8,~k8/a -\Q/8 = (0, 0, 0) (61)
Y/A A8/A 8,~-2

S——— -—

(where z = b+ \yQ/A). (Note this is similar to equation (48)).

Solving (61) eives us
vy = l(ez‘z)/A*XQY/AZ]/|9(9’2)+(QY)/A] (62)
vy = [-012/A+2/8]/[0(8-2)+Qv /2] (63)

It {8 clear that gfven b < 0, @ > 0, the sign of z is unknown and
we cannot determine the sign of wland W, a priori. Assume then that 2z
¢ 0, in other words b is large enouch to dominate this term. Then we
have

wp >0
but w, can still be either positive or negative.

The trelation between predetermined and non-predetermined
varfables can now be written as (in deviation form from equilibrium)

T ewl 4 uN (64)

Since w, > 0 on the saddle path real balance and real exchange rate
move together. Thus our result conforms to the Dornbusch prediction
(provided 2z < 0). With a monetary contraction, the real exchange rate
will fall (appreciate) or "jump” downwards, then move upwards to its

ecquiltbriam value. Simultaneously the level of real balance will

{ncrease, since a decline in money growth rate increases the
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equilibrium value of real balance 2* (sece equation (18)).

Nnee avain let us facus attentfon on the relationship bhetween
{aventory and real balance noting that hoth are predetermined here.
Substituting (65) in the differential equation for N, (31), and using
(29) we have

B e =[(y 18w, ) /B 1L [(=A8uy/B)+bH(AYR/A) IN (65)

o

= OV (66)

) L] [ 4
It s clear that aN/ag < 0, IN/AN sign indeterminate, 32/3N = Q > O,

.
/it = 0,
.

The two phase diaerams (depending on the signs of 3N/3N) are
shown In Figures 10.] and!10.4. In both cases there are inventory
cvcles around equilibrivm El (determined on the basis of an
exovenously fixed money growth rate u;). A decrease in money growth
shifts the new equilibrium to E,. The dotted line shows a possible
transftion path.

Note now the fundamental difference with case (a). A
contractionary demand shock (as shown in the figure) will inevitably
lead to tnventory stocks rising initially. This is because inventory
holders are passive and not behaving in a forward looking way, simply
acceptineg N as a residual. As demand falls, eiven output, inventory
risea., An increase in N above {ts desired level causes output to fall
and the econory moves into a recession. However, the trend is
reversed after a time and & cycle takes place around the new
equilibrium, Inventories start declining from F, and the destocking
leads to a sienal for more production. The behaviour of the model is

Keynesfan and diamctrically opposite to the forward looking attributes

of producers {n the previous story.
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Sectfon 4 Conclusfon

The recent theoretical literature on open economy macro models
bhave stressed exchange rate overshooting when there is an
unanticipated change in the growth rate of money. Specifically, a
contraction {n monetary growth leads to a sudden appreciation of the
real exchange rate given an inflexible (sticky) price level. Here
we have tried to intearate an {nventory model with exchange rate
fluctuations to show how an analysis of inventory behaviour can give
us a much clearer insight of the behaviour of output on transition
paths out of lona run equilibrium,

Depending on the values of parameters, a number of alternative
possibilfties man{fest themselves. In particular, when there is a
positive (technoloeical) relationship between output and inventory (b
> 0) and the numerical values of parameters are such that @ ¢ 0, then
the amount of {nventory the acaregate firm wishes to hold becomes a
forward looking non-predetermined variable under rational
expectatinng, Faced with a contractionary demand shock and knowing
that future sales will be low, the aceregate firm runs down current
faventory very rapidly. Price inflexibility does not alloy the firm
to adfust to the new lona run equilibrium quickly. Thus given
predeternined real halance, the level of inventory falls below {its
destired (equilibrium) level even before the fall in sales has taken
place. The role of anticirations then 18 crucfal here. Inventory
haldine {8 not a residual in this model as in a standard Keynesian
one, rather {nventory adjustment takes place faster than other
varfables,

