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Abstract. A universal word for a finite alphabet A and some integer
n ≥ 1 is a word over A such that every word of length n appears exactly
once as a (consecutive) subword. It is well-known and easy to prove
that universal words exist for any A and n. In this work we initiate
the systematic study of universal partial words. These are words that
in addition to the letters from A may contain an arbitrary number of
occurrences of a special ‘joker’ symbol 3 /∈ A, which can be substituted
by any symbol from A. For example, u = 03011100 is a universal
partial word for the binary alphabet A = {0, 1} and for n = 3 (e.g.,
the first three letters of u yield the subwords 000 and 010). We present
several result on the existence and non-existence of universal partial
words in different situations (depending on the number of 3s and their
positions), including various explicit constructions. We also provide
numerous examples of universal partial words that we found with the
help of a computer. The full version of the paper is available at [4].

1. Introduction

For a finite alphabet A, we say that a word u is universal for An if u
contains every word of length n ≥ 1 over A exactly once as a (consecutive)
subword. For example, for the binary alphabet A = {0, 1} and for n = 3,
u = 0001011100 is a universal word for A3. The cyclic version of universal
words is known as De Bruijn sequences, which are a centuries-old and well-
studied topic in combinatorics, and over the years they found widespread
use in real-world applications (see [4]). The following classical result is the
starting point for our work.

Theorem 1. For any finite alphabet A and any n ≥ 1, there exists a uni-
versal word for An.

In this paper we consider universality of so-called partial words, words that
in addition to letters from A may contain any number of occurrences of an
additional special symbol 3 /∈ A. The idea is that every occurrence of 3 can
be substituted by any symbol from A, so we can think of 3 as a ‘joker’ or
‘wildcard’ symbol. Formally, we define A3 := A∪{3} and we say that a word
v = v1v2 · · · vm ∈ Am appears as a factor in a word u = u1u2 · · ·un ∈ An
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there is an integer i such that ui+j = 3 or ui+j = vj for all j = 1, 2, . . . ,m.
For example, for the alphabet A = {0, 1, 2}, the word v = 021 occurs twice
as a factor in u = 1203120021 because of the subwords 031 and 021 of u,
whereas v does not appear as a factor in u′ = 123113. Partial words were
introduced in [2], and they too have real-world applications (see [3]) and
appear in various contexts in combinatorics (see [4]).

The notion of universality given above extends straightforwardly to partial
words, and we refer to a universal partial word as an upword for short.
The simplest example for an upword for An is 3

n := 33 · · ·3, the word
consisting of n many 3s, which we call trivial. For another example, 330111
is an upword for A3, whereas 3301110 is not an upword for A3, because
replacing the first two letters 33 by 11 yields the same factor 110 as the
last three letters. Similarly, 031 is not an upword for A2 because 10 ∈ A2

does not appear as a factor (while 01 ∈ A2 appears twice as a factor).

2. Our results

In this work we initiate the systematic study of universal partial words.
In stark contrast to Theorem 1, there are very few general existence results
on upwords, but many non-existence results. The borderline between these
two cases seems rather complicated, which makes the subject even more
interesting. This is also reflected in our proofs, which become more technical
than the straightforward proof of Theorem 1. In addition to the size of the
alphabet A and the length n of the factors, we also consider the number of
3s and their positions in an upword as problem parameters. The following
lemma was useful in obtaining some of our results.

Lemma 2. Let u = u1u2 · · ·uN be an upword for An, A = {0, 1, . . . , α− 1},
n ≥ 2, such that uk = 3 and uk+n 6= 3 (we require k + n ≤ N). Then for
all i = 1, 2, . . . , n− 1 we have that if ui 6= 3, then uk+i = ui. Moreover, we
have that if un 6= 3, then α = 2 and uk+n = un (the complement of un).

For upwords containing a single 3, we have the following results.

Theorem 3. For A = {0, 1, . . . , α − 1}, α ≥ 3, and any n ≥ 2, there is no
upword for An with a single 3.

For the binary alphabet, the situation is more interesting (see Table 1).

Theorem 4. For A = {0, 1}, any n ≥ 3 and any k ∈ {1, 2, . . . , n− 1}, there
is an upword for An with a single 3 at position k.

Theorem 5. For A = {0, 1} and any n ≥ 2, there is no upword for An with
a single 3 at position n.

Theorem 6. For A = {0, 1}, there is no upword for An with a single 3 at
position k for n = 3 and k = 4, and n = 4 and k ∈ {5, 7}.

Conjecture 7. For A = {0, 1} and any n ≥ 1, there is an upword for An

with a single 3 at position k except the cases covered in Theorems 5 and 6.