Clearly, the rapid fall i{n inventory as analysed in the model

with not take place "{nsatantaneously™, A distributed lag mechanism
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will anerate. Ruat our firet model suereests that inventorv reductions
vill be mich fFacter than the chanpes in nrice level or real! halance
foredoter=ined var{ahlec), If we are asked to (imnlicitlvy) ran these
three variahlea {n terms nf sneeds of adjustments, then case (a) of
the nrevious esection {mnlfes that the rankine would be real exchange
rate, {nventory and real bhalance chanpes. It {s in this sense that we
claim that h::ﬁ‘rvn! exchange rate and {nventorvy are non-predetermined
variahles ltahle to adfust in the face of new Information quite
rapfdly. Aa our analvsis shows a monetary (demand) contraction then
would {vply a ranid anpreciation of the exchanpge rate and a fast fall
{n {nventorv stocke hoth of which will "overshoot™ their respective
equlli{hria and contrihute to a recession. A contractionary demand

shock as here will lead to an {nirfal fal) in fnventory and then

rieire to fts desired level,

The other passih{lity (case (b) of the previous section) gives us
the Kevneefan view where {nventory holding {s initi{allv a residual.
Thus followine a reduction {n monev erowth and a contractionary demand
ghock, producers have unanticipated inventory and onlvy after that do
thev try to aliust {t to the desired level. Tnitiallv there is a rise
{n atacka and then fallinp towards {ts desired level. Inventory
hecoren A nredotermined vartahle at anvy point of time given by past
tehaviour and holders of fnventorv exhihit backward looking hehaviour.
Around eauilihrium we have f{nventory cycles.

The fmportance of {nventorv fluctuations as a stvlised fact of
ryalrene cvclen {a undenfable, Our chapter gives a theoretical
farmalisartion af the crucial interrelationships that mav exfst hetween
faventary, evchanee rate and real balance (thus the monev stock and

price level) in the chart run for a macro madel of the oren economy,
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In view of the alternative possibilities that exist and the rich
variety of results that can be pencrated theoretically, more empirical
tescarch should be conducted to give us an idea of the signs of values
of paramcters fnvolved. In particular, as we have seen, the sign of the
coclficient "b' plays a crucial role in the conclusions that follow
from policy analysis. This comes from equation (6), a quasi production
function, which relates inventories (as the independent variable) to
aggrepate output. The difficulty of estimating this function, in its
speciflcd form, lies In the close co-relationship betwen the two
variables. It {s not possible therefore to establish causality since
from f{nventory theory it can be claimed that causal relations of
{nfluence can work efther way. The problem is particularly acute with
sacroeconomic data given the national income identities.

Deger and Sen (1983) do some Cranger-Sims causality tests with UK

quarterly macroeconomic data and find that the production relation

discussed {n this chapter could be justified empirically; inventory may
Cranger-cause output. However, one should be very careful about such
tests glven the recent scepticism regarding atheoretical
macrocconometrics. There can be many expla nations for pure data based
‘causation’; without adequate theoretical foundations, it is not easy
to claim that ft is fnventory that influences output and not the other
way around.

The production scheduling model for the aggregate firm gives us a
good reason why higher inventory=-stock could, in principle, contribute
to sore cffictiency and thereby raise output. An alternative (see Deger

and Sen (198))) {«¢ to use an optimal control model to solve the firms
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inter-temporal optimising problem and {n the process get a relation
whereby inventory affects output. Using these theoretical
(aicrocconomic) results as a starting point, Deger and Sen (1983)
estioate a single equation output-inventory relationship from UK
quaterly data. The appropriate lag structure is chosen through
diagnostic checks and the nced to be parsimonious. The long run (steady
state) parameter turns out to be positive, in accordance with the
analysis as presented in case (a) above. Our model, in this chapter,
would predict for this case that inventory would need to move
relatively fast for the economy to attain the saddle path and thus
achfeve equilibrium. Monetary contraction may lead to inventory
g:cumulatlon __ a result which 1s the opposite of standard

analysis. Thus some empirical evidence can be given for the policy
faplications of the analysis, though more econometric research

requires to be done.
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The thesis covers a wide area but emphasises specific aspects
of disequilibrium market behaviour in an aggregative framework. The
focus {s on macroeconomic models of growth and medium—-term dynamics.
Since the concepts are essentially diverse we cannot gain substantial
leverage by trying to formulate a general theory which will encompass
all the varlous models and relevant issues. Rather, the cost of
generalisation may mean that stylised facts and policy problems are
not sharply focussed. The chapters are therefore relatively
independent and have their own conclusions which summarise their
findings. It is however necessary to have an overall concluding
perspective; this will be given here briefly.

It will be useful, in this context, to discuss some of the
recent research that have appeared over the last few years and see
how the work reported here fits in with the broad framework of
disequilibrium growth and macroeconomics. The overall conclusions of
the thesis therefore will be presented in the context of the wider
literature. In Chapter I, the Introduction, we have already discussed
the underlying concepts of disequilibrium dynamics and the
interrelationships of the models presented here with the earlier
literature. I will therefore focus attention now on recent analysis
and results in the field. In the process, it will also be instructive
to review some of the directions in which future research in
disequilibrium macroeconomic and growth theories can proceed. In
addition to being an agenda for further research, we will also get an
additional general perspective on the contents of my thesis.

1 will proceed in two stages. First, comes the literature review

with the description of future research possibilities. This 1is, of
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course, over and above the various analyses cited earlier for the
individual chapters. Secondly, I shall present the overall
conclusions of the thesis, summing up the unifying concepts that 1link
the different chapters and sections. In a sense, this will be a meta
view which may give us a wider perspective.

Part A of the thesis concentrates on growth and capital
accumulation, with excess capacity and unemployment. The major
assumptions are related to disequilbrium ad justment and proper
dynamic specifications. Traditionally, dynamic models have either
assumed pure price adjustments (of the Walrasian type) or pure
quantity adjustm;hts (of the Marshallian type). By its very nature,
disequilibrium gréwth models must have both types of ad justments
over time. Growth, per se, requires capital formation; hence quantity
variables change over time. On the other hand, disequilibrium and non
market clearing induces price changes over time to bring about stable
equilibrium. We therefore have "mixed adjustments”. Mas-Colell (1986)
uses a general equilibrium tatonnement model to analyse “simultaneous
price and quantity dynamics” which combines the two methodologies
mentioned earlier. He demonstrates the enormous difficulties of
proving global stability even when there is only one good, one factor
input and one price. The demands made on the system by.ﬁontatonnement
dynamics, as analysed by Fisher (1983) for example, are even higher.
The basic model in Chapter II of this thesis is a good example of
this simultaneous operation of both quantity (capital stock) and
price (rate of interest) dynamics in a nontatonnement framework. As
we demonstrated in that chapter even this simplest disequilibrium

growth model requires quite a few restrictions and specifications
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before one can be assured of existence and stability of temporary and
steady state equilibria.

The second point relates to the nature of the saving function, an
important ingredient of long run growth. We have assumed (for example
fn Chapters IV and V) a fixed saving (consumption) propensity given
exogenously. Ginsburg, Henin and Michel (1985) construct an
intertemporal optimising model using the dual decision hypothesis and
allow for capital accumulation with unemployment. The aggregate
household, maximising a functional of utility (integral), chooses an
optimum path for the saving rate. It assumes employment as given. The
aggregate firm, on the other hand, assumes the saving propensity as
an exogenous parameter and tries to maximize an integral of profits,
net of savings. Its control variable is labour demand for each point
of time. Four disequilibrium regimes can be constructed:
unemployment, over (full) employment, underconsumption, and under
saving (excess consumption demand). Though the model is elegant, it
suffers from a number of shortcomings. The formal derivation of the
phase dlagram is not always rigorous; the use of an intertemporal
Nash equilibrium, with agents not taking into account the effect of
their decisfons on the behaviour of others, is difficult to justify
under rational expectations; the problem of time consistency for this
class of models remain; the firm"s optimising function can be
questioned as ad hoc. Some of these issues, as well as a formal
model, are analysed in Sen (1987). The general consensus is that it
is exceedingly difficult to construct a fully specified optimum
savings model taking into account all the various facets of