To support Conjecture 7, we performed a computer-assisted search and
indeed found upwords for all values of 2 ≤ n ≤ 13 and all possible values
of k other than the ones excluded by the beforementioned results. Some of
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n k
1 1 3 (Thm. 4)
2 1 3011 (Thm. 4, Thm. 12)

2 — (Thm. 5)
3 1 300111010 (Thm. 4)

2 03011100 (Thm. 4)
3 — (Thm. 5)
4 — (Thm. 6)

4 1 300011110100101100 (Thm. 4)
2 03010011011110000 (Thm. 4)
3 0130111100001010 (Thm. 4)
4 — (Thm. 5)
5 — (Thm. 6)
6 011003011110100
7 — (Thm. 6)
8 001111030010110

5 1 30000111110111001100010110101001000 (Thm. 4)
2 0301011000001101001110111110010001 (Thm. 4)
3 013011000001000111001010111110100 (Thm. 4)
4 01130111110000010100100011010110 (Thm. 4)
5 — (Thm. 5)
6 0010130010011101111100000110101
7 0100113010000010101101111100011
8 0100110301000001110010111110110
9 0111001030111110110100110000010
10 0100110113010001111100000101011
11 0101000001301011111001110110001
12 0101000001130101101111100010011
13 0010011010113001010000011111011
14 0011101111100300110100010101100
15 0101000001001130101101111100011
16 0010000011010113001010011111011

Table 1. Examples of upwords for An, A = {0, 1}, with a
single 3 at position k.

these examples are listed in Table 1, and the remaining ones are available on
the third authors’ website [1].

For upwords containing two 3s we have the following results (see Table 2).

Theorem 8. For A = {0, 1} and any n ≥ 5, there is no upword for An with
two 3s of the form u = x3y3z if |x|, |y|, |z| ≥ n or |x| = n−1 or |z| = n−1
or |y| ≤ n− 2.

Corollary 9. For A = {0, 1} and any n ≥ 2, 33 and 330111 are the only
upwords for An containing two 3s that are adjacent (up to reversal and letter
permutations).

We also construct an infinite family of binary upwords with two 3s.
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n = 2 33

n = 3 330111 (Thm. 12)
30010113

n = 4 30001131001011 (Thm. 10)
30001011310011
00131103001

n = 5 301003101011000001110111110010
300001113100010010101100110111 (Thm. 10)
300001001310001101011111011001
03001130100010101101111100000
03010110300011101111100100110
03010111030001101100100111110
0030011300101011011111010000
0130110010111030100000111110
0130110010111110301000001110
001301013001110111110000010
011301101001030111110000010
01001311103010000011011001

Table 2. Examples of upwords for An, A = {0, 1}, with two 3s.

Theorem 10. For A = {0, 1} and any n ≥ 4, there is an upword for An

with two 3s that begins with 30n−11n−2
310n−21.

Cyclic upwords, where factors are taken cyclically across the word bound-
aries, are also of our interest. Note that the trivial solution 3

n is a cyclic
upword only for n = 1. For the cyclic setting we have the following rather
general non-existence result.

Theorem 11. Let A = {0, 1, . . . , α − 1} and n ≥ 2. If gcd(α, n) = 1, then
there is no cyclic upword for An. In particular, for α = 2 and odd n, there
is no cyclic upword for An.

In fact, we know only a single cyclic upword, namely 30013110 for n = 4
(up to cyclic shifts, reversal and letter permutations).

3. Directions of further research

Concerning the binary alphabet, it would be interesting to achieve com-
plete classification of upwords containing a single 3 (see Conjecture 7). For
two 3s such a task seems somewhat more challenging (recall Table 2, The-
orem 8 and see the data from [1]). Some examples of binary upwords with
three 3s are listed in Table 3, and deriving some general existence and non-
existence results for this setting would certainly be of interest.

The next step would be to consider the situation of more than three 3s
present in an upword. The following easy-to-verify example in this direction
was communicated to us by Rachel Kirsch [5].

Theorem 12. For A = {0, 1} and any n ≥ 2, 3n−101n is an upword for An

with n− 1 many 3s.
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n = 3 333

n = 4 33301111 (Thm. 12)
33001311010
03001311030

n = 5 3001030111310011011000001
3000011131000100110110010131
30000101110310001101010011113
300001111101310001011001301
30000110101001110310001011113
3000011011001001113100010131
031100300111110110100010131

Table 3. Examples of upwords for An, A = {0, 1}, with
three 3s for n = 3, 4, 5.

Complementing Theorem 12, we can prove (applying Lemma 2 to the first
and second 3s) the following non-existence result in this direction.

Theorem 13. For A = {0, 1}, any n ≥ 4 and any 2 ≤ d ≤ n − 2, there is
no upword for An that begins with 3

dxd+1xd+2 . . . xn+2 with xi ∈ A for all
i = d+ 1, . . . , n+ 2.

It would also be interesting to find examples of cyclic upwords other than
30013110 for n = 4 mentioned before.

Finally, a natural direction would be to search for (cyclic) upwords for
non-binary alphabets, but we anticipate that no nontrivial upwords exist in
most cases (recall Theorem 3), if they exist at all (we do not know any). As
evidence for this we have the following general non-existence result.

Theorem 14. For A = {0, 1, . . . , α − 1}, α ≥ 3, and any d ≥ 2, for large
enough n there is no upword for An with exactly d many 3s.
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