disequilibrium discussed earlier in the thesis.
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The work of Ginsberg et al (1985) as well as that Ito (1980) and
Ito (1982, referred to by Ginsburg et al) lies firmly in the
tradition of neoclassical (Solow type) growth theory. They correspond
to what 1s often termed in the thesis as the “Classical regime”. A
more Keyneslan perspective is to be found in Malinvaud (1981, 1984)
and Picard (1983). These are related to the Keynesian regime” models
discussed in earlier chapters. The essential characteristics are the
following: specification of an investment function; an assumption
that actual capital accumulation is given by investment, rather than
saving; allowing for unemployment of labour and/or excess capacity of
capital stock.

This type of models explain a considerable amount in the fields
of capital formation under unemployment, policy effectiveness, the
existence and propagation of business cycles, as well as the trade-
offs implicit between unemployment and inflation. However, lack of an
optimising behaviour by firms (as well as more general optimal growth
theory) constitutes a shortcoming. The integration of disequilibrium
growth and intertemporal optimisation must remain a subject of
conslderable, and exciting, future research.

Most of the growth models, discussed in the thesis, concentrate
either on a classical or Keynesian regime. But regime switching
remains a distinct possibility. Stability analysis then becomes
relatively intractable since the standard restrictions on the
Jacoblans, as well as the signs of the partial derivatives of the
differential equations, may not hold at the border of adjacent
regimes. In effect, the differential equations are discontinuous at

the boundary of adjacent regimes. Global stability for each set of
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differential equations (for a given regime) does not necessarily
imply global stability of the "patched-up” system (Ito (1980)) of all
regimes taken together. Ito (1980) and Honkapohja and Ito (1983) use
the Filippov solution to demonstrate for some specific disequilibrium
systems how global stability can be achieved. For more complex
models, particularly with asymmetric adjustment mechanisms as
postulated here, it 1s yet not possible to get general stability
results for "mixed” regimes or regime switching.

Another interesting development in the theory of equilibrium
growth, but with disequilibrium features, 1s the application of
dynamic (differential) games to study the possible conflict between
distribution and growth. Using the basic two class model (workers and
capitalists), a number of papers analyse the various noncooperative
solutions (Nash, Stackelberg) under open loop or feedback information
structures. Pohjola (1986) gives an insightful survey on the various
possibilities that exist here. Of particular interest is the
Keynesian flavour to many of these models. For example, workers can
affect distributional parameters by choosing the propensity to save
(consume); capitalists, on the other hand, decide on accumulation by
choosing the share of investment in the national product. Thus the
fundamental distinction between decisions to save and invest open up
the possibility of a Keyneslan regime. Though some of these models
assume a labour surplus economy (the reserve army of labour a la”
Marx), they do not generally tackle wage ad justment in response to
either unemployment or the discrepancy between desired saving and
investment.

The incorporation of money, and monetary issues, in

disequilibrium models create additional complexities. The fundamental
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reason lies with the long standing problem of integrating general
equilibrium theory with monetary theory (see the varlous essays on
this issue in Hahn (1984)). There has been a recent upsurge in
interest in such integrative models from the point of view of the
microfoundations of the theory. The attempt is now on to construct
"monetary general equilibrium asset-pricing models” (Svensson
(1986)). The essential idea 18 that money should be treated in
symmetric fashion with other assets. Two methods are proposed to do
this: either, real balance enters directly into the utility function
together with other goods and assets; or, money 1s introduced in the
model through a cash-in-advance constraint, its utility depending on
its liquidity rather than dividends (as for other assets). The value
of money is the reciprocal of the aggregate price level and is given
by a standard asset pricing equation (Lucas and Stokey (1985)). Most
of the models in this genre assume perfect flexibility of all asset
prices including the price of money. Implicitly this gives market
cleéring equilibrium even when there are shocks to the system
following from new information or parameter changes. A major
exception 18 the paper by Svensson (1986) which incorporates
monopolistic competition and sticky prices thus ensuring that markets
may not clear and resources remain underutilised. The emergence of
unemployment therefore gives a disequilibrium flavour to this
important area of current research --- integrating monetary,
financial and real sectors of the economy.

The models discussed above are microeconomic in nature and are
based on well specified general equilibrium theory. However the basic

insight, of treating money as symmetric with other assets, has been
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present in monetary growth models for a considerable period of time.
These are discussed, in some detail, in the first section of Chapter
VII. I have surveyed the various strands of monetary growth

theory, in the context of superneutrality, and emphasised the
symmetry of real money and capital stock within the asset

portfolio. Money in the utility function gives rise to "real balance
effects”, the consequences of which are extensively discussed in that
chapter. The alternative, where cash-in-advance money is part of the
wealth constraint, is essentlally Tobinian. As mentioned earlier, the
central point of monetary growth models should be that wealth must
consist of both (real) money and capital stock and their demands must
depend on the same set of (price) variables. The symmetric treatment
of physical capital and real balance in output/disposable income, as
well as in total wealth holding, can now be justified by the recent
microtheoretic literature.

Explicit disequilibrium analysis in monetary growth models, with
sticky prices, inflexible wages, and unemployment, is rare. The model
in Section 4 of chapter VII gives a flavour of the type of issues
that can be raised here. Another example is a paper by Azam (1983)
which uses an IS/LM framework to deal with disequilibrium concepts in
a Keynes-Tobin monetary growth model. In terms of our earlier
discussion, 1t may be fruitful for future research to consider an
optimum growth model with money and capital accumulation, as well as
incorporating disequilibrium features such as unemployment.

Discussions on monetary growth theory is never complete without
a reference to the question of policy effectiveness and monetary
(super) neutrality. A related question is whether real business

cycles can be caused by anticipated discretionary monetary policy. If
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the role of money (growth) is neutral or super neutral, then can it
cause temporary fluctuations leading to business cycles? Within the
new classical framework the answer must be no. The only reason that
Lucasians can provide for the existence of cycles are random or
unanticipated shocks produced through government policies under
uncertainty. We have shown, in the chapter on monetary growth
models, Chapter VII, that even under perfect foresight (absence

of uncertainty) the transition path for capital accumulaton can

be affected by monetary policy.

In a different context, Grandmont (1986) tackles these issues
squarely by constructing a model of endogenous business cycles, which
occur even without random shocks. The competitive monetary economy
with a stationary environment can produce cyclical fluctuations.
Further, government monetary policy, even when fully anticipated,
does have real effects in stabllising the economy. Of particular
interest are the mathematical tools employed: "the techniques
employed to study the occurrence and the stability of such business
cycles are partly borrowed from recent mathematical theories that
have been constructed by using the notion of a “bifurcation” of a
dynamical system in order to explain the emergence of cycles and the
transition of turbulent (“chaotic”) behavior in physical, biological
or ecological systems” (Grandmont (1986)). The baslc Grandmont model
does assume Walrasian equilibrium since it is Iin part an answer to
the Lucasian objection to disequilibrium modelling. But the use
of bifurcation theory, for disequilibrium growth models, must

also open up exciting research possibilities.
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When we turn to medium term dynamics, the subject matter of Part
B of the thesis, we find that basic concepts of disequilibrium are
integrated into the analysis right from the beginning. In particular,
open economy macroeconomics assumes sticky prices (wages) and
unemployment within 1ts basic framework. Most of the open econonmy
literature now try to incorporate features of the monetary, Keynesian
and portfolio models (Allen and Kenen (1983), Gyalfason and Helliwell
(1983)). This gives rise to models with interesting and empirically
relevant characteristics: full equilibrium in the long run; the short
rurt characterised by disequilibrium; sticky prices and contractually
fixed wages; perfectly flexible exchange rates; assets markets clear
rapidly while unemployment persists in the labour market. The
Dornbusch model, which we have extensively used, is a classic example
of these various issues. (See Obstfeld and Rogoff (1984) for recent
extensions). Its particular strength lies in medium term dynamics
which can be exploited, as in chapters IX and X , to achieve
interesting results.

Unfortunately, one of the shortcomings of the Dornbusch
type model 1s the failure to assimilate the dual decision hypothesis;
rationing in one market has spill-overs elsewhere and this needs to
be incorporated formally. Cuddington, Johansson and Lofgren (1984) do
precisely that and their -innovative approach demonstrates how
macroeconomic models can usefully integrate the fundamental
microeconomic tenets of disequilibrium. However, their analysis
(except in an Appendix) is essentially short run and an extension of
the fix price approach to include the foreign sector. It is really
not possible to incorporate dynamic concepts such as "overshooting”

in their model. In general they tend to ignore dynamics.
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I have shown, in chapter IX, that the dynamics of the Dormbusch
type models can be integrated with elements of the dual decision
hypothesis and regime switching. Assuming perfect foresight for
varlables and regimes, we have formulated the concept of the kinked
saddle path. This 1Is clearly a combination of the central tenets of
the two types of models mentioned earlier: saddle point equilibrium
under perfect foresight and kinked boundaries between regimes, due to
rationing. The existence of kinked saddle paths has also major
implications for policies since the effects of government action is
bound to be asymmetric.

Another advantage of having (kinked) saddle paths, in
models which combine rationing with rational expectations, is that
the earlier mentioned problems of global stability disappear. Since
there is only one and unique path, in each regime, which leads to
equilibrium we need not concern ourselves with the discontinuities
inherent in a "patched-up system. If the basic tenet of this
analysis, the existence of "jump” varlables, is acceptable then there
should be no analytical problems with demonstrating that the
equilibrium is stable.

The recent upsurge of interest in macroeconomic (monetary)
policy coordination (see the papers in Buiter and Marston (ed)
(1985), particularly Miller and Salmon (1985a), as well as Miller and
Salmon (1985b)) has produced a large literature on how small open
economies can conduct co-operative games to increase their joint
welfare. It would be of considerable research interest to analyse
policy coordination using the tools of disequilibrium analysis,

specifically the recognition of asymmetric responses and kinks in the
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dynamic paths. More formally, what would policy co-ordination look
like for two economies of the type discussed in Chapter IX,
particularly if one 18 characterised by excess supply and the other
by excess demand?

There can be little doubt that dynamic analysis per se, under
disequilibrium, is exceedingly complex. The demands of growth theory
i.e. capital accumulation, coupled with the existence of unemployment
and the presence of excess capacity, create many additional problems.
The presence of price and quantity dynamics within the same
framework, the asymmetric adjustments that can take place, as well as
nontatonnement and the dual decision hypothesis all contribute to the
complexity. As Mas-Colell (1986) points out ™ ... except in (some)
cases there is nothing simple about the global dynamics of even the
simplest demand and supply model™.

Let us now turn specifically to the general conclusions that can
be derived from the many models studied in the thesis. As we have
seen, through various examples, the nature of disequilibrium, the
causes of market failure, the adjustment rules, the dynamic behaviour
of the economy on the transition path, stable or unstable movements,
policy prescriptions 1f any, are all heavily dependent on the sort of
regime the economy is in. For example, Keynesian unemployment may
need the wage rate to go up while Classical unemployment would claim
the opposite. Similarly, whether capital formation is governed by
investment or saving will have crucial implications for the
subsequent bahaviour of the economy. It has generally been assumed
that steady (stationary) state is exogenously determined,
independent of the dynamic behaviour of the economy in

disequilibrium. However, even this result may not be sacrosant,
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particularly with Increasing returns to scale.

Models of disequilibrium behaviour generally acknowledge regime
specific behaviour; but the emphasis does not go far enough. In
particular, adjustment equations tend to be similar, independent of
the sort of disequilibrium state the economy is in. A classic example
of this is the assumption that wage adjusts to clear the labour
market; thus unemployment induces a fall in real wages. Yet, if
unemployment i1s caused by a lack of effective demand, then a fall in
wages 18 potentially destabilising since it can cause a further fall
in aggregate demand. As we have seen in Chapter V, a Keynesian regime
may require wage to adjust in response to disequilibrium in the goods
market rather than in the labour market. One of the important
conclusions of the thesis is that dynamic behaviour and adjustment
must be related to the specific nature of disequilibrium.

Regime specification and concomitant ad justment rules have been
major issues in the research reported here. This is particularly true
for the growth chapters. Though the properties of these regimes,
specifically Keynesian or Classical, may seem ad hoc they are
nevertheless similar to the quantity rationing models, which are
based on optimisation. In similar fashion, the adjustment equations
of macrodynamics under disequilibrium are often attainable from
inter-temporal optimisation models, where the Hamiltonlan conditions
could deliver the relevant dynamic equations. The distinction between
control and state variables (when using the Maximum Principle) are
essentially similar to that between backward-looking and foreward-
looking variables, with similar interpretations possible for

discontinuous behaviour. The problem of free parameters may remain.
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However, institutions and structure can tell us about stylised facts
which can be used to determine the values of such parameters. There
is also the possibility of empirical testing and econometric
verification which can give a data-based specification, supporting or
contradicting the assumptions made in the theoretical model.
Macroeconomics must remain eclectic in its choice of method and
support.

The central methodological conclusion seems to be that dynamic
behaviour under disequilibrium is asymmetric across regimes. This
means that generalised predictions will be less meaningful compared
to more specific forecasts of economic behaviour which rely on the
characteristics of the regime.

Conslder for example the usual "overshooting” models where a
shift in a parameter causes the jump variable to move beyond its new
long run equilibrium value. Inevitably, the literature shows a
symmetric movement. Thus a rise or fall in the relevant variable {is
treated in exactly the same way. For a given positive or negative
shéck (say expansionary or contractionary policy) the rise or fall in
the price varilable is quantitatively the same. There are no
discontinuities in the saddle path. Yet our analysis shows that this
cannot be true. The saddle path may be kinked. Hence the quantitative
jump may be quite different depending on which direction the jump is
being made. The implications for the transition path, as well as the
time taken to reach the new equilibrium, can be quite different.

The implications for policy are equally important. Policy rules,
even if useful temporarily, may become counterproductive if there is
regime switching. Even discretionary policy has to be more carefully

scrutinised dependent on the regime the economy is in. In a sense we

341



may have here a variant of the Lucas critique. As the regime shifts,
so does stable dynamic behaviour; previous parameters and policies
may be irrelevant or even destabilising. The current literature on
neo-Keynesian policy effectiveness has not really grappled with this
issue. For example, in a policy co-ordination model, if one country
has excess demand (high inflation) and another country has excess
supply (high unemployment) then policy rules need to be more
carefully constructed since their effect will be qualitatively
different. In a sense the disequilibrium models analysed here pose
important questions for policy formulation and require a more
specific study of the macroeconomy.

Disequilibrium economics and dynamics still lack an unifying
framework since it 1s difficult to bring all the competing (and
sometimes conflicting) hypotheses together. On the other hand, the
heterogeneity and variety of concepts adds to its attractions and
allows us to get a richer menu of results which have much wider
relevance. Future research must aim to capture the diverse elements
that constitute disequilibrium regimes; but the search for a common

conceptual framework also has to continue.
